arXiv:hep-th/0702067v2 11 Apr 2007

Static potential from spontaneous breaking of scale symmetry

Patricio Gaete^1

Departamento de Física, Universidad Técnica Federico Santa María, Valparaíso, Chile

Eduardo Guendelman^2,

Physics Department, Ben Gurion University, Beer Sheva 84105, Israel

Euro Spallucci^3

Dipartimento di Fisica Teorica, Università di Trieste and INFN, Sezione di Trieste, Italy

Abstract

We determine the static potential for a heavy quark-antiquark pair from the spontaneous symmetry breaking of scale invariance in a non-Abelian gauge theory. Our calculation is done within the framework of the gauge-invariant, path-dependent, variables formalism. The result satisfies the ’t Hooft basic criterion for achieving confinement.

1 Introduction

The binding energy of an infinitely heavy quark-antiquark pair represents a key tool which is expected to play an important role in the understanding of non- Abelian theories and especially of quark confinement. In fact, the distinction between the apparently related phenomena of screening and confinement have been of considerable importance in order to gain further insight and guidance into this problem.

1 e-mail address: patricio.gaete@usm.cl 2 e-mail address: guendel@bgumail.bgu.ac.il 3 e-mail address: spallucci@ts.infn.it

Preprint submitted to Elsevier 11 April 2007

As is well known, the problem of confinement in gauge theories has been studied from different viewpoints, like lattice gauge theory techniques [1] and non-perturbative solutions of Schwinger-Dyson’s equations [2,3]. We further note that recently an interesting approach to this problem has been proposed [4], which includes a linear term in the dielectric field that appears in the energy density. Mention should be made, at this point, to the ”Cornell potential” [5] which simulates the features of QCD, that is,

V ( r ) = − κ r + r a^2

, (1)

here a is a constant with the dimensions of length. According to ’t Hooft, confinement is associated to the appearance of a linear term in the dielectric field D (that dominates for low |D|) in the energy density:

U(D) = ρ_{str} |D| , (2)

the proportionality constant being the coefficient of the linear potential, that is, ρ_{str} ≈^1_{a2} . It is worthwhile remarking at this point that gauge theories with no scale have a symmetry which is associated to this, scale invariance. Thus it follows that the confinement phenomena breaks the scale invariance as the Cornell potential (1) explicitly shows by introducing the scale a.

With these ideas in mind, one of us (E.I.G.) has studied the connection between scale symmetry breaking and confinement in [6]. In effect, we have observed the appearance of the Cornell potential (1) as well as the ’t Hooft relation (2) after spontaneous breaking of scale invariance in an Abelian model. As was explained in [7], the scale invariant model under consideration introduces, in addition to the standard gauge fields also maximal rank gauge field strengths of four indices in four dimensions, F_{μναβ} = ∂_{[μ} A_{ναβ]} where A_{ναβ} is a three index potential. The integration of the equations of motion of the A_{ναβ} field introduces a constant of integration M which breaks the scale invariance [8]. More specifically, the linear term in the Cornell potential arises from the constant of integration M. Obviously, when M = 0 the equations of motion reduce to those of the standard gauge field theory.

Motivated by this, it is natural to ask wether a similar thing happens in the case of a non-Abelian model with a spontaneously broken symmetry. In this work we address this question and, as we shall see, the confining potential between quark-antiquark emerges naturally. Here we would mention that confinement arises as an Abelian effect. In general, this picture agrees qualitatively with that of Luscher [9]. More recently it has been related to relativistic membrane dynamics in [10], and implemented through the abelian projection method in [11]. We further observe that some peculiar quantum aspects of the effective long range dynamics of QCD, and certain intriguing analogies with the Schwinger model, have been considered in [12]. Once again, our procedure fulfills completely the requirements by ’t Hooft for perturbative confinement. Our calculation is based on the gauge-invariant but path-dependent variables formalism [13] . According to this formalism, the interaction potential between two static charges is obtained once a judicious identification of the physical degrees of freedom is made.

2 Scale symmetry breaking

In this section, we discuss the connection between the scale symmetry breaking and confinement, introduced in Ref.[7], in the of path integral formulation. For this purpose we restrict our attention to the action

S_{Y M} = ∫ d^4x ( − 1 4 F^a_{μν} F^{aμν} ) , (3)

where F^a_{μν} = ∂_μA^a_ν −∂_ν A^a_μ +gf^{abc}A^b_μA^c_ν . We mention in passing that this theory is invariant under the scale symmetry

A^a_μ (x) → A^{a′}_μ (x) = λ^{−1} A^a_μ (λ x ) , (4)

where λ is a constant.

Let us introduce the following parent action functional [15] encoding information about the different phases of the model

S_P [ ω , ϕ , A^a_μ , A_{μνρ} ] = ∫ d^4x [ − 1 4 ω^2 + 1 2 ω √ −F^a_{μν} F^{aμν} + ϕ(x) ( 1 4! ϵ^{λμνρ}∂_{[ λ} A_{μνρ ]} − ω ) ] , (5)

where, ω and ϕ are auxiliary scalar fields, and A_{μνρ} is an antisymmetric, rankthree, gauge form. Their scaling transformations are

ω → λ^{−2}ω ( λ x) (6) ϕ → λ^{−2}ϕ (λx) (7) A_{μνρ} → λ^{−1}A_{μνρ} (λx) (8)

Extended gauge potential have an ubiquitous role in theoretical high energy physics. They act as gauge partner of relativistic extended objects of various dimensions [16], and play a fundamental role in cosmology as well [17]. It can be worth to recall that in Yang-Mills theory rank-three gauge potential enters through the topological density term F^{∗a}_{μν} F^{aμν} and couples to the membrane boundary of hadronic bubble [18]. As an abelian, colorless object, A_{μνρ} is expected to describe the long-range “tail” of QCD [9],[10].

We notice that the Yang-Mills field enter the action through a Born-Infeld-like term in the strong field limit, suggesting a possible connection with strings/brane formulation of gauge theory [19],[20].

Dynamics of the whole system is encoded into the partition functional Z ≡ N ∫ [ DA^a_μ ] [ Dω ] [ Dϕ ] [ DA_{λμνρ} ] exp ( −S_P [ ω , ϕ , A^a_μ , A_{μνρ} ] ) (9)

where N is a suitable normalzation constant.

Suppose we start by integrating out the three-form gauge potential. We get the following “constrained” partition functional

Z ≡ N ∫ . . . [ Dϕ ] δ [ ϵ^{λμνρ}∂_λϕ ] × exp ( − ∫ d^4x [ − 1 4 ω^2 + 1 2 ω √ −F^a_{μν} F^{aμν} − ϕ(x) ω ) ] (10)

The Dirac-delta restricts the functional integration over ϕ to constant field configurations only: ∫ [ Dϕ ] δ [ ϵ^{λμνρ}∂_λϕ ] ( . . . ) = ∫ [ Dϕ ] δ [ ϕ − M ] ( . . . ) (11)

Thus, we find

Z_M = N ∫ [ DA^a_μ ] [ Dω ] × exp ( − ∫ d^4x [ − 1 4 ω^2 + 1 2 ω ( √ −F^a_{μν} F^{aμν} − M ) ] ) (12)

the integration constant has (mass)^2 dimension in natural units. The appearance of a dimensional constant signals the breaking of scale invariance. The M constant acts as an order parameter for the different phases of the system. If M = 0 we recover the familiar Yang-Mills theory after integration over the ω field:

Z_{M=0} = N ∫ [ DA^a_μ ] [ Dω ] exp ( − ∫ d^4x [ − 1 4 ω^2 + 1 2 ω ( √ −F^a_{μν} F^{aμν} ) ] )

= N ∫ [ DA^a_μ ] exp ( − ∫ d^4x [ − 1 4 F^a_{μν} F^{aμν} ] ) ≡ Z_{Y M} (13)

On the other hand, if M ≠ 0 we get an additional Born-Infeld contribution to the Yang-Mills action, coming from the breaking of scale invariance [6]

Z_M = ∫ d^4x [ − 1 4 F^a_{μν} F^{aμν} + M 2 √ −F^a_{μν} F^{aμν} ] , (14)

where field-independent constant has been absorbed into the normalization factor N . In this case the action contains both a Yang-Mills and a Born-Infeld term. It is important to realize that the integration constant M spontaneously breaks the scale invariance, since both ω and √ −F^{aμν} F^a_{μν} transform as in Eq.(6) but M does not transform. We also call attention to the fact that M has the same dimensions as the field strength F^a_{μν} , that is, dimensions of (length)^{−2}. It now follows that the variation of the A^a_μ field produces the following equation ∇_μ (√ −F^a_{αβ} F^{aαβ} + M ) F^{aμν} √ −F^b_{αβ} F^{bαβ} = 0 . (15)

Once again, we observe as an appealing feature of this expression, that the introduction of the unusual M term leads to the generation of confinement. The above equation admits a “trivial vacuum” solution for M = 0, which is

M = 0 (16) F^a_{μν} = 0 (17)

while, for M ≠ 0 one finds that the classical field strength is subject to the condition √ −F^b_{αβ} F^{bαβ} = −M . (18) This kind of constrained field configurations has been originally introduced in [21] in order to proivide a gauge type description of string dynamics. Later in [19],[20] an in-depth investigation of gauge-type formulation of string theory has been given. It may be worth to recall that the effective string tension is given by [19]: 1 2πα^′ = | M | √ 2 (19)

Confinement is obvious then, since in the presence of two external sources, by symmetry arguments, one can see that such a constant amplitude chromoelectric field must be in the direction of the line joining the two charges. The potential that gives rise to this kind of field configuration is of course a linear potential.

The two solutions (17) and (18) clearly show in which sense scale invariance is “spontaneously broken” and how this effect leads to linear confinement. Notice that this equation gives confinement only if M < 0, otherwise the chromoelectric field will be antiparallel to itself, giving that the confinement piece is zero. Accordingly, the term inside the square brackets corresponds to the ”dielectric field D^{aμν} ”. Hence we see that the equations of motion would be obtained from an action of the form S = k ∫ d^4x √ −F^a_{μν} F^{aμν} , (20)

where k is a constant. Such model leads to confinement and to string solutions [12],[20].

In order to compute the interaction energy we need to write the Born-Infeld term in a more tractable form. To achieve this goal we need to introduce an auxiliary field, say e(x). Thus, we get the on-shell equivalent form S [ A^a_μ , e(x) ] = ∫ d^4x [ − M 4 e(x)F^a_{μν} F^{aμν} + M 4 1 e(x) ] , (21)

S [ A^a_μ , e(x) ] = S_{BI} [ A^a_μ ] ←→ e(x) = 1 √ −F^a_{μν} F^{aμν} . (22)

By adding the Yang-Mills term we get for the total action S_P [ A^a_μ , e(x) ] = ∫ d^4x [ − 1 4 ( 1 + Me(x) ) F^a_{μν} F^{aμν} + M 4 1 e(x) ] . (23)

The action (23) explicitly shows that we obtained a Yang-Mills theory with an effective, point-dependent, dielectric constant

ε_{Y M} (x) ≡ 1 + Me(x) . (24)

Equation (24) is a consequence of the non-trivial properties of the Yang-Mills vacuum parametrized through the function e(x).

To conclude this section we notice that the dimension of M are the same as the string tension:

[ M ] = [ 1/α^′ ] (25)

Thus, we expect that the appearance of such a constant is a signal of a stringy phase of the Yang-Mills field. In the next section we are going to show this expectation is correct, as M enters in the linear part of the interaction energy between a pair of static test charges.

3 Interaction energy

We now examine the interaction energy between external probe sources in the model (23). This can be done by computing the expectation value of the energy operator H in the physical state |Φ⟩, which we will denote by ⟨H⟩_Φ. The model (23) cannot be analytically solved in full generality. Thus, we impose spherical symmetry and reduce the problem to an effective 1 + 1 dimensional model, where the interaction potential can be exactly determined. Our starting point is the Lagrangian density (23)

L = 4πr^2 { − 1 4 (1 + Me) F^a_{μν} F^{aμν} + M 4 1 e } − A^a_0J^{a0} , (26)

where J^{a0} is the external current. In passing we note that μ, ν = 0, 1 and x^1 ≡ r ≡ x. As we have noted before, by introducing the auxiliary field ε_{Y M} (x) ≡^1_V = 1 + Me, expression (26) then becomes L = −4πr^2 { 1 4V F^a_{μν} F^{aμν} + M^2 4 V V − 1 } − A^a_0J^{a0} . (27)

Once this is done, the canonical quantization of this theory from the Hamiltonian analysis point of view is straightforward. The canonical momenta read Π^{aμ} = −4πx^{2 1}_V F^{a0μ}, and one immediately identifies the two primary constraints Π^{a0} = 0 and P ≡^{∂L}_{∂V̇} = 0. Standard techniques for constrained systems then lead to the following canonical Hamiltonian:

H_C = ∫ dx ( − V 8πx^2 Π^a_i Π^{ai} + Π^a_i ∂^i A^{a0} −gf^{abc} Π^a_i A^{b0}A^{ci} + 1 4 F^a_{ij} F^{aij} + A^a_0J^{a0} + 4πx^2

M^2 4 V V − 1 ) . (28)

Time conserving the primary constraints Π^{a0} ≈ 0 yields the secondary constraints Γ^{a(1)} (x) ≡ ∂_iΠ^{ai} + gf^{abc}A^{bi}Π^c_i − J^{a0} ≈ 0. The consistency condition for the P constraint yields no further constraints and just determines the field V , V = 1 + |M| √ 2 4πx^2 1 √ Π^{ai}Π^{ai} , (29) which will be used to eliminate V . The extended Hamiltonian that generates translations in time then reads H = H_C + ∫ dx ( c^a_0(x)Π^a_0(x) + c^a_1(x)Γ^{a(1)} (x) ) , where c^a_0(x) and c^a_1(x) are the Lagrange multipliers. Moreover, it follows from this Hamiltonian that Ȧ^a_0 (x) = [A^a_0 (x) , H] = c^a_0 (x), which are arbitrary functions. Since Π^{0a} = 0, neither A^{0a} nor Π^{0a} are of interest in describing the system and may be discarded from the theory. The Hamiltonian then reads H = ∫ dx { Π^{ai}Π^{ai} 8πx^2 + |M| √ 2 + 1 4 F^a_{ij}F^{aij} + c^a ( ∂_iΠ^{ai} + gf^{abc}A^{bi}Π^c_i − J^{a0} ) } , (30)

where c^a (x) = c^a_1 (x) − A^a_0 (x).

According to the usual procedure we introduce a supplementary condition on the vector potential such that the full set of constraints becomes second class. A useful choice is found to be [13]:

Γ^{a(2)} (x) = 1∫ 0 dλ (x − ξ)^i A^{(a)}_i (ξ + λ (x − ξ)) ≈ 0, (31)

where λ (0 ≤ λ ≤ 1) is the parameter describing the spacelike straight path x^i = ξ^i + λ (x − ξ)^i, and ξ is a fixed point (reference point).

This supplementary condition is the non-Abelian generalization of the gauge condition discussed in [14], which leads to the Poincaré gauge. There is no essential loss of generality if we restrict our considerations to ξ^i = 0. In this case, the only nontrivial Dirac bracket is { A^a_i (x) , Π^{bj} (y) }_∗ = δ^{ab}δ^j_i δ^{(3)} (x − y) − 1∫ 0 dλ ( δ^{ab} ∂ ∂x^i − gf^{abc}A^c_i (x) ) x^j δ^{(3)} (λx − y) . (32)

In passing we note the presence of the last term on the right-hand side which depends on g.

Now we are in a position to be able to compute the interaction energy between pointlike sources in the theory under consideration, where a fermion is localized at the origin 0 and an antifermion at y. As we have already indicated, we will calculate the expectation value of the energy operator H in the physical state |Φ⟩. From our above discussion we then get for the expectation value

⟨ H ⟩_Φ = Tr ⟨ Φ | ∫ dx ( Π^{ai}Π^{ai} 8πx^2 + |M| √ 2 √ Π^{ai}Π^{ai} + 1 4 F^a_{ij} F^{aij} ) |Φ⟩ . (33)

It is easy to see that the first term inside the bracket comes from the usual Yang-Mills theory while the second one is a correction which comes from the square root modification.

Now we recall that the physical state can be written as [13],

|Φ⟩ = ψ (y) U (y, 0) ψ (0) |0⟩ , (34)

where

U (y, 0) ≡ P exp ig y∫ 0 dz^iA^a_i (z) T^a . (35)

As before, the line integral is along a spacelike path on a fixed time slice, P is the path-ordering prescription and |0⟩ is the physical vacuum state. As in [13], we again restrict our attention to the weak coupling limit.

From this and the foregoing Hamiltonian discussion, we then get

⟨H⟩_Φ = ⟨H⟩_0 + V_1 + V_2, (36)

where ⟨H⟩_0 = ⟨0| H |0⟩, and the V_1 and V_2 terms are given by:

V_1 = Tr ⟨Φ| ∫ dx ( Π^{ai}Π^{ai} 8π x^2 ) |Φ⟩ , (37)

and V_2 = |M| √ 2 Tr ⟨Φ| ∫ dx √ Π^{ai}Π^{ai} |Φ⟩ . (38)

For more technical details about the derivation of (36) we refer to the the following papers [22].

As we have noted before, the V_1 term is similar to the energy for the Yang-Mills theory. Nevertheless, in order to put our discussion into context it is useful to summarize the relevant aspects of the analysis described previously [13]. From (37) we then get an Abelian part (proportional to C_F ) and a non-Abelian part (proportional to the combination C_F C_A). As we have noted before, the Abelian part takes the form V (g^2)_1 = g^2 2 Tr ( T^aT^a ) y∫ 0 dz^1 y∫ 0 dz^{′1} δ ( z^1 − z^{′1} ) 4π (z^1)^2

, (39)

Writing the group factor Tr(T^aT^a) = C_F , the expression (39) is given by

V^{(g2)}_1 (L) = − 1 8π g^2C_F 1 L , (40)

where |y| ≡ L. Next, the non-Abelian part may be written as

V (^{g4})_1 = Tr ∫ dx 8πx^2 ⟨0| ( I^1

)_2

|0⟩ , (41)

where

I^1 = g^2f^{abc}T^b y∫ 0 dz^1 1∫ 0 dλA_1 ( z^1 ) z^1δ ( x^1 − λz^1 ) . (42)

Expression (41) reduces to

V^{(g4)}_1 ( L ) = 1 4 g^4C_AC_F ( − 1 L )^y∫ 0 dz^1 y∫ 0 dz^{′1}D_{11} ( z^1, z^{′1} ) (43)

Here D_{11}(z^1, z^{′1}) stands for the propagator, which is diagonal in color and taken in an arbitrary gauge. Following our earlier discussion, we choose the Feynman gauge. As a consequence, expression (43) then becomes

V^{(g4)}_1 ( L ) = −g^4 1 8π^2 C_AC_F 1 L log (μL) , (44)

where μ is a cutoff. Then, the V_1 term takes the form

V_1 = −g^2C_F 1 8πL ( 1 + g^2 π C_A log (μL) ) . (45)

The task is now to evaluate the V_2 term, which is given by Eq.(38). Since the field Π^{ai} is basically the electric field F^{a0i}, we restrict ourselves to constant electric fields (in color space) in order to handle the square root in expression (38). In such a case, we can write Π^{ai} = v^aΠ^{ai}, where v^a is a constant vector in color space. In this way, color invariance is explicitly broken. The presence of a constant chromomagnetic field breaks Lorentz invariance as well. However, both symmetries are recovered at large distance by averaging over a large number of randomly oriented vacuum domains. In any case, the confining features of the model are not affected by the averaging procedure. In fact, this same aspect has been discussed recently in the context of (2 + 1) and (3 + 1) - dimensional reformulated SU(2) Yang-Mills theory [23].

In this case, the only nontrivial contribution is the Abelian one, that is,

V_2 = |M| √ 2 g Tr ( v^{1a}e^1T^a ) L . (46)

where e^1 is a unit vector along the z^1.

By putting together equations (45) and (46), we obtain for the total interquark potential

V = −g^2 C_F 1 8πL ( 1 + g^2 π C_A log (μL) ) + |M|g √ 2 Tr ( v^{1a}e^1T^a ) L , (47)

which has the Cornell form. Notice that confinement is obtained at a finite value of the strong coupling just as claimed by ’t Hooft [4].

4 Conclusions

Let us summarize our work. We have shown that the non-Abelian generalization of the model considered in Ref. [7] leads to the Cornell confining potential. More interestingly, it was found that confinement is basically an Abelian effect. In general, this picture agrees qualitatively with that of Luscher [9]. Once again, the gauge-invariant formalism has been very economical in order to obtain the interaction energy, this time showing a confining effect in the context of a non-Abelian effective model. We also draw attention to the fact that the model satisfies indeed the ’t Hooft basic criterion for achieving confinement, even with finite coupling constant. In such a case, the necessary term for the dependence of the energy density for low dielectric field (linear in |D|) discussed by ’t Hooft is here obtained as a result of spontaneous breaking of scale invariance which introduces the constant M.

5 ACKNOWLEDGMENTS

One of us (P.G.) wants to thank the Physics Department of the Università di Trieste for hospitality. Work supported in part by Fondecyt (Chile) grant 1050546 (P.G.).

References

[1] K. G. Wilson, Phys. Rev. D10, 2445 (1974).

[2] M. Baker, J. S. Ball and F. Zachariasen, Phys. Rept. 209, 73 (1991). [3] C. Feuthcher, H. Reinhardt, Phys. Rev. D70, 105021 (2004);

D. Epple, H. Reinhardt and W. Schleifenbaum, hep-th/0612241. [4] G. ’t Hooft, Nucl. Phys. Proc. Suppl. 121, 333 (2003).

[5] E. Eichten, K. Gottfried, T. Kinoshita, K. D. Lane, and T. M. Yan, Phys. Rev.

D17, 3090 (1978).

[6] E.I. Guendelman, Int. J. Mod. Phys. A19 3255 (2004) [7] P. Gaete and E. I. Guendelman, Phys. Lett. B640, 201 (2006) [8] C. Castro, Int. Jour. Mod. Phys A 19, 4251 ( 2004 ) [9] M. Luscher, Phys. Lett. B78, 465 (1978). [10] G. Gabadadze, Phys. Rev. D58, 094015 (1998). [11] K. Kondo, Phys. Rev. D57, 7467 (1998).

[12] A. Aurilia, E. Spallucci, Phys. Rev. D69, 105004 (2004);

A. Aurilia, E. Spallucci, Phys. Rev. D69, 105005 (2004). [13] P. Gaete, Phys. Lett. B515, 382 (2001). [14] P. Gaete, Z. Phys. C76, 355 (1997).

[15] S. E. Hjelmeland, U. Lindström Duality for the Non-Specialist, hep-th/9705122. [16] A.Aurilia, H. Nicolai, P.K.Townsend Nucl. Phys. B176, 509 (1980);

S.Hawking Phys. Lett. B 134, 403 (1984); J.D.Brown, C.Teitelboim Nucl. Phys.B297, 787 (1985); M. J. Duff Phys. Lett. B 226, 36 (1989);

M.J. Duncan, L.G. Jensen Nucl. Phys. B 336, 100 (1990); A. Aurilia, A. Smailagic and E. Spallucci, Phys. Rev. D47, 2536 (1993); N. Turok, S.Hawking Phys. Lett. B 432, 271 (1998);

S. Ansoldi, A. Aurilia, L. Marinatto, E. Spallucci Prog. Theor. Phys. 103 1021 (2000) [17] A. Aurilia, G.Denardo, F.Legovini, E. Spallucci, Nucl. Phys. B252, 523 (1985);

A.Aurilia, R.S. Kissack, R.Mann, E.Spallucci Phys. Rev. D35, 2961 (1987); S. Ansoldi, A. Aurilia, E. Spallucci Phys. Rev. D64 025008 (2001); R. Bousso, J. Polchinski JHEP 0006 (2000) 006;

R. Bousso, Precision Cosmology and the Landscape, hep-th/0610211 ; [18] S. Ansoldi, C. Castro, E.Spallucci Phys. Lett. B504 174 (2001);

S.Ansoldi, C.Castro, E.Spallucci Class. Quant. Grav. 18 2865 (2001).

[19] S. Ansoldi, C. Castro, E.I. Guendelman, E.Spallucci Class. Quant. Grav. 19 L135 (2002).

[20] E. I. Guendelman, Phys. Lett. B412, 42 (1997);

N. Amer, E. I. Guendelman, Int. J. Mod. Phys. A15, 4407 (2000). [21] Y. Nambu, Phys. Lett. 92B, 327 (1981) [22] P. Gaete, Phys. Rev. D59 127702 (1999);

P. Gaete, I. Shmidt, Phys. Rev. D61 125002 (2000); P. Gaete, I. Shmidt, Phys. Rev. D64 027702 (2001).

[23] P. Gaete, E. I. Guendelman and E. Spallucci, Phys. Lett. B644, 379 (2007).