arXiv:hep-th/0703012v3 6 May 2007

Non-Gaussianities in N-flation

Diana Battefeld^∗ and Thorsten Battefeld^† DAMTP, Center for Mathematical Sciences, University of Cambridge, Wilberforce Road, Cambridge,CB3 0WA, UK (Dated: May 8, 2007)

Abstract

We compute non-Gaussianities in N -flation, a string motivated model of assisted inflation with quadratic, separable potentials and masses given by the Marčenko-Pastur distribution. After estimating parameters characterizing the bi- and trispectrum in the horizon crossing approximation, we focus on the non-linearity parameter f_{NL}, a measure of the bispectrum; we compute its magnitude for narrow and broad spreads of masses, including the evolution of modes after horizon crossing. We identify additional contributions due to said evolution and show that they are suppressed as long as the fields are evolving slowly. This renders N -flation indistinguishable from simple single-field models in this regime. Larger non-Gaussianities are expected to arise for fields that start to evolve faster, and we suggest an analytic technique to estimate their contribution. However, such fast roll during inflation is not expected in N -flation, leaving (p)re-heating as the main additional candidate for generating non-Gaussianities.

∗email: D.Battefeld@damtp.cam.ac.uk †email: T.Battefeld@damtp.cam.ac.uk

Contents

I. Introduction 2

II. N -flation and Slow Roll 5

III. Non-Gaussianities 8 A. Using Slow Roll and the Horizon Crossing Approximation 9 B. Beyond the Horizon Crossing Approximation 11 1. Narrow Mass Spectra 12 2. Broad Mass Spectra 14 3. Discussion 17 C. Beyond the Slow Roll Approximation 20

IV. Conclusions 21

Acknowledgments 22

A. The F_α Functions 22

References 23

I. INTRODUCTION

The generation of a nearly scale invariant spectrum of primordial perturbations, as observed in the cosmic microwave background radiation (CMBR) [1, 2, 3, 4] or large scale structure (LSS) surveys [5, 6], is a decisive indicator of an inflationary epoch in the early universe. During inflation [7], an accelerated expansion of the early universe, perturbations are stretched beyond the Hubble radius and re-enter the late universe, making them observable to us, e.g. in the CMBR.

A potential approach to discriminating between inflationary models consist of measuring deviations from purely Gaussian statistics; Most simple models of inflation predict quasi scale invariant, nearly Gaussian, adiabatic perturbations. However, more intricate models such as multi-field inflationary ones (see e.g. [8] for a review), might deviate from Gaussianity. Henceforth, a consideration of higher order correlation functions, such as the bispectrum or trispectrum, could potentially shed light into the fundamental physics responsible for generating primordial fluctuations [9, 10].

A rough estimate of non-Gaussianities, as measured by the bispectrum, is the non-linearity parameter f_{NL}, properly defined later in the text. Currently, primordial non-Gaussian features in the cosmic microwave background radiation have not been detected. For instance, the observational bound on the non-linearity parameter obtained from the WMAP3 data set alone is −54 < f_{NL} < 114 [1, 11, 12], and future experiments will improve upon it [13, 14, 15, 16]. Hence, theoretical predictions for f_{NL} in well motivated inflationary models should be made before the increasingly improved observational data is available.

All models of inflation predict, to a certain extent, some level of primordial non-Gaussianity. In single-field models, non-Gaussianities are small, usually of the order of the slow roll parameters [17] because fluctuations freeze out once their wavelength crosses the Hubble radius. In multi-field models, however, the presence of multiple light degrees of freedom perpendicular to the adiabatic direction leads to the generation of isocurvature perturbations, which in turn allow the comoving curvature perturbation ζ to evolve after horizon crossing (HC). This leads to an additional source of potentially detectable non-Gaussianity [18].

One such multi-field model is assisted inflation, which was originally proposed to relax fine tuning of potentials, (see e.g. [19, 20, 21, 22]); it relies on N scalar fields, preferably uncoupled, which assist each other in driving an inflationary phase. Even though each individual field may not be able to generate an extended period of inflation on its own, they can do so cooperatively. This phenomenological model is attractive, since super Planckian initial values of the fields can be avoided [19, 20, 21] if the number of fields is large. A string motivated implementation of assisted inflation is N -flation^1 [25, 26, 27, 28, 29, 30, 31]: here the many fields are identified with axions arising from some KKLT compactification of type IIB string theory [31].

Although the existence of N -flation via a concrete construction has not been proven, it provides a test-bed for multi-field inflation. In [31] it is argued, but not proven, that an effective quadratic potential for each field without cross couplings may be attainable. Based on results of random matrix theory, it is further argued in [31] that the masses for the N fields, originally considered identical in [28], would conform to the Marčenko-Pastur (MP) distribution [32]. This spectrum of masses is controlled by only two constants: the average mass and a parameter fixing the width/shape of the spectrum, which may be identified with the ratio of the number of axions to the total dimension of the moduli space in a given construction. The effect of this distribution

1 See also [23, 24] for another implementation of assisted inflation within M-theory, making use of multiple M5- branes.

on the power-spectrum has been computed in [25, 31], yielding a slightly redder spectral index.

Non-Gaussianities arising in multi-field inflation have been considered recently: the starting point is the three-point correlation function just after horizon crossing, which was first derived in [33]. Thereafter, one can evolve non-Gaussianities via the (non-linear) δN-formalism [34, 35]^2. If the horizon-crossing (HC) approximation is used, models of assisted inflation become indistinguishable from their single-field analogs [27]. This is easily understood since, by discarding the evolution of modes after horizon crossing, the main distinguishing feature of multi-field models is neglected. As a result, the spectrum of scalar and tensor perturbations is exactly the same^3 to the one generated by an effective single-field model [38].

In this paper we focus on N -flation with an arbitrary, but large number of fields, so that the Marčenko-Pastur distribution can be used. We consider narrow and broad mass spectra, extending the study of [39] where the formalism employed in this study was developed; its application, however, was limited to simple toy models. Here, we analytically compute the non-linearity parameter f_{NL} without assuming the horizon crossing approximation, but within the slow roll approximation. A comparison with simple estimates as well as the HC-limit, which is re-derived for completeness, reveals that additional contributions due to the evolution of modes after horizon crossing are present, but their magnitude is limited to a few percent of the HC result. Hereafter, we relax the slow roll approximation and argue that large, but possibly transient contributions to f_{NL} should be expected from faster rolling fields, which are however not expected during N -flation, since heavy fields should evolve slowly up until (p)re-heating commences. Nevertheless, an analytic method to retain the main physical effect of fields starting to roll faster during inflation is suggested: an effective single-field model with steps in its potential.

The concrete outline is as follows: in Section II we review N -flation, focusing on the evolution during slow roll. After that, we introduce non-Gaussianities in Section III and provide, for later reference, the horizon crossing results of the non-linearity parameters characterizing the bi- and trispectrum, Section III A. Based on the formalism developed in [39], we estimate f_{NL} for narrow mass spectra in Section III B 1, providing a simple approximation. Then, we take general broad mass spectra, properly described by the MP-distribution, to compute f_{NL} without any additional approximations, Section III B 2. The resulting additional contributions to f_{NL} due to the evolu-

2 This formalism is a crucial extension of the linear δN-formalism [36, 37], and needed to deal with higher order correlation functions.

3 There is a subtlety regarding initial conditions in N -flation, since there is no attractor solution for quadratic potentials, making N -flation sensitive to the initial field values – we come back to this issue later on.

tion outside the horizon are discussed and compared to previous analytic approximations, Section III B 3. Finally, we consider relaxing the slow roll condition in Section III C, before we conclude in Section IV.

II. N -FLATION AND SLOW ROLL

We start by considering the action for N scalar fields, S = m^2_p 2 ∫ d^4x √ −g ( 1 2 N∑ A=1 ∂^μφ_A∂_μφ_A + W (φ_1, φ_2, ...) ) (1) which we assume to be responsible for driving an inflationary phase (see e.g. [8] for a review on multi-field inflation). The unperturbed volume expansion rate from an initial flat hypersurface at t^∗ to a final uniform density hypersurface at t^c is given by^4 N(t_c, t_∗) ≡ ∫_c ∗ Hdt , (2) where H is the Hubble parameter.

In N -flation [28], the N ∼ 1000 scalar fields that drive inflation are identified with axion fields. If one expands the periodic axion potentials around their minima all cross-couplings vanish [31]. Hence, in the vicinity of their minima, the fields have a potential of the form

W (φ_1, φ_2, ..., φ_N ) = N∑ A=1 V_A(φ_A) (3)

= N∑ A=1 1 2 m^2_Aφ^2_A . (4)

We arranged the fields according to the magnitude of their masses, that is m_A > m_B if A > B. It should be noted that N -flation is a specific realization of assisted inflation [19, 20, 21, 22]^5, where the many scalar fields assist each other in driving an inflationary phase, so that no single scalar field needs to traverse a super-Planckian stretch in field space.

Further, the spectrum of masses in (4), which were assumed to be equal in [28], can be evaluated more accurately by means of random matrix theory and was found by Easther and McAllister to conform to the Marčenco-Pastur (MP) law [31]. This results in a probability for a given mass of

p(m^2) = 1 2πβm^2σ^2 √ (b − m^2)(m^2 − a) , (5)

4 N refers to the number of scalar fields, whereas N is the number of e-folds. 5 See also [23] for another realization of assisted inflation based on M-theory from multiple M5-branes.

where β and σ completely describe the distribution: σ is the average mass squared and β controls the width and shape of the spectrum (see Fig. 1). As a consequence, the smallest and largest mass are given by

m^2_1 = a ≡ σ^2(1 − √ β)^2 , (6) m^2_N = b ≡ σ^2(1 + √ β)^2 . (7)

In N -flation, β can be identified with the number of axions contributing to inflation divided by the total dimension of the moduli space (Kähler, complex structure and dilaton) in a given KKLT compactification of type IIB string theory [31]. We carry out the remainder of this analysis by treating β as a free parameter, but keeping in mind that β ∼ 1/2 is preferred, due to constraints arising from the renormalization of Newton’s constant [28]. We will not need to specify σ, since it will cancel out; however, its magnitude is of course constrained by the COBE normalization just as m^2 in chaotic inflation [25].

At this point, we introduce a convenient dimensionless mass parameter x_A ≡ m^2_A m^2_1

, (8)

as well as the suitable short-hand notation z ≡ √ β , (9) ξ ≡ m^2_N m^2_1 = (1 + z)^2 (1 − z)^2

. (10)

Expectation values with respect to the MP-distribution can then be evaluated via ⟨f(x)⟩ ≡ 1 N N∑ A=1 f(x_i) (11)

= (1 − z)^2 2πz^2 ∫_ξ 1 √ (ξ − x)(x − 1) f(x) x dx . (12) Since f(x) = x^{α+1}y^{λx} will appear frequently in our analysis, we introduce a more convenient notation and define functions F^λ_α , namely

F^λ_α (y) ≡ F_α(y^{λξ}) , (13)

where F_α(ω) ≡ ∫_1 1/ξ √ (1 − s)(s − ξ^{−1})s^αω^s ds , (14)

FIG. 1: Probability of a given mass according to the Marčenko-Pastur distribution from (5), depending on β and the dimensionless square mass x = m^2/m^2_1, rescaled with the expectation value ⟨x⟩ (also dependent on β): (a) 3D-plot for 0.1 < β < 1, (b) slices for β_1 = 1/4, β_2 = 1/2 and β_3 = 3/4; the closer β is to one, the broader the mass spectrum becomes.

so that the expectation values become ⟨ x^{α+1}y^{λx} ⟩ = (1 − z)^2 2πz^2 ξ^{α+2}F^λ_α (y) . (15)

A few useful properties of the F_α-functions and analytic approximations can be found in appendix A. Throughout most of the analysis, we restrict ourselves to the slow roll approximation. As explained above, N fields contribute to the energy density of the universe through a separable potential. In this regime, the dynamics of N -flation are as follows: firstly, note that the field equations and Friedman equations can be written as 3Hφ̇_A ≈ − ∂V_A ∂φ_A ≡ −V^′_A , (16) 3H^2 ≈ W . (17)

Here and in the following we set the reduced Planck mass to m_p = (8πG)^{−1/2} ≡ 1. This approximation is valid if the slow roll parameters ε_A ≡ 1 2 V^{′2}_A W^2 , η_A ≡ V^{′′}_A W , (18)

are small (ε_i ≪ 1, η_i ≪ 1) and

ε ≡ N∑ A=1 ε_A ≪ 1 (19) holds. The number of e-folds of inflation becomes N(t_c, t_∗) = − ∫_c ∗ N∑ i=1 V_A V^′_A dφ_A , (20)

and the field equations can then be integrated to yield φ^c_A φ^∗_A = ( φ^c_B φ^∗_B )_m2_{A/m}2_B . (21)

Notice that this relationship between fields does not correspond to an attractor solution. As a result, predictions of N -flation can depend on initial conditions – admittedly, a less attractive feature of the proposal.

There is another subtlety of N -flation: if the mass spectrum is broad, that is ξ ≫ 1 corresponding to the limit β → 1, the heavier fields will drop out of slow roll early, even as inflation continues (this is the case for the preferred value of β ∼ 1/2, corresponding to ξ ∼ 34). The effect of these fields on non-Gaussianities cannot be estimated properly by using the δN-formalism, which we employ in Section III A and III B. We come back to this issue in Section III C.

III. NON-GAUSSIANITIES

Recent observations of e.g. the cosmic microwave background radiation (CMBR) [1, 2, 3, 4] or the large scale structure of the Universe [5, 6] made it possible to measure two point statistics of scalar perturbations to high accuracy. Existing measurements are consistent with a Gaussian spectrum, for which all odd correlation functions vanish, while the even ones can be expressed in terms of the two point function. For instance, the non-linearity parameter f_{NL}, a measure of the three point function or bispectrum, is constraint to lie between −54 < f_{NL} < 114 by the WMAP3 data alone [1]. Future CMBR measurements, e.g via the Planck satellite [13], are expected to tighten this bound up to | f_{NL} |∼ 5 (See eg. [40] for a review, and [41] to relate a given primordial bispectrum to the one imprinted onto the CMBR). Furthermore, an all sky survey of the the 21-cm background in the frequency range from 14 MHz to 40 MHz with multipoles up to 10^5 could potentially limit this parameter down to | f_{NL} |∼ 0.01 [16]; but it should be noted that this proposal is highly optimistic. If such an observation is indeed possible, higher order correlation functions might also be within reach of observation.

It is expected that more complicated models of the early Universe, such as N -flation, lead to larger contributions than simple single field models. The physical reason for this expectation is the presence of isocurvature modes, which in turn cause evolution of fluctuations even after crossing of the Hubble radius (referred to as horizon crossing in the following), see e.g. [42]. Therefore, we will give a thorough examination of non-Gaussianities in models of N -flation, only restricted by the slow roll approximation.

A. Using Slow Roll and the Horizon Crossing Approximation

To estimate the magnitude of the three and four point functions we use the non linear δNformalism [34, 35], which is an extension of the linear δN-formalism first proposed by Starobinsky in [36] and extended by Sasaki and Stewart [37] among others [33, 43, 44]. In this approach one relates the perturbation of the volume expansion rate δN to the curvature perturbation ζ, which is possible if the initial hypersurface is flat and the final one is a uniform density hypersurface [37]. Notice that this quantity is conserved on large scales in simple models, even beyond linear order [45, 46]^6. Given this relationship between the curvature perturbation and the volume expansion rate, one can evaluate the momentum independent pieces of non-linearity parameters, which are related to higher order correlation functions, in terms of the change in N during the evolution of the Universe, see e.g. [47].

Following this approach, the power-spectrum P_ζ and the bispectrum B_ζ can be computed. The ratio or B_ζ to P^2_ζ is proportional to the non-linearity parameter f_{NL}, modulo a momentum dependent prefactor and factors of 2π. This computation was performed in [33, 43, 44] with the result

− 6 5 f_{NL} = r 16 (1 + f) + ∑_N A,B=1 NANB NAB (∑_N C=1 N^2_C

)_2 , (22)

≡ r 16 (1 + f) − 6 5 f^{(4)}_{NL} , (23)

where we introduced the short hand notation N_A ≡ ∂N ∂φ^∗_A , (24) N_{AB} ≡ ∂^2N ∂φ^∗_A∂φ^∗_B , (25) . . 6 The separate Universe formalism developed by Rigopoulos and Shellard in e.g. [46] is equivalent to the δNformalism.

and we refer the interested reader to [33, 43] for details. We shall focus on the second term in (22) since the first one is known and rather small^7. If we further use the summation convention for capital indices, we arrive at^8 − 6 5 f^{(4)}_{NL} = N_AN_B N^{AB} (N_DN^D)^2

. (26)

To estimate the magnitude of the four point function, we use the momentum independent parameters τ_{NL} and g_{NL} as introduced in [47] (see also [49]), τ_{NL} = N_{AB} N^{AC} N^B N_C (N_DN^D)^3

, (27) g_{NL} = 25 54 N_{ABC} N^AN^B N^C (N_DN^D)^3

. (28)

As mentioned above, we use the horizon crossing approximation in this section in order to compute the derivatives of the volume expansion rate; that is, we assume that modes do not evolve once they cross the Hubble radius at t^∗. With this in mind, we can set φ^c_A = 0^9. Since we also use the slow roll approximation, we can write (2) as

N(t_c, t_∗) = − ∫_c ∗ N∑ A=1 V_A V^′_A dφ_A . (29)

Confining ourselves to N -flation, that is, if we make use of V_A = m^2_Aφ^2_A/2, and employing equal energy initial conditions, m^2_Aφ^{∗2}_A = m^2_Bφ^{∗2}_B , we arrive at

N_A = V_A √ 2ε_AW , (30) N_{AB} = δ_{AB} ( 1 − η_AV_A 2ϵ_AW ) , (31) N_{ABC} = − δ_{AB}δ_{AC} η_A √ 2ε_A 2ε^2_A ( − V_A W η_A + ε_A ) , (32)

where all potentials and slow roll parameters have to be evaluated at t^∗, and we replaced first derivatives with respect to φ^∗_A by V^′_A = √ 2ε_AW .

7 On geometrical grounds, we know 0 ≤ f ≤ 5/6 [17, 43] (f characterizes the shape of the momentum triangle and is largest for an equilateral triangle), while r is the usual tensor:scalar ratio. The observational upper limit on this quantity depends on the priors used in the fitting process, but we can reliably estimate that r/16 < 0.1 [1]. This bound will be improved by future experiments, for example Clover [48], among others.

8 Note that fNL was already computed in [27] within the horizon crossing approximation, but we repeat it here for completeness.

9 Note that some authors prefer to set φ^c_A = φ^∗_A instead – the different choices lead to the same results if modes are indeed frozen after horizon crossing.

It is now straightforward to evaluate the non-Gaussianity parameters to − 6 5 f^{(4)}_{NL} = 1 2N , (33) τ_{NL} = 1 (2N)^2

, (34) g_{NL} = 0 . (35)

These parameters are leading order in the slow roll approximation, independent of the mass spectrum of N -flation and indeed indistinguishable from a single-field model with quadratic potential [47]. This is expected, since we neglected the main feature distinguishing multi-field models from single-field ones: the evolution of perturbations after horizon crossing due to the presence of isocurvature modes. The vanishing of g_{NL} is due to the use of quadratic potentials so third derivatives of the potentials vanish.

B. Beyond the Horizon Crossing Approximation

We saw in the previous section that N -flation is indistinguishable from single-field models with respect to non-Gaussianities if the horizon crossing approximation is used. Consequently, we must incorporate the discriminating feature – the evolution of modes after HC. To simplify matters, we make further use of the slow roll approximation, and restrict ourselves to computing f^{(4)}_{NL}, which is the most observationally constrained parameter.

The general expression of f^{(4)}_{NL} was computed in [39] to

− 6 5 f^{(4)}_{NL} = 2 ∑_N A=1 u^2_A ε^∗_A ( 1 − η^∗_A^{uA}_{2ϵ}∗_A ) + ∑_N B,C=1 u_B u_C ε^∗_B ε^∗_C ABC (∑_N D=1 u^2_D ε^∗_D )_2 , (36)

where u_A is given by u_A ≡ ΔV_A W^∗ + W^c W^∗ ε^c_A ε^c , (37)

with ΔV_A ≡ V^∗_A − V^c_A > 0, and the symmetric A-matrix A_{BC} = − W^2_c W^2_∗ [_N ∑ A=1 ε_A ( ε_C ε − δ_{CA} ) (ε_B ε − δ_{BA} ) ( 1 − η_A ε )] c . (38)

To evaluate this expression we first compute the field values at t_∗ and t_c (see [39] for details). To do so, we need 2N conditions, given by the N − 1 dynamical relations between the fields from (21) φ^c_1 φ^∗_1 = ( φ^c_A φ^∗_A )_m2_{1/m}2_A , (39)

N − 1 initial conditions, chosen for simplicity to be equal energy initial conditions^{10}

φ^∗_i = m^2_1 m^2_N φ^∗_1 , (40)

a condition that stems from (2) using the requirement that t_∗ be N e-folds before t_c

4N = N∑ i=1 [ (φ^∗_i )^2 − (φ^c_i )^2 ] , (41)

and the last one by demanding that slow roll ends for at least one field at t_c. In the present case, the field with the largest mass leaves slow roll first [39] when

η^c_N = 1 . (42)

Once the masses are specified, solving these conditions is usually possible. We distinguish two cases: the first one involves narrow mass spectra that have β ≪ 1. This will result in a simple, analytic expression; the second one deals with more realistic broad mass spectra, e.g. for β ∼ 1/2. To simplify our notation, we suppress the superscript c from here on.

1. Narrow Mass Spectra

By a narrow mass spectra we mean δ_A ≡ 1 − m^2_1 m^2_A

≪ 1 , (43)

δ ≡ 1 N N∑ A=1 δ_A ≪ 1 . (44)

Obviously, this case corresponds to the limit β → 0, which is not theoretically favored, but is, nevertheless, the easiest one to consider. Using the Marčenko-Pastur distribution, we arrive at the relation

δ = 1 − ⟨ x^{−1} ⟩ (45) = 1 −

(1 − z)^2 1 − z^2

, (46)

between δ and z = √ β, where we made use of appendix A in the last step.

10 Since there is no attractor solution for quadratic potentials, there is an unavoidable dependence on initial conditions in N -flation.

Using (42)-(46) one can evaluate the field values φ^∗_A and φ^c_A and the corresponding slow roll parameters, which can be found in [39]. There, it was also shown that the second term in (36) becomes ∑_N B,C=1 u_B u_C ε^∗_B ε^∗_C ABC (∑_N D=1 u^2_D ε^∗_D )_2 = O(δ^2/N^2) , (47)

that is, it is second order in the slow roll parameters, as well as second order in δ.

Using the same method, the first term in (36) becomes ∑_N A=1 u^2_A ε^∗_A ( 1 − η^∗_A^{uA}_{2ϵ}∗_A ) (∑_N D=1 u^2_D ε^∗_D )_2 = 1 2(2N + 1) ( 1 − δ_N − δ 2N + 1 ) + O(δ^2) , (48)

which includes, naturally, the contribution proportional to 1/N, already present in the horizon crossing approximation. Hence we arrive at − 6 5 f^{(4)}_{NL} = 1 (2N + 1) ( 1 − δ_N − δ 2N + 1 ) + O(δ^2) , (49)

where we only kept the leading order contribution in δ. If we now use δ from (46) and

δ_N =

(1 − z)^2 (1 + z)^2

, (50)

we get after expanding in z = √ β − 6 5 f^{(4)}_{NL} = 1 (2N + 1) ( 1 − 2 √ β 2N + 1 ) + O(β) . (51)

This is our first major result: if we compare the above with (33), we observe an additional term proportional √ β, which vanishes if all the masses coincide. This is expected since, in the equal mass case, there is no evolution of modes after they cross the horizon. However, isocurvature modes get sourced for a non-zero width of the mass distribution. This in turn causes modes to evolve even after their wavelength becomes larger than the Hubble radius, leaving an imprint onto f^{(4)}_{NL}. Note that the correction term in (51) carries an additional slow roll suppression^{11}. As a consequence, even if experiments improve so far as to probe non-Gaussianities created in singlefield inflationary models (which are of order 1/N) we will not be able to distinguish them from N -flation by means of their primordial non-Gaussianity, as long as non-Gaussianities are generated during slow roll and the mass spectrum is narrow. For simplicity, we restricted ourselves to small β, so that expanding in terms of this small parameter is possible; hence, the resulting correction

11 See also [50] for non-Gaussianities in an exactly soluble (toy) model of multi-component slow-roll inflation.

is even more suppressed by √ β. Now, considering that the preferred mass spectrum in N -flation corresponds to β ∼ 1/2, which is indeed broad, we must compute the exact^{12} expression for f^{(4)}_{NL} in the next section. Since the resulting, cumbersome expression is valid even for small values of β, we can compare it with the straightforward analytic expression in (51) (see Fig. 3 and 4). It should be noted that the contribution due to (47) will also be negligible for broad mass spectra, in agreement with the conclusions of [39].

2. Broad Mass Spectra

In N -flation the mass spectrum is known to conform to the Marčenko-Pastur distribution (5). Armed with the expectations values introduced in (11), along with (15) we can evaluate all sums in (36). However, before we can perform this replacement, we need to proceed in a similar manner as we saw in the previous section, where we evaluated the narrow mass spectrum. Strictly speaking, we have to calculate the field values at t^c and t^∗ from (39)-(42) in order to compute the potentials and slow roll parameters that appear in (36)-(38).

Before we continue, we should mention another subtlety in our analysis: we take t^c to be the time when the field with the largest mass leaves slow roll (42); this time does not correspond to the end of inflation if the mass spectrum is stretched out considerably; since there is no cross coupling between the fields, the remaining fields can successfully continue to drive inflation even if a heavy field leaves slow roll. Consequently, several e-folds of inflation should be expected to follow after t^c. Henceforth, the volume expansion rate appearing in our expressions may be smaller than the usual N ≈ 60. We will discuss the effects of fields which leave slow roll while inflation continues in Section III C.

Given this caveat, let us now evaluate the field values φ^∗_A and φ^c_A: plugging (39) and (40) in (41) we arrive at

φ^{∗2}_1 = 4N N 1 ⟨x^{−1}⟩ − ⟨x^{−1}y^x⟩ (52)

where we replaced the sums by expectation values as introduced in (11) and defined y ≡ φ^2_1 φ^{∗2}_1

. (53)

12 Exact in the statistical sense using the large N limit, since we are going to use the Marčenko-Pastur mass distribution in order to evaluate expectation values.

FIG. 2: Solving (55) numerically leads to φ^2_1/φ^{∗2}_1 ≡ ȳ(β) for (a) −9 ≤ log_{10}(β) ≤ −1, (b) 0.1 ≤ β ≤ 0.9. We took N = 60 in all plots.

On the other hand, (42) becomes ξ 2N = ⟨y^x⟩ ⟨x^{−1}⟩ − ⟨x^{−1}y^x⟩ , (54)

after using (39) and (40) as well as (52). Equation (54) is now uncoupled and needs to be solved for y. Using the definitions of the F-functions in (13), we can write (54) also as

0 = 1 − 2N

F^1_{−1}(y) F^0_{−2} − F^1_{−2}(y)

. (55)

Unfortunately, one cannot solve (55) analytically, but it is easily done with standard numerical routines as implemented in e.g. MAPLE. If we denote the solution to (55) by ȳ(β) (see Fig. 2 for a plot of ȳ over β for N = 60), we arrive from (39)-(42) at the desired field values

φ^{∗2}_A = 1 x_A 4N aN ( F^0_{−2} − F^1_{−2}(ȳ)

) , (56)

φ^2_A = ȳ^{xA} x_A 4N aN ( F^0_{−2} − F^1_{−2}(ȳ)

) . (57)

where we defined a ≡ (1 − z)^2 2πz^2 . (58)

In the following, we suppress the argument of the F-functions, since it is always given by ȳ.

It is now straightforward to evaluate the slow roll parameters appearing in (18) to

η^∗_A = x_A a 2N ( F^0_{−2} − F^1_{−2} ) , (59) η_A = x_A ξ , (60) ε^∗_A = η^∗_A N , (61) ε_A = x_Aȳ^{xA} 2N N ξ^2a ( F^0_{−2} − F^1_{−2}

) , (62)

and u_A from (37) to

u_A = 1 N (1 − ȳ^{xA} + c̄x_Aȳ^{xA} ) , (63)

where we defined c̄ ≡ F^0_{−2} − F^1_{−2}

2NξF^1_0

. (64)

After some more algebra, we can evaluate the two components of f^{(4)}_{NL} in (36) to f(β) ≡ ∑_N A=1 u^2_A ε^∗_A ( 1 − η^∗_A^{uA}_{2ϵ}∗_A ) (∑_N D=1 u^2_D ε^∗_D )_2 (65)

= G 4Na (66) × F^0_{−2} − F^1_{−2} − F^2_{−2} + F^3_{−2} + c̄ξ [ F^1_{−1} + 2F^2_{−1} − 3F^3_{−1} ] + c̄^2ξ^2 [ −F^2_0 + 3F^3_0 ] − c̄^3ξ^3F^3_1 ( F^0_{−2} − 2F^1_{−2} + F^2_{−2} − 2c̄ξ [ F^2_{−1} − F^1_{−1} ] + c̄^2ξ^2F^2_0

)_2 and F (β) ≡ ∑_N B,C=1 u_B u_C ε^∗_B ε^∗_C ABC (∑_N D=1 u^2_D ε^∗_D )_2 (67)

= − W^2 W^{∗2}H^2 ( C − D ε − AB^2 ε^3 + 2BE ε^2 − B^2 ε ) (68)

with G ≡ a ( F^0_{−2} − F^1_{−2} ) , (69) W^2 W^{∗2} = ξ^2G^2 4N^2

, (70) ε = 2NaF^1_0 G , (71) A ≡ 2Na G F^1_1 , (72) B ≡ 4N^2a ξG^2 ([ F^1_{−1} − F^2_{−1} ] + c̄ξF^2_0 ) , (73) C ≡ 8N^3a ξ^2G^3 ( F^1_{−2} − 2F^2_{−2} + F^3_{−2} + 2c̄ξ [ F^2_{−1} − F^3_{−1} ] + c̄^2ξ^2F^3_0 ) , (74) D ≡ 8N^3a ξ^2G^3 ([ F^1_{−1} − 2F^2_{−1} + F^3_{−1} ] + 2c̄ξ [ F^2_0 − F^3_0 ] + c̄^2ξ^2F^3_1 ) , (75) E ≡ 4N^2a ξG^2 ( F^1_0 − F^2_0 + c̄ξF^2_1 ) , (76) H ≡ 2Na G ( F^0_{−2} − 2F^1_{−2} + F^2_{−2} + 2c̄ξ [ F^1_{−1} − F^2_{−1} ] + c̄^2ξ^2F^2_0 ) , (77)

FIG. 3: −f^{(4)}_{NL}(2N+1)6/5 over log_{(10)}(β) computed using: a. the horizon crossing approximation −f^{(4)}_{NL}(2N+ 1)6/5 = 1, b. the δ-expansion from (51), c. the ”exact” expression from (78) and d. the approximation from (80). We took N = 60 in all plots. Note that b. and d. are both good approximations up until β ∼ 0.1.

so that − 6 5 f^{(4)}_{NL}(β) = 2 (f(β) + F (β)) . (78) This is our second major result and will be discussed in the next section.

3. Discussion

A plot of f^{(4)}_{NL} over β can be found in Figures 3 and 4, where it is also compared with the analytic approximation in (51), the horizon crossing approximation −f^{(4)}_{NL}6/5 = 1/(2N + 1) and the approximation in (80). Throughout the analysis, we took N = 60 as a rough estimate for the number of e-folds. It is evident that the approximation in (51) is good up to β ≤ β̄ ∼ 1/10. In this region, the leading order contribution to the exact expression in (78) stems from the prefactor in (67), which includes a dependence on β via G defined in (69), and the first summands, so that one may also use − 6 5 f^{(4)}_{NL}(β) ≈ G 2Na 1 F^0_{−2}

(79) = 1 2N F^0_{−2} − F^1_{−2} F^0_{−2}

(80)

as an approximation for small β. Here F^0_{−2} = (1 − z)^2/(1 − z^2) from (A3) and F^1_{−2}(ȳ) is defined in (13) where ȳ(β) is the solution to (55). Naturally, we recover the horizon crossing result (33) in the limit that β → 0.

FIG. 4: −f^{(4)}_{NL}6/5 over β computed using: a. the horizon crossing approximation −f^{(4)}_{NL}(2N + 1)6/5 = 1, b. the δ-expansion from (51), c. the exact expression from (78) and d. the approximation from (80). We took N = 60 in all plots. Both approximations fail to recover the turn of f^{(4)}_{NL} observable in Figure (b).

Both, the δ-expansion and the above approximation in (80), fail for β ∼ 1/2, see Fig. 4. However, the contribution due to F defined in (67) is negligible even for very broad spectra (e.g. up to β = 9/10 in Fig. 4 b), in agreement with the conclusions of [39]: there, two-field models with a large ratio of the two masses were solved analytically and an additional slow roll suppression was found for F . Hence we may use

f^{(4)}_{NL} ≈ − 5 6 G 4Na (81) × F^0_{−2} − F^1_{−2} − F^2_{−2} + F^3_{−2} + c̄ξ [ F^1_{−1} + 2F^2_{−1} − 3F^3_{−1} ] + c̄^2ξ^2 [ −F^2_0 + 3F^3_0 ] − c̄^3ξ^3F^3_1 ( F^0_{−2} − 2F^1_{−2} + F^2_{−2} − 2c̄ξ [ F^2_{−1} − F^1_{−1} ] + c̄^2ξ^2F^2_0

)_2

as an approximation in the region that is preferred in N -flation.

Around the preferred value of β = 1/2 the magnitude of −f^{(4)}_{NL} is smaller than the horizon crossing result, but only by a few percent (see Fig. 4). Such a deviation will never be observable. The minimum is reached for β ≈ 0.74 and −f^{(4)}_{NL} increases for larger values of β so that it catches up with the horizon crossing result around β ≈ 0.88. For even larger values of β the magnitude of the non-linearity parameter increases more and more, seemingly becoming significantly large. However, one should take this result with caution, specifically the limit β → 1^{13}. Here, we took the final time t_c to be the time at which the heaviest field leaves slow roll. In addition, we assumed that sixty e-folds of inflation occurred between t_∗ and t_c. However, if the spectrum of masses is

13 Remember that the limit β → 1 corresponds to an infinitely broad mass spectrum, so β < 1 always.

indeed very broad, there will be a considerable amount of inflation even after the heaviest fields leave/left slow roll; hence, the potentially large value for −f^{(4)}_{NL} at t_c might very well be a transient phenomenon, due to a few heavy fields. Note that according to the Marčenko-Pastur distribution the majority of fields will have relatively light masses in the broad spectrum case, see Figure 1 and that the majority of the masses are smaller than the average one for β close to one. As a result, one might actually neglect the few heavy fields altogether, meaning, one might want to truncate the mass spectrum, since heavy fields will roll towards their minimum a lot faster than light ones.

Of course, if a field leaves slow roll and starts to evolve faster, our formalism is not applicable any more up until the field settled in its minimum. We propose a method to estimate the production of non-Gaussianities analytically during these intervals in the next section (see also [42, 51] for recent numerical work).

Before we continue, we would like to remind the reader of the limitations of our approach: first, we focused on potentials without any cross coupling between the fields. One can argue in favor of vanishing couplings in the case of N -flation if the fields stay close to the minima of their potential [31], but in general such an assumption is rather artificial^{14}. If such couplings are present, one should expect an enhanced production of non-Gaussianities. We also considered only quadratic potentials with mass spectra that conform to the Marčenko-Pastur distribution. We focused on this class, since the MP-distribution is expected to properly describe the spread of masses in N -flation in the large N limit. We do not expect qualitative differences for other spectra. Nevertheless, if the potentials are not quadratic but quartic or exponential, we expect an additional suppression: since an attractor solution is present for potentials of these types (see e.g. [22]), isocurvature perturbations will be suppressed and in turn any evolution of modes after horizon crossing will also be suppressed, resulting in an additional reduction of non-Gaussianities. Lastly, we considered equal energy initial conditions, mainly to simplify the computations. Since there is no attractor solution for quadratic potentials, there is a dependence on the chosen initial state. This unavoidable sensitivity to the initial configuration of fields may be considered a flaw of N -flation, since the model becomes less predictive. However, the evident slow roll suppression of non-Gaussianities is insensitive to the chosen initial state, see e.g. the two-field cases studied in [39].

14 We thank F. Quevedo for useful comments regarding this point. Naturally, this means that the conditions for successful assisted inflation are hard to satisfy.

C. Beyond the Slow Roll Approximation

We saw in the previous sections that multi-field inflationary models like N -flation do not generate large non-Gaussianities during slow roll. Henceforth, one can hardly discern them from simple single-field models. We expect our conclusions to be quite general, applicable to any kind of multi-field model during slow roll, given that the potential is separable and the kinetic terms of the scalar fields are canonical. However, if fields are evolving faster, one might still produce measurable contributions to the non-linearity parameter f_{NL} or higher order parameters such as g_{NL} or τ_{NL}.

Consider for instance the case where a few fields start to evolve faster while inflation still continues. Whenever a field behaves that way, the trajectory in field space will make a sharp turn and consequently, isocurvature perturbations will cause the adiabatic mode to evolve so that non- Gaussianities are generated. This additional source of non-Gaussianity could be recaptured by an effective one-field model: first, replace the multiple inflaton fields by one effective degree of freedom σ, which evolves due to an effective potential V (σ) [8]. Doing so corresponds to the horizon crossing approximation at the perturbed level. Anyhow, this should be a good approximation since we know already that the additional contributions due to the evolution of modes after horizon crossing will hardly ever be observable. Further, assume that one of the fields leaves slow roll and starts to evolve faster. To incorporate the effect of the kink in the multi-field trajectory, introduce a step in the effective potential, followed by a subsequent re-definition of the effective model where the field under consideration is omitted. Comparing the effective model before and after removal of the field will provide the step width Δσ and height ΔV . Hence, we arrive at a toy model with a single inflaton field, but sharp steps in the inflaton potential. Such steps can cause considerable non-Gaussianities [53], in addition to a ringing in the power spectrum, which might actually be easier to observe than f_{NL} itself [53, 54]. Subsequently, the fields that left slow roll will settle in a minimum of their potential without influencing the dynamics of the universe any more.

Nevertheless, we do not expect this case to be realized in N -flation: consider a broad mass spectrum (e.g. for β ≥ 1/2) as a concrete model; here, the heavy fields violate indeed the slow roll condition |η_i| < 1 while inflation still goes on, but they experience an extra damping, not acceleration, since η > 0. Since they evolve slower than expected from the slow roll approximation, they should not cause any additional non-Gaussianities, but simply hang around up until the light fields start to evolve faster. This will occur shortly before the onset of (p)re-heating, corresponding to the breakdown of slow roll for σ in the effective single-field description. Consequently, we expect

(p)re-heating, to be the primary additional source of non-Gaussianity (see e.g. [52]) in N -flation. (P)re-heating^{15} should occur in a slightly stretched-out manner during that last one or two efolds, since fields do not contribute all at once. Since the universe is evolving throughout, we expect expansion effects to be relevant. Henceforth, simple parametric resonance models ignoring the aforementioned expansion will not be suitable. However, stochastic resonance [55], that is, broad parametric resonance in an expanding universe, seems to be a possibility.

A careful examination of the above mentioned topics, especially (p)re-heating, is in preparation [61].

IV. CONCLUSIONS

In this article we considered N -flation as a concrete realization of assisted inflation motivated by string theory. Interested in distinguishing this multi-field model from simple single-field ones, we computed primordial non-Gaussianities.

After reviewing dynamics of N -flation during slow roll, we evaluated non-linearity parameters characterizing the bi- and trispectrum in the horizon crossing approximation. In this limit N - flation, and other multi-field models, become indistinguishable from their single-field analogs.

As a consequence, we incorporated the evolution of perturbations after horizon crossing. This evolution is due to the presence of isocurvature perturbations and provides a means of discriminating multi-field models from single-field ones. Focusing on the non-linearity parameter f_{NL}, which will be heavily constraint by observations in the near future, we evaluated its magnitude for narrow and broad mass distributions. In N -flation, this mass spectrum is described by the Marčenko-Pastur law. We identified additional contributions, which turned out to be only a few percent of the horizon crossing result so that they are unobservable.

The smallness of the additional terms is due to the slow roll approximation employed in this paper. Henceforth, we turn our attention to dynamics beyond slow roll; we argue that large, but possibly transient, contributions to f_{NL} should be expected from fast rolling fields. Such fields are not expected in case of N -flation, but might be present in other multi field inflationary models. We suggest an effective single-field model with steps in its potential to retain the main physical effect of these fields.

A study of (p)re-heating in N -flation, which should provide an additional source of non-

15 See e.g. [55, 56, 57, 58, 59, 60] for a sample on the extensive literature on (p)re-heating.

Gaussianity, is in preparation [61].

Acknowledgments

We would like to thank F. Quevedo and E. P. S. Shellard for useful comments and R. Easther for many discussions and comments on the draft. D.B. would like to thank A. C. Davis and DAMTP at Cambridge for support. T.B. is supported by PPARC grant PP/D507366/1.

APPENDIX A: THE F_α FUNCTIONS

Here we would like to gather some properties of the functions F_α(ω) ≡ ∫_1 1/ξ √ (1 − s)(s − ξ^{−1})s^αω^s ds , (A1)

where ξ = (1 + z)^2/(1 − z)^2 and z is a free parameter^{16}. First note that analytic expressions are known if ω = 1: for α ≥ −1 the functions become [31, 32]

F_α(1) = 2πz^2

(1 − z)^2 (1 + z)^{2(α+1)} α+1∑ i=1 1 α + 1 α + 1 i α + 1 i − 1 z^{2(i−1)} , (A2)

by relating F to the moments of the Marčenko-Pastur mass distribution, as analyzed in [32]. Furthermore, the expectation values ⟨ x^{−1} ⟩ and ⟨ x^{−2} ⟩ were computed in [31], yielding F_{−2}(1) =

(1 − z)^2 1 − z^2 ξ a , (A3)

F_{−3}(1) =

(1 − z)^4 (1 − z^2)^3 ξ^2 a , (A4) with a = (1 − z)^2/2πz^2.

We can also write down analytic expressions for general ω in the limit ξ → ∞, which corresponds to the limit z → 1: first note that F̄_0(ω) ≡ lim_{z→1} F_0(ω) (A5) = π √ y 2 ln(y)

I_1(ln(y)/2) , (A6) where I is a Bessel function of the first kind. All other F̄_α can be computed via recursion since F_{α+1}(ω) = ω ∂F_α(ω) ∂ω , (A7) F_{α−1}(ω) = ∫_ω 0 1 ω̃ F_α(ω̃)dω̃ , (A8)

16 It is identified with √ β in N -flation.

follows directly from the definition (A1).

[1] D. N. Spergel et al., “Wilkinson Microwave Anisotropy Probe (WMAP) three year results: Implications for cosmology,” arXiv:astro-ph/0603449.

[2] G. F. Smoot et al., “Structure in the COBE DMR first year maps,” Astrophys. J. 396, L1 (1992). [3] S. Hanany et al., “MAXIMA-1: A Measurement of the Cosmic Microwave Background Anisotropy on angular scales of 10 arcminutes to 5 degrees,” Astrophys. J. 545, L5 (2000) [arXiv:astro-ph/0005123].

[4] C. B. Netterfield et al. [Boomerang Collaboration], “A measurement by BOOMERANG of multiple peaks in the angular power spectrum of the cosmic microwave background,” Astrophys. J. 571, 604 (2002) [arXiv:astro-ph/0104460].

[5] M. Tegmark, A. J. S. Hamilton and Y. Z. S. Xu, “The power spectrum of galaxies in the 2dF 100k redshift survey,” Mon. Not. Roy. Astron. Soc. 335, 887 (2002) [arXiv:astro-ph/0111575].

[6] M. Tegmark et al., “Cosmological Constraints from the SDSS Luminous Red Galaxies,” Phys. Rev. D 74, 123507 (2006) [arXiv:astro-ph/0608632].

[7] A. H. Guth, “The Inflationary Universe: A Possible Solution To The Horizon And Flatness Problems,” Phys. Rev. D 23, 347 (1981).

[8] D. Wands, “Multiple field inflation,” arXiv:astro-ph/0702187.

[9] L. Verde, L. M. Wang, A. Heavens and M. Kamionkowski, “Large-scale structure, the cosmic microwave background, and primordial non-gaussianity,” Mon. Not. Roy. Astron. Soc. 313, L141 (2000) [arXiv:astro-ph/9906301].

[10] L. M. Wang and M. Kamionkowski, “The cosmic microwave background bispectrum and inflation,” Phys. Rev. D 61, 063504 (2000) [arXiv:astro-ph/9907431].

[11] P. Creminelli, A. Nicolis, L. Senatore, M. Tegmark and M. Zaldarriaga, “Limits on non-Gaussianities from WMAP data,” JCAP 0605, 004 (2006) [arXiv:astro-ph/0509029].

[12] P. Creminelli, L. Senatore, M. Zaldarriaga and M. Tegmark, “Limits on f NL parameters from WMAP 3yr data,” arXiv:astro-ph/0610600.

[13] http://www.rssd.esa.int/index.php?project=Planck [14] E. Komatsu and D. N. Spergel, “Acoustic signatures in the primary microwave background bispectrum,” Phys. Rev. D 63, 063002 (2001) [arXiv:astro-ph/0005036].

[15] C. Hikage, E. Komatsu and T. Matsubara, “Primordial Non-Gaussianity and Analytical Formula for Minkowski Functionals of the Cosmic Microwave Background and Large-scale Structure,” Astrophys. J. 653, 11 (2006) [arXiv:astro-ph/0607284].

[16] A. Cooray, “21-cm Background Anisotropies Can Discern Primordial Non-Gaussianity from Slow-Roll Inflation,” arXiv:astro-ph/0610257.

[17] J. M. Maldacena, “Non-Gaussian features of primordial fluctuations in single field inflationary models,”

JHEP 0305, 013 (2003) [arXiv:astro-ph/0210603].

[18] N. Bartolo, E. Komatsu, S. Matarrese and A. Riotto, “Non-Gaussianity from inflation: Theory and observations,” Phys. Rept. 402, 103 (2004) [arXiv:astro-ph/0406398].

[19] A. R. Liddle, A. Mazumdar and F. E. Schunck, “Assisted inflation,” Phys. Rev. D 58, 061301 (1998) [arXiv:astro-ph/9804177].

[20] P. Kanti and K. A. Olive, “On the realization of assisted inflation,” Phys. Rev. D 60, 043502 (1999) [arXiv:hep-ph/9903524].

[21] P. Kanti and K. A. Olive, “Assisted chaotic inflation in higher dimensional theories,” Phys. Lett. B 464, 192 (1999) [arXiv:hep-ph/9906331].

[22] K. A. Malik and D. Wands, “Dynamics of assisted inflation,” Phys. Rev. D 59, 123501 (1999) [arXiv:astro-ph/9812204].

[23] K. Becker, M. Becker and A. Krause, “M-theory inflation from multi M5-brane dynamics,” Nucl. Phys.

B 715, 349 (2005) [arXiv:hep-th/0501130].

[24] A. Ashoorioon and A. Krause, “Power spectrum and signatures for cascade inflation,” arXiv:hep-th/0607001.

[25] J. O. Gong, “End of multi-field inflation and the perturbation spectrum,” Phys. Rev. D 75, 043502 (2007) [arXiv:hep-th/0611293].

[26] M. E. Olsson, “Inflation assisted by heterotic axions,” arXiv:hep-th/0702109. [27] S. A. Kim and A. R. Liddle, “Nflation: Non-gaussianity in the horizon-crossing approximation,” Phys.

Rev. D 74, 063522 (2006) [arXiv:astro-ph/0608186].

[28] S. Dimopoulos, S. Kachru, J. McGreevy and J. G. Wacker, “N-flation,” arXiv:hep-th/0507205. [29] Y. S. Piao, “On perturbation spectra of N-flation,” Phys. Rev. D 74, 047302 (2006) [arXiv:gr-qc/0606034].

[30] M. M. Anber and L. Sorbo, “N-flationary magnetic fields,” JCAP 0610, 018 (2006) [arXiv:astro-ph/0606534].

[31] R. Easther and L. McAllister, “Random matrices and the spectrum of N-flation,” JCAP 0605, 018 (2006) [arXiv:hep-th/0512102].

[32] F. Oravecz and D. Petz, “On the eigenvalue distribution of some symmetric random matrices”, Acta. Sci. Math. Szeged. 63, 383 (1997).

[33] D. Seery and J. E. Lidsey, “Primordial non-gaussianities from multiple-field inflation,” JCAP 0509, 011 (2005) [arXiv:astro-ph/0506056].

[34] D. H. Lyth, K. A. Malik and M. Sasaki, “A general proof of the conservation of the curvature perturbation,” JCAP 0505, 004 (2005) [arXiv:astro-ph/0411220].

[35] D. H. Lyth and Y. Rodriguez, “The inflationary prediction for primordial non-gaussianity,” Phys. Rev.

Lett. 95, 121302 (2005) [arXiv:astro-ph/0504045].

[36] A. A. Starobinsky, JETP Lett. 42, 152 (1985) [Pis. Hz. Esp. Tor. Fizz. 42, 124 (1985)]. [37] M. Sasaki and E. D. Stewart, “A General Analytic Formula For The Spectral Index Of The Density

Perturbations Produced During Inflation,” Prog. Theor. Phys. 95, 71 (1996) [arXiv:astro-ph/9507001]. [38] D. H. Lyth and A. Riotto, “Particle physics models of inflation and the cosmological density perturbation,” Phys. Rept. 314 (1999) 1 [arXiv:hep-ph/9807278].

[39] T. Battefeld and R. Easther, “Non-gaussianities in multi-field inflation,” arXiv:astro-ph/0610296. [40] A. Challinor, “Constraining fundamental physics with the cosmic microwave background,” arXiv:astro-ph/0606548.

[41] J. R. Fergusson and E. P. S. Shellard, “Primordial non-Gaussianity and the CMB bispectrum,” arXiv:astro-ph/0612713.

[42] G. I. Rigopoulos, E. P. S. Shellard and B. W. van Tent, “Quantitative bispectra from multifield inflation,” arXiv:astro-ph/0511041.

[43] F. Vernizzi and D. Wands, “Non-Gaussianities in two-field inflation,” JCAP 0605, 019 (2006) [arXiv:astro-ph/0603799].

[44] L. E. Allen, S. Gupta and D. Wands, “Non-Gaussian perturbations from multi-field inflation,” JCAP 0601, 006 (2006) [arXiv:astro-ph/0509719].

[45] D. H. Lyth and D. Wands, “Conserved cosmological perturbations,” Phys. Rev. D 68, 103515 (2003) [arXiv:astro-ph/0306498].

[46] G. I. Rigopoulos and E. P. S. Shellard, “The separate universe approach and the evolution of nonlinear superhorizon cosmological perturbations,” Phys. Rev. D 68, 123518 (2003) [arXiv:astro-ph/0306620].

[47] C. T. Byrnes, M. Sasaki and D. Wands, “The primordial trispectrum from inflation,” Phys. Rev. D 74, 123519 (2006) [arXiv:astro-ph/0611075].

[48] A. C. Taylor et al., “Clover: A new instrument for measuring the B-mode polarization of the CMB,” arXiv:astro-ph/0407148.

[49] D. Seery and J. E. Lidsey, “Non-gaussianity from the inflationary trispectrum,” JCAP 0701, 008 (2007) [arXiv:astro-ph/0611034].

[50] M. Sasaki, “Nonlinear curvature perturbations in an exactly soluble model of multi-component slow-roll inflation,” Class. Quant. Grav. 24, 2433 (2007) [arXiv:astro-ph/0702182].

[51] G. I. Rigopoulos, E. P. S. Shellard and B. W. van Tent, “Large non-Gaussianity in multiple-field inflation,” Phys. Rev. D 73, 083522 (2006) [arXiv:astro-ph/0506704].

[52] N. Barnaby and J. M. Cline, “Nongaussianity from tachyonic preheating in hybrid inflation,” arXiv:astro-ph/0611750.

[53] X. Chen, R. Easther and E. A. Lim, “Large non-Gaussianities in single field inflation,” arXiv:astro-ph/0611645.

[54] L. Covi, J. Hamann, A. Melchiorri, A. Slosar and I. Sorbera, “Inflation and WMAP three year data:

Features have a future!,” Phys. Rev. D 74, 083509 (2006) [arXiv:astro-ph/0606452]. [55] L. Kofman, A. D. Linde and A. A. Starobinsky, “Towards the theory of reheating after inflation,” Phys.

Rev. D 56, 3258 (1997) [arXiv:hep-ph/9704452].

[56] L. Kofman, A. D. Linde and A. A. Starobinsky, “Reheating after inflation,” Phys. Rev. Lett. 73, 3195

(1994) [arXiv:hep-th/9405187].

[57] J. H. Traschen and R. H. Brandenberger, “Particle Production During Out-Of-Equilibrium Phase Transitions,” Phys. Rev. D 42, 2491 (1990).

[58] Y. Shtanov, J. H. Traschen and R. H. Brandenberger, “Universe reheating after inflation,” Phys. Rev.

D 51, 5438 (1995) [arXiv:hep-ph/9407247].

[59] P. B. Greene, L. Kofman, A. D. Linde and A. A. Starobinsky, “Structure of resonance in preheating after inflation,” Phys. Rev. D 56, 6175 (1997) [arXiv:hep-ph/9705347].

[60] G. N. Felder, J. Garcia-Bellido, P. B. Greene, L. Kofman, A. D. Linde and I. Tkachev, “Dynamics of symmetry breaking and tachyonic preheating,” Phys. Rev. Lett. 87, 011601 (2001) [arXiv:hep-ph/0012142].

[61] D. Battefeld and R. Easther, in preparation.