arXiv:hep-th/0701243v2 25 Jul 2007

hep-th/0701243

Classical BRST charge for nonlinear algebras

I.L. Buchbinder^{a∗}, P.M. Lavrov^{b†}

aDepartment of Theoretical Physics, Tomsk State Pedagogical University, Tomsk 634041, Russia

bDepartment of Mathematical Analysis, Tomsk State Pedagogical University, Tomsk 634041, Russia

Abstract We study the construction of the classical nilpotent canonical BRST charge for the nonlinear gauge algebras where a commutator (in terms of Poisson brackets) of the constraints is a finite order polynomial of the constraints. Such a polynomial is characterized by the coefficients forming a set of higher order structure constraints. Assuming the set of constraints to be linearly independent, we find the restrictions on the structure constraints when the nilpotent BRST charge can be written in a simple and universal form. In the case of quadratically nonlinear algebras we find the expression for third order contribution in the ghost fields to the BRST charge without the use of any additional restrictions on the structure constants.

1 Introduction

Discovery of the BRST symmetry [1], [2] exerted a large impact upon development of gauge theories. At present, the BRST charge, corresponding to the Noether current of BRST symmetry, is one of the most efficient tools for studing the classical and quantum aspects of constrained systems (see e.g. [3]). The properties of the BRST charge, especially its nilpotency, are the base of modern quantization methods of gauge theores in both Lagrangian [4] and Hamiltonian [5] formalism (see also the reviews [6]). Namely the nilpotency of BRST charge plays a crucial role for generic description of physical state space in quantum theory of gauge fields [7]. One of the most important modern applications of the BRST charge is related to string theory and (super)conformal theories [8] (see also [9]) where the use of the BRST charge allowed one to construct a physical state space, to clarify the structure of physical spectrum and derive the critical dimensions of the models. In addition, we point out that the nilpotent BRST charge was used for constructing the action of string field theory [10] (see [11] for review).

In this paper we discuss the form of the canonical BRST charge (to be more precise, the BRST - BFV charge [5]) for a general enough class of gauge theories. The BRST - BFV construction is based on classical formulation of the gauge theory in phase space where the gauge theory is characterized by first class constraints T_α = T_α(p, q) with p_i and q^i being canonically conjugate phase variables. Constraints T_α satisfy the involution relations in terms of the Poisson bracket

{T_α, T_β} = f^γ_{αβ}T_γ (1)

∗joseph@tspu.edu.ru †lavrov@tspu.edu.ru

with structure functions f^γ_{αβ}(q, p). In Yang-Mills type theories the structure functions are constants and the nilpotent BRST charge Q ({Q, Q} = 0) can be written in a closed form as follows Q = c^αT_α − 1 2 c^αc^β f^γ_{αβ}P_γ (2)

where c^α and P_α are canonically conjugate ghost variables. For general gauge theories the structure functions depend on phase variables f^γ_{αβ} = f^γ_{αβ}(p, q) and the existence theorem for the nilpotent BRST charge has been proved [5]. It allows to present Q by series expansion (in general, infinite) in ghost variables Q = c^αT_α − 1 2 c^αc^βf^γ_{αβ}P_γ + · · ·. (3) Here the dots mean the terms of higher orders in ghost variables conditioned by p, q dependence of structure functions. The problem, which we discuss here, consists in construction for a given constrained theory the higher order contributions to Q in terms of its structure functions. In general, solution to this problem is unknown. We would like to point out specially that although the existing theorem for BRST charge in general gauge theories has been proved [5] (see also the reviews [6]), there is an independent problem of explicit finding nilpotent BRST charge in closed form for concrete theory in terms of its phase space dependent structure functions, i.e. a problem of explicit solution of the general equations determining the BRST charge in BFV approach [5].

Development of conformal field theories led to discovery of a new class of gauge theories possessing the nonlinear gauge algebras, called W_N algebras, where structure functions essentially depend on the phase variables (see [12] for W_3 algebra and [13] for various generalizations). The BRST construction for such algebras was discussed in [14], [15]. Also we point out the closely related problem of construction of the BRST charge for quantum groups with quadratically non-linear algebras [16]. Recently, it was shown that a special class of nonlinear gauge algebras arises in higher spin theory on AdS space [17] where the corresponding BRST charge has also been found.

From a general point of view the nonlinear algebras considered in [12], [13], [17] are characterized by the following property. All of them can be described in terms of constraints T_α satisfying the relation (1) with nonconstant structure functions which form a finite order polynomial in the constraints T_α f^γ_{αβ} = F^γ_{αβ} + V^{(1)γβ1}_{αβ} T_{β1} + · · · + V^{(n−1)γβ1 ...βn−1} αβ T_{β1} · · · T_{βn−1} (4) where F^γ_{αβ} , V^{(1)γβ1}_{αβ} , ..., V^{(n−1)γβ1 ...βn−1} αβ are constants. Construction of the nilpotent BRST charge for quadratically nonlinear algebras (V^{(2)γβ1 β2}_{αβ} = ... = V^{(n−1)γβ1 ...βn−1}_{αβ} = 0) subjected to an additional special assumption concerning structure constants V^{(1)γδ}_{αβ} = V^{γδ}_{αβ} (see below) was performed in [15] with the result Q = c^αT_α − 1 2 c^αc^β F^γ_{αβ} P_γ − 1 2 c^αc^βV^γ_{αβ} P_γ − 1 24 c^αc^β c^γ c^δ V^{μν}_{αβ} V^{ρσ}_{γδ} F^λ_{μρ}P_ν P_σP_λ. (5)

As to general nonlinear algebras of the form (4), to our knowledge, the problem of construction of a nilpotent the BRST charge is open in this case.

In the present paper, we investigate construction of the nilpotent BRST charge for nonlinear algebras (4) and find some special restrictions on structure constants when a nilpotent BRST charge can be presented in the simplest form.

The paper is organized as follows. In Section 2 we construct the classical nilpotent BRST charge for quadratically nonlinear algebras of constraints. In Section 3 we extend our consideration of a classical nilpotent BRST charge for arbitrary nonlinear algebras and find the unique form of the BRST charge. In Section 4 concluding remarks are given.

2 BRST charge for quadratically nonlinear algebras

Let us consider a set of constraints T_α = T_α(p, q) which satisfy the following (quadratically nonlinear) algebra {T_α, T_β } = F^γ_{αβ} T_γ + V^{γδ}_{αβ} T_δT_γ (6) where structure constants F^γ_{αβ} and V^{γδ}_{αβ} obey the symmetry properties F^γ_{αβ} = −F^γ_{βα} , V^{γδ}_{αβ} = −V^{γδ}_{βα} = V^{δγ}_{αβ} . (7) The Jacobi identities for (6) read F^γ_{[αβ} F^δ_{λ]γ} = 0, (8) F^ρ_{[αβ}V^{μν}_{λ]ρ} + V^{ρ(μ}_{[αβ} F^{ν)}_{λ]ρ} = 0, (9) V^{ρ(μ}_{[αβ} V^{νγ)}_{λ]ρ} = 0, (10) where symbols () and [ ] denote symmetrization and antisymmetrization with respect to indices included in these brackets respectively.

Construction of the classical BRST charge [4],[5] for a given set of constraints (6) involves introducing for each constraint T_α an anticommuting ghost c^α and an anticommuting momentum P_α having the following distribution of the Grassmann parity ε(c^α) = ε(P_α) = 1 and the ghost number gh(c^α) = −gh(P_α) = 1 and obeying the relations {c^α, P_β } = δ^α_β , {c^α, c^β } = 0, {P_α, P_β } = 0, {c^α, T_β } = 0, {P_α, T_β} = 0. (11) The classical BRST charge Q is defined as a solution to the equation {Q, Q} = 0 (12) being odd function of variables (p, q, c, P) with the ghost number gh(Q) = 1 and satisfying the boundary condition ∂Q ∂c^α | |_{c=0} = Tα. (13) We look for a solution to this problem in the form of the power-series expansions in the ghost variables Q = c^αT_α + ∞∑ k=1 c^{α1} c^{α2} · · · c^{αk+1} U^{(k)β1β2...βk} α_1α_2...α_{k+1} Pβ1 Pβ2 · · · Pβk = c αT_α + ∞∑ k=1 Q_{k+1}, (14)

where the structure functions U^{(k)} are totally antisymmetric in both upper and lower indices.

In lower order we have the following requirement for Q to be nilpotent

c^{α1} c^{α2} ( {T_{α1} , T_{α2} } + 2U^{(1)β1}_{α1α2} T_{β1} ) = 0 ⇒ {T_{α1} , T_{α2} } + 2U^{(1)β1}_{α1α2} T_{β1} = 0. (15) It leads to the structure function U^{(1)} in the form U^{(1)γ}_{αβ} = − 1 2 (F^γ_{αβ} + V^{γδ}_{αβ} T_δ) (16) and the contribution of the second order in ghosts c^α for Q Q_2 = − 1 2 c^αc^β (F^γ_{αβ} + V^{γδ}_{αβ} T_δ)P_γ . (17)

Condition of nilpotency for Q in the next order has the form c^{α1} c^{α2} c^{α3} ( {U^{(1)β1}_{α1 α2} , T_{α3} } + 2U^{(1)γ}_{α1 α2} U^{(1)β1}_{α3γ} + 2U^{(2)β2β1}_{α1α2α3} T_{β2} ) P_{β1} = 0. (18) Using (6) and Jacobi identities (8)-(10) one can rewrite the equation (18) as c^{α1} c^{α2} c^{α3} ( − V^{γρ}_{α1α2} V^{σβ1}_{α3γ} T_ρT_σ + 4U^{(2)β2 β1}_{α1α2α3} T_{β2} ) P_{β1} = 0 (19) or in the form c^{α1} c^{α2} c^{α3} ( − V^{γρ}_{[α1α2} V^{σβ1}_{α3]γ} T_ρT_σ + 12U^{(2)β2 β1}_{α1α2α3} T_{β2} ) P_{β1} = 0 (20) Let us introduce the quantity K^α_{α1α2α3} K^α_{α1α2α3} = V^{γρ}_{[α1α2} V^{σα}_{α3]γ} T_ρT_σ. (21) From the Jacobi identities (10) it follows that K^α_{α1α2α3} T_α = 0. (22) This means that K^α_{α1α2α3} can be presented in the form K^α_{α1 α2α3} = K^{[αβ]}_{α1α2α3} T_β, K^{[αβ]}_{α1 α2α3} = −K^{[βα]}_{α1α2α3} . (23) In its turn, K^{[αβ]}_{α1α2α3} depends on T_α linearly (see (21) and (23)) K^{[αβ]}_{α1α2α3} = K^{[αβ]σ}_{α1α2α3} T_σ. (24) In terms of these quantities the structure functions U^{(2)} read U^{(2)β1β2}

α_1α_2α_3 = − 1 12 K^{[β1β2]σ} α_1α_2α_3 Tσ (25)

Taking into account (21), (23), (38) and the Jacobi identities (10) we obtain the following equations to define the explicit form of K^{[αβ]σ}_{α1α2α3} K^{[αβ]σ}_{α1α2α3} + K^{[ασ]β}_{α1α2α3} = −V^{γα}_{[α1α2} V^{βσ}_{α3]γ} . (26) This is a basic equation for determining the quantity U^{(2)} (25).

To solve the equations (26) we note that if it has a solution K^{[αβ]σ}_{α1α2α3} then K^{[αβ]σ}_{α1α2α3} + X^{[αβσ]}_{[α1α2α3]} (27) will be a solution to (26) as well. In (27) X^{[αβσ]}_{[α1α2α3]} is totally antisymmetric in both upper and lower indices. It is known [6] that this arbitrariness can be removed by a canonical transformation of the BRST charge which does not change the boundary condition (13). From (21) and (26) one can try to find K^{[αβ]σ}_{α1 α2α3} as a linear combination of structures V^{γα}_{[α1α2} V^{βσ}_{α3]γ} (in Appendix A we explicitly verify this proposal as well as the arbitrariness in solutions for the simplest case of three constraints in the algebra (6)). Therefore we can propose K^{[αβ]σ}_{α1α2α3} = C^{[αβ]σ}_{λ(μν)}V^{γλ}_{[α1α2} V^{μν}_{α3]γ} (28) where C^{[αβ]σ}_{λ(μν)} is a matrix constructed from the unit matrices δ^α_μ . It is not difficult to find a general structure of C^{[αβ]σ}_{λ(μν)} with the required symmetry properties C^{[αβ]σ}_{λ(μν)} = C ( δ^α_λ δ^β_μ δ^σ_ν + δ^α_λ δ^σ_μ δ^β_ν − δ^α_μ δ^β_λ δ^σ_ν − δ^α_ν δ^β_λ δ^σ_μ ) (29) where C is a constant. Returning with this result in (26) and using the Jacobi identities (10) we obtain (6C + 1)V^{γλ}_{[α1α2} V^{μν}_{α3]γ} = 0. (30) Therefore to this order we have two solutions to the nilpotency condition. The first one corresponds to C = − 1 6 (31) and leads to K^{[αβ]σ}_{α1α2α3} = − 1 3 ( V^{γα}_{[α1α2} V^{βσ}_{α3]γ} − V^{γβ}_{[α1α2} V^{ασ}_{α3]γ} ) = − 1 3 V^{γ[α}_{[α1α2} V^{β]σ}_{α3]γ} . (32) Therefore U^{(2)β1β2}

α_1α_2α_3 = 1 36 V^{γ[β1}_{[α1α2} V^{β2]σ}_{α3]γ} T_σ (33) and Q_3 = 1 6 c^{α1} c^{α2} c^{α3} V^{γβ1}_{α1α2} V^{β2σ}_{α3γ} T_σP_{β1} P_{β2} (34) The second possibility corresponds to restriction on structure functions of nonlinear algebras V^{γλ}_{[α1α2} V^{μν}_{α3]γ} = 0. (35) This means that K^{[αβ]σ}_{α1α2α3} = 0 and U^{(2)β1 β2}

α_1α_2α_3 = 0, Q3 = 0. (36)

In [15] a class of quadratically nonlinear algebras subjected to restrictions V^{γλ}_{α1α2} V^{μν}_{α3γ} = 0. (37) was investigated to construct a nilpotent BRST charge. These restrictions look more stronger in comparison with (35). They are not the direct consequence of (35) and look like additional restrictions which are not dictated by solutions to the nilpotency conditions in the third order. We point out that the Jacobi identities (10) are satisfied in the case of conditions (35). In what follows we suppose fulfilment of conditions (35).

Using these results we rewrite the condition of nilpotency in the forth order in the ghost fields c as follows c^{α1} c^{α2} c^{α3} c^{α4} ( {U^{(1)β1}_{α1 α2} , U^{(1)β2}_{α3 α4} } + 6U^{(3)β1β2β3}_{α1α2α3α4} T_{β3} ) P_{β1} P_{β2} = 0, (38) or c^{α1} c^{α2} c^{α3} c^{α4} ( V^{ββ1}_{α1α2} V^{β2γ}_{α3α4} F^{β3}_{βγ} + V^{ββ1}_{α1α2} V^{β2γ}_{α3α4} V^{β3σ}_{βγ} T_σ + 24U^{(3)β1 β2β3}_{α1α2α3α4} ) T_{β3} P_{β1} P_{β2} = 0. (39) To define the structure function U^{(3)} correctly we have to antisymmetrize quantities presented in (39) in indices α_1, α_2, α_3, α_4 and β_1, β_2, β_3. Taking into account that expressions in (38) are antisymmetrical in β_1, β_2 the antisymmetrization in β_1, β_2, β_3 is trivial [123] = [[12]3]] = [12]3 + [23]1 + [31]2 = [12]3 + cycle(123).

The antisymmetrization in α_1, α_2, α_3, α_4 is performed for two sets of antisymmetric indices [α_1α_2] and [α_3α_4]. Symbolically, we can write this procedure as follows

[1234] = [[12][34]] = [12][34] + [23][14] + [31][24] + [24][31] + [34][12] + [14][23].

Then from (39) we obtain the equations for structure functions U^{(3)} V^{ββ1}_{[α1α2} V^{β2γ}_{α3α4]}F^{β3}_{βγ} T_{β3} + V^{ββ1}_{[α1α2} V^{β2γ}_{α3α4]}V^{β3σ}_{βγ} T_σT_{β3} + 144U^{(3)β1 β2β3}_{α1α2α3α4} T_{β3} = 0, (40) where the following symmetry properties

V^{ββ1}_{[α1α2} V^{β2γ}_{α3α4]}F^{β3}_{βγ} = −V^{ββ2}_{[α1α2} V^{β1γ}_{α3α4]}F^{β3}_{βγ} , V^{ββ1}_{[α1α2} V^{β2γ}_{α3α4]}V^{β3σ}_{βγ} = −V^{ββ2}_{[α1α2} V^{β1γ}_{α3α4]}V^{β3σ}_{βγ} , (41) were used. Moreover, the following conditions of consistency are satisfied V^{ββ1}_{[α1α2} V^{γ(β2}_{α3α4]}F^{β3)}_{βγ} = 0, V^{ββ1}_{[α1α2} V^{γ(β2}_{α3α4]}V^{β3σ)}_{βγ} = 0 (42) which are consequence of the Jacobi identities and consistent with (35) (see Appendix B). From (41) and (42) it follows that V^{ββ1}_{[α1α2} V^{β2γ}_{α3α4]}F^{β3}_{βγ} are totally antisymmetric in indices β_1, β_2, β_3, and repeat the symmetry properties of U^{(3)β1 β2β3}_{α1α2α3α4} . Moreover, when restrictions (35) are satisfied then one can prove (see Appendix B) that V^{ββ1}_{[α1α2} V^{γβ2}_{α3α4]}V^{β3σ}_{βγ} = 0. (43) Then, finally we get the solution for the structure functions U^{(3)} U^{(3)β1β2β3}

α_1α_2α_3α_4 = − 1 144 V^{ββ1}_{[α1α2} V^{β2γ}_{α3α4]}F^{β3}_{βγ} (44) and for the BRST charge in the forth order Q_4 = − 1 24 c^{α1} c^{α2} c^{α3} c^{α4} V^{ββ1}_{α1α2} V^{β2γ}_{α3α4} F^{β3}_{βγ} P_{β1} P_{β2} P_{β3} . (45) Therefore for any theory with quadratically nonlinear algebra (6) subjected to the Jacobi identities (8) and (9) as well as the additional restrictions (35) and V^{ββ1}_{[α1α2} V^{β2γ}_{α3α4]}F^{β3}_{βγ} = 0 (46) there exists a unique form of nilpotent the BRST charge Q = c^αT_α − 1 2 c^αc^β(F^γ_{αβ} + V^{γδ}_{αβ} T_δ)P_γ . (47)

3 BRST charge for generic nonlinear algebras

Nonlinear algebras are defined by the following relations

{T_α, T_β } = F^γ_{αβ} T_γ + V^{(1)α1 α2}_{αβ} T_{α1} T_{α2} + V^{(2)α1 α2α3}_{αβ} T_{α1} T_{α2} T_{α3} + · · · + V^{(n−1)α1 ...αn}_{αβ} T_{α1} · · · T_{αn} , (48) where structure constants F^γ_{αβ} and V^{(k−1)α1 ...αk}_{αβ} (k = 2, 3, ..., n) are antisymmetric in lower indices and V^{(k−1)α1...αk} αβ (k = 2, 3, ..., n) are totally symmetric in upper indices.

The Jacobi identities for (48) have the form

F^γ_{[αβ} F^δ_{λ]γ} = 0 , (49) F^ρ_{[αβ} V^{(1)β1 β2} λ]ρ + V^{(1)ρ(β1}_{[αβ} F^{β2)}_{λ]ρ} = 0 , (50) F^ρ_{[αβ} V^{(m)β1 ...βmβm+1} λ]ρ + V^{(m)ρ(β1 ...βm} [αβ F^{βm+1)}_{λ]ρ} + + m−1∑ k=1 (k + 1)!(m − k + 1)!

(m + 1)! V^{(k)ρ(β1...βk} [αβ V^{(m−k)βk+1...βm+1)} λ]ρ = 0 (m = 2, 3, ..., n − 1) , (51) n−1∑ k=m−n+1 (k + 1)!(m − k + 1)!

(m + 1)! V^{(k)ρ(β1...βk} [αβ V^{(m−k)βk+1...βm+1)} λ]ρ = 0 (m = n, ..., 2n − 2) . (52)

In Eqs. (51), (52) symmetrization includes two sets of symmetric indices. We assume that in the symmetrization only one representative among equivalent ones obtained by permutation of indices into these sets is presented.

Consider now construction of the classical BRST charge Q for the algebra (48). Equation for the structure function U^{(1)} has the form c^αc^β ( {T_α, T_β} + 2U^{(1)γ}_{αβ} T_γ ) = 0 (53) or equivalently c^αc^β ( F^γ_{αβ} + V^{(1)γα1}_{αβ} T_{α1} + · · · + V^{(n−1)γα1 ...αn−1} αβ T_{α1} · · · T_{αn−1} + 2U^{(1)γ}_{αβ} ) T_γ = 0 (54) with the evident solution U^{(1)γ}_{αβ} = − 1 2 ( F^γ_{αβ} + V^{(1)γα1}_{αβ} T_{α1} + · · · + V^{(n−1)γα1 ...αn−1} αβ T_{α1} · · · T_{αn−1} ) . (55) In the next order we have the following equation of nilpotency c^{α1} c^{α2} c^{α3} ( {U^{(1)β1}_{α1α2} , T_{α3} } + 2U^{(1)γ}_{α1α2} U^{(1)β1}_{α3γ} + 2U^{(2)γβ1}_{α1 α2α3} T_γ ) P_{β1} = 0. (56) To solve this equation for the structure function U^{(2)} let us consider the equality {T_{α1} , T_{α2} } + 2U^{(1)β1}_{α1α2} T_{β1} = 0 (57) and the consequence from it {{T_{α1} , T_{α2} }, T_{α3} } + 2U^{(1)β1}_{α1α2} {T_{β1} , T_{α3} } + 2{U^{(1)β1}_{α1 α2} , T_{α3} }T_{β1} = 0. (58) Using Eq.(57) and the symmetry properties of U^{(1)} we can rewrite the last equation asfollows {{T_{α1} , T_{α2} }, T_{α3} } + 2 ( 2U^{(1)γ}_{α1 α2} U^{(1)β1}_{α3γ} + {U^{(1)β1}_{α1 α2} , T_{α3} } ) T_{β1} = 0. (59) Taking into account the Jacobi identities for Poisson bracket (see (49)–(52)) {{T_{α1} , T_{α2} }, T_{α3} } + cycle(α_1α_2α_3) = 0, from (59) it follows that ( 2U^{(1)γ}_{[α1α2} U^{(1)β1}_{α3]γ} + {U^{(1)β1}_{[α1α2} , T_{α3 ]}} ) T_{β1} = 0. (60) Let us introduce the quantities K^{β1}_{α1α2α3} = 2U^{(1)γ}_{[α1α2} U^{(1)β1}_{α3]γ} + {U^{(1)β1}_{[α1α2} , T_{α3 ]}} (61) obeying the property K^{β1}_{α1α2α3} T_{β1} = 0 (62) due to (60). This means that K^{β1}_{α1α2α3} can be presented in the form K^{β1}_{α1α2α3} = K^{[β1β2]}_{α1α2α3} T_{β2} , K^{[β1β2]}_{α1α2α3} = −K^{[β2β1]}_{α1α2α3} . (63) In terms of K^{[β1β2]}_{α1α2α3} solution for structure functions U^{(2)β1β2}_{α1α2α3} reads U^{(2)β1β2}

α_1α_2α_3 = 1 6 K^{[β1β2]} α_1α_2α_3 . (64)

Straightforward calculations of K^{β1}_{α1α2α3} lead to the following result

K^{β1}_{α1α2α3} = 1 2 ( F^σ_{[α1α2} F^{β1}_{α3]σ} + ( F^σ_{[α1α2} V^{(1)β1σ1}

α_3]σ + V

(1)σ(σ_1 [α_1α_2 F β_1) α_3]σ ) T_{σ1} + + n−1∑ m=2 ( F^σ_{[α1α2} V^{(m)β1σ1...σm} α_3]σ + V (m)σ(σ_1 ...σ_m [α_1α_2 F β_1) α_3]σ ) T_{σ1} · · · T_{σm} +

+ n−1∑ m=2 m−1∑ k=1 k!(m − k)! m! V^{(k)σ(β1 σ1...σk−1} [α_1α_2 V (m−k)σ_k ...σ_m) α_3]σ Tσ^1 · · · Tσ^m + + n−1∑ m=2 m−1∑ k=1 k!(m − k)!(m − k) m! V^{(k)σβ1(σ1 ...σk−1} [α_1α_2 V (m−k)σ_k ...σ_m) α_3]σ Tσ^1 · · · Tσ^m + + 2n−2∑

m=n+1 n−1∑ k=m−n+1 k!(m − k)! m! V^{(k)σ(β1 σ1...σk−1} [α_1α_2 V (m−k)σ_k ...σ_m) α_3]σ Tσ^1 · · · Tσ^m +

+ 2n−2∑

m=n+1 n−1∑ k=m−n+1 k!(m − k)!(m − k) m! V^{(k)σβ1(σ1...σk−1} [α_1α_2 V (m−k)σ_k ...σ_m) α_3]σ Tσ^1 · · · Tσ^m ) . (65)

In deriving (65) the relations V^{(k)σβ1(σ1...σk} [α_1α_2 V (m−k)σ_{k+1}...σ_m)β_1 α_3]σ + (m − k + 1)V (k)σβ_1 (σ_1...σ_{k−1} [α_1 α_2 V (m−k)σ_k ...σ_m) α_3]σ = (66) = V^{(k)σ(β1σ1...σk−1} [α_1α_2 V (m−k)σ_k ...σ_m) α_3]σ + (m − k)V (k)σβ_1(σ_1 ...σ_{k−1} [α_1α_2 V (m−k)σ_k ...σ_m) α_3]σ

were used. Taking into account the Jacobi identities (49)– (51) we can rewrite (65) in the form

K^{β1}_{α1α2α3} = 1 2 ( − n−1∑ m=2 m−1∑ k=1 k!k (m − k)!(m − k) (m + 1)! V^{(k)σ(β1 σ1...σk−1} [α_1α_2 V (m−k)σ_k ...σ_m) α_3]σ Tσ^1 · · · Tσ^m + + n−1∑ m=2 m−1∑ k=1 k!(m − k)!(m − k) m! V^{(k)σβ1(σ1 ...σk−1} [α_1α_2 V (m−k)σ_k ...σ_m) α_3]σ Tσ^1 · · · Tσ^m + + 2n−2∑

m=n+1 n−1∑ k=m−n+1 k!(m − k)! m! V^{(k)σ(β1 σ1...σk−1} [α_1α_2 V (m−k)σ_k ...σ_m) α_3]σ Tσ^1 · · · Tσ^m +

+ 2n−2∑

m=n+1 n−1∑ k=m−n+1 k!(m − k)!(m − k) m! V^{(k)σβ1(σ1 ...σk−1} [α_1α_2 V (m−k)σ_k ...σ_m) α_3]σ Tσ^1 · · · Tσ^m ) . (67)

Now let us require the following additional restrictions on structure constants of the algebra (48) V^{(k)σβ1σ1...σk−1} [α_1α_2 V (m−k)σ_k ...σ_m α_3]σ = 0, (68) k = 1, 2, ..., n − 1, m > k, m = 2, 3, ..., 2n − 2. Then we obtain

K^{β1}_{α1α2α3} = 0, U^{(2)β1β2}_{α1α2α3} = 0, Q_3 = 0. (69)

Conditions (68) generalize (35) for nonlinear algebras.

With this result we have the following condition of nilpotency in the next order

c^{α1} c^{α2} c^{α3} c^{α4} ( V̄^{σβ}1_{α1α2}V̄^β2^ρ_{α3α4} F^β3_{σρ} + V̄^{σβ}1_{α1α2}V̄^β2^ρ_{α3α4}V̄^β3^λ_{σρ} T_λ + V̄^{σ[β}1_{α1α2}Ṽ^β2^{]ρ}_{α3α4} F^β3_{σρ} + V̄^{σ[β}1_{α1α2}Ṽ^β2^{]ρ}_{α3α4}V̄^β3^λ_{σρ} T_λ +

+Ṽ^{σβ1}_{α1α2}Ṽ^{β2ρ}_{α3α4} F^{β3}_{σρ} + Ṽ^{σβ1}_{α1α2}Ṽ^{β2ρ}_{α3α4}V̄^{β3λ}_{σρ} T_λ + 24U^{(3)β1 β2β3}_{α1α2α3α4} ) T_{β3} P_{β1} P_{β2} = 0 (70) where the notations V̄^{αβ}_{μν} =^{n−1} ∑ k=1 V^{(k)αβσ1 ...σk−1} μν T_{σ1} · · · T_{σk−1} (71)

Ṽ^{αβ}_{μν} =^{n−1} ∑ k=1 (k − 1)V^{(k)αβσ1 ...σk−1} μν T_{σ1} · · · T_{σk−1} . (72) were used. From (70) we obtain the following equations to find U^{(3)β1 β2β3}_{α1α2α3α4}

V̄^{σβ1}_{[α1α2}V̄^{β2ρ}_{α3α4]}F^β3_{σρ} T_{β3} + V̄^{σβ1}_{[α1α2}V̄^{β2ρ}_{α3α4]}V̄^β3^λ_{σρ} T_λT_{β3} + V̄^{σ[β1}_{[α1α2}Ṽ^{β2]ρ}_{α3α4]}F^β3_{σρ} T_{β3} + V̄^{σ[β1}_{[α1α2}Ṽ^{β2]ρ}_{α3α4]}V̄^β3^λ_{σρ} T_λT_{β3} +

+Ṽ^{σβ1}_{[α1α2}Ṽ^{β2ρ}_{α3α4]}F^{β3}_{σρ} T_{β3} + Ṽ^{σβ1}_{[α1α2}Ṽ^{β2ρ}_{α3α4]}V̄^{β3λ}_{σρ} T_λT_{β3} + 144U^{(3)β1 β2β3}_{α1α2α3α4} T_{β3} = 0. (73) The conditions of consistency have the form

V̄^{σβ1}_{[α1α2}V̄^{ρ(β2}_{α3α4]}F^β3^)_{σρ} = 0, Ṽ^{σβ1}_{[α1α2}Ṽ^{ρ(β2}_{α3α4]}F^β3^)_{σρ} = 0, V̄^{σ[β1}_{[α1α2}Ṽ^{β2]ρ}_{α3α4]}F^β3_{σρ} + V̄^{σ[β1}_{[α1α2}Ṽ^{β3]ρ}_{α3α4]}F^β2_{σρ} = 0, (74) V̄^{σβ1}_{[α1α2}V̄^{ρ(β2}_{α3α4]}V̄^β3^{λ)}_{σρ} = 0, Ṽ^{σβ1}_{[α1α2}Ṽ^{ρ(β2}_{α3α4]}V̄^β3^{λ)}_{σρ} = 0, V̄^{σ[β1}_{[α1α2}Ṽ^{β2]ρ}_{α3α4]}V̄^β3^λ_{σρ} + cycle(β_2, β_3, λ) = 0. (75)

These conditions are satisfied due to the Jacobi identities (49) – (52) and the restrictions (68) (see Appendix B). All terms appearing in the equations (73) are totally antisymmetric in indices β_1, β_2, β_3 and repeat the symmetry properties of U^{(3)β1β2β3}_{α1α2α3α4} . We point out that the restrictions (68) lead to equalities V̄^{σβ1}_{[α1α2}V̄^{β2ρ}_{α3α4]}V̄^β3^λ_{σρ} = 0, Ṽ^{σβ1}_{[α1α2}Ṽ^{β2ρ}_{α3α4]}V̄^β3^λ_{σρ} = 0, V̄^{σ[β1}_{[α1α2}Ṽ^{β2]ρ}_{α3α4]}V̄^β3^λ_{σρ} = 0. (76)

Therefore we find the solution for structure functions U^{(3)}

U^{(3)β1β2β3}

α_1α_2α_3α_4 = − 1 144 ( V̄^{σβ1}_{[α1α2}V̄^{β2ρ}_{α3α4]}F^β3_{σρ} + V̄^{σ[β1}_{[α1α2}Ṽ^{β2]ρ}_{α3α4]}F^β3_{σρ} + Ṽ^{σβ1}_{[α1α2}Ṽ^{β2ρ}_{α3α4]}F^β3_{σρ} ) (77) and the BRST charge in the forth order

Q_4 = − 1 24 c^{α1} c^{α2} c^{α3} c^{α4} ( V̄^{σβ}1_{α1α2}V̄^β2^ρ_{α3α4} F^β3_{σρ} + 2V̄^{σβ}1_{α1 α2}Ṽ^β2^ρ_{α3α4} F^β3_{σρ} + Ṽ^{σβ}1_{α1α2}Ṽ^β2^ρ_{α3α4} F^β3_{σρ} ) P_{β1} P_{β2} P_{β3} . (78) If we additionally assume the following restrictions on the structure constants V^{(k)ββ1σ1...σk−1} [α_1α_2 V (m−k)β_2γσ_k...σ_{m−2} α_3α_4] F β_3

βγ = 0, (79) k = 1, ..., n − 1, m > k, m = 2, ..., 2n − 2, then we have V̄^{σβ1}_{[α1α2}V̄^{β2ρ}_{α3α4]}F^β3_{σρ} = 0, V̄^{σ[β1}_{[α1α2}Ṽ^{β2]ρ}_{α3α4]}F^β3_{σρ} = 0, Ṽ^{σβ1}_{[α1α2}Ṽ^{β2ρ}_{α3α4]}F^β3_{σρ} = 0 (80) and as the result U^{(3)β1 β2β3}

α_1α_2α_3α_4 = 0, Q4 = 0. (81)

Therefore as in case of quadratically algebras, for nonlinear algebras (48) there exists a unique form of the nilpotent BRST charge Q = c^αT_α − 1 2 c^αc^β ( F^γ_{αβ} + V̄^{γβ}_{αβ} T_β ) P_γ (82)

if conditions (68), (79) are fulfilled.

We point out, that the universal and simple enough BRST charge (82) for nonlinear algebras (48) is found only under the special conditions (68), (79) on structure of the algebras. Although these conditions look like very restrictive, there exist the interesting algebras where they are fulfilled. For example, the conditions (68), (79) take place for Zamolodchikov’s W_3 algebra with central extension [18]^1 and for the higher spin algebras in AdS space [17]. Of course, there exist non-linear algebras for which the conditions (68) and (79) are not fulfilled, e.g. these relations are not valid for so(N)-extended superconformal algebras with central extension [19] (see also [15]).

1This algebra is also called quantum spin 3 algebra [15].

4 Summary

In this paper we have studied a construction of the nilpotent classical BRST charge for nonlinear algebras of the form (48) which are characterized by the structure constants F^γ_{αβ} , V^{(1)α1 α2}_{αβ} , ..., V^{(n−1)α1...αn}_{αβ} . The results obtained are formulated as follows:

a. For quadratically nonlinear algebras the explicit form of the BRST charge in the third order is found without any additional restrictions on structure constants.

b. In the case when the structure constants satisfies the restrictions (68) the BRST charge is constructed up to the forth order in the ghost fields.

c. If the conditions (68) and (79) are satisfied and a set of constraints T_α is linearly independent, the BRST charge is given in the universal form (82).

Also we have proved that suitable quantities in terms of which one can efficiently analyze general nonlinear algebras (48) are V̄^{μν}_{αβ} , Ṽ^{μν}_{αβ} .

Acknowledgements

The authors are grateful to I.V. Tyutin for discussions. The work was partially supported by the INTAS grant, project INTAS-03-51-6346, the RFBR grant, project No. 06-02-16346, grant for LRSS, project No. 4489.2006.2, the DFG grant, project No. 436 RUS 113/669/0-3 and joint RFBR-DFG grant, project No. 06-02-04012.

Appendix

A Solutions to equations (26) in the simplest case

To support our proposal concerning the structure of solutions to Eqs. (26) as well as the arbitrariness in these solutions, we solve the equations

K^{[αβ]σ}_{α1α2α3} + K^{[ασ]β}_{α1α2α3} = −V^{γα}_{[α1α2} V^{βσ}_{α3]γ} . (A.1)

together with the Jacobi identities

V^{γα}_{[α1α2} V^{βσ}_{α3]γ} + V^{γβ}_{[α1α2} V^{σα}_{α3]γ} + V^{γσ}_{[α1α2} V^{αβ}_{α3]γ} = 0 (A.2)

in the simplest case when there are only three constraints (α = 1, 2, 3) in the algebra (6). To simplify notations we omit lower indices [α_1α_2α_3] and introduce quantities K^{[αβ]σ} ≡ K^{[αβ]σ}_{α1α2α3} , R^{α(βσ)} ≡ −V^{γα}_{[α1α2} V^{βσ}_{α3]γ} . (A.3) In terms of R^{α(βσ)} the Jacobi identities (A.2) are rewritten as

R^{α(βσ)} + R^{β(σα)} + R^{σ(αβ)} = 0. (A.4)

From (A.1) it follows the complete set of equations

K^{[12]1} = R^{1(12)}, K^{[21]1} = 1 2 R^{2(11)}, K^{[31]1} = 1 2 R^{3(11)}, K^{[13]1} = R^{1(13)},

K^{[12]2} = 1 2 R^{1(22)}, K^{[21]2} = R^{2(12)}, K^{[13]3} = 1 2 R^{1(33)}, K^{[31]3} = R^{3(13)},

K^{[23]2} = R^{2(23)}, K^{[32]2} = 1 2 R^{3(22)}, K^{[32]3} = R^{3(23)}, K^{[23]3} = 1 2 R^{2(33)}, (A.5)

K^{[21]3} + K^{[23]1} = R^{2(13)}, K^{[31]2} + K^{[32]1} = R^{3(12)}, K^{[12]3} + K^{[13]2} = R^{1(23)}.

Consider equations for K^{[12]1} and K^{[21]1}. Due to the Jacobi identities (A.4) we have 2R^{1(12)} = −R^{2(11)} and therefore the required symmetry property K^{[12]1} = −K^{[21]1} is fulfilled as the consequence of solution to Eqs. (A.5). Moreover we have the following representation of K^{[12]1}

K^{[12]1} = 1 3 ( R^{1(21)} − R^{2(11)} ) . (A.6)

In a similar way, we obtain

K^{[13]1} = 1 3 ( R^{1(31)} − R^{3(11)} ) , K^{[21]2} = 1 3 ( R^{2(12)} − R^{1(22)} ) , K^{[31]3} = 1 3 ( R^{3(13)} − R^{1(33)} ) , K^{[23]2} = 1 3 ( R^{2(32)} − R^{3(22)} ) , (A.7)

K^{[32]3} = 1 3 ( R^{3(23)} − R^{2(33)} ) . For remaining quantities we propose the following form

K^{[12]3} = 1 3 ( R^{1(23)} − R^{2(13)} ) + X_1, K^{[21]3} = 1 3 ( R^{2(13)} − R^{1(23)} ) + X_2,

K^{[13]2} = 1 3 ( R^{1(32)} − R^{3(12)} ) + X_3, K^{[31]2} = 1 3 ( R^{3(12)} − R^{1(32)} ) + X_4, (A.8)

K^{[23]1} = 1 3 ( R^{2(31)} − R^{3(21)} ) + X_5, K^{[32]1} = 1 3 ( R^{3(21)} − R^{2(31)} ) + X_6.

Substituting these quantities into the last line of (A.5) and using the Jacobi identities (A.4), we obtain

X_1 + X_3 = 0, X_2 + X_5 = 0, X_4 + X_6 = 0. (A.9)

The required symmetry properties of K^{[12]3}, K^{[13]2} and K^{[23]1} lead to relations

X_1 = −X_2, X_3 = −X_4, X_5 = −X_6. (A.10)

Therefore

X_1 = −X_2 = −X_3 = X_4 = X_5 = −X_6 (A.11)

and the general solution to Eqs. (A.5) is characterized by the only constant X_1 ≡ X^{[123]} and can be presented in the form K^{[αβ]γ} = 1 3 ( R^{α(βγ)} − R^{β(αγ)} ) + X^{[αβγ]}. (A.12)

Returning to equations (A.1) we find the general solutions in the form K^{[αβ]σ}_{[α1α2α3]} = − 1 3 V^{γ[α}_{[α1α2} V^{β]σ}_{α3]γ} + X^{[αβσ]}_{[α1α2α3]} (A.13)

proposed in Section 2.

B Proof of identities (42), (74), (75) and (76)

In this Appendix we prove identities used in Sections 2 and 3. Let us start with (42). Consider the Jacobi identities (9) written in the form

F^γ_{α3 α4} V^{β2β3}_{βγ} + F^γ_{α4β}V^{β2β3}_{α3γ} + F^γ_{βα3} V^{β2β3}_{α4γ} + V^{γ(β2}_{α3α4} F^{β3)}_{βγ} + V^{γ(β2}_{α4β} F^{β3)}_{α3γ} + V^{γ(β2}_{βα3} F^{β3)}_{α4 γ} = 0. (B.1)

Multiplying these identities by V^{ββ1}_{α1α2} and summarizing over β we have V^{ββ1}_{α1α2} F^γ_{α3α4} V^{β2β3}_{βγ} + V^{ββ1}_{α1α2} F^γ_{α4 β}V^{β2β3}_{α3γ} + V^{ββ1}_{α1α2} F^γ_{βα3} V^{β2β3}_{α4γ} + V^{ββ1}_{α1α2} V^{γ(β2}_{α3α4} F^{β3)}_{βγ} + V^{ββ1}_{α1α2} V^{γ(β2}_{α4β} F^{β3)}_{α3 γ} + V^{ββ1}_{α1α2} V^{γ(β2}_{βα3} F^{β3)}_{α4γ} = 0. (B.2) Antisymmetrizing these identities in indices α_1, α_2, α_3, α_4 we obtain the relations V^{ββ1}_{[α1α2} F^γ_{α3 α4]}V^{β2β3}_{βγ} − V^{ββ1}_{[α1α2} F^γ_{α3]β}V^{β2β3}_{α4γ} + V^{ββ1}_{[α1α2} F^γ_{α4 ]β}V^{β2β3}_{α3γ} + V^{ββ1}_{[α1α4} F^γ_{α3]β}V^{β2β3}_{α2γ} + V^{ββ1}_{[α2α3} F^γ_{α4 ]β}V^{β2β3}_{α1γ} + V^{ββ1}_{[α1α2} V^{γ(β2}_{α3α4]}F^{β3)}_{βγ} − V^{ββ1}_{[α1α2} V^{γ(β2}_{α3]β} F^{β3)}_{α4γ} + V^{ββ1}_{[α1α2} V^{γ(β2}_{α4]β} F^{β3)}_{α3γ} + V^{ββ1}_{[α1α4} V^{γ(β2}_{α3]β} F^{β3)}_{α2γ} + V^{ββ1}_{[α2α3} V^{γ(β2}_{α4]β} F^{β3)}_{α1γ} = 0. (B.3) Note that four last terms are equal to zero because of (35). Using the Jacobi identities (9) we can rewrite (B.3) as follows V^{ββ1}_{[α1α2} F^γ_{α3α4]}V^{β2β3}_{βγ} + V^{ββ1}_{[α1α2} V^{γ(β2}_{α3α4]}F^{β3)}_{βγ} + V^{βγ}_{[α1α2} F^{β1}_{α3]β}V^{β2β3}_{α4γ} − V^{βγ}_{[α1α2} F^{β1}_{α4 ]β}V^{β2β3}_{α3γ} − V^{βγ}_{[α1α4} F^{β1}_{α3]β}V^{β2β3}_{α2γ} − V^{βγ}_{[α2α3} F^{β1}_{α4 ]β}V^{β2β3}_{α1γ} + F^β_{[α1α2} V^{γβ1}_{α3]β}V^{β2β3}_{α4γ} − F^β_{[α1α2} V^{γβ1}_{α4]β}V^{β2β3}_{α3γ} − F^β_{[α1α4} V^{γβ1}_{α3]β}V^{β2β3}_{α2γ} − F^β_{[α2α3} V^{γβ1}_{α4]β}V^{β2β3}_{α1γ} = 0. (B.4) The summand in the second line of (B.4) is equal to zero because it can be presented as V^{βγ}_{[α1α2} F^{β1}_{α3]β}V^{β2β3}_{α4γ} − V^{βγ}_{[α1α2} F^{β1}_{α4]β}V^{β2β3}_{α3γ} − V^{βγ}_{[α1α4} F^{β1}_{α3 ]β}V^{β2β3}_{α2γ} − V^{βγ}_{[α2α3} F^{β1}_{α4]β}V^{β2β3}_{α1γ} = F^{β1}_{α1 β}V^{βγ}_{[α2α3} V^{β2β3}_{α4]γ} + F^{β1}_{α2 β}V^{βγ}_{[α1α4} V^{β2β3}_{α3]γ} + F^{β1}_{α3 β}V^{βγ}_{[α1α2} V^{β2β3}_{α4]γ} + F^{β1}_{α4 β}V^{βγ}_{[α1α3} V^{β2β3}_{α2]γ} = 0 (B.5) due to (35). In its turn, taking into account (35), we obtain the following representation of the summand in the third line of (B.4)

F^β_{[α1α2} V^{γβ1}_{α3]β}V^{β2β3}_{α4γ} − F^β_{[α1α2} V^{γβ1}_{α4]β}V^{β2β3}_{α3γ} − F^β_{[α1α4} V^{γβ1}_{α3]β}V^{β2β3}_{α2γ} − F^β_{[α2α3} V^{γβ1}_{α4]β}V^{β2β3}_{α1γ} = = F^β_{[α1α2} V^{γβ1}_{α3α4]}V^{β2β3}_{βγ} . (B.6) Then, by virtue of the obvious symmetry properties F^β_{[α1α2} V^{γβ1}_{α3α4]}V^{β2β3}_{βγ} = V^{γβ1}_{[α1α2} F^β_{α3α4} V^{β2β3}_{βγ} = −V^{γβ1}_{[α1α2} F^β_{α3 α4} V^{β2β3}_{γβ} , (B.7) from (B.4) we finally find V^{ββ1}_{[α1α2} V^{γ(β2}_{α3α4]}F^{β3)}_{βγ} = 0. (B.8) which is the first identities in (42).

To prove the second identities in (42), consider the Jacobi identities (10) written in the form V^{γ(β2}_{α3α4} V^{β3σ)}_{βγ} + V^{γ(β2}_{α4β} V^{β3σ)}_{α3γ} + V^{γ(β2}_{βα3} V^{β3σ)}_{α4γ} = 0. (B.9) Multiplying these identities by V^{ββ1}_{α1α2} and summing over β we have V^{ββ1}_{α1α2} V^{γ(β2}_{α3α4} V^{β3σ)}_{βγ} + V^{ββ1}_{α1α2} V^{γ(β2}_{α4β} V^{β3σ)}_{α3γ} + V^{ββ1}_{α1α2} V^{γ(β2}_{βα3} V^{β3σ)}_{α4γ} = 0. (B.10) After antisymmetrizing in indices α_1, α_2, α_3, α_4 we derive V^{ββ1}_{[α1α2} V^{γ(β2}_{α3α4]}V^{β3σ)}_{βγ} = V^{ββ1}_{[α1α2} V^{γ(β2}_{α3]β} V^{β3σ)}_{α4γ} − V^{ββ1}_{[α4α1} V^{γ(β2}_{α2]β} V^{β3σ)}_{α3γ} + V^{ββ1}_{[α3α4} V^{γ(β2}_{α1]β} V^{β3σ)}_{α2γ} − V^{ββ1}_{[α2α3} V^{γ(β2}_{α4]β} V^{β3σ)}_{α1γ} . (B.11)

Each term in rhs. of (B.11) is equal to zero because of (35). Therefore we obtain V^{ββ1}_{[α1α2} V^{γ(β2}_{α3α4]}V^{β3σ)}_{βγ} = 0. (B.12) If we start with the relations (35) then in a similar way we can obtain the relations V^{ββ1}_{[α1α2} V^{γβ2}_{α3α4]}V^{β3σ}_{βγ} = 0 (B.13)

which were used in Section 2 to find structure functions U^{(3)β1β2β3}_{α1α2α3α4} .

Now we consider the proof of identities (74) and (75). In the case when restrictions (68) are valid then the Jacobi identities (50) and (51) are reduced to F^ρ_{[αβ} V^{(m)β1...βmβm+1} λ]ρ + V^{(m)ρ(β1 ...βm} [αβ F^{βm+1)}_{λ]ρ} = 0, m = 1, ..., n − 1. (B.14) From (68) and (B.14) one can easy derive the following relations V̄^{σα}_{[μν} V̄^{βγ}_{λ]σ} = 0, Ṽ^{σα}_{[μν} Ṽ^{βγ}_{λ]σ} = 0, V̄^{σα}_{[μν} Ṽ^{βγ}_{λ]σ} = 0, Ṽ^{σα}_{[μν} V̄^{βγ}_{λ]σ} = 0 (B.15) and F^ρ_{[αβ}V̄^{β1β2}_{λ]ρ} + V̄^{ρ(β1}_{[αβ} F^{β2)}_{λ]ρ} = 0, F^ρ_{[αβ}Ṽ^{β1β2}_{λ]ρ} + Ṽ^{ρ(β1}_{[αβ} F^{β2)}_{λ]ρ} = 0 (B.16) respectively.

Taking into account the proof given in the beginning of this Appendix one can conclude that from (B.15) and (B.16) it follows that V̄^{σβ1}_{[α1α2}V̄^{ρ(β2}_{α3α4]}F^β3^)_{σρ} = 0, Ṽ^{σβ1}_{[α1α2}Ṽ^{ρ(β2}_{α3α4]}F^β3^)_{σρ} = 0, V̄^{σβ1}_{[α1α2}Ṽ^{ρ(β2}_{α3α4]}F^β3^)_{σρ} = 0, (B.17) V̄^{σβ1}_{[α1α2}V̄^{ρβ2}_{α3α4]}V̄^β3^λ_{σρ} = 0, Ṽ^{σβ1}_{[α1α2}Ṽ^{ρβ2}_{α3α4]}V̄^β3^λ_{σρ} = 0, V̄^{σβ1}_{[α1α2}Ṽ^{β2ρ}_{α3α4]}V̄^β3^λ_{σρ} = 0. (B.18) which immediately lead to identities (74), (75) and (76).

References

[1] C. Becchi, A. Rouet and R. Stora, Renormalization of the Abelian Higgs-Kibble model, Commun.

Math. Phys. 42 (1975) 127.

[2] I.V. Tyutin, Gauge invariance in field theory and statistical physics in operatorial formulation, Prenrint of Lebedev Physics Institute, No. 39 (1975).

[3] D.M. Gitman and I.V. Tyutin, Quantization of Fields with Constraints, Springer-Verlag, 1990;

M. Henneaux and C. Teitelboim, Quantization of Gauge Systems, Princeton Univ. Press, 1992. [4] I.A. Batalin and G.A. Vilkovisky, Gauge algebra and quantization, Phys. Lett. 102B (1981) 27;

I.A. Batalin and G.A. Vilkovisky G.A. Quantization of gauge theories with linearly dependent generators, Phys. Rev. D28 (1983) 2567.

[5] E.S. Fradkin and G.A. Vilkovisky, Quantization of relativistic systems with constraints, Phys.

Lett. B55 (1975) 224; I.A. Batalin and G.A. Vilkovisky, Relativistic S-matrix of dynamical systems with boson and fermion constraints, Phys. Lett. 69B (1977) 309; I.A. Batalin and E.S. Fradkin, A generalized canonical formalism and quantization of reducible gauge theories, Phys. Lett. 122B (1983) 157.

[6] M. Henneaux, Hamiltonian form of the path integral for the theories with gauge degrees of freedom, Phys. Repts 126 (1985) 1; I.A. Batalin and E.S. Fradkin, Operator quantization method and abelization of dynamical systems subject to first class constraints, Riv. Nuovo Cimento 9, No 10 (1986) 1; I.A. Batalin and E.S. Fradkin, Operatorial quantization of dynamical systems subject to constraints. A further study of the construction, Ann. Inst. H. Poincare, A49 (1988) 145.

[7] T. Kugo and I. Ojima, Local covariant operator formalism of non-abelian gauge theories and quark confinement problem, Progr.Theor.Phys.Suppl. 66 (1979) 1.

[8] R. Marnelius, Canonical quantization of Polyakov’s string in arbitrary dimensions, Nucl. Phys.

B211 (1983) 14; M. Kato and K. Ogawa, Covariant quantization of string based on BRS invariance, Nucl. Phys. B212 (1983) 443; S. Hwang, Covariant quantization of the string in dimensions D ≤ 26 using a Becchi-Rouet-Stora formulation, Phys. Rev. D28 (1983) 2614; N. Ohta, Covariant quantization of superstrings based on Becchi-Rouet-Stora invariance, Phys. Rev. D33 (1986) 1681; Z. Hlousek, K. Yamagushi, An approach to BRST formulation of Kac-Moofy algebra, Phys. Lett. B173 (1986) 65; D. Chang, A. Kumar, Becchi-Rouet-Stora-Tyutin quantization of superconformal theories, Phys. Rev. D35 (1987) 1388.

[9] M. Green, J. Schwarz, E. Witten, Supestring Theory, Cambridge Univ. Press, 1987.

[10] E. Witten, Noncommutative geometry and string field theory, Nucl. Phys. B268 (1986) 253.

[11] C.B. Torn, String field theory, Phys. Repts. 175 (1989) 1; W. Taylor and B. Zwiebach, D-branes, tachyons and string field theory, ArXiv: hep-th/0311017.

[12] A.B. Zamolodchikov, Infinite additional symmetries in two dimensional conformal quantum field theory, Theor. Math. Phys. 65 (1986) 1205.

[13] V.G. Knizhnik, Superconformal algebras in two dimensions, Theor. Math. Phys. 66 (1986) 68;

M. Bershadsky, Superconformal algebras in two dimensions with arbitrary N, Phys. Lett. B174 91986) 285; K. Schoutens, Representation theory for a class of so(N)-extended superconformal operator algebras, Nucl. Phys. B314 (1989) 519; C.M. Hull, Higher-spin extended conformal algebras and W-algebras, Nucl. Phys. B353 (1991) 707; C. Hull, Classical and quantum Wgravity, Proceedings of the Seminar ”Strings and Gravity”, Stony Brook, 1991, World Scientific, 1992, p. 495; K. Schoutens, A. Sevrin and P. van Nieuwenhuizen, Properties of covariant W gravity, Int. J. Mod. Phys. A6 (1991) 2891; K. Schoutens, A. Sevrin and P. van Nieuwenhuizen, Nonlinear Yang-Mills theories, Phys. Lett B255 (1991) 549.

[14] J. Thierry-Meg, BRS-analysis of Zamolodchikov’s spin 2 and 3 current algebra, Phys. Lett. B197 (1986) 368; H. Lu, C.N. Pope and X.J. Wang, On higher-spin generalization of string theory, Int. J. Mod. Phys. A9 (1994) 1527.

[15] K. Schoutens, A. Servin and P. van Nieuwenhuizen, Quantum BRST charge for quadratically nonlinear Lie algebras, Commun. Math. Phys. 124 (1989) 87.

[16] A. Isaev and O. Ogievetsky, BRST and anti-BRST Operators for Quantum Linear Algebra U_q(gl(N)); Nuclear Phys. B Proc. Suppl. 102(103) (2001) 306; A. Isaev and O. Ogievetsky, BRST Operator for Quantum Lie Algebras and Differential Calculus on Quantum Groups, Theor. Math. Phys. 129 (2001) 1558, ArXiv: math.QA/0106206; A. Isaev and O. Ogievetsky, BRST Operator for Quantum Lie Algebras: Explicit Formula, Int. J. Mod. Phys. A19 (2004) 240; V. Gorbounov, A. Isaev and O. Ogievetsky, BRST Operator for Quantum Lie Algebras: Relation to Bar Complex, Theor. Math. Phys. 139 (2004) 473.

[17] I.L. Buchbinder, A. Pashnev and M. Tsulaia, Lagrangian formulation of the massless higher integer spin fields in the AdS background, Phys. Lett. B523 (2001) 338, ArXiv: hep-th/0109067; I.L. Buchbinder, A. Pashnev and M. Tsulaia, Massless Higher Spin Fields in the AdS Background and BRST Constructions for Nonlinear Algebras, ArXiv: hep-th/0206026; I.L. Buchbinder, V.A. Krykhtin and P.M. Lavrov, Gauge invariant Lagrangian formulation of higher massive bosonic field theory in AdS space, Nucl. Phys. B762 (2007) 344, ArXiv: hep-th/0608005.

[18] A.B. Zamolodchikiov, Infinite additional symmetries in two-dimensional conformal quantum filed theory, Theor.Math.Phys. 65 (1985) 1205.

[19] V.G. Knizhnik, Superconformal algebras in two dimensions, Theor.Math.Phys. 66 (1986) 68; M.

Bershadsky, Superconformal algebras in two dimensions with arbitrary N, Phys.Lett. B174 (1986) 285.