arXiv:hep-th/0701281v3 25 Apr 2007

MIT-CTP 3809

Classical r-matrix of the su(2|2) SYM spin-chain

Alessandro Torrielli

Center for Theoretical Physics Laboratory for Nuclear Sciences and Department of Physics Massachusetts Institute of Technology Cambridge, Massachusetts 02139, USA

torriell@mit.edu

Abstract

In this note we straightforwardly derive and make use of the quantum R-matrix for the su(2|2) SYM spin-chain in the manifest su(1|2)-invariant formulation, which solves the standard quantum Yang-Baxter equation, in order to obtain the correspondent (undressed) classical r-matrix from the first order expansion in the “deformation” parameter 2π/ √ λ, and check that this last solves the standard classical Yang-Baxter equation. We analyze its bialgebra structure, its dependence on the spectral parameters and its pole structure. We notice that it still preserves an su(1|2) subalgebra, thereby admitting an expression in terms of a combination of projectors, which spans only a subspace of su(1|2) ⊗ su(1|2). We study the residue at its simple pole at the origin, and comment on the applicability of the classical Belavin-Drinfeld type of analysis.

1 Introduction

Integrability in AdS-CFT [1] has revealed itself as one of the most promising developments towards a proof of the conjecture. Among the preminent results is the derivation of a scattering matrix [2] whose tensorial structure is fixed by centrally extended su(2|2) ⊕ su(2|2) symmetry (see also [3]), and whose dressing factor [4] is constrained by the Hopf-algebraic analog of what crossing symmetry is for relativistic systems [5]. Remarkable advances in the exact determination of this phase factor have been recently made [6, 7], such an impressive agreement seemingly supporting the idea of a powerful algebraic structure underlying the full planar integrability of the model (see [8] and the recent [9, 10, 11]).

The presence of a Hopf algebra structure [12, 13] suggests that the full S-matrix might be a representation of the Universal R-matrix for a yet to be discovered bialgebra, which such an R-matrix would endow with a triangular structure. In order to make progress in understanding this construction, it is normally useful to study the classical limit of the R-matrix, in terms of a deformation around the identity. Under certain assumptions (among which some non-degeneracy condition), powerful theorems allow a complete classification of solutions of the classical Yang- Baxter equation [14]. In particular, Belavin and Drinfeld [14] considered solutions r(u_1, u_2) to the CYBE assuming values in g ⊗ g, with g a finite-dimensional simple Lie algebra, which are of difference form, namely they depend only on the difference u of the two spectral parameters, u = u_1 − u_2. They introduced the additional hypothesis of non-degeneracy, i.e. one of the three equivalent conditions: (i) the determinant of the matrix formed by the coordinates of the tensor r is not identically zero, (ii) r has at least one pole in the complex variable u, and it does not exist a Lie subalgebra g^′ such that r is an element of g^′ ⊗ g^′ for any u, or (iii) r has a first order pole in u = 0, with residue of the form c ∑ μ I_μ ⊗ I_μ with c a complex number and I_μ a basis in g orthonormal with respect to a chosen nondegenerate invariant bilinear form. Such a residue can be identified with the quadratic Casimir operator in the tensor product of two copies of the Lie algebra. Under these requirements, they proved that such solutions satisfy the unitarity condition r_{12}(u) = −r_{21}(−u), and extends meromorphically to the entire u complex plane. All the poles of r(u) are simple, and form a lattice Γ in the complex plane. Furthermore, modulo automorphisms, one has three possible types of solutions: elliptic (if Γ is a two-dimensional lattice), trigonometric (if Γ is one-dimensional), or rational functions (if Γ = 0). From the knowledge of such a classical r-matrix, there is a standard procedure to construct an associate Lie bialgebra, in terms of so-called Manin triples (see for example [15] and references therein). This has to play the role of the enlarged symmetry algebra one is looking for. Work on the extension of these results to the more complicated case of simple Lie superalgebras began shortly after [16] (see also [17]).

The lack of difference form of the AdS-CFT S-matrix represents a source of rich structure, which evades Belavin and Drinfeld’s assumptions, and its classification appears like an open problem^1. In this note, we would like to set the tools for such an approach. We first obtain a form of the quantum R-matrix in the manifest su(1|2)-invariant formulation, by performing in each entries of Beisert’s spin-chain S-matrix [2] a transformation from excitation states |ϕ^1⟩,|ϕ^2⟩ to states |ϕ⟩, |χ⟩ [2, 5] in initial and final states, producing the appearance of additional momentumdependent phase factors upon consistent reabsorption of all the Z-markers. What we are left with is a genuine solution of the standard quantum Yang-Baxter equation (QYBE), in the spirit of the canonical R-matrix of [10] to which this one should be related via a non-local

1One can see [18] for work on R-matrices dependent on non-additive parameters.

basis transformation^2. The choice of the su(1|2) formulation allows us to make direct contact with the Hopf-algebraic construction performed in [13]. Furthermore, it leaves a large number of generators undeformed, and singles out a decomposition by means of projectors, in terms of which it is quite simple to perform the consequent analysis of the classical r-matrix. The outcome is a formalism where the dynamic [2] nature of the spin chain has been completely translated into algebraic properties, and the presence of the lenght-changing operators has been totally removed, their action being fully implemented into the resulting bialgebra.

Then, we take the strong coupling regime of the spin-chain, and expand the solution as

R_{su(1|2)} ∼ 1 + ζr_{su(1|2)}, (1)

which allows us to extract the classical r-matrix r_{su(1|2)} (the subscript stands for the su(1|2)- basis), our deformation parameter being ζ = 2π/ √ λ. In string theory language, the notion of classical r-matrix would correspond in physical terms, taking into account the contribution coming from the dressing factor, to the tree-level string sigma-model scattering matrix. This was computed (in a natural string basis) in [19]. Here, in more mathematical terms, we really try to identify ζ as the expansion parameter leading to a Poisson structure deformation (quantization parameter)^3 [15].

We make use of the parametrization in [6] and keep fixed their x-parameter, which becomes the spectral parameter for the classical r-matrix. We check that this r_{su(1|2)} satisfies the standard classical Yang-Baxter equation (CYBE). We stress that, being interested in symmetries of the classical r-matrix, we neglect in all computations the dressing factor, which amounts to adding to the classical r-matrix a term proportional to the identity, thereby dropping from the CYBE.

We then derive the first order coproduct relation from expansion of the full Hopf-algebraic one [13]. r_{su(1|2)} still preserves an undeformed su(1|2) subalgebra, thereby admitting an expansion in terms of projectors onto irreducible representations of su(1|2) ⊗ su(1|2). We make use of a simpler Casimir operator with respect to [5]. One of the projectors has zero coefficient, therefore the r-matrix projects onto a subspace of su(1|2) ⊗ su(1|2).

We then examine the poles of the classical r-matrix: apart from uninteresting singularities in the parametrization, there is one pole for coincident spectral parameters, at which we calculate the residue. After a change of variables, the residue assumes the form of the Casimir of the algebra gl(2|2) shifted by the identity. The appearance of this non-simple Lie algebra naively seems to put into troubles the applicability of a Belavin-Drinfeld type of analysis. This, in turn, might have been expected by considering the important role the central extensions have to play in the structure of the resulting Hopf algebra [12, 13, 11, 20]. Still, the presence of a Casimir operator indicates it might be possible to adapt the Manin triple procedure [15] to the present case. Very recent developments point in fact towards the direction of a particular Yangian symmetry underlying the problem [21].

Another pole is found when the two eigenvalues corresponding to the two out of three surviving projectors coincide. The study of the analytic singularities of the full quantum S-matrix, and in general of the dynamics ensuing from it, has been the subject of an intense work [22]. We conclude with some comments, and appendices where we collect the bulk of the formulas.

2We thank G. Arutyunov and S. Frolov for email exchange about this point. 3We thank M. Zabzine for discussions about this point.

2 Quantum R-matrix R_{su(1|2)}

The centrally-extended su(2|2) commutation relations are as follows [2]:

[R^a_b , J^c] = δ^c_b J^a − 1 2 δ^a_b J^c,

[L^α_β , J^γ ] = δ^γ_β J^α − 1 2 δ^α_β J^γ , (2)

{Q^α_a , S^b_β } = δ^b_aL^α_β + δ^α_β R^b_a + δ^b_aδ^α_β C, {Q^α_a , Q^β_b } = ϵ^{αβ} ϵ_{ab}P, {S^a_α, S^b_β } = ϵ_{αβ} ϵ^{ab}K . (3)

The (2|2) 4-dimensional representation obtained by Beisert in [2] is labelled by 4 parameters a, b, c, d with the constraint ad − bc = 1. A basis of the representation space is provided by the vectors |ϕ^a⟩ (even) and |ψ^α⟩ (odd), with a = 1, 2 and α = 1, 2, and the generators’ action is

R^a_b |ϕ^c⟩ = δ^c_b |ϕ^a⟩ − (1/2)δ^a_b |ϕ^c⟩, L^α_β |ϕ^γ ⟩ = δ^γ_β |ϕ^α⟩ − (1/2)δ^α_β |ϕ^γ ⟩ (4)

for the even ones, and Q^α_a |ϕ^b⟩ = a δ^b_a|ψ^α⟩, Q^α_a |ψ^β ⟩ = b ϵ^{αβ}ϵ_{ab}|ϕ^bZ^+⟩, S^a_α|ϕ^b⟩ = c ϵ^{ab}ϵ_{αβ}|ψ^β Z^−⟩, S^a_α|ψ^β ⟩ = d δ^β_α|ϕ^a⟩ (5)

for the odd ones. We reorganize the indices a, α in a unique index A = 1, 2, 3, 4 such that a = 1 corresponds to A = 1, a = 2 to A = 2, α = 1 to A = 3 and α = 2 to A = 4. We will adopt the su(1|2)-formulation [2, 5], in which the generators’ action is redefined in such a way that no Z-markers appear, instead their effect is taken into account by a nontrivial coproduct (see [13] for details). The Hopf algebra structure is obtained by singling out an su(1|2) sub-algebra with generators J ∈ {R^1, L^α_β , Q^1, Q^2_1, S^1, S^1_2, C}. The coproduct on these generators is trivial,

Δ(J) = J ⊗ 1 + 1 ⊗ J. (6) The remaining generators split according to D_+ ∈ {S^2_1, S^2, R^2_1, K} and D_− ∈ {Q^1_2, Q^2, R^1_2, P}, then one has

Δ(D_+) = D_+ ⊗ e^{ip} + 1 ⊗ D_+, Δ(D_−) = D_− ⊗ e^{−ip} + 1 ⊗ D_−. (7)

One identifies e^{ip} = 1 + (K/β) and e^{−ip} = 1 + (P/α) as a physical constraint [2]. Up to a rescaling of state vectors this reads a = 1, b = −α(1 −^{x−}_{x+} ), c =^{iβ}_{x−} , d = −i(x^+ − x^−), x^+ +^{αβ}_{x+} − x^− −^{αβ}_{x−} = i, αβ =^{g2}_2 . In this way the coproduct is symmetric on the center. Antipode and counite are specified in [13].

The R-matrix intertwining this coproduct, namely solving the equation

Δ^{op}(x) R = P Δ(x)R = RΔ(x) (8)

(P being the graded permutation operator) for any generator x of the centrally extended su(2|2) algebra, and satisfying the standard quantum Yang-Baxter equation, is easily obtained from Beisert’s S-matrix as R = P S, and by decorating it with suitable phase factors which come from re-expressing initial and final |ϕ^2⟩ states as |χ⟩ = |ϕ^2Z^+⟩ states, in the spirit of the su(1|2) formulation. We will call this R-matrix R_{su(1|2)}, R_{su(1|2)}|v^A_1 ⟩ ⊗ |v^B_2 ⟩ =

∑_4 C,D=1 R AB CD|v^C_1 ⟩ ⊗ |v^D_2 ⟩. Pedices 1, 2 correspond to chosen representations. The entries of R_{su(1|2)} are reported in the Appendix. We stress the fact that we neglect everywhere in this paper the dressing factor, which has no effect on the quantum (and the classical) Yang-Baxter equation.

Since there is an su(1|2) subalgebra with undeformed coproduct, one can express this very same R-matrix as R_{su(1|2)} =

∑_3 i=1 S_iP_i, where P_i are the projectors onto the irreducible representations of su(1|2) ⊗ su(1|2). In order to construct such projectors, we use a simpler Casimir with respect to the one used by Janik [5], namely we take

C_{12} = 1 2 (Q^1 ⊗ S^1 + Q^2_1 ⊗ S^1_2 − S^1 ⊗ Q^1 − S^1_2 ⊗ Q^2_1) + (R^1 + C) ⊗ (R^1 + C) − 1 2 L^α_β ⊗ L^β_α, (9)

whose eigenvalues are^4

λ_1 = (1 + b_1c_1)(1 + b_2c_2),

λ_2 = b_1c_1 + b_2c_2 2 + b_1c_1b_2c_2,

λ_3 = b_1c_1b_2c_2. (10)

This Casimir is related to the one used by Janik as C_{Janik} = 2C_{12} + (C^{(2)}_1 + C^{(2)}_2)1 ⊗ 1, if C^{(2)}_i is the quadratic Casimir of su(1|2) in representation i. Selected eigenvectors are for instance |ϕ⟩ ⊗ |ϕ⟩, |ψ^1⟩ ⊗ |ψ^1⟩ and |χ⟩ ⊗ |χ⟩, respectively. The functions S_i are given by S_1 =^{x+2 −x−1}_{x−2 −x+1} ,

S_2 = 1 and S_3 = e^{i(p1−p2)}S_1. The projectors read

P_i =

(C_{12} − λ_j )(C_{12} − λ_k) (λ_i − λ_j )(λ_i − λ_k)

, (11)

with (i, j, k) equal to (1, 2, 3), (2, 1, 3) and (3, 1, 2) respectively.

3 Classical r-matrix r_{su(1|2)}

After setting [6]

4In [5] the Casimir is constructed multiplying the (trivial) coproduct of the su(1|2) generators. We thank the author for clarifications on this point.

x^±(x) = 1 2ζ ( x √ 1 − ζ^2 (x −^1_x )^2 ± iζ x (x −^1_x ) ) , (12)

we take ζ = 2π/ √ λ as a deformation parameter, in the sense that we expand all formulas around ζ = 0 keeping x fixed. Since sin^p_2 = ζ^1_{x− 1x} , this limit corresponds to p ∼ ζ ∼ λ^{−1/2}, namely the BMN limit [23]^5. We also impose α =^{α̃}_{2ζ} and β =^1_{2α̃ζ} , with α̃ a free parameter. The R-matrix and generators admit an expansion

R_{su(1|2)} ∼ 1 + ζ r_{su(1|2)}, J ∼ J^{(0)} + ζ J^{(1)}, D_± ∼ D^{(0)}_± + ζ D^{(1)}_± , e^{ip} ∼ 1 + ζ π^{(1)}, (13)

where the leading order generators are simply obtained using as parameters a^{(0)}, b^{(0)}, c^{(0)}, d^{(0)} = lim_{ζ→0} a, b, c, d. One has a^{(0)} = 1, b^{(0)} = −iα̃^x_{x2−1} , c^{(0)} =^i_{α̃x} , d^{(0)} =^{x2}_{x2−1} . They solve a quadratic instead of a quartic constraint, namely

β a^{(0)}b^{(0)} + α c^{(0)}d^{(0)} = 0. (14) They still satisfy a^{(0)}d^{(0)} − b^{(0)}c^{(0)} = 1, and then J^{(0)} form a (2|2) representation of centrally extended su(2|2).

If we plug the expansion (13) into the original formulas (6), (7) and (8), calling Δ^{triv}(x) = x ⊗ 1 + 1 ⊗ x, we obtain

[Δ^{triv} (J^{(0)}), r] = 0, [Δ^{triv} (D^{(0)}_± ), r] = ±(D^{(0)}_± ⊗ π^{(1)} − π^{(1)} ⊗ D^{(0)}_± ), (15)

which means that the classical r-matrix is still su(1|2) invariant^6. One can therefore express it as a combination of projectors

r_{su(1|2)} = 3∑ i=1 σ_iP^{(0)}_i , (16)

with P^{(0)}_i = lim_{ζ→0} P_i, and with coefficient functions σ_i given by the first order in ζ of the S_i, S_i ∼ 1 + ζσ_i. One has in fact R ∼ 3∑ i=1 (1 + ζσ_i)(P^{(0)}_i + ζP^{(1)}_i ) ∼ 3∑ i=1 (P^{(0)}_i + ζ σ_iP^{(0)}_i + ζ P^{(1)}_i ), (17)

but since

∑_3 i=1 P_i = 1 it follows that

∑_3

i=1 P^{(0)}_i = 1 and

∑_3 i=1 P^{(1)}_i = 0. The quantities in (16) read

5We thank J. Plefka for discussion about this point.

6One can check that (15) is consistent when applied to the central charges P^{(0)} = a^{(0)}b^{(0)}1 and K^{(0)} = c^{(0)}d^{(0)}1, upon using π^{(1)} = 2ix/(x^2 − 1).

σ_1 =

2i(x^2_1 + x^2 − 2 x^2_1x^2) (x_1 − x_2)(x^2_1 − 1)(x^2 − 1) , σ_2 = 0,

σ_3 = −

2i x_1x_2(x^2_1 + x^2 − 2) (x_1 − x_2)(x^2_1 − 1)(x^2 − 1) ,

P^{(0)}_i =

(C^{(0)}_{12} − λ^{(0)}_j )(C^{(0)}_{12} − λ^{(0)}_k ) (λ^{(0)}_i − λ^{(0)}_j )(λ^{(0)}_i − λ^{(0)}_k )

, (18)

where from (10) one obtains in the limit ζ → 0

λ^{(0)}_1 = x^2_1x^2 (x^2_1 − 1)(x^2 − 1) , λ^{(0)}_2 = x^2_1 + x^2 2(x^2_1 − 1)(x^2 − 1) , λ^{(0)}_3 = 1 (x^2_1 − 1)(x^2 − 1)

, (19)

with (i, j, k) equal to (1, 2, 3), (2, 1, 3) and (3, 1, 2) respectively. One realizes that the 16 × 16 matrix r projects onto a subspace of the full representation space corresponding to the eigenvalues λ_1 and λ_3 of the su(1|2) ⊗ su(1|2) Casimir.

In the Appendix we report all entries of the classical r-matrix r_{su(1|2)}. We have checked that it satisfies the standard classical (super) Yang-Baxter equation

r^{i1i3}_{l1k3} (x_1, x_3)r^{i2k3}_{l2l3} (x_2, x_3)(−1)^{i2 (i3+k3)} + r^{i1i2}_{l1j2} (x_1, x_2)r^{j2i3}_{l2l3} (x_2, x_3) +r^{i1i2}_{j1l2} (x_1, x_2)r^{j1i3}_{l1l3} (x_1, x_3)(−1)^{l2 (i3+l3)} = r^{i1i3}_{k1l3} (x_1, x_3)r^{k1i2}_{l1l2} (x_1, x_2)(−1)^{i2 (i3+l3)} +r^{i2i3}_{j2l3} (x_2, x_3)r^{i1j2}_{l1l2} (x_1, x_2) + r^{i2i3}_{l2j3} (x_2, x_3)r^{i1j3}_{l1l3} (x_1, x_3)(−1)^{l2 (l3+j3)}. (20)

One can see the appearance of poles in the entries: the poles at x^2_i = 1 are related to singularities in the parametrization (12) used. The pole at x_1 = x_2 is present in the coefficient functions σ_i, and comes from the denominator^1_{x−2 −x+1} in the quantum S-matrix. The residue at this pole is reported in the Appendix. There we show how to change variables x_i = x_i(y_i) in order to make the coefficient of the residue becoming a constant matrix, and from there we read the form of the residue. It corresponds to the Casimir of the gl(2|2) superalgebra, shifted by the identity, namely in the vicinity of the pole one has r ∼ 1 ⊗ 1 +

∑_4 i,j=1(−) d[j]E ij ⊗ E_{ji} y_1 − y_2

, (21)

where E_{ij} are the (2|2) matrices with all zeroes up to a 1 in the entry (i, j). The presence of the Casimir of a non-simple Lie superalgebra casts doubts on the viability of a Belavin-Drinfeld type of analysis in the present case, but it might nevertheless open a way to a better understanding of the structure of the classical r-matrix and its bialgebra.

The pole at x_1x_2 = 1 is not present in the coefficient functions σ_i, and it corresponds to a degeneracy of the projectors when the two eigenvalues λ^{(0)}_1 and λ^{(0)}_3 coincide, as can be seen from (18). When taking into account the small ζ limit of sin^p_2 = ζ^1_{x− 1x} , one can notice that this pole correspond to small momenta p_1 + p_2 = 0. We remind once again our interest here in the purely algebraic features of the classical r-matrix, while any physical interpretation should appropriately take into account the presence of the dressing factor.

4 Conclusions

In this note we have obtained a solution to the standard quantum and classical Yang-Baxter equation from Beisert’s dynamic su(2|2) spin-chain S-matrix [2], using the manifest su(1|2)- invariant formulation [2, 5]. By completely reabsorbing the lenght-changing operators action consistently into the bialgebra structure, this formulation becomes more suitable for the Hopfalgebraic description setup in [13], and allows a projector decomposition which simplifies the analysis of its properties, and may provide insights for the reconstruction of its full symmetry. We have derived the classical r-matrix in the parametrization of [6], together with its bialgebra structure, and studied its dependence on the spectral parameters, especially its residue at the poles. The idea is to provide a basis for extracting the relevant information about the suspected enlarged algebraic structure underlying the integrability of the problem, since this is traditionally classified upon looking at properties of the classical r-matrix. The appearance of the Casimir of the non-simple algebra gl(2|2) in the residue at the simple pole at the origin, and the fact that the difference-form is lacking, makes the application of standard theorems a priori more problematic, and represents an interesting open problem which could give rise to new structures, which we plan to investigate in the future. Developments in this directions appeared very recently in [21].

An important step would be to make direct contact with the computations performed from the string theory perspective [19, 10]. The su(1|2) decomposition is less appealing there, therefore one might have to somehow “covariantize” the outcome of the analysis of the enlarged symmetry algebra performed along the lines we showed here, before a comparison with string theory will be made. On the other hand, the construction of the Manin triple is possibly quite general, and one may try to adapt the procedure to the present case. Even though we have dropped the phase factor as inessential to our analysis, the ultimate hope is that the emerging symmetry, equipped with a suitable generalization of the crossing symmetry, will be able to determine some of its remarkable properties.

5 Acknowledgments

The author would like to thank his collaborators, Jan Plefka and Fabian Spill, for discussions, valuable suggestions and constant monitoring of this work, for careful reading of the manuscript, and for inviting him to the Physics Department of the Humboldt University in Berlin where some of these computations were finalized. We would like to thank Maxim Zabzine for discussions which stimulated the interest in studying the classical r-matrix, Pavel Etingof for useful advise and interesting discussions, Gleb Arutyunov, Sergey Frolov, Romuald Janik and Gizem Karaali for helpful email exchange, Joe Minahan for many useful discussions and for reading a preliminary version of the manuscript, Thomas Klose for useful explanations, and Daniel Grumiller for helpful discussions. We would also like to thank Antonio Bassetto and Giancarlo De Pol for discussions. This work is supported in part by funds provided by the U.S. Department of Energy (D.O.E.) under cooperative research agreement DE-FG02-05ER41360. The author thanks

Istituto Nazionale di Fisica Nucleare (I.N.F.N.) for supporting him through a “Bruno Rossi” postdoctoral fellowship.

6 Appendix: The R-matrix R_{su(1|2)}

We report here the non-zero entries of the R-matrix R_{su(1|2)} (index 1 corresponds to state |ϕ⟩, 2 to |χ⟩, 3 to |ψ^1⟩ and 4 to |ψ^2⟩). As an example we can derive R^{22}_{22} from Beisert’s S-matrix:

S|χ_1χ_2⟩ = S|ϕ^2_1Z^+ϕ^2Z^+⟩ = e^{−ip2} S|ϕ^2_1ϕ^2⟩ = e^{−ip2} A_{12}|ϕ^2ϕ^2_1⟩ = e^{−ip2+ip1} A_{12}|χ_2χ_1⟩, (22) where |x_1y_2⟩ = |x_1⟩ ⊗ |y_2⟩. From R = P S one has then P S|v^A_1 v^B_2 ⟩ = P S^{AB}_{CD}(x_1, x_2)|v^C_2 v^D_1 ⟩ = (−1)^{CD}S^{AB}_{DC} (x_1, x_2)|v^C_1 v^D_2 ⟩ = R^{AB}_{CD}(x_1, x_2)|v^C_1 v^D_2 ⟩. One finds R^{11}_{11} = A_{12}, R^{12}_{21} = 1 2 (A_{12} + B_{12}), R^{12}_{12} = 1 2 (A_{12} − B_{12})e^{ip1} , R^{12}_{43} = − 1 2 C_{12}, R^{12}_{34} = 1 2 C_{12}, R^{21}_{12} = 1 2 (A_{12} + B_{12})e^{i(p1−p2)}, R^{21}_{21} = 1 2 (A_{12} − B_{12})e^{−ip2} , R^{21}_{34} = − 1 2 C_{12}e^{−ip2} , R^{21}_{43} = 1 2 C_{12}e^{−ip2} , R^{22}_{22} = A_{12}e^{i(p1−p2)}, R^{33}_{33} = −D_{12}, R^{34}_{43} = − 1 2 (D_{12} + E_{12}), R^{34}_{34} = − 1 2 (D_{12} − E_{12}), R^{34}_{21} = 1 2 F_{12}, R^{34}_{12} = − 1 2 F_{12}e^{ip1} , R^{43}_{34} = − 1 2 (D_{12} + E_{12}), R^{43}_{43} = − 1 2 (D_{12} − E_{12}), R^{43}_{21} = − 1 2 F_{12}, R^{43}_{12} = 1 2 F_{12}e^{ip1} , R^{44}_{44} = −D_{12},

R^{13}_{13} = G_{12}, R^{13}_{31} = H_{12}, R^{14}_{14} = G_{12}, R^{14}_{41} = H_{12}, R^{23}_{23} = G_{12}e^{−ip2} , R^{23}_{32} = H_{12}e^{i(p1−p2)}, R^{24}_{24} = G_{12}e^{−ip2} , R^{24}_{42} = H_{12}e^{i(p1−p2)}, R^{31}_{13} = K_{12}, R^{31}_{31} = L_{12}, R^{41}_{14} = K_{12}, R^{41}_{41} = L_{12}, R^{32}_{23} = K_{12}, R^{32}_{32} = L_{12}e^{ip1} , R^{42}_{24} = K_{12}, R^{42}_{42} = L_{12}e^{ip1} . (23) The functions appearing are Beisert’s one, which we rewrite here for convenience after using the constraint [2]

A_{12} = x^+_2 − x^−_1 x^−_2 − x^+_1 , G_{12} = x^+_2 − x^+_1 x^−_2 − x^+_1 , H_{12} = x^+_2 − x^−_2 x^−_2 − x^+_1 , K_{12} = x^+_1 − x^−_1 x^−_2 − x^+_1 , L_{12} = x^−_2 − x^−_1 x^−_2 − x^+_1 , D_{12} = −1

B_{12} = −1 +

(x^+_2 − x^−_2 − x^+_1 + x^−_1 )(x^+_1 x^+_2 − 2x^−_1 x^+_2 + x^−_1 x^−_2 ) (x^−_2 − x^+_1 )(x^+_1 x^+_2 − x^−_1 x^−_2 ) , E_{12} = A_{12} −

(x^+_2 − x^−_2 − x^+_1 + x^−_1 )(x^+_1 x^+_2 − 2x^−_2 x^+_1 + x^−_1 x^−_2 ) (x^−_2 − x^+_1 )(x^+_1 x^+_2 − x^−_1 x^−_2 ) , C_{12} = −

2x^+_1 x^+_2 (x^+_2 − x^−_2 − x^+_1 + x^−_1 ) α(x^−_2 − x^+_1 )(x^+_1 x^+_2 − x^−_1 x^−_2 ) , F_{12} =

4αx^−_1 x^−_2 (x^+_1 − x^−_1 )(x^+_2 − x^−_2 )(x^+_2 − x^−_2 − x^+_1 + x^−_1 ) g^2(x^−_2 − x^+_1 )(x^+_1 x^+_2 − x^−_1 x^−_2 ) , e^{ipi} = x^+_i x^−_i . (24)

7 Appendix: The r-matrix r_{su(1|2)}

We use the parametrization in [6]:

x^±(x) = 1 2ζ ( x √ 1 − ζ^2 (x −^1_x )^2 ± iζ x (x −^1_x ) ) (25)

where ζ = 2π/ √ λ and g^2 =^1_{2ζ2} . We set as in the text α =^{α̃}_{2ζ} and β =^1_{2α̃ζ} , with α̃ a free parameter.

The non-zero entries of the classical r-matrix r_{su(1|2)} read

r^{11}_{11} =

2i(x^2_1 + x^2 − 2x^2_1x^2) (x_1 − x_2)(x^2_1 − 1)(x^2 − 1) , r^{12}_{21} = −

2ix_1x_2 (x_1 − x_2)(x_1x_2 − 1) , r^{12}_{12} = −

2ix_2(x^3_1 + x_2 − x_1x^2 − 2x^2_1x_2 + x^2_1x^3_2) (x_1 − x_2)(x^2_1 − 1)(x^2 − 1)(x_1x_2 − 1) , r^{12}_{43} = −r^{12}_{34} = − 2 α̃(x_1x_2 − 1) , r^{22}_{22} = −

2ix_1x_2(x^2_1 + x^2 − 2) (x_1 − x_2)(x^2_1 − 1)(x^2 − 1) , r^{33}_{33} = r^{44}_{44} = 0,

r^{34}_{43} = −r^{34}_{34} =

2ix_1x_2 (x_1 − x_2)(x_1x_2 − 1) , r^{34}_{21} = −r^{34}_{12} =

2α̃x^2_1x^2 (x^2_1 − 1)(x^2 − 1)(x_1x_2 − 1) , r^{13}_{13} = r^{13}_{31} = r^{14}_{14} = r^{14}_{41} =

2ix^2 (x_1 − x_2)(1 − x^2) , r^{23}_{23} = r^{24}_{24} =

2ix_1x_2 (x_1 − x_2)(1 − x^2) , r^{23}_{32} = r^{24}_{42} =

2ix^2 (x_1 − x_2)(1 − x^2)

, (26)

and one can obtain the other ones not displayed by using unitarity, namely

r^{AB}_{CD}(x_2, x_1) + (−)^{AB+CD}r^{BA}_{DC} (x_1, x_2) = 0, (27) which ensues from unitarity of the quantum S-matrix S_{12}S_{21} = 1.

The residue at the pole x_1 = x_2 reads r^{11}_{11} = r^{22}_{22} =

−4ix^2_1 x^2_1 − 1 , r^{12}_{21} = r^{12}_{12} = r^{34}_{34} = −r^{34}_{43} =

−2ix^2_1 x^2_1 − 1 , r^{12}_{43} = r^{12}_{34} = r^{33}_{33} = r^{34}_{21} = r^{34}_{12} = r^{44}_{44} = 0,

r^{13}_{13} = r^{13}_{31} = r^{14}_{14} = r^{14}_{41} =

−2ix^2_1 x^2_1 − 1 , r^{23}_{23} = r^{23}_{32} = r^{24}_{24} = r^{24}_{42} =

−2ix^2_1 x^2_1 − 1

(28)

and using again unitarity one can obtain the not displayed entries. In (28), r^{ij}_{kl} is an abuse of notation for the residue Res[r^{ij}_{kl}, x_1 = x_2]).

In terms of the projector decomposition (16), the residue is easily computed as^{−4ix21}_{x21−1} [P^{(0)}_{1 1} + P^{(0)}_{3 1}], where P^{(0)}_{i 1} project onto irreducible representations of su(1|2) ⊗ su(1|2) where the same representation 1 is chosen on both sides of the tensor product. This can be rewritten as r ∼ f(x_1)(1 ⊗ 1 +

∑_4 i,j=1(−) d[j]E ij ⊗ E_{ji}) x_1 − x_2

, (29)

where E_{ij} are the (2|2) coordinate-matrices with all zeroes up to a 1 in the entry (i, j), and f(x_1) = −^{2ix21}_{x21−1} .

There is a standard way of changing variables in order to reduce the residue at the pole to a constant matrix [24]. We notice that this trick works in the simple Lie algebra case, and for r-matrices of difference-form, therefore it is not a priori guaranteed that one can apply it in the present case as well. This is due to the particular form of the residue (29), and it may signify some important features of this r-matrix.

Suppose the behaviour in the vicinity of the pole is r ∼^{f(x1)t}_{x1−x2} , with t a constant matrix, and f(x_1) ≠ 0. Then, one can easily verify that changing variables x = x(y) in such a way that x^′(y) = f(x(y)), allows to reduce the function f to 1. In our case we have the following differential equation:

x^′(y) = − 2ix(y)^2 x(y)^2 − 1

, (30)

which is solved by x(y) =^1_2 (−2iy + c ± √ c^2 − 4icy − 4y^2 − 4), c being an integration constant.

References

[1] J. A. Minahan and K. Zarembo, “The Bethe-ansatz for N = 4 super Yang-Mills,” JHEP 0303 (2003) 013 [arXiv:hep-th/0212208].

N. Beisert, C. Kristjansen and M. Staudacher, “The dilatation operator of N = 4 super Yang-Mills theory,” Nucl. Phys. B 664 (2003) 131 [arXiv:hep-th/0303060]. S. Frolov and A. A. Tseytlin, “Multi-spin string solutions in AdS(5) x S**5,” Nucl. Phys. B 668 (2003) 77 [arXiv:hep-th/0304255].

I. Bena, J. Polchinski and R. Roiban, “Hidden symmetries of the AdS(5) x S**5 superstring,” Phys. Rev. D 69 (2004) 046002 [arXiv:hep-th/0305116].

N. Beisert, “The complete one-loop dilatation operator of N = 4 super Yang-Mills theory,” Nucl. Phys. B 676 (2004) 3 [arXiv:hep-th/0307015].

C. G. Callan, H. K. Lee, T. McLoughlin, J. H. Schwarz, I. J. Swanson and X. Wu, “Quantizing string theory in AdS(5) x S**5: Beyond the pp-wave,” Nucl. Phys. B 673 (2003) 3 [arXiv:hep-th/0307032].

N. Beisert and M. Staudacher, “The N = 4 SYM integrable super spin chain,” Nucl. Phys. B 670 (2003) 439 [arXiv:hep-th/0307042].

G. Arutyunov, S. Frolov, J. Russo and A. A. Tseytlin, “Spinning strings in AdS(5) x S**5 and integrable systems,” Nucl. Phys. B 671 (2003) 3 [arXiv:hep-th/0307191]. N. Beisert, “The su(2|3) dynamic spin chain,” Nucl. Phys. B 682 (2004) 487 [arXiv:hepth/0310252].

G. Arutyunov, J. Russo and A. A. Tseytlin, “Spinning strings in AdS(5) x S**5: New integrable system relations,” Phys. Rev. D 69 (2004) 086009 [arXiv:hep-th/0311004]. A. A. Tseytlin, “Spinning strings and AdS/CFT duality,” arXiv:hep-th/0311139. D. Serban and M. Staudacher, “Planar N = 4 gauge theory and the Inozemtsev long range spin chain,” JHEP 0406 (2004) 001 [arXiv:hep-th/0401057].

V. A. Kazakov, A. Marshakov, J. A. Minahan and K. Zarembo, “Classical / quantum integrability in AdS/CFT,” JHEP 0405 (2004) 024 [arXiv:hep-th/0402207]. C. G. Callan, T. McLoughlin and I. J. Swanson, “Holography beyond the Penrose limit,” Nucl. Phys. B 694 (2004) 115 [arXiv:hep-th/0404007].

N. Beisert, V. Dippel and M. Staudacher, “A novel long range spin chain and planar N = 4 super Yang-Mills,” JHEP 0407 (2004) 075 [arXiv:hep-th/0405001]. C. G. Callan, T. McLoughlin and I. J. Swanson, “Higher impurity AdS/CFT correspondence in the near-BMN limit,” Nucl. Phys. B 700 (2004) 271 [arXiv:hep-th/0405153]. N. Beisert, “The dilatation operator of N = 4 super Yang-Mills theory and integrability,” Phys. Rept. 405 (2005) 1 [arXiv:hep-th/0407277].

G. Arutyunov and S. Frolov, “Integrable Hamiltonian for classical strings on AdS(5) x S**5,” JHEP 0502 (2005) 059 [arXiv:hep-th/0411089].

M. Staudacher, “The factorized S-matrix of CFT/AdS,” JHEP 0505 (2005) 054 [arXiv:hepth/0412188].

L. F. Alday, G. Arutyunov and A. A. Tseytlin, “On integrability of classical superstrings in AdS(5) x S**5,” JHEP 0507 (2005) 002 [arXiv:hep-th/0502240].

N. Beisert and M. Staudacher, “Long-range PSU(2,2|4) Bethe ansaetze for gauge theory and strings,” Nucl. Phys. B 727 (2005) 1 [arXiv:hep-th/0504190].

S. Frolov, J. Plefka and M. Zamaklar, “The AdS(5) x S**5 superstring in light-cone gauge and its Bethe equations,” arXiv:hep-th/0603008.

T. Klose and K. Zarembo, “Bethe ansatz in stringy sigma models,” J. Stat. Mech. 0605 (2006) P006 [arXiv:hep-th/0603039]

G. Arutyunov, S. Frolov, J. Plefka and M. Zamaklar, “The off-shell symmetry algebra of the light-cone AdS(5) x S**5 superstring,” arXiv:hep-th/0609157.

[2] N. Beisert, “The su(2|2) dynamic S-matrix,” arXiv:hep-th/0511082.

[3] N. Beisert, “The Analytic Bethe Ansatz for a Chain with Centrally Extended su(2—2) Symmetry,” arXiv:nlin.si/0610017.

[4] G. Arutyunov, S. Frolov and M. Staudacher, “Bethe ansatz for quantum strings,” JHEP 0410 (2004) 016 [arXiv:hep-th/0406256].

S. Schäfer-Nameki, M. Zamaklar and K. Zarembo, “Quantum corrections to spinning strings in AdS(5) x S**5 and Bethe ansatz: A comparative study,” JHEP 0509 (2005) 051 [arXiv:hep-th/0507189].

S. Schäfer-Nameki and M. Zamaklar, “Stringy sums and corrections to the quantum string Bethe ansatz,” JHEP 0510 (2005) 044 [arXiv:hep-th/0509096].

N. Beisert and A. A. Tseytlin, “On quantum corrections to spinning strings and Bethe equations,” Phys. Lett. B 629 (2005) 102 [arXiv:hep-th/0509084].

N. Beisert and T. Klose, “Long-range gl(n) integrable spin chains and plane-wave matrix theory,” J. Stat. Mech. 0607 (2006) P006 [arXiv:hep-th/0510124].

R. Hernandez and E. Lopez, “Quantum corrections to the string Bethe ansatz,” JHEP 0607 (2006) 004 [arXiv:hep-th/0603204].

L. Freyhult and C. Kristjansen, “A universality test of the quantum string Bethe ansatz,” Phys. Lett. B 638 (2006) 258 [arXiv:hep-th/0604069].

[5] R. A. Janik, “The AdS(5) x S**5 superstring worldsheet S-matrix and crossing symmetry,” Phys. Rev. D 73 (2006) 086006 [arXiv:hep-th/0603038].

[6] G. Arutyunov and S. Frolov, “On AdS(5) x S**5 string S-matrix,” Phys. Lett. B 639 (2006) 378 [arXiv:hep-th/0604043].

[7] N. Beisert, “On the scattering phase for AdS(5) x S**5 strings,” arXiv:hep-th/0606214 N. Beisert, R. Hernandez and E. Lopez, “A crossing-symmetric phase for AdS(5) x S**5 strings,” JHEP 0611 (2006) 070 [arXiv:hep-th/0609044].

Z. Bern, M. Czakon, L. J. Dixon, D. A. Kosower and V. A. Smirnov, “The four-loop planar amplitude and cusp anomalous dimension in maximally supersymmetric Yang-Mills theory,” arXiv:hep-th/0610248.

N. Beisert, B. Eden and M. Staudacher, “Transcendentality and crossing,” arXiv:hepth/0610251.

C. Gomez and R. Hernandez, “Integrability and non-perturbative effects in the AdS/CFT correspondence,” Phys. Lett. B 644 (2007) 375 [arXiv:hep-th/0611014]. M. K. Benna, S. Benvenuti, I. R. Klebanov and A. Scardicchio, “A test of the AdS/CFT correspondence using high-spin operators,” arXiv:hep-th/0611135.

A. V. Kotikov and L. N. Lipatov, “On the highest transcendentality in N = 4 SUSY,” arXiv:hep-th/0611204.

[8] A. Agarwal, “Comments on higher loop integrability in the su(1—1) sector of N = 4 SYM:

Lessons from the su(2) sector,” arXiv:hep-th/0506095.

B. I. Zwiebel, “Yangian symmetry at two-loops for the su(2—1) sector of N = 4 SYM,” arXiv:hep-th/0610283.

[9] J. Maldacena and I. Swanson, “Connecting giant magnons to the pp-wave: An interpolating limit of AdS(5) x S**5,” arXiv:hep-th/0612079.

[10] G. Arutyunov, S. Frolov and M. Zamaklar, “The Zamolodchikov-Faddeev algebra for AdS(5) x S**5 superstring,” arXiv:hep-th/0612229.

[11] C. Gomez and R. Hernandez, “Quantum deformed magnon kinematics,” arXiv:hepth/0701200.

C. A. S. Young, “q-deformed supersymmetry and dynamic magnon representations,” arXiv:0704.2069 [hep-th].

[12] C. Gomez and R. Hernandez, “The magnon kinematics of the AdS/CFT correspondence,” JHEP 0611 (2006) 021 [arXiv:hep-th/0608029].

[13] J. Plefka, F. Spill and A. Torrielli, “On the Hopf algebra structure of the AdS/CFT Smatrix,” Phys. Rev. D 74 (2006) 066008 [arXiv:hep-th/0608038].

[14] A. A. Belavin and V. G. Drinfeld, “Solutions of the classical Yang-Baxter equation for simple Lie algebras”, Funct. Anal. Appl. 16 (1982), 159 A. A. Belavin and V. G. Drinfeld, “Triangle equation for simple Lie algebras”, Mathematical Physics Reviews (ed. Novikov at al.) Harwood, New York (1984), 93 V. G. Drinfeld, “Quantum groups” Proc. of the International Congress of Mathematicians, Berkeley, 1986, American Mathematical Society, 1987, 798

[15] P. Etingof and O. Schiffman, “Lectures on Quantum Groups,” Lectures in Mathematical Physics, International Press, Boston, 1998

[16] D. A Leites and V. V. Serganova, “Solutions of the classical Yang-Baxter equation for simple superalgebras,” Theor. Math. Phys. 58 (1984) 16

[17] R. B. Zhang, M. D. Gould and A. J. Bracken, “Solutions of the graded classical Yang-Baxter equation and integrable models,” J. Phys. A: Math. Gen. 24 (1991) 1185 G. Karaali, “Constructing r-matrices on simple Lie superalgebras,” J. Algebra 282 (2004) 83 [arXiv:math.QA/0303246] G. Karaali, “A New Lie Bialgebra Structure on sl(2,1),” Contemp. Math.413 (2006) 101 [arXiv:math.RA/0410473]

[18] A. J. Bracken, M. D. Gould, Y. Z. Zhang and G. W. Delius, “Solutions of the quantum Yang-Baxter equation with extra nonadditive parameters,” J. Phys. A 27 (1994) 6551 [arXiv:hep-th/9405138].

J. Links, “A construction for R-matrices without difference property in the spectral parameter,” Phys. Lett. A 265 (2000) 194-206 [arXiv:solv-int/9907010]

[19] T. Klose, T. McLoughlin, R. Roiban and K. Zarembo, “Worldsheet scattering in AdS(5) x S**5,” arXiv:hep-th/0611169.

[20] F. Spill, Diploma Thesis, Humboldt University of Berlin, 2007 [21] N. Beisert, “The S-Matrix of AdS/CFT and Yangian Symmetry,” arXiv:0704.0400 [nlin.SI]. [22] D. M. Hofman and J. M. Maldacena, “Giant magnons,” J. Phys. A 39 (2006) 13095 [arXiv:hep-th/0604135].

N. Dorey, “Magnon bound states and the AdS/CFT correspondence,” J. Phys. A 39 (2006) 13119 [arXiv:hep-th/0604175].

H. Y. Chen, N. Dorey and K. Okamura, “Dyonic giant magnons,” JHEP 0609 (2006) 024 [arXiv:hep-th/0605155].

H. Y. Chen, N. Dorey and K. Okamura, “On the scattering of magnon boundstates,” JHEP 0611 (2006) 035 [arXiv:hep-th/0608047].

R. Roiban, “Magnon bound-state scattering in gauge and string theory,” arXiv:hepth/0608049.

H. Y. Chen, N. Dorey and K. Okamura, “The asymptotic spectrum of the N = 4 super Yang-Mills spin chain,” arXiv:hep-th/0610295.

J. Maldacena and I. Swanson, “Connecting giant magnons to the pp-wave: An interpolating limit of AdS(5) x S**5,” arXiv:hep-th/0612079.

N. Dorey, D. M. Hofman and J. Maldacena, “On the singularities of the magnon S-matrix,” arXiv:hep-th/0703104.

[23] D. Berenstein, J. M. Maldacena and H. Nastase, “Strings in flat space and pp waves from N = 4 super Yang Mills,” JHEP 0204 (2002) 013 [arXiv:hep-th/0202021].

[24] A. A. Belavin and V. G. Drinfeld, “Classical Yang-Baxter equation for simple Lie algebras”, Funct. Anal. Appl. 17 (1983), 220