arXiv:hep-th/0701260v1 29 Jan 2007

A correspondence between H^+_3 WZW and Liouville theories on discs

Kazuo Hosomichi^a

aService de Physique Théorique, CEA Saclay, F-91191 Gif-sur-Yvette Cedex, France

We discuss how the disc correlators of H^+_3 WZW model are determined in terms of those of Liouville theory. (A presentation based on a collaboration with S. Ribault [1].)

Recently an interesting relation has been discovered between conformal blocks of affine SL(2) and Virasoro algebras. By using it, the correlation functions of H^+_3 WZW model on sphere have been related to those in Liouville theory [2].

In this note we give a summary of the work [1] which generalized this correspondence to disc (or the upper half plane) and lead to an exact determination of disc correlators in H^+_3 .

We begin by reviewing the correspondence for sphere correlators. The space H^+_3 is a three dimensional hyperboloid in flat R^{3,1} ,

x^2_0 − x^2_1 − x^2 − x^2_3 = kα^′ > 0, x_0 > 0.

The space is coordinatized by a 2×2 hermite matrix h with unit determinant and positive trace. The CFT of interest is defined by the standard WZW action for h(z, z̄) at level k, and has affine SL(2) symmetry [3]. We define the components J^a(z) and J̄^a(z̄) (a = ±, 3) of the currents −k∂hh^{−1}, kh^{−1} ¯∂h so that they are hermite conjugate to each other, and consider correlators of “μ-basis” primary fields Φ_j (μ|z) which have

L_0 = −j(j + 1) k − 2 , J^−_0 = iμ, J̄^−_0 = iμ̄.

Their correlators satisfy the so-called KZ equations [4] that follow from the relation between the stress tensor and the currents.

We relate this model to Liouville theory with coupling b = (k − 2)^{− 12} and central charge

c = 1 + 6Q^2, Q ≡ b + 1/b.

The primary field V_α(z) with Liouville momentum α has conformal weight α(Q − α). The operator with α = −^1_{2b} corresponds to a degenerate representation of Virasoro algebra, and correlators containing V_{−1/2b}(z) are known to satisfy the so-called BPZ equation[5] which is a differential equation of second order in z.

An interesting relation [6] between KZ and BPZ equations leads to a correspondence between n-point blocks of affine SL(2) algebra and (2n − 2)-point Virasoro conformal blocks. n of their insertions are related by α_a = b(j_a +1)+^1_{2b} , and the additional (n − 2) insertions on Virasoro side are all with α = −^1_{2b} . This was used in [2] to relate the correlators of the two theories on sphere, ⟨_n ∏ a=1 Φ_{ja} (μ_a|z_a) ⟩ = δ^2( ∑_n a=1 μ_a) · |Θ|^1b^2 |u|^2

× ⟨_n ∏ a=1 V_{αa} (z_a) n−2∏ a=1 V_− 1_{2b} (y_a) ⟩ . (1)

Here u, y_a and Θ are (implicitly) given by n∑ a=1 μ_a ζ − z_a = u ∏_{n−2} a=1 (ζ − y_a) ∏_n a=1(ζ − z_a) , Θ = ∏ a<ã (z_a − z_ã) ∏ a<ã (y_a − y_ã) ∏ a,ã (z_a − y_ã)^{−1}.

Once verified for n ≤ 3, the correspondence (1) for larger n simply follows from the fact that the two sides behave in the same manner under factorizations n → n_1 + n_2.

We wish to generalize this correspondence to correlators on discs. Though there are several types of D-branes in H^+_3 WZW model known (see e.g. [7]), here we focus on the one parameter family defined by a plane x_3 = √ kα^′ sinh r, (2) 1

2 intersecting the hyperboloid. Our convention is such that they are all characterized by the boundary condition on currents, J^3 = J̄^3, J^± = J̄^±. The system therefore has an unbroken affine SL(2, R) symmetry, and its zeromode part generates the isometry of the D-brane worldvolume H^+_2 . We denote by Ψ_l(ν|w) the boundary operator between D-branes (2) with eigenvalues

L_0 = − l(l + 1) k − 2 , J^−_0 = iν. In Liouville theory, we consider boundary operators B_β with L_0 = β(Q − β) and FZZT boundary conditions [8] labelled by s.

To formulate the correspondence between disc correlators, we first recall the relation between one-point functions found in [9],

⟨Φ_j (μ|z)⟩_r ∼ ⟨V_α(z)⟩_{s=} r_{2πb −} i_{2b sgn(Imμ)} ,

telling us how to relate the boundary conditions in two theories. Now the correspondence between general disc correlators should take the form ⟨_n ∏ a=1 Φ_{ja} (μ_a|z_a) m∏ a=1 Ψ_{la} (ν_a|w_a) ⟩

= δ( ∑ a(μ_a + μ̄_a) + ∑ a ν_a)|u|Θ^12b^2 · × ⟨_n ∏ a=1 V_{αa} (z_a) m∏ a=1 B_{βa} (w_a) n^′∏

a=1 V_− 1_{2b} (y_a) m^′∏

a=1 B_− 1_{2b} (v_a) ⟩ , (3)

where 2n^′ + m^′ = 2n + m − 2, and (u, y_a, v_a) are determined via a real function of ζ ∈ R, φ(ζ) ≡ n∑ a=1 ( μ_a ζ − z_a + μ̄_a ζ − z̄_a ) + m∑ a=1 ν_a ζ − w_a = u · ∏_n′ a=1 |ζ − y_a|^2 ∏_m′ a=1(ζ − v_a) ∏_n a=1 |ζ − z_a|^2 ∏_m a=1(ζ − w_a) . Θ is a function of coordinate differences similar to the case of sphere. The most important part of the correspondence is how the boundary conditions in two theories are related. The boundary of the disc is cut at {w_a} into segments labelled by different r, and is cut further at {v_a} in Liouville theory side. Then the rule is that a boundary segment labelled by r in H^+_3 model maps to a Liouville FZZT brane with s = r 2πb − i 4b sgnφ(ζ). Obviously s is constant on each segment, as it should. Our rule is also consistent with the fact in Liouville theory that s has to jump by ±^i_{2b} where B_{−1/2b} is inserted [8].

It is easy to show that our formula (3) behaves consistently under different factorization limits, which actually serves as a strong consistency check of our formula. On the other hand, different factorization limits of a correlator of H^+_3 model are usually not smoothly connected because of transmutations of degenerate operators in Liouville theory along the way: V_{−1/2b}(y_a) ←→ B_{−1/2b}(v_a)B_{−1/2b}(v_a′ ). The construction of disc higher point functions from basic ones is therefore not so straightforward in H^+_3 WZW model. Our work [1] has argued that the disc correlators must be continuous at transmutation points, and has shown that the formula (3) is very likely the only solution to the continuity as well as other consistency requirements.

The formula (3) has been used in [1] to compute some disc structure constants of H^+_3 WZW model which were not known before. We have got the two point function of boundary operators which is fully consistent with that of N = 2 Liouville theory [10], and the bulk boundary propagator with the correct semiclassical behavior at large k. These serve as another non-trivial check of our formula.

REFERENCES

1. K. Hosomichi and S. Ribault, hep-th/0610117. 2. S. Ribault et.al., JHEP 0506 (2005) 014. 3. K. Gawedzki, Nucl. Phys. B328 (1989) 733. 4. V.G. Knizhnik et.al., Nucl. Phys. B247 (1984) 83. 5. A.A. Belavin et.al., Nucl. Phys. B241 (1984) 333. 6. A.V. Stoyanovsky, math-ph/0012013. 7. B. Ponsot et.al., JHEP 0202 (2002) 016. 8. V. Fateev et.al., hep-th/0001012. 9. S. Ribault, JHEP 0608 (2006) 015. 10. K. Hosomichi, hep-th/0408172.