arXiv:hep-th/0702119v1 15 Feb 2007

1

A GAUGE-INVARIANT MECHANISM FOR QUARK CONFINEMENT AND A NEW APPROACH TO THE MASS GAP PROBLEM

KEI-ICHI KONDO Department of Physics, Faculty of Science, Chiba University, Chiba 263-8522, Japan E-mail: kondok@faculty.chiba-u.jp

We give a gauge-invariant description of the dual superconductivity for deriving quark confinement and mass gap in Yang-Mills theory.

Keywords: quark confinement, vacuum condensate, mass gap, glueball mass.

1. Introduction

The fundamental degrees of freedom of QCD, i.e., quarks and gluons, have never been observed in experiments. Only the color singlet combinations, hadrons (mesons and baryons) and glueballs, are expected to be observed. We wish to answer the question why color confinement occurs. In particular, we wish to clarify what the mechanism for quark confinement is.

Dual superconductivity picture proposed by Nambu, ’t Hooft and Mandelstam^1 in 1970s is based on the electric–magnetic duality of the ordinary superconductivity. In order to apply this idea to describe the dual superconductivity in Yang-Mills theory, however, we must answer the questions:

(1) How to extract the “Abelian” part responsible for quark confinement from the non-Abelian gauge theory in the gauge-invariant way without losing characteristic features of non-Abelian gauge theory, e.g., asymptotic freedom.^7 (2) How to define the magnetic monopole to be condensed in Yang-Mills theory in the gauge-invariant way even in absence of any fundamental scalar field, in sharp contrast to the Georgi-Glashow model.

In this direction, a crucial idea called the Abelian projection was proposed by ’t Hooft.^2 Recall that the Wilson criterion of quark confinement is the

2 area decay law of the Wilson loop average: ⟨ tr [ P exp { ig ∮ C dx^μA_μ(x) }] ⟩ Y M ∼ e^{−σN A|S|}. (1) Recent investigations have shown that quark confinement based on the dual superconductor picture is realized in the maximal Abelian gauge (MAG):^{4,8} the continuum form of MAG for SU(2) is (a background gauge) given by

[∂_μδ^{ab} − gϵ^{ab3}A^3_μ(x)]A^b_μ(x) = 0 (a, b = 1, 2), (2)

for the Cartan decomposition: A_μ = A^a_μ^{σa}_2 + A^3_μ^{σ3}_2 (a = 1, 2). Numerical simulations on a lattice in MAG yield surprisingly the area decay law for the Abelian(-projected) Wilson loop in Yang-Mills theory: ⟨ exp ig ∮ C dx^μA^3_μ(x) ⟩_{MAG} Y M ∼ e^{−σAbel |S|} ! (3) Remarkable results are the saturation of the string tension:^3 Abelian dominance^5 ⇔ σ_{NA} ∼ σ_{Abel} and the Monopole dominance^6 ⇔ σ_{Abel} ∼ σ_{monopole} for the decomposition: A^3_μ = Photon part + Monopole part.

However, we have still problems:

• The Abelian projection and MAG break SU(2) color symmetry explicitly. • Abelian dominance has never been observed in gauge fixings other than MAG.

Then one raises the question: the dual superconductivity might not be a gauge-invariant concept? We wish to discuss how to cure these shortcomings. In this talk, we argue that

(1) [gauge-invariant “Abelian” projection] The “Abelian” part V_μ responsible for quark confinement can be extracted from the non-Abelian gauge theory by using a nonlinear change of variables in the gauge-invariant way without breaking color symmetry.

(2) [infrared “Abelian” dominance] The remaining part X_μ acquires the mass to decouple in the low-energy region, leading to infrared “Abelian” V_μ dominance. The dynamical mass originates from the existence of gauge-invariant dimension-2 vacuum condensate ⟨ X^2_μ ⟩ ≠ 0.

2. Non-Abelian Stokes theorem for the Wilson loop operator

The Wilson loop operator for non-Abelian gauge field

W_C [A ] := tr [ P exp { ig ∮ C dx^μA_μ(x) }] /tr(1), (4)

3 is rewritten into an Abelian form called the Diakonov-Petrov (DP) version of the non-Abelian Stokes theorem which was for the first time derived in ref.^{10} for SU(2). This was rederived in refs.^{11,13} to be extented to SU(N) in refs.^{12,13} Once a unit vector field n(x) is introduced, the SU(2) version is

W_C [A ] = ∫ dμ_S (n) exp { ig J 2 ∫ S:∂S=C dS^{μν} G_{μν} } , G_{μν} (x) =∂_μ[n(x) · A_ν (x)] − ∂_ν [n(x) · A_μ(x)] − g^{−1}n(x) · [∂_μn(x) × ∂_ν n(x)], n^A(x)σ^A =U^†(x)σ^3U(x), A_μ(x) = A^A_μ (x)σ^A/2, (5)

and dμ_S (n) is the product of the invariant measure on SU(2)/U(1) over S:

dμ_S (n) := ∏ x∈S dμ(n(x)), dμ(n(x)) = 2J + 1 4π δ(n(x) · n(x) − 1)d^3n(x). (6) The “Abelian” field strength G_{μν} is SU(2) gauge invariant, since it is cast into the manifestly SU(2) invariant form: G_{μν} (x) =n(x) · F_{μν} (x) − g^{−1}n(x) · (D_μn(x) × D_ν n(x)) =2tr { n(x)F_{μν} (x) + ig^{−1}n(x)[D_μn(x), D_ν n(x)] } , (7)

where the gauge transformation is given by n(x) → U^†(x)n(x)U(x), D_μn(x) → U^†(x)D_μn(x)U(x), F_{μν} (x) → U^†(x)F_{μν} (x)U(x). Note that G_{μν} has the same form as the ’t Hooft–Polyakov tensor under the identification n^A(x) ↔ ϕ̂^A(x) := ϕ^A(x)/|ϕ(x)|. Therefore, the magnetic current k_μ obeying the topological conservation law ∂^μk_μ = 0 is defined by

k^μ(x) :=∂_ν^∗G^{μν} (x) = (1/2)ϵ^{μνρσ}∂_ν G_{ρσ} (x). (8)

3. Reformulation of Yang-Mills theory based on the non-linear change of variables Using the Diakonov-Petrov NAST, we arrive at the expression for the Wilson loop average W (C) := ⟨W_C [A ]⟩_{Y M} :

W (C) =Z̃^{−1}_{YM} ∫ Dμ[n] ∫ DA_μe^{iSYM}W̃_A (C) = ∫ Dμ[n] ∫ DA_μe^{iSYM}W̃_A (C) ∫ Dμ[n] ∫ DA_μe^{iSYM} , (9) where we have defined the reduced Wilson loop operator

W̃_A (C) = exp { ig J 2 ∫ S:∂S=C d^2S^{μν} G_{μν} } , (10)

4 and the new partition function Z̃_{YM} = ∫ Dμ[n] ∫ DA_μ exp(iS_{YM}[A ]).

Here we have inserted the unity into the functional integration, 1 = ∫ Dμ[n] ≡ ∫ Dnδ(n · n − 1) := ∏ x∈R^D ∫ [dn(x)]δ(n(x) · n(x) − 1). Suppose a unit vector field n(x) is given as a functional of A_μ(x)

n(x) = n_A (x). (11)

Then the “decomposition” (once known as Cho-Faddeev-Niemi (CFN) decomposition.^{14–17})

A_μ(x) := V_μ c_μ(x)n(x) C_μ :restricted potential + g^{−1}∂_μn(x) × n(x) B_μ :magnetic potential

+ X_μ(x)

covariant potential

, (12)

with

c_μ(x) = n(x) · A_μ(x), X_μ(x) = g^{−1}n(x) × D_μ[A ]n(x), (13)

is regarded as a non-linear change of variables (NLCV):

(A^A_μ (x) →) n^A(x), A^A_μ (x) → n^A(x), c_μ(x), X^A_μ (x). (14)

A remarkable property of NLCV is that the curvature tensor F_{μν} [V] obtained from the connection V_μ is parallel to n and its magnitude G_{μν} coincides exactly with G_{μν} appearing in NAST of the Wilson loop operator:

F_{μν} [V](x) :=∂_μV_ν (x) − ∂_ν V_μ (x) + gV_μ(x) × V_ν (x) = n(x)G_{μν} (x), → G_{μν} (x) =n(x) · F_{μν} [V](x) = ∂_μ[n(x) · A_ν (x)] − ∂_ν [n(x) · A_μ(x)] − g^{−1}n(x) · [∂_μn(x) × ∂_ν n(x)]. (15) The remaining issue is to answer how to define and obtain the color unit vector field n(x) from the original Yang-Mills theory written in terms of A_μ(x) alone. A procedure has been given in our reformulation of Yang-Mills theory in the continuum spacetime.^{18,19} By introducing n(x) field in addition to A_μ(x), we have a gauge theory with the enlarged gauge symmetry G̃, called the master Yang-Mills theory. We propose a constraint^{18}(called the new Maximal Abelian gauge, nMAG) by which G̃ := SU(2)_ω × [SU(2)/U(1)]_θ in the master Yang-Mills theory is broken down to the diagonal subgroup: G^′ = SU(2): Minimize the functional ∫ d^D x^1_2 g^2X^2_μ w.r.t. the enlarged gauge transformations: 0 = δ_{ω,θ} ∫ d^Dx 1 2 g^2X^2_μ = δ_{ω,θ} ∫ d^Dx(D_μ[A ]n)^2. (16)

It has been shown that nMAG determines the color field n(x) as a functional of a given configuration of A_μ(x). Therefore, if we impose the new MAG

5 (16) to the master-Yang–Mills theory, we have a gauge theory (called the Yang–Mills theory II) with the local gauge symmetry G^′ := SU(2)^{ω′}_{local} with ω^′(x) = (ω_‖(x), ω_⊥(x) = θ_⊥(x)), which is a diagonal SU(2) part of the original G̃ := SU(2)^ω_{local} ×[SU(2)/U(1)]^θ_{local}. The local gauge symmetry G^′ of the Yang–Mills theory II for new variables is δ_ω′ n =gn × ω^′, (17) δ_ω′ c_μ =n · ∂_μω^′, (18) δ_ω′ X_μ =gX_μ × ω^′, (19) =⇒δ_ω′ V_μ = D_μ[V]ω^′, δ_ω′ A_μ = D_μ[A ]ω^′. (20)

This should be compared with the conventional MAG. The old MAG leaves local U(1) and global U(1) unbroken, but breaks global SU(2). The new MAG leaves local G’=SU(2) and global SU(2) unbroken (color rotation invariant). This is an advantage of this reformulation.

4. Gauge-invariant gluon mass and infrared Abelian dominance Note that the mass dimension-2 operator X^2_μ is invariant under the local gauge transformation II:

δ^′_ωX^2_μ(x) = 0. (21)

We claim the existence of gauge-invariant dimension-two condensate^{20}

⟨0|X_μ(x) · X_μ(x)|0⟩_{YM} ≠ 0. (22)

How does such a gauge-invariant dimension-two condensates occur? It can be induced from the self-interactions among gluons: − 1 4 (gX_μ × X_ν )^2, (23)

since a rough observation yields − 1 4 (gX_μ × X_ν ) · (gX^μ × X^ν ) → 1 2 g^2X^A_μ [⟨ −X^2_ρ ⟩ δ^{AB} − ⟨ −X^A_ρ X^B_ρ ⟩] X^B_μ = 1 2 M^2_X X_μ · X_μ, M^2_X = 2 3 g^2 ⟨ −X^2_ρ ⟩ . (24)

This idea can be made precise. See ref.^{20} for details. Consequently, the gauge-invariant mass term for ”off-diagonal” X_μ gluons is generated. This mass term is invariant under the local SU(2) gauge transformation II. Then the X_μ gluons to be decoupled in the low-energy (or long-distance) region.

6 This leads to the infrared Abelian dominance: The Wilson loop average is entirely estimated by the field V_μ alone.

5. Lattice formulation and numerical simulations

Our reformulation of Yang-Mills theory in the continuum spacetime^{18,19} has been implemented on a lattice to perform numerical simulations as follows. • Non-compact formulation^{21} has lead to

· generation of color field configuration n(x) · restoration of color symmetry (global gauge symmetry) · gauge-invariant definition of magnetic monopole charge • Compact formulation I^{22} has succeeded to show

· magnetic charge quantization subject to the Dirac quantization condition gg_m/(4π) ∈ Z

· magnetic monopole dominance in the string tension • Compact formulation II^{23} has confirmed

· the non-vanishing gluon mass M_X = 1.2GeV (cf. MAG result^9)

6. Conclusion and discussion

Using a nonlinear change of variables, we have succeeded to separate the original SU(2) gluon field variables A_μ into “Abelian” part V_μ and the “remaining” part X_μ without breaking color symmetry: A_μ = V_μ + X_μ,

in the following sense.

• V_μ are responsible for quark confinement: the DP version of the non- Abelian Stokes theorem tells us that the non-Abelian Wilson loop operator is entirely rewritten in terms of the SU(2) invariant Abelian field strength G_{μν} defined from the variable V_μ. This specification leads to a definition of gauge-invariant magnetic monopoles with the magnetic charge subject to Dirac quantization condition (which is confirmed by analytical and numerical methods) and magnetic monopole dominance in the string tension (confirmed by numerical method).

• X_μ could decouple in the low-energy regime: This is because the X_μ gluon acquires the gauge-invariant mass dynamically through the non-vanishing vacuum condensation of mass dimension–two ⟨ X^2_μ ⟩ ≠ 0. This leads to the infrared “Abelian” dominance. We have examined a possibility of dimension– two condensate ⟨ X^2_μ ⟩ ≠ 0 by analytical^{20} and numerical^{24} methods.

In ref.,^{25} we have discussed how the Faddeev model can be regarded as a low-energy effective theory of Yang-Mills theory to see the mass gap.

7 References 1. Y. Nambu, Phys. Rev. D 10, 4262–4268 (1974).

G. ’t Hooft, in: High Energy Physics, edited by A. Zichichi (Editorice Compositori, Bologna, 1975).

S. Mandelstam, Phys. Report 23, 245–249 (1976). 2. G. ’t Hooft, Nucl.Phys. B 190 [FS3], 455–478 (1981). 3. Z.F. Ezawa and A. Iwazaki, Phys. Rev. D 25, 2681–2689 (1982). 4. A. Kronfeld, M. Laursen, G. Schierholz and U.-J. Wiese, Phys.Lett. B 198, 516–520 (1987).

5. T. Suzuki and I. Yotsuyanagi, Phys. Rev. D 42, 4257–4260 (1990). 6. J.D. Stack, S.D. Neiman and R. Wensley, [hep-lat/9404014], Phys. Rev.

D50, 3399–3405 (1994). H. Shiba and T. Suzuki, [hep-lat/9404015], Phys.Lett.B333, 461–466 (1994).

7. K.-I. Kondo, [hep-th/9709109], Phys. Rev. D 57, 7467–7487 (1998). 8. K.-I. Kondo, [hep-th/9801024], Phys. Rev. D 58, 105019 (1998). 9. K. Amemiya and H. Suganuma, [hep-lat/9811035], Phys. Rev. D60, 114509 (1999).

V.G. Bornyakov, M.N. Chernodub, F.V. Gubarev, S.M. Morozov and M.I. Polikarpov, [hep-lat/0302002], Phys. Lett. B559, 214–222 (2003).

10. D.I. Diakonov and V.Yu. Petrov, Phys. Lett. B 224, 131–135 (1989). 11. K.-I. Kondo, [hep-th/9805153], Phys. Rev. D 58, 105016 (1998). 12. K.-I. Kondo and Y. Taira, [hep-th/9906129], Mod. Phys. Lett. A 15, 367– 377 (2000); [hep-th/9911242], Prog. Theor. Phys. 104, 1189–1265 (2000).

13. M. Hirayama and M. Ueno, [hep-th/9907063], Prog. Theor. Phys. 103, 151– 159 (2000).

14. Y.S. Duan and M.L. Ge, Sinica Sci., 11, 1072 (1979).

15. Y.M. Cho, Phys. Rev. D 21, 1080–1088 (1980). D 23, 2415–2426 (1981). 16. L. Faddeev and A.J. Niemi, [hep-th/9807069], Phys. Rev. Lett. 82, 1624– 1627 (1999). [hep-th/0608111], Nucl. Phys. B (2007), to appear.

17. S.V. Shabanov, [hep-th/9903223], Phys. Lett. B 458, 322–330 (1999).

S.V. Shabanov, [hep-th/9907182], Phys. Lett. B 463, 263–272 (1999). 18. K.-I. Kondo, T. Murakami and T. Shinohara, [hep-th/0504107], Prog.

Theor. Phys. 115, 201–216 (2006).

19. K.-I. Kondo, T. Murakami and T. Shinohara, [hep-th/0504198], Eur. Phys.

J. C 42, 475–481 (2005).

20. K.-I. Kondo, [hep-th/0609166], Phys. Rev. D74, 125003 (2006). 21. S. Kato, K.-I. Kondo, T. Murakami, A. Shibata, T. Shinohara and S. Ito, [hep-lat/0509069], Phys. Lett. B 632, 326–332 (2006).

22. S. Ito, S. Kato, K.-I. Kondo, T. Murakami, A. Shibata and T. Shinohara, [hep-lat/0604016], Phys. Lett. B 645, 67–74 (2007).

23. A. Shibata, S. Ito, S. Kato, K.-I. Kondo, T. Murakami, and T. Shinohara, hep-lat/0610023, A talk in Lattice2006.

24. S. Kato, K.-I. Kondo, T. Murakami, A. Shibata and T. Shinohara, hep-ph/0504054.

25. K.-I. Kondo, A. Ono, A. Shibata, T. Shinohara and T. Murakami, [hep-th/0604006], J. Phys. A: Math. Gen. 39, 13767–13782 (2006).