arXiv:hep-th/0701279v2 15 Apr 2007

hep-th/0701279

TOWARD LOGARITHMIC EXTENSIONS OF ^sℓ(2)_k

CONFORMAL FIELD MODELS

A.M. SEMIKHATOV

ABSTRACT. For positive integer p = k+2, we construct a logarithmic extension of the ^sℓ(2)_k conformal field theory of integrable representations by taking the kernel of two

fermionic screening operators in a three-boson realization of ^sℓ(2)_k. The currents W^−(z) and W^+(z) of a W -algebra acting in the kernel are determined by a highest-weight state of dimension 4p−2 and charge 2p−1, and a (θ =1)-twisted highest-weight state of the same dimension 4p−2 and charge −2p+1. We construct 2p W -algebra representations, evaluate their characters, and show that together with the p−1 integrable representation characters they generate a modular group representation whose structure is described as a deformation of the (9p−3)-dimensional representation R_{p+1} ⊕ C^2 ⊗R_{p+1} ⊕ R_{p−1} ⊕ C^2 ⊗ R_{p−1} ⊕ C^3 ⊗ R_{p−1}, where R_{p−1} is the SL(2,Z) representation on integrable representation characters and R_{p+1} is a (p+1)-dimensional SL(2,Z) representation known from the logarithmic (p,1) model. The dimension 9p−3 is conjecturally the dimension of the space of torus amplitudes, and the C^n with n = 2 and 3 suggest the Jordan cell sizes in indecomposable W -algebra modules. Under Hamiltonian reduction, the W - algebra currents map into the currents of the triplet W -algebra of the logarithmic (p,1) model.

CONTENTS

1. Introduction 2 2. The ^sℓ(2) algebra 7 2.1. The algebra, spectral flow, and twisted Verma modules 7 2.2. Singular vectors 8 2.3. Integrable representation characters 10 2.4. Bosonization and fermionic screenings 10 3. Twisted Wakimoto-type modules and butterfly complexes 11 3.1. Vertex operators and states 11 Butterfly complexes 13 3.2. Butterfly resolutions of integrable representations 14 3.3. Acyclic butterfly complexes 23 3.4. “Steinberg” modules 24 4. W -algebra, its representations, characters, and modular transformations 25 4.1. The W^±(z) currents 26 4.2. “Narrow” W -algebra representations Y^±_r and their characters 29 4.3. Modular transformation properties 31 5. Hamiltonian reduction to the W -algebra of the (p,1) model 34 5.1. Reduction to the triplet (p,1) algebra 35 5.2. Construction of the “inverse reduction” 35 5.3. “Reduction” of the characters 38 6. Further prospects 40 6.1. Three fermionic screenings 40 6.2. Kazhdan–Lusztig correspondence, the dual quantum group, and fusion 40 6.3. More general models: “triplet” W -algebras instead of ^sℓ(2) 41 6.4. Other logarithmic ^sℓ(2)_k? 42 6.5. Rational k 42

2 SEMIKHATOV

6.6. Projective modules 43 Appendix A. Embedding structure of Verma ^sℓ(2)_k-modules 43 Appendix B. Theta-function conventions 46 Appendix C. Some elementary tricks with SL(2,Z) representations 48 C.1. SL(2,Z) ↷ h×C 48 C.2. C^2 48 C.3. C^3 49 References 51

1. INTRODUCTION

Logarithmic conformal field theories in two dimensions [1, 2] are attracting some attention from different standpoints: in the context closest to the subject of this paper, in [3, 4, 5, 6] and, as regards the extended (W -)algebras, in [7, 8, 9, 10, 11, 12]; in the context of boundary conformal field theories, in [13, 14, 15]; mathematically, various aspects of logarithmic conformal models and related structures in vertex-operator algebras were considered in [16, 17, 18, 19]; relations to statistical-mechanics models have been studied in [20, 21, 22]; various aspects of logarithmic models were elaborated in [8, 23, 24, 10, 25, 26, 27, 28, 29, 30]; relations to quantum groups and a “nonsemisimple” extension of the Kazhdan–Lusztig correspondence [31] were investigated in [11, 32, 33, 15]. Logarithmic conformal field theories can be viewed as an extension of rational conformal field theories [34, 35, 36, 37] to the case involving indecomposable representations of the chiral algebra. Identification of the chiral algebra itself requires some care in logarithmic models: in the known examples, starting with the pioneering works [7, 2, 8], the chiral algebra is not the “naive,” manifest symmetry algebra (e.g., Virasoro) but its nonlinear extension, i.e., some W -algebra (cf. [4, 10, 11, 12]).

A systematic way to define a logarithmic conformal field theory model is to take the kernel of the differential in a complex associated with screening operators acting in appropriate free-field spaces. Constructed this way, logarithmic models are a natural generalization of rational ones (which are just the cohomology of the same differential, cf. [38, 39]), but can also be defined in the case where the cohomology is trivial and therefore the rational model is empty [10]. Furthermore, defining logarithmic models in terms of a kernel of screenings suggests chiral W -algebras of these models; in the known (p,1) and (p,q) cases, the W -algebra that is the symmetry of the model is the maximum local algebra acting in the kernel.

In this paper, the “screening-based” approach is used to logarithmically extend the well-known ^sℓ(2)_k minimal models of integrable representations. Part of the motivation is in the general popularity of WZW-related models and the possibility of constructing coset models in particular. But success is not guaranteed a priori.

Two related difficulties can be perceived in carrying the previously developed methods over to theories where the “naive” symmetry algebra (the one that is manifest before

LOGARITHMIC ^sℓ(2) 3

identifying the W -algebra) is an affine Lie algebra. First, the characters acquire a dependence on ν ∈ C , in addition to the modular parameter τ ∈ h; then, whenever the W -algebra characters involve derivatives of theta-functions (which is a typical feature of logarithmic conformal field theories), predictable complications with modular transformation properties occur. Second, representations multiply under the spectral flow action, to infinity in general; this seems to take us even farther away from the rational class than the generous setting of logarithmic conformal field theory may allow. But the situation with infinitely many inequivalent representations produced by the spectral flow is in fact already encountered in the more familiar setting of admissible representations [40] of affine Lie algebras, ^sℓ(2) in particular. If the characters are understood in appropriate analytic-continuation terms, the number of the resulting character functions is finite (cf. [41, 42, 43]) and, moreover, a finite-dimensional modular group representation is realized on them. An extra complication occurring in the logarithmic/nonsemisimple case is that the space of torus amplitudes is not exhausted by the characters, and therefore some other functions, which are not characters, come into play. In the “ν-free” cases studied previously, these generalized characters typically had the form of characters times polynomials in τ, with the degree of the polynomials determined by the Jordan cell size [12]; we have to see how this behavior is affected by the appearance of a ν variable. Continuing with challenges encountered in the study of logarithmic conformal field theories, we mention that their W -symmetries are rather complicated algebras whose representation theory is poorly understood in general.

Our aim is to report that despite these complications, it is nevertheless possible to achieve certain consistency in constructing logarithmic extensions of the minimal ^sℓ(2) models following the strategy “screenings −→ kernel −→ W -algebra −→ characters −→ generalized characters and modular transformations.” Consistency here refers to modular transformations, whose closure is a very strong consistency check for various structures in conformal field theory. It has been observed in somewhat different situations in [42, 41] (and maybe elsewhere) that the closure of a set of character functions under the spectral flow tends to imply their closure under modular transformations. To a certain extent, this is also the case with the proposed logarithmic ^sℓ(2) theory, where, as in other logarithmic models, generalized characters occur in addition, but where also “absorbing” the explicit ν dependence requires introducing a matrix automorphy factor, i.e., changing a (right) SL(2,Z)-action γ : f (τ,ν) → f (γτ,γν), γ ∈ SL(2,Z), into γ : f (τ,ν) → j(γ;τ,ν) f (γτ,γν), where j is a function on SL(2,Z)×h×C (matrix-valued if f is a vector) satisfying the cocycle condition j(γγ^′;τ,ν) = j(γ^′;τ,ν) j(γ;γ^′τ,γ^′ν), j(1;τ,ν) = 1. We start with screenings that single out the ^sℓ(2) algebra as their centralizer in a threeboson realization. There are two a priori inequivalent possibilities for this, involving

4 SEMIKHATOV

either one bosonic and one fermionic or two fermionic screenings. The option chosen in this paper is the one with two fermionic screenings. Two fermionic screenings Q_− and Q_+ give rise to complexes of a somewhat unusual �-shape

(1.1) which is an ^sℓ(2) version of the butterfly resolution in [44] (also see [45]). The sites denote twisted (and typically highly reducible) ^sℓ(2)_k-modules.^1 The two types of arrows, north-east and south-east, correspond to the two fermionic screenings, whose composition gives the middle link. For positive integer k + 2, the two screenings commute with each other. Whenever the cohomology is nontrivial, it sits at the “right eye” (∗) and gives an integrable representation. We also construct and use several acyclic butterfly complexes.

That the resolution involves ^sℓ(2)-representations of arbitrarily large twists leads to a number of problems (e.g., reasonably weighted sums of their characters diverge). In following the “screenings −→ kernel −→ W -algebra −→ ...” strategy, we therefore take the kernels not in all the modules constituting the butterfly resolution but only in the untwisted ones (those at the horizontal symmetry line). Accordingly, the W -algebra that we identify maps only horizontally between the ^sℓ(2)_k-modules associated with the sites in (1.1). The currents W^−(z) and W^+(z) generating the W -algebra are determined by singular vectors representing a highest-weight state of dimension 4p− 2 and charge 2p− 1, and a (θ = 1)-twisted highest-weight state of the same dimension 4p− 2 and charge −2p+1, where p = k + 2. More precisely, we let E_n and F_n be the ^sℓ(2) generators (with [E_m, F_n] = k mδ_{m+n,0} + 2H_{m+n}) and write |λ ;θ⟩ for a highest-weight vector with spin λ and twist θ (see Sec. 2.1.2 for the details). Let λ^+(r,s) =^{r−1}_2 − p^{s−1}_2 and λ^−(r,s) = −^{r+1}_2 + p^s_2 . The W -algebra currents W^−(z) and W^+(z) are the operators corresponding to the states

|W^−⟩ = (F_{−1})^{3p−1}(E_0)^{2p−1}(F_{−1})^{p−1}(E_0)^{−1}(F_{−1})^{−p−1}|λ^+(p−1,3);1⟩,

(1.2)

|W^+⟩ = (E_{−1})^{3p−1}|λ^−(3p − 1,1);0⟩,

(1.3)

1The butterfly resolution differs from Felder-type resolutions [38, 39] not only in its shape but also in that the modules farther away from the horizontal symmetry axis of the butterfly have progressively higher twists (parameters of spectral flow transformations). The spectral flow can be visualized to map vertically in (1.1), with the result that the butterfly starts “flying.”

LOGARITHMIC ^sℓ(2) 5

where negative powers are to be understood as explained in [46].

For this W -algebra, we construct 2p of its representations, denoted by Y^±_r , 1 ⩽ r ⩽ p, evaluate their characters χ^±_r (τ,ν), and study their spectral-flow and modular transformation properties. Because the representation theory of this W -algebra is largely unexplored,^2 we actually use the spectral flow to generate a set of character functions on which the modular group action may be expected to close if an appropriate number of generalized characters (involving polynomials in τ) are added. In a sense, we compensate for the poorly known W -algebra representation theory by seeking a modular group representation generated from a set of those W -algebra characters that we can explicitly evaluate by honest representation theory. The precise result is as follows.

Main result. The modular group representation generated from W -algebra characters in the logarithmic ^sℓ(2)_k model with positive integer p = k + 2 is a deformation, via a matrix automorphy factor, of the direct sum (1.4) R_{p+1} ⊕ C^2 ⊗ R_{p+1} ⊕ R_{int}(p) ⊕ C^2 ⊗ R_{int}(p) ⊕ C^3 ⊗ R_{int}(p),

where R_{int}(p) is the (p− 1)-dimensional SL(2,Z) representation on the integrable ^sℓ(2)_k characters, R_{p+1} is a (p+1)-dimensional representation, C^2 is the defining two-dimen-sional representation, and C^3 is its symmetrized square; the matrix automorphy factor becomes equal to the identity matrix at ν = 0.

Fulfilling the general expectation [9, 6], we next show (Theorem 5.1) that the Hamiltonian reduction indeed relates the logarithmic ^sℓ(2)_k to the logarithmic (p = k+2,1) models: the W -algebra generators in (1.2) and (1.3) map under the Hamiltonian reduction to generators of the triplet W -algebra [7, 2, 8] of the (p,1) logarithmic model, which were defined in [10] in terms of a Virasoro screening. We note that the SL(2,Z) representation on generalized characters in the logarithmic (p,1) model was evaluated as R_{p+1} ⊕ C^2 ⊗ R_{int}(p) in [11]; the Hamiltonian reduction argument, in particular, “explains” the occurrence of R_{int}(p) there.^3

The total dimension 9p− 3 of the SL(2,Z)-representation in (1.4) is a likely candidate for the dimension of the space of torus amplitudes, if such a finite-dimensional space can be constructed at all following one of the more direct approaches. The n = 2 and 3 in the C^n tensor factors entering (1.4) suggest the Jordan cell sizes to be encountered in indecomposable W -algebra modules.

2W -algebras in logarithmic models can be viewed as extensions of “minimal” (e.g., Virasoro or, in our case, ^sℓ(2)) algebras by (descendants of) certain vertex operators. Vertex-operator extensions have attracted some general interest, e.g., in [47, 48, 49, 50, 51].

3Hamiltonian reduction at the level of conformal blocks (solutions of the Knizhnik–Zamolodchikov equations, see [52] and the references therein) was studied in [9] to analyze logarithmic extensions of (p,q) minimal models and, in particular, gave evidence in favor of the existence of a W -algebra in these models.

6 SEMIKHATOV

The ν variable in the argument of the characters can in hindsight be seen to result in producing deformations of direct sums of SL(2,Z) representations. The ( 2p+ (p− 1) ) - dimensional space spanned by the W -algebra characters ( χ^±_r (τ,ν) ) 1⩽r⩽p and the inte-

grable ^sℓ(2)_k-representation characters ( χ_r(τ,ν) ) 1⩽r⩽p−1 is extended to the (9p−3)-

dimensional space in (1.4) due to two mechanisms. First, the spectral flow closes if 2p functions ω^±_r (τ,ν), 1 ⩽ r ⩽ p, are added. We treat them on equal footing with characters, although their representation-theory meaning is not discussed here. Second, as with the “ν-free” characters of logarithmic conformal field theories known previously [11, 12], certain combinations of the χ^±_r (τ,ν), χ_r(τ,ν), ω^±_r (τ,ν) become parts of multiplets, i.e., transform in representations of the form C^n ⊗ π, where π is some SL(2,Z) representation and C^n is C^2 or C^3 realized on polynomials in τ of the respective degrees 1 and 2. But it then turns out that the explicit occurrences of the ν variable in modular transformation formulas results not only in “mixing” different modular-group representations with each other but also in proliferating the number of functions involved, as is already clear from the ν → ν/(cτ + d) transformations introducing a fractional-linear factor. This behavior can be “absorbed” into a matrix automorphy factor, isolating which leaves us just with the representation in (1.4).^4

Notation. We fix the level k as any complex number not equal to −2 in Sec. 2 and as k ∈ {0,1,2,...} (and occasionally k = −1) starting with 3.2. We also use the notation p = k + 2, with the apologies for a certain lack of consistency, in that a formula or two neighboring formulas may contain both k and p. Similar negligence is shown regarding another global notation, j =^{r−1}_2 : both j and r are used interchangeably.

Remark. The paper contains quite a few pictures of the subquotient structure of the relevant modules and maps between them. An alternative way of delivering the same information would be a comparable abundance of formal notation, making sense out of which would anyway require some visualization. The reader inclined to giving each object a special name and a defining formula that makes all the parameters explicit must be able to reconstruct the details from the numerous labels in the pictures (e.g., as in Fig. 3.1 (p. 16) below).

This paper is organized as follows. In Sec. 2, we fix the notation and conventions and recall standard facts about the ^sℓ(2) algebra, the spectral flow, and singular vectors in ^sℓ(2) Verma modules, and then introduce the bosonization and the corresponding screenings to be used in what follows. In Sec. 3, we construct the butterfly resolution

4The need to introduce a matrix automorphy factor in order to extract a finite-dimensional SL(2,Z)- representation of course reflects certain “pathologies” inherent in the adopted setting, where the number of free fields (3) is larger than the number of screenings (2). As can be seen in [53], a more natural object from the “screening/quantum-group” standpoint may be given by the coset ^sℓ(2)/u(1), but we leave its “logarithmization” for the future.

LOGARITHMIC ^sℓ(2) 7

of integrable representations and several acyclic butterfly complexes. This gives enough information for constructing the W -algebra generators W^±(z) and representations Y^±_r , 1 ⩽ r ⩽ p, and evaluating the characters of the latter in Sec. 4. We also study the spectral-flow and modular transformation properties of the characters (extended by other functions) in Sec. 4. In Sec. 5, we evaluate the Hamiltonian reduction of the W^±(z) generators, showing that they map into the generators of the triplet W -algebra of the logarithmic (p,1)-models. Section 6 is a list of things that have not been done in this paper but are potentially interesting, even if some of them prove impracticable.

Appendix A pertains entirely to Sec. 3 and serves to recall the embedding structure of ^sℓ(2)_k Verma modules; most readers may ignore it altogether. Appendix B sets the notation and summarizes some facts about theta-functions, extensively used in Sec. 4. Appendix C contains a rather explicit description of extensions among SL(2,Z) representations in their “functional” realization, which occur in Sec. 4.

2. THE ^sℓ(2) ALGEBRA

In this section, we set the notation for the ^sℓ(2) algebra, its twisted modules, and singular vectors in Verma modules. We then introduce the three-boson realization of ^sℓ(2) and the corresponding screenings.

2.1. The algebra, spectral flow, and twisted Verma modules. The level-k affine algebra ^sℓ(2)_k is defined by the commutation relations

(2.1)

[H_m, E_n] = E_{m+n}, [H_m, F_n] = −F_{m+n}, [H_m, H_n] = k 2 mδ_{m+n,0}, [E_m, F_n] = k mδ_{m+n,0} + 2H_{m+n}, with m,n ∈ Z. In terms of the currents X(z) = ∑_{n∈Z}X_n z^{−n−1}, X = E, H, F, the above commutation relations are reformulated as the OPEs

(2.2)

H(z)E(w) =

E(w) z− w , H(z)F(w) =

−F(w) z− w , E(z)F(w) = k (z− w)^2 +

2H(w) z− w , H(z)H(w) = k/2 (z−w)^2 .

and the Sugawara energy-momentum tensor is given by the standard expression

T_{Sug}(z) = 1 k+2 ( 1 2 E(z)F(z) + 1 2 F(z)E(z) + H(z)H(z) ) (here and below, normal ordering is understood; for brevity, we sometimes write AB(z) instead of the normal-ordered product A(z)B(z)). Generators of the Virasoro algebra with central charge c = 3k k + 2 are then introduced via TSug(z) = ∑n∈ZLn z −n−2. For each θ ∈ Z, there is an ^sℓ(2)_k automorphism given by the so-called spectral flow transformation (see [54])

(2.3) U_θ : E_n → E_{n+θ} , F_n → F_{n−θ} , H_n → H_n + k 2 θδ_{n,0}

8 SEMIKHATOV

Spectral-flow transforming any ^sℓ(2)-module C gives twisted modules U_θ C = C_{;θ} .^5 For any ^sℓ(2)_k-module C, its character is

(2.4) χ^C(q,z) = Tr_C ( q^{L0− c24} z^{H0} ) . We let χ^C_{;θ} (q,z) denote the character χ^{C;θ} (q,z) of twisted modules. In what follows, we frequently use the following elementary result.

2.1.1. Lemma ([41]). Let C be an ^sℓ(2)_k-module. Then

(2.5) χ^C_{;θ} (q,z) = q^{k4 θ 2} z^{− k2 θ} χ^C(q,zq^{−θ} ).

2.1.2. Twisted Verma modules. We next fix our conventions regarding twisted Verma modules. For λ ∈ C and θ ∈ Z, the twisted Verma module M_{λ ;θ} is freely generated by E_{⩽θ −1}, F_{⩽−θ} , and H_{⩽−1} from a twisted highest-weight vector |λ ;θ⟩ defined by the conditions E_{⩾θ} |λ ;θ⟩ = H_{⩾1} |λ ;θ ⟩ = F_{⩾−θ +1} |λ ;θ⟩ = 0, ( H_0 + k 2 θ ) |λ ;θ⟩ = λ |λ ;θ⟩. (2.6)

It follows that L_0 |λ ;θ⟩ = Δ_{λ ;θ} |λ ;θ⟩, Δ_{λ ;θ} = λ^2 + λ

k+2 − θλ + k 4 θ^2.

For kθ ≠ 0, we must therefore distinguish between the eigenvalue of H_0 on a twisted highest-weight state and the spectral-flow-independent parameter λ (which, e.g., determines the existence of singular vectors in M_{λ ;θ} ). We say that the eigenvalue of H_0 is the charge and λ is the spin of |λ ;θ⟩. Setting θ = 0 gives the usual (“untwisted”) Verma modules. We write |λ ⟩ = |λ ;0⟩ and, similarly, M_λ = M_{λ ;0}.

We write |α⟩ .= |λ ;θ⟩ whenever conditions (2.6) are satisfied for a state |α⟩. The character of a twisted Verma module M_{λ ;θ} can be conveniently written in terms of h = λ −^k_2 θ, the eigenvalue of H_0 in (2.6), as

(2.7) χ^M_{λ ;θ} (q,z) = (−1)^θ q^{(h−θ +} 1 2 ) 2 k+2 −^1_8 zh−θ

ϑ_{1,1}(q,z) (see (B.3) for ϑ_{1,1}).

Twists, although producing nonequivalent modules, do not alter the submodule grid structure, and we can therefore reformulate a classic result as follows.

2.2. Theorem ([55, 46]). A singular vector exists in a twisted ^sℓ(2) Verma module M_{λ ;θ} if and only if λ can be written as λ = λ^+(r,s) or λ = λ^−(r,s) with r,s ∈ N, where

5An automorphism α of an algebra a maps an a-module M into a module αM on which the algebra acts as a.(α m) = α(α^{−1}(a).m), a ∈ a, m ∈ M. The a-representations on M and αM are not equivalent in general.

LOGARITHMIC ^sℓ(2) 9

λ^+(r,s) = r−1 2 − (k+2)

s − 1 2 , λ^−(r,s) = − r+1 2 + (k+2) s 2 . Whenever λ = λ^+(r,s), the singular vector is given by (2.8) |MFF^+(r,s;θ|λ )⟩ = (F_{−θ} )^{r+(s−1)(k+2)}(E_{θ −1})^{r+(s−2)(k+2)}(F_{−θ} )^{r+(s−3)(k+2)} ... · (E_{θ −1})^{r−(s−2)(k+2)}(F_{−θ} )^{r−(s−1)(k+2)}|λ ;θ⟩.

Whenever λ = λ^−(r,s), the singular vector is given by (2.9) |MFF^−(r,s;θ|λ )⟩ = (E_{θ −1})^{r+(s−1)(k+2)}(F_{−θ} )^{r+(s−2)(k+2)}(E_{θ −1})^{r+(s−3)(k+2)} ... · (F_{−θ} )^{r−(s−2)(k+2)}(E_{θ −1})^{r−(s−1)(k+2)}|λ ;θ⟩.

We recall that these formulas yield polynomial expressions in the currents via repeated application of (the spectral-flow transform of) the formulas (F_0)^α E_m = −α(α − 1)F_m(F_0)^{α−2} − 2αH_m (F_0)^{α−1} + E_m (F_0)^α , (F_0)^α H_m = αF_m(F_0)^{α−1} + H_m (F_0)^α , (E_{−1})^α F_m = −α(α − 1)E_{m−2}(E_{−1})^{α−2} − k α δ_{m−1,0}(E_{−1})^{α−1}

(2.10) + 2αH_{m−1} (E_{−1})^{α−1} + F_m (E_{−1})^α , (E_{−1})^α H_m = −αE_{m−1}(E_{−1})^{α−1} + H_m (E_{−1})^α , which can be derived for positive integer α and then continued to arbitrary complex α. 2.2.1. For s = 1, singular vectors (2.8) and (2.9) do not require any algebraic rearrangements and take the simple form (2.11) |MFF^+(r,1;θ|λ )⟩ = (F_{−θ} )^r|λ ;θ⟩, |MFF^−(r,1;θ|λ )⟩ = (E_{θ −1})^r|λ ;θ⟩. 2.2.2. Another special case to be used in what follows occurs for positive integer p = k + 2 and λ = λ^+(p,s). From (2.8), we then have (2.12) |MFF^+(p,s)⟩ = (F_0)^{sp}(E_{−1})^{(s−1)p}|λ ⟩.

If s = 1, we return to (2.11), but if s ⩾ 2, then the corresponding state |λ ⟩ with λ = p−^{ps+1}_2 also admits the singular vector |MFF^−(p(s − 1),1)⟩, through which |MFF^+(p,s)⟩ is actually seen to factor in (2.12).

Similarly, if λ = λ^−(p,s), the corresponding singular vector becomes (2.13) |MFF^−(p,s)⟩ = (E_{−1})^{sp}(F_0)^{(s−1)p}|λ ⟩, which factors through |MFF^+(p(s − 1),1)⟩ whenever s ⩾ 2.

10 SEMIKHATOV

2.3. Integrable representation characters. For positive integer k + 2, the characters of the integrable representations I_r, r = 1,...,k + 1, are given by

(2.14) χ_r(q,z) ≡ χ^I_r (q,z) = θ_{r,p}(q,z) − θ_{−r,p}(q,z) Ω(q,z) , r = 1,..., p − 1 where (2.15) Ω(q,z) = q^{18} z^{12} ϑ_{1,1}(q,z).

The integrable representation characters are holomorphic in z ∈ C and transform under the spectral flow as χ_{r;1}(q,z) = χ_{p−r}(q,z).

2.4. Bosonization and fermionic screenings. We keep the level k fixed, temporarily at any complex value not equal to −2. We introduce the well-known bosonization of the ^sℓ(2)_k algebra associated with two fermionic screenings, following the conventions in [53] (where two ^sℓ(2) bosonizations are discussed from a unified standpoint and a more general case is also considered; the bosonization chosen here is termed symmetric in [53], for the reasons that become quite obvious when it is compared with the other, nonsymmetric bosonization also discussed there).

2.4.1. “Symmetric” three-boson realization. Let ξ, ψ_−, and ψ_+ be three vectors in C^3 with the scalar products ξ . ξ = 0, ξ . ψ_− = 1, ξ . ψ_+ = −1, ψ_− . ψ_− = 1, ψ_− . ψ_+ = k + 1,

(2.16) ψ_+ . ψ_+ = 1 (the determinant of the Gram matrix is equal to −2(k + 2), and hence the vectors are defined uniquely modulo an overall rotation). We introduce a triple of scalar fields φ = (φ_1,φ_2,φ_3), in the standard basis, with the OPEs

∂ φ_i(z)∂ φ_j(w) =

δ_{i, j} (z−w)^2 ,

where ∂ f (z) =^{∂ f (z)}_{∂ z} . For any a ∈ C^3 , let a . ∂ φ (as well as a . φ) denote the Euclidean scalar product.

It is easy to verify that the currents E(z) = ψ_+ . ∂ φ(z)e^{ξ.φ(z)},

H(z) = 1 2 (kξ + ψ_− − ψ_+) . ∂ φ(z),

F(z) = ψ_− . ∂ φ(z)e^{−ξ.φ(z)}

(2.17)

satisfy the ^sℓ(2)_k OPEs. We refer to these formulas as the three-boson realization (bosonization) of ^sℓ(2)_k (its relation to the Wakimoto representation [56, 57] is established by bosonizing the first-order β γ system involved in the Wakimoto representation). The

LOGARITHMIC ^sℓ(2) 11

bosonized form of the Sugawara energy-momentum tensor is given by a standard formula involving the inverse of the Gram matrix of ξ, ψ_−, and ψ_+ [53]. We keep the notation L_n for the corresponding Virasoro generators.

2.4.2. Screenings. The bosonization in (2.17) is associated with two fermionic screenings

(2.18) Q_− = ∮ e^{ψ−.φ} , Q_+ = ∮ e^{ψ+.φ} . Simple calculation shows that they indeed commute with the ^sℓ(2)_k currents in (2.17).

In what follows, we no longer use the components (∂ φ_1,∂ φ_2,∂ φ_3) of ∂ φ, and instead sometimes use the notation

∂ φ_−(z) = ψ_− . ∂ φ(z), ∂ φ_+(z) = ψ_+ . ∂ φ(z), ∂ φ_0(z) = ξ . ∂ φ(z).

3. TWISTED WAKIMOTO-TYPE MODULES AND BUTTERFLY COMPLEXES

The bosonization of ^sℓ(2)_k introduced in 2.4 gives rise to Wakimoto-type free-field modules [56, 57]. The aim of this section is to construct complexes of twisted free-field modules using the two fermionic screenings. We begin in 3.1 with defining the relevant vertex operators and give simple formulas for the action of ^sℓ(2) generators on them; these formulas are then used in evaluating singular vectors in terms of the above bosonization and screenings. A foregone conclusion is that “half” the singular vectors in Wakimototype modules vanish. The emerging pattern can then be rephrased as the existence of the desired complexes. In 3.2, we construct the butterfly resolutions of integrable representations, with the cohomology concentrated in the “right eye.” The complexes in 3.3 and 3.4 are acyclic.

The reader may wish to skip this long and rather technical section and come back to the results in it when they are actually needed, and proceed directly to Sec. 4.

3.1. Vertex operators and states. We introduce the family of vertex operators

(3.1) U_{λ ,h,θ−,θ+} (z) = e^{(hξ+( λk+2 −θ−)ψ−+( λk+2 −θ+)ψ+).φ(z)} and the corresponding states |λ ,h,θ_−,θ_+⟩⟩. The parameterization is redundant, the vertex being unchanged under (3.2) λ → λ + pα, θ_± → θ_± + α for arbitrary α. When we restrict to positive integer k + 2 in what follows, we take 2λ + 1 ∈ {1,...,2(k + 2)}, h ∓ λ ∈ Z, and θ_± ∈ Z, with θ_− and θ_+ of the same sign (hence the two, not four, wings of the butterfly).

The |λ ,h,θ_−,θ_+⟩⟩ states are Virasoro primaries and, moreover, ^sℓ(2)_k relaxed highestweight states: the Verma-module highest-weight conditions in (2.6) are relaxed to

12 SEMIKHATOV E_{⩾θ +1}|λ ,h,θ_−,θ_+⟩⟩ = 0, F_{⩾−θ +1}|λ ,h,θ_−,θ_+⟩⟩ = 0, (3.3) H_{⩾1}|λ ,h,θ_−,θ_+⟩⟩ = 0, θ = θ_− − θ_+ (which, strictly speaking, requires θ_− − θ_+ ∈ Z); moreover, as is easy to verify,

(3.4) E_{θ−−θ+} |λ ,h,θ_−,θ_+⟩⟩ = (λ − h − θ_−(k+1) − θ_+)|λ ,h + 1,θ_−,θ_+⟩⟩, F_{θ+−θ−} |λ ,h,θ_−,θ_+⟩⟩ = (λ + h − θ_− − (k+1)θ_+)|λ ,h − 1,θ_−,θ_+⟩⟩. It also follows that H_0|λ ,h,θ_−,θ_+⟩⟩ = h|λ ,h,θ_−,θ_+⟩⟩ (and therefore h is the charge of the state, in accordance with with the terminology introduced in 2.1.2).

The reader is invited to appreciate the significance of the factors (λ − h − θ_−(k + 1) − θ_+) and (λ + h − θ_− − (k + 1)θ_+) in (3.4) in “strengthening” the relaxed highest-weight conditions in (3.3) to the twisted highest-weight conditions (2.6) by appropriately choosing the parameters (e.g., h). We now elaborate on this and several other simple technical details (the next subsection may be skipped until its results are actually used). 3.1.1. First, it is obvious that E_{θ−−θ+} |λ ,h,θ_−,θ_+⟩⟩ = 0 ⇐⇒ Q_+ U_{λ ,h,θ−,θ+} (z) = 0. Moreover, when this condition is satisfied, the state |λ ,h + 1,θ_−,θ_+⟩⟩ is mapped by Q_+ (see 2.4.2) into a twisted highest-weight state with the twist θ_− − θ_+ + 1. This is an immediate consequence of the OPE

e^{ψ+.φ(z)} U_{λ ,h,θ−,θ+} (w) = (z − w)^{−h+λ −θ−(k+1)−θ+} e^{ψ+.φ(z)}U_{λ ,h,θ−,θ+} (w) (with the normal ordered product in the right-hand side). Properly developing this observation shows that (3.5) (E_{θ−−θ+−1})^NU_{λ ,λ −θ−(k+1)−θ+,θ−,θ+} (z) = = (−1)...(−N)Q_+U_{λ ,λ −θ−(k+1)−θ++N,θ−,θ++1}(z). For the U operator in the left-hand side, we have (3.6) U_{λ ,λ −θ−(k+1)−θ+,θ−,θ+} .= |λ − (k + 2) θ_− + θ_+

2 ;θ_− − θ_+⟩.

It also follows that the “top” F-mode acts on it as (3.7) (F_{θ+−θ−} )^NU_{λ ,λ −θ−(k+1)−θ+,θ−,θ+} (z) = = Γ(2λ + 1 − (θ_− + θ_+)(k + 2)) Γ(2λ + 1 − N − (θ_− + θ_+)(k + 2)) Uλ ,λ −N−θ^−(k+1)−θ^+,θ^−,θ^+ (z).

The ratio of Γ-functions here is of course a simple product of N factors as they follow from (3.4). But (3.7) can be analytically continued to complex values of N, con-

LOGARITHMIC ^sℓ(2) 13

sistently with the continuation underlying the construction of the MFF singular vectors (see (2.10)). Formula (3.5) can be continued similarly, up to an (inessential) sign, if N! is replaced with the Γ-function.

Similarly, F_{θ+−θ−} |λ ,h,θ_−,θ_+⟩⟩ = 0 ⇐⇒ Q_− U_{λ ,h,θ−,θ+} (z) = 0 and

(3.8) (F_{θ+−θ−} )^MU_{λ ,−λ +θ−−1+(k+1)θ+,θ−−1,θ+} (z) = = (−1)...(−M)Q_− U_{λ ,−λ +θ−−1−M+(k+1)θ+,θ−,θ+} (z). Up to a sign, this can be continued to complex M by replacing M! with the Γ-function. For the operator in the left-hand side of (3.8), we have (3.9) U_{λ ,−λ +θ−−1+(k+1)θ+,θ−−1,θ+} .= |−λ − 1 + (k + 2)

θ_− + θ_+

2 ;θ_− − θ_+⟩.

It also follows that the “top” E-mode acts on this state as

(3.10) (E_{θ−−θ+−1})^NU_{λ ,−λ +θ−−1+(k+1)θ+,θ−−1,θ+} = = Γ(2λ + 1 − (θ_− + θ_+ − 1)(k + 2)) Γ(2λ + 1 − N − (θ_− + θ_+ − 1)(k + 2))Uλ ,−λ +N+θ^−−1+(k+1)θ^+,θ^−−1,θ^+ .

3.1.2. The above formulas provide a bridge between the MFF singular vectors and the screenings, in accordance with the well-known fact that “half” the singular vectors in Wakimoto modules vanish. For example, if λ is chosen as λ =^{r−1}_2 with a positive integer r, the |MFF^+(r,θ_− + θ_+ + 1;θ_− − θ_+)⟩ singular vector can be constructed on the state in (3.6). Recalling (2.8), we then evaluate the action of the first (rightmost) operator factor (F_{−θ−+θ+} )^{r−(θ−+θ+)(k+2)} using (3.7). As noted above, Eq. (3.7) is applicable for any complex k ≠ −2 and hence a complex exponent r −(θ_− +θ_+)(k +2). The result vanishes when evaluated at N = r − (θ_− + θ_+)(k + 2).

Butterfly complexes

From now on, we assume that p = k +2 ∈ {1,2,...} and consider ^sℓ(2) modules whose elements are given by the vertices (3.1) and their descendants with (3.11) 2λ + 1 ∈ {1,...,2p}, h − λ ∈ Z and integer θ_±.

The first consequence of restricting to integer k ⩾ −1 is that the two fermionic screenings Q_− and Q_+ become local with respect to each other and, moreover, (super)commute. Indeed, we have the regular operator product e^{ψ−.φ(z)} e^{ψ+.φ(w)} ∝ (z−w)^{k+1}.

The range of 2p different values of λ in (3.11) is covered in what follows by considering λ =^{r−1}_2 with r = 1,..., p − 1 in 3.2 (with the spins of integrable representations), λ =^p_2 +^{r−1}_2 in 3.3, and two remaining values in 3.4.

14 SEMIKHATOV

3.2. Butterfly resolutions of integrable representations. The aim of this subsection is to construct resolutions of integrable representations of form (1.1), with the map in the center given by the composition Q_− ∘ Q_+.

In each wing, the modules are labeled by two integers of the same sign. With a “global” numbering of all of them (e.g., with θ_− and θ_+ ranging from minus to plus infinity), those in one of the wings would be labeled with negative integers; but analyzing the structure of modules dependent on expressions like −θ_− − θ_+ − 1 with negative θ_− and θ_+ is somewhat counter-intuitive, and we therefore choose a “local” numbering in each wing, with positive integers in either case: m,n ⩾ 1 in the left wing, m,n ⩾ 0 in the right wing,

(3.12)

but with the notation for right-wing objects acquiring a prime.

3.2.1. Left wing. For compactness of the formulas, we use the notation (3.13) j =

r − 1 2 . For positive integer m and n, we define the operator

(3.14) U_{m,n}[r](z) = e(^{[n−1+m(k+1)− j]ξ+} j k+2 (ψ_−+ψ_+)−nψ_−−mψ_+).φ(z)

(which is U_{j,n−1+m(k+1)− j,n,m}(z) in the nomenclature of 3.1) and let U_{m,n}[r] denote the corresponding Wakimoto-type module, i.e., the ^sℓ(2)_k-module on the free-field space generated from U_{m,n}[r] (abusing the terminology, we sometimes say for brevity that U_{m,n}[r] is “generated” from U_{m,n}[r]). The extremal diagram of the module (tilted in accordance with the twist n − m) can be represented as

(3.15) As follows from 3.1, U_{m,n}[r] defines a relaxed highest-weight state,^6 E_{n−m+1}U_{m,n}[r] = F_{m−n+1}U_{m,n}[r] = 0, and acting on U_{m,n}[r] with (F_{m−n})^{(m+n)(k+2)−(2 j+1)} gives the operator/state

L_{m,n}[r](z) = e(^{[ j−n(k+1)−m]ξ+} j k+2 (ψ_−+ψ_+)−nψ_−−mψ_+).φ(z)

(3.16) .= | | r−1 2 − (k+2) m+n 2 ;n−m ⟩ , 6For notational simplicity, we no longer distinguish between operators and the corresponding states. We also omit nonzero factors in the normalization of states.

LOGARITHMIC ^sℓ(2) 15

a twisted highest-weight state with the spin λ^+(r,n+m+1) = λ^−((m+n+1)(k +2)−r, 1). The E_{n−m} and F_{m−n} arrows in (3.15) map into twisted highest-weight states (“charged” singular vectors): for example, as is easy to verify,

E_{n−m}U_{m,n}[r] ≡ R_{m,n}[r](z) = e(^{[n+m(k+1)− j]ξ+} j k+2 (ψ_−+ψ_+)−nψ_−−mψ_+).φ(z)

(3.17) .= |λ_+((m+n+1)p−r,1);n−m+1⟩.

We also note the OPE e^{ψ+.φ(u)}L_{m+1,n}[r](z) = reg, whence Q_+L_{m,n}[r](z) = 0; it follows similarly that Q_−R_{m,n}[r](z) = 0.

Sugawara dimensions of the operators L_{m,n}[r] and R_{m,n}[r] are

Δ_{Lm,n[r]} =

( j − n(k + 2))( j − n(k + 2) + 1) k + 2 − 1 2(m − n)(m − n + 1),

Δ_{Rm,n[r]} =

( j − m(k + 2))( j − m(k + 2) + 1) k + 2 − 1 2(m − n − 1)(m − n).

The subquotient structure of the module L_{m,n}[r] “generated” from L_{m,n}[r] is shown in the well-known picture in Fig. 3.1. We use the same convention as in Appendix A to direct arrows toward submodules. The embedding structure of L_{m,n}[r] can be considered a result of the vanishing of “half” the singular vectors in the free-field realization (2.17). The filled dots in the figure represent operators of the form

(3.18) P[∂ φ(z)]e

(hξ+^j_{k+2} (ψ−+ψ+)−nψ−−mψ+).φ(z) , where P is a differential polynomial (in the three currents ∂ φ_0(z), ∂ φ_−(z), and ∂ φ_+(z)) and the values of h are shown in square brackets at the corresponding nodes. In particular, for the operators/states labeled K^+_b , b = 2,3,..., in Fig. 3.1, we have

K^+_b (z) = P_b[∂ φ(z)]e(^{hbξ+} j k+2 (ψ_−+ψ_+)−nψ_−−mψ_+).φ(z) , where

(3.19) h_b =

−^{r+1}_2 + n +^b_2 + ( m +^b_2 ) (k + 1), b even, r−1 2 + n +^{b−1}_2 + ( m +^{b−1}_2 ) (k + 1), b odd.

The character of the irreducible subquotient K_b corresponding to K^+_b follows from (A.4), (A.5), and (2.5): for b ⩾ 1, we have (with the dependence on m and n indicated as a subscript)

(3.20) χ^{K2b}_{m,n} (q,z) =

(−1)^{n−m} q^18 ϑ_{1,1}(q,z) ( ∑_{a⩾0}^+ ∑_{a⩽−n−m−2b}^{)(qp}

(_r

2p −(m+b+a)

)_2

z^{− r+12 +(m+b+a)p}

− q^p

(_r

2p −(n+b+a)

)_2

z^{r−12 −(n+b+a)p} ) ,

16 SEMIKHATOV

FIGURE 3.1. Subquotient structure of the left-wing twisted Wakimoto module L_{m,n}[r]. For visual clarity, the view is “rotated back” by the spectral flow with θ = m − n (in the original view, the horizontal arrows are tilted by the angle α such that tan α = n − m). The values of h for operators (3.18) are shown in square brackets (one of these is underlined for later reference). The (a,1)^−_{;n−m} arrows represent nonvanishing singular vectors |MFF^−(a,1;n − m)⟩, given by simple formula (2.11).

(3.21) χ^{K2b+1}_{m,n} (q,z) =

(−1)^{n−m} q^{18} ϑ_{1,1}(q,z) ( ∑_{a⩾0}^+ ∑ a⩽−n−m−2b−1 )( q^p

(_r 2p +m+b+a

)_2

z^{r−12 +(m+b+a)p}

− q^p

(_r

2p +n+b+a

)_2

z^{− r+12 −(n+b+a)p} ) . Similarly, and with the same conventions, the subquotient structure of the twisted Wakimoto module R_{m,n}[r] “generated” from R_{m,n}[r] is shown in Fig. 3.2. In the figure, the overall twist is “undone” by the same amount as for the L_{m,n}[r] module; therefore, in describing the module U_{m,n}[r] with the extremal diagram in (3.15), the two diagrams in Figs. 3.1 and 3.2 must be placed next to each other, in accordance with the grades, which means placing the top node of R_{m,n}[r] (m + n)p − r + 1 units of charge to the right of the top node of L_{m,n}[r]. It then follows that starting with the embedding level of K^+_2 , each node of L_{m,n}[r] has a corresponding node of R_{m,n}[r] as the nearest right neighbor.

LOGARITHMIC ^sℓ(2) 17

FIGURE 3.2. Subquotient structure of the left-wing twisted Wakimoto module R_{m,n}[r]. For the ease of comparison with Fig. 3.1, the picture is “rotated” by the spectral flow with θ = m − n. As in Fig. 3.1, the values of h are shown in square brackets (one of these is underlined for later reference).

The module U_{m,n}[r] is an extension of L_{m,n}[r] and R_{m,n}[r]. We do not describe all of its structure, which we do not need, but describe the occurrence of the kernel of the two screenings below. For this, we first consider the maps provided by the screenings.

There are ^sℓ(2)_k-homomorphisms Q_+ : R_{m+1,n}[r] → L_{m,n}[r],

(3.22) Q_− : L_{m,n+1}[r] → R_{m,n}[r],

(3.23) whose construction can be outlined as follows. At the level of extremal states (see (3.15)), we have seen that L_{m+1,n}[r](z) is annihilated by Q_+, but the nearest-neighbor state V_{m+1,n}[r] = e

([ j−n(k+1)−m]ξ+^j_{k+2} (ψ−+ψ+)−nψ−−(m+1)ψ+).φ is mapped under Q_+ as

Q_+V_{m+1,n}[r](z) = e(^{[ j−n(k+1)−m]ξ+} j k+2 (ψ_−+ψ_+)−nψ_−−mψ_+).φ(z)

= L_{m,n}[r](z).

Further acting with E_{n−m−1} gives (up to a nonzero factor) (3.24) Q_+R_{m+1,n}[r](z) = = (E_{−1+n−m})^{(m+n+1)(k+2)−r} e(^{[ j−n(k+1)−m]ξ+} j k+2 (ψ_−+ψ_+)−nψ_−−mψ_+).φ(z) ,

18 SEMIKHATOV

FIGURE 3.3. The left-wing map Q_+ : R_{m+1,n}[r] → L_{m,n}[r]. Filled dots in the R_{m+1,n}[r] module denote subquotients that are in the kernel of Q_+.

which is just the |MFF^−((m + n + 1)(k + 2) − r,1;n − m)⟩ singular vector constructed on the L_{m,n}[r] state.

Figure 3.3 shows further details that make up the definition of Q_+ : R_{m+1,n}[r] → L_{m,n}[r]. In the figure, we reproduce the pictures of the L_{m,n}[r] and R_m′_{,n}[r] modules, the latter shown just as in Fig. 3.2 for the ease of comparison, but with m^′ to be taken equal to m + 1. Therefore, the twist of R_m′_{,n}[r] is n − m^′ − 1 = n − m − 2, with the result that the tilted ((m^′ + n + i)p ± r,1)^+-arrows in the lower part of the figure (shown boldfaced) should be drawn horizontally in the conventions applicable to the upper part (we repeat that the module R_m′_{,n}[r] is just copied from Fig. 3.2). But the map by Q_+ places these tilted ((m^′ + n + i)p ± r,1)^+-arrows just over the horizontal arrows in L_{m,n}[r] (also bold-

LOGARITHMIC ^sℓ(2) 19

FIGURE 3.4. The left-wing map Q_− : L_{m,n+1}[r] → R_{m,n}[r]. Filled dots in L_{m,n+1}[r] denote subquotients that are in the kernel of Q_−.

faced for this reason), which are oppositely directed because of the vanishing singular vectors; therefore, the tilted R_m′_{,n}[r]-arrows point to the kernel of Q_+.

The map Q_− : L_{m,n+1}[r] → R_{m,n}[r] can be described similarly (see Fig. 3.4). We have Q_−U_{m,n+1}[r](z) = e

([n+m(k+1)− j]ξ+^j_{k+2} (ψ−+ψ+)−nψ−−mψ+).φ(z) = R_{m,n}[r](z) and (3.25) Q_−L_{m,n+1}[r](z) = (F_{m−n−1})^{(m+n+1)(k+2)−r}R_{m,n}[r](z),

20 SEMIKHATOV

FIGURE 3.5. In the left-wing module U_{m,n}[r], the first embedding level where ker Q_− ∩ ker Q_+ is nonzero.

which is just the |MFF^+(r^′,1;θ)⟩ singular vector with r^′ = (m+n+1)(k +2)−r and θ = n− m+1, constructed on R_{m,n}[r]. The L_{m,n}′ [r] module is shown in Fig. 3.4 just as in Fig. 3.1, with n^′ to be set equal to n+ 1. The tilted L_{m,n}′ [r] - arrows point to the kernel of Q_−.

In a “linear combination” of the notations used in Eq. (3.15) and Figs. A.1 and A.2, the extremal diagram of U_{m,n}[r] and the structure within the first several embedding levels are as shown in Fig 3.5. (We do not fully describe the structure of the first embedding level. There occurs a submodule in the kernel of Q_− and a submodule in the kernel of Q_+, but the intersection of the kernels is zero.) As before, expressions in square brackets indicate the h parameter of the corresponding operators (3.18). The arrows pointing at K^+_2 and K^−_2 from the respective nearest-neighbor states indicate that there is a submodule generated from either of the operators at the target nodes of these arrows,

(3.26) K^+_2 = P^+_2 e(^{[− r+12 +n+1+(m+1)(k+1)]ξ+} j k+2 (ψ_−+ψ_+)−nψ_−−mψ_+).φ

= (E_{n−m−1})^{(m+n+1)(k+2)−r}e(^{[ j−n(k+1)−m]ξ+} j k+2 (ψ_−+ψ_+)−nψ_−−mψ_+).φ and (3.27) K^−_2 = P^−_2 e

([^{r+1}_2 −m−1−(n+1)(k+1)]ξ+^j_{k+2} (ψ−+ψ+)−nψ−−mψ+).φ

= (F_{m−n−1})^{(m+n+1)(k+2)−r}e(^{[n+m(k+1)− j]ξ+} j k+2 (ψ_−+ψ_+)−nψ_−−mψ_+).φ , where P^±_2 are differential polynomials of degree (k + 2)(m + n + 1) − r. This submodule is in the intersection of the kernels ker Q_− ∩ kerQ_+. Moreover, at each next embedding level, kerQ_− ∩ ker Q_+ is generated by the corresponding operators, which for even

LOGARITHMIC ^sℓ(2) 21

embedding levels are given by K^+_{2i} = P^+_{2i}e(^{[− r+12 +(n+i)+(m+i)(k+1)]ξ+} j k+2 (ψ_−+ψ_+)−nψ_−−mψ_+).φ , (3.28) K^−_{2i} = P^−_{2i}e(^{[ r+12 −(m+i)−(n+i)(k+1)]ξ+} j k+2 (ψ_−+ψ_+)−nψ_−−mψ_+).φ . (3.29)

We actually need the socle socU_{m,n}[r] of U_{m,n}[r] and the kernel (3.30) K_{m,n}[r] = kerQ_− ∩ kerQ_+ | |_{soc Um,n[r]} = ⨁ b⩾1 K_{2b}.

In what follows, we need the characters of the kernels in the diagonal case m = n; it then follows from (3.20) that (3.31) χ^{Km,m[r]}(q,z) = ∑ b⩾1 χ^{K2b}_{m,m}(q,z) = = 1 q^{18} ϑ_{1,1}(q,z) [ ∑_{a⩾m+1}^{(a − m) +} ∑_{a⩽−m−1}^{(−a − m)]qp( r2p −a)2 (z− r+12 +ap − z r−12 −ap).}

3.2.2. Right wing. The structure of the right-wing modules is essentially dual to that of the left-wing modules. We recall the labeling in (3.12). For each pair of nonnegative integers m and n, the key operators in the extremal diagram of the (m,n)th module are L^′_{m,n}[r](z) = e(^{[− j−1−n−m(k+1)]ξ+} j k+2 (ψ_−+ψ_+)+nψ_−+mψ_+).φ(z) , (3.32) V^′_{m,n}[r](z) = e

([− j−n−m(k+1)]ξ+^j_{k+2} (ψ−+ψ+)+nψ−+mψ+).φ(z) (3.33) .= |λ_+(p − r,m + n + 1); m − n + 1⟩,

U^′_{m,n}[r](z) = e(^{[ j+m+n(k+1)]ξ+} j k+2 (ψ_−+ψ_+)+nψ_−+mψ_+).φ(z)

(3.34) .= |λ_+(r + p(m + n),1); m−n⟩,

R^′_{m,n}[r](z) = e

([ j+n(k+1)+m+1]ξ+^j_{k+2} (ψ−+ψ+)+nψ−+mψ+).φ(z) , (3.35) where we recall that j =^{r−1}_2 . The extremal diagram (tilted in accordance with the twist m − n) is “turned inside out” compared with (3.15):

(3.36) The spin of the twisted highest-weight state U^′_{m,n}[r] is λ^+(r + p(n + m),1). The angles are drawn in accordance with the conventions in Appendix A, to indicate twisted highest-weight states. The submodule “bordered by the two angles” is in kerQ_− ∩ker Q_+:

22 SEMIKHATOV

FIGURE 3.6. Subquotient structure of the right-wing twisted Wakimoto module L^′_{m,n}[r].

as is easy to see, there are regular OPEs e^{ψ−.φ(z)} U^′_{m,n}[r](w) ∝ (z − w)^{(m+n)p+r−1} and e^{ψ+.φ(z)} U^′_{m,n}[r](w) ∝ (z − w)^0, and hence Q_−U^′_{m,n}[r](w) = Q_+U^′_{m,n}[r](w) = 0.

Next, we have Q_+R^′_{m,n}[r](w) = U^′_{m+1,n}[r](w) and, similarly, Q_−L^′_{m,n}[r](w) = V^′_{m,n+1}[r](w), which is the right-neighbor state of L^′_{m,n+1}[r](w), as shown in (3.36). It is then not difficult to consecutively trace the maps of the lower-lying subquotients under both Q_− and Q_+. About “half” the subquotient structure is shown in Fig. 3.6.

It follows that kerQ_− ∩ ker Q_+ in U^′_{m,n}[r] is spanned by the irreducible subquotients K^′_b generated from the states labeled K^{′+}_b , b = 0,1,2,..., in Fig. 3.6. Their characters are readily found as (with the dependence on m and n indicated as a subscript and the dependence on r suppressed for notational simplicity) χ^{K′2b}_{m,n} (q,z) =χ^{K2b+1}_{n,m} (q,z), b ⩾ 0,

(3.37) χ^{K′2b−1} m,n (q,z) =χ^{K2b}_{n,m} (q,z), b ⩾ 1

(3.38) (see (3.20)–(3.21)). In particular, setting b = m = n = 0 in (3.37) gives the character of the integrable representation I_r (see 2.3) (3.39) χ^{K′0}_{0,0} (q,z) = χ_r(q,z).

The character of the kernel (3.40) K^′_{m,n}[r] = kerQ_− ∩ ker Q_+ | |_{soc U′m,n[r]}

LOGARITHMIC ^sℓ(2) 23

for each diagonal right-wing site (m,m) is given by

(3.41) χ^{K′m,m[r]}(q,z) = ∑ b⩾1 χ^{K′2b−1} m,m (q,z) = = 1 q^18 ϑ_{1,1}(q,z) [ ∑_{a⩾m+1}^{(a − m) +} ∑_{a⩽−m−1}^{(−a − m)]q( r2p −a)2 (z− r+12 +ap − z r−12 −ap).}

3.2.3. The middle. The two-wing creature is obtained by joining the two wings via the map Q_+ ∘ Q_− : U_{1,1}[r] → U^′_{0,0}[r].

At the “corner” of the right wing, in the module U^′_{0,0}[r], the U^′[r] operator (3.34) is given by U^′_{0,0}[r](z) = e(^{jξ+ jk+2 (ψ−+ψ+)})^{.φ(z)}.

At the corner of the left wing, the corresponding operator is the one in (3.14) with m = n = 1. Evidently,

Q_−U_{1,1}[r](z) = e(^{(k+1− j)ξ+ jk+2 ψ−+( jk+2 −1)ψ+})^{.φ(z)} and it then follows from (3.5) that

(−1)^{p−r}(p − r)!Q_+e

((k+1− j)ξ+^j_{k+2} (ψ−+ψ+)−ψ+).φ(z) = (E_{−1})^{p−r} e

( jξ+^j_{k+2} (ψ−+ψ+)).φ(z) . Thus, Q_+Q_−U_{1,1}[r](z) = 1 (p − r)!|

MFF−(p − r,1; j)⟩ ∈ U′0,0[r](z).

The irreducible quotient generated from U^′_{0,0}[r] is in the cohomology. It is not difficult to trace the action of Q_+Q_− on the subquotients in U_{1,1}[r].

The maps constructed above finally give the butterfly resolution of integrable representations.

3.3. Acyclic butterfly complexes. We next consider the free-field modules whose elements are (the states associated with) operators descendant from (3.1) for 2λ + 1 ∈ {p + 1,...,2p − 1} (about the second half of the range in (3.11)); we parameterize the λ as λ = p 2 + r − 1 2 , with r ∈ {1,2,...,k + 1}. We keep the notation in (3.13).

The required modules can then be constructed by replacing j → j +^p_2 in the formulas in 3.2. In accordance with (3.2), this is equivalent to the shifts m → m −^1_2 , n → n −^1_2 for each module in the left wing. Consequently, we can describe each left-wing module just as in Eqs. (3.14)–(3.15) and Figs. 3.1 and 3.2, but with

(3.42) m,n ∈ { 1 2, 3 2 ,...} in the left wing.

24 SEMIKHATOV

Taking both m and n half-integer leads to no conflict because only m + n has to be integer (see Figs. 3.1 and 3.2, where all the arrows (singular vectors) depend only on m + n; in particular, the module at the “corner” of the left wing is the one with m = n =^1_2 and hence m + n = 1). From (3.20), the character of K_{m,m}[r] = kerQ_− ∩ kerQ_+ | |_{soc Um,m[r]} for half-integer m is given by

(3.43) χ^{Km,m[r]}(q,z) = ∑ b⩾1 χ^{K2b}_{m,m}(q,z) = 1 q^{18} ϑ_{1,1}(q,z) [ ∑_{a⩾μ+1}^{(a − μ) +} ∑_{a⩽−μ}^{(1 − a − μ)]qp( r2p −a+ 12 )2} × ( z^{− r+12 +(a− 12 )p} − z^{r−12 −(a− 12 )p} ) , where μ = m +^1_2 takes positive integer values in the left wing.

In the right wing, similarly, the modules corresponding to the spin λ =^p_2 +^{r−1}_2 can be described by formulas in 3.2.2 with the shift m → m +^1_2 , n → n +^1_2 , and hence

(3.44) m,n ∈ { 1 2, 3 2,...} in the right wing.

The kernel kerQ_− ∩ kerQ_+ in the socle is given by the sum of K^′_{2b−1} for b ⩾ 1, and its character is easily expressed as in (3.43).

As the result of passing to half-integer m and n, the resolution becomes acyclic.^7 It turns out that U^′_{12 , 12} [r] is now in the image of Q_− ∘ Q_+: in the module U 1_{2 ,} 1_2 [r], we consider the states at the level r relative to the top and at the grades −^{r+1}_2 −^p_2 + 1, . . . ,^{r+1}_2 +^p_2 − 1. In superimposing the pictures for L_{m,m}[r] in Fig. 3.1 and R_{m,m}[r] in Fig. 3.2 as explained in 3.2.1, these are the states in between the nodes whose grades are underlined in Figs. 3.1 and Fig. 3.2, for m = n =^1_2 . A codimension-1 submodule in this grade is in the kernel of Q_− ∘ Q_+, but the one-dimensional quotient is mapped onto the states between (and including) V^′_{12 , 12} [r] and U^′_{12 , 12} [r] in (3.36).

3.4. “Steinberg” modules.

3.4.1. λ = (k + 1)/2. This case corresponds to setting r = p in the operators considered in 3.2. As a result, each of the diagrams in Figs. 3.1 and 3.2 collapses into a single embedding chain, in accordance with the degenerations of the MFF singular vectors discussed in 2.2.2. The details are quite standard, and we omit them. The kernel kerQ_− ∩ ker Q_+ is spanned by irreducible subquotients whose highest-weight vectors have the charges n + b + m(k + 1 + b) +^{k+1}_2 , b ⩾ 0. The character of the kernel in the socle of the left wing is given by

7It is difficult to resist invoking a superficial analogy and referring to this case as a Neveu–Schwartz one (recall that in the previous case, the cohomology occurred in the “zeroth” module, which is now absent because of half-integer-valued labels).

LOGARITHMIC ^sℓ(2) 25

(3.45) χ^{Km,n[p]}(q,z) = = (−1)^{n−m} q^{18} ϑ_{1,1}(q,z) ∑b⩾0 ( q^{p(m+b+ 12 )2} z^{p−12 +(m+b)p} − q^{p(n+b+ 12 )2} z^{− p+12 −(n+b)p} ) . In the socle of the right wing, a somewhat different, but easily reproducible subquotient structure results in the character of kerQ_− ∩ kerQ_+ given by

(3.46) χ^{K′m,n[p]}(q,z) = = (−1)^{n−m} q^{18} ϑ_{1,1}(q,z) ∑b⩾0 ( q^{p(n+b+ 12 )2} z^{p−12 +(n+b)p} − q^{p(m+b+ 12 )2} z^{− p+12 −(m+b)p} ) . It is worth seeing how the middle of the resolution restructures compared with the case in 3.2 (making the complex acyclic). In the “corner” of the left wing, we have the operator

U_{1,1}[p](w) = e

(_{k+1}

2 ξ+^{k+1}_{2(k+2)} (ψ_−+ψ_+)−ψ_−−ψ_+ ) .φ(w) . It develops a first-order pole in the OPE with e^{ψ−.φ(u)} and the resulting operator, moreover, has a first-order pole with e^{ψ+.φ(z)}; therefore,

Q_+ Q_−U_{1,1}[p](w) = e

(_{k+1}

2 ξ+^{k+1}_{2(k+2)} (ψ_−+ψ_+) ) .φ(w) = U^′_{1,1}[p](w).

3.4.2. λ = (2k+3)/2. For r = 2p, the structure of U_{m,n}[p] also degenerates; in particular, for m = n = 1, (the states corresponding to) the operators

L_{1,1}[p](z) = e ( −^1_2 ξ−^1_{2p} (ψ_−+ψ_+) ) .φ(z) and R_{1,1}[p](z) = e

(_1

2 ξ−^1_{2p} (ψ_−+ψ_+) ) .φ(z) are “facing each other,” i.e., have no extremal states between them in a picture similar to (3.15). We omit the details to avoid further lengthening this already long section.

4. W -ALGEBRA, ITS REPRESENTATIONS, CHARACTERS, AND MODULAR

TRANSFORMATIONS

The aim of this section is to establish the main result stated in the Introduction. In 4.1, we first identify the W -algebra generators in the centralizer of the screenings. In 4.2, we construct 2p W -algebra representations Y^±_r , 1 ⩽ r ⩽ p, evaluate their characters χ^±_r (τ,ν), and establish their spectral-flow transformation properties. The spectral flow closes if 2p functions ω^±_r (τ,ν), 1 ⩽ r ⩽ p, are added. Modular transformation properties are studied in 4.3. Certain combinations of the χ^±_r (τ,ν), ω^±_r (τ,ν) and the integrable characters χ_r(τ,ν), 1 ⩽ r ⩽ p− 1, become parts of multiplets, i.e., transform in representations of the form C^n ⊗ π, where π is some SL(2,Z)-representation and n = 2 and 3, where the C^2 and C^3 representations are realized on polynomials in τ of respective degrees 1 and 2 (see C.2.1 and C.3.1). In addition, a certain triangular structure emerges, with terms of

26 SEMIKHATOV

the form ν times “lower” characters occurring in modular transformations of the “higher” characters. The precise result is in Lemmas 4.3.3 and 4.3.5.

4.1. The W^±(z) currents. The W -algebra representing the symmetry of the model is defined as the maximum local algebra acting in the kernel. As discussed in the Introduction, we somewhat restrict this definition by taking only the generators that map between ^sℓ(2)_k modules of the same twist.

4.1.1. Locality and the vacuum representation. We first select operators that are local with respect to all operators in the kernel. The kernel ker Q_− ∩ kerQ_+ is spanned by operators of the general form

(4.1) (modes) · e^{(aξ+ r−12p (ψ−+ψ+)+mψ−+nψ+).φ(z)}

with integer a, integer r, and simultaneously integer or half-integer m and n, where (modes) are differential polynomials in the ^sℓ(2)_k currents. In the OPE

e^{aξ.φ(z)} e^{(bξ+ r−12p (ψ−+ψ+)+mψ−+nψ+).φ(w)} ∝ (z − w)^{a(m−n)}, the exponent a(m − n) is therefore always integer; noninteger exponents thus occurs only in the OPEs e^{r−12p (ψ−+ψ+).φ(z)} e^{r′−12p (ψ−+ψ+).φ(w)} ∝ (z − w)^{(r−1)(r} ′−1) 2p and in the OPEs involving e^{(mψ−+nψ+).φ} in the case of half-integer m and n. It follows that the vertices as in (4.1) with r = 1 and integer m and n produce integer-valued exponents — no nonlocalities — in the OPEs with all of the vertices encountered in the kernel (in checking the OPE with e^{(m′ψ−+n′ψ+).φ} , it is essential that m^′ and n^′ can only be half-integer simultaneously). We therefore identify the vacuum representation of the W - algebra with the kernel kerQ_− ∩ker Q_+ in the socle of the butterfly resolution of the r = 1 integrable representation. That is, the vacuum representation of the W -algebra is given by ⨁ m⩾1 K_{m,m}[1] ⊕ ⨁ m⩾0 K^′_{m,m}[1],

where K_{m,n}[r] are defined in (3.30) and K^′_{m,n}[r] in (3.40).

4.1.2. W^±(z) currents. The fields W^−(z) and W^+(z) generating the W -algebra are associated with certain singular vectors as follows.

• W^−(z) corresponds to the singular vector |MFF^+(p−1,3;1)⟩ constructed on the vertex V^′_{1,1}[1] = e^{(−pξ+ψ−+ψ+).φ} (see (3.33) and (3.36); from (3.33), this vertex represents the twisted highest-weight state |λ^+(p− 1,3);1⟩).^8 Therefore, W^−(z)

8The k = 0 example given below is already sufficiently generic, and may help visualize the positions of the various states.

LOGARITHMIC ^sℓ(2) 27

is a (θ =1)-twisted highest-weight operator of dimension 4p−2 and charge −2p+ 1. (Its spin is −2p+1 +^k_2 = λ^+(1,4) = λ^−(4p−1,1).) More explicitly, W^−(z) = (F_{−1})^{3p−1}(E_0)^{2p−1}(F_{−1})^{p−1}(E_0)^{−1}(F_{−1})^{−p−1}e^{(−pξ+ψ−+ψ+).φ(z)}.

(4.2)

• W^+(z) corresponds to the singular vector |MFF^−(3p−1,1)⟩ constructed on the vertex L_{1,1}[1] = e^{(−pξ−ψ−−ψ+).φ} (see (3.16)). This singular vector the ((m + n + 1)p−r,1)^−_{;n−m} arrow in Fig. 3.1, where we now set m = n = 1 and r = 1. It follows that W^+(z) is a highest-weight operator of the same dimension 4p−2 and of the charge λ^+(4p−1,1) = λ^−(1,4) = 2p− 1: W^+(z) = (E_{−1})^{3p−1}e^{(−pξ−ψ−−ψ+).φ(z)} = ( ∂^{3p−1}e^{ψ+.φ(z)} ) e^{((2p−1)ξ−ψ−−2ψ+).φ(z)} (4.3)

(where we used (3.24) to evaluate a power of E_{−1}).

Once again, the meaning of (4.2) is that W^−(z) is the operator whose corresponding state is given by the appropriate singular vector (expressed as in the MFF formulas) evaluated on the state corresponding to the vertex e^{(−pξ+ψ−+ψ+).φ(z)}.

The OPE of the currents starts as W^+(z)W^−(w) =

O_{p−1}(w) (z − w)^{7p−3} + ...,

where O_{p−1} is the charge-0 dimension-(p−1) operator at the first embedding level (the level of K^{′+}_1 ) in Fig. 3.6 with m = n = 0 and r = 1: up to a nonzero factor, therefore, O_{p−1} = F^{p−1}_0 |MFF^−(p − 1,1)⟩ = F^{p−1}_0 E^{p−1}_{−1} U^′_1[0,0] (where U^′_1[0,0](w) = 1 is the unit operator). For k = 0 and 1, in particular, O_1(z) = 2H(z) = ∂ φ_−(z) − ∂ φ_+(z), O_2(z) = −4EF(z) + 8HH(z) + 4∂ H(z)

= ∂ φ_+∂ φ_+(z) − 4∂ φ_+∂ φ_−(z) + ∂ φ_−∂ φ_−(z) + ∂^2φ_+(z) + ∂^2φ_−(z) up to nonzero factors.

4.1.3. Example. For k = 0, some details of the vacuum representation are shown in Fig. 4.1. As regards explicit expressions for the generators, with the negative powers involved in W^−(z) understood in the standard MFF setting in (2.10), we find that the five factors in (4.2) evaluate as

F^{3p−1}_{−1} E^{2p−1}_0 F^{p−1}_{−1} E^{−1}_0 F^{−p−1}_{−1} = F^5_{−1}E^3_0 F_{−1}E^{−1}_0 F^{−3}_{−1}

= 120F_{−3} + 60H_{−2}F_{−1} + 120H_{−1}F_{−2} + 60H^2_{−1}F_{−1} − 12E_{−1}F^2_{−1} + E^2_0 F^3_{−1} − 30E_0F_{−2}F_{−1} − 18E_0H_{−1}F^2_{−1}.

The corresponding free-field expression is

28 SEMIKHATOV

FIGURE 4.1. Some details of the W -algebra vacuum representation at k = 0. Three copies of a two-dimensional lattice indicate the (charge, dimension) bigrade. The picture shows three modules: U_{1,1}[1] (from the left wing of the butterfly) and U^′_{0,0}[1] and U^′_{1,1}[1] (from the right wing). Some sites are shown with their charges in square brackets. Boldfaced sites are in ker Q_− ∩ ker Q_+, but not all of them are in the socle: as the maps show, the extremal states of the right-hand module U^′_{1,1}[1] in the grades −2,... ,2 (the “lid”), although in ker Q_− ∩ ker Q_+, are not in the socle, and hence not in the vacuum representation of the W -algebra (among the descendants of these states, only those in the submodule with extremal states in the grades (−3,6), ... , (3,6) are in the vacuum representation). The states corresponding to the W^±(z) generators are at the grades (±(2p−1),4p− 2) (in the current case where k = 0, at (3,6) for W^+ and (−3,6) for W^−); the W^±_{−4p+2} = W^±_{−6} arrows map into them from the vacuum. “Angles” denote highest-weight state or twisted highest-weight states. Tilted downward (r^′,s^′)^±-arrows show some of the nonvanishing singular vectors in the corresponding modules L_{1,1}[1], R_{1,1}[1], and L^′_{m,m}[1], R^′_{m,m}[1] (m = 0,1), as in Figs. 3.1, 3.2, and 3.6. The twist is additionally indicated with_{;1}. Tilted upward arrows are the reverse of arrows that would lead to vanishing singular vectors. In the middle module, the action of E_{−1} and F_{−1} on the vacuum (the top middle state) is also shown.

LOGARITHMIC ^sℓ(2) 29

W^−(z) = ( −6∂ φ_−∂^2φ_+(z) − 18∂^2φ_−∂ φ_−(z) − 12∂^2φ_−∂ φ_+(z) + 3∂ φ_−∂ φ_−∂ φ_−(z)

+ 6∂ φ_−∂ φ_−∂ φ_+(z) + 3∂ φ_−∂ φ_+∂ φ_+(z) + 12∂^3φ_−(z) ) e^{(−3ξ+ψ−+ψ+).φ(z)}. From (4.3), we also have

W^+(z) = ( 10∂^3φ_+∂^2φ_+(z) + 5∂^4φ_+∂ φ_+(z) + 15∂^2φ_+∂^2φ_+∂ φ_+(z) + 10∂^3φ_+∂ φ_+∂ φ_+(z) + 10∂^2φ_+∂ φ_+∂ φ_+∂ φ_+(z) + ∂ φ_+∂ φ_+∂ φ_+∂ φ_+∂ φ_+(z)

+ ∂^5φ_+(z) ) e^{(3ξ−ψ−−ψ+).φ(z)}. 4.2. “Narrow” W -algebra representations Y^±_r and their characters. First, the integrable ^sℓ(2)_k representations I_r, 1 ⩽ r ⩽ p− 1, are W -algebra representations. Next, the resolutions in Sec. 3 allow constructing 2p W -algebra representations, denoted by Y^±_r , 1 ⩽ r ⩽ p, in what follows. Their underlying vector spaces are the sums of irreducible ^sℓ(2)_k subquotients in the kernel kerQ_− ∩ kerQ_+ evaluated in the socle of each module along the horizontal symmetry line of the butterfly in (1.1). That is, Y^+_r is the sum of K_{m,m}[r] in (3.30) and K^′_{m,m}[r] in (3.40):

Y^+_r = ⨁ m⩾1 K_{m,m}[r] ⊕ ⨁∗ m⩾0 K^′_{m,m}[r]

where the asterisk at the direct sum is a “lazy notation” to indicate that at m = 0, the subquotient given by the integrable representation I_r (see (3.39)) is to be omitted. Similarly, Y^−_r is given by an analogous construction in the “Neveu–Schwartz sector,” with summations going over half-integer values:

Y^−_r = ⨁ m⩾^1_2

K_{m,m}[r] ⊕ ⨁ m⩾^1_2

K^′_{m,m}[r].

We next find the characters χ^±_r (q,z) = χ^{Y±r} (q,z).

In what follows, we write θ_r for θ_{r,p} and similarly for theta-function derivatives, and sometimes omit the theta-function argument when it is just (q,z) or, equivalently, (τ,ν) (see Appendix B for the theta-function conventions).

4.2.1. Lemma. The W -algebra characters χ^±_r (q,z) are given by (see (2.15) for Ω(q,z))

χ^+_r (q,z) = 1 Ω(q,z) ( r^2 4p^2 ( θ_{−r} − θ_r ) + r p^2 ( θ^′_{−r} + θ^′_r ) + 1 p^2 ( θ^{′′}_{−r} − θ^{′′}_r ) ) , χ^−_r (q,z) = 1 Ω(q,z) (( r^2 4p^2 − 1 4 )( θ_{p−r} − θ_{p+r} ) + r p^2 ( θ^′_{p−r} + θ^′_{p+r} ) + 1 p^2 ( θ^{′′}_{p−r} − θ^{′′}_{p+r} ) )

for 1 ⩽ r ⩽ p− 1 (with the theta-function arguments (q,z) omitted in the right-hand sides), and

30 SEMIKHATOV

χ^+_p (q,z) =

2θ^′_p(q,z) pΩ(q,z)

, χ^−_p (q,z) =

2θ^′_0(q,z) pΩ(q,z) . This readily follows by direct calculation: for 1 ⩽ r ⩽ p− 1, the sum of characters in (3.31) and (3.41) yields

χ^+_r (q,z) = ∑ m⩾1 χ^{Km,m[r]}(q,z) + ∑^∗ m⩾0 χ^{K′m,m[r]}(q,z) = 1 q^{18} ϑ_{1,1}(q,z) ∑a∈Z a^2q^{p( r2p +a)2} ( z^{− r+12 −ap} − z^{r−12 +ap} ) , where the asterisk affects the m = 0 term just as above. For Y^−_r , no term is excluded at m = 0, and summation over half-integer values of m gives

χ^−_r (q,z) = ∑

m⩾^1_2

χ^{Km,m[r]}(q,z) + ∑

m⩾^1_2

χ^{K′m,m[r]}(q,z) = 2 ∑

m⩾^1_2

χ^{K′m,m[r]}(q,z) =

= 1 q^{18} ϑ_{1,1}(q,z) ∑a∈Z+ 1_2

(a^2 − 1 4 )q^{p( r2p +a)2} ( z^{− r+12 −ap} − z^{r−12 +ap} ) . In terms of theta-functions, this gives the above formulas. For r = p, we find from (3.45) and (3.46) that

χ^+_p (q,z) = ∑ m⩾1 χ^{Km,m[p]}(q,z) + ∑ m⩾0 χ^{K′m,m[p]}(q,z) =

2θ^′_p(q,z) pΩ(q,z) , and a similar calculation leads to χ^−_p (q,z).

4.2.2. Spectral flow transformation properties. We next study the spectral-flow orbit of the above characters χ^±_r (q,z). It follows from (B.5)–(B.8) that their spectral flow transformation properties are given by

χ^+_{r;1}(q,z) = −χ^−_r (q,z) − ω^−_r (q,z) − 1 2 χ_{p−r}(q,z),

χ^−_{r;1}(q,z) = −χ^+_r (q,z) − ω^+_r (q,z) for 1 ⩽ r ⩽ p−1, and

χ^+_{p;1}(q,z) = −χ^−_p (q,z) − ω^−_p (q,z), χ^−_{p;1}(q,z) = −χ^+_p (q,z) − ω^+_p (q,z),

where χ_r(q,z) are the integrable representation characters and

ω^+_r (q,z) = 1 Ω(q,z) ( r 2p ( θ_r(q,z) + θ_{−r}(q,z) ) − 1 p ( θ^′_r(q,z) − θ^′_{−r}(q,z) )) , (4.4)

ω^−_r (q,z) = 1 Ω(q,z) ( r 2p ( θ_{p−r}(q,z) + θ_{r−p}(q,z) ) − 1 p ( θ^′_{r−p}(q,z) − θ^′_{p−r}(q,z) ))

LOGARITHMIC ^sℓ(2) 31

for 1 ⩽ r ⩽ p−1, and

ω^+_p (q,z) = θ_p(q,z) Ω(q,z) , ω^−_p (q,z) = θ_0(q,z) Ω(q,z) . (4.5)

Defining the spectral-flow transformation rule for ω^±_r as for characters (see (2.5)), we further calculate the transformation laws ω^+_{r;1}(q,z) = −ω^−_r (q,z) − 1 2 χ_{p−r}(q,z), ω^−_{r;1}(q,z) = −ω^+_r (q,z) + 1 2 χ_r(q,z) for 1 ⩽ r ⩽ p−1, while ω^±_{p;1}(q,z) = ω^±_p (q,z). We do not detail the representation-theory interpretation of the ω^±_r in this paper.

4.3. Modular transformation properties. We now evaluate the modular transformation properties of the 5p−1 functions given by the above W -algebra characters χ^±_r , 1 ⩽ r ⩽ p, the integrable representation characters χ_r, 1 ⩽ r ⩽ p− 1, and the ω^±_r , 1 ⩽ r ⩽ p.

4.3.1. The “minimal” SL(2,Z)-representation R_{int}(p). We first recall the well-known transformation formulas χ_r(τ + 1,ν) = λ_{r,p}χ_r(τ,ν), λ_{r,p} = e^{iπ( r22p − 14 )},

(4.6)

χ_r(− 1 τ , ν τ ) = √ 2 p e^{iπk ν22τ} p−1 ∑_{s=1}^{sinπrs}_p^χ s^{(τ,ν),}

(4.7)

which just state that the integrable representation characters χ_r span a (p− 1)-dimensional SL(2,Z)-representation R_{int}(p).

4.3.2. Remark. Strictly speaking, to define R_{int}(p), we have to “eliminate” the e^{iπk ν22τ} factor in (4.7); this then gives the SL(2,Z)-representation uniquely defined by the T - transformation as in (4.6) and the S-transformation

(4.8) S χ_r = √ 2 p p−1 ∑_{s=1}^{sinπrs}_p^χ s^.

The relation between (4.7) and (4.8) can be understood in terms of an automorphy factor. The argument (with some details omitted, see [58] and also [10, Sec. 4.1] is based on the fact that j(γ;τ,ν) defined for γ = ( a b c d ) as (4.9) j(γ;τ,ν) = ζ^{−1}_{c,d} (cτ+d)^{− 12} e^{−iπ cν2cτ+d} , where ζ_{c,d} is a certain eighth root of unity [58], satisfies the cocycle condition j(γγ^′;τ,ν) = j(γ^′;τ,ν) j(γ;γ^′τ,γ^′ν), j(1;τ,ν) = 1.

In what follows, we write the modular transformations as they follow from calculations for the characters, with the understanding that the e^{iπk ν2}2τ factors are to be omitted when

32 SEMIKHATOV

we speak of finite-dimensional SL(2,Z) representations. Matrix automorphy factors are also used to unravel the structure of representations derived below. 4.3.3. Lemma. The functions π_0(τ,ν) = ω^−_p (τ,ν), π_r(τ,ν) = ω^+_r (τ,ν) + ω^−_{p−r}(τ,ν), 1 ⩽ r ⩽ p− 1,

(4.10) π_p(τ,ν) = ω^+_p (τ,ν) span a (p+1)-dimensional SL(2,Z)-representation R_{p+1}:

(4.11) π_r(τ + 1,ν) = λ_{r,p}π_r(τ,ν),

π_r(− 1 τ , ν τ ) = i √ 2 p e^{iπk ν22τ} ( 1 2π_0(τ,ν) +

(−1)^r

2 π_p(τ,ν) + p−1 ∑_{s=1}^{cos πrs}_p^πs^{(τ,ν)} )

for 0 ⩽ r ⩽ p. The functions ϖ_r(τ,ν) = (p − r)ω^+_r (τ,ν) − rω^−_{p−r}(τ,ν), ς_r(τ,ν) = τϖ_r(τ,ν), 1 ⩽ r ⩽ p−1, (4.12)

transform as

ϖ_r(τ + 1,ν) = λ_{r,p}ϖ_r(τ,ν), ς_r(τ + 1,ν) = λ_{r,p} ( ς_r(τ,ν) + ϖ_r(τ,ν) ) , (4.13)

ϖ_r(− 1 τ , ν τ ) = √ 2 p e^{iπk ν22τ} p−1 ∑_{s=1}^{sinπrs}_p^{(ς}s^{(τ,ν) − pν}_2^χ s^{(τ,ν)),}

(4.14)

ς_r(− 1 τ , ν τ ) = √ 2 p e^{iπk ν22τ} p−1 ∑_{s=1}^{sinπrs}_p^{(−ϖ}s^{(τ,ν) + pν}_{2τ}^χ s^{(τ,ν)).}

(4.15)

This is shown by straightforward calculation based on (B.10)–(B.12) for the S-transfor-mations. For T , the formulas are obvious.

For notational simplicity, we no longer use a special notation for functions like τϖ_r in (4.12). It must be clear from C.2.1 how the occurrence of τ give rise to C^2 tensor factors in SL(2,Z)-representations.

4.3.4. SL(2,Z) representation structure: a deformed C^2 ⊗ R_{int}(p). The admixture of ν times integrable representation characters in (4.14) fits into the representation structure described in C.2.2, with a direct sum of representations deformed by a matrix automorphy factor. The functions ϖ_r, τϖ_r, and χ_r are combined into a column ( f (τ)ϖ χ ) , where f (τ) is a polynomial of degree ⩽1 and we omit the indices, letting ϖ and χ denote a vector in C^{p−1} each. The column of the above form (read from bottom up) can therefore be considered an element of C^{p−1} ⊕ C^2 ⊗C^{p−1} . The SL(2,Z)-action defined by (4.13)– (4.14) (in the version where this is a right action) differs from that on C^{p−1} ⊕C^2 ⊗C^{p−1} =

LOGARITHMIC ^sℓ(2) 33

R_{int}(p) ⊕ C^2 ⊗ R_{int}(p) by a matrix automorphy factor: the action is given by

(4.16) ( f (τ)ϖ χ ) ·^{γ =} ( (cτ + d) f (γτ)ϖ·γ + β νc f (γτ)χ ·γ χ ·^γ ) , β = − p 2 ,

where γ = ( a b c d ) in the right-hand side acts on each C^{p−1} as on the integrable representation characters and γτ is defined in C.1. At β = 0 (or, formally, ν = 0), obviously, the matrix automorphy factor becomes the identity matrix and the transformation law in (4.16) becomes that on R_{int}(p) ⊕ C^2 ⊗R_{int}(p).

In the next lemma, we encounter a τ^2φ_r and hence a C^3 tensor factor (cf. C.3.1). 4.3.5. Lemma. The functions

ρ_0(τ,ν) = χ^−_p (τ,ν), ρ_r(τ,ν) = χ^+_r (τ,ν) + χ^−_{p−r}(τ,ν) + r 2p χ_r(τ,ν), 1 ⩽ r ⩽ p−1, ρ_p(τ,ν) = χ^+_p (τ,ν) transform as

ρ_r(τ + 1,ν) = λ_{r,p}ρ_r(τ,ν),

ρ_r(− 1 τ , ν τ ) = i √ 2 p e^{iπk ν22τ} ( 1 2(τρ_0(τ,ν) + νπ_0(τ,ν)) +

(−1)^r

2 (τρ_p(τ,ν) + νπ_p(τ,ν)) + p−1 ∑_{s=1}^{cos πrs}_p^{(τρ}s^{(τ,ν) + νπ}s^{(τ,ν))} ) . The functions φ_r(τ,ν) = (p − r)χ^+_r (τ,ν) − rχ^−_{p−r}(τ,ν) −

( r_2 4p + 1 8iπτ ) χ_r(τ,ν), 1 ⩽ r ⩽ p−1, transform as

φ_r(τ + 1,ν) = λ_{r,p}φ_r(τ,ν),

φ_r(− 1 τ , ν τ ) = √ 2 p e^{iπk ν22τ} p−1 ∑_{s=1}^{sinπrs}_p^{(τ2φ}s^{(τ,ν) + ντϖ}s^{(τ,ν) − pν2}_4^χ s^{(τ,ν)).}

This also follows by a direct calculation based on (B.10)–(B.12) for S. For T , apart from the same eigenvalues λ_{r,p}, the transformations amount to substituting τ → τ + 1 in polynomials of degree not greater than 2, which is not a difficult calculation. 4.3.6. SL(2,Z)-representation structure: deformed C^2 ⊗ R_{p+1} and C^3 ⊗ R_{int}(p). It follows from 4.3.5 and C.2.2 that the ρ (with suppressed indices, i.e., viewed as a vector in C^{p+1} ) transform under SL(2,Z) (again in the right-action version) as

34 SEMIKHATOV

(4.17) ( f (τ)ρ π ) ·^{γ =} ( (cτ + d) f (γτ)ρ·γ + ανc f (γτ)π·γ π·^γ ) , α = 1, where f (τ) is a polynomial of degree ⩽ 1 and in the right-hand side the SL(2,Z) action on each C^{p+1} is as on R_{p+1}, see (4.11). This representation is also a deformation of R_{p+1} ⊕ C^2 ⊗ R_{p+1} via a matrix automorphy factor.

Similarly, it follows from 4.3.5 and C.3.2 that the SL(2,Z)-action on the φ (now viewed as a vector from C^{p−1} endowed with the SL(2,Z) representation isomorphic to R_{int}(p)) is a “composition” of the finite-dimensional representations and an “even larger” matrix automorphy factor: the transformations derived in the last lemma are equivalent to the SL(2,Z) action given by

(4.18) f (τ)φ ϖ χ ·^γ = (cτ + d)^2 f (γτ)φ·γ + αν c(cτ + d) f (γτ)ϖ·γ +^{αβ}_2 ν^2 c^2 f (γτ)χ ·γ ϖ·^γ_χ ·^γ , where f (τ) is a polynomial of degree ⩽2, in the right-hand side SL(2,Z) acts on each C^{p−1} as on R_{int}(p), and α = 1, β = − p 2 as above. At zero values of α and β we recover a direct sum of finite-dimensional representations, the “φ” one being C^3 ⊗ R_{int}(p).

4.3.7. Example: k = 0. For k = 0 (and 9p− 3 = 15), the W -algebra generators are given in 4.1.3. We here have a single integrable representation character χ_1 = 1. The other 8 + 6 = 14 generalized characters are a triplet (π_0,π_1,π_2), a “τ”-doublet (ϖ_1,τϖ_1), a C^2 (due to τ) tensored with another triplet (ρ_0,ρ_1,ρ_2), with νπ_r occurring in its S-transform, and, finally, a “τ”-triplet (φ_1,τφ_1,τ^2φ_1), with both ϖ_1 and χ_1 occurring in its S-transform.

We also note that the c = 0 logarithmic model of ^sℓ(2)_0 is somewhat “smaller in size” than the celebrated (3,2) logarithmic model with the central charge c = 0 [59]. The logarithmic (p = 3,q = 2) model involves^1_2 (p−1)(q−1) + 2pq = 13 irreducible W - algebra representations, while the space of torus amplitudes has (based on the modulargroup argument) dimension^1_2 (3p−1)(3q−1) = 20 [12]. For ^sℓ(2)_0, these two numbers seem to be 5p− 1 = 9 and 9p−3 = 15 respectively.

5. HAMILTONIAN REDUCTION TO THE W -ALGEBRA OF THE (p,1) MODEL

In this section, we apply the Hamiltonian reduction functor to the W -algebra of the logarithmic ^sℓ(2)_k model. We show that the W -generators (4.2) and (4.3) reduce to gen-

LOGARITHMIC ^sℓ(2) 35

erators of the triplet W -algebra [7, 2, 8] of the (p,1) logarithmic model, which were defined in [10] in terms of a Virasoro screening.

It is well-known that the result of Hamiltonian reduction of the ^sℓ(2)_k algebra itself is the Virasoro algebra

(5.1) T (z)T (w) = d/2 (z−w)^4 +

2T (w) (z−w)^2 +

∂ T (w) z−w with central charge

(5.2) d = 13 − 6 k+2 − 6(k+2).

5.1. Theorem. Hamiltonian reduction of the W -algebra generated by the currents (4.2) and (4.3) is the triplet W -algebra of the (p=k+2,1) logarithmic model.

5.2. Construction of the “inverse reduction”. To find how the W -algebra representations are reduced, it is useful to recall how the ^sℓ(2) currents are reconstructed from the reduction result T (z).

5.2.1. Lemma ([60]). Let ϕ and φ be two scalar fields with the operator products

∂ φ(z)∂ φ(w) = 1 (z−w)^2 , ∂ ϕ(z)∂ ϕ(w) = −1 (z−w)^2

and let T (z) satisfy (5.1) with d given by (5.2). For k ≠ 0, the currents

E(z) = e

√_2

k (φ(z)−ϕ(z)),

(5.3)

H(z) = √ k 2 ∂ φ(z), (5.4)

F(z) = ( (k+2)T (z) − k 2 ∂ ϕ∂ ϕ(z) − √ k 2 (k+1)∂^2ϕ(z) ) e^−

√_2 k (φ(z)−ϕ(z))

(5.5)

then satisfy the ^sℓ(2) OPEs in (2.2).

We emphasize that no free-field representation is required of T (z). This construction of E(z), H(z), and F(z) can be considered an “inversion” of the Hamiltonian reduction starting with its result, the energy-momentum tensor T (z). The reduction of any expression built out of the ^sℓ(2) currents thus amounts to simply expressing the currents in terms of T (z), φ(z), and ϕ(z) (and, depending on one’s taste, eventually setting the two free fields equal to zero). In particular, the Sugawara energy-momentum tensor evaluates in accordance with this procedure as

T_{Sug}(z) = T (z) + 1 2 ∂ φ∂ φ(z) − 1 2 ∂ ϕ∂ ϕ(z) − √ k 2 ∂^2ϕ(z).

5.2.2. Remark. The above formulas do not allow the limit k → 0. But this can be considered an artifact of the choice of scalar fields in (5.3)–(5.5). Changing them as

36 SEMIKHATOV φ = 1 √ 2 ( 2 √ k X̄ + √ k 2 X ) , ϕ = 1 √ 2 ( 2 √ k X̄ − √ k 2 X ) where the new fields X and X̄ have the OPEs

∂ X(z)∂ X̄(w) = 1 (z − w)^2 , ∂ X(z)∂ X(w) = reg, ∂

X̄(z)∂ X̄(w) = reg,

maps (5.3)–(5.5) into a form where k can be set equal to zero, with the result

E(z) = e^{X(z)}, H(z) = ∂ X̄(z),

F(z) = (2T (z) − ∂ X̄∂ X̄(z) − ∂^2X̄(z))e^{−X(z)}

for the ^sℓ(2)_0 currents. We restrict ourself to the observation that this simple change of variables suffices to resolve the apparent k = 0 problem, and proceed with (5.3)–(5.5), which we prefer for essentially esthetical reasons.

5.2.3. Reducing the representations. The simple recipe to “invert” the reduction extends to representations. A spin-λ (nontwisted) ^sℓ(2) highest-weight state/operator U_λ (z) .= |λ ⟩ is obtained by “dressing” the Virasoro primary V_δ (z) of dimension_9

(5.6) δ =

λ (λ + 1) k + 2 − λ as U_λ (z) = V_δ (z)e^λ

√_2 k (φ(z)−ϕ(z)).

Taking λ = λ^+(r,s) (see 2.2) corresponds to the Virasoro dimension

δ_{r,s} =

λ^+(r,s)(λ^+(r,s) + 1) k + 2 − λ

+(r,s) =

r^2 − 1 4(k + 2) + (k + 2) s^2 − 1 4 + 1 − rs 2 . For example, the spin-^1_2 highest-weight state is thus constructed as e^{12}

√_2 k (φ(z)−ϕ(z)) V [21](z),

where V_{[21]}(z) ≡ V_{δ2,1} (z) is the “21” vertex operator for the Virasoro algebra of T (z). Moreover, the differential equation (k+2)∂^2V_{[21]}(z)−T (z)V_{[21]}(z) = 0 satisfied by V_{[21]}(z)

then implies the singular vector vanishing F_0F_0(e^{12}

√_2

k (φ(z)−ϕ(z)) V [21](z)) = 0.

5.2.4. Expressing the W^±(z) currents. Hamiltonian reduction of the fields generating the W -algebra, Eqs. (4.2) and (4.3), is particularly simple for W^+(z) because of the simple formula for the |MFF^−(r^′,1)⟩ singular vectors, which, moreover, immediately evaluate explicitly in realization (5.3). In accordance with the construction of nontwisted highestweight states in 5.2.3, we have

L_{m,m}[r](z) | |_{(5.3)−(5.5)} = V_{[r,2m+1]}(z)e^{( j−(k+2)m)}

√_2 k (φ(z)−ϕ(z))

(recall notation (3.13)); therefore, in evaluating W^+(z) = (E_{−1})^{3p−1}L_{1,1}[1](z) (see (4.3)),

9Hereinafter, all Virasoro primaries and their dimensions are with respect to T (z) in (5.1)–(5.2).

LOGARITHMIC ^sℓ(2) 37

we have L_{1,1}[1](z) expressed through V_{[1,3]}(z) = V_{2k+3}(z); next, it follows from (5.3) that the action of E_{−1} affects only the free-field sector, and therefore

(5.7) W^+(z) | | |_{(5.3)−(5.5)} = V_{2k+3}(z)e^{(2k+3)}

√_2 k (φ(z)−ϕ(z)).

This identifies the Hamiltonian reduction of W^+(z) as the dimension-(2p − 1) Virasoro primary.

The Hamiltonian reduction of W^−(z) is evaluated explicitly to within the “explicitness” of the MFF construction for singular vectors. With the n = m operators (3.34) represented in the inverse Hamiltonian reduction setting as

U^′_{m,m}[r](z) | | |_{(5.3)−(5.5)} = V_{[r+2mp,1]}(z)e^{( j+(k+2)m)}

√_2 k (φ(z)−ϕ(z)),

we evaluate W^−(z) as a free-field vertex times a nonvanishing Virasoro singular vector built on the dimension-1 primary V_{[2p+1,1]}(z) = V_1(z):

(5.8) W^−(z) | | |_{(5.3)−(5.5)} = ( D_{2k+2}(T )V_1(z) ) e^{−(2k+3)}

√_2

k (φ(z)−ϕ(z)),

where D_{2k+2}(T )V_1(z) = α∂^{2k+2}V_1(z) + ··· + γT (z)^{k+1}V_1(z) is a normal-ordered differential polynomial in T (z) and V_1(z), linear in V_1(z), of the total degree 2k + 2, if we set degT (z) = 2, degV_1(z) = 1, and deg∂ = 1. Clearly, ∮ V_1 is one of the two Virasoro screenings.

We thus see from (5.7) and (5.8) that the two currents w^+(z) = V_{2p−1}(z), w^−(z) = D_{2p−2}(T )V_1(z)

(5.9)

are the result of the Hamiltonian reduction of W^+(z) and W^−(z). Moreover, their construction in terms of Virasoro generators and vertices shows that they are the dimension- (2p−1) currents generating the W -algebra of the (p,1) logarithmic conformal field theory model, which were constructed in [10] using a Virasoro screening operator.

5.2.5. If we further use the bosonization

T (z) = 1 2 ∂ f (z)∂ f (z) +

p − 1 √ 2p ∂^2 f (z)

for the energy-momentum tensor and

(5.10) V_{[r,s]}(z) = e

√_2 p λ^+(r,s) f (z)

for the vertices in terms of a free field with the OPE ∂ f (z)∂ f (w) = 1 (z − w)^2 , then the ver-

tex operators in (5.9) become V_{[1,3]}(z) ≡ V_{2p−1}(z) = e^{−√2p f (z)} and V_{[2p+1,1]}(z) ≡ V_1(z) = e^{√2p f (z)}, as in the free-field construction in [10], with the screening given by ∮ e^{√2p f} .

38 SEMIKHATOV

5.2.6. Example. For k = 1, the differential polynomial in (5.8) is given by

(5.11) D_4V_1(z) = 9 ( −60T (z)∂^2V_1(z) − 6∂ T (z)∂ V_1(z) − 18∂^2T (z)V_1(z) + 64T (z)T (z)V_1(z) + 9∂^4V_1(z) ) (with nested normal ordering from right to left, as usual). In terms of the bosonization in (5.10), we then find w^+(z) = e^− √ 6 f (z)

and a straightforward evaluation of (5.11) gives

w^−(z) = ( 3120∂^2 f (z)∂^2 f (z) − 1440∂^3 f (z)∂ f (z) − 960 √ 6∂^2 f (z)∂ f (z)∂ f (z)

+ 1440∂ f (z)∂ f (z)∂ f (z)∂ f (z) + 40 √ 6∂^4 f (z) ) e √ 6 f (z),

which is −80 times the (p=3,1)-model operator W^+(z) in [10, Example 2.2.1].^{10}

5.3. “Reduction” of the characters. We recall from [61] that taking residues of integrable or admissible ^sℓ(2) characters at z = q^n gives either zero or Virasoro-representation characters (times a two-boson character), in agreement with the Hamiltonian reduction (under which some irreducible ^sℓ(2) representations map into the trivial Virasoro representation). This can be considered a “Hamiltonian reduction” at the level of characters. For example, the integrable ^sℓ(2)_k characters χ_r(q,z) are holomorphic functions of z, and hence have zero residues.

This observation extends to the logarithmic/W-algebra realm as follows. We take the residues at z = 1. As just noted, the integrable representation characters have zero residue at this point in particular. Next, for the W -algebra characters in 4.2.1, we also have res_{z=1} χ^±_r (q,z) = 0, 1 ⩽ r ⩽ p

(although these characters do have poles elsewhere, as is easy to see). On the other hand, the ω^±_r (q,z) in (4.4)–(4.5) have nonvanishing residues at z = 1, yielding the 2p characters of the (p,1)-model triplet W -algebra in [10], times the factor 1/η(q)^2 that accounts for the character of two free bosons:

res_{z=1} ω^+_r (q,z) = 1 η(q)^2 rθ_r(q) − 2θ^′_r(q)

pη(q) , res_{z=1} ω^−_r (q,z) = 1 η(q)^2 rθ_{p−r}(q) + 2θ^′_{p−r}(q) pη(q) , (5.12)

where the theta-constants in the right-hand sides are the corresponding theta-functions at z = 1. The resulting characters are indeed those in [10] (identification requires readjusting the conventions for the theta-derivative and for the ± labeling).

10The ± conventions seem to be particularly difficult to match.

LOGARITHMIC ^sℓ(2) 39

Another interpretation of the above residue formulas can be given in terms of specialization of the W -algebra characters to z = 1.^{11} That is (switching to the ν-language), setting ν = 0 in the modular transformation properties in 4.3.3 and 4.3.5, we have the well-defined specialized characters χ_r(τ) = lim_{ν→0} χ_r(τ,ν), 1 ⩽ r ⩽ p − 1,

χ^±_r (τ) = lim_{ν→0} χ^±_r (τ,ν), 1 ⩽ r ⩽ p.

Taking the limit in the definitions in 4.3.5, we obtain the corresponding ρ_r(τ), 1 ⩽ r ⩽ p + 1, and φ_r(τ), 1 ⩽ r ⩽ p − 1. In addition, we define

^ω^±_r (τ) = lim_{ν→0} ( νω^±_r (τ,ν) ) , 1 ⩽ r ⩽ p, which are just the residues in (5.12) times inessential constant factors. In accordance with the definitions in 4.3.3, this then gives the corresponding ^π_r(τ), 1 ⩽ r ⩽ p + 1, and ^ϖ_r(τ), 1 ⩽ r ⩽ p − 1.

Remarkably, these definitions allow taking ν → 0 in the modular transformation formulas in 4.3.3 and 4.3.5 (because the ϖ_r enter the right-hand sides of the transformations in 4.3.5 only in the combination νϖ_r(τ,ν)). But the S-transform formulas for the thus “specialized” characters acquire negative powers of τ, for example

^π_r(− 1τ ) = i √ 2 p ( 1 2τ ^π_0(τ) + (−1)^r2τ ^π_p(τ) + 1τ p−1 ∑_{s=1}^{cos πrs}_p^{^π}s^{(τ)} ) , as well as implicit negative powers of τ in

φ_r(− 1 τ ) = √ 2 p p−1 ∑_{s=1}^{sinπrs}_p^{(τ2φ}s^{(τ) + τ ^ϖ}s^{(τ)),}

because S-transforming τ^2φ_r(τ) gives rise to τ^{−1} ^ϖ_s(τ) in the right-hand side.

Rewriting the modular transformation formulas in terms of the (p,1)-model characters ~ϖ_s(τ) = η(τ)^2 ^ϖ_s(τ) and ~π_s(τ) = η(τ)^2 ^π_s(τ), we, in particular, reproduce the SL(2,Z) representation R_{p+1} ⊕ C^2 ⊗ R_{int}(p) on these characters in [10]:

~π_r(− 1τ ) = i √ 2 p ( 1 2 ~π_0(τ) + (−1)^r2 ~π_p(τ) + p−1 ∑_{s=1}^{cos πrs}_p^{~π}s^{(τ)} ) , ~ϖ_r(− 1

τ ) = √ 2 p p−1 ∑_{s=1}^{sinπrs}_p^{τ ~ϖ}s^{(τ).}

Transformations of the remaining specialized characters involve both the (p,1) characters and the free-boson characters η(τ)^{−2} in the right-hand sides:

11I thank I. Tipunin for the suggestion.

40 SEMIKHATOV

ρ_r(− 1 τ ) = i √ 2 p ( 1 2 ( τρ_0(τ) +

~π_0(τ) η(τ)^2 ) + (−1)^r 2 ( τρ_p(τ) +

~π_p(τ) η(τ)^2 )

+ p−1 ∑_{s=1}^{cos πrs}_p^{(τρ}s^{(τ) + ~πs(τ)}_{η(τ)}2^) ) ,

φ_r(− 1 τ ) = √ 2 p p−1 ∑_{s=1}^{sinπrs}_p^{(τ2φ}s^{(τ) + τ ~ϖs(τ)}_{η(τ)}2^{).}

6. FURTHER PROSPECTS

This section is essentially a todo list or, depending on one’s standpoint, a list of things that the author has failed to accomplish. It may nevertheless be helpful in setting logarithmic ^sℓ(2) models in some new perspectives.

6.1. Three fermionic screenings. It would be exceptionally interesting to see how the present construction generalizes to the case with three fermionic screenings, which is indeed exceptional because the W -algebra that commutes with three fermionic screenings is a Hamiltonian reduction of the exceptional affine Lie superalgebra ^D(2|1;α). It is at the same time (see [62]) the algebra of the conformal field theory of the coset ^sℓ(2)_{k1} ⊕ ^sℓ(2)_{k2} ^sℓ(2)_{k1+k2} , which makes it particularly interesting in applications.

6.2. Kazhdan–Lusztig correspondence, the dual quantum group, and fusion. We recall that the property of a chiral algebra and a quantum group associated with the screenings to be each other’s centralizers underlies the Kazhdan–Lusztig correspondence [31] between representation categories of the chiral algebra and the quantum group.

Logarithmic conformal field theory models have nice quantum-group counterparts, which capture at least part of the structure of logarithmic models and are therefore quite useful in investigating them [11, 32, 33]. On the quantum-group side, the central role is played by two objects, the center and the Grothendieck ring. In the known examples, the center carries the same modular group representation as is realized on generalized characters of the logarithmic model.^{12} Elements of the quantum-group center also translate into boundary states in boundary conformal field theories [15]. The Kazhdan–Lusztigdual quantum group in the ^sℓ(2)_k context — a quantum supergroup U_qsℓ(2|1) at a root of unity — may actually correspond to the logarithmic ^sℓ(2)_k/u(1) theory, because the number of screenings is then equal to the number of free fields. Indications of a complicated structure of its center can already be found in [64]. For the center to carry a modular group action at all, the quantum group must be ribbon and factorizable (cf. [11, 33]);

12A decomposition of the SL(2,Z)-representation on a quantum group center involving C n tensor factors (actually, C^2 ) was first, to our knowledge, observed in [63].

LOGARITHMIC ^sℓ(2) 41

finding these structures, or at least some analogues thereof, for a quantum supergroup is a separate, quite interesting task. Hamiltonian reduction of logarithmic conformal field theories in Sec. 5 must also have a counterpart for the respective Kazhdan–Lusztig-dual quantum groups, or at least for their centers and the modular group actions on them.

The previous experience with Kazhdan–Lusztig-dual quantum groups shows that their Grothendieck rings give (a “K_0-version” of) the fusion for the corresponding W -algebras [10, 11, 12, 29]. Although this “experimental law” might require modification in the current case of the dual pair given by the above W -algebra and U_qsℓ(2|1) at a root of unity, the Grothendieck ring of the dual quantum group is certainly related to the W - algebra representation theory, being at the same time an object that is much easier to evaluate.^{13}

Another, rather speculative, inference from the (so far hypothetical) Kazhdan–Lusztig correspondence with a quantum sℓ(2|1) is that because sℓ(2|1) has typical (“wide”) and atypical (“narrow”) representations, a similar picture, inasmuch as it survives specializing to a root of unity and imposing constraints in the quantum group, is to be expected for the W -algebra representations. The Y^±_r representations constructed above are then certainly the “narrow” ones. The problem of “typical/wide/massive” representations and of the role they may play is left for the future (their ^sℓ(2) “building blocks” may have the extremal diagrams shaped like those of admissible or even relaxed representations, cf. [5]).

6.3. More general models: “triplet” W -algebras instead of ^sℓ(2). For integer k, there must exist logarithmic models generalizing the logarithmic ^sℓ(2)_k differently than ^sℓ(2) → ^sℓ(n), which first suggests itself. The bosonization of ^sℓ(2)_k in 2.4 is the n = 2 case of a general pattern of algebras W^{(2)}_n (k), n ⩾ 1, constructed very similarly [53] (the n=1 case is merely the β γ system and the n=3 case is the Bershadsky–Polyakov algebra [66, 67]). For n > 2, the set of n + 1 vectors in C^{n+1} generalizing the data ξ, ψ_−, ψ_+ in 2.4.1 is ξ, a_{n−2}, . . . , a_1, ψ_−, ψ_+ with the Gram matrix generalizing (2.16) as 0 ξ a_{n−2} a_{n−3}

a_1 ψ_− ψ_+

0 . . . . . . . . . . . . . . . . . . . . . . 0 1 −1 0 2(k + n) −k −n 0 . . . . . . . . . . . . . . . . . . . . . . . . 0 0 −k −n 2(k + n) −k −n 0 . . . . . . . . . . . . . . . . 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 0 . . . . . . . 0 −k −n 2(k +n) −k −n 0 1 0 . . . . . . . . . . . . . . . 0 −k −n 1 k +n−1 −1 0 . . . . . . . . . . . . . . . . . . . . . . 0 k +n−1 1 13We recently became aware of the results in [65], which go far beyond the Grothendieck ring for the quantum groups closely related to those dual to the (p,1) logarithmic models: tensor products of the indecomposable quantum group representations are evaluated there. We thank K. Erdmann for the communication.

42 SEMIKHATOV

(the determinant is given by −n(k +n)^{n−1}). These vectors and an (n+1)-tuple of scalar fields φ are used to construct the screenings (with the dot denoting the Euclidean scalar product in C^{n+1} )

E_i = ∮ e^{ai.φ} , i = 1,...,n − 2, Q_− = ∮ e^{ψ−.φ} , Q_+ = ∮ e^{ψ+.φ} representing the nilpotent subalgebra of U_qsℓ(n|1). The centralizer of the screenings is a W -algebra W^{(2)}_n (k) generated by two currents E(z) and F(z) with the OPEs

E(z)F(w) = λ_{n−1}(n,k) (z−w)^n + nλ_{n−2}(n,k)H(w) (z− w)^{n−1} + ... , where λ_m(n,k) = ∏^m_{i=1} ( i(k +n− 1)−1 ) , and, further,

H(z)E(w) =

E(w) z−w , H(z)F(w) = −

F(w) z−w , H(z)H(w) =

n− 1

n k +n−2 (z− w)^2 . Quite an explicit construction of E(z) and F(z) is available [53].

The entries of the above Gram matrix are integer for integer k and the fermionic screenings commute for k + n ⩾ 1; “integrable” representations of W^{(2)}_n (k), mentioned in [53] (also see [49]), are then a good starting point for the construction of logarithmic models.

6.4. Other logarithmic ^sℓ(2)_k? There are two aspects of “other” logarithmic ^sℓ(2)_kmodels with nonnegative integer k. First, there are various possibilities of constructing “essentially larger” models, e.g., by taking the kernel of only one screening. Second, with just two screenings, an a priori different logarithmic extension of ^sℓ(2)_k conformal models with integer k ⩾ −1 is possible based on the “nonsymmetric” bosonization of ^sℓ(2)_k (with a fermionic and a bosonic screening). It would be not entirely trivial if the results actually coincide with those in this paper.

One more possibility is to “bosonize” ^sℓ(2)_k just by the construction in (5.4) in terms of two free fields and an energy-momentum tensor T (z) that is not represented through a free field. The screening/kernel machinery then involves the screening S constructed in terms of the fields in 5.2.1 as [24]

(6.1) S = ∮ e √_k

2 ϕ V_{[12]},

where V_{[12]}(z) is the “12” vertex operator for T (z), of dimension δ_{12} =^{3k}_4 + 1. The proof that S is a screening uses the differential equation ∂^2V_{[12]}(z) − (k+2)T (z)V_{[12]}(z) = 0 satisfied by V_{[12]}(z). It is readily seen that S is a fermionic screening. Moreover, like the Virasoro vertex operator V_{[12]}, it has two components that map differently between Virasoro modules. The construction of the logarithmic ^sℓ(2)_k model may then be repeated with this screening action.

6.5. Rational k. Constructing a logarithmic ^sℓ(2)_k theory for rational k appears to be a more complicated (and certainly bulkier) problem. The bosonization in (2.17) is still

LOGARITHMIC ^sℓ(2) 43

applicable for rational k, and the two fermionic screenings given by (2.18) exist, but the corresponding vertex operators e^{ψ±.φ(z)} are no longer local with respect to each other. The extension to rational k may turn out to be easier to achieve in the “nonsymmetric” bosonization of ^sℓ(2), with one bosonic and one fermionic screenings, but this task seems to be rather involved anyway. The ultimate logarithmic theory is then to include the elegant constructions in [3, 5].

6.6. Projective modules. Taking the kernel of screenings and identifying the relevant W -algebra and its irreducible representations is only the first step in constructing (the chiral sector of) a logarithmic conformal field theory model because extensions of these representations must be taken in order to obtain modules where the relevant generators (e.g., L_0) act nonsemisimply. The extensions are to be taken “up to the limit,” which means constructing projective covers of irreducible W -algebra modules. The full space of states in a given chiral sector is then the sum of all nonisomorphic indecomposable projective modules. This is just another major difference from the semisimple/rational case, where the chiral space of states is exhausted by irreducible representations. At chosen fractional values of k, constructions of some indecomposable ^sℓ(2)-modules were given in [3, 5]. A complication to be encountered with the W -algebra in this paper may be expected from the fact that the modular group representation is infinite-dimensional before the matrix automorphy factors are isolated, which may suggest some pathologies in the W -algebra projective modules.

Acknowledgments. I am indebted to my “logarithmic” collaborators over the last several years, B. Feigin, J. Fuchs, A. Gainutdinov, S. Hwang, and I. Tipunin, without whom this paper would not have been written and who were with me in spirit, if not in person, while it was actually being written. Special thanks go to I. Tipunin for sharing his insights with me. I thank J. Fuchs and A. Dosovitsky for valuable comments. S. Parkhomenko has shown to me that applying spectral flow to the butterfly makes it fly. This work was (almost) finished at the Institute for Mathematical Sciences, London, and was certainly influenced by a stimulating atmosphere at the “Themes in the interface of representation theory and physics” conference; I am grateful to C. Hull and P. Martin for the warm hospitality in London. I am also grateful to A. Isaev and P. Pyatov for the hospitality at the conference “Classical and quantum integrable systems” in Dubna, where the paper was (ultimately) finished. This paper was supported in part by the RFBR Grant 07-01-00523.

APPENDIX A. EMBEDDING STRUCTURE OF VERMA ^sℓ(2)_k-MODULES

We recall the embedding structure of some ^sℓ(2)_k Verma modules with positive integer k + 2. It is of course well known, and is given here for convenience of reference; the reader may also find the picture of a twisted Verma module useful in deciphering the figures in the main body of the paper.

44 SEMIKHATOV

We use the notation • for the highest-weight state of a Verma module, to make it reminiscent of the Verma module extremal diagram: in accordance with the annihilation conditions in (2.6) for θ = 0, the ^sℓ(2) operators act on the highest-weight vector as

(A.1) with the occupied states, shown with dots, extending from west to south-east, but not east or north. This notational convention is naturally extended to (θ = 1)-twisted Verma modules, whose extremal diagram has the form

(A.2)

and we therefore let • denote the twisted highest-weight vector with twist 1.

Let p = k + 2 ∈ {2,3,...} and λ = λ^+(r,s) =^{r−1}_2 − p^{s−1}_2 . Submodules in the Verma module M_λ are then arranged as in Fig. A.1. Arrows labeled (r^′,s^′)^± denote |MFF^±(r^′,s^′)⟩ singular vectors (see 2.2). The labels at the Verma submodules (which are represented by dots) show the spin of the respective highest-weight vector. The right column gives the relative level with respect to the highest-weight vector of the module:

(A.3) ℓ_i = i 2 ( (s + i 2 − 1)p − r ) , even i, ( s + i−3 2 )( r + i−1 2 p ) , odd i.

It may be instructive to consider the picture in Fig. A.1 transformed by the spectral flow with θ = 1. More precisely, we take the twisted Verma module M_{λ +1+} k_{2 ;1}, whose highestweight vector is in the grade (λ +1,ℓ), where (λ ,ℓ) is the grade of the highest-weight vector of M_λ (see (2.6)). For λ =^{r−1}_2 − p^{s−1}_2 as above, the embedding diagram of M_{λ +1+} k_{2 ;1} is shown in Fig. A.2, where an arrow labeled (a,b)^±_{;1} denotes the |MFF^±(a,b;1)⟩ singular vector. The labels at the twisted highest-weight vectors indicate their charge, not spin (i.e., the eigenvalue of H_0, not λ in (2.6)).

We leave it to the reader to place the two diagrams, of M_λ and M_{λ +} p_{2 ;1}, into the corresponding grades in the same picture and see how an extension of one module by the other can then be constructed (the key is the matching lengths of the horizontal arrows in the two diagrams).

We next recall the characters of some irreducible subquotients occurring in Fig. A.1. Let N_i denote the right-hand irreducible subquotient at the ith embedding level (i.e., on

LOGARITHMIC ^sℓ(2) 45

FIGURE A.1. Embedding structure of the Verma module M_λ +_{(r,s)}.

the level ℓ_i relative to the top of the diagram). From the BGG resolution, its character follows as

(A.4) χ^{Ni} (q,z) = q^{r24p − s−12 r+ (s−1)} 2 4 p q^18 ϑ_{1,1}(q,z) × ( ∑_{a⩾0}^+ ∑_{a⩽−s−i−1}^{)q i+2a2 ((s−1+ i+2a2 )p−r)(z− r+12 + s+i+2a−12 p − z r−12 − s+i+2a−12 p)}

for even i and

(A.5) χ^{Ni} (q,z) = q^{r24p − s−12 r+ (s−1)} 2 4 p q^{18} ϑ_{1,1}(q,z) × ( ∑_{a⩾1}^+ ∑_{a⩽1−s−i}^{)q i+1+2a2 ((s+ i+2a−12 )p−r)(z r−12 − s+i+2a2 p − z− r+12 + s+i+2a2 p)}

for odd i.

46 SEMIKHATOV

FIGURE A.2. Embedding structure of the (θ = 1)-twisted Verma module M_λ +_{(r,s);1}. Labels in square brackets indicate charges of the corresponding twisted highest-weight vectors.

APPENDIX B. THETA-FUNCTION CONVENTIONS The higher-level theta-functions are defined as θ_{r,p}(q,z) = ∑

ι∈Z+^r_{2p}

q^{pι2} z^{pι} .

(B.1)

We set (B.2) θ^′_{r,p}(q,z) = z ∂ ∂ z θ_{r,p}(q,z), θ^{′′}_{r,p}(q,z) = ( z ∂ ∂ z )_2 θ_{r,p}(q,z).

We also use the classic theta-functions ϑ_{1,1}(q,z) = ∑ m∈Z q^{12 (m2−m)}(−z)^{−m} = ∏ m⩾0 (1−z^{−1}q^m) ∏ m⩾1 (1−zq^m) ∏ m⩾1 (1−q^m),

(B.3)

ϑ(q,z) = ∑ m∈Z q^{m22} z^m

(B.4) related to (B.1) as θ_{r,p}(q,z) = z^{r2} q^{r24p} ϑ(q^{2p},z^pq^r).

LOGARITHMIC ^sℓ(2) 47

The quasiperiodicity properties of theta-functions are expressed as θ_r(q,zq^n) = q^{−p n24} z^{−p n2} θ_{r+pn}(q,z),

(B.5) with θ_{r+pn,p}(q,z) = θ_r(q,z) for even n, and ϑ_{1,1}(q,zq^n) = (−1)^n q^{− 12 (n2+n)} z^{−n}ϑ_{1,1}(q,z), n ∈ Z.

(B.6) It then follows that

θ^′_r(q,zq^n) = q^{−p n24} z^{−p n2} ( θ^′_{r+pn,p}(q,z) − pn 2 θ_{r+pn}(q,z) ) , (B.7)

θ^{′′}_r (q,zq^n) = q^{−p n24} z^{−p n2} ( θ^{′′}_{r+pn,p}(q,z) − pnθ^′_{r+pn}(q,z) +

p^2n^2

4 θ_{r+pn}(q,z) ) . (B.8)

We resort to the standard abuse by writing f (τ,ν) for f (e^{2iπτ} ,e^{2iπν} ); it is tacitly assumed that q = e^{2iπτ} (with τ in the upper complex half-plane) and z = e^{2iπν} .

The modular T -transform of the theta-function is expressed as

θ_{r,p}(τ + 1,ν) = e^{iπ r22p} θ_{r,p}(τ,ν)

(B.9) and the S-transform as

θ_{r,p}(− 1 τ , ν τ ) = e^{iπ pν22τ} √ −iτ 2p 2p−1

∑_{s=0}^{e−iπ rsp θ}s^{(τ,ν).}

(B.10)

Therefore,

θ^′_{r,p}(− 1 τ , ν τ ) = e^{iπ pν22τ} √ −iτ 2p 2p−1

∑_{s=0}^{e−iπ rsp (τθ ′}s^{(τ,ν) + pν}_2^θs^{(τ,ν))}

(B.11)

(the price paid for abusing notation is that θ^′_r(τ,ν) =^1_{2iπ}^∂_{∂ ν} θ_r(τ,ν)) and θ^{′′}_{r,p}(− 1 τ , ν τ ) = e^{iπ pν22τ} √ −iτ 2p 2p−1

∑_{s=0}^{e−iπ rsp (τ2θ ′′}s^{(τ,ν) + pντθ ′}s^{(τ,ν)}

(B.12) + ( p2ν2 4 + pτ 4iπ ) θ_s(τ,ν) ) . We also note the formula Ω(− 1 τ , ν τ ) = −i √ −iτ e^{iπ ν22τ} Ω(τ,ν) for the function Ω(q,z) = q^{18} z^12 ϑ_{1,1}(q,z).

The eta function η(q) = q^{124} ∞ ∏_{m=1}^{(1 − qm)}

(B.13)

48 SEMIKHATOV

transforms as η(τ + 1) = e^{iπ12} η(τ), η(− 1 τ ) = √ −iτ η(τ). (B.14)

In calculating residues in 5.3, we also need the formula

∂ ϑ_{1,1}(q,z) ∂ z | |_{z=qn} = (−1)^n q^{− 18} η(q)^3 q^{− n22 − 3n2} , n ∈ Z.

APPENDIX C. SOME ELEMENTARY TRICKS WITH SL(2,Z) REPRESENTATIONS

C.1. SL(2,Z) ↷ h×C . We first recall the standard SL(2,Z)-action on h×C (where h is the upper half-plane), γ = ( a b c d ) : (τ,ν) → ( aτ + b

cτ + d , ν cτ + d ) . The space F of suitable (e.g., meromorphic or just fractional-linear in τ) functions on h× C is then endowed with an SL(2,Z)-action.

C.2. C^2 .

C.2.1. The defining two-dimensional representation — the doublet — of SL(2,Z) is the representation where S = ( 0 −1 1 0 ) and T = ( 1 1 0 1 )

act on C^2 just by these matrices. We choose a basis 1, τ in C^2 such that Sτ = −1, S1 = τ, T τ = τ + 1, and T 1 = 1.

If π is any finite-dimensional SL(2,Z)-representation, with S_π = s and T_π = t acting on vectors denoted by ω, then C^2 ⊗ π is spanned by 1ω and τω, with the action S(τω) = −sω, S(1ω) = τ sω, T (τω) = τ tω + 1tω, T (1ω) = 1tω.

This C^2 ⊗ π representation can be realized using the SL(2,Z) action on F as follows: we identify 1 = 1 and τ = τ, view ω as a function of τ, which allows considering f (τ)ω with f ∈ F , and redefine the action of S and T as

(C.1) S( f (τ)ω) = τ f (− 1 τ )sω, T ( f (τ)ω) = f (τ + 1)tω (in other words, f is prescribed to transform with weight 1). Indeed, these formulas immediately imply, e.g., that S(τω) = −^1_τ τ sω = −sω.^{14} Wishing to deal with the more

14By f (− 1 τ ), we everywhere mean f (τ) | |_{τ→− 1τ} , and similarly for f (τ + 1). For example, the τ → −^1_τ

operation sends f (^τ_{τ+1} ) into f (−^1_{τ−1} ).

LOGARITHMIC ^sℓ(2) 49

standard cτ + d (rather than −cτ + a for the inverse matrix), we have to consider the right action, which is determined by (C.1) as γ : f (τ)ω → (cτ + d) f (γτ)ω·γ, γ = ( a b c d ) ∈ SL(2,Z). Clearly, extending f (τ) beyond polynomials of degree 1 yields an infinite-dimensional SL(2,Z) representation on the space of suitable functions times π, containing C^2 ⊗ π as a subrepresentation.

C.2.2. If π^′ is another SL(2,Z)-representation of the same dimension as π, with S_π′ = s^′ and T_π′ = t^′ acting on vectors denoted by χ, then the direct sum π^′ ⊕ C^2 ⊗ π admits a family of deformations achieved by introducing a (matrix) automorphy factor as follows. We start from the direct sum π^′ ⊕ C^2 ⊗ π realized as

(C.2) ( f (τ)ω χ )

(where ω is from the representation space of π and χ is from π^′), with f (τ) being a firstor zeroth-degree polynomial, in accordance with the above realization of the doublet. The

entire representation space is then spanned by ( f (τ)ω + β νg(τ)χ χ ) . The terms containing

ν in the top row are always linear in ν and proportional to a chosen parameter β , because of their origin that becomes clear momentarily.

The SL(2,Z) action is uniquely defined by the T and S actions T ( f (τ)ω + β νg(τ)χ χ ) = ( f (τ + 1)tω + β νg(τ + 1)t^′χ t^′χ ) ,

S ( f (τ)ω + β νg(τ)χ χ ) = ( τ f (−^1_τ )sω + β^ν_τ g(−^1_τ )s^′χ + β ν f (−^1_τ )s^′χ s^′χ ) . The third term in the top row of the S-transformation formula is the origin of terms proportional to β ν. The prescription for the S-transformation rule is to act with and without an extra τ factor on terms without ν and with it in the top row. That is, f in f (τ)ω is assigned weight 1 as before, whereas any g in νg(τ)χ is considered to have weight 0.

It is easy to see that the SL(2,Z)-orbit (again in the right-action version) of elements (C.2) can then be written as in (4.16).

C.3. C^3 .

C.3.1. Taking the symmetrized square of C^2 gives the C^3 representation; following C.2.1,

50 SEMIKHATOV

we can represent its basis as 1 ⊗ 1, τ ⊗ 1 + 1 ⊗ τ, and τ ⊗ τ. A somewhat shorter notation for the same basis is 1, 2τ, and τ^2, with the SL(2,Z)-action immediately found as S1 = τ^2, S 2τ = −2τ, Sτ^2 = 1, T 1 = 1, T 2τ = 2τ + 2 · 1, T τ^2 = τ^2 + 2τ + 1.

This form suggests a “functional realization” of C^3 ⊗ π (for a finite-dimensional SL(2,Z) representation π determined by φ → sφ and φ → tφ) as the representation spanned by φ, 2τφ, and τ^2φ, with the SL(2,Z)-action defined by

S( f (τ)φ) = τ^2 f (− 1 τ )sφ, T ( f (τ)φ) = f (τ + 1)tφ.

In other words, f is assigned weight 2 and SL(2,Z) acts (in the right-action version) as γ : f (τ)φ → (cτ + d)^2 f (γτ)φ·γ.

Extending f (τ) beyond degree-2 polynomials gives an infinite-dimensional SL(2,Z) representation in which C^3 ⊗ π is a subrepresentation.

C.3.2. With C^3 ⊗ π realized as in C.3.1, we construct a deformation of π^{′′} ⊕ π^′ ⊕ C^3 ⊗ π for three representations π^{′′}, π^′, and π of the same dimension. We write

(C.3) f (τ)φ ω χ for an arbitrary element of π^{′′} ⊕ π^′ ⊕ C^3 ⊗ π, where f (τ) a polynomial of degree at most two. The “new” SL(2,Z)-action on such elements gives rise to and is defined on elements of the form f (τ)φ + νg(τ)ω + ν^2h(τ)χ ω χ , where the ν-dependent terms are in fact proportional to the parameters α and β as becomes clear from the S-action formula below.

The T generator acts as (we omit the primes distinguishing the actions in π, π^′, and π^{′′}) f (τ)φ + νg(τ)ω + ν^2h(τ)χ ω χ T−→ f (τ + 1)tφ + νg(τ + 1)tω + ν^2h(τ + 1)tχ tω tχ and S as

f (τ)φ + νg(τ)ω + ν^2h(τ)χ ω χ S−→

LOGARITHMIC ^sℓ(2) 51

τ^2 f (−^1_τ )sφ + νg(−^1_τ )sω +^{ν 2}_{τ 2} h(−^1_τ )sχ + αντ f (−^1_τ )sω + ν^2 (_{αβ} 2 f (−^1_τ ) +^β_τ g(−^1_τ ) ) sχ sω sχ . The S-transformation rule in the top row can be described as follows. The ν-independent term transforms as a triplet (with a factor of τ^2 as in C.3.1); the term linear in ν transforms as “ν times a doublet,” i.e., S : ν ·g(τ)ω →^ν_τ ·τg(−^1_τ )sω (with the extra τ factor as in C.2.1); the ν^2-term involves no additional τ-dependent factors: it transforms in accor-

dance with the action on functions on h×C ; in addition, the pair ( f (τ)φ ω ) gives rise to

an extra term αντ f (−^1_τ )sω, the pair ( νg(τ)ω χ ) to an extra term ν^{2 β}_τ g(−^1_τ )sχ, and the

pair ( f (τ)φ χ ) to^{αβ}_2 ν^2 f (−^1_τ )sχ.

It is not difficult to see that the (right-action) SL(2,Z)-orbit of elements (C.3) can be written as in (4.18).

REFERENCES

[1] V. Gurarie, Logarithmic operators in conformal field theory, Nucl. Phys. B410 (1993) 535 [hep-th/ 9303160].

[2] M.R. Gaberdiel and H.G. Kausch, A rational logarithmic conformal field theory, Phys. Lett. B386 (1996) 131–137 [hep-th/9606050].

[3] M.R. Gaberdiel, An algebraic approach to logarithmic conformal field theory, Int. J. Mod. Phys. A18 (2003) 4593–4638 [hep-th/0111260].

[4] A. Nichols Extended chiral algebras in the SU(2)_0 WZNW model, JHEP 0204 (2002) 056 [hepth/0112094]; The origin of multiplets of chiral fields in SU(2)_k WZNW at rational level, J. Stat. Mech. 0409 (2004) P006 [hep-th/0307050].

[5] F. Lesage, P. Mathieu, J. Rasmussen, and H. Saleur, Logarithmic lift of the su(2)_{−1/2} model, Nucl.

Phys. B686 (2004) 313–346 [hep-th/0311039].

[6] J. Rasmussen, Affine Jordan cells, logarithmic correlators, and hamiltonian reduction, Nucl. Phys.

B736 (2006) 225–258 [hep-th/0508179].

[7] H.G. Kausch, Extended conformal algebras generated by a multiplet of primary fields, Phys. Lett.

B 259 (1991) 448.

[8] M.R. Gaberdiel and H.G. Kausch, A local logarithmic conformal field theory, Nucl. Phys. B538 (1999) 631–658 [hep-th/9807091].

[9] A. Nichols, Extended multiplet structure in logarithmic conformal field theories, JHEP 0301 (2003) 022 [hep-th/0205170].

[10] J. Fuchs, S. Hwang, A.M. Semikhatov, and I.Yu. Tipunin, Nonsemisimple fusion algebras and the Verlinde formula, Commun. Math. Phys. 247 (2004) 713–742 [hep-th/0306274].

[11] B.L. Feigin, A.M. Gainutdinov, A.M. Semikhatov, and I.Yu. Tipunin, Modular group representations and fusion in logarithmic conformal field theories and in the quantum group center, Commun. Math. Phys. 265 (2006) 47–93 [hep-th/0504093].

52 SEMIKHATOV

[12] B.L. Feigin, A.M. Gainutdinov, A.M. Semikhatov, and I.Yu. Tipunin, Logarithmic extensions of minimal models: characters and modular transformations, Nucl. Phys. B 757 (2006) 303–343 [hep-th/ 0606196].

[13] M.R. Gaberdiel and I. Runkel, The logarithmic triplet theory with boundary, hep-th/0608184. [14] T. Creutzig, T. Quella, and V. Schomerus, New boundary conditions for the c = −2 ghost system hep-th/0612040.

[15] A.M. Gainutdinov and I.Yu. Tipunin, Logarithmic extensions of minimal models with boundary conditions, to appear.

[16] M. Miyamoto, Modular invariance of vertex operator algebras satisfying C_2-cofiniteness, math.QA/ 0209101.

[17] N. Carqueville and M. Flohr, Nonmeromorphic operator product expansion and C_2-cofiniteness for a family of W-algebras J. Phys. A39 (2006) 951–966 [math-ph/0508015].

[18] J. Fuchs, On non-semisimple fusion rules and tensor categories, Contemp. Math., to appear [hep-th/ 0602051].

[19] Y.-Z. Huang, J. Lepowsky, and L. Zhang, Logarithmic tensor product theory for generalized modules for a conformal vertex algebra, Part I, math.QA/0609833.

[20] P.A. Pearce, J. Rasmussen, and J.-B. Zuber, Logarithmic minimal models, hep-th/0607232. [21] M. Jeng, G. Piroux, and P. Ruelle, Height variables in the Abelian sandpile model: scaling fields and correlations, cond-mat/0609284.

[22] N. Read and H. Saleur, Associative-algebraic approach to logarithmic conformal field theories, hepth/0701117.

[23] A. Nichols, Extended chiral algebras and the emergence of SU(2) quantum numbers in the Coulomb gas, JHEP 0308 (2003) 040 [hep-th/0302075].

[24] J. Fjelstad, J. Fuchs, S. Hwang, A.M. Semikhatov, and I.Yu. Tipunin, Logarithmic conformal field theories via logarithmic deformations, Nucl. Phys. B633 (2002) 379–413 [hep-th/0201091].

[25] J. Rasmussen, Note on SLE and logarithmic CFT, J. Stat. Mech. 0409 (2004) P007 [math-ph/ 0408011].

[26] V. Gurarie and A.W.W. Ludwig, Conformal field theory at central charge c = 0 and two-dimensional critical systems with quenched disorder, hep-th/0409105.

[27] M. Flohr and M.R. Gaberdiel, Logarithmic torus amplitudes, J. Phys. A39 (2006) 1955–1968 [hep-th/ 0509075].

[28] V. Schomerus and H. Saleur, The GL(1|1) WZW model: from supergeometry to logarithmic conformal field theory, Nucl. Phys. B734 (2006) 221–245 [hep-th/0510032] [29] H. Eberle and M. Flohr, Virasoro representations and fusion for general augmented minimal models, hep-th/0604097.

[30] M. Flohr, C. Grabow, and M. Koehn, Fermionic expressions for the characters of c(p,1) logarithmic conformal field theories, hep-th/0611241.

[31] D. Kazhdan and G. Lusztig, Tensor structures arising from affine Lie algebras, I, J. Amer. Math. Soc.

6 (1993) 905–947; II, J. Amer. Math. Soc. 6 (1993) 949–1011; III, J. Amer. Math. Soc. 7 (1994) 335–381; IV, J. Amer. Math. Soc. 7 (1994) 383–453.

[32] B.L. Feigin, A.M. Gainutdinov, A.M. Semikhatov, and I.Yu. Tipunin, Kazhdan–Lusztig correspondence for the representation category of the triplet W-algebra in logarithmic CFT, Theor. Math. Phys. 148 (2006) 1210–1235 [math.QA/0512621].

[33] B.L. Feigin, A.M. Gainutdinov, A.M. Semikhatov, and I.Yu. Tipunin, Kazhdan–Lusztig-dual quantum group for logarithmic extensions of Virasoro minimal models, J. Math. Phys. 48 (2007) 032303 [math.QA/0606506].

LOGARITHMIC ^sℓ(2) 53

[34] G. Moore and N. Seiberg, Lectures on RCFT, in: Physics, Geometry, and Topology (Trieste spring school 1989), p. 263. Plenum (1990).

[35] E. Frenkel and D. Ben-Zvi, Vertex Algebras and Algebraic Curves, AMS (2001). [36] B. Bakalov and A.A. Kirillov, Lectures on Tensor Categories and Modular Functors, AMS (2001). [37] J. Fuchs, I. Runkel, and C. Schweigert, TFT construction of RCFT correlators I: Partition functions, Nucl. Phys. B 646 (2002) 353–497 [hep-th/0204148]; TFT construction of RCFT correlators II: Unoriented world sheets, Nucl. Phys. B678 (2004) 511–637 [hep-th/0306164].

[38] G. Felder, BRST approach to minimal models, Nucl. Phys. B317 (1989) 215–236. [39] P. Bouwknegt, J. McCarthy, and K. Pilch, Fock space resolutions of the Virasoro highest weight modules with c ⩽ 1, Lett. Math. Phys. 23 (1991) 193–204 [hep-th/9108023].

[40] V.G. Kac and M. Wakimoto, Modular invariant representations of infinite dimensional Lie algebras and superalgebras, Proc. Natl. Acad. Sci. USA 85 (1988) 4956.

[41] B.L. Feigin, A.M. Semikhatov, V.A. Sirota, and I.Yu. Tipunin, Resolutions and characters of irreducible represntations of the N = 2 superconformal algebra, Nucl. Phys. B536 [PM] (1999) 617–656 [hep-th/9805179].

[42] A.M. Semikhatov, A Taormina, and I.Yu. Tipunin, Higher-level Appell functions, modular transformations, and characters, Commun. Math. Phys. 255 (2005) 469–512 [math.QA/0311314].

[43] F. Lesage, P. Mathieu, J. Rasmussen, and H. Saleur, The su(2)_{−1/2} WZW model and the beta-gamma system, Nucl. Phys. B647 (2002) 363–403 [hep-th/0207201].

[44] B.L. Feigin and A.M. Semikhatov, Free-field resolutions of unitary representations of the N =2 super- Virasoro algebra. II. The butterfly resolution, Teor. Mat. Fiz. 121 (1999) 244–257; Free-field resolutions of the unitary N =2 super-Virasoro representations, hep-th/9810059.

[45] S.E. Parkhomenko, Free-field construction of D-branes in N = 2 superconformal minimal models, Nucl. Phys. B671 (2003) 325–342 [hep-th/0301070]; Free-field approach to D-branes in Gepner models, Nucl. Phys. B731 (2005) 360–388 [hep-th/0412296].

[46] F.G. Malikov, B.L. Feigin, and D.B. Fuchs, Funk. An. Prilozh. 20 N2 (1986) 25. [47] P. Bowcock, B.L. Feigin, A.M. Semikhatov, and A. Taormina, ^sℓ(2|1) and ^D(2|1;α) as vertex operator extensions of dual affine sℓ(2) algebras, Commun. Math. Phys. 214 (2000) 495–545 [hep-th/ 9907171].

[48] B. Feigin and T. Miwa, Extended vertex operator algebras and monomial bases, math.QA/9901067. [49] B. Feigin, M. Jimbo, and T. Miwa, Vertex operator algebra arising from the minimal series M(3, p) and monomial basis, math.QA/0012193.

[50] P. Jacob and P. Mathieu, A quasi-particle description of the M(3, p) models, Nucl. Phys. B733 (2006) 205–232 [hep-th/0506074].

[51] P. Mathieu and D. Ridout, The extended algebra of the SU(2) Wess–Zumino–Witten models, hep-th/ 0609226.

[52] P. Furlan, A. Ch. Ganchev, R. Paunov, and V.B. Petkova Solutions of the Knizhnik–Zamolodchikov equation with rational isospins and the reduction to the minimal models, Nucl. Phys. B394 (1993) 665–706 [hep-th/9201080]; A.Ch. Ganchev and V.B. Petkova, Reduction of the Knizhnik- Zamolodchikov equation — a way of producing Virasoro algebra singular vectors, Phys. Lett. B293 (1992) 56–66 [hep-th/9207032]; Virasoro Singular Vectors via Quantum DS Reduction, Phys. Lett. B318 (1993) 77–84 [hep-th/9308037].

[53] B.L. Feigin and A.M. Semikhatov, W^{(2)}_n Algebras, Nucl. Phys. B698 (2004) 409–449 [math.QA/ 0401164].

[54] V.G. Kač, Infinite Dimensional Lie Algebras, Cambridge University Press (1990).

54 SEMIKHATOV

[55] V.G. Kač and D.A. Kazhdan, Structure of representations with highest weight of infinite-dimensional Lie algebras, Adv. Math. 34 (1979) 97.

[56] M. Wakimoto, Fock representations of affine Lie algebra A^{(1)}_1 , Commun. Math. Phys. 104 (1986) 605–609.

[57] B.L. Feigin and E.V. Frenkel, A family of representations of affine Lie algebras, Uspekhi Mat. Nauk 43 (1988) no. 5(263), 227–228.

[58] D. Mumford, Tata Lectures on Theta, Birkhäuser (1983, 1984).

[59] J. Cardy, Critical percolation in finite geometries, J. Phys. A25 (1992) L201–L206, hep-th/9111026. [60] A.M. Semikhatov, Inverting the Hamiltonian reduction in string theory, Talk at the 28th Symposium on the Theory of Elementary Particles, Wendisch-Rietz, September 1994 [hep-th/9410109].

[61] S. Mukhi and S. Panda, Fractional-level current algebras and the classification of characters, Nucl.

Phys. B338 (1990) 263.

[62] B.L. Feigin and A.M. Semikhatov, ^sℓ(2) ⊕ ^sℓ(2)/ ^sℓ(2) Coset theory as a Hamiltonian reduction of ^D(2|1;α), Nucl. Phys. B610 (2001) 489–530 [hep-th/0102078].

[63] T. Kerler, Mapping class group action on quantum doubles, Commun. Math. Phys. 168 (1995) 353– 388 [hep-th/9402017].

[64] B. Abdesselam, D. Arnaudon, and M. Bauer, Centre and representations of U_q(sl(2|1)) at roots of unity, J. Phys. A: Math. Gen. 30 867–880 (1997) [q-alg/9605015].

[65] K. Erdmann, E.L. Green, N. Snashall, and R. Taillefer, Representation theory of the Drinfeld doubles of a family of Hopf algebras, J. Pure and Applied Algebra 204 (2006) 413–454 [math.RT/0410017].

[66] A.M. Polyakov, Gauge transformations and diffeomorphisms, Int. J. Mod. Phys. A5 (1990) 833. [67] M. Bershadsky, Conformal field theories via Hamiltonian reduction, Commun. Math. Phys. 139 (1991) 71.

LEBEDEV PHYSICS INSTITUTE

A M S@S C I.L E B E D E V.R U