arXiv:hep-th/0702065v2 8 Mar 2007

Geometrical dynamics of Born-Infeld objects

Ruben Cordero†, Alberto Molgado‡ and Efrain Rojas§

† Departamento de Física, Escuela Superior de Física y Matemáticas del I.P.N., Unidad Adolfo López Mateos, Edificio 9, 07738 México, D.F., MEXICO ‡ Facultad de Ciencias, Universidad de Colima, Bernal Díaz del Castillo 340, Col. Villas San Sebastián, Colima, MEXICO § Facultad de Física e Inteligencia Artificial, Universidad Veracruzana, 91000 Xalapa, Veracruz, MEXICO

E-mail: cordero@esfm.ipn.mx, albertom@ucol.mx, efrojas@uv.mx

Abstract. We present a geometrical inspired study of the dynamics of Dp-branes. We focus on the usual nonpolynomial Dirac-Born-Infeld action for the worldvolume swept out by the brane in its evolution in general background spacetimes. We emphasize the form of the resulting equations of motion which are quite simple and resemble Newton’s second law, complemented with a conservation law for a worldvolume bicurrent. We take a closer look at the classical Hamiltonian analysis which is supported by the ADM framework of general relativity. The constraints and their algebra are identified as well as the geometrical role they play in phase space. In order to illustrate our results, we review the dynamics of a D1-brane immersed in a AdS_3 ×S^3 background spacetime. We exhibit the mechanical properties of Born-Infeld objects paving the way to a consistent quantum formulation.

Submitted to: Class. Quantum Grav.

PACS numbers: 11.10.Ef,11.25.Uv, 46.70.Hg

1. Introduction

Nowadays M/string theory still is the best candidate to unify all fundamental interactions. Its non-perturbative approach has revealed certain important higher dimensional extended objects known as Dp-branes. These objects are defined as hypersurfaces in spacetime onto which open strings can attach, and Dirichlet boundary conditions are chosen for them [1, 2, 3]. Since its discovery, a lot of effort has been devoted to the study of Dp-branes due to the key role they have played in the understanding of physics at the tiniest scales. Dp-branes are enlightening when nonperturbative properties of superstring theory and M-theory are studied [3]. They are also relevant in the quantum description of black holes [4, 5] and the geometric nature of spacetime [6]. Besides, they bring insights into new scenarios for cosmological theories of

DBI 2

our entire universe [7, 8, 9]. There are, in addition, some other remarkable contributions in high-energy physics provided by Dp-branes (see [6, 10], and references therein).

The Dirac-Born-Infeld (DBI) action has been proposed as an elegant effective action governing the dynamics of Dp-branes at low energy scales [3, 6]. Originally, Born-Infeld (BI) theory arose to overcome the infinity problem associated with the self-energy of a point charge source in the classical Maxwell theory [11, 12]. The simplest DBI Lagrangian in the realm of string theory is based on the introduction of a U(1) gauge field propagating on the worldvolume swept out by an extended object coupled to the inherent geometry of the worldvolume. It is one of the simplest nonpolynomial Lagrangians invariant under reparametrizations of the worldvolume. In fact, the DBI action is the natural generalization of the Dirac-Nambu-Goto (DNG) action which describes minimal surfaces but now involving a gauge field on the worldvolume.

In this paper we aim to perform a Lagrangian and a Hamiltonian geometrical study of the DBI action. We obtain a geometrical interpretation of the mechanical properties of Dp-branes which constitutes the mathematical backbone of the paper. The variational process of the DBI action leads to second order equations of motion that are complemented with a conservation law associated to the energy-momentum, on one side, and Maxwell’s equations arising from the conservation of a bicurrent defined on the worldvolume, on the other. The equations of motion associated to the coordinates are simply the contraction of the worldvolume stress tensor with the extrinsic curvature equated to an external force. This can be interpreted as a generalized Newton’s second law. The corresponding conserved momentum is constructed with two terms: the kinetic momentum and the interaction of the Dp-brane with a Neveu-Schwarz (NS) field. This result generalizes the conserved momentum for a point particle interacting with an electromagnetic field. As we will see, the source of the currents and external forces mentioned above resides in the presence of the antisymmetric NS field. We presume that the geometrical language is more convenient for the general covariant analysis of Dp-branes.

Even though there are good studies on the DBI action we are convinced that some special issues need a careful analysis. We feel unpleasant with other approaches where sometimes the simplification of the original action by means of auxiliary variables leads to an associated murky geometrical content. These alternative ways to study the DBI action are based on the introduction of nondynamical auxiliary fields where the resulting action is nondeterminantal and adquires a linear dependence on the derivatives of the fields. The obtained simplification by means of this method is useful for certain type of calculations but nevertheless it conceals the study of inherent geometric properties of the theory. Excellent studies dealing with this approach exist in the literature (see [13, 14, 15], for example). Furthermore, at the Hamiltonian level, these approaches start by considering an equivalent DBI action where square root terms are avoided in the Lagrangian, leading to a lenghty canonical formulation where a plethora of constraints emerge, hiding the geometrical structure of the system and making mechanical interpretation unclear.

DBI 3

A different approach, which we will follow here, is to consider the original square root DBI Lagrangian density and to derive the physical content by appealing basic notions in differential geometry. Our approach does not confront other existent Hamiltonian approaches for the DBI action but, on the contrary, it clarifies more the geometrical role of the constraints and elucidates the geometrical nature of the momenta. Though for simplicity we shall restrict our description to U(1) gauge fields living on the worldvolume, we believe that the inclusion of other fields, does not change considerably the structure of our approach. Moreover, since our approach consider general backgrounds, we believe that our geometrical Hamiltonian analysis is useful to study the dynamics of other physically interesting objects like supertubes, for example [16, 17]. For the sake of simplicity we assume in this paper that the Dpbranes have not spatial boundaries or that the physical fields fall off appropriately at large distances.

The rest of the paper is organized as follows. In section 2 we write the DBI action and we obtain the equations of motion in terms of the worldvolume stress tensor, a covariant worldvolume bicurrent and conserved quantities. In section 3 we take advantage of the ADM formulation of General Relativity (GR) in order to decompose the trajectory of the Dp-brane in a similar fashion. Section 4 is devoted to develop the Hamiltonian analysis of the theory identifying the constraints and their role in phase space. We also find the algebra of the constraints. In section 5 we write Hamilton’s equations of motion in terms of the geometrical quantities described before. We put our machinery at work by considering an unambiguous example in section 6 in an anti-deSitter background previously analysed using a different approach in [18, 19]. Section 7 presents some concluding remarks and some perspectives on the quantum approach. Finally, in Appendix A we specialize our results to the D1-brane and D2- brane general cases, explicitly showing the form of the worldvolume conserved quantities, and Appendix B collects some mathematical identities used in the main text.

2. DBI action

Consider a Dp-brane, Σ, of dimension p evolving in a N-dimensional background spacetime endowed with an arbitrary metric G_{μν} (μ, ν = 0, 1, 2, . . . , N − 1). The trajectory, or worldvolume, m, swept out by Σ is an oriented timelike manifold of dimension p + 1, described by the embedding functions x^μ = X^μ(ξ^a) where x^μ are local coordinates of the background spacetime, ξ^a are local coordinates of m, and X^μ are the embedding functions (a, b = 0, 1, 2, . . . , p). The metric induced on the worldvolume from the background is given by g_{ab} = G_{μν} X^μ_aX^ν_b := X_a · X_b with X^μ_a = ∂_aX^μ = ∂X^μ/∂ξ^a being tangent vectors to m.

In this framework we introduce N − p − 1 normal vectors to the worldvolume, denoted by n^μ_i (i = 1, 2, . . . , N − p − 1). These are defined implicitly by n · X_a = 0 and we choose to normalize them as n_i · n_j = δ_{ij} . We will adopt index-free notation when convenient in order to avoid a cumbersome description.

DBI 4

The celebrated effective nonpolynomial DBI action that controls the low energy dynamics of Dp-branes is

S_{DBI}[X^μ, A_a] = β_p ∫ m d^{p+1}ξ √ −det(g_{ab} + F_{ab}) , (1)

where β_p is the tension of the Dp-brane†, F_{ab} = αF_{ab} + B_{ab} with F_{ab} = 2∂_{[a}A_{b]} being the electromagnetic field strength associated to a U(1) gauge field A_a living on m and B_{ab} = B_{μν} X^μ_aX^ν_b is the pullback to the worldvolume of the NS 2-form B_{μν} ; here α is the BI parameter related to the inverse tension of fundamental strings‡. The configuration space C is spanned by {X^μ, A_a}, that is, we have N + p + 1 configuration degrees of freedom per point on the worldvolume. We are restricting ourselves to consider gauge fields A_a living on the worldvolume only. Different BI-like theories exist that consider the housing of other gauge fields [20]. In particular, the DBI action (1) is invariant under worldvolume reparametrizations.§ Further, the action is invariant under a NS gauge transformation B_{ab} → B_{ab} − 2∂_{[a}λ_{b]} if we shift the U(1) field A_a → A_a + α^{−1}λ_a where λ_a is a 1−form; in other words, F_{ab} is the gauge invariant quantity in the presence of NS background field and not the electromagnetic field tensor F_{ab}. For the sake of simplicity throughout the paper we will introduce the following notation: M_{ab} := g_{ab} + F_{ab} is the composite matrix, while (M^{−1})^{ab} denotes its inverse and M := det(M_{ab}). Henceforth, as a further notational simplification, we will omit the differential symbols, d^{p+1}ξ or d^pu, wherever a worldvolume or space integration is performed.

Under an infinitesimal deformation of the embedding functions X → X + δX as well as A → A + δA, the first variation of the action (1) casts out the equations of motion associated to the configuration space C [19, 22], − ∇_a { β_p √ −M √ −g [ (M^{−1})^{(ab)}G_{μν} − (M^{−1})^{[ab]}B_{μν} ] X^ν_b }

+ β_p 2 √ −M √ −g [ (M^{−1})^{(ab)}∂_μG_{αν} − (M^{−1})^{[ab]}∂_μB_{αν} ] X^α_aX^ν_b = 0 , (2) ∇_a [ −αβ_p √ −M √ −g (M^{−1})^{[ab]} ] = 0 , (3)

where ∇_a is the covariant derivative associated with g_{ab} and (M^{−1})^{(ab)} and (M^{−1})^{[ab]} denote the symmetric and the antisymmetric parts of the matrix (M^{−1}), respectively. Note that we have N + p + 1 equations of motion, some of them being simple identities whose origin is related to the invariance under reparametrizations of the worldvolume.

It is convenient to compute the worldvolume stress-energy tensor defined by T^{ab} :=^{2√}_{−g}^{δSDBI}_{δgab} , and the worldvolume covariant bicurrent defined by J^{ab} :=^{2√}_{−g}^{δSDBI}_{δFab}

† The explicit form of the Dp-brane tension is given by β_p = 2π/[g_f (2π √ α^′)^{p+1}], where α^′ is the inverse of the fundamental string tension and g_f is the string coupling.

‡ To enrich the content of the work, the parameter α = 2πα^′ can be thought of as a parameter included in order to gain control over the theory.

§ Some consequences of this reparametrization invariance are studied in [21], where quadratic terms under the square root of the Lagrangian are studied.

DBI 5

(see [23]). We obtain the general expressions T^{ab} = β_p √ −M √ −g (M^{−1})^{(ab)} , (4) J^{ab} = − αβ_p √ −M √ −g (M^{−1})^{[ab]} . (5)

Despite the definition of the worldvolume bicurrent, (5) establishes a nonlinear relation between J^{ab} and F^{ab} as we shall see below. In fact, (5) denotes the covariant form of the electric induction on the worldvolume [23]. A well known relation exists between the physical tensors T^{ab} and J^{ab} which was introduced since the foundation of the BI theory. It can be obtained easily mixing the expressions defining the Eqs. (4) and (5) as well as the identity (B.4),

T^a_c = (−g)^{−1/2}L δ^a_c − α^{−1}J^{ba}F_{bc} . (6)

Taking into account (4) and (5) we can rewrite the equations of motion (2) and (3) in terms of the tensors T^{ab} and J^{ab} as ∇_a [( T^{ab}G_{μν} + α^{−1}J^{ab}B_{μν} ) X^ν_b ] − 1 2 ( T^{ab}∂_μG_{αν} + α^{−1}J^{ab}∂_μB_{αν} ) X^α_aX^ν_b = 0 , (7)

∇_aJ^{ab} = 0 . (8)

From the relation (6) and with the help of the conservation of the bicurrent J^{ab}, it is straightforward to show that the metric stress tensor T^{ab} is also conserved,

∇_aT^{ab} = 0 . (9)

Now, based on this result and with the help of the Gauss-Weingarten equations ∇_aX^μ_b = −Γ^μ_{αβ} X^α_aX^β_b − K^i_{ab}n^μ_i, where Γ^μ_{αβ} are the Christoffel symbols associated to G_{μν} , the equations of motion (7) take the form − T^{ab}K^i_{ab}G_{μν} n^ν_i + α^{−1} 1 2 J^{ab}(∂_αB_{μν} + ∂_ν B_{αμ} + ∂_μB_{να})X^α_aX^ν_b = 0 , (10)

where K^i_{ab} = −n^i · D_aX_b is the extrinsic curvature of the worldvolume and D_a = X^μ_aD_μ is the pullback to the worldvolume of the covariant derivative compatible with G_{μν} , that is, D_μ [22]. Finally, the equations of motion adquiere the geometrical simplified form

T^{ab}K^i_{ab} = F^i , (11) ∇_aJ^{ab} = 0 , (12)

where F^i = −^1_2 α^{−1}J^{ab}H_{αβμ}X^α_aX^β_bn^{μ i} with H_{αβμ} = ∂_αB_{μν} + ∂_ν B_{αμ} + ∂_μB_{να} being the NS strength 3-form field which satisfies ∂_μH^{μαβ} = 0. Note that the form of the equations of motion (11) can be interpreted as a generalization of Newton’s second law for a particle where T^{ab} plays the role of a mass, K^i_{ab} the generalization of the acceleration in higher dimensions, and F^i a force density. This form of the equations of motion was obtained in other contexts, for instance, in the case of superconducting membranes and membranes interacting with external Kalb-Ramond and U(1) fields in [24, 25, 26].

The classical trajectories of Dp-branes are governed by N − p − 1 independent equations of motion (11) of second order in the coordinates X, one for each normal.

DBI 6

The (p + 1) equations of motion (12) are associated to the U(1) gauge fields A_a. The remaining (p + 1) tangential equations (9) are satisfied identically as a consequence of the reparametrization invariance of the action S_{DBI} . As expected, the DNG equations of motion K^i = g^{ab}K^i_{ab} = 0 in the context of minimal surfaces, are recovered when we turn off the fields. We reassert that the equations of motion are a generalization of the minimal surface equations with the addition of an U(1) gauge field living on the worldvolume. With respect to the equations (12), these yield Maxwell equations either homogeneous or inhomogeneous with support on the worldvolume. Note that with this simple derivation of the dynamics, we have a proof of the conservation of both the stress-energy tensor T^{ab} and the bicurrent J^{ab}. To make our approach more concrete in Appendix A we specialize to the D1- and D2-brane general cases, where we explicitly exhibit the worldvolume conserved quantities. We expect that these cases provide us with enough intuition to understand the evolution of Dp-branes for general p.

With respect to the conserved quantities, we must assume that the background spacetime has certain symmetries. In general, the response of the action (1) under an infinitesimal deformation of the embedding functions X → X+δX as well as A → A+δA can be expressed by

δS_{DBI} = ∫ m √ −g [E_μδX^μ + E^aδA_a + ∇_aQ^a] , (13)

where E_μ and E^a are the Euler-Lagrange derivatives of the action and Q^a is the Noether charge that depends on the infinitesimal deformations δX and δA (see [27] for details). For an infinitesimal constant deformation δX^μ = ϵ^μ, and assuming that the equations of motion are satisfied, the variation of the action becomes

δS_{DBI} = ϵ^μ ∫ m √ −g∇_aQ^a_μ , (14) where we can set the Noether charge as

Q^a_μ = T^{ab} X^ν_bG_{μν} + 1 α J^{ab}B_{μν} X^ν_b . (15)

By using the divergence theorem, equation (14) reads

δS_{DBI} = ϵ^μ ∫ ∂m √ hη_aQ^a_μ = ϵ^μ ∫ Σ_f √ hη_aQ^a_μ − ϵ^μ ∫ Σ_i √ hη_aQ^a_μ , (16)

where the integrals are evaluated on the spacelike hypersurface Σ at initial and final times. The spacelike hypersurface Σ seen as embedded in m, has a timelike normal vector η_a and the determinant of its induced metric is h (see below). If the action is invariant under δX^μ = ϵ^μ we have the constant of motion (because Σ_f and Σ_i are arbitrary),

P_μ = ∫ Σ √ hη_a(T^{ab} X^ν_bG_{μν} + 1 α J^{ab}B_{μν} X^ν_b) . (17)

This result is pretty nice since it generalizes the conserved momentum for a relativistic particle interacting with an electromagnetic field. In our case the first term represents

DBI 7

the kinetic momentum and the second one is the coupling between the Dp-brane and the NS field.

If we have a static background, the action is invariant under time translations and the corresponding conserved quantity will be the energy of the Dp-brane moving in the background spacetime

P_0 = ∫ Σ √ hη_a(T^{ab} X^ν_bG_{0ν} + 1 α J^{ab}B_{0ν} X^ν_b) . (18)

One can further note immediately from equation (7) that in the case of a static background the energy density ε_p of a Dp-brane is conserved, ∂_tε_p = 0, where

ε_p = √ −g(T^{ta}G_{0μ} + α^{−1}J^{ta}B_{0μ})X^μ_a . (19)

In a similar fashion, for a gauge transformation δA = ∂Λ the corresponding Noether charge is

Π^a = √ −gJ^{ab}∂_bΛ . (20) The condition δS_{DBI} = 0 for an action invariant under translations as well as gauge transformations of the kind δA = ∂Λ imposes the Euler-Lagrange derivatives as

E^μ = −∇_aQ^{a μ} , (21) and E = −∇_aΠ^a = √ −gE^a∂_aΛ . (22)

In other words, the equations of motion can be restated in terms of the conservation of the tensors Q^{a μ} and Π^a.

3. ADM decomposition

We shall consider that the worldvolume m is generated by the evolution of Σ in a parameter t. The Dp-brane Σ is described locally by the embedding x^μ = X^μ(t, u^A) at fixed t, where u^A are local coordinates on Σ, (A, B = 1, 2, . . . , p). The parameter t keeps track of the evolution of Σ. Imitating the ADM procedure of GR [28], the flow of time throughout the worldvolume m is represented by means of a time vector field Ẋ μ = ∂_tX μ. This is a tangent vector to m which is expanded conveniently with respect to the basis {η^μ, X^μ_A} of tangent vectors to the worldvolume living in Σ, that is, Ẋ = Nη + N^AX_A , (23)

where N and N^A are denoted as the lapse function and the shift vector respectively, as in GR. In this decomposition X^μ_A = ∂_AX^μ = ∂X^μ/∂u^A are the p tangent vectors to Σ and η^μ stands for a unit timelike normal vector to Σ.

Similarly as in section 2, we can consider the embedding of Σ in the worldvolume m, by means of ξ^a = X^a(u^A), where X^a are embedding functions also. The metric induced on Σ is h_{AB} = g_{ab}X^a_AX^b_B = G_{μν} X^μ_AX^ν_B with X^a_A being tangent vectors to Σ at fixed t, and η^a is a timelike unit vector to Σ. The worldvolume vectors {η^a, X^a_A}

DBI 8

form a basis‖ for the worldvolume m adapted to Σ. Both embedddings (x^μ = X^μ(ξ^a) and ξ^a = X^a(u^A) ) are related by composition [29].

The idea is to break up the non-symmetric composite matrix, M_{ab} := g_{ab} + F_{ab}, in its “temporal” and “spatial” components. We know how to do it for the case of g_{ab} by means of the ADM decomposition [28, 29]. In the same spirit, the standard ADM framework of GR will be adapted to M_{ab}. So, first note the following, Ẋ^aẊ^bF_{ab} = 0 , (24) Ẋ^aX^b_AF_{ab} = α ( Ȧ_A − D_AA_0 ) + B_{0A} := −αE_A + B_{0A} , (25)

X^a_AX^b_B F_{ab} = F_{AB} = −F_{BA} . (26)

where we have defined A_0 = A_aẊ^a and A_A = A_aX^a_A, and B_{0A} = Ẋ^aX^b_AB_{ab}. By D_A we denote the covariant derivative compatible with h_{AB} . Of course, at this moment, as in ordinary Maxwell theory, we could introduce the electric intensity E and the magnetic induction B by means of E_A = F_{A0} and B^A =^1_2 ϵ^{ABC} F_{BC} .

Supported in the coordinate basis { Ẋ, X_A } , the composite matrix M_{ab} adquires its ADM form

(M_{ab}) = ( (−N^2 + N^AN^B h_{AB}) (N^C M_{CB} + F_B) (N^DM_{AD} − F_A) M_{AB} ) , (27)

where we have introduced the quantity

F_A := Nη^aX^b_AF_{ab} , (28)

for short in the notation. The tangent-tangent projection of the composite matrix M_{ab} is given by M_{AB} = h_{AB} + F_{AB}. The reciprocal matrix (M^{−1})^{ab} is explicitly given by

(M^{−1})^{ab} = (_{−1} N^2−F_A(M^{−1})^{AB} F_B

N^B +(M^{−1})^{CB} F_C N^2−F_A(M^{−1})^{AB} F_B N^A+(M^{−1})^{CA}F_C N^2−F_A(M^{−1})^{AB} F_B

(M^{−1})^{AB} −[N^A+(M^{−1})^{CA}F_C ][N^B +(M^{−1})^{DB} F_D ] N^2−F_A(M^{−1})^{AB} F_B ) . (29)

From matrices (27) and (29) we can straightforward recover the usual ADM decomposition for DNG extended objects by considering a null electromagnetic field (α = 0) and null NS fields and hence M_{AB} = h_{AB}, [29, 30].

Note that the following identities hold

N = −G_{μν} η^μ Ẋ^ν and N^A = h^{AB} G_{μν}Ẋ^μ X^ν_B , (30)

which shows the explicit dependence of the lapse function and the shift vector on the velocity vector (23), as opposed to the situation in GR.

To calculate the determinant appearing in the action (1), we shall consider the useful identity for determinants (see Appendix B.1)

M = det(M_{ab}) = det(M_{AB} )[M_{00} − M_{0A}(M^{−1})^{AB} M_{B0}] , (31)

‖ This basis satisfies the completeness relation

h^{AB} X^a_AX^b_B = g^{ab} + η^aη^b = g^{ab} + N^{−2}(Ẋ^a − N^AX^a_A)(Ẋ^b − N^B X^b_B ) .

DBI 9

where (M^{−1})^{AB} is the inverse matrix of M_{AB} . We assume the relations (M^{−1})^{BC} M_{CA} = M_{AC} (M^{−1})^{CB} = δ_A^B to hold. We also define the following quantities that will be useful throughout M := det(M_{AB} ) , (32) Δ := M_{00} − M_{0A}(M^{−1})^{AB} M_{B0} . (33) In terms of these quantities the Lagrangian density turns into L = β_p √ −M Δ . (34) Taking into account the components of (27), the cofactor (33) can be written in a more convenient form as Δ = −N^2 + (M^{−1})^{AB}F_AF_B . (35) The computation of the conjugated momenta to the configuration space C is now straightforward from the expressions (34) and (35)

P_μ := ∂L ∂Ẋ^μ = β_p (−M) √ −M [ Nη_μ + ( M^{−1} )_{[BA]} F_A X_{μ B} ] + 1 α π^AB_{μν} X^ν_A,(36)

π^A := ∂L ∂Ȧ_A = β_pα (−M) √ −M [( M^{−1} )_{(AB)} F_B ] , (37)

π^0 := ∂L ∂Ȧ_0 = 0 . (38)

The origin of the latter equation is because there is no term corresponding to time derivative of A_0 in the action. The momenta are densities of weight one as usual in any field theory. Unlike the Maxwell field theory, in the DBI case the canonically conjugated momenta π^B to the potential A_B are only proportional to the electric field E_A through the combination F_A defined in (28).

4. Hamiltonian approach

The recipe to get the Hamiltonian description of a constrained field theory is first to obtain the canonical Hamiltonian by means of a Legendre transformation with respect to Ẋ^μ and Ȧ_a, hence we have H_0[X, P ; A, π] = ∫ Σ ( P · Ẋ + π^aȦ_a ) − L[X, Ẋ, A, Ȧ] , (39) where L[X, Ẋ, A, Ȧ] is the DBI Lagrangian functional. We are dealing with an action invariant under worldvolume reparametrizations and gauge transformations. As is well known, at the Hamiltonian level, this implies the existence of constraints.

4.1. Constraints

From the definitions of the canonical momenta, we identify the primary constraints by contracting first (36) with P and X_A and then (37) with π^A and F_{AB} , obtaining C := G^{μν} ( P_μ − 1 α B_{μα}π^α ) ( P_ν − 1 α B_{νβ}π^β ) + 1 α^2 π^Aπ^B h_{AB} + β^2_p M ≃ 0 , (40)

DBI 10

C_A := ( P_μ − 1 α B_{μα}π^α ) X^μ_A + 1 α π^BF_{AB} ≃ 0 , (41)

C_0 := π^0 ≃ 0 , (42) where π^μ := π^AX^μ_A is the pushforward of the canonical momenta conjugated to A_A. Constraints (40) and (41) correspond to (p + 1) diffeomorphisms and (42) corresponds to the U(1) symmetry. In fact, the constraint (40) generates diffeomorphisms out of Σ onto the worldvolume and (41) generates the diffeomorphisms tangential to Σ. We have in number (p+2) primary constraints. To obtain them we have used the identities (B.4) and (B.5) of Appendix B.2.

Furthermore, the canonical Hamiltonian density vanishes due to the invariance under reparametrizations of the worldvolume H_0 = P · Ẋ + π^aȦ_a − L = 0 . (43) According to the Dirac-Bergmann analysis for constrained systems [31], we need to evolve in time the phase space functions of the theory by means of a total Hamiltonian constructed from the canonical Hamiltonian and the primary constraints of the theory. Therefore the Hamiltonian that generates evolution is H = S_λ + V_{⃗λ} + T_Λ , (44) where

S_λ := ∫ Σ λ [ G^{μν} ( P_μ − 1 α B_{μσ}π^σ ) ( P_ν − 1 α B_{νρ}π^ρ ) + 1 α^2 π^Aπ^B h_{AB} + β^2_p M ] , (45)

V_{⃗λ} := ∫ Σ λ^A [( P_μ − 1 α B_{μσ} π^σ ) X^μ_A + 1 α π^B F_{AB} ] , (46)

T_Λ := ∫ Σ Λ π^0 . (47)

Here we have smeared out (40), (41) and (42) by test fields λ, λ^A and Λ in order to get phase space constraint functions. It is worthy of notice that λ is a test field with weight minus one because the constraint (40) is of weight two.

Note that the appearance of the combination Q_μ := P_μ −^1_α B_{μν} π^ν in both the scalar (40) and vector (41) constraints plead to use a minimal prescription to incorporate the variable Q as a natural momentum for the theory. However, a description of the Hamiltonian theory in terms of the momentum Q makes unclear, to our purposes, the algebraic properties of the system since it brings along extra secondary constraints where terms proportional to the B field and its derivatives emerge. As we are interested in understanding the algebra of the constraints, as well as the Hamiltonian equations of motion, from now on we will only consider an everywhere vanishing B field, and hence Q is reduced to P .

It is worthy to mention that the geometrical nature of the momenta P help us to visualize another implicit scalar relation in the set (40)-(42). From the definition of P note that P · π = 0 , (48)

DBI 11

which encodes a privileged direction on the worldvolume where the dynamics can take place. This relation can lead to introduce another set of constraints in analogy to Virasoro constraints in string theory [32].

4.2. Poisson algebra

Let F and G be two phase space functionals. The Poisson bracket of these two functionals is defined as {F, G} := ∫ Σ ( δF δX · δG δP + δF δA_a δG δπ^a − δF δP · δG δX − δF δπ^a δG δA_a ) . (49)

Hence the phase space is endowed with a symplectic structure that in terms of its basis reads (at equal times) {X^μ(t, u), P_ν(t, u^′)} = δ^μ_ν δ^{(p)}(u, u^′) , {A_a(t, u), π^b(t, u^′)} = δ^b_aδ^{(p)}(u, u^′) , (50) and all other Poisson brackets are vanishing.

As usual, time evolution of any phase space functional F can be written as the Poisson bracket with the total Hamiltonian (44), that is, Ḟ = {F, H}. The constraints (45)-(47) must be preserved under the evolution of the system, and hence we impose the stability conditions Ṡ_λ = {S_λ, H} ≃ 0 , (51) V̇_{⃗λ} = {V_{⃗λ}, H} ≃ 0 , (52) Ṫ_Λ = {T_Λ, H} ≃ 0 . (53)

Conditions (51) and (52) are identically zero, while the stability condition (53) casts out the secondary constraint φ = D_Aπ^A ≃ 0, (54)

which is the well known Gauss law associated to the U(1) symmetry. In a similar way as before, we can smear out the Gauss law with a test field in order to get the phase space function

G_ϕ := ∫ Σ ϕ D_Aπ^A . (55)

No further constraints are obtained if we impose the stability condition on the constraint (55).

The Poisson brackets of the constraints (45)-(47) with respect to (50) satisfy the algebra of the constraints, {V_{⃗λ}, V_{⃗λ′} } = V_{[⃗λ, ⃗λ′]} + G_{ϕ1} , (56) {V_{⃗λ}, S_λ} = S_{L⃗λλ} + G_{ϕ2} , (57) {S_λ, S_λ′ } = V_{⃗λ∗} , (58)

DBI 12

where

ϕ_1 := λ^{′ A}λ^B F_{AB} , ϕ_2 := 2λλ^Aπ^Bh_{AB} , λ^{∗ A} := 4 [ π^Aπ^B + β^2M(M^{−1})^{(AB)} ] (λD_Bλ^′ − λ^′D_B λ) . (59)

Note that in equation (57) we have considered that λ is a scalar density of weight minus one, and hence its Lie derivative along ⃗λ is given by L_{⃗λ}λ = λ^AD_Aλ − λD_Aλ^A (see Appendix B.3). The remaining Poisson brackets vanish strongly. Therefore we have a first class constrained system that forms an open algebra since the right hand side of the Poisson brackets involves structure functions rather than structure constants.

An important feature of the Hamiltonian formalism is the exhibition of the physical degrees of freedom transparently. In the DBI case the counting of degrees of freedom will be as follows: (1/2)[2(N + p + 1) − 2(p + 3)] = N − 2, corresponding to the N + p + 1 total number of canonical variables and the p+3 number of first class constraints (40-42) and (54). Note then that the physical degrees of freedom are hence independent of the dimension of the extended object. This fact was discussed previously in [14].

Further, following the Dirac-Bergmann recipe for constrained systems, the most important classification among the constraints in a physical system is the one that separates them between first and second class. Once we have identified the first-class constraints we are able to write the extended first class Hamiltonian by

H_E = S_λ + V_{⃗λ} + T_Λ + G_ϕ . (60)

It is the extended Hamiltonian that provides the most general evolution of the fields. In the next section we will study the Hamiltonian equations of motion.

5. Hamiltonian evolution equations

In this section we will check the way in which the Hamiltonian time evolution relations reproduce the equations of motion obtained in Section 2.

We start by considering the time evolution of the X coordinates which reproduces the form of the momentum P given in (36), Ẋ = {X, H_E} = δH^E δP = 2λP + λ^AX_A , (61)

and also identifies the form of the Lagrange multipliers λ and λ^A. So, contracting with the Σ basis, we have the expressions

λ^A = N^A − α (M^{−1})^{[AB]}F_B , (62) λ = √ −M 2β_p(−M) . (63)

Once again, if we turn off the fields we are able to reproduce the expressions reported in [29, 30].

DBI 13

Similarly, time evolution of the A_A coordinates identifies the form of the momenta π^A given in (37), Ȧ_A = {A_A, H_E} = δH^E δπ^A = 2λπ_A + λ^B F_{BA} − D_Aϕ , = N^B F_{BA} + F_A − D_Aϕ , (64)

where we have introduced the Lagrange multipliers (62) and (63). In order to reproduce the equation (25) we choose the value ϕ = −A_0.

Now, the Hamiltonian equation for A_0 is

Ȧ_0 = {A_0, H_E} = δH^E δπ^0 = Λ (65)

which shows us the explicit form for the Lagrange multipliers necessary to recover the right equations of motion. Note that (64) and (25) are similar to the situation in Maxwell theory due to the U(1) symmetry. Thus, equation (65) is only a pure gauge term.

Evolution of the momenta π^A is given by

π̇^A = { π^A, H_E } = − δH_E δA_A = ∂_B ( α √ −M ( M^{−1} )_{[BA]}) + L_{⃗λ}π^A = ∂_B ( N √ hJ^{BA} ) + L_{⃗λ}π^A , (66)

where in the second line of this equation we have inserted the Lagrange multipliers (62) and (63), and we have introduced the spatial projection of the worldvolume bicurrent, that is, J^{AB} = J^{ab}X_a^AX_b^B .

The Hamilton equation for the π^0 momentum reads

π̇^0 = { π^0, H_E } = − δH_E δA_0 = 0 , (67)

showing that π^0 is a constant of the motion, as expected.

Finally, time evolution for the momenta P is given by Ṗ = {P, H_E} = −δH^E δX = ∂_A [ 2λπ^Aπ^B X_B − 2λ α M (M^{−1})^{(AB)} X_B ] + L_{⃗λ}P = ∂_A(2λπ^Aπ^B X_B) − ∂_A(N √ h T^{AB} X_B) + L_{⃗λ}P , (68)

where we have introduced the spatial projection of the stress-energy tensor, T^{AB} = T^{ab}X_a^AX_b^B .

6. D1−brane dynamics in AdS_3 × S^3

In order to illustrate the formalism developed previously, we consider a D1-brane immersed in the background spacetime ds^2 = L^2 [ − cosh^2 ρ dt^2 + dρ^2 + sinh^2 ρ dθ_1 ] + L^2 [ dθ^2 + cosh^2 θ d ~ψ^2 + sin^2 θ dθ^2 ] supported by the NS three form field H = dB = L^2 sinh(2ρ) dρ∧dθ_1 ∧dt where the Kalb-Ramond two form field is B = L^2 sinh^2 ρ dθ_1 ∧dt.

DBI 14

We assume that the worldsheet generated by the motion of the D1-brane is described by the embedding

x^μ = X^μ(t, θ_1) = (t, ρ(t), θ_1, θ, ~ψ, θ_2) . (69)

Further, we will assume that on the worldsheet lives the U(1) gauge field A_a = (A_0, A_1) = (0, A_{θ1} ) with a, b = t, θ_1. Physically, this is a D1-brane with overcritical electric fields that wraps in θ_1 direction, as discussed in [18, 19]. The components of the induced metric are given by

(g_{ab}) = L^2 ( −(cosh^2 ρ − ρ̇^2) 0 0 sinh^2 ρ ) . (70)

where we easily note that the square root of (minus) the determinant of the induced metric (70) is given by √ −g = L^2 √ cosh^2 ρ − ρ̇^2 sinh ρ. In a similar way, the non-null component of the matrix F_{ab} is given by the expression F_{tθ1} := αȦ_{θ1} − L^2 sinh^2 ρ. The elements of the composite matrix are

(M_{ab}) = ( −L^2(cosh^2 ρ − ρ̇^2) F_{tθ1} −F_{tθ1} L^2 sinh^2 ρ ) . (71)

The determinant of matrix (71) is hence given by M = g + F^2_{t θ1} . The corresponding inverse matrix of (71) is given by

(M^{−1})^{ab} = 1 M ( L^2 sinh^2 ρ −F_{tθ1}

F_{tθ1} −L^2(cosh^2 ρ − ρ̇^2) ) . (72)

It is straightforward to read both the expressions for the worldvolume stress-energy tensor and covariant bicurrent, (4) and (5), respectively (see also equations (A.3) and (A.4)) √ −g T^{ab} = − β_1L^2 √ −M ( sinh^2 ρ 0

0 −(cosh^2 ρ − ρ̇^2) ) , (73) √ −g J^{ab} = αβ_1 F_{tθ1} √ −M ( 0 −1 1 0 ) . (74)

The equation of motion (12) (which is equivalent to equation (A.6)) can be written explicitly to show that C_1 := √ −gJ^{θ1t} equals a constant, which implies that ( F_{tθ1} √ −g )_2 = C^2_1 α^2β^2_1 + C^2_1

. (75)

Equation of motion (11) is complicated to solve since it involves a second-order nonlinear differential equation, however, in our treatment this equation is reduced to (A.5) which can be easily manipulated to obtain a constant of motion associated to the energy of the D1-brane (times a 2π factor which comes from angular integration in θ_1 direction)

E :=

−G_{00}G_{22} √ C^2_1 + α^2β^2_1 − C_1B_{02} √ −g α √ −g . (76)

DBI 15

Equation (76) is in agreement with the energy computed in [19], and is equivalent to the energy density ε_1 obtained above (see (19)). It is important to mention that this energy can also be obtained directly (up to a constant term) by taking the zero-th component of the momentum P_μ obtained in the ADM decomposition (equation (36)). Note, however, that conservation of energy is guaranteed in this case due to the specific background we choose to work with, that is, a static background. In a more general background, equation of motion (7) (or its reduced form (A.5)) follows instead. In addition, we can also compute the force density F^{(1)} with the help of the constant of motion (75), and hence we find that the force density is also a constant of motion given by

F^{(1)} = −

2C_1 Lα . (77)

Recall that we are interpreting this force density as an external force acting on the D1-brane through a generalized Newton’s second law.

7. Concluding remarks

In this paper we have carried out a geometrical study of the classical DBI action. As a result of the variational process of the action we found out not only the equations of motion for a Dp-brane like a generalized Newton’s second law but also a couple of conserved quantities which we identified as the stress-energy tensor and the worldvolume covariant bicurrent associated to the worldvolume electric induction. These equations of motion are written in a compact form. We found that these equations are exactly those of DNG theory complemented with the ordinary inhomogeneous Maxwell theory, and it was shown that our results are independent of the value of both, the tension of the Dp-brane and the BI-parameter. Furthermore, our formulation allowed us to obtain the equations of motion for systems with arbitrary background spacetimes. Additionally we note that for static backgrounds we obtained the conserved energy of the Dp-brane which is a very powerful result for exploring its dynamics. We went through an specific example for a D1-brane in order to see how directly the results obtained by different approaches are reached by our geometric formulation. We saw that in our formulation the results are not only reproduced in an effortless way but also it allowed to speculate with more general backgrounds. In Appendix A we specialized our results to the simple cases of D1-branes and D2-branes. Further, we noted that the effect of the NS 2-form B_{μν} field in both cases was to produce a conserved surface current. For higher p, we expect that a similar situation occurs for Dp-branes except that higher order invariants are involved in the equations of motion as compared with the D2-brane case. Indeed, this is the case for the D3-branes, where a lengthy computation shows the emergence of the second invariant of the electromagnetic field that appears in the determinant of the composite matrix besides the inhomogeneous Maxwell equations. The geometrical study for the latter case will be considered in a separate work.

On the other hand, we implemented a geometrical Hamiltonian analysis of the DBI action based in the canonical ADM formalism of GR. This was useful to break up

DBI 16

the non-symmetric composite matrix M_{ab} into its “temporal” and “spatial” parts. We gained enough control over the decomposition to recover the usual ADM decomposition of the DNG extended objects by taking a vanishing BI-parameter. Though the composite matrix M_{ab} was written in terms of a lapse function and a shift vector, we kept our original configuration coordinates. This allowed us to identify the phase space constraints in a simple manner. We also discussed the algebra of the constraints of the theory. As expected from experience in ADM general relativity, the algebra turned out to be open with the structure functions given in a complicated way. This brings serious complications towards the study of the quantum theory of the DBI action by means of canonical methods of quantization. Strictly speaking, until now is too difficult from first principles to fully quantise the theory, but some attempts are in progress [32, 33, 34]. We hope that our geometrical approach pave the way to a consistent quantum analisys. It will be interesting to study convenient gauge conditions in order to partially overcome the difficulties with the algebra of the constraints at both classical and quantum levels. Once a gauge is specified, we expect to apply our general Hamiltonian approach in the research of the evolution of other geometrical interesting objects such as supertubes and superconducting tubes. Also, it will be important to study the physical observables of the theory once an specific gauge is chosen. This will be worked elsewhere.

Acknowledgments

We thank Plamen Bozhilov and David Fairlie for correspondence. This work was supported in part by CONACYT (Mexico) under grants C01-41639 and EP-050291. RC acknowledges partial support from COFA and to the grants EDI and SIP 20061047. ER acknowledges partial support from PROMEP 2004-2007.

Appendix A. D1- and D2-brane general cases

It is instructive to consider the simplest cases in Dp-brane theory to make the general development above transparent. Such simplest cases for which it is straightforward to explicitly construct the stress-energy-tensor and the worldvolume bicurrent are the D1-brane and the D2-brane systems.

Appendix A.1. D1-branes

In this case we have that the inverse matrix of the composite matrix M_{ab} as well as its determinant are ( M^{−1} )_{ab} = g M ( g^{ab} − F^{ab} ) , (A.1) M = g ( 1 + F^2 ) , (A.2)

where we have introduced the notation F^2 := (1/2)F_{ab}F^{ab}. It is straightforward to read both the symmetric and antisymmetric parts of the composite matrix (A.1) and

DBI 17

consequently the stress-energy tensor as well as the worldsheet covariant bicurrent are given by

T^{ab} = β_1 √ 1 + F^2 g^{ab} , (A.3)

J^{ab} = αβ_1 √ 1 + F^2

F^{ab} . (A.4)

We find that the equations of motion (11) and (12) reduce to

K^i = √ 1 + F^2 β_1

F^i , (A.5)

∇_aF^{ab} = J^b_1 , (A.6)

where we have used the relation g^{ab}∇_aF^2 = 0 from (9). Thus, in the simplest case, the resulting equations of motion seem similar to those of DNG theory with an external force complemented with the ordinary inhomogeneous Maxwell theory. Thus, the behaviour of the U(1) gauge field is similar to that ocurring on the inhomogeneous Maxwell case with the current

J^a_1 := α^{−1}∇_bB^{ab} . (A.7)

This current J^a_1 is conserved, ∇_aJ^a_1 = 0. Note that the effects of the NS field are to produce both a conserved surface current on the worldvolume and a force density F^i.

Appendix A.2. D2-branes

Now we specialize to the case of a D2-brane. This case is slightly more complicated. The inverse matrix as well as the determinant of the composite matrix M_{ab} are ( M^{−1} )_{ab} = g M {[( 1 + F^2 ) g^{ab} + F^{ac}F_c^b ] − F^{ab} } , (A.8) M = g ( 1 + F^2 ) . (A.9)

As for the D1-branes, it is straightforward to read both the symmetric and antisymmetric parts of the composite matrix (A.8), and we can identify both conserved stress-energy tensor and the physical tensor J^{ab},

T^{ab} = β_2 √ 1 + F^2 [ (1 + F^2)g^{ab} + F^{ac}F_c^b ] , (A.10)

J^{ab} = αβ_2 √ 1 + F^2

F^{ab} . (A.11)

On one side, we find that for this case the equations of motion (11) and (12) become

K^i = 1 β_2 √ 1 + F^2

(F^i − F^i) , (A.12)

∇_aF^{ab} = J^b_2 , (A.13)

where we have defined F^i := β_2(1 + F^2)^{−1/2}F^a_bF^b_cK_a^{c i}, and the current density vector

J^b_2 =

(∇_aF^2) F^{ab} 2α(1 + F^2)

+ J^b_1 , (A.14)

DBI 18

where J^b_1 is defined analogously to (A.7) for the case of D2-branes. The current (A.14) is also conserved, and hence we have ∇_aJ^a_2 = 0. Further, equation (A.13) represents the inhomogeneous Maxwell equations supported on the worldvolume.

On the other side, we see that the conservation law (9) can be written as ∇_aΘ^{ab} = −F^{ba}(J_{2 a} − J_{1 a}) , (A.15) by defining the symmetric stress tensor Θ^{ab} :=^1_2 g^{ab}F^2 + F^{ac}F_c^b. This equation for Θ^{ab} stands for the analogous of the conservation of energy and momentum equations for electromagnetic fields interacting with sources described by the current J^a := J^a_2 − J^a_1 in the Maxwell case. In fact, the equation (A.15) is expected due to the presence of the external NS field. It is worth noticing that, contrary to the Maxwell case, the tensor Θ^{ab} has non-vanishing trace. This is a peculiarity of the non-linear electrodynamics. Further, the term F^{ba}(J_{2 a} − J_{1 a}) appearing in equation (A.15) can be recognised as a Lorentz force density [35].

Appendix B. Important mathematical identities

Appendix B.1. Determinant of a matrix

With the Levi-Civita tensor, ϵ^{a1a2···an} , in n-dimensions, we can build many invariant quantities by means of its properties as well as provide an elegant and compact way to obtain many of the relevant relations in matrix algebra. The Levi-Civita tensor is related to the totally antisymmetric pseudotensor by the relation ϵ_{a1a2···an} = √ −g ε_{a1a2···an} , (B.1) where ε_{a1a2···an} is the Levi-Civita pseudotensor which is a tensorial density of weight w = −1.

The determinant of a matrix M_{ab} can be defined in terms of the Levi-Civita pseudotensor by

M := det (M_{ab}) = 1 n! ε^{a1a2···an} ε^{b1b2···bn} M_{a1 b1} M_{a2 b2} · · · M_{an bn} , (B.2) where we assume that ε_{12···n} = 1.

The inverse matrix, for the case when M_{ab} is nonsingular, also has a representation by means of the Levi-Civita pseudotensor

(M^{−1})^{a1b1} = 1 (n − 1)! M ε^{a1a2a3···an} ε^{b1b2b3···bn} M_{b2a2} M_{b3 a3} · · · M_{bnan} . (B.3) Appendix B.2. Geometrical identities involving M_{ab}

There are powerful identities involving the inverse of the matrix M_{ab} and its worldvolume components. These are given by (M^{−1})^{(ac)}g_{cb} + (M^{−1})^{[ac]}F_{cb} = δ^a_b (B.4) (M^{−1})^{[ac]}g_{cb} + (M^{−1})^{(ac)}F_{cb} = 0. (B.5) Exist similar identities for the spatial contraparts (M^{−1})^{AB}, h_{AB} and F_{AB}.

DBI 19

Appendix B.3. Derivatives of tensor densities

The Lie derivative of an arbitrary tensor density of weight n along the direction of the field λ^A is given by L_{⃗λ}T_{A1A2...As}^{B1B2...Br} = λ^C ∂_C T_{A1A2...As}^{B1B2...Br} + (∂_{A1} λ^C )T_{CA2...As}^{B1B2...Br} + . . . − (∂_C λ^{B1} )T_{A1A2...As}^{CB2...Br} + n(∂_C λ^C )T_{A1A2...As}^{B1B2...Br} . (B.6) In a similar way, the covariant derivative of an arbitrary tensor density of weight n, is given by D_C T_{A1A2...As}^{B1B2...Br} = ∂_C T_{A1A2...As}^{B1B2...Br} + Γ^{B1}_{CD}T_{A1A2...As}^{DB2...Br} + . . . − Γ^D_{A1C} T_{DA2...As}^{B1B2...Br} − . . . − nΓ^D_{CD}T_{A1A2...As}^{B1B2...Br} . (B.7) References

[1] Dai J, Leigh R G and Polchinski J 1989 Mod. Phys. Lett. A4 2073. [2] Hořava P 1989 Nucl. Phys. B327 461. [3] Polchinski J 1995 Phys. Rev. Lett. 75 4724.

[4] Callan C G and Maldacena J M 1996 Nucl. Phys. B472 591. [5] Strominger A and Vafa C 1996 Phys. Lett. B379 99. [6] Johnson C, D-branes (Cambridge University Press, 2003).

[7] Arkani-Hamed N, Dimopoulos S and Dvali G 1998 Phys. Lett. B429 263; Phys. Rev. D59 086004. [8] Antoniadis I, Arkani-Hamed N, Dimopoulos S and Dvali G 1998 Phys. Lett. B436 257. [9] Randall L and Sundrum R 1999 Phys. Rev. Lett. 83 3370; 1999 Phys. Rev. Lett. 83 4690. [10] Polchinski J [arXiv:hep-th/9611050]. [11] Born M 1934 Proc. R. Soc. A143 410. [12] Born M and Infeld L 1934 Proc. R. Soc. A144 425.

[13] Abou Zeid M and Hull C M 1998 Phys. Lett. B428 277; 1997 Phys. Lett. B404 264. [14] Lee J 1998 Phys. Rev. D57 5134. [15] Bozhilov P 2003 Nucl. Phys. B656 199. [16] Klusoň J and Panigrahi K L 2005 JHEP 0508: 033. [17] Cordero R and Rojas E 2005 Gen. Rel. Grav. 37 659. [18] Bachas C and Petropoulos M 2001 JHEP 0102 025. [19] Klusoň J, Nayak R R and Panigrahi K L 2006 JHEP 0605 022. [20] Kulshreshtha U and Kulshreshtha D S, [arXiv:hep-th/0511058]. [21] Fairlie D B 1999 Phys. Lett. B456 141. [22] Capovilla R and Guven J 1995 Phys. Rev. D51 6736. [23] Gibbons G W 1998 Nucl. Phys. B514 603.

[24] Carter B, “Brane dynamics for treatment of cosmic strings and vortons” in Proc. 2nd Mexican School on Gravitation and Mathematical Physics, Tlaxcala, 1996, edited by A Garcia, C Lammerzahl, A Macias, D Nuñez, Science Network Publishing, Konstanz (1997) [arXiv:hep-th/9705172].

[25] Cordero R and Rojas E 1999 Phys. Lett. B470 45. [26] Carter B 2001, Int. J. Theor. Phys. 40 2099.

[27] Arreaga G, Capovilla R and Guven J 2000 Ann. Phys., NY 279 126.

[28] Arnowitt R and Deser S and Misner C W, The Dynamics of General Relativity, in Gravitation:

An introduction to current research, edited by L. Witten (Wiley, New York, 1962) [arXiv:gr-qc/0405109].

[29] Capovilla R, Guven J and Rojas E 2004 Class. Quantum Grav. 21 5563. [30] Capovilla R, Guven J and Rojas E 2000 Nucl. Phys. B Proc. Suppl. 88 337.

DBI 20

[31] Henneaux M and Teitelboim C, Quantization of Gauge Systems (Princeton University Press, Princeton, 1992).

[32] Lindstrom U and von Unge R 1997 Phys. Lett. B403 233. [33] Kulshreshtha U and Kulshreshtha D S 2005 Int. J. Theor. Phys. 44 587. [34] Kallosh R 1997 Phys. Rev. D56 3515.

[35] Jackson J D, Classical electrodynamics, 3rd. edition (Wiley, New York, 1999).