arXiv:hep-th/0702112v2 11 Jul 2007

Three-Loop Superfiniteness of N = 8 Supergravity

Z. Bern^a, J. J. Carrasco^a, L. J. Dixon^b, H. Johansson^a, D. A. Kosower^{c,d} and R. Roiban^e aDepartment of Physics and Astronomy, UCLA, Los Angeles, CA 90095-1547, USA bStanford Linear Accelerator Center, Stanford University, Stanford, CA 94309, USA cService de Physique Théorique, CEA–Saclay, F–91191 Gif-sur-Yvette cedex, France dInstitut für Theoretische Physik, Universität Zürich, CH–8057 Zürich, Switzerland eDepartment of Physics, Pennsylvania State University, University Park, PA 16802, USA

We construct the three-loop four-point amplitude of N = 8 supergravity using the unitarity method. The amplitude is ultraviolet finite in four dimensions. Novel cancellations, not predicted by traditional superspace power-counting arguments, render its degree of divergence in D dimensions no worse than that of N = 4 super-Yang-Mills theory — a finite theory in four dimensions. Similar cancellations can be identified at all loop orders in certain unitarity cuts, suggesting that N = 8 supergravity may be a perturbatively finite theory of quantum gravity.

PACS numbers: 04.65.+e, 11.15.Bt, 11.25.Db, 12.60.Jv

While physicists do not yet know how to construct an ultraviolet-finite, point-like quantum field theory of gravity in four dimensions, neither have they shown that such a construction is impossible. Point-like theories of gravity are non-renormalizable, because the gravitational coupling is dimensionful. To date, no known symmetry has proven capable of taming the divergences, leading to the widespread belief that all such theories require new physics in the ultraviolet (UV). These beliefs were historically an important motivation for the development of string theory. Were a finite four-dimensional point-like theory of gravity to be found, surely either a new symmetry or non-trivial dynamical mechanism must underpin it. The discovery of either would have a fundamental impact on our understanding of gravity.

Supersymmetry has been studied extensively as a mechanism for taming UV divergences (see e.g. refs. [1, 2, 3]). Although assumptions about the existence of different types of superspaces lead to different power counting, any superspace argument delays the onset of divergences only by a limited number of loops. For example, pure minimal (N = 1) supergravity cannot diverge until at least three loops [4, 5]. For maximal N = 8 supergravity [6], were a fully covariant superspace to exist, divergences would be delayed until seven loops. With the additional (unconventional) assumption that all fields respect ten-dimensional general coordinate invariance, one can even delay the divergence to nine loops [7]. Recent arguments [8] using the type II string non-renormalization theorems of Berkovits [9] suggest that divergences in the corresponding supergravity theory may indeed not arise before this loop order, though issues with smoothness in the low-energy limit do weaken this prediction [8]. Beyond this order, no known purely supersymmetric mechanism can avoid divergences. String dualities also hint at UV finiteness for N = 8 supergravity [10], unless the situation is spoiled by towers of light nonperturbative states from branes wrapped on the compact dimensions [11].

Nonetheless, a different line of reasoning [12] using the unitarity method [13] has provided direct evidence that N = 8 supergravity may be UV finite to all loop orders [14]. (See also ref. [15].) At one loop, all known multi-graviton amplitudes in the theory (including all with up to six gravitons) can be expressed solely in terms of scalar box integrals; neither triangle nor bubble integrals appear [16, 17]. Supersymmetry, factorization and infrared arguments provide strong evidence that the same is true for all one-loop amplitudes. This “no-triangle hypothesis” [17] implies a set of surprising cancellations which go beyond any known superspace argumentation. Generalized unitarity cuts, isolating one-loop subamplitudes inside higher-loop amplitudes, then imply specific multi-loop cancellations [14]. Are similar cancellations present in all contributions to multi-loop amplitudes, and do they render the theory UV finite?

In this paper, we take a concrete step toward addressing these questions by presenting the complete three-loop four-point amplitude of N = 8 supergravity. Details of the computation will appear elsewhere [18]. Here we show that the amplitude possesses the cancellations expected if the theory were indeed finite to all loop orders.

Ref. [12] analyzed iterated two-particle cuts to all loop orders, and argued that N = 8 supergravity is finite for

D < 10/L + 2 (L > 1) , (1)

where L is the loop order and D is the dimension. (For L = 1, the finiteness bound is D < 8, not D < 12.)

A similar analysis for N = 4 super-Yang-Mills theory [12, 19], gives the finiteness condition,

D < 6/L + 4 (L > 1) . (2)

The bound (2) differs somewhat from earlier superspace power counting [20], although all bounds confirm UV finiteness of N = 4 super-Yang-Mills theory in D = 4. The bound (2) has been proven to all orders [3] using N = 3 harmonic superspace [21]. Explicit computations show that it is saturated through four loops [12, 14, 19, 22].

FIG. 1: Generalized cuts used to determine the three-loop four-point amplitude.

The N = 8 supergravity bound (1) corresponds, in the language of effective actions, to a one-particle irreducible effective action starting with loop integrals multiplied by D^4R^4 at each loop order beyond L = 1. Here R^4 is a shorthand for the supersymmetrization of a particular contraction of four Riemann tensors [5], and D denotes a generic covariant derivative. The stronger, “superfinite” bound (2), if applied to N = 8 supergravity, would differ from eq. (1) beginning at L = 3 for general D, although both bounds imply three-loop finiteness for D = 4. It corresponds to a three-loop effective action beginning with D^6R^4, not D^4R^4. As the supergravity finiteness bound (1) is based on only a limited set of unitarity cuts [12], additional (stronger) cancellations may be missed [14].

To study this issue, we use the unitarity method [13, 19] to build the three-loop four-point N = 8 supergravity amplitude. In this method, on-shell tree amplitudes suffice as ingredients for computing amplitudes at any loop order. The reduction to tree amplitudes is crucial. It allows the use of the Kawai-Lewellen-Tye (KLT) [23] tree-level relations between gravity and gauge theory amplitudes [12], effectively reducing gravity computations to gauge theory ones. The original KLT relations express tree-level closed-string scattering amplitudes in terms of pairs of open-string ones. The perturbative massless states of the closed and open type II superstring compactified to four dimensions on a torus, are those of N = 8 supergravity and N = 4 super-Yang-Mills theory, respectively. Thus, in the limit of energies well below the string scale, the KLT relations express N = 8 supergravity tree amplitudes as quadratic combinations of N = 4 super- Yang-Mills tree amplitudes (see e.g. ref. [16]). At tree level there are no subtleties in taking this limit.

We use the generalized unitarity cuts [24] illustrated in fig. 1. Together with the iterated two-particle cuts evaluated in refs. [12, 19], these cuts completely determine any massless three-loop four-point amplitude. Since we are interested in the UV behavior of the amplitudes in D dimensions, the unitarity cuts must be evaluated in D dimensions [25]. This renders the calculation more difficult, because powerful four-dimensional spinor methods cannot be used. Some of the D-dimensional complexity is avoided by performing internal-state sums in terms of the simpler on-shell gauge supermultiplet of D = 10, N = 1 super-Yang-Mills theory instead of the D = 4, N = 4 multiplet. We have also performed various

FIG. 2: Loop integrals appearing in both N = 4 gauge-theory and N = 8 supergravity three-loop four-point amplitudes. The integrals are specified by combining the diagrams’ propagators with numerator factors given in table I.

four-dimensional cuts, which in practice provide a very useful guide.

Our computation proceeds in two stages. In the first stage we deduce the three-loop N = 4 super-Yang-Mills amplitudes from generalized cuts, including cuts (a)-(c) in fig. 1, and the iterated two-particle cuts analyzed in refs. [12, 19]. From the cuts we obtain a loop-integral representation of the amplitude. The diagrams in fig. 2 describe the scalar propagators for the loop integrals. The numerator factor for each integral in the super-Yang- Mills case is given in the second column of table I.

In the second stage we use the KLT relations to write the cuts of the N = 8 supergravity amplitude as sums over products of pairs of cuts of the corresponding N = 4 super-Yang-Mills amplitude, including twisted non-planar contributions. The iterated two-particle cuts studied in ref. [12], together with the cuts in fig. 1 evaluated here, suffice to fully reconstruct the supergravity amplitude. We find that the three-loop four-point N = 8 supergravity amplitude in D dimensions is,

M^{(3)}_4 = ( κ 2 )_8 stuM^{tree}_4 ∑ S_3 [ I^{(a)} + I^{(b)} +^1_2 I^{(c)} +^1_4 I^{(d)}

+ 2I^{(e)} + 2I^{(f)} + 4I^{(g)} +^1_2 I^{(h)} + 2I^{(i)} ] , (3)

where S_3 represents the six independent permutations of legs {1, 2, 3}, κ is the gravitational coupling, and M^{tree}_4 is the supergravity four-point tree amplitude. The I^{(x)}(s, t) are D-dimensional loop integrals corresponding to the nine diagrams in fig. 2, with numerator factors given in the third column of table I. The Mandelstam invariants are s = (k_1 + k_2)^2, t = (k_2 + k_3)^2, u = (k_1 + k_3)^2. The numerical coefficients in front of each integral in eq. (3) are symmetry factors of the diagrams. Remarkably, the number of dimensions appears explicitly only in the loop integration measure.

FIG. 3: The vacuum diagrams V^{(x)} encoding the leading UV behavior of the individual N = 8 supergravity diagrams. Dots on propagators represent squared propagators. The shaded cross in diagram (c) represents a numerator factor of l^2, where l is the momentum of a collapsed vertical propagator.

We remark that the amplitude (3) could be used to study D = 11, N = 1 supergravity compactified on a circle or two-torus at three loops, just as the two-loop amplitude [12] was analyzed in ref. [26]. That analysis, along with the assumption that M-theory dualities hold at this loop order, restricts the type II string effective action at three loops to start with D^6R^4, not D^4R^4.

With the explicit expression for the amplitude (3) in hand, we may determine the UV behavior straightforwardly. In the super-Yang-Mills case, the entries in the second column in table I contain no more than two powers of loop momenta. Accounting for the ten propagators of each diagram in fig. 2 and the three-loop integration measure, we see that each integral separately satisfies the known super-Yang-Mills finiteness bound (2).

In contrast, the supergravity numerators, as given in the third column of table I, contain up to four powers of loop momenta. Separately, these integrals satisfy the bound (1). The iterated two-particle cuts evaluated in ref. [12] give the integrals (a)-(g) in fig. 2 and table I. All such contributions have numerator factors which are squares of the Yang-Mills ones. The entries (h) and (i) are new and do not have this structure.

Might there be additional cancellations between the integrals in the N = 8 supergravity case? To check this, we expand each integral in a series in the external momenta, keeping only the leading terms. We thereby keep terms with maximal powers of loop momenta and set the external momenta to zero in the propagators. Each integral reduces to a sum of vacuum diagrams, possibly with squared propagators. Fig. 3 shows the resulting vacuum diagrams V^{(x)}. Integrals (a)-(d) in fig. 2 have no powers of loop momenta in their numerators, and hence do not contribute to the leading UV behavior. The remaining integrals in eq. (3) reduce as follows,

2I^{(e)} → 4V^{(a)} , 2I^{(f)} → 4V^{(b)} , 4I^{(g)} → 8V^{(a)} , 1 2 I^{(h)} → −4V^{(a)} − 8V^{(b)} − 4V^{(c)} − 2V^{(e)} ,

2I^{(i)} → −8V^{(a)} + 4V^{(b)} + 8V^{(d)} , (4)

taking into account the permutation sum over external legs and suppressing an overall factor of (s^2 + t^2 + u^2)stuM^{tree}_4 . Using a momentum-conservation identity,

V^{(c)} = 2V^{(d)} −^1_2 V^{(e)}, (5)

FIG. 4: A generalized cut (a) isolating a one-loop subamplitude in an L-loop amplitude. If a leg is external to the entire amplitude, it should not be cut. From the generalized cut (b) we see that diagram (a) in fig. 3 must cancel, since it has a one-loop triangle subdiagram.

to eliminate V^{(c)}, the coefficients of the remaining four vacuum diagrams cancel completely.

Lorentz covariance implies that contributions with three powers of loop momenta in the numerator are no more divergent than integrals with only two powers. We have also found a rearrangement of the loop-momentum integrands which makes manifest this quadratic behavior, equivalent to the amplitude behaving as D^6R^4 [18]. Thus the N = 8 supergravity amplitude satisfies the same finiteness bound (2) at L = 3 as the corresponding N = 4 super-Yang-Mills amplitude.

Some of these cancellations have an all-loop generalization that can be understood as a direct consequence of the no-triangle hypothesis [14]. Using generalized unitarity we may isolate all one-loop subamplitudes of an L-loop amplitude as shown in fig. 4(a). For example, the cut shown in fig. 4(b) rules out the appearance of the vacuum diagram V^{(a)}, because it would imply the appearance of a triangle integral at one loop. Similarly, we can infer a cancellation between vacuum diagrams V^{(c)} and V^{(d)}. (A squared propagator counts as two sides of a triangle integral.) At higher loops, the generalized cut in fig. 4(a), together with the no-triangle hypothesis, implies that any leading-singularity vacuum diagram containing a triangle subdiagram must have a vanishing coefficient. However, this argument does not suffice to rule out vacuum diagrams V^{(b)} and V^{(e)}, because they have no triangle subdiagrams. Their coefficients nonetheless vanish, demonstrating the existence of cancellations beyond those implied by the no-triangle hypothesis.

This paper establishes through three loops that the four-point amplitudes of N = 8 supergravity have the same ultraviolet critical dimension (2) as the corresponding N = 4 gauge-theory ones. Fourteen powers of loop momentum are extracted from the numerators of the three-loop integrals. This result is consistent with the manifest symmetries of an off-shell N = 7 harmonic superspace [3], whose existence would imply UV finiteness for D < 12/L + 2. However, the cancellations we find go beyond this: generalized unitarity will propagate the additional three-loop cancellations, as well as the oneloop no-triangle constraint, into novel cancellations eliminating increasing powers of loop momenta at all loop orders [18].

TABLE I: The numerator factors of the integrals I^{(x)} in fig. 2. The first column labels the integral, the second column the relative numerator factor for N = 4 super-Yang-Mills, the third column the factor for N = 8 supergravity. In the Yang-Mills case an overall factor of stA^{tree}_4 has been removed, while in the supergravity case an overall factor of stuM^{tree}_4 has been removed. The loop momenta li are the momenta of the labeled propagators in fig. 2, and l^2_{i,j} = (li + lj )^2.

Integral I^{(x)} N = 4 Super-Yang-Mills N = 8 Supergravity

(a)–(d) s^2 [s^2]^2

(e)–(g) s(l1 + k4)^2 [s (l1 + k4)^2]^2

(h) sl^2_{1,2} + tl^2_{3,4} − sl^2_5 − tl^2_6 − st (sl^2_{1,2} + tl^2_{3,4} − st)^2 − s^2(2(l^2_{1,2} − t) + l^2_5 )l^2_5 − t^2(2(l^2_{3,4} − s) + l^2_6 )l^2_6 − s^2(2l^2_1 l^2_8 + 2l^2 l^2_7 + l^2_1 l^2_7 + l^2 l^2_8 ) − t^2(2l^2_3 l^2_{10} + 2l^2_4 l^2_9 + l^2_3 l^2_9 + l^2_4l^2_{10}) + 2stl^2_5 l^2_6

(i) sl^2_{1,2} − tl^2_{3,4} −^1_3 (s − t)l^2_5 (sl^2_{1,2} − tl^2_{3,4})^2 − (s^2l^2_{1,2} + t^2l^2_{3,4} +^1_3 stu)l^2_5

To unravel the origin of these cancellations, and to constrain potential superspace explanations, it is important to compute additional N = 8 amplitudes. Using the unitarity method it should be feasible to compute the fourand five-loop four-point amplitudes, as well as the twoloop five-point amplitude. It should also be possible to carry out refined all-order studies, given the recursive nature of the formalism. In particular, it is important to investigate the classes of contributions not directly constrained by generalized unitarity and the no-triangle hypothesis.

The result presented here, in conjunction with the allloop-order evidence from unitarity [14] and string theory hints of additional cancellations [8, 9, 10], points strongly towards the ultraviolet finiteness of N = 8 supergravity We thank N. Berkovits, E. D’Hoker, M. Green, C. Hull, H. Nicolai, H. Ooguri, J. Schwarz, K. Stelle and P. Vanhove for valuable discussions. We especially thank M. Perelstein for initial collaboration many years ago. This research was supported by the US Department of Energy under contracts DE–FG03–91ER40662 and DE– AC02–76SF00515, and the National Science Foundation under grant PHY-0608114.

[1] P. S. Howe and U. Lindstrom, Nucl. Phys. B 181, 487

(1981); R. E. Kallosh, Phys. Lett. B 99, 122 (1981). [2] P. S. Howe and K. S. Stelle, Int. J. Mod. Phys. A 4, 1871

(1989).

[3] P. S. Howe and K. S. Stelle, Phys. Lett. B 554, 190 (2003)

[hep-th/0211279].

[4] M. T. Grisaru, Phys. Lett. B 66, 75 (1977); E. Tomboulis,

Phys. Lett. B 67, 417 (1977).

[5] S. Deser, J. H. Kay and K. S. Stelle, Phys. Rev. Lett. 38,

527 (1977).

[6] E. Cremmer, B. Julia and J. Scherk, Phys. Lett. B 76,

409 (1978); E. Cremmer and B. Julia, Phys. Lett. B 80, 48 (1978); Nucl. Phys. B 159, 141 (1979).

[7] K. S. Stelle, presented at UCLA workshop: Is N = 8

Supergravity Finite?, http://www.physics.ucla.edu/tep/ workshops/supergravity/agenda/Talks/talk2.pdf

[8] M. B. Green, J. G. Russo and P. Vanhove, Phys. Rev.

Lett. 98, 131602 (2007) [hep-th/0611273]. [9] N. Berkovits, hep-th/0609006.

[10] G. Chalmers, hep-th/0008162; M. B. Green, J. G.

Russo and P. Vanhove, JHEP 0702, 099 (2007) [hepth/0610299].

[11] M. B. Green, H. Ooguri and J. H. Schwarz, private communications.

[12] Z. Bern, L. J. Dixon, D. C. Dunbar, M. Perelstein and J. S. Rozowsky, Nucl. Phys. B 530, 401 (1998) [hepth/9802162].

[13] Z. Bern, L. J. Dixon, D. C. Dunbar and D. A. Kosower, Nucl. Phys. B 425, 217 (1994) [hep-ph/9403226]; Nucl. Phys. B 435, 59 (1995) [hep-ph/9409265].

[14] Z. Bern, L. J. Dixon and R. Roiban, Phys. Lett. B 644, 265 (2007) [hep-th/0611086].

[15] Z. Bern, presented at KITP Workshop: Mathematical Structures in String Theory, Aug. 1 - Dec. 16, 2005, http://online.kitp.ucsb.edu/online/strings05/bern.

[16] Z. Bern, L. J. Dixon, M. Perelstein and J. S. Rozowsky, Nucl. Phys. B 546, 423 (1999) [hep-th/9811140].

[17] Z. Bern, N. E. J. Bjerrum-Bohr and D. C. Dunbar, JHEP 0505, 056 (2005) [hep-th/0501137]; N. E. J. Bjerrum- Bohr, D. C. Dunbar, H. Ita, W. B. Perkins and K. Risager, JHEP 0612, 072 (2006) [hep-th/0610043].

[18] Z. Bern, J. J. Carrasco, L. J. Dixon, H. Johansson, D. A.

Kosower, R. Roiban, to appear.

[19] Z. Bern, J. S. Rozowsky and B. Yan, Phys. Lett. B 401, 273 (1997) [hep-ph/9702424].

[20] P. S. Howe and K. S. Stelle, Phys. Lett. B 137, 175 (1984).

[21] A. Galperin, E. Ivanov, S. Kalitsyn, V. Ogievetsky and E. Sokatchev, Class. Quant. Grav. 1, 469 (1984); Class. Quant. Grav. 2, 155 (1985).

[22] Z. Bern, L. J. Dixon and V. A. Smirnov, Phys. Rev. D 72, 085001 (2005) [hep-th/0505205]; Z. Bern, M. Czakon, L. J. Dixon, D. A. Kosower and V. A. Smirnov, Phys. Rev. D 75, 085010 (2007) [hep-th/0610248].

[23] H. Kawai, D. C. Lewellen and S.-H. H. Tye, Nucl. Phys.

B 269, 1 (1986).

[24] Z. Bern, L. J. Dixon and D. A. Kosower, Nucl. Phys. B 513, 3 (1998) [hep-ph/9708239]; Z. Bern, L. J. Dixon and D. A. Kosower, JHEP 0408, 012 (2004) [hepph/0404293]; R. Britto, F. Cachazo and B. Feng, Nucl. Phys. B 725, 275 (2005) [hep-th/0412103].

[25] Z. Bern and A. G. Morgan, Nucl. Phys. B 467, 479

(1996) [hep-ph/9511336]; Z. Bern, L. J. Dixon and D. A. Kosower, Ann. Rev. Nucl. Part. Sci. 46, 109 (1996) [hep-ph/9602280].

[26] M. B. Green, H.-h. Kwon and P. Vanhove, Phys. Rev.

D 61, 104010 (2000) [hep-th/9910055]; M. B. Green and P. Vanhove, JHEP 0601, 093 (2006) [hep-th/0510027].