arXiv:hep-th/0703039v2 12 Mar 2007

Gravitational Correction and Weak Gravity Conjecture

Qing-Guo Huang

School of physics, Korea Institute for Advanced Study, 207-43, Cheongryangri-Dong, Dongdaemun-Gu, Seoul 130-722, Korea

huangqg@kias.re.kr

ABSTRACT

We consider the gravitational correction to the running of gauge coupling. Weak gravity conjecture implies that the gauge theories break down when the gravitational correction becomes greater than the contribution from gauge theories. This observation can be generalized to non-Abelian gauge theories in diverse dimensions and the cases with large extra dimensions.

In [1], Vafa suggested that gravity and the other gauge forces can not be treated independently and the vast series of semi-classically consistent effective field theories which belong to swampland are actually inconsistent after gravity is included. The authors in [2] proposed the weak gravity conjecture which can be most simply stated as gravity is the weakest force. This conjecture implies that in a four-dimensional theory with gravity and a U(1) gauge theory, there is a new intrinsic UV cutoff for the U(1) gauge theory

Λ ∼ gM_4, (1)

where M_4 = 1.4 × 10^{19} GeV is the four-dimensional Planck scale and g is the U(1) gauge coupling.

In [3], some heuristic arguments on the weak gravity conjecture in the asymptotical dS and AdS space implies that a lower bound on the U(1) gauge coupling g, or equivalently, the absolute value of the cosmological constant gets an upper bound

|ρ_V | ≤ g^2M^4_4 , (2)

in order that the U(1) gauge theory can survive in four dimensions. This result has a simple explanation in string theory, i.e. the string scale √ α^′ should not be greater than the size of the cosmic horizon. On the other hand, the most exciting possibility raised by large extra dimensions [4–9] is that the fundamental Planck scale may be much lower than the apparent four-dimensional Planck scale. This implies that we may begin to experimentally access the dynamics of quantum gravity sooner than previously anticipated. In [10], we proposed that the intrinsic UV cutoff for U(1) gauge theory with large extra dimensions is proportional to the fundamental Planck scale, not the four-dimensional Planck scale. This new energy scale predicted by weak gravity conjecture may be relevant to the physics at LHC. In [11], Banks et al. generalized the weak gravity conjecture to higher dimensions. Some other related topics are discussed in [12–19].

In this paper, we investigate the gravitational correction to the Callan-Symanzik β function in diverse dimensions and the case with large extra dimensions, and provide a new viewpoint on the weak gravity conjecture. We do not take into account three or lower dimensions as gravity does not contain propagating degree of freedom in these dimensions, even though some of our results may be applicable to three dimensional cases as well.

Robinson and Wilczek in [20] consider the one-loop gravitational correction to the running of gauge theory couplings in four dimensions. See other consideration of the correction to the β function: for example [21]. They take into account the Feynman diagrams involving a vertex dressed by graviton exchange. The gluon-graviton vertex in four dimensions is proportional to Λ/M_4, where Λ is the energy scale. After considering the graviton exchange, one-loop β function for the running of gauge coupling takes the form β ≡ dg d ln Λ = − b_0 (4π)^2 g^3 − a_0 ( Λ M_4

)_2 g. (3) The first term on the right hand side of (3) takes the form of familiar non-gravitational contribution and the second term includes the gravitational contribution. Because gravitons don’t carry any gauge charges, the value of b_0 is determined by the matter content and the gauge group. The unknown coefficient a_0 in eq. (3) is determined to be a_0 = 3/π in [20]. When gravitational effects become significant, the local effective gauge theory is broken down. Requiring that the gravitational correction is not greater than the contribution from gauge theory yields Λ ≤ CgM_4, (4) where C = 1 4π √ |b_0| a_0

. (5)

This result is just the same as [2]. Now weak gravity conjecture is interpreted as the condition for that the gravitational correction is smaller than the contribution from gauge fields. The above argument can be easily generalized to non-Abelian gauge field theories. For example, b_0 =^{11}_3 N for pure SU(N) Yang-Mills theory. The weak gravity conjecture predicts Λ ≤ C_N √ Ng^2M_4, (6) where C_N ≃ 0.16. The combination with Ng^2 is nothing but the ’t Hooft coupling. It is just what we expect.

Here a suggestive coefficient C_1 is obtained. In standard model, b_0 = −41/6 for U(1)_Y and thus C = 0.21. For SU(2)_L, b_0 = 19/6 and C = 0.14; for SU(3)_C , b_0 = 7 and C = 0.22. However, it is well known that the pure U(1) electromagnetism and N = 4 super-Yang-Mills in four dimensions are scale free theories with b_0 = 0. Weak gravity conjecture implies these two theories cannot self-consistently survive with gravity.

In the case with large extra dimensions, the fundamental Planck scale can be much lower than the apparent four-dimensional Planck scale. If the fundamental Planck scale is roughly 1 TeV, it will open a window to detect quantum gravity in LHC in the near future. Since the fundamental Planck is quite low, we expect that gravity provides a significant correction on the one-loop β function. In this scenario, gravitons propagate in the whole spacetime, but the gauge fields only propagate in four dimensions. The interaction between graviton and gauge fields is described by the action S = 1 2κ^2_d ∫ d^dx √ −det(g_{mn})R + ∫ d^4x √ −det(g_{μν} ) 1 4 Tr(F^2), (7) where κ^2_d ∼ G_d is the Newton coupling constant in d dimensions. Consider the quantum fluctuation of the gravitational degrees of freedom around the Minkowski metric as

g_{mn} = η_{mn} + κ_dh_{mn}. (8)

The action (7) becomes S ∼ ∫ d^dx(∂h)^2 + ∫ d^4xκ_dη^{μρ}∂_μA_ν ∂_ρA_σh^{νσ} + · · ·. (9) The interaction term between graviton and gauge field is proportional to positive powers of κ_d. Dimensional analysis implies that the gluon-graviton vertex is proportional to κ_dΛ^{d−2}2 . If we take the low energy limit, all interaction terms between gauge field and graviton drop out. The running of gauge coupling is governed by a modified β function which is given by β = − b_0 (4π)^2 g^3 − c_0κ^2_dΛ^{d−2}g = − b_0 (4π)^2 g^3 − c_0 ( Λ M_d )_{d−2} g, (10)

where M_d = G^{− 1d−2}_d is the d-dimensional Planck scale. Demanding that the gravitational correction is less than the gauge contribution leads to

Λ ≤ C_Eg^{2d−2} M_d, (11)

with C_E = ( 1 16π^2 | | | | | b_0 c_0 | | | | | ) 1_{d−2} . (12)

Eq. (11) is the same as the result in [10]. Similarly, for the SU(N) gauge theory, b_0 ∼ N and then Λ ≤ (Ng^2)^{1d−2} M_d. In [22], the authors use the results of Robinson and Wilczek as a testing ground to probe where the physical gravitational scale may be. But for the case with large extra dimensions, we should use eq. (10).

In the scenario with large extra dimensions, not only the black holes are possibly produced [23,24], but also a new intrinsic UV cutoff for gauge theories in standard model emerges. We can also detect the gravitational effects according to the modification for the running of the gauge coupling. The value of unknown coefficient c_0 will be determined in the future.

Our previous arguments on the gauge theories coupled to gravity can be generalized to the cases in higher dimensions. In d dimensions, gauge coupling has dimensions of [mass]^{2−d/2}. For d > 4, gauge coupling takes dimensions of positive power of length and gauge interaction becomes irrelevant. The gauge coupling depends on the energy scale Λ according to dg_d d ln Λ

= −f_0Λ^{d−4}g^3_d − h_0G_dΛ^{d−2}g_d, (13) where g_d is d-dimensional gauge coupling, f_0 and h_0 are the numerical coefficients. The factors of Λ in (13) have been inserted by dimensional analysis. Again requiring that the gravitational correction is less than the contribution from gauge fields yields

Λ ≤ g_dM^{d−22}_d , (14)

which is just the same as that in [11]. For SU(N) gauge theories, we just need to replace g with √ Ng. We are also interested in investigating the weak gravity conjecture in the asymptotical de Sitter and anti-de Sitter space. Following the idea of [3], these effective field theories breaks down when the curvature radius of the background is less than the shortest reliable distance for the field theories 1/Λ. The curvature radius of the background is roughly L ∼ 1/ √ G_d|ρ_V |, where ρ_V is the cosmological constant. Requiring L > 1/Λ yields an upper bound on the cosmological constant ρ_V in d dimensions

|ρ_V | ≤ Ng^2_dM^{2(d−2)}_d (15)

for SU(N) gauge theory. For U(1) gauge theory in four dimensions, the result is just the same as that in [3].

Consider the brane world scenario on Dp-brane. Now d = p + 1. The gauge coupling for U(1) gauge theory on a Dp-brane is

g_d ∼ g^{12}s M^{− p−32}s . (16)

Taking toroidal compactification, the d-dimensional Planck scale is related to the size of the extra dimensions R by

M^{p−1}_d ∼ g^{−2}_s M^{p−1}_s (M_sR)^{9−p}. (17)

The tension of Dp-brane T_p ∼ M^{p+1}_s g_s (18) provides an effective cosmological constant on the brane. Eq. (15) is translated into

g_s ≤ (M_sR)^{(9−p)}. (19)

On the other hand, the Hubble constant on the brane takes the form

H^2 ∼ T_p M^{p−1}_d ∼ g_sM^2_s (M_sR)^{9−p} . (20)

With the viewpoint of string theory, requiring that the string length should be shorter than the curvature radius of the background, l_s ≤ H^{−1}, yields g_s ≤ (M_sR)^{(9−p)} which is the same as (19); otherwise, string can be not taken as a point-like particle and the full string theory should be involved.

Similarly, for a stack of N Dp-branes, the gauge group becomes SU(N) for the open string modes on these D-branes and the effective cosmological constant is given by ρ_V ∼ NT_p. Now eq. (15) becomes g_s ≤ (M_sR)^{9−p}. (21)

On the other hand, the Hubble constant on these branes takes the form

H^2 ∼ NT_p M^{p−1}_d ∼ Ng_sM^2_s (M_sR)^{9−p} . (22)

Requiring l_s ≤ H^{−1} leads to g_sN ≤ (M_sR)^{(9−p)}, (23)

which is more stringent than (21). It seems that our constraint on the SU(N) gauge theory in the asymptotical de Sitter space is quite loose.

In this paper, we provide a new observation on the weak gravity conjecture which is independent on the arguments based on black hole [2, 11]. The gravitational correction should be less than the contribution from the gauge theories; otherwise, the effective description of the gauge theories breaks down. The straightforward framework for quantum gravity, general relativity quantized for small fluctuations around flat space, is nonrenormalizable quantum field theory. In [20], the authors used the background field method to calculate the gravitational correction to the β function for the gauge theories. Their results should be reproduced in a reliable fundamental theory of quantum gravity. Our investigation provides the new insight into the weak gravity conjecture at the quantum level and can be generalized to discuss the weak gravity conjecture for the scalar field theories [25].

Acknowledgments

We would like to thank P.M. Ho, S. Kim, K. Lee, M. Li, F.L. Lin, S. Robinson, X. Wu and H. Yee for useful discussions. We also thank department of physics in National Taiwan University for the hospitality.

References

[1] C. Vafa, “The string landscape and the swampland,” arXiv:hep-th/0509212.

[2] N. Arkani-Hamed, L. Motl, A. Nicolis and C. Vafa, “The string landscape, black holes and gravity as the weakest force,” arXiv:hep-th/0601001.

[3] Q. G. Huang, M. Li and W. Song, “Weak gravity conjecture in the asymptotical dS and AdS background,” JHEP 0610, 059 (2006) [arXiv:hep-th/0603127].

[4] N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, “The hierarchy problem and new dimensions at a millimeter,” Phys. Lett. B 429, 263 (1998) [arXiv:hep-ph/9803315].

[5] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, “New dimensions at a millimeter to a Fermi and superstrings at a TeV,” Phys. Lett. B 436, 257 (1998) [arXiv:hep-ph/9804398].

[6] N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, “Phenomenology, astrophysics and cosmology of theories with sub-millimeter dimensions and TeV scale quantum gravity,” Phys. Rev. D 59, 086004 (1999) [arXiv:hep-ph/9807344].

[7] D. Cremades, L. E. Ibanez and F. Marchesano, “Standard model at intersecting D5-branes: Lowering the string scale,” Nucl. Phys. B 643, 93 (2002) [arXiv:hep-th/0205074].

[8] C. Kokorelis, “Exact standard model structures from intersecting D5-branes,” Nucl.

Phys. B 677, 115 (2004) [arXiv:hep-th/0207234].

[9] E. Floratos and C. Kokorelis, “MSSM GUT string vacua, split supersymmetry and fluxes,” arXiv:hep-th/0607217.

[10] Q. G. Huang, “Weak Gravity Conjecture with Large Extra Dimensions,” arXiv:hep-th/0610106.

[11] T. Banks, M. Johnson and A. Shomer, “A note on gauge theories coupled to gravity,” arXiv:hep-th/0606277.

[12] Q. G. Huang and J. H. She, “Weak gravity conjecture for noncommutative field theory,” JHEP 0612, 014 (2006) [arXiv:hep-th/0611211].

[13] S. Kachru, J. McGreevy and P. Svrcek, “Bounds on masses of bulk fields in string compactifications,” JHEP 0604, 023 (2006) [arXiv:hep-th/0601111].

[14] M. Li, W. Song, Y. Song and T. Wang, “A weak gravity conjecture for scalar field theories,” arXiv:hep-th/0606011.

[15] A. Adams, N. Arkani-Hamed, S. Dubovsky, A. Nicolis and R. Rattazzi, “Causality, analyticity and an IR obstruction to UV completion,” arXiv:hep-th/0602178.

[16] M. Li, W. Song and T. Wang, “Some low dimensional evidence for the weak gravity conjecture,” JHEP 0603, 094 (2006) [arXiv:hep-th/0601137].

[17] H. Ooguri and C. Vafa, “On the geometry of the string landscape and the swampland,” arXiv:hep-th/0605264.

[18] Y. Kats, L. Motl and M. Padi, “Higher-order corrections to mass-charge relation of extremal black holes,” arXiv:hep-th/0606100.

[19] A. J. M. Medved, “An Implication of Gravity as the Weakest Force,” arXiv:hep-th/0611196.

[20] S. P. Robinson and F. Wilczek, “Gravitational correction to running of gauge couplings,” Phys. Rev. Lett. 96, 231601 (2006) [arXiv:hep-th/0509050].

[21] S. Hossenfelder, “Running coupling with minimal length,” Phys. Rev. D 70, 105003 (2004) [arXiv:hep-ph/0405127].

[22] I. Gogoladze and C. N. Leung, “Probing the gravitational scale via running gauge couplings,” arXiv:hep-ph/0605002.

[23] S. B. Giddings and S. D. Thomas, “High energy colliders as black hole factories: The end of short distance physics,” Phys. Rev. D 65, 056010 (2002) [arXiv:hep-ph/0106219].

[24] G. L. Alberghi, R. Casadio and A. Tronconi, “Quantum Gravity Effects in Black Holes at the LHC,” arXiv:hep-ph/0611009.

[25] Q. G. Huang, “Weak gravity conjecture constraints on inflation,” arXiv:hep-th/0703071.