arXiv:hep-th/0702209v1 27 Feb 2007

CERN-PH-TH/2007-045

Non-Abelian vortices in Chern-Simons theories and their induced effective theory

L.G. Aldrovandi^{a,b} and F.A. Schaposnik^{b,c∗} aCERN, Theory Division CH-1211, Geneva 23, Switzerland.

bDepartamento de Física, Universidad Nacional de La Plata, C.C. 67, (1900) La Plata, Argentina.

cCEFIMAS, Santa Fe 1145, C1059ABF - Buenos Aires, Argentina (Dated: February 27, 2007)

Non-Abelian vortices for a supersymmetric N = 2 Chern-Simons-Higgs theory are explicitly constructed. We introduce N Higgs fields in the fundamental representation of the U(N) gauge group in order to have a color-flavor SU(N) group remaining unbroken in the asymmetric phase. Bogomol’nyi-like first order equations are found and rotationally symmetric solutions are proposed. These solutions are shown to be truly non-Abelian by parameterizing them in terms of orientational collective coordinates. The low energy effective action for the orientational moduli results to be the one-dimensional supersymmetric N = 2 CP^{N−1} model. We analyze the quantum mechanics of this effective theory in the N = 2 case.

PACS numbers:

I. INTRODUCTION

Planar physics exhibits many interesting features, both theoretically and experimentally. This is due in part to the fact that the behavior of matter and gauge fields in d = 2 spatial dimensions can differ in radical ways from the standard behavior we are used to in d = 3. A clear example of this is the possibility of considering Chern-Simons terms [1],[2] whose dynamics is completely different from that of Yang-Mills theories. Chern-Simons gauge theories have been extensively studied in the past, showing several unusual features. For instance, the Abelian theories contain particle excitations carrying fractional spin and statistics, an aspect which has been widely used in many fields in physics, such as the fractional spin in Quantum field theory [3]-[5], and the quantum Hall effect in condensed matter physics [6]-[9]. It should be also noticed that the high temperature limit of a four dimensional field theory can be described by a three dimensional theory where a Chern-Simons term enters naturally. For a nice review, see Ref.[10].

Furthermore, Abelian Chern-Simons-Higgs systems become self-dual when the Higgs potential takes a special sixth order form so that the energy functional of the systems has a Bogomol’nyi bound [11], which is saturated by the solutions of the self-duality equations [12]. The sixth-order potential has both a symmetric and an asymmetric vacuum. Solutions approaching the asymmetric vacuum at infinity describe topologically stable vortices, whereas solutions which approach the symmetric phase at infinity are non-topological [13]. The same self-dual structure has also been found in SU(N) non-Abelian Chern-Simons-Higgs systems when the Higgs field is in the fundamental representation [14]. The vortices in this case reduce to the Abelian ones, but only stable non-topological solutions are present in both the symmetric and asymmetric phases.

Previously, Yang-Mills-Chern-Simons-Higgs theories with the Higgs field in the adjoint representation were investigated for the gauge groups SU(2) [15] and SU(N) [16]. By including N Higgs multiplets in the SU(N) theory (to ensure the maximal breaking of the gauge symmetry), topologically stable non-selfdual vortex solutions were found. These were the first examples known of the so-called Z_N strings, i.e. strings in non-Abelian theories associated with the center of the SU(N) gauge group. Since the models considered contained only a fourth-order potential, these solutions were not found to be self-dual. Self-dual vortex solutions to SU(2) Chern-Simons-Higgs theory with a sixthorder potential were constructed in [17]. However, in these constructions the gauge flux is always directed along a fixed vector in the Cartan subalgebra of SU(N), and no moduli which would make the flux orientation a dynamical variable were found. Therefore, these strings are in this sense Abelian.

∗ F.A.S. is associated with CICBA.

Recently, significant progress has been achieved in obtaining genuinely non-Abelian strings in four-dimensional Yang-Mills theories, both N = 2 supersymmetric and non-supersymmetric [18]-[22]. The bosonic sector of these theories consists basically in a U(N) gauge theory coupled to N Higgs field in the fundamental representation. The resulting models support non-Abelian magnetic flux tubes and non-Abelian confined magnetic monopoles at weak coupling. They are characterized by the presence of orientational moduli associated with the rotation of their color flux in the non-Abelian gauge group SU(N).

It is the purpose of this work to look for non-Abelian string solutions when gauge field dynamics is solely governed by a Chern-Simons action and the symmetry breaking potential is sixth-order in order to ensure self-duality and supersymmetric extension. It should be stressed that only in the presence of the Chern-Simons term electrically charged vortices with finite energy (per unit length) do exist [23], [1],[2] and hence, the model we are interested in could show novel aspects of non-Abelian string-like configurations. Besides, the existence of some kind of anyons with new internal degrees of freedom, as those given by an orientational moduli space, could result very useful with respect to their application to condensed matter problems [10].

The paper is organized as follows: we start by considering in section 2 a supersymmetric N = 2 Chern-Simons theory with U(N) gauge group coupled to N scalar multiplets. We obtain for this model the pattern of symmetry breaking and show that in the asymmetric vacuum, the theory lies in the so-called colour-flavor locked phase. In section 3, we begin obtaining the self-duality equations through the usual Bogomol’nyi trick. Next, we find non- Abelian vortices in this model by considering a rotationally symmetric ansatz in the topological sector. These strings are 1/2 BPS saturated and are shown to have a non-Abelian character due to the existence of a set of orientational collective coordinates. Section 4 is devoted to find the low-energy world-line theory describing moduli dynamics which turns out to be the one-dimensional supersymmetric N = 2 CP^{N−1} model. The quantum mechanics of the effective theory is analyzed in section 5 for the case N = 2. A summary and discussion of our results are presented in section 6.

II. THE THEORY

Throughout this paper we shall consider the N = 2 supersymmetric extension of the d = 2 + 1 dimensional non- Abelian Chern-Simons-Higgs. The field content of the theory is given by a U(N) vector multiplet consisting in the gauge field A_μ, where μ, ν, ... = 0, 1, 2 are Lorentz indices, coupled to N scalar multiplets, each of which contain a complex scalar ϕ and a Dirac fermion χ. As well as the U(N) gauge symmetry, the Lagrangian also enjoys a SU(N) flavor symmetry. Under these two groups, the scalar multiplets transform as (N, N̄). Thus, ϕ and χ fields can be seen as N × N matrices ϕ = ϕ^i_a and χ = χ^i_a, where the indices i, j, ... = 1, 2, ..., N refer to the gauge group and a, b, ... = 1, 2, ..., N to the flavor group.

We represent the gauge fields in terms of matrices in the fundamental representation of U(N), that is, A_μ = A^r_μT^r, where T^r (r, s, ... = 1, 2, ..., N^2) are the generators of the N representation. Following the notation of [24], we take the space-time metric η_{μν} = diag(+1, −1, −1), ϵ^{012} = +1 and use anti-Hermitian generators T^r satisfying

[(T^r)^i_j ]^∗ = −(T^r)^j_i, [T^r, T^s] = f^{rst}T^t, (T^rT^s)^i_i = − 1 2 δ^{rs}. (1) Once the auxiliary fields are eliminated by means of the field equations, the Lagrangian for a N = 2 Chern-Simons- Higgs system without holomorphic superpotential takes the form [24],[25] L = κ 2 ϵ^{μνρ} ( F^r_{μν} A^r_ρ − e 3 f^{rst}A^r_μA^s_ν A^t_ρ ) + D_μϕ̄^aD^μϕ_a + i 2 χ̄^a D̸χ_a − e^2 4κ (ϕ̄^aT^rϕ_a − iξ^r)(χ̄^bT^rχ_b) − e^2 2κ (χ̄^aT^rϕ_a)(ϕ̄^bT^rχ_b) − e^4 8κ^2

(ϕ̄^a{T^r, T^s}ϕ_a)(ϕ̄^bT^rϕ_b − iξ^r)(ϕ̄^cT^sϕ_c − iξ^s) (2)

where

ϕ̄^a_i ≡ (ϕ^i_a)^∗, χ̄^a_i ≡ (χ^i_a)^∗, F^r_{μν} = ∂_μA^r_ν − ∂_ν A^r_μ + ef^{rst}A^s_μA^t_ν (3) and D_μϕ^i_a ≡ ∂_μϕ^i_a + eA^r_μ(T^r)^i_j ϕ^j_a, D_μϕ̄^a_i ≡ ∂_μϕ̄^a_i − eA^r_μ(T^r)^j_iϕ̄^a_j , D̸χ^i_a ≡ ∂̸χ^i_a + eA̸^r(T^r)^i_j χ^j_a. (4)

For simplicity we do not write gauge group indices which are summed, e.g.,

(ϕ̄^aT^rϕ_a) ≡ (T^r)^i_jϕ̄^a_iϕ^j_a, (χ̄^aT^rχ_a) ≡ (T^r)^i_jχ̄^a_iχ^j_a, etc. (5)

Besides, all the barred spinors will denote complex conjugates of the unbarred ones (see the Appendix for our spinor conventions).

The Fayet-Iliopoulos parameters ξ^r are nonvanishing only for the U(1) factor group in the total gauge group (we take ξ^{r=1} ≡ √ N/2 ξ). As usual for non-Abelian C-S theories, a consistent (gauge invariant) quantization requires the coefficient κ to be [1]: κ = me^2 8π (m = ±1, ±2, ...). (6) Note that the renormalizable sixth-order potential for the scalar field is not related to the superpotential (which in our model is absent) and it is uniquely determined by the N = 2 supersymmetry of the model.

The equations of motion obtained from the variation of the action are

D_μD^μϕ_a = − e^2 4κ T^rϕ_a(χ̄^bT^rχ_b) + e^2 2κ T^rχ_a(χ̄^bT^rϕ_b) − e^4 8κ^2

{T^r, T^s}ϕ_a(ϕ̄^bT^rϕ_b − iξ^r)(ϕ̄^cT^sϕ_c − iξ^s) − e^4 4κ^2

T^rϕ_a(ϕ̄^b{T^r, T^s}ϕ_b)(ϕ̄^cT^sϕ_c − iξ^s), (7) i D̸χ_a = e^2 2κ T^rχ_a(ϕ̄^bT^rϕ_b − iξ^r) + e^2 κ T^rϕ_a(ϕ̄^bT^rχ_b), (8) κϵ^{μνρ}F^r_{νρ} = eJ^{rμ}, (9) where the conserved matter current J^{rμ} = (ρ^r, J^r) is given by

J^{rμ} = D^μϕ̄^aT^rϕ_a − ϕ̄^aT^rD^μϕ_a + i 2 χ̄^aγ^μT^rχ_a. (10)

The 0-component of eq.(9),

2κB^r = eρ^r (11)

is just the Chern-Simons version of the Gauss law and implies that any object carrying magnetic flux must also carry electric charge.

The N = 2 supersymmetry transformation for the Lagrangian (2) are δA^r_μ = ie 2κ ( ϵ̄γ_μϕ̄^aT^rχ_a + ϵγ_μχ̄^aT^rϕ_a ) , δϕ_a = ϵ̄χ_a, δϕ̄^a = ϵχ̄^a, δχ_a = −2iγ^μϵD_μϕ_a + e^2 κ ϵT^rϕ_a(ϕ̄^bT^rϕ_b − iξ^r), δχ̄^a = −2iγ^μϵ̄D_μϕ̄^a + e^2 κ ϵ̄ϕ̄^aT^r(ϕ̄^bT^rϕ_b − iξ^r). (12)

A supersymmetric vacua of the theory exists whenever the minima of the potential can be set to zero. This happens for constant scalar field configurations satisfying 0 = (¯ ϕ^a_k(T^r)^k_lϕ^l_a − iξ^r ) (T^r)^i_j ϕ^j_b = − 1 2 ( ϕ^i_aϕ̄^a_j − ξδ^i_j ) ϕ^j_b, (13)

To get the last term it is helpful the relation satisfied by the matrices of the fundamental representation of U(N),

(T^r)^i_j (T^r)^k_l = − 1 2 δ^i_l δ^k_j . (14)

From eq.(13) one can see that there are two types of vacua. The (gauge) symmetric phase, where

ϕ^i_a = 0 (15) and the asymmetric phase, where

ϕ^i_aϕ̄^a_j = ξδ^i_j . (16)

It is clear that there is only one vacua in the asymmetric phase which, up to gauge rotations, takes the form

ϕ^i_a = √ ξδ^i_a. (17)

The vacuum field (17) has the pattern of symmetry breaking [18]-[19]

U(N)_{color} × SU(N)_{flavor} −→ SU(N)_{c+f} , (18)

where the surviving unbroken group SU(N)_{c+f} is a simultaneous gauge and flavor rotation. Due to this, the theory is said to lie in the colour-flavor locked phase.

III. NON-ABELIAN VORTICES

A. Bogomol’nyi Bound and Self-Duality Equations

The Hamiltonian for the bosonic sector of the theory is H = ∫ d^2x ( D_0ϕ̄^aD_0ϕ_a + −→ D ϕ̄^a · −→ D ϕ_a + e^4 8κ^2

(ϕ̄^a{T^r, T^s}ϕ_a)(ϕ̄^bT^rϕ_b − iξ^r)(ϕ̄^cT^sϕ_c − iξ^s) ) (19)

One can find the first order vortex equations by the usual Bogomol’nyi trick [11]. That is, using the relation −→ D ϕ̄^a · −→ D ϕ_a = (D_1 ∓ iD_2)ϕ̄^a(D_1 ± iD_2)ϕ_a ± ieB^rϕ̄^aT^rϕ_a ∓ itr (∂_1 J^r_2 − ∂_2 J^r_1 )T^r (20)

and the Gauss law eq.(11), the Hamiltonian can be written as H = ∫ d^2x {( D_0ϕ̄^a ∓ ie^2 2κ (ϕ̄^bT^rϕ_b − iξ^r)ϕ̄^aT^r ) ( D_0ϕ_a ± ie^2 2κ (ϕ̄^cT^sϕ_c − iξ^s)T^sϕ_a )

+ (D_1 ∓ iD_2)ϕ̄^a(D_1 ± iD_2)ϕ_a } ± eξΦ (21)

The integral of the last term in the r.h.s of eq.(20) does not contribute to the energy since it can be written as a surface term vanishing at spatial infinity for any finite-energy solution. On the other hand, Φ is the topological charge given by Φ = −i ∫ d^2x trB (22)

which coincides with the U(1) magnetic flux.

The energy is then bounded according to H ≥ eξ|Φ| (23) It is clear from eq.(21) that the bound is saturated by configurations satisfying the Gauss law and the self-duality (Bogomol’nyi) equations:

D_0ϕ_a − ie^2 2κ ε(ϕ̄^bT^rϕ_b − iξ^r)T^rϕ_a = 0 (D_1 − iεD_2)ϕ_a = 0 (24)

with ε = ± being the sign of the topological charge. Since static configurations that are stationary points of the energy are also stationary points of the action, the Euler-Lagrange equations of the theory will be satisfied by such static configurations obeying the Gauss law and the self-duality equations.

As it is well known, the existence of a Bogomol’nyi bound for the energy is strongly related to the N = 2 supersymmetry of the theory [26]. Indeed, to require that the Bogomol’nyi bound (23) be saturated is equivalent to look for configurations invariant under half of the supersymmetry transformations (12). In order to verify this, we define the parameters

ϵ^± = 1 2 ( 1 ± εγ^0 ) ϵ. (25)

The supersymmetric variation of the fermion field χ in a bosonic background satisfying eq.(24) results

δχ_a = −2i(γ^μD_μϕ_a + εD_0ϕ_a)ϵ^+ (26)

and then the χ field remains invariant under any supersymmetry transformation with ϵ^+ = 0. Concerning the supersymmetry variation of the bosonic fields, they are automatically zero since we start with a purely bosonic classical configuration. Thus, self dual solutions are 1/2 BPS, with ϵ^+ the parameters of the broken supersymmetry and ϵ^− the parameters of the unbroken supersymmetry.

B. Non-Abelian Multisoliton Solution

In order to find non-Abelian vortices in this model, let us consider rotationally symmetric configurations through the ansatz [19]:

ϕ = φ(r) 0 · · · 0 0 0 φ(r) · · · 0 0 . . . . .. . . . 0 0 · · · φ(r) 0 0 0 · · · 0 e^{inθ}φ̃(r) ,

A^{SU(N)} α = 1 0 · · · 0 0 0 1 · · · 0 0 . . . . .. . . . . . 0 0 · · · 1 0 0 0 · · · 0 −(N − 1) i Ne (∂_αθ)[n − f_N (r)],

A^{SU(N)} 0 = 1 0 · · · 0 0 0 1 · · · 0 0 . . . . .. . . . . . 0 0 · · · 1 0 0 0 · · · 0 −(N − 1) ig_N (r),

A^{U(1)}_α = √ 2 N 1 e (∂_αθ)[−n + f(r)], A^{U(1)}_0 = √ 2Ng(r), (27) where α = 1, 2 labels the space coordinates and (r, θ) are the polar coordinates in this space.

Inserting this ansatz in the Gauss law (11) and the self-duality equations (24), we arrive to the first-order differential equations satisfied by the profile functions r∂_rφ + ε N (f − f_N )φ = 0 r∂_rφ̃ + ε N (f − (1 − N)f_N )φ̃ = 0 1 r ∂_r(f − f_N ) − ε Ne^4 8κ^2 φ^2(φ^2 − ξ) = 0 1 r ∂_r(f − (1 − N)f_N ) − ε Ne^4 8κ^2 φ̃^2(φ̃^2 − ξ) = 0

g_N = εe 4Nκ (φ̃^2 − φ^2) g = − εe 4Nκ (φ̃^2 − (1 − N)φ^2 − Nξ) (28)

The boundary conditions at the origin follows from the requirement that the fields be nonsingular. This implies that

nφ̃(0) = 0, f_N (0) = n, f(0) = n. (29)

At spatial infinity, finiteness of the energy implies that

φ(∞) = φ̃(∞) = 0 or √ ξ, φ(∞)f(∞) = φ(∞)f_N (∞) = 0 (30)

In searching for solutions of eqs.(28), we shall consider only those with Φ > 0. Solutions with negative magnetic flux are related to these ones by the transformation φ → φ, φ̃ → φ̃, f → −f, f_N → −f_N , g → −g, g_N → −g_N . (31) Note that, with this ansatz, the magnetic flux (22) and the U(1) electric charge take the form Φ = √ N 8 e κ Q^{U(1)} = 2π e (f(0) − f(∞)) = 2π e (n + α) (32)

where we have written f(∞) ≡ −α, being α = 0 when φ(∞) ≠ 0 or an undetermined constant when φ(∞) = 0.

In order to get a better knowledge about these solutions, it will be convenient to define new profile functions h(r) and h̃(r) as: h(r) = 1 N (f(r) − f_N (r)), h̃(r) = 1 N (f(r) − (1 − N)f_N (r)). (33)

Now, in terms of these functions, eqs.(28) reduce to two sets of equations, each one being identical to that appearing in the case of the Abelian self-dual Chern-Simons soliton [12],[13]. That is, a first set of equations for the functions (φ, h) r∂_r φ + hφ = 0, 1 r ∂_rh − e^4 8κ^2 φ^2(φ^2 − ξ) = 0 (34)

with the boundary conditions

h(0) = 0, φ(∞) = 0 or √ ξ, φ(∞)f(∞) = 0, (35) and an identical set of equations for the functions (φ̃, h̃) r∂_rφ̃ + h̃φ̃ = 0, 1 r ∂_rh̃ − e^4 8κ^2 φ̃^2(φ̃^2 − ξ) = 0 (36)

but with the less restrictive boundary conditions

nφ̃(0) = 0, h̃(0) = n, φ̃(∞) = 0 or √ ξ, φ̃(∞)h̃(∞) = 0. (37)

As shown in [12], these equations admit vortex like solutions for which φ → √ ξ and φ̃ → √ ξ at large distances. They are topologically nontrivial configurations having, as one can see from eq.(32), quantized magnetic flux Φ = 2πn/e.

Hence, they cannot be continuously deformed to the vacuum solution for topological reasons. There also exist nontopological soliton solutions for which the Higgs field ϕ approaches the symmetric minimum at large distances [13]. Their flux is not quantized, but rather it is expressed in terms of the arbitrary parameter α describing the solution. The rest of the paper we will be focus in the study of configurations of the former type, that is, solutions in the topological sector. In this case, eqs.(34),(36) admit vortex-like solutions for every non vanishing entire n. As we will see, these solutions give truly non-Abelian generalization of the Abelian vortices first discussed in [12].

An important simplification of the ansatz (27) arises as a result of the fact that the vacuum solution φ(r) ≡ √ ξ, h(r) ≡ 0, (38) is the only solution of eqs.(34)[13]. Therefore, the Higgs field and the gauge fields in eq.(27) take the simple form

ϕ = diag( √ ξ, √ ξ, ..., √ ξ, e^{inθ}φ̃(r)) A_α = diag(0, 0, ..., 0, 1) i e ∂_αθ(f(r) − n), α = 1, 2 A_0 = diag(0, 0, ..., 0, 1) ie 4κ (ξ − φ̃^2) (39)

where A_μ = A^{SU(N)}_μ +^{i√}_{2N} A^{U(1)}_μ I, μ = 0, 1, 2. Besides, the profile functions (φ̃(r), f(r)) satisfy the following first-order equations and boundary conditions r∂_rφ̃ + fφ̃ = 0, 1 r ∂_rf − e^4 8κ^2 φ̃^2(φ̃^2 − ξ) = 0,

nφ̃(0) = 0, f(0) = n, φ̃(∞) = √ ξ, f(∞) = 0 (40)

and then, coincide with the profiles of an Abelian self-dual Chern-Simons vortex with n units of topological charge [12].

Let us now discuss some facts about the vortex moduli space. While the vacuum in the asymmetric phase is SU(N)_{c+f} symmetric, the solution given by eq.(27) breaks this symmetry down to U(1) × SU(N − 1). This means that there exist a set of solutions with the same topological charge parameterized by the coset [18],[19]

SU(N)_{c+f} SU(N − 1) × U(1) ∼= CP^{N−1} (41)

Thus, in the case of a single unit charge vortex the moduli space decomposes as

M ∼= C × CP^{N−1} (42)

where C parameterizes the center of mass of the vortex configuration. The presence of these extra orientational collective coordinates makes the vortices genuinely non-Abelian.

Concerning charge-n vortices, one expects from the BPS nature of these configurations that there exist solutions corresponding to |n| well-separated unit charge vortices. Then, as usually happens with solitons satisfying a set of Bogomol’nyi-type equations, the charge-n vortex moduli space should involve as many independent parameters as those necessary to determine the state of |n| independent charge-1 vortices. We have seen above that each charge-1 vortex is characterized by its position on the plane together with (N −1) complex parameters describing the orientation of the vortex in the SU(N)_{c+f} group. Therefore, the dimension of the charge-n vortex moduli space will be 2|n|N.

One can make explicit the non-Abelian nature of the solution (27) by applying the color-flavor rotation preserving the asymmetric vacuum. To this end, it is convenient first to pass to the singular gauge where the scalar fields have no winding at infinite, while the vortex flux comes from the vicinity of the origin. Then, the Higgs and the gauge fields can be written as

ϕ = U

√ ξ 0 · · · 0 0 0 √ ξ · · · 0 0 . . . . .. . . . . . 0 0 · · · √ ξ 0 0 · · · 0 φ̃(r) U^{−1},

A^{SU(N)} α = −U 1 0 · · · 0 0 0 1 · · · 0 0 . . . . .. . . . . . 0 0 · · · 1 0 0 0 · · · 0 −(N − 1) U^{−1} i Ne (∂_αθ)f(r),

A^{SU(N)}

0 = U

1 0 · · · 0 0 0 1 · · · 0 0 . . . . .. . . . . . 0 0 · · · 1 0 0 0 · · · 0 −(N − 1) U^{−1} iεe 4Nκ (φ̃^2 − ξ),

A^{U(1)}_α = √ 2 N 1 e (∂_αθ)f(r), A^{U(1)}_0 = − εe √ 8Nκ (φ̃^2 − ξ), (43)

where U ∈ SU(N) parameterizes the orientational collective coordinates associated with the flux rotation in SU(N).

IV. EFFECTIVE VORTEX WORLD-LINE THEORY

In this section we will derive an effective low-energy theory for the orientational collective coordinates on the vortex world-line. Following [22], we parameterize the matrices entering in eq.(43) as follows:

1 N U 1 0 · · · 0 0 0 1 · · · 0 0 . . . . .. . . . . . 0 0 · · · 1 0 0 0 · · · 0 −(N − 1) U^{−1}

i

j = −n^in^∗_j + 1 N δ^i_j , (44)

where n^i is a complex vector in the fundamental representation of SU(N), and

n^∗_i n^i = 1 i = 1, ..., N (45)

Note that this gives the correct number of degrees of freedom for the charge-1 vortex case, namely, 2(N − 1).

With this parametrization the vortex solution (43) takes the form ϕ = 1 N [φ̃ + (N − 1) √ ξ] + (φ̃ − √ ξ) ( n · n^∗ − 1 N )

A^{SU(N)} α = i e ( n · n^∗ − 1 N ) ∂_αθf(r) A^{U(1)}_α = √ 2 N 1 e ∂_αθf(r) A^{SU(N)} 0 = − iεe 4κ (φ̃^2 − ξ) ( n · n^∗ − 1 N )

A^{U(1)}_0 = εe √ 8Nκ (φ̃^2 − ξ) (46) where α = 1, 2. For simplicity we have suppressed all SU(N) indices.

To obtain the low-energy effective theory, we assume that the moduli n^i are slowly-varying functions of the x^0- coordinate, promoting the 2(N − 1) collective coordinates to dynamical fields on the vortex world-line. Plugging the resulting configuration into the Lagrangian (2) and performing the integral over the (x^1, x^2) plane we finish with a one-dimensional sigma-model for the bosonic n^i coordinates. However, before doing this we have to modify our solution. The point is that our solution was obtained through a color-flavor rotation, which now gets a dependence on the x^0-coordinate. Therefore, the 0-component of the gauge potential has to be modified. Following an ansatz similar to that used in [22], we propose A^{SU(N)} 0 = − iε e 4κ (φ̃^2 − ξ) ( n · n^∗ − 1 N ) − 1 e [∂_0n · n^∗ − n · ∂_0n^∗ − 2n · n^∗(n^∗∂_0n)]ρ(r)

A^{U(1)}_0 = ε e √ 8Nκ (φ̃^2 − ξ) (47)

where we have introduced a new profile function ρ(r). It will be determined by its own equation of motion through a minimization procedure.

The kinetic term for n^i comes from the gauge and scalar field kinetic terms in eq.(2), while, due to n^i parameterize the vortex zero modes, no potential term is expected to be present in this sigma-model.

Using the latter ansatz for the gauge potential we can calculate the U(N) gauge field strength, which takes the form

F_{0α} = − i e (∂_0n · n^∗ + n · ∂_0n^∗)ε_{αβ} x^β r^2 f(r)(1 − ρ(r)) + iεe 4κ x_α r ∂_rφ̃^2(r) n · n^∗ + 1 e [∂_0n · n^∗ − n · ∂_0n^∗ − 2n · n^∗(n^∗∂_0n)] x_α r ∂_rρ(r) (48)

and the other components zero.

Therefore, the Chern-Simons term in the Lagrangian (2) is such that ϵ^{μνρ}(F^r_{μν} A^r_ρ − e 3 f^{rst}A^r_μA^s_ν A^t_ρ) = − ε κr f∂_rφ̃^2 (49)

Eq.(49) implies that when the Chern-Simons governs the gauge field dynamics the only x^0-dependent terms contributing to the effective Lagrangian will come from the scalar field kinetic term. After some algebra, one arrives at S_{ef f} = 2π e^2

I_0 ∫ dx^0 [∂_0n^∗∂_0n + (n^∗∂_0n)^2] (50)

where the constant I_0 is given by the following integral defined in terms of the adimensional quantities r̂ = e^2r, φ̂ = e^{−1}φ̃ and ξ̂ = e^{−2}ξ,

I_0 = ∫_∞ 0 dr̂ r̂ [ (φ̂^2 + ξ̂)ρ^2 + 2(1 − ρ)(φ̂ − √ ξ̂)^2 ] . (51)

Minimization of the effective action gives the equation of motion of ρ. Note that, contrary to what happens in Yang-Mills theories, in this case ρ results a non-dynamical field. Then, it can be easily put in terms of φ̃, taking the form ρ = (φ̃ − √ ξ)^2 φ̃^2 + ξ

. (52)

Due to action (50) is invariant under the U(1) gauge transformation n^i → e^{iϑ(t)}n^i, n^∗_i → e^{−iϑ(t)}n^∗_i (53) and fields n^i are subject to the constraint (45), the effective world-line theory can be recognized as the one dimensional CP^{N−1} theory, as was already anticipated by using symmetry arguments.

V. QUANTIZATION OF THE ONE-DIMENSIONAL N = 2 CP^1 MODEL

We shall here proceed to the analysis of the model defined by eq.(50) in the case of N = 2 both at the classical and quantum level as a way of describing the low energy properties of the non-Abelian U(2) Chern-Simons vortices. As we have seen in the latter section, the dynamics of the two collective coordinates n^1(t), n^2(t) is given by a one-dimensional CP^1 theory whose Lagrangian takes the form

L_B = 2π e^2

I_0 [∂_tn^∗∂_tn + (n^∗∂_tn)^2] (54)

and with the coordinates n^1, n^2 satisfying the constraint

n^∗n = n^∗_1n^1 + n^∗_2n^2 = 1 (55)

In order to quantize this theory, it will be convenient to solve first the constraint eq.(55) through the stereographic projection and deal with the holomorphic representation of the Lagrangian (54). The holomorphic representation is defined in terms of one complex field z(t) and its complex conjugated z̄(t), which are functions from time onto the Kahler manifold CP^1. In this way, the theory describing the dynamics of the bosonic orientational moduli results an unconstrained one dimensional CP^1 sigma model. Thus, the effective Lagrangian can be written as

L_B = g_{zz̄}ż ˙z̄ (56)

where ż = ∂_tz and g_{zz̄} is the CP^1 metric

g_{zz̄} = r^2_0 (1 + zz̄)^2

. (57)

We have renamed the constant coupling as r^2_0 , so that r_0 ∝ e^{−1}. In the case of CP^1 target space, this implies that the scalar curvature R results R ∝ e^2. Note that due to the Kahler condition of this manifold, g_{zz̄} can be derived from a Kahler potential, that is, g_{zz̄} = ∂_z ¯∂_{z̄}K with K = r^2_0 log(1 + zz̄).

Moreover, since vortices remain invariant under the action of one half of the supersymmetries, that is, under one complex supercharge, the world-line theory must have N = 2 supersymmetries. Thus, we can use the unbroken supersymmetry to reconstruct the fermionic sector of the theory. This implies that the quantum mechanics of the orientational moduli in the low-energy regime is given by a one-dimensional supersymmetric N = 2 CP^1 sigma model. The Lagrangian for this theory is

L = g_{zz̄}ż ˙z̄ + i 4 g_{zz̄} (¯ ψD_tψ − D̄_tψ̄ψ ) (58)

where ψ(t) is a complex Grassmann variable and ψ̄(t) its complex conjugated. Besides, D_t and D̄_t are the covariant derivatives

D_tψ = ψ̇ + Γżψ, D̄_tψ̄ = ˙ψ̄ + Γ̄ ˙z̄ψ̄, (59)

with Γ = g^{z̄z}∂_z g_{zz̄} and Γ̄ = g^{z̄z} ¯∂_{z̄}g_{zz̄} being the Christoffel symbols. Lagrangian (58) results invariant under the N = 2 supersymmetry transformation δz = ϵψ, δψ = −2iϵ̄ż, δz̄ = ψ̄ϵ̄, δψ̄ = 2iϵ ˙z̄. (60) In order to proceed to the (canonical) quantization of the theory we find, from (58), the canonical momenta p ≡ ∂L ∂ż = g_{zz̄} ˙z̄ + i 4 g_{zz̄,z}ψ̄ψ, π ≡ ∂_lL ∂ψ̇ = − i 4 g_{zz̄}ψ̄, p̄ ≡ ∂L ∂ ˙z̄ = g_{zz̄}ż + i 4 g_{zz̄,z̄}ψψ̄, π̄ ≡ ∂_lL ∂ ˙ψ̄ = − i 4 g_{zz̄}ψ. (61) where ∂_l denote the left derivative.

Concerning the Hamiltonian, it can be written as H ≡ ż p + ˙z̄p̄ + ψ̇π + ˙ψ̄π̄ − L = żg_{zz̄} ˙z̄ (62)

It follows immediately from (61) that the canonical formalism involves the fermionic second-class constraints c^1 = π + i 4 g_{zz̄}ψ̄, c^2 = π̄ + i 4 g_{zz̄}ψ. (63) This requires use of the formalism of Dirac for constrained systems [27]. Starting from the naive Poisson brackets {z, p}_{PB} = 1, {z̄, p̄}_{PB} = 1, {ψ, π}_{PB} = −1, {ψ̄, π̄}_{PB} = −1, (64) one defines for any two field variables f and g the Dirac brackets as {f, g}_{DB} ≡ {f, g}_{PB} − {f, c^a}_{PB}C^{−1}_{ab} {c^b, g}_{PB}, a, b = 1, 2 (65) where C^{ab} ≡ {c^a, c^b}_{PB} (66) Now, within the Dirac formalism, the basic Dirac brackets result {z, p}_{DB} = {z̄, p̄}_{DB} = 1, {ψ, ψ̄}_{DB} = −2ig^{z̄z}, (67) {ψ, p}_{DB} = − 1 2 Γψ = ({ψ̄, p̄}_{DB})^∗, (68) {ψ, p̄}_{DB} = − 1 2 Γ̄ψ = ({ψ̄, p}_{DB})^∗, (69) with all other trivial commutation relations omitted.

The N = 2 supercharges Q, Q̄ corresponding to transformations (60) take the form Q = p ψ, Q̄ = p̄ ψ̄. (70) It is easy to see that these charges satisfy the N = 2 superalgebra {Q, Q̄}_{DB} = −2iH, {Q, Q}_{DB} = {Q̄, Q̄}_{DB} = 0 (71) There is an obvious simpler set of canonical equations, which separate the ordinary and Grassmann variables and which permit the passage to explicit representation of the quantum mechanics. Thus, introducing the tetrad e, ē given by eē = g =⇒ e = ē = r_0 1 + zz̄

, (72) we define λ = eψ, λ̄ = ēψ̄. (73) Therefore, the set z, p, λ and its complex conjugated have {z, p}_{DB} = {z̄, p̄}_{DB} = 1, {λ, λ̄}_{DB} = −2i (74) as the only non-trivial canonical equations.

As usual, the passage from the classical theory to the quantum theory is done through the replacement of real variables by Hermitian operators together with the change of brackets { , }_{DB} −→ −i[ , ]. (75) It is immediate to find a quantum mechanical representation of the algebra eq.(74). Firstly, we have for p and p̄ the result p = e^{−1}(−i∂_z)e, p̄ = ē^{−1}(−i ¯∂_{z̄})ē. (76) Factors involving the tetrad are required to maintain the Hermiticity relation between p and p̄ under the inner product ⟨Ψ_1|Ψ_2⟩ = ∫ d^2zg_{zz̄}Ψ^†_1(z, z̄)Ψ_2(z, z̄) (77) where Ψ(z, z̄) denotes the “invariant” wave function associated with the ket |Ψ⟩. Secondly, we can employ a 2 × 2 matrix representation for ψ, ψ̄, which thus take the form ψ = √ 2 ( 0 0 1 0 ) , ψ̄ = √ 2 ( 0 1 0 0 ) . (78)

Concerning the N = 2 supercharge Q and Q̄, we generalize the classical expression eq.(70) by adopting the following ordering for the corresponding quantum operators Q ≡ 1 2 {p, ψ} = ψ(p − i 4 Γ), Q̄ ≡ 1 2 {p̄, ψ̄} = ψ̄(p̄ + i 4 Γ̄) (79)

In order to ensure the supersymmetry of the system, we require that the quantum Hamiltonian operator be defined by H ≡ 1 2 {Q, Q̄} (80) Therefore, using the expressions given for eqs.(76),(78), the Hamiltonian takes the form H = (¯ AA 0 0 AĀ ) . (81)

with

A = ie^{−1}(∂_z + 3 4 Γ), Ā = iē^{−1}( ¯∂_{z̄} − 1 4 Γ̄) (82)

As it is well known, eigenfunctions of ĀA and AĀ are closely related due to supersymmetry. More explicitly, if φ_n is an eigenfunction of AĀ with a non-vanishing eigenvalue E_n, then Āφ_n is an eigenfunction of AĀ with the same eigenvalue E_n. Concerning the case of vanishing eigenvalue, from the fact that A^† = Ā for the inner product (77), one has that zero modes of AĀ and ĀA correspond to states annihilated by Ā and A, respectively. It is easy to see the operator A as given by eq.(82) has no normalizable zero mode, and then neither do the operator ĀA. Based on these arguments, we can solve the eigenvalue problem for the Hamiltonian operator H by considering the following prescription

HΨ_n = E_nΨ_n ⇐⇒ Ψ_n = (¯ Aφ_n φ_n ) (83)

where (E_n, φ_n) solve the eigenvalue problem for the operator AĀ, that is, AĀ φ_n = E_nφ_n.

To determine the Hilbert space of eigenstates of the operator h = AĀ, let us rewrite it as [28] h = −e^{−1}ē^{−1} ( ∂_z + Γ 4 ) ( ¯∂_{z̄} − Γ̄ 4 ) = − 1 2r^2_0∂_z ¯∂_{z̄} Θ

(∂_z − ∂_z Θ)( ¯∂_{z̄} + ¯∂_{z̄}Θ) (84)

with Θ = κ/2r^2_0 = log √ 1 + zz̄. Given an operator of the form (84), it is natural to define the “reduced” wavefunctions φ̂, φ(z, z̄) ≡ e^{−Θ} φ̂(z, z̄) (85) Thus, the “reduced” operator ĥ becomes

ĥ = e^Θ h e^{−Θ} = − 1 2r^2_0 ∂_z ¯∂_{z̄}Θ

(∂_z − 2∂_zΘ) ¯∂_{z̄} (86)

The generator of rotations about the origin in the projected plane Ĵ = z∂_z − z̄ ¯∂_{z̄} commutes with ĥ. Then, we can diagonalize both simultaneously and decompose φ̂ as

φ̂ = z^j P (zz̄). (87)

By writing the undetermined function P as a function of x ≡ 1 − zz̄ 1 + zz̄

, (88) the eigenstate condition ĥφ̂ = Eφ̂ leads to the following ordinary differential equation for the function P (x),

(1 − x^2) d^2P dx^2 + (1 − 2j − 3x) dP dx + r^2_0 EP = 0. (89)

This is a differential equation of the Jacobi form, whose regular solution in the interval [-1,1] is the Jacobi polynomial P^{(j,1−j)} n (x) ≡ (−1)^n 2^nn!

(1 − x)^{−j} (1 + x)^{j−1} d^n dx^n {(1 − x)^{n+j} (1 + x)^{n−j+1}} = 1 2^n n∑ m=0 ( n + j m ) ( n − j + 1 n − m ) (1 − x)^{n−m}(1 + x)^m (90)

Note also that the Jacobi polynomial P^{(j,1−j)}_n is defined for j ≥ −n, 1 − j ≥ −n, this leading to upper and lower bounds on the allowed values of j.

Putting all these together, we find that the orthonormal set of eigenfunctions of h = AĀ results

φ^j_n = 1 r_0 √ 2n!(n + 1)Γ(n + 2) πΓ(n + j + 1)Γ(n − j + 2) z^j √ 1 + zz̄ P^{(j,1−j)} n ( 1 − zz̄ 1 + zz̄ ) , E_n = 1 r^2_0 n(n + 2), n = 0, 1, 2, ... j = −n, −n + 1, ..., n + 1 (91)

VI. SUMMARY AND DISCUSSION

One of the goals of this work was to construct and further analyze a new type of string-like solutions in Chern- Simons theories which is genuinely non-Abelian. To do this we adapted recent results obtained in the four dimensional Yang-Mills theory context, where non-Abelian strings, having many common features with QCD strings, were founded in Yang-Mills theories. We started by constructing a supersymmetric N = 2 Chern-Simons theory with U(N) gauge group and coupled to N scalar multiplets. For this theory, we found a Bogomol’nyi-like bound for the energy, this leading to a set of first order self-duality equations. We solved the self-duality equations by proposing a particular rotationally symmetric ansatz. With this ansatz, equations for the profile functions reduced to those of the Abelian Chern-Simons case. However, thanks to the presence of the color-flavor rotations leaving the asymmetric vacuum invariant, the solution proposed were found to have a non-trivial orientational moduli space. By applying this colorflavor rotation, we were able to write the gauge and Higgs fields in terms of the orientational collective coordinates.

Another task we accomplished was to obtain the low energy theory for the orientational moduli space by assuming slowly-varying time-dependence for these coordinates and then, substituting the resulting configuration in the original Lagrangian. The resulting effective theory corresponds to a one dimensional CP^{N−1} sigma-model. Since self-dual vortices are 1/2 BPS, the supersymmetric extension of the model corresponds to the N = 2 CP^{N−1} sigma-model. We completed the analysis of the supersymmetric effective theory by quantizing this low-energy theory in the N = 2 case.

There are several aspects related to our results that deserve future analysis. It particular, one should proceed to a more complete analysis of the multi-vortex solutions. For this purpose, it would be interesting to look for solutions similar to that found in [29], which consists in a composite state of two coincident non-Abelian vortices in Yang-Mills theory. Another relevant topic corresponds to the case of semi-local non-Abelian vortices in Chern-Simons theories, expected to appear when the number of flavor is larger than N.

Of particular interest is the study of Chern-Simons non-Abelian vortices after quantization, since they could be related to a new type of anyon-like object with possible applications in planar systems. With this in mind, it would be useful to further analyze at the quantum level the low-energy theories for the orientational moduli. In particular, to extend the N = 2 results presented here to the CP^{N−1} model with generic N.

APPENDIX: Conventions for spinors in d = 2 + 1

We use the following representation for the γ matrices,

(γ^0)^β_α = (σ^2)^β_α , (γ^1)^β_α = i(σ^3)^β_α , (γ^2)^β_α = i(σ^1)^β_α , (92) where σ’s are the Pauli’s matrices. Then, γ matrices satisfy

(γ^μ)^γ_α (γ^ν )^β_γ = η^{μν} δ^β_α − iϵ^{μνσ}(γ_σ )^β_α .

The Lorentz rotation generator is realized in the following manner: M^{μν} ≡ i 4 [γ^μ, γ^ν ] = 1 2 ϵ^{μνρ}γ_ρ. (93) Using the representation (92) one can check the validity of the following relation

σ^2M^{μν} σ^2 = −(M^{μν} )^T , (94)

This gives as a result that (σ^2ψ)^T χ is Lorentz invariant. Therefore, we can define the spinor metric as

C^{αβ} ≡ i(σ^2)^{αβ} = ( 0 1 −1 0 ) = C_{αβ} , (95)

which is used to raise and lower spinor indices via:

θ_α = θ^β C_{βα}, θ^α = C^{αβ} θ_β (96)

Note that γ matrices are anti-Hermitian when lowering their indices, i.e.,

(γ^0)_{αβ} = iδ_{αβ}, (γ^1)_{αβ} = i(σ^1)_{αβ} , (γ^2)_{αβ} = −i(σ^3)_{αβ} . (97)

Concerning the complex conjugation, we use barred spinors to denote the complex conjugated of the unbarred ones, unlike the usual definition using γ^0’s. Thus,

(χ^α)^∗ = χ̄^α, (χ̄^α)^∗ = χ^α. (98)

Besides, we define the conjugation of a product of spinors as

(χ^αψ^β )^∗ = χ̄^αψ̄^β (99)

Acknowledgements: L.A. wishes to thank the Theory Division of CERN for hospitality while part of this work was done. This work was partially supported by PIP6160-CONICET, PIC-CNRS/CONICET, BID 1728OC/AR PICT20204-ANPCYT grants and by CIC and UNLP.

[1] S. Deser, R. Jackiw and S. Templeton, “Three-Dimensional Massive Gauge Theories,” Phys. Rev. Lett. 48 (1982) 975. [2] S. Deser, R. Jackiw and S. Templeton, “Topologically massive gauge theories,” Annals Phys. 140, 372 (1982) [Erratum-ibid.

185, 406.1988 APNYA,281,409 (1988 APNYA,281,409-449.2000)].

[3] J. Frohlich and P. A. Marchetti, “Quantum Field Theories of Vortices and Anyons,” Commun. Math. Phys. 121, 177 (1989).

[4] F. Wilczek, “Fractional Statistics and Anyon Superconductivity,” (World Scientific, Singapore, 1990). [5] A. Lerda, “Anyons : Quantum Mechanics of Particles with Fractional Statistics,” Lecture Notes in Physics Vol. m 14 (Springer, Berlin 1992).

[6] S. C. Zhang, T. H. Hansson and S. Kivelson, “An effective field theory model for the fractional quantum hall effect,” Phys.

Rev. Lett. 62, 82 (1988).

[7] J. K. Jain, “Composite fermion approach for the fractional quantum Hall effect,” Phys. Rev. Lett. 63, 199 (1989). [8] S. C. Zhang, “The Chern-Simons-Landau-Ginzburg theory of the fractional quantum Hall effect,” Int. J. Mod. Phys. B 6, 25 (1992).

[9] G. Murthy and R. Shankar, “Field Theory of the Fractional Quantum Hall Effect-I,” arXiv:cond-mat/9802244, to appear in Composite Fermions, edited by O. Heinonen.

[10] G. V. Dunne, “Aspects of Chern-Simons theory,” arXiv:hep-th/9902115.

[11] E. B. Bogomolny, “Stability Of Classical Solutions,” Sov. J. Nucl. Phys. 24, 449 (1976) [Yad. Fiz. 24, 861 (1976)]. [12] J. Hong, Y. Kim and P. Y. Pac, “Multivortex solutions of the Abelian Chern-Simons-Higgs Theory,” Phys. Rev. Lett. 64, 2230 (1990); R. Jackiw, and E. J. Weinberg, “Selfdual Chern-Simons Vortices,” ibid. 64, 2234 (1990).

[13] R. Jackiw, K. M. Lee and E. J. Weinberg, “Selfdual Chern-Simons Solitons,” Phys. Rev. D 42, 3488 (1990). [14] K. M. Lee, “Selfdual nonabelian Chern-Simons solitons,” Phys. Rev. Lett. 66, 553 (1991). [15] H. J. de Vega and F. A. Schaposnik, “Electrically charged vortices in nonAbelian gauge theories with Chern-Simons Term,” Phys. Rev. Lett. 56, 2564 (1986).

[16] H. J. de Vega and F. A. Schaposnik, “Vortices and electrically charged vortices in nonAbelian gauge theories,” Phys. Rev.

D 34, 3206 (1986).

[17] L. F. Cugliandolo, G. Lozano, M. V. Manias and F. A. Schaposnik, “Bogomolny equations for nonAbelian Chern-Simons Higgs theories,” Mod. Phys. Lett. A 6, 479 (1991).

[18] A. Hanany and D. Tong, “Vortices, instantons and branes,” JHEP 0307, 037 (2003) [arXiv:hep-th/0306150]. [19] R. Auzzi, S. Bolognesi, J. Evslin, K. Konishi and A. Yung, “Nonabelian superconductors: Vortices and confinement in N = 2 SQCD,” Nucl. Phys. B 673, 187 (2003) [arXiv:hep-th/0307287].

[20] M. Shifman and A. Yung, “Non-Abelian string junctions as confined monopoles,” Phys. Rev. D 70, 045004 (2004) [arXiv:hep-th/0403149].

[21] A. Hanany and D. Tong, “Vortex strings and four-dimensional gauge dynamics,” JHEP 0404, 066 (2004) [arXiv:hep-th/0403158].

[22] A. Gorsky, M. Shifman and A. Yung, “Non-Abelian Meissner effect in Yang-Mills theories at weak coupling,” Phys. Rev.

D 71, 045010 (2005) [arXiv:hep-th/0412082].

[23] B. Julia and A. Zee, “Poles With Both Magnetic And Electric Charges In Nonabelian Gauge Theory,” Phys. Rev. D 11, 2227 (1975).

[24] H. Nishino and S. J. J. Gates, “Chern-Simons theories with supersymmetries in three-dimensions,” Int. J. Mod. Phys. A 8, 3371 (1993).

[25] S. J. J. Gates and H. Nishino, “Remarks on the N=2 supersymmetric Chern-Simons theories,” Phys. Lett. B 281, 72 (1992).

[26] D. Olive and E. Witten, “Supersymmetry algebras that include topological charges,” Phys. Lett. B 78, 97 (1978). [27] P. A. M. Dirac, “Generalized Hamiltonian dynamics,” Can. J. Math. 2, 129 (1950).

[28] G. V. Dunne, “Hilbert Space For Charged Particles In Perpendicular Magnetic Fields,” Annals Phys. 215, 233 (1992). [29] R. Auzzi, M. Shifman and A. Yung, “Composite non-Abelian flux tubes in N = 2 SQCD,” Phys. Rev. D 73, 105012 (2006) [arXiv:hep-th/0511150].