arXiv:hep-th/0702066v3 7 May 2007

UWO-TH-07/05

Dynamical stabilization of runaway potentials and landscape of vacua at finite density

Alex Buchel^{1,2}, Junji Jia^2, and V.A.Miransky^{2,3, ∗}

1Perimeter Institute for Theoretical Physics

Waterloo, Ontario N2J 2W9, Canada 2Department of Applied Mathematics University of Western Ontario London, Ontario N6A 5B7, Canada 3Yukawa Institute for Theoretical Physics Kyoto University, Kyoto 606-8502, Japan

Abstract

We study a SU(2) gauge theory with a classical complex modulus. Introducing a chemical potential for a conserved modulus hypercharge causes it to become unstable and start condensing. We show that the modulus condensation in turn generates homogeneous but anisotropic non-abelian field strength condensates. The existence of a stable vacuum at the end point of the condensation process depends on a modulus representation under the gauge group. For a modulus in the fundamental representation, the global vacuum of the theory is a state both with the rotational symmetry and the electromagnetic U(1)_{em} being spontaneously broken. In other words, the system describes an anisotropic superconducting medium. We further explore the landscape of vacua of this theory and identify metastable vacua with an abnormal number of Nambu-Goldstone bosons. The SO(2) symmetry of these vacua corresponds to locking gauge, flavor, and spin degrees of freedom. There are also metastable SO(3) rotationally invariant vacua. For a modulus in the adjoint representation, we show that the theory does not have stable vacua with homogeneous anisotropic non-abelian field strength condensates, although there are metastable vacua. The reason of that is connected with a larger number of the physical components of the modulus in the case of the adjoint representation as compared to the fundamental one.

∗On leave from Bogolyubov Institute for Theoretical Physics, 03143 Kiev, Ukraine

1 Introduction

Dynamics in relativistic field theories with chemical potential for bosonic matter is rich and quite sophisticated [1–6]. For example, in these theories the phenomenon of spontaneous symmetry breaking with an abnormal number of Nambu-Goldstone (NG) bosons was revealed [2]. In Ref. [3], a new Higgslike phase was described with condensates of both gauge and scalar fields, which break gauge, flavor, and rotational symmetries. It is noticeable that both these phenomena have already found applications in studies of dense quark matter [7–10].

In this paper, we consider an essentially soluble (in the weak coupling limit) 3+1 dimensional SU(2) gauge model with a (classically) complex modulus Φ in some irreducible representation of the gauge group (no fermions are included). We introduce a chemical potential μ associated with the conserved charge of the flavor (hypercharge) U(1)_Y symmetry. Our goal is to describe the landscape of the ground states in this model.

The Lagrangian density of the model is L = − 1 4 F^{(a)}_{μν} F^{μν(a)} + [(D_μ − iμδ_{μ0})Φ]^†[(D_μ − iμδ_{μ0})Φ] . (1.1)

The gauge fields are A_μ = A^{(a)}μ T^a, with T^a being the SU(2) Lie algebra generators in the representation of Φ. The field strength tensor and the covariant derivatives are given by

F^{(a)}_{μν} = ∂_μA^a_ν − ∂_ν A^a_μ + gϵ^{abc}A^b_μA^c_ν , D_μ = ∂_μ − igA_μ . (1.2)

We consider vacua of the theory (1.1) with homogeneous but generically anisotropic condensates of non-abelian field strength F^{(a)}μν and with a homogeneous condensate of the complex scalar Φ. The effective potential describing such vacua is obtained by setting all field derivatives to zero. We find V = − g^2 2 [( A^{(a)}_0 A^{(a)}_0 ) ( A^{(a)}_i A^{(b)}_i ) − ( A^{(a)}_0 A^{(a)}_i ) ( A^{(b)}_0 A^{(b)}_i )] + g^2 4 ( A^{(a)}_i A^{(a)}_i ) ( A^{(b)}_j A^{(b)}_j )

− g^2 4 ( A^{(a)}_i A^{(a)}_j ) ( A^{(b)}_i A^{(b)}_j ) − μ^2Φ^†Φ − 2gμΦ^†A^{(a)}_0 T^aΦ − g^2 4 A^{(a)}_μ A^{μ(a)}Φ^†Φ .

(1.3)

Note that −μ^2Φ^†Φ has the form of a mass term with the wrong sign. Because of that, the modulus Φ should start condense. Our aim is to describe the end point in this condensing process.

In section 2, we study classical vacua of the theory with a modulus in the fundamental representation of the gauge group. In this case, condensing the modulus in turn leads to the generation of homogeneous but anisotropic nonabelian field strength condensates. We show that the stable vacuum of the theory is a state both with the rotational symmetry and the electromagnetic U(1)_{em} being spontaneously broken. In other words, the system describes an anisotropic superconducting medium. We emphasize that it is the global vacuum. This result is quite nontrivial. Indeed, there are 10 physical fields in the model, and the problem is equivalent of studying the geometry of a ten dimensional hypersurface corresponding to a physical effective potential. The latter is derived by imposing the Gauss law constraints on potential V (1.3) (see Sec. 2 below). The fact that the global minimum of this hypersurface corresponds to a complicated system where most of the initial symmetries are spontaneously broken is noticeable.^1

We further explore the landscape of vacua of this theory and identify metastable vacua with an abnormal number of Nambu-Goldstone bosons. The SO(2) symmetry of these vacua corresponds to locking gauge, flavor, and spin degrees of freedom. There are also metastable SO(3) rotationally invariant vacua.

Thus, in this simple but nontrivial model, we show that unstable directions in nonabelian gauge theories induced by a chemical potential for the modulus field can be stabilized by the generation of nonabelian gauge field strength condensates. As will be discussed in Sec. 2, the Gauss law constraints play the crucial role in this stabilization process.

The case with the modulus in the adjoint representation is considered in section 3. We show that, unlike the previous case, this theory does not have stable vacua with homogeneous anisotropic non-abelian field strength condensates, although there are metastable vacua. The physics underlying so dissimilar behaviors of these two models is connected with the different number of physical fields. While in the case of the fundamental representation, there is one physical (Higgs) field connected with the modulus, there are three physical fields relating to the modulus in the adjoint representation. As a result, the effective potential is unbounded from below in the latter.

In section 4, the main results of the paper are summarized. In Appendices

1This solution has been considered in our short note [11]. However, it was only shown there that it is a local minimum. The question about the global vacuum in the model remained unresolved.

A, B, and C, some useful formulas and relations are derived.

2 SU(2) gauge theory with a fundamental complex modulus at finite density

In this section we discuss the SU(2) gauge theory with a classical complex modulus in the fundamental representation. Thus, we take

T^a = τ^a 2 , (2.1)

where τ^a are Pauli matrices. Henceforth we will use the unitary gauge with

Φ^T = (0 , ϕ) , (2.2)

where ϕ is real. In this gauge, the only conserved flavor charge is the electric charge Q_{em} = T^3 + Y/2.

The advantage of the unitary gauge is in that all auxiliary (gauge dependent) degrees of freedom are removed. In particular, in this gauge the vacuum expectation values (condensates) A^{(a)}μ of gauge fields are well-defined physical quantities. Also, without loss of generality, by SO(3) rotations we can always set A^{(3)}_1 = A^{(3)}_2 = 0 , (2.3)

i.e., the A^{(3)}_i condensate is along the z-axis.

Although the gauge symmetry is gone in the unitary gauge, the theory still has constraints. In fact, it is a system with second-class constraints, similar to the theory of a free massive vector field A_μ described by the Proca Lagrangian (for a thorough discussion of systems with second-class constraints, see Sec. 2.3 in book [12]). In such theories, while the Lagrangian formalism can be used without introducing a gauge, the physical Hamiltonian is obtained by explicitly resolving the constraints. In our case, this implies that to obtain the physical potential V^{fund}_{phys} one has to impose the Gauss law constraints on V in (1.3).

The Gauss constraints amount to integrating out the time-like components of the gauge potentials A^{(a)}_0 . This could be done by using their equations of motion. We also find to be convenient to parameterize the gauge potential and the modulus expectation values as

A^{(a)}_i = μ g a^{(a)}_i , ϕ = μ g ϕ_0 . (2.4)

Further introducing X = ( a^{(1)}_1 a^{(2)}_3 − a^{(1)}_3 a^{(2)}_1

)_2 , Y = ( a^{(2)}_2 a^{(1)}_3 − a^{(2)}_3 a^{(1)}_2

)_2 , Z = ( a^{(1)}_1 a^{(2)}_2 − a^{(2)}_1 a^{(1)}_2

)_2 , w_1 = X + Y , w_2 = 2∑ i,j=1 ( a^{(j)}_i )_2

, w_3 = 2∑ i=1 ( a^{(i)}_3

)_2 , (2.5)

after eliminating A^{(a)}_0 from (1.3), the physical potential takes the form V^{fund}_{phys} = μ^4 4g^2

Qϕ^2_0(ϕ^2_0 + 2(w_2 + w_3) − 8) + Q_n Q_d , (2.6)

where

Q =ϕ^4_0(w_2 + w_3) + 2ϕ^2_0 (( a^{(3)}_3

)_2

(2w_2 + w_3) + (w_2 + w_3)^2 ) + 4 ( a^{(3)}_3

)_4

w_2 + 4 ( a^{(3)}_3

)_2

(w_1 + w^2 + w_2w_3) + 4(w_3 + w_2)(w_1 + Z) ,

(2.7)

Q_n =ϕ^8_0 ( a^{(3)}_3

)_2 + 2ϕ^6_0 ( 2 ( a^{(3)}_3

)_4 + 3 ( a^{(3)}_3

)_2 (w_2 + w_3) + w_1 + Z ) + 4ϕ^4_0 (( a^{(3)}_3

)_6

+ ( a^{(3)}_3

)_4 (5w_2 + 3w_3) + ( a^{(3)}_3

)_2

(3w^2 + 2w^2_3 + 5w_2w_3 + 2w_1 + 3Z)

+ 2(w_3 + w_2)(w_1 + Z) ) + 8ϕ^2_0 ( 2 ( a^{(3)}_3

)_6

w_2 + ( a^{(3)}_3

)_4

(4w^2 + 3w_2w_3 + 2w_1 + Z) + ( a^{(3)}_3

)_2 (w^3_2 + 2w^2w_3 + w_2w^2_3 + (w_1 + Z)(5w_2 + 3w_3)) + (w_1 + Z)((w_2 + w_3)^2

+ w_1 + Z) ) + 16 (( a^{(3)}_3

)_2

w_2 + w_1 + Z ) (( a^{(3)}_3

)_4

w_2 + ( a^{(3)}_3

)_2

(w^2 + w_2w_3

+ w_1) + (w_1 + Z)(w_2 + w_3) ) , (2.8)

Q_d =ϕ^6_0 + 4ϕ^4_0 (( a^{(3)}_3

)_2

+ w_2 + w_3 ) + 4ϕ^2_0 (( a^{(3)}_3

)_4 + ( a^{(3)}_3

)_2 (3w_2 + 2w_3)

+ (w_2 + w_3)^2 + w_1 + Z ) + 8 (( a^{(3)}_3

)_4

w_2 + ( a^{(3)}_3

)_2 (w^2 + w_2w_3 + w_1)

+ (w_3 + w_2)(w_1 + Z) ) . (2.9) The rest of this section is organized as follows. First, in subsection 2.1 we prove that the physical potential (2.6) is bounded from below and possess a global minimum. In subsection 2.2 we prove that the global minima of V^{fund}_{phys} are vacua where the gauge field condensates spontaneously break both the electromagnetic U(1)_{em} and the rotational SO(3)_{rot},

U(1)_{em} × SO(3)_{rot} → SO(2)_{rot} . (2.10)

There are 3 massless Nambu-Goldstone (NG) modes associated with spontaneous breakdown of the global symmetry. Thus, these vacua describe an anisotropic superconducting medium. In subsection 2.3, we discuss interesting metastable vacua of the theory with an abnormal number of massless NG bosons. Finally, in subsection 2.4, metastable SO(3)_{rot} invariant vacua are considered.

2.1 V^{fund}_{phys} is bounded from below and has global minima

Notice that {X, Y, Z, Q, Q_n, Q_d, w_1, w_2, w_3} in (2.5), (2.7)-(2.9), are explicitly non-negative. Additionally, in the physical potential (2.6) the only negative contribution comes from a term in the numerator multiplied by Q. Thus, run-away directions of the potential (2.6) (if they were to exist) would have come only from the large values of the condensates that keep {ϕ^2_0, w_2, w_3} finite. Recalling definitions of w_2 and w_3 from (2.5), we conclude that the only run-away direction could come from a^{(3)}_3 condensate, and only assuming that ϕ_0 ≠ 0. However, rescaling

a^{(3)}_3 → λ a^{(3)}_3 , λ → ∞ , (2.11)

we find V^{fund}_{phys} | | |_{a(3)3 →λ a(3)3} → λ^2 μ^4 4g^2 ( ϕ^2_0 + 2w_2 ) ( a^{(3)}_3

)_2 , (2.12)

which becomes infinitely large, since ϕ_0 ≠ 0. Thus we conclude that V^{fund}_{phys} given by (2.6) is in fact bounded from below.

2.2 Global minima of V^{fund}_{phys} By using the inequality w_1 ≤ w_2w_3 , (2.13) we will first prove that all the possible minima are either in the class (1) : a^{(3)}_3 = 0 , (2.14) or (2) : ϕ_0 = a^{(1,2)}_{1,2} = 0 , a^{(3)}_3 ≠ 0 . (2.15) Then it will be shown that the global minima of potential (2.6) are in the first class (2.14), with gauge field condensates spontaneously breaking both the U(1)_{em} and the SO(3)_{rot} rotational symmetry down to the SO(2)_{rot}.

The inequality (2.13) could be proved by using definitions (2.5) and setting a^{(1)}_1 = U sin(α) cos(θ_1) , a^{(2)}_1 = U sin(α) sin(θ_1) , a^{(1)}_2 = U cos(α) cos(θ_2) , a^{(2)}_2 = U cos(α) sin(θ_2) , a^{(1)}_3 = V cos(θ_3) , a^{(2)}_3 = V sin(θ_3) , U, V ≥ 0 .

(2.16)

Clearly, we will have w_1 = U^2V^2 ( sin^2 α sin^2(θ_3 − θ_1) + cos^2 α sin^2(θ_3 − θ_2) ) ≤ U^2V^2 = w_2w_3 . (2.17) To find the minima, we analyze^{∂V f undphys}_{∂a(3)3} . Any minimum of the potential necessarily satisfies^{∂V f undphys}_{∂a(3)3} = 0. Using (2.6), we have then

0 = a^{(3)}_3 P ( w_1, w_2, w_3, a^{(3)}_3 , ϕ_0 ) , (2.18)

where P is a polynomial of {w_1, w_2, w_3, a^{(3)}_3 , ϕ_0}:

P = 32 (w_2w_3 − w_1) ϕ^4_0 ( ϕ^4_0 + 2ϕ^2_0 (w_2 + w_3) + 4(w_1 + Z) ) + P̂ , (2.19) with polynomial P̂ ≡ P̂ (w_1, w_2, w_3, a^{(3)}_3 , ϕ_0) being manifestly non-negative. From (2.13), we can see that P is semi-positive definite. Moreover, we find that P = 0 (with a^{(3)}_3 ≠ 0) implies ϕ_0 = w_2 = 0 . (2.20)

Notice that (2.20) further implies that w_1 = Z = 0. Therefore the solution to (2.18) is indeed given either by (2.14) or (2.15).

Solution (2.15) is a trivial (unstable) vacuum with zero vacuum energy. With (2.14), the physical potential (2.6) simplifies V^{fund}_{phys} = μ^4 g^2 [ ϕ^2_0(w_2 + w_3)(ϕ^2_0 + 2(w_2 + w_3) − 8)

4(ϕ^2_0 + 2(w_2 + w_3)) + 1 2 (w_1 + Z) ] . (2.21)

It is straightforward to analyze (2.21). It has a global minimum min { V^{fund}_{phys} | | | |_{a(3)3 =0} } = − μ^4 2g^2 ≡ V^{fund min} phys , (2.22) attained with

ϕ^2_0 = 2 , w_2 + w_3 = 1 , w_1 = Z = 0 . (2.23)

We emphasize that for large values of the chemical potential — μ being much larger than the strong coupling scale of the gauge theory — the gauge coupling g is self-consistently weak and quantum correction to (2.22) are suppressed.^2

Let us show that in vacua (2.23) the rotational symmetry is broken to the SO(2)_{rot} subgroup. Recalling the definitions (2.5), the most general parameterization of the vector potential condensates takes form

a^{(1)}_1 = sin θ_1 cos ψ , a^{(1)}_2 = cos θ_1 sin θ_2 cos ψ , a^{(1)}_3 = cos θ_1 cos θ_2 cos ψ ,

a^{(2)}_1 = sin θ_1 sin ψ , a^{(2)}_2 = cos θ_1 sin θ_2 sin ψ , a^{(2)}_3 = cos θ_1 cos θ_2 sin ψ , (2.24)

with arbitrary {θ_1, θ_2, ψ}. But from (2.24) vector condensates A^{(1)}_i and A^{(2)}_i are collinear, A^{(2)}_i = tan ψ A^{(1)}_i , (2.25)

2A comment concerning the possibility of the one-loop Coleman-Weinberg (CW) effect [13] in this model is in order. A one-loop Coleman-Weinberg (CW) potential would generate an effective quartic coupling of order g^4. However, the important difference between the CW model (zero chemical potential) and the present one (finite chemical potential) is that while there are no tree level contributions from gauge fields in the former, the dominant effect in the present model is based on the tree level contributions of gauge bosons (vector condensates). Therefore, while in CW model the one-loop contribution of gauge fields is dominant, it is subleading in our case. In fact, one can show that a one-loop CW effective quartic potential for a complex fundamental modulus will modify our classical analysis at order O(g^2 ln g^2). This correction is small at weak coupling.

while A^{(3)}_i = 0. Thus, the rotational symmetry is broken to the SO(2)_{rot} subgroup indeed.

To understand better the physics in this vacua, it will be convenient to introduce the charged fields W^{(∓)}μ =^{1√}_2 (A^{(1)}μ ± iA^{(2)}μ ) with Q_{em} = ∓1. Let us choose the direction of the collinear condensates A^{(1)}_i and A^{(2)}_i along the z-axis. Then, from Eqs. (2.23) and (2.25), we find that the W condensate is

W^{(∓)}_3 = μ √ 2g e^{±iψ}. (2.26)

Therefore the electromagnetic U(1)_{em} is spontaneously broken and these vacua are anisotropic superconducting media.

It is noticeable that solution (2.26) describes a nonzero field strength F^{(a)}μν which corresponds to the presence of non-abelian constant “chromoelectric”- like condensates in the ground state. In order to see this, note that, as follows from the Gauss constraint, A^{(3)}_0 = μ/g for this solution (see Appendix A). Then, choosing for simplicity the vacuum with the angle ψ = 0, one finds

E^{(2)}_3 = F^{(2)}_{03} = g A^{(1)}_3 A^{(3)}_0 = μ^2 g . (2.27)

We emphasize that while an abelian constant electric field in different media always leads to an instability,^3 non-abelian constant chromoelectric fields do not in many cases. For a discussion of the stability problem for constant non-abelian fields, see Refs. [8] and [14]. On a technical side, this difference is connected with that while a vector potential corresponding to a constant abelian electric field depends on spatial and/or time coordinates, a constant non-abelian chromoelectric field is expressed through constant vector potentials, as takes place in our case, and therefore momentum and energy are good quantum numbers in the latter.

The mass spectrum of excitations in this vacuum can be found from Lagrangian density (1.1) by evaluating zeroes of the determinant of the quadratic form of small fluctuations around the vacuum solution,

A^{(a)}_μ (x) = μ g a^{(a)}_μ + δA^{(a)}_μ , Φ^T (x) = ( 0, μ/g ϕ_0 + δϕ(x)/ √ 2 ) . (2.28)

3In metallic and superconducting media, such an instability is classical in its origin. In semiconductors and insulators, this instability is manifested in creation of electron-hole pairs through a quantum tunneling process.

One finds 10 physical states, 7 massive ones and 3 massless NG bosons associated with spontaneous breakdown of the global symmetries:

m^2 = 0 , [×3] , m^2 = 2μ^2 , [×2] , m^2 = 5μ^2 , [×2] , m^2 = 4μ^2 , [×1] ,

m^2 = ( 5 2 + √ 13 2 ) μ^2 , [×1] ,

m^2 = ( 5 2 − √ 13 2 ) μ^2 , [×1] ,

(2.29)

where the square bracket denotes the multiplicity of states. Notice that in this vacuum the number of the massless NG bosons coincides with the number of moduli parameterizing the global minima (2.24).

2.3 Metastable vacuum with abnormal number of massless NG bosons

Besides the 3 dimensional moduli space of the global minima with the rotational SO(3)_{rot} broken down to SO(2)_{rot}, discussed in the previous subsection, this model has an intricate structure of metastable vacua, some of which were discussed in our note [11]. In this subsection, we identify interesting metastable vacua of this theory with an abnormal number of massless NG bosons.

Consider gauge field condensates such that ⃗a^{(3)} ≡ {a^{(3)}_i } = ⃗0, and with vectors ⃗a^{(1)} ≡ {a^{(1)}_i } and ⃗a^{(2)} ≡ {a^{(2)}_i } satisfying^4 | |⃗a^{(1)} | | = | |⃗a^{(2)} | | = A , ⃗a^{(1)} · ⃗a^{(2)} = 0 , (2.30)

where A is a constant. Such vacua indeed exist: A = √ 2(3 − √ 3) 3 , ϕ_0 = 2 3 √ 6( √ 3 − 1) , (2.31)

4An obvious generalization would be to consider vacua such that ⃗a^{(a)} · ⃗a^{(b)} = A^2 δ^{ab}, for {a, b} = {1, 2, 3}. However, such vacua do not exist.

with vacuum energy necessarily higher than that of the global minimum (2.22) V^{fund}_{phys} = − μ^4 g^2 8(2 √ 3 − 3) 9 > V^{fund min} phys = − μ^4 2g^2

. (2.32)

We show below that vacua (2.30) are perturbatively stable, thus they are metastable.

Clearly, vacua (2.30) completely break the SO(3)_{rot} symmetry and form a 3 parameter family. Naively, the full pattern of the global symmetry breaking takes the form U(1)_{em} × SO(3)_{rot} → 1 , (2.33)

and thus one would expect 4 massless NG bosons. In fact, there is a SO(2) symmetry in the vacua (2.30) whose generator is a linear combination of the gauge SU(2) generator T̂_3, the hypercharge Ŷ , and the generator Ĵ_3 of the SO(3)_{rot}: it will be appropriate to call it a gauge-flavor-spin locked (GFSL) symmetry. Thus the correct pattern of the symmetry breaking takes the form SU(2)_{gauge} × U(1)_Y × SO(3)_{rot} → SO(2)_{GF SL} . (2.34) To describe explicitly the SO(2)_{GF SL} symmetry, let’s choose, without loss of generality, a representative vacuum of (2.30) as

a^{(1)}_1 = a^{(2)}_2 = A . (2.35)

Notice that the condensates a^{(j)}_i with {i, j = 1, 2}, â ≡ ( a^{(1)}_1 a^{(2)}_1 a^{(1)}_2 a^{(2)}_2 ) , (2.36)

are closed under the action of the generators T̂_3 and Ĵ_3. In parameterization (2.36), our representative vacuum (2.35) is given by â_{meta} ≡ A ( 1 0 0 1 ) . (2.37)

It is straightforward to compute e^{iα} ( T̂_3+ 1 2 Ŷ ) +iβĴ_3 â meta = U(α)âmetaU T (β) = A ( cos(α − β) sin(α − β) − sin(α − β) cos(α − β) ) , (2.38) where α, β are arbitrary angles and U(α) = ( cos α sin α − sin α cos α ) . (2.39)

Recall that while gauge bosons carry no hypercharge, the hypercharge of the scalar Φ equals +1. Then, e^{iα} ( T̂_3+ 1 2 Ŷ ) +iβĴ_3 ( 0 ϕ_0 ) = ( 0 ϕ_0 ) . (2.40)

From Eqs. (2.38) and (2.40) we see that the vacuum {â_{meta}, ϕ_0} is invariant under transformations (2.38) with α = β, i.e., under the SO(2) transformations with the generator

Ĝ_{SO(2)GF SL} = T̂_3 + 1 2 Ŷ + Ĵ_3 , (2.41)

which corresponds to locking gauge, flavor, and spin degrees of freedom (compare with the color-flavor locking phase in dense QCD [15]).

The mass spectrum of excitations in vacuum (2.37) (including their degeneracies) is m^2 = 0, [×2] ,

m^2 = 4 3 μ^2, [×1] ,

m^2 = 4μ^2, [×1] ,

m^2 = 16 3 μ^2, [×1] ,

m^2 = ( 4 − 4 √ 3 ) μ^2, [×1] ,

m^2 = 8 − 8√ 3 + 4 √ 6( √ 3 − 1) 3 μ^2, [×1] ,

m^2 = 8 − 8√ 3 − 4 √ 6( √ 3 − 1) 3 μ^2, [×1] ,

m^2 = 8 3 (√ 3 − 1 + √ 2 √ 3 − 3 ) μ^2, [×1] ,

m^2 = 8 3 (√ 3 − 1 − √ 2 √ 3 − 3 ) μ^2, [×1] .

(2.42)

Thus we conclude that vacuum (2.37) is perturbatively stable. It is metastable since its energy is above the global minimum of the physical potential V^{fund min}_{phys} (2.22). Quite unexpectedly, this vacuum has only 2 massless NG bosons, rather than 3 as expected from the true pattern of the symmetry breaking (2.33). It is the same phenomenon as that found in a non-gauge relativistic field model at finite density in Ref. [2]. As we show in Appendix B, only one of the massless states in (2.42) has a linear dispersion relation in the infrared, ω ∼ k, while the other has quadratic dispersion relation ω ∼ k^2. So, after all, the number of massless excitation in vacuum (2.37) is in accordance with the Nielsen-Chadha counting rule [16]. Finally, from Appendix B, the infrared dispersion relations exhibit SO(2)_{GF SL} symmetry (2.41).

An interesting feature of this phase is that besides a chromoelectric field strength condensate, there exists also a chromomagnetic one:

H^{(3)}_3 = F^{(3)}_{12} = gA^{(1)}_1 A^{(2)}_2 = μ^2 g A^2 . (2.43)

It is also interesting that a possibility of the existence of a similar, colorspin locking, phase in dense QCD has been recently discussed in Ref. [10]. While the question concerning the existence of the latter is open, it is quite noticeable that a phase with locking gauge and spin degrees of freedom does exist in the present model.

2.4 SO(3)_{rot} invariant metastable vacuum of V^{fund}_{phys}

For completeness, in this subsection, we briefly describe SO(3)_{rot} invariant metastable vacua considered in our note [11] (their energy density is larger than that of the GFSL vacuum).

It is easy to show that these SO(3)_{rot}-invariant solutions are

A^{(3)}_0 = 2μ g , ϕ_0 = arbitrary , (2.44) and no other condensates. This solution is also invariant with respect to the electromagnetic U(1)_{em}.

These SO(3) invariant vacua (a line of moduli) with V^{fund}_{phys} = 0 are either metastable or unstable. In order to show this, we calculated the spectrum of excitations in this vacuum. The spectrum includes a single massless ϕ_0- modulus excitation and 9 massive modes assigned to three SO(3)rot triplets (vector modes). Their masses are m_0 = gϕ_0 and m_± = (gϕ_0 ± 2 √ 2μ). While the mass m_0 is connected with the neutral A^{(3)} vector boson (Q_{em} = 0), m_± are the masses of charged W^{(∓)} vector bosons (Q_{em} = ∓1). For a large scalar condensate ϕ_0 > 2 √ 2μ/g, all the masses are positive and therefore the vacua are not unstable, although metastable: their energy density V^{fund}_{phys} = 0 is larger than both V^{fund−min}

phys in the ground state (see Eq. (2.22)) and the

energy density in the GFSL vacuum.

On the other hand, at the values of ϕ_0 less than 2 √ 2μ/g, the mass m_− becomes negative and therefore the process of a crossover of particle-antiparticle levels takes place. The latter is a signature of the Bose-Einstein instability: at these values of ϕ_0, the condensate of charged W^{(+)} vector bosons is dynamically generated.

Thus, in this simple but nontrivial model, we showed that unstable directions in nonabelian gauge theories induced by a chemical potential for the modulus field can be stabilized by the generation of nonabelian gauge field strength condensates. Such condensates are homogeneous but anisotropic.

3 SU(2) gauge theory with an adjoint complex modulus at finite density

In this section, we discuss the SU(2) gauge theory with a classical complex modulus in the adjoint representation. Thus, we take

T^1 = 1 √ 2 0 1 0 1 0 1 0 1 0

, T^2 = 1√ 2 0 −i 0 i 0 −i 0 i 0

, T^3 =

1 0 0 0 0 0 0 0 −1 , (3.1) for the SU(2) generators in adjoint (vector) representation, canonically normalized as Tr ( T^aT^b ) = 2 δ^{ab} , [ T^a, T^b ] = i ϵ^{abc} T^c . (3.2)

Henceforth we will use the unitary gauge with

Φ^T = μ g (ϕ_1 + iϕ_0, 0, ϕ_3 + iϕ_0) , (3.3)

where {ϕ_0, ϕ_1, ϕ_3} are all real^5. Notice that our unitary gauge removes three degrees of freedom from the complex scalar, which is expected given that

5One can verify that for the vacua of interest (3.3) provides a good gauge choice, see Appendix C.

the gauge group is completely broken. As in section 2, by SO(3) rotations we can always set (2.3). Again, the physical potential V^{adj}_{phys} is obtained by integrating out the time-like components a^{(a)}_0 of the gauge potentials.

The rest of the section is organized as follows. First, in subsection 3.1 we explicitly exhibit runaway directions of the physical potential V^{adj}_{phys}. Thus, unlike the gauge theory with fundamental matter, here, the runaway directions can not be stabilized by homogeneous (though generically anisotropic) gauge field strength condensates. The reason for that is discussed in the next subsection. Necessarily, in this theory any vacuum is at most metastable. In subsection 3.2, we identify metastable SO(3)_{rot} invariant vacua with zero energy density. In subsection (3.3), we identify SO(2)_{rot} invariant vacua with negative V^{adj}_{phys}. Unfortunately, these vacua are perturbatively unstable.

3.1 Runaway directions of V^{adj}_{phys}

We will not present here the general expression for V^{adj}_{phys}. We find though V^{adj}_{phys} | | | |_{a(1,2,3)1,2 =a(1,2)3 =0} = μ^4 g^2 [ (( a^{(3)}_3

)_2 − 1 ) ( ϕ^2_1 + ϕ^2_3 + 2ϕ^2_0 ) + (ϕ^2_1 − ϕ^2_3)^2 ϕ^2_1 + ϕ^2_3 + 2ϕ^2_0 ]

(3.4) for arbitrary {a^{(3)}_3 , ϕ_0, ϕ_1, ϕ_3}. The runaway directions are explicit in (3.4). For example,

ϕ^2_1 + ϕ^2_3 < const , | | |a^{(3)}_3 | | | < 1 , ϕ0 → ∞ , (ϕ^2_1 − ϕ^2_3)^2 < const , | |a^{(3)}_3 | | < 1 , ϕ1 → ∞ . (3.5)

In fact, at |a^{(3)}_3 | < 1, any direction with the second term in the square brackets in (3.4) being bounded, and at least one of the fields ϕ_0, ϕ_1, ϕ_3 going to infinity, is a runaway one.

So, indeed the potential V^{adj}_{phys} is unbounded from below for homogeneous (generically anisotropic) adjoint complex scalar and gauge field strength condensates. It seems that the reason of this feature is connected with a larger number (three) of physical fields connected with the modulus in this case as compared to the fundamental one. For example, if one removes the field ϕ_0 (coming from the imaginary part of the modulus) and one of the fields ϕ_1, ϕ_3 in Eq. (3.4), this expression becomes bounded from below.

3.2 SO(3)_{rot} invariant metastable vacuum of V^{adj}_{phys}

There are simple SO(3)_{rot} invariant vacua of V^{adj}_{phys} with zero energy density:

a^{(1,2,3)}

1,2,3 = 0 , ϕ1 = ϕ0 = 0 , ϕ3 = arbitrary . (3.6)

These vacua are also invariant under the electromagnetic U(1)_{em} with the generator Q_{em} = T^3 + Y .

The mass spectrum of fluctuations, including degeneracies, in vacua (3.6) is m^2 = 0 , [×1] , m^2 = 4μ^2 , [×2] , m^2 = 2μ^2 ϕ^2_3 , [×3] , m^2 = μ^2 (ϕ_3 + 1)^2 , [×3] , m^2 = μ^2 (ϕ_3 − 1)^2 , [×3] .

(3.7)

For generic ϕ_3, there is a single massless ϕ_3-modulus excitation. Vacua (3.6) are perturbatively stable for ϕ_3 > 1. They are metastable since the physical potential V^{adj}_{phys} is unbounded from below. When ϕ_3 < 1 the mass m_− ≡ μ(ϕ_3 − 1) is negative and therefore the process of a crossover of particleantiparticle levels takes place, making vacuum (3.6) unstable. The same phenomenon occurs in SO(3)_{rot} invariant vacua of the SU(2) gauge theory with a complex fundamental modulus considered in subsection 2.4 above.

3.3 SO(2)_{rot} invariant unstable vacuum of V^{adj}_{phys}

In this subsection we consider a one parameter family of the vacua of V^{adj}_{phys} which have the following pattern of the spontaneous symmetry breaking

U(1)_Y × SO(3)_{rot} → SO(2)_{rot} , (3.8)

which is similar to that considered in subsection 2.2.

These vacua are characterized by the condensates:

a^{(1,2,3)}

1,2 = a^{(3)}_3 = 0 ,

a^{(1)}_3 = − √ 5 √ 17 − 19 2 cos α , a^{(2)}_3 = − √ 5 √ 17 − 19 2 sin α ,

(3.9) ϕ_0 = √ 2 (7 √ 17 − 33) √√ 17 − 3

4 (1 + √ 17) √ cos^2 α (7 √ 17 − 33) + 9 + √ 17 cos α sin α ,

ϕ_1 = √ 2 (28 − 4 √ 17 − √√ 17 − 3 (cos^2 α (7 √ 17 − 33) + 9 + √ 17))

4 (1 + √ 17) √ cos^2 α (7 √ 17 − 33) + 9 + √ 17 ,

ϕ_3 = √ 2 (28 − 4 √ 17 + √√ 17 − 3 (cos^2 α (7 √ 17 − 33) + 9 + √ 17))

4 (1 + √ 17) √ cos^2 α(7 √ 17 − 33) + 9 + √ 17 , (3.10)

where α is an arbitrary parameter. The vacuum energy corresponding to (3.9), (3.10) is V^{adj}_{phys} = μ^4 g^2 17 √ 17 − 71 16 < 0 . (3.11)

Note also that because the time component a^{(3)}_0 , determined from the Gauss law constraint, is nonzero for this solution, a^{(3)}_0 =^1_2 √√ 17 − 3 (see Appendix

A), there are chromomagnetic field strengths condensates F^{(1)}_{03} and/or F^{(2)}_{03} in these vacua.

The mass spectrum of fluctuations in vacua (3.9), (3.10) is

m^2 = 0 , [×3],

m^2 = (5 − √ 17)μ^2 , [×2],

m^2 = ( 7 2 − √ 17 2 ) μ^2 , [×2],

m^2 = ( 15 4 − √ 17 4 ) μ^2 , [×1] ,

(3.12)

and the remaining 4 states have mass

m^2 = λ μ^2 , (3.13)

where λ is a root of the following forth order polynomial

4λ^4+(1−7 √ 17)λ^3+(58 √ 17−182)λ^2+(993 √ 17−4151)λ−8382 √ 17+34578 = 0 .

(3.14)

Notice from (3.12) that there are 3 massless NG bosons, as expected from the pattern of the spontaneous symmetry breaking (3.8). Also, 2 of the roots of (3.14) are imaginary. Indeed, solving numerically (3.14) we find

λ = {0.5457 ; 4.397 ; 1.011 ± 0.9307 i} . (3.15)

We conclude that vacua (3.9), (3.10), albeit having lower vacuum energy than the metastable vacua (3.6), are unstable.

4 Conclusion

It is rather surprising that dynamics of a relatively simple model, such as the present one, leads to such a rich landscape of stable and metastable vacua. In particular, it is noticeable that the anisotropic superconducting vacuum and the gauge-flavor-spin locking one discussed in Sec. 2 have their analogues in dense quark matter (see Refs. [8–10, 15]), where their studies are limited by complexities in infrared dynamics in QCD. One can say that the present consideration yields a proof that the dynamics with vector condensates of gauge fields is a real thing.

The model with the field Φ in the fundamental representation of the gauge group considered here is a very special case of that in Ref. [3], with the quartic coupling constant λ and the mass of the scalar field Φ chosen to be zero. This special limit has two important advantages. First, it yields the dynamics with moduli, and this led us to revealing the phenomenon of the dynamical stabilization of runaway potentials at finite density. Secondly, this limit, retaining richness of the dynamics, simplifies the analysis of the structure of the vacuum manifold. This allowed us to establish the structure of the global vacuum and find some interesting metastable ones in the model.

We also found that the stability properties of the gauge theory with classical complex modulus and chemical potential are intrinsically different for theories in the fundamental and adjoint representations: while the one in the fundamental representation is stabilized by a condensation of gauge fields, the theory in the adjoint one is always unstable. The reason for that is connected with different numbers of physical components in the moduli in these two cases, being larger in the latter. A special role of the fundamental representation could be welcome, taking into account that, after all, the electroweak Higgs field is assigned to this representation.

We would not be surprised if the dynamics revealed here find applications in such different areas as cosmology and condensed matter.

Acknowledgments

A.B. would like to thank Maxim Pospelov for valuable discussions. A.B. would like to thank the Aspen Center for Physics for hospitality where part of this work was done. A.B. research at Perimeter Institute is supported in part by the Government of Canada through NSERC and by the Province of Ontario through MEDT. A.B. gratefully acknowledges further support by an NSERC Discovery grant. The work of J.J. and V.A.M. was supported by the Natural Sciences and Engineering Research Council of Canada. V.A.M. is grateful to Prof. Taichiro Kugo and Prof. Teiji Kunihiro for their warm hospitality during his stay at Yukawa Institute for Theoretical Physics, Kyoto University.

A Gauss Law constraints

In this section we collect expressions for the expectation values of the time components of non-abelian gauge potential condensates constrained by the Gauss Law.

For the model with a complex modulus in a fundamental representation, the values of the gauge potential time components in global minimum (2.22) are A^{(1)}_0 = 0 , A^{(2)}_0 = 0 , A^{(3)}_0 = μ g . (A.1)

For the model with a complex modulus in a fundamental representation, the values of the gauge potential time components in metastable vacua in subsection 2.3 are

A^{(1)}_0 = 0 , A^{(2)}_0 = 0 , A^{(3)}_0 = 2 √ 3 3 μ g . (A.2)

For the model with a complex modulus in a fundamental representation, the values of the gauge potential time components in the SO(3)_{rot} invariant vacua in subsection 2.4 are

A^{(1)}_0 = 0 , A^{(2)}_0 = 0 , A^{(3)}_0 = 2μ g . (A.3)

For the model with a complex modulus in an adjoint representation, the values of the gauge potential time components in SO(3)_{rot} invariant vacua in subsection 3.2 are

A^{(1)}_0 = 0 , A^{(2)}_0 = 0 , A^{(3)}_0 = μ g . (A.4)

For the model with a complex modulus in an adjoint representation, the values of the gauge potential time components in the SO(2)_{rot} invariant vacua in subsection 3.3 are

A^{(1)}_0 = 0 , A^{(2)}_0 = 0 , A^{(3)}_0 = √√ 17 − 3 2 μ g . (A.5)

B Infrared dispersion relation for fluctuations (2.42)

Introduce k^2_⊥ ≡ k^2_1 + k^2 , k^2 ≡ k^2_⊥ + k^2_3 . (B.1)

Dispersion relations for the fluctuations (2.42) in the infrared region k^2 ≪ μ^2 are ω^2 = 1 3 k^2 + O ( k^4 ) , (B.2)

ω^2 =

7 − 4 √ 3 16 k^2 ( k^2_3 + (2 √ 3 + 3)k^2_⊥ ) + O ( k^6 ) , (B.3)

ω^2 = 4 3 μ^2 + ( 5 3 − √ 3 3 ) k^2_3 + ( 9707 6623 − 916 √ 3 6623 ) k^2_⊥ + O ( k^4 ) , (B.4)

ω^2 =4 μ^2 − ( 1 + √ 3 ) k^2_3 + ( 71 √ 3 9 + 118 9 ) k^2_⊥ + O ( k^4 ) , (B.5)

ω^2 = 16 3 μ^2 + ( 4 √ 3 3 + 10 3 ) k^2_3 + ( 6 √ 3 − 8 ) k^2_⊥ + O ( k^4 ) , (B.6)

ω^2 = ( 4 − 4 √ 3 ) μ^2 + ( 2 3 + √ 3 3 ) k^2_3 + ( 11 − 6 √ 3 ) k^2_⊥ + O ( k^4 ) , (B.7) ω^2 = 8 − 8√ 3 + 4 √ 6( √ 3 − 1) 3 μ^2 + ( 3 2 − √ 3 6 + (√ 3 9 + 1 6 ) √ 6( √ 3 − 1) ) k^2_3

+ ( 6763 3222 − 469 √ 3 3222 + ( 617 3222 + 3583 √ 3 19332 ) √ 6( √ 3 − 1) ) k^2_⊥ + O ( k^4 ) , (B.8)

ω^2 = 8 − 8√ 3 − 4 √ 6( √ 3 − 1) 3 μ^2 + ( 3 2 − √ 3 6 − (√ 3 9 + 1 6 ) √ 6( √ 3 − 1) ) k^2_3

+ ( 6763 3222 − 469 √ 3 3222 − ( 617 3222 + 3583 √ 3 19332 ) √ 6( √ 3 − 1) ) k^2_⊥ + O ( k^4 ) , (B.9)

ω^2 = 8 3 (√ 3 − 1 + √ 2 √ 3 − 3 ) μ^2 + ( 1 + ( 1 + 2 √ 3 3 ) √ 2 √ 3 − 3 ) k^2_3

− ( 224 37 + 138 √ 3 37 + ( 190 √ 3 37 + 332 37 ) √ 2 √ 3 − 3 ) k^2_⊥ + O ( k^4 ) , (B.10)

ω^2 = 8 3 (√ 3 − 1 − √ 2 √ 3 − 3 ) μ^2 + ( 1 − ( 1 + 2 √ 3 3 ) √ 2 √ 3 − 3 ) k^2_3

− ( 224 37 + 138 √ 3 37 − ( 190 √ 3 37 + 332 37 ) √ 2 √ 3 − 3 ) k^2_⊥ + O ( k^4 ) . (B.11)

C Unitary gauge

We show here that the unitary vacuum choice (3.3) is the most general. Indeed, in the conventional (purely imaginary) choice for the SU(2) generators in adjoint representation

T^1_c = −i

0 0 0 0 0 1 0 −1 0 , T^2_c = −i 0 0 −1 0 0 0 1 0 0 , T^3_c = −i 0 1 0 −1 0 0 0 0 0 , (C.1) vacuum (3.3) is represented by

Φ_{c,0} = Re ( Φ_{c,0} ) +i Im ( Φ_{c,0} ) = 0 −^{1√}_2 (ϕ_1 + ϕ_3) 0 +i 1√ 2 (ϕ_1 − ϕ_3) − √ 2ϕ_0 0 . (C.2) Notice that the most general vacuum in canonical representation (C.1) can be parameterized by two real vectors {Re(Φ_c), Im(Φ_c)} in three dimensional space with gauge transformations acting as rotations separately on {Re(Φ_c)} and {Im(Φ_c)}. Thus, to demonstrate the validity of (3.3), all we need to do is to show that in the canonical representation an arbitrary vacuum can be parameterized as in (C.2).

But it is easy to show this. Let ⃗v_1 ≡ Re(Φ_c) and ⃗v_2 ≡ Im(Φ_c) are two vectors representing the generic vacuum. First, without any loss of generality we can choose coordinate axes in such a way that the vector ⃗v_1 is aligned along the y-axis. Then, obviously we can identify ⃗v_1 with Re(Φ_{c,0}). At this stage, the vector ⃗v_2 is arbitrary, but with our choice of coordinate axes we can still do rotations about y-axis. Any rotation of this type does not change ⃗v_1 = Re(Φ_{c,0}). Clearly, no matter what ⃗v_2 is, by a y-rotation we can make it to have z-component to vanish — but then the rotated ⃗v_2 would be identified with Im(Φ_{c,0}).

References

[1] J. I. Kapusta, Phys. Rev. D 24, 426 (1981); H. E. Haber and H. A. Weldon, Phys. Rev. D 25, 502 (1982).

[2] V. A. Miransky and I. A. Shovkovy, Phys. Rev. Lett. 88, 111601 (2002), hep-ph/0108178; T. Schafer, D. T. Son, M. A. Stephanov, D. Toublan and J. J. M. Verbaarschot, Phys. Lett. B 522, 67 (2001), hepph/0108210.

[3] V. P. Gusynin, V. A. Miransky and I. A. Shovkovy, Phys. Lett. B 581, 82 (2004), hep-ph/0311025; Mod. Phys. Lett. A 19, 1341 (2004), hepph/0406219.

[4] E. V. Gorbar, J. Jia and V. A. Miransky, Phys. Rev. D 73, 045001 (2006), hep-ph/0512203.

[5] T. Brauner, Phys. Rev. D 72, 076002 (2005); ibid 74, 085010 (2006).

[6] K. Splittorff and J. J. M. Verbaarschot, Nucl. Phys. B 757, 259 (2006), hep-th/0605143; hep-ph/0608206.

[7] D. Blaschke, D. Ebert, K. G. Klimenko, M. K. Volkov and V. L. Yudichev, Phys. Rev. D 70, 014006 (2004), hep-ph/0403151; D. Ebert, K. G. Klimenko and V. L. Yudichev, Phys. Rev. D 72, 056007 (2005), hep-ph/0504218; ibid 75, 025024 (2007), hep-ph/0608304; L. He, M. Jin and P. Zhuang, hep-ph/0504148; A. H. Rezaeian and H. J. Pirner, Nucl. Phys. A 779, 197 (2006), nucl-th/0606043.

[8] E. V. Gorbar, M. Hashimoto and V. A. Miransky, Phys. Lett. B 632, 305 (2006), hep-ph/0507303; E. V. Gorbar, M. Hashimoto, V. A. Miransky, and I. A. Shovkovy, Phys. Rev. D 73, 111502(R) (2006), hepph/0602251;

[9] K. Fukushima, Phys. Rev. D 73, 094016 (2006), hep-ph/0603216;

O. Kiriyama, D. H. Rischke and I. A. Shovkovy, Phys. Lett. B 643, 331 (2006), hep-ph/0606030; O. Kiriyama, Phys. Rev. D 74, 074019 (2006), hep-ph/0608109; Phys. Rev. D 74, 114011 (2006), hep-ph/0609185; L. He, M. Jin and P. Zhuang, Phys. Rev. D 75, 036003 (2007), hepph/0610121.

[10] E. V. Gorbar, M. Hashimoto and V. A. Miransky, Phys. Rev. D 75, 085012 (2007), hep-ph/0701211.

[11] A. Buchel, J. Jia and V. A. Miransky, Phys. Lett. B 647, 305 (2007), hep-th/0609031.

[12] D. M. Gitman and I. V. Tyutin, Quantization of Fields with Constraints (Springer-Verlag, Berlin, 1990).

[13] S. R. Coleman and E. Weinberg, Phys. Rev. D 7, 1888 (1973).

[14] L. S. Brown and W. I. Weisberger, Nucl. Phys. B 157, 285 (1979) [Erratum-ibid. B 172, 544 (1980)].

[15] M. G. Alford, K. Rajagopal and F. Wilczek, Nucl. Phys. B 537, 443 (1999).

[16] H. B. Nielsen and S. Chadha, Nucl. Phys. B 105, 445 (1976).