arXiv:hep-th/0703143v2 2 Aug 2007

UB-ECM-PF-07-04 hep-th/yymmnnn

Geometry of all supersymmetric type I backgrounds

U. Gran^1, G. Papadopoulos^2, D. Roest^3 and P. Sloane^2

1 Fundamental Physics Chalmers University of Technology SE-412 96 Göteborg, Sweden

2 Department of Mathematics King’s College London Strand, London WC2R 2LS, UK

3 Departament Estructura i Constituents de la Materia Facultat de Física, Universitat de Barcelona Diagonal 647, 08028 Barcelona, Spain

Abstract

We find the geometry of all supersymmetric type I backgrounds by solving the gravitino and dilatino Killing spinor equations, using the spinorial geometry technique, in all cases. The solutions of the gravitino Killing spinor equation are characterized by their isotropy group in Spin(9, 1), while the solutions of the dilatino Killing spinor equation are characterized by their isotropy group in the subgroup Σ(P) of Spin(9, 1) which preserves the space of parallel spinors P. Given a solution of the gravitino Killing spinor equation with L parallel spinors, L = 1, 2, 3, 4, 5, 6, 8, the dilatino Killing spinor equation allows for solutions with N supersymmetries for any 0 < N ≤ L. Moreover for L = 16, we confirm that N = 8, 10, 12, 14, 16. We find that in most cases the Bianchi identities and the field equations of type I backgrounds imply a further reduction of the holonomy of the supercovariant connection. In addition, we show that in some cases if the holonomy group of the supercovariant connection is precisely the isotropy group of the parallel spinors, then all parallel spinors are Killing and so there are no backgrounds with N < L supersymmetries.

Contents

1 Introduction 1 2 Preliminaries 5 3 The descendants of SU(4) ⋉ R^8 9 4 The descendants of Sp(2) ⋉ R^8 12 5 The descendants of (SU(2) × SU(2)) ⋉ R^8 14 6 SU(2) ⋉ R^8 and its descendants 16 7 U(1) ⋉ R^8 and its descendants 19 8 The descendants of R^8 22 9 Descendants and reduction of holonomy 27 10 The descendants of G_2 31 11 The descendants of SU(3) 35 12 The descendants of SU(2) 41 13 The descendants of 1 56 14 Concluding remarks 59 Appendix A Geometric structures 61 Appendix B Revisiting the singlets 66 Appendix C SO(3) transformations 67 Appendix D Null spinor bilinears 68 References 70

1 Introduction

The last twenty years, supersymmetric solutions of the type I supergravities and their geometries have been the focus of intensive investigation because of their applications in type I and heterotic superstrings, see e.g. [1]-[21]. Type I supergravities have three types of Killing spinor equations associated with the vanishing of the supersymmetry variations of the gravitino, dilatino and gaugino. The gravitino Killing spinor equation is a parallel transport equation of a metric connection with skew-symmetric torsion,

^∇, where the torsion is the NS⊗NS or R⊗R three-form field strength in the heterotic1 or type I superstrings, respectively. So the holonomy of ^∇, hol( ^∇), is contained in Spin(9, 1). The existence of parallel spinors requires that hol( ^∇) must be a subgroup of their isotropy group in Spin(9, 1). Therefore either the Killing spinors have a non-trivial (proper) stability Lie subgroup in Spin(9, 1) or the stability subgroup is {1} and the curvature R̂ of ^∇ vanishes, R̂ = 0. The isotropy or stability subgroups, up to a discrete identification, of Majorana-Weyl spinors in Spin(9, 1) are

Spin(7) ⋉ R^8 (1) ⊃ SU(4) ⋉ R^8 (2) ⊃ Sp(2) ⋉ R^8 (3) ⊃ (SU(2) × SU(2)) ⋉ R^8 (4) ⊃ SU(2) ⋉ R^8 (5) ⊃ U(1) ⋉ R^8 (6) ⊃ R^8 (8) , Spin(7) ⋉ R^8 (1) ⊃ G_2 (2) ⊃ SU(3) (4) ⊃ SU(2) (8) ⊃ {1} (16) , (1.1)

where in parenthesis we have denoted the number of linearly independent invariant spinors. The maximal compact subgroups of (1.1) have appeared before, see [26], in the context of supersymmetric M-brane configurations. Lists of isotropy groups of Spin(9, 1) and Spin(10, 1) spinors in various representations^2 can be found in [27]. Most of above groups have also appeared in [28]. To our knowledge the concise list of isotropy groups of Spin(9, 1) Majorana-Weyl spinors has been given for the first time in this paper and a proof that (1.1) is complete can be found in appendix B. As can easily be seen, there are two classes of stability subgroups characterized by their topology. Moreover the isotropy group of 9 or more spinors is {1}. Therefore backgrounds with more than 8 parallel spinors necessarily have R̂ = 0.

The dilatino Killing spinor equation is not amenable to such a straightforward Lie algebraic interpretation. This has been one of the obstacles to find the geometry of all supersymmetric type I backgrounds. Nevertheless much progress has been made to systematically understand the geometry of supersymmetric type I backgrounds. In [28], the Killing spinor equations of type I supergravities have been solved, using the spinorial geometry method of [29], under the assumption that all the ^∇-parallel spinors are Killing, i.e. all solutions of the gravitino Killing spinor equation are also solutions the dilatino one, see also [30] for an application to the common sector.

The supersymmetric backgrounds with R̂ = 0 have been examined in [31]. In particular, R̂ = 0 and dH = 0 imply that the spacetime is a Lorentzian metric Lie group. These groups have been classified in [32, 31], based on some earlier work on Lorentzian Lie groups [33]. So, the class of supersymmetric backgrounds that remains to be examined is that for which some of the ^∇-parallel spinors do not solve the dilatino Killing spinor equation and R̂ ≠ 0.

In this paper, we classify the geometry of all supersymmetric type I backgrounds. This is done by completing the program, i.e. by solving the Killing spinor equations for those backgrounds for which only some of the ^∇-parallel spinors solve the dilatino Killing spinor equation. We shall find that the Killing spinor equations allow for backgrounds for any N ≤ 8. We have carried out the classification using a combination of the spinorial

1Similar geometries appear in the context of (1 + 1)- and (1+0)-dimensional supersymmetric sigma models, see e.g. [22, 23, 24, 25].

2The isotropy groups of spinors are representation sensitive. There are many more isotropy groups that appear for Spin(9, 1) Majorana spinors, and the Spin(10, 1) Majorana spinors have different isotropy groups.

geometry method of [29] and its recent adaptation to nearly maximally supersymmetric backgrounds proposed in [34, 35]. The first part of the task is to find the ^∇-parallel spinors and to solve the gravitino Killing spinor equation. This has been done in [28] and the parallel spinors have been identified in most cases. We give the parallel spinors of the SU(2) ⋉ R^8 and U(1) ⋉ R^8 cases that have not been included in [28].

Next it remains to identify the Killing spinors of a supersymmetric background, i.e. those ^∇-parallel spinors that solve the dilatino Killing spinor equation as well. Clearly for a background with N Killing spinors and L ^∇-parallel spinors, 1 ≤ N ≤ L. The backgrounds with N < L are referred as “descendants”. The N Killing spinors of a supersymmetric background can span any N-plane in the L-dimensional vector space P of ^∇-parallel spinors. Generically there are infinitely many choices of N-planes in an Ldimensional vector space, so at first sight it appears that the program cannot be carried out. However, according to the spinorial geometry method of [29], the Killing spinors should be identified up to a gauge transformation of the Killing spinor equations. So not all choices of N-planes give rise to different spacetime geometries. In particular any two N-planes that are related by a Spin(9, 1) transformation which preserves the space of parallel spinors give rise to the same spacetime geometry and fluxes up to a Lorentz transformation. Given that the solutions (ϵ_1, . . . , ϵ_L) of the gravitino Killing spinor equation span P, ^∇ϵ_i = 0, we shall identify the Killing spinors up to transformations of the group

Σ(P) = Stab(P)/Stab(ϵ_1, . . . , ϵ_L) , (1.2)

where Stab(P) is the subgroup of Spin(9, 1) which preserves the L-dimensional vector space P and Stab(ϵ_1, . . . , ϵ_L) is the subgroup of Spin(9, 1) which preserves each (ϵ_1, . . . , ϵ_L) individually. We shall see that Σ(P) is the product of a Spin group and an R-symmetry group of an appropriate lower-dimensional supergravity. It turns out that after an appropriate identification using Σ(P), there is a finite number of distinct N-planes, for N ≤ L/2, and so the classification can be completed. In particular the Killing spinors of all the descendants can be identified. For N > L/2, one can use a similar argument to specify the normals to the Killing spinors. As in [34], these can be used to determine the Killing spinors. The dilatino Killing spinor equation can again be solved.

The Killing spinors of all descendants can be characterized by two groups. One is the isotropy group of the parallel spinors we have already mentioned. The other is the isotropy group of the Killing spinors Stab_Σ(ϵ_1, . . . , ϵ_N ) in Σ(P). In the description of Stab_Σ, it is sufficient to consider N ≤ L/2. This is because for N > L/2, it is more convenient to consider the analogous groups for the normals to the Killing spinors. However, these coincide with those of the Killing spinors for N ≤ L/2.

A special case are the descendants of backgrounds with L = 16 parallel spinors. These backgrounds are parallelizable, R̂ = 0. In this case, our method reproduces the results of [31]. A summary of the geometric properties of all cases can be found at the conclusions.

We also investigate the conditions on the descendants imposed by the Bianchi identities and field equations of the type I supergravities. For Stab(ϵ_1, . . . , ϵ_L) non-compact, L ≤ 8, it turns out that dH = 0 and the field equations of type I supergravities imply that the descendants exist if and only if the holonomy of ^∇, hol( ^∇), reduces to a proper subgroup of Stab(ϵ_1, . . . , ϵ_L), i.e. hol( ^∇) ⊂ Stab(ϵ_1, . . . , ϵ_L). In particular, if one insists that hol( ^∇) = Stab(ϵ_1, . . . , ϵ_L), then under the same conditions, the gravitino Killing spinor equation implies the dilatino one and so the only backgrounds that occur are those for which N = L, i.e. those investigated in [28]. For Stab(ϵ_1, . . . , ϵ_L) compact, there are descendants for which hol( ^∇) = Stab(ϵ_1, . . . , ϵ_L). Moreover, the gravitino Killing spinor equation implies the dilatino one provided some conditions are satisfied in addition to those implied by dH = 0, the field equations and hol( ^∇) = Stab(ϵ_1, . . . , ϵ_L).

The gaugino Killing spinor equation, F ϵ = 0, can also be understood in a similar way to that of the gravitino Killing spinor equation. In particular, the spacetime indices of the gauge field strength F can be interpreted as taking values in spin(9, 1), so either the spinors ϵ have a non-trivial stability subgroup in Spin(9, 1) or the gauge connection is flat, F = 0. We shall not present a detailed analysis of the conditions on F implied by the dilatino Killing spinor equation. This is because the geometry of spacetime is not affected by the solutions of the gaugino Killing spinor equation^3. Of course one can consider the possibility that some of the solutions of the gravitino and dilatino Killing spinor equations solve the gaugino one as well. However, it is more usual to take that either all parallel spinors solve the gaugino Killing spinor equation or that all solutions of the gravitino and dilatino Killing spinor equations also solve the gaugino one. In all cases the solutions of the gaugino Killing spinor equation can be deduced from those of the gravitino Killing spinor equation.

This paper is organized as follows: In section two, we describe how the gauge symmetry of the Killing spinors can be used to identify the Killing spinors of all supersymmetric type I backgrounds. In sections three to five, we investigate the descendants of SU(4) ⋉ R^8-, Sp(2) ⋉ R^8- and (SU(2) × SU(2)) ⋉ R^8-invariant parallel spinors and compare their geometry to that of backgrounds for which all parallel spinors are Killing in each case. In sections six and seven, we solve the Killing spinor equations, and those of their descendants, of backgrounds with SU(2) ⋉ R^8- and U(1) ⋉ R^8-invariant parallel spinors. In section eight, we examine the Killing spinor equations of the descendants of R^8-parallel spinors. In section nine, we use the Bianchi identities and the field equations to investigate the conditions under which the holonomy of ^∇ reduces to a subgroup of the isotropy group of the parallel spinors. We also present some applications. In sections ten, eleven and twelve, we solve the Killing spinor equations of the descendants of backgrounds with G_2-, SU(3)- and SU(2)-invariant parallel spinors, respectively. We also investigate the reduction of the holonomy and its consequences in each case. In section thirteen, we investigate the parallelizable backgrounds using the methods developed in this paper and confirm the results of [32, 31], and in section fifteen we give our conclusions. In appendix A, we summarize some aspects of the geometry of manifolds which admits ^∇-parallel spinors and outline some of their geometric properties. In appendix B, we show that the list presented in (1.1) is complete, and in appendix C, we summa-

3The gauge field may contribute in the modification of the Bianchi identity of H due to the anomaly cancellation mechanism, and so it affects the spacetime geometry only in the case that dH ≠ 0. However to lowest order in α^′, dH = 0. If the anomaly correction is included, then the sigma model two-loop contribution to the field equations should be taken into account, see e.g. [10]. In any case, most of our analysis is independent of such assumptions on dH.

rize some results on a group representation that we have used to investigate an N = 4 descendant of SU(2)-invariant parallel spinors. In appendix D, we give the additional parallel spinor bi-linears for the SU(2) ⋉ R^8 and U(1) ⋉ R^8 cases.

2 Preliminaries

The Killing spinor equations of type I and heterotic supergravities are D(e, H)_Aϵ = ^∇_Aϵ = 0 , A(e, H, Φ)ϵ = (Γ^A∂_AΦ − 1 12 H_{ABC} Γ^{ABC} )ϵ = 0 (2.1)

where e is a frame, Φ is the dilaton, H is the NS⊗NS three-form field strength and

^∇_B Y^A = ∇_B Y^A + 1 2 H^A_{BC} Y^C , (2.2)

is a metric connection with torsion H. The spinors ϵ are in the positive chirality Majorana-Weyl representation S^+ of Spin(9, 1) which in the conventions of [28] are represented by even-degree forms. (We use the conventions of [28] throughout this paper.)

The Lie subgroups of Spin(9, 1) that leave some spinors invariant have been listed in (1.1). We collectively denote them with Stab(ϵ_1, . . . , ϵ_L) for L = 1, 2, 3, 4, 5, 6, 8 and 16. These stability subgroups have the property that they leave every individual spinor invariant. Since the holonomy of ^∇ is contained in Spin(9, 1), the gravitino Killing spinor equation has solutions provided that

hol( ^∇) ⊆ Stab(ϵ_1, . . . , ϵ_L) . (2.3)

If Stab(ϵ) = {1}, then the curvature of ^∇ vanishes, R̂ = 0. This together with the closure of H, dH = 0, imply that the spacetime is a Lorentzian metric Lie group.

To solve the dilatino Killing spinor equation, we first assume that we have a solution of the gravitino Killing spinor equation, i.e. we have a given number of parallel spinors spanning a subspace P in the space of spinors S^+. Then we try to find the conditions for which some of the parallel spinors solve the dilatino Killing spinor equation as well. If N is the number of Killing spinors, then necessarily they are at most as many as the parallel ^∇-spinors, so

N ≤ dim P = L . (2.4)

Let {η_i} be a basis in the space of parallel spinors, ^∇η_i = 0, P = R < η_1, . . . , η_L >. The Killing spinors can now be written as

ϵ_r = L∑ i=1 f_{ri}η_i , (2.5)

where f is a matrix of spacetime functions of rank N. Since ϵ_r must remain ^∇-parallel and {η_i} is a basis, it is easy to show that in fact f is a constant matrix. Let K be the N-plane in P spanned by the Killing spinors, K = R < ϵ_1, . . . ϵ_N >.

Next suppose that ℓ ∈ Spin(9, 1) and that it preserves^4 P, ℓP ⊆ P. Then consider ℓϵ_r and observe that D(e^{ℓ−1} , H^{ℓ−1} )ℓϵ_r = ℓD(e, H)ϵ_r = 0 , A(e^{ℓ−1} , H^{ℓ−1} , Φ^{ℓ−1} )ℓϵ_r = ℓA(e, H, Φ)ϵ_r = 0 , (2.6)

where e^{ℓ−1} , H^{ℓ−1} , Φ^{ℓ−1} are the Lorentz transformed frame, H and dilaton with respect to the inverse ℓ^{−1} Lorentz transformation^5 associated with ℓ ∈ Spin(9, 1). Therefore the spinors ℓϵ_r are also solutions of the Killing spinor equations up to a Lorentz rotation of the frame and the fluxes. Since we identify backgrounds related by frame Lorentz transformations, one concludes that the N-planes K and ℓK give rise to the same spacetime geometry and fluxes. Thus to classify the N-supersymmetric backgrounds, it is sufficient to find all N-planes in P up to transformations in Spin(9, 1) that preserve P.

To continue we have to identify the subgroup Σ(P) ⊆ Spin(9, 1) which preserves P, where P = R < η_1, . . . , η_L >. As we have mentioned in the introduction, first define the stability subgroup of P as Stab(P) = {ℓ ∈ Spin(9, 1) s.t. ℓP ⊂ P} (2.7) Clearly Stab(η_1, . . . η_L) ⊆ Stab(P). In fact Stab(η_1, . . . η_L) is a normal subgroup. Then we define

Σ(P) = Stab(P)/Stab(η_1, . . . η_L) . (2.8)

Σ(P) may act non-trivially on the space of parallel spinors preserving the subspace spanned by them and takes the rôle of the gauge group in the context of the spinorial geometry approach to solving the Killing spinor equations. The groups Σ(P) are summarized in table 1. It can be easily seen that they are products of the type Σ(P) = Spin(d, 1)×R. Such groups are reminiscent of the gauge groups of (d+1)-supergravities, where R is the R-symmetry group. It may be possible to make this correspondence more precise by considering compactifications of type I supergravity on supersymmetric backgrounds with an appropriate Σ(P) group.

To see how Σ(P) is used, let us first choose P and suppose that only one of the ^∇- parallel spinors also solves the dilatino Killing spinor equation, say ϵ and so N = 1. The spinor ϵ can be expressed as a linear combination of a basis of parallel spinors ϵ = f_iη_i. As we have explained, ϵ and ℓϵ, ℓ ∈ Σ(P), give rise to the same spacetime geometry. So the Killing spinors which may lead to different spacetime geometries are labeled by the orbits, O_{Σ(P)}(P), of Σ(P) in P. Hence, to find all N = 1 backgrounds with L ^∇-parallel spinors, it suffices to choose a single representative from each orbit of Σ(P) in P. In general these representatives depend on as many different parameters as the number of deformations that preserve the orbit. In particular the representatives of generic orbits, i.e. orbits of maximal co-dimension, the number of parameters is equal to the co-dimension of the orbit in P. The Killing spinor equations are linear, so the Killing spinor is specified

4The assumption ℓP ⊆ P can be relaxed but it is more convenient to consider only those ℓ that preserve P.

5We denote with the same symbol the element ℓ ∈ Spin(9, 1) and its projection on the Lorentz group.

L Stab(ϵ_1, . . . , ϵ_L) Σ(P) 1 Spin(7) ⋉ R^8 Spin(1, 1) 2 SU(4) ⋉ R^8 Spin(1, 1) × U(1) 3 Sp(2) ⋉ R^8 Spin(1, 1) × SU(2) 4 (SU(2) × SU(2)) ⋉ R^8 Spin(1, 1) × Sp(1) × Sp(1) 5 SU(2) ⋉ R^8 Spin(1, 1) × Sp(2) 6 U(1) ⋉ R^8 Spin(1, 1) × SU(4) 8 R^8 Spin(1, 1) × Spin(8) 2 G_2 Spin(2, 1) 4 SU(3) Spin(3, 1) × U(1) 8 SU(2) Spin(5, 1) × SU(2) 16 {1} Spin(9, 1) Table 1: In the columns are the numbers of parallel spinors, their isotropy groups and the Σ(P) groups, respectively. The Σ(P) groups are a product of a Spin group and an R-symmetry group.

up to an overall scale. As a result, the number of independent parameters that the Killing spinor depends on is at most the dimension of the deformations that preserve the associated orbit. The number of parameters of representatives of generic orbits is either codim O_{Σ(P)}(P) or codim O_{Σ(P)}(P) − 1 depending on whether Σ(P) contains a scale generator. In most generic cases, it turns out that codim O is either zero or one and so we have to specify a single direction.

To continue, we proceed inductively. Let K be the N-plane in P spanned by the first N Killing spinors, 0 → K → P → P/K → 0 , (2.9) K = R < ϵ_1, . . . , ϵ_N >. To choose the (N + 1)-th Killing spinor, we first consider Stab(K) ⊆ Σ(P) that preserves K, i.e.

Stab(K) = {ℓ ∈ Σ(P) , ℓK ⊆ K} . (2.10)

The strategy we adopt is to use Stab(K) to choose the (N + 1)-th Killing spinor. For this, first choose a spinor ϵ_{N+1} which is linearly independent from those in K. Since the Killing spinor equations are linear, it suffices to choose ϵ_{N+1} up to elements in K. Thus ϵ_{N+1} can be thought of as an element in P/K. Moreover Stab(K) acts on P/K preserving the plane of the first N Killing spinors. Using again the identification of supersymmetric backgrounds under frame Lorentz rotations, the (N + 1)-th Killing spinor ϵ_{N+1} can be chosen to be a representative of the orbits O_{Stab(K)}(P/K) of Stab(K) in P/K. Again the number of independent parameters that ϵ_{N+1} has depends on the type of orbit it represents. If it is a generic orbit, the number of parameters is either codim O_{Stab(K)}(P/K) or codim O_{Stab(K)}(P/K) − 1 depending on whether Stab(K) acts with or without a scale transformation on P/K.

The above described procedure works well for all 1 ≤ N ≤ L/2. For N > L/2 in some cases it is more convenient, instead of determining the Killing spinors up to Spin(9, 1) transformations, to specify their normals. For this first recall that we have chosen P ⊆ S^+, where S^+ is the positive chirality Majorana-Weyl representation of Spin(9, 1). The dual of (S^+)^⋆ is identified with S^−, the negative chirality Majorana-Weyl spinors, via the Majorana P in-invariant inner product B, i.e. S^− = B((S^+)^⋆), see [28, 34] for details. Define Q = B(P^⋆). Next, Spin(9, 1) acts on S^− and so as before define Σ(Q). The hyperplane of Killing spinors of N = L − 1 supersymmetric backgrounds has a unique normal in Q. Using the identification of supersymmetric backgrounds under frame Lorentz transformations and an argument as above, backgrounds with distinct geometries are labeled by the orbits O_{Σ(Q)}(Q), i.e. by the choice of the normal ν up to gauge transformations that preserve Q. The normal spinor is specified up to an overall scale, i.e. we need to specify only the normal direction. Thus the number of parameters that the normal spinor has depends on the type of orbit it represents. For generic orbits, the number of parameters is either codimO_{Σ(Q)}(Q) or codimO_{Σ(Q)}(Q) − 1 depending on the way that Σ(Q) acts on Q. Then the hyperplane of the Killing spinors is specified by the orthogonality condition

B(ν, K) = 0 . (2.11)

To continue, one proceeds inductively. First define N as the (L−N)-plane in Q spanned by the first L − N normal spinors. To specify an additional Killing spinor up to a Spin(9, 1) transformation, define the subgroup Stab(N ) ⊆ Spin(9, 1) that preserves N and consider the sequence 0 → N → Q → Q/N → 0 . (2.12) The (L − N + 1) normal spinor ν_{L−N+1} is chosen to be linearly independent from the first L − N normal spinors and it is specified up to elements in N . This is because the (N −1)-Killing spinors will span a hyperplane in K and so they will be always orthogonal to N . Thus ν_{L−N+1} can be thought of as an element in Q/N . Using the identification of supersymmetric backgrounds under frame Lorentz transformations again, the additional normal spinor can be chosen as a representative of the orbits O_{Stab(N )}(Q/N ). The number of independent parameters of the new normal depend on the type of orbit it represents. For generic orbits, the number of parameters is either codim O_{Stab(N )}(Q/N ) or codim O_{Stab(N )}(Q/N ) − 1. In turn the Killing spinors are determined by the orthogonality condition

B(N , K) = 0 , (2.13)

where now N is spanned by all N − L + 1 normal spinors. As we have mentioned in the introduction, we refer to the backgrounds with N supersymmetries, N < L, that arise from a given set of Stab(ϵ_1, . . . , ϵ_L)-invariant parallel spinors as “descendants” of Stab(ϵ_1, . . . , ϵ_L).

3 The descendants of SU(4) ⋉ R^8

A (complex) basis^6 in the space of parallel spinors can be chosen as

1 . (3.1)

Observe that Σ(P) = Spin(1, 1) × U(1), where the generator of Spin(1, 1) is Γ^{+−} and the generator of U(1) can be chosen as iΓ^{1¯1}. Observe that Spin(1, 1) = R^∗. There is a single descendant background with N = 1 supersymmetry. The dilatino Killing spinor equation can be written as

A(1 + e_{1234}) = 0 . (3.2)

We use the conventions of [28] to denote the spinors and forms that arise in the analysis that follows. Note that the stability subgroup of the Killing spinor in Σ(P) is Stab_Σ(1 + e_{1234}) = {1}.

The strategy we adopt to organize the solutions of the Killing spinor equations in all cases is to first solve the gravitino Killing spinor equation. The conditions that arise are the same for all descendants. Then the dilatino Killing spinor equation is solved for each descendant and the solutions are expressed in representations of Stab(ϵ_1, . . . ϵ_L), i.e. the isotropy group of the parallel spinors.

3.1 Geometry of the gravitino Killing spinor equation

The solution of the gravitino Killing spinor equation can be read off from the results of [28]. The conditions that this imposes on the geometry is that hol( ^∇) ⊆ SU(4) ⋉ R^8. This is equivalent to requiring that the spacetime admits the ^∇-parallel forms

e^−, e^− ∧ ω_I , e^− ∧ Re χ , e^− ∧ Im χ , (3.3)

where

ω_I = −(e^1 ∧ e^6 + e^2 ∧ e^7 + e^3 ∧ e^8 + e^4 ∧ e^9) , χ = (e^1 + ie^6) ∧ · · · ∧ (e^4 + ie^9) , (3.4)

and I is an endomorphism constructed by the metric and the two form ω_I . In particular I can be thought of as an “almost complex” structure in the “transverse space” to the light-cone directions. In the Hermitian light-cone frame e^+, e^−, e^α, e^ᾱ, it has components I^α_β = iδ^α_β, α, β = 1, 2, 3, 4.

To continue, the metric and three-form can be written as in appendix A. In this case, k = su(4). So, su(4)^⊥ is spanned by the (2,0)- and (0,2)-forms, and ω_I in Λ^2(R^8) ⊗ C . As we have explained in appendix A, the components of H^{su(4)⊥}_{−ij} are determined by the geometry. In particular, one finds that

H^{2,0+0,2} −ij = − 1 2 [i_I (∇_−ω)]_{ij} = 1 2 · 3!

[(∇_−Re χ)_{ik1k2k3} Re χ_j^{k1k2k3} ]^{2,0+0,2}

6The associated real basis is ( 1 + e_{1234}, i(1 − e_{1234}) ) . This can be easily found by taking the real and imaginary parts of the complex spinor 1 with respect to a reality condition that defines the Majorana- Weyl representation of Spin(9, 1), see [28].

= 1 2 · 3!

[(∇_−Im χ)_{ik1k2k3} Im χ_j^{k1k2k3} ]^{2,0+0,2} , H_{−ij}ω^{ij}_I = 1 2 · 4!

(∇_−Re χ)_{k1k2k3k4} Imχ^{k1k2k3k4} , i, j, · · · = 1, 2, 3, 4, 6, 7, 8, 9. (3.5)

Furthermore, the conditions along the transverse directions give

H^{rest} = 1 3! H_{ijk}e^i ∧ e^j ∧ e^k = −i_Id̃ω_I − 2N (I) = ⋆(d̃ω_I ∧ ω_I ) − 1 2 ⋆ (θ_{ωI} ∧ ω_I ∧ ω_I ) + N (I), (3.6)

where d̃ denotes the exterior derivative projected along the eight directions transverse to the light-cone and the Hodge duality ⋆ operation^7 is taken with volume form dvol = e^1 ∧ · · · ∧ e^4 ∧ e^6 ∧ · · ·∧ e^9. For a similar expression for H^{rest} in the context of Riemannian geometry see [9]. In addition θ_{ωI} = − ⋆ (⋆d̃ω_I ∧ ω_I ) is the Lee form of ω_I , and N (I) is a (3,0) and (0,3) tensor, the Nijenhuis tensor of the endomorphism I, N (I)_{αβγ} = 4H_{αβγ} . It remains to find the conditions on the geometry. It turns out that

(de_+)^{2,0+0,2} ij = − 1 2 [i_I (∇_+ω)]_{ij} ,

(de_+)_{ij} ω^{ij} = 1 2 · 4!

(∇_+Re χ)_{k1k2k3k4} Imχ^{k1k2k3k4} , W_2 = 0 , θ_ω = θ_{Re χ} , (3.7)

where de^− = η^{−+}de_+ and θ_{Re χ} = −^1_4 ⋆ (⋆d̃Re χ ∧ Re χ) is the Lee form of Re χ. The first two conditions are required for the compatibility of determining H^{k⊥}_{+ij} in terms of both the Lie derivative of ω and χ along the parallel vector field. The last two conditions, are required for the existence of H^{rest}. W_2 is one of the Gray-Hervella classes for determining U(n) structures [42]. The vanishing of W_2 implies that that the Nijenhuis tensor is skewsymmetric in all three indices. The non-vanishing of the Nijenhuis tensor indicates that the endomorphism I is not integrable. The equality of the Lee forms θ_ω and θ_{Reχ} can also be expressed as a condition on SU(4) classes by saying that W_4 = W_5.

3.2 Geometry of N = 1 supersymmetric backgrounds

The solution of the dilatino Killing spinor equation is

∂_+Φ = 0 , H_{+α}^α = 0 , − H_{+ᾱ1ᾱ2} + 1 2 H_{+β1β2} ϵ^{β1β2}_{ᾱ1ᾱ2} = 0 ,

∂_ᾱΦ + 1 6 H_{β1β2β3} ϵ^{β1β2β3}_ᾱ − 1 2 H_{ᾱβ}^β − 1 2 H_{−+ᾱ} = 0 . (3.8)

This is the same as that which has been found in [28] for N = 1 supersymmetric Spin(7)⋉ R^8 backgrounds. The above conditions are in addition to those we have stated in the previous section for the existence of a solution to the gravitino Killing spinor equation. In particular, (3.8) can be rewritten as

∂_+Φ = 0 , de^− ∈ spin(7) ⊕_s R^8 , 7Note that ⋆ψ_{i1 ...in−k} =^1_{k!} ψ_{j1 ...jk} ϵ^{j1 ...jk}_{i1 ...in−k} .

(dΦ)_i + 1 8 · 3!

N_{k1k2k3} (Re χ)^{k1k2k3}_i − 1 2 (θ_{ωI} )_i − 1 2 H_{−+i} = 0 , (3.9)

The space of spacetime two-forms decomposes under the action of Spin(7) ⋉ R^8 into irreducible representations. The condition de^− ∈ spin(7) ⊕_s R^8 means that the twoform de^− takes values in the spin(7) ⊕_s R^8 subspace. This is equivalent to writing de^− = α + e^− ∧ β, where α is a two-form with values in the 21 irreducible representation in the decomposition of the transverse two-forms in Spin(7) representations and β is a transverse one-form. Alternatively, this condition can be written as

(de^−)_{ij}ω^{ij} = 0 , (de^−)_{ij} = 1 4 (de^−)_{kl} Re χ_{ij}^{kl} . (3.10)

Both these conditions can be thought of as additional conditions on the geometry of spacetime. The components of de^− that lie in su^⊥(4) ⊂ spin(7) are not required to vanish. The components of de^− along su(4) ⊕_s R^8 are not restricted by the Killing spinor equations. The last condition in (3.9) is a generalization of the conformal balance condition that it is well-known for some supersymmetric type I backgrounds, see e.g. [7]. Variations of this condition appear in all solutions of dilatino Killing spinor equation for all descendants.

3.3 Comparison with N=2

It is instructive to compare the conditions we have found for the N = 1 backgrounds with the results of [28] for the N = L = 2 backgrounds. The solution of the dilatino Killing spinor equation is

∂_+Φ = 0 , H_{+α}^α = 0 , H_{+ᾱ1ᾱ2} = H_{β1β2β3} = 0 , ∂_ᾱΦ − 1 2 H_{ᾱβ}^β − 1 2 H_{−+ᾱ} = 0 . (3.11)

This can also be rewritten as

∂_+Φ = 0 , N (I)_{ijk} = 0 , de^− ∈ su(4) ⊕_s R^8 ⊂ spin(7) ⊕_s R^8 , (dΦ)_i − 1 2 (θ_{ωI} )_i − 1 2 H_{−+i} = 0 , (3.12)

i.e. the endomorphism I is integrable and both e^− ∧ ω_I and e^− ∧ χ are invariant under the action of the ^∇-parallel vector field e_+, i.e.

L_{e+} (e^− ∧ ω_I ) = L_{e+} (e^− ∧ χ) = 0 . (3.13)

The conditions that arise from the gravitino Killing spinor equation are the same. The differences of N = 1 and N = 2 backgrounds are summarized in table 2. The isotropy group Stab_Σ of the N = 1 Killing spinor in Σ(P) is also tabulated.

SU(4) ⋉ R^8 de^− N Stab_Σ N = 1 spin(7) ⊕_s R^8 N (I) ≠ 0 {1} N = 2 su(4) ⊕_s R^8 N (I) = 0

Table 2: The differences in the geometry of N = 1 and N = 2 backgrounds are in the non-vanishing components of de^− and N (I). It is understood that the remaining conditions of the dilatino Killing spinor equation for N = 1 backgrounds are valid.

4 The descendants of Sp(2) ⋉ R^8

A basis in the space of parallel spinors can be chosen as

1 + e_{1234} , i(1 − e_{1234}) , i(e_{12} + e_{34}) , (4.1)

i.e. P = R < 1+e_{1234}, i(1−e_{1234}), i(e_{12} +e_{34}) >. It is easy to see that in this case Σ(P) = Spin(1, 1) × SU(2), where SU(2) acts on P with the three-dimensional representation. In particular, in the basis given above su(2) is spanned by Γ^{¯1¯2} − Γ^{34}, Γ^{12} − Γ^{¯3¯4},^i_2 (Γ^{1¯1} + Γ^{2¯2} + Γ^{3¯3} + Γ^{4¯4}), and the generator of Spin(1, 1) is Γ^{+−}. From these, it is straightforward to find the N = 1 and N = 2 descendants.

As in the previous case, we first solve the gravitino Killing spinor equation. The conditions that arise from the analysis of both the gravitino and dilatino Killing spinor equations in all cases can be most efficiently organized as conditions on two endomorphisms I and J. It turns out that this is a generic feature of all cases that have parallel spinors with non-compact isotropy groups. In every new case, we shall introduce an appropriate new endomorphism.

4.1 Geometry of the gravitino Killing spinor equation

The geometry of the gravitino Killing spinor equations can be investigated as in the SU(4) ⋉ R^8 case. The difference is that there are three ^∇-parallel three-forms, instead of one, associated with the Hermitian forms of an almost hyper-complex structure. Let {I_r, r = 1, 2, 3} = {I, J, K} be endomorphisms such that I_rI_s = −δ_{rs}1_{8×8} + ϵ_{rst}I_t. Then if the forms

e^− , e^− ∧ ω_I , e^− ∧ ω_J , (4.2)

are ^∇-parallel, then hol( ^∇) ⊆ Sp(2) ⋉ R^8, where ω_I , ω_J and ω_K are the associated Hermitian forms. One can easily show that e^− ∧ ω_K is parallel as well. In particular ω_I can be chosen as in the SU(4) ⋉ R^8 case while ω_J = 2Re(e^1 ∧ e^2 + e^3 ∧ e^4).

The conditions on the geometry can be described as two copies of those of the SU(4)⋉ R^8 case, with each copy associated with one of the endomorphisms I, J, that have to be valid simultaneously. To proceed, we have to identify the directions that lie in sp(2)^⊥, Λ^2(R^8) = sp(2) ⊕ sp(2)^⊥. For this first observe that sp(2) is spanned by the (1,1)-forms in Λ^2(R^8) ⊗ C with respect to both I and J. Thus sp(2)^⊥ is spanned by the (2,0)- and

(0,2)-forms with respect to I, and those (1,1)-forms with respect to I that are (2,0) and (0,2) with respect to J. So if one sets H^{sp(2)⊥}_− = (H^{2,0+0,2}_− , Ȟ^{1,1}_− ), then one can write H^{2,0+0,2} −ij = − 1 2 [i_I (∇_−ω_I )]_{ij} , Ȟ^{1,1}_{−ij} = −1 2 [i_J (∇_−ω_J )]^{1,1}_{ij} , (4.3) where the projections (2,0), (0,2) and (1,1) have been taken with respect to the I endomorphism. In addition, we get the geometric conditions (de_+)^{2,0+0,2} ij = − 1 2 [i_I (∇_+ω_I )]_{ij} , ˇ(de_+)^{1,1}_{ij} = −1 2 [i_J (∇_+ω_J )]^{1,1}_{ij} . (4.4) Furthermore, one finds that

H^{rest} = −i_Id̃ω_I − 2N (I) = ⋆(d̃ω_I ∧ ω_I ) − 1 2 ⋆ (θ_{ωI} ∧ ω_I ∧ ω_I ) + N (I) = −i_Jd̃ω_J − 2N (J) = ⋆(d̃ω_J ∧ ω_J ) − 1 2 ⋆ (θ_{ωJ} ∧ ω_J ∧ ω_J ) + N (J) . (4.5) The equality involving the I and J expression should be interpreted as a condition on the geometry. Moreover W_2(I) = W_2(J) = 0 which is equivalent to the condition that the Nijenhuis tensor of both I and J is skew-symmetric.

4.2 N=1

The dilatino Killing spinor equation is A(1 + e_{1234}) = 0 , (4.6) The solution has been given in (3.8) or equivalently (3.9).

4.3 N=2

The dilatino Killing spinor equation is A1 = 0 . (4.7) The solution to the dilatino Killing spinor equation has already been given in either (3.11) or equivalently (3.12).

4.4 Comparison with N=3

The conditions that arise form the dilatino Killing spinor equation in this case have been computed in [28] and can be summarized as ∂_+Φ = 0 , de^− ∈ sp(2) ⊕_s R^8 , N (I)_{ijk} = N (J)_{ijk} = 0 , 2∂_iΦ − H_{−+i} = (θ_{ωI} )_i = (θ_{ωJ} )_i . (4.8) The conditions on the geometry that arise from the gravitino Killing spinor equation are the same in all cases. The differences arise in the solution to the dilatino Killing spinor equation and have been summarized in table 3. We also give Stab_Σ.

Sp(2) ⋉ R^8 de^− N θ Stab_Σ N = 1 spin(7) ⊕_s R^8 N (I), N (J) ≠ 0 − U(1) N = 2 su(4) ⊕_s R^8 N (I) = 0, N (J) ≠ 0 − N = 3 sp(2) ⊕_s R^8 N (I) = N (J) = 0 θ_{ωI} = θ_{ωJ}

Table 3: The differences in the geometry of N = 1, N = 2 and N = 3 backgrounds are in the non-vanishing components of de^−, and N (I) and N (J), and the relation between the Lee forms. − indicates that there is no relation between the Lee forms. It is understood that the remaining conditions of the dilatino Killing spinor equation for N = 1 backgrounds are valid.

5 The descendants of (SU(2) × SU(2)) ⋉ R^8

A complex basis in the space of (SU(2) × SU(2)) ⋉ R^8-invariant spinors is

1 , e_{12} . (5.1)

It is easy to see that in this case Σ(P) = Spin(1, 1) × Sp(1)_L × Sp(1)_R. Identifying P = H , Sp(1)_L × Sp(1)_R acts as x → axb̄ , x ∈ H , a ∈ Sp(1)_L , b ∈ Sp(1)_R . (5.2) In addition, Spin(1, 1) has the generator Γ^{+−}. There is a single type of orbit in P with stability subgroup Sp(1) acting with the three-dimensional representation on the remaining space. From this, one can easily determine the Killing spinors for all cases. The Stab_Σ groups are given in table 4.

N Stab_Σ 1 SU(2) 2 U(1)

Table 4: The first column denotes the number of supersymmetries and the second column the stability subgroups of Killing spinors for N ≤ 2 in Σ(P) = Spin(1, 1) × Sp(1)_L × Sp(1)_R.

5.1 Geometry of the gravitino Killing spinor equation

The gravitino Killing spinor equation implies that hol( ^∇) ⊆ (SU(2) × SU(2)) ⋉ R^8. In turn this is equivalent to requiring [28] that the forms

e^− , e^− ∧ ω_1 , e^− ∧ ω_2 , e^− ∧ χ_1 , e^− ∧ χ_2 , (5.3)

are ^∇-parallel, where ω_1 = −i(e^1 ∧ e^{¯1} + e^2 ∧ e^{¯2}), ω_2 = −i(e^3 ∧ e^{¯3} + e^4 ∧ e^{¯4}), χ_1 = 2e^1 ∧ e^2, and χ_2 = 2e^3 ∧ e^4. In this case k^⊥ is spanned by the (2,0) and (0,2) forms of the endomorphisms I, J and L, where ω_I = ω_1 + ω_2, ω_J = Re(χ_1 + χ_2) and ω_L = ω_1 − ω_2. The endomorphisms satisfy the algebra

I^2 = J^2 = L^2 = −1_{8×8} , IJ = −JI , IL = LI , JL = −LJ . (5.4)

In addition (I, J, K = IJ) and (L, M = ILJ, N = −IJ) are almost hyper-complex structures, and P = IL is an almost product structure. The geometric conditions that arise from the gravitino Killing spinor equation are those that arise from three U(4) ⋉ R^8 structures each associated with I, J and L, respectively. Applying the results of appendix A, we find the geometric conditions

(de_+)_{αβ} = − 1 2 (i_{I1} ∇_+ω_1)_{αβ} , (de_+)_{pq} = − 1 2 (i_{I2} ∇_+ω_2)_{pq} (de_+)_{pα} = −2(i_{I1} ∇_+ω_1)_{pα} , (de_+)_{p̄α} = −2(i_{I1} ∇_+ω_1)_{p̄α} (de_+)_{ij} ω^{ij}_1 = (∇_+Reχ_1)_{ij} Imχ^{ij}_1 , (∇_+ω_1)_{pq} = 0 , (de_+)_{ij} ω^{ij}_2 = (∇_+Reχ_2)_{ij} Imχ^{ij}_2 , (∇_+ω_2)_{αβ} = 0 , (5.5)

where α, β = 1, 2 and p, q = 3, 4. From these it is also straightforward to express the components of H^{k⊥}_− in terms of the geometry. In particular, one has that H_{−αβ} = − 1 2 (i_{I1} ∇_−ω_1)_{αβ} = (∇_−Reχ_1)_{αi} Re(χ_1)_β^i + (∇_−Im χ_1)_{αi} Im(χ_1)_β^i H_{−pq} = − 1 2 (i_{I2} ∇_−ω_2)_{pq} = (∇_−Reχ_2)_{pi} Re(χ_2)_q^i + (∇_−Im χ_2)_{pi} Im(χ_2)_q^i H_{−pα} = −2(i_{I1} ∇_−ω_1)_{pα} = −2(i_{I2} ∇_−ω_2)_{pα} = 2(∇_−Reχ_1)_{pi} (Re χ_1)_α^i = −2(∇_−Reχ_2)_{αi} (Re χ_2)_p^i , H_{−p̄α} = −2(i_{I1} ∇_−ω_1)_{p̄α} = −2(i_{I2} ∇_−ω_2)_{p̄α} = 2(∇_−Reχ_1)_{p̄i} (Re χ_1)_α^i , = −2(∇_−Reχ_2)_{αi} (Re χ_2)_{p̄}^i , H_{−ij} ω^{ij}_1 = (∇_−Reχ_1)_{ij} Imχ^{ij}_1 , (∇_−ω_1)_{pq} = 0 , H_{−ij} ω^{ij}_2 = (∇_−Reχ_2)_{ij} Imχ^{ij}_2 , (∇_−ω_2)_{αβ} = 0 . (5.6)

This concludes the analysis of the conditions along the light-cone directions.

Next consider the parallel transport equations along the transverse directions. It turns out that

H^{rest} = −i_Id̃ω_I − 2N (I) = ⋆(d̃ω_I ∧ ω_I ) − 1 2 ⋆ (θ_{ωI} ∧ ω_I ∧ ω_I ) + N (I)

= −i_Jd̃ω_J − 2N (J) = ⋆(d̃ω_J ∧ ω_J ) − 1 2 ⋆ (θ_{ωJ} ∧ ω_J ∧ ω_J ) + N (J) = −i_Ld̃ω_L − 2N (L) = ⋆(d̃ω_L ∧ ω_L) − 1 2 ⋆ (θ_{ωL} ∧ ω_L ∧ ω_L) + N (L) . (5.7)

In addition, the W_2 Gray-Hervella classes for each endomorphism should also vanish, i.e.

W_2(I) = W_2(J) = W_2(L) = 0 . (5.8)

This in turn implies that the Nijenhuis tensors of all endomorphisms are skew-symmetric.

5.2 N=1

As in previous N = 1 cases the dilatino Killing spinor equation is

A(1 + e_{1234}) = 0 . (5.9)

The solution has been given in either (3.8) or equivalently (3.9). It can be easily decomposed in SU(2) × SU(2) representations but the way it is stated in (3.9) suffices for our purpose.

5.3 N=2

The dilatino Killing spinor equation is

A1 = 0 . (5.10)

The solution has been given in either (3.11) or equivalently (3.12). Again the solution can be easily decomposed in SU(2) × SU(2) representations but the way it has been expressed in (3.12) will suffice.

5.4 N=3

The dilatino Killing spinor equation is

A1 = 0 , A(e_{12} − e_{34}) = 0 . (5.11)

The solution of the dilatino Killing spinor equation is the same as for the N = 3 supersymmetric backgrounds with Sp(2) ⋉ R^8-invariant parallel spinors. These conditions have already been stated in (4.8).

5.5 Comparison with N=4

The solution of the dilatino Killing spinor equation has been given in [28]. This is summarized as

∂_+Φ = 0 , de^− ∈ (su(2) ⊕ su(2)) ⊕_s R^8 , N (I)_{ijk} = N (J)_{ijk} = N (L)_{ijk} = 0 , 2∂_iΦ − H_{−+i} = (θ_{ωI} )_i = (θ_{ωJ} )_i = (θ_{ωL} )_i . (5.12)

The conditions that arise from the gravitino Killing spinor equation are the same in all cases. The differences in the geometry of the descendants that arise from the dilatino Killing spinor equation are summarized in table 5.

6 SU(2) ⋉ R^8 and its descendants

A basis in the space of ^∇-parallel spinors P is

1 , e_{12} , e_{13} + e_{24} . (6.1)

×^2SU(2) ⋉ R^8 de^− N θ N = 1 spin(7) ⊕_s R^8 N (I), N (J), N (L) ≠ 0 − N = 2 su(4) ⊕_s R^8 N (I) = 0, N (J), N (J) ≠ 0 − N = 3 sp(2) ⊕_s R^8 N (I) = N (J) = 0, N (L) ≠ 0 θ_{ωI} = θ_{ωJ} N = 4 (su(2) ⊕ su(2)) ⊕_s R^8 N (I) = N (J) = N (L) = 0 θ_{ωI} = θ_{ωJ} = θ_{ωL}

Table 5: The differences in the geometry of descendants are in the non-vanishing components of de^−, and N (I), N (J) and N (L), and the relation between the Lee forms. − indicates that there is no relation between the Lee forms. It is understood that the remaining conditions of the dilatino Killing spinor equation of N = 1 supersymmetric backgrounds are valid.

It can be easily verified by a direct computation that the above spinors are invariant under SU(2) ⋉ R^8, where su(2) is generated by

i(Γ^{1¯1} − Γ^{2¯2} − Γ^{3¯3} + Γ^{4¯4}) , i(Γ^{1¯2} + Γ^{2¯1} − Γ^{3¯4} − Γ^{4¯3}) , Γ^{1¯2} − Γ^{2¯1} + Γ^{3¯4} − Γ^{4¯3} . (6.2)

Alternatively observe that chiral Majorana-Weyl representation of Spin(8), Δ^+_8 , decomposes under SU(2)×SU(2) as Δ^+_8 = ⊕^4R ⊕H , where the first four directions are spanned by the SU(2) × SU(2)-invariant spinors. Moreover SU(2) × SU(2) acts on H by left and right quaternionic multiplication. Consequently, the diagonal SU(2) subgroup leaves invariant an additional spinor, and so SU(2) ⋉ R^8 leaves invariant five spinors.

To investigate the descendants of SU(2) ⋉ R^8 first observe that Σ(P) = Spin(1, 1) × Sp(2), where Sp(2) acts on P with the five-dimensional vector representation, Sp(2) = Spin(5). This can be verified either by a direct computation or by observing that any three linearly independent spinors in Δ^+_8 have stability subgroup Sp(2) ⊂ Spin(8). Again Spin(1, 1) is generated by Γ^{+−}. The group Sp(2) acts transitively on the S^4 ⊂ P with stability subgroup SU(2)×SU(2). Using this, it is easy to construct all the descendants. The Stab_Σ groups are collected in table 6.

N Stab_Σ 1 SU(2) × SU(2) 2 SU(2)

Table 6: The first column denotes the number of supersymmetries and the second column the stability subgroups of Killing spinors for N ≤ 2 in Σ(P) = Spin(1, 1) × Sp(2).

6.1 The geometry of the gravitino Killing spinor equation

The gravitino Killing spinor equation is

^∇1 = ^∇e_{12} = ^∇(e_{13} + e_{24}) = 0 , (6.3) which implies that hol( ^∇) ⊆ SU(2) ⋉ R^8. In turn this is equivalent to requiring that the forms e^− , e^− ∧ ω_I , e^− ∧ ω_J , e^− ∧ ω_L , e^− ∧ ω_Q (6.4) are ^∇-parallel, where the first four forms are defined as in the (SU(2) ⋉ SU(2)) ⋉ R^8 case and ω_Q = e^1 ∧ e^3 + e^2 ∧ e^4 + e^{¯1} ∧ e^{¯3} + e^{¯2} ∧ e^{¯4} . (6.5) The form spinor bilinears are given in appendix D. The new endomorphism Q satisfies the algebraic conditions IQ = −QI , JQ = QJ , QL = LQ , Q^2 = −1_{8×8} . (6.6) It is clear that Q is on the same footing as the other three. The su(2)^⊥ is spanned by those forms in Λ^2(R^8) which are (2,0) and (0,2) with respect to all endomorphisms. So the conditions on the geometry are four copies of those that we have found for SU(4)⋉R^8. In particular, the gravitino Killing spinor equation along the directions transverse to the light-cone gives conditions like (5.7) and (5.8) but now for all endomorphisms I, J, L and Q, see also the general analysis of appendix A. The results are tabulated in table 7.

6.2 N=1

The dilatino Killing spinor equation is A(1 + e_{1234}) = 0 (6.7) The solution has been given in (3.9).

6.3 N=2

The dilatino Killing spinor equations are A1 = 0 (6.8) The solution has been given in (3.12).

6.4 N=3

The dilatino Killing spinor equations are A1 = A(e_{12} − e_{34}) = 0 (6.9) The solution has been given in (4.8).

6.5 N=4

The dilatino Killing spinor equations are

A1 = Ae_{12} = 0 (6.10)

The solution has been given in (5.12).

6.6 N=5 and comparison with the descendants

The dilatino Killing spinor equations are

A1 = Ae_{12} = A(e_{13} + e_{24}) = 0 . (6.11)

The solution to the dilatino Killing spinor equation is

∂_+Φ = 0 , de^− ∈ su(2) ⊕_s R^8 , N (I)_{ijk} = N (J)_{ijk} = N (L)_{ijk} = N (Q)_{ijk} = 0 , 2∂_iΦ − H_{−+i} = (θ_{ωI} )_i = (θ_{ωJ} )_i = (θ_{ωL} )_i = (θ_{ωQ} )_i . (6.12)

The conditions that arise from the gravitino Killing spinor equation are the same in all cases. The N = 5 case and the descendants differ in the conditions that arise from the dilatino Killing spinor equation. The differences are summarized in table 7. SU(2) ⋉ R^8 de^− N θ N = 1 spin(7) ⊕_s R^8 N (I), N (J), − N (L), N (Q) ≠ 0 N = 2 su(4) ⊕_s R^8 N (I) = 0 − N (J), N (J), N (Q) ≠ 0 N = 3 sp(2) ⊕_s R^8 N (I) = N (J) = 0, θ_{ωI} = θ_{ωJ} N (L), N (Q) ≠ 0 N = 4 (su(2) ⊕ su(2)) ⊕_s R^8 N (I) = N (J) = N (L) = 0 θ_{ωI} = θ_{ωJ} = θ_{ωL} N (Q) ≠ 0 N = 5 su(2) ⊕_s R^8 N (I) = N (J) = θ_{ωI} = θ_{ωJ} = θ_{ωL} = θ_{ωQ} N (L) = N (Q) = 0

Table 7: As in previous cases, the differences in the geometry of descendants are in the non-vanishing components of de^−, and N (I), N (J), N (L), and N (Q) and the relation between the Lee forms. − indicates that there is no relation between the Lee forms. It is understood that the remaining conditions of the dilatino Killing spinor equation of N = 1 supersymmetric backgrounds are valid.

7 U(1) ⋉ R^8 and its descendants

A complex basis in the space of parallel spinors P is

1, e_{12} , e_{13} . (7.1)

The presence of backgrounds with six parallel spinors is a direct consequence of the previous SU(2)⋉R^8 case. To see this, we decompose Δ^+_8 under SU(2) as Δ^+_8 = ⊕^5R ⊕R^3, where the first five singlets span the five SU(2) ⋉ R^8-invariant spinors. Since SU(2) acts with the vector representation on R^3, there is an additional invariant spinor with stability subgroup U(1) ⋉ R^8. In the basis chosen above, u(1) is generated by

i(Γ^{1¯1} − Γ^{2¯2} − Γ^{3¯3} + Γ^{4¯4}) . (7.2)

To investigate the descendants of U(1) ⋉ R^8 first observe that Σ(P) = Spin(1, 1) × SU(4), where SU(4) acts on P with the real six-dimensional vector representation, SU(4) = Spin(6). This can easily be seen from previous results by a direct commutation. Alternatively, it is a consequence of the fact that the stability subgroup in Spin(8) of two linearly independent spinors in Δ^+_8 is SU(4), and that SU(4) acts on the remaining spinors with the six-dimensional representation. The descendants can be easily found using group theory and the observation that SU(4) acts transitively on the S^5 in P with stability subgroup Sp(2). The Stab_Σ groups have been collected in table 8.

N Stab_Σ 1 Sp(2) 2 SU(2) × SU(2) 3 SU(2)

Table 8: The first column denotes the number of supersymmetries and the second column the stability subgroups of Killing spinors for N ≤ 3 in Σ(P) = Spin(1, 1) × SU(4).

7.1 The geometry of the gravitino Killing spinor equation

The gravitino Killing spinor equation is

^∇1 = ^∇e_{12} = ^∇e_{13} = 0 . (7.3)

This is equivalent to requiring that hol( ^∇) ⊆ U(1) ⋉ R^8. Explicitly, the solution is

Ω̂_{A,B+} = Ω̂_{A,αβ} = Ω̂_{A,αβ̄} = 0 , (α ≠ β) ,

Ω̂_{A,1¯1} = −Ω̂_{A,2¯2} = −Ω̂_{A,3¯3} = Ω̂_{A,4¯4} . (7.4)

The condition that hol( ^∇) ⊆ U(1) ⋉ R^8 is also equivalent to requiring that the forms

e^− , e^− ∧ ω_I , e^− ∧ ω_J , e^− ∧ ω_L , e^− ∧ ω_Q , e^− ∧ ω_T , (7.5)

are ^∇-parallel, where the first five forms are defined as in the SU(2) ⋉ R^8 case and

ω_T = −i(e^1 ∧ e^{¯1} − e^2 ∧ e^{¯2} + e^3 ∧ e^{¯3} − e^4 ∧ e^{¯4}) . (7.6)

The form spinor bilinears are given in appendix D. The new endomorphism obeys the algebraic conditions IT = T I , JT = T J , T L = LT , T Q = −QT , T^2 = −1_{8×8} . (7.7) It is clear that the endomorphism T is on the same footing as the other four. So the conditions on the geometry are five copies of those that we have found for SU(4) ⋉ R^8 case. In particular, the gravitino Killing spinor equation along the directions transverse to the light-cone gives conditions like (5.7) and (5.8) but now for all endomorphisms I, J, L, Q and T , see also appendix A. The results are tabulated in table 9.

7.2 N=1

The dilatino Killing spinor equation is A(1 + e_{1234}) = 0 . (7.8) The solution has been given in (3.9).

7.3 N=2

The dilatino Killing spinor equation is A1 = 0 . (7.9) The solution has been given in (3.12).

7.4 N=3

The dilatino Killing spinor equations are A1 = A(e_{12} + e_{34}) = 0 . (7.10) The solution has been given in (4.8).

7.5 N=4

The dilatino Killing spinor equations are A1 = Ae_{12} = 0 (7.11) The solution has been given in (5.12).

7.6 N=5

The dilatino Killing spinor equations are A1 = Ae_{12} = A(e_{13} + e_{24}) = 0 (7.12) The solution has been given in (6.12).

7.7 N=6 and comparison with the descendants

The dilatino Killing spinor equations are

A1 = Ae_{12} = Ae_{13} = 0 . (7.13)

The solution can be written as

∂_+Φ = 0 , de^− ∈ u(1) ⊕_s R^8 , N (I)_{ijk} = N (J)_{ijk} = N (L)_{ijk} = N (Q)_{ijk} = N (T )_{ijk} = 0 , 2∂_iΦ − H_{−+i} = (θ_{ωI} )_i = (θ_{ωJ} )_i = (θ_{ωL} )_i = (θ_{ωQ} )_i = (θ_{ωT} )_i . (7.14)

Again, the conditions that arise from the gravitino Killing spinor equation are common to all cases. So the differences arise from the conditions implied by the dilatino Killing spinor equation. These have been summarized in table 9.

U(1) ⋉ R^8 de^− N θ N = 1 spin(7) ⊕_s R^8 N (I), N (J), − N (L), N (Q), N (T ) ≠ 0 N = 2 su(4) ⊕_s R^8 N (I) = 0 − N (J), N (J), N (Q), N (T ) ≠ 0 N = 3 sp(2) ⊕_s R^8 N (I) = N (J) = 0, θ_{ωI} = θ_{ωJ} N (L), N (Q), N (T ) ≠ 0 N = 4 (su(2) ⊕ su(2)) ⊕_s R^8 N (I) = N (J) = N (L) = 0 θ_{ωI} = θ_{ωJ} = θ_{ωL} N (Q), N (T ) ≠ 0 N = 5 su(2) ⊕_s R^8 N (I) = N (J) = θ_{ωI} = θ_{ωJ} = N (L) = N (Q) = 0, N (T ) ≠ 0 θ_{ωL} = θ_{ωQ} N = 6 u(1) ⊕_s R^8 N (I) = N (J) = θ_{ωI} = θ_{ωJ} = N (L) = N (Q) = N (T ) = 0 θ_{ωL} = θ_{ωQ} = θ_{ωT}

Table 9: As in previous cases, the differences in the geometry of descendants are in the non-vanishing components of de^−, and N (I), N (J), N (L), N (Q) and N (T ), and the relation between the Lee forms. − indicates that there is no relation between the Lee forms. It is understood that the remaining conditions of the dilatino Killing spinor equation of N = 1 supersymmetric backgrounds are valid.

8 The descendants of R^8

A complex basis in the space of ^∇-parallel spinors P is 1 , e_{ij} , i, j ≤ 4. (8.1) It is clear that these spinors are invariant under R^8. Direct inspection reveals that P can be identified with the positive chirality Majorana-Weyl representation Δ^+_8 of Spin(8),

P = Δ^+_8 . Using this, we find that Σ(P) = Spin(1, 1) × Spin(8), where the generator of Spin(1, 1) is Γ^{+−}.

In the investigation of the descendants with N > 4 it is also necessary to consider the normals to the parallel spinors. Using the definitions in section two, Q can also be identified with the positive chirality Majorana-Weyl representation Δ^+_8 of Spin(8), Q = Δ^+_8 . The identification of descendants of R^8 is the most involved so far. Because of this, we shall describe each case in more detail. The descendants can be easily found using group theory and the observation that Spin(7) acts transitively on the S^7 in P with stability subgroup Spin(7). The Stab_Σ groups have been collected in table 10.

N Stab_Σ 1 Spin(7) 2 SU(4) 3 Sp(2) 4 SU(2) × SU(2) Table 10: The first column denotes the number of supersymmetries and the second column the stability subgroups of Killing spinors for N ≤ 4 in Σ(P) = Spin(1, 1) × Spin(8).

8.1 Geometry of the gravitino Killing spinor equation

The condition that hol( ^∇) ⊆ R^8 is equivalent to requiring that the forms

e^− , e^− ∧ e^i , i = 1, 2, 3, 4, 6, 7, 8, 9 . (8.2)

are ^∇-parallel. In this case, all the components of H are determined in terms of the geometry. To see this define the one-forms (v_i) = δ_{ij} e^j. Then

H_{ijk} = −2∇_i(v_j)_k , H_{−ij} = −2∇_−(v_i)_j . (8.3)

In addition, one also has the geometric conditions

∇_i(v_j )_k = ∇_{[i}(v_j )_{k]} , (de_+)_{ij} = −2∇_+(v_i)_j . (8.4)

We can also describe the solution of the gravitino Killing spinor equation by choosing, e^−, e^− ∧ ω, as ^∇-parallel forms, where ω is a shorthand for a basis in the space of twoforms. This would have been more uniform with previous cases but the choice of the parallel forms in (8.2), even though they are not associated with spinor bilinears, leads to a simpler description of the spacetime geometry. As in previous cases, the dilatino Killing spinor equation imposes additional conditions on the fluxes and geometry.

8.2 N=1

As we have explained in section two, to choose the first Killing spinor in P, it suffices to find the orbits of Σ(P) = Spin(1, 1) × Spin(8) in P = Δ^+_8 . There is only one type of orbit of co-dimension zero which has stability subgroup Spin(7) in Σ(P). In particular, the dilatino Killing spinor equation is

A(1 + e_{1234}) = 0 . (8.5)

The solution of this equation expressed in Spin(7) representations is given in [28] and reads

∂_+Φ = 0 , de^− ∈ spin(7) ⊕_s R^8 , ∂_iΦ − 1 2 (θ_ϕ)_i − 1 2 H_{−+i} = 0 , (8.6)

where θ_ϕ = −^1_6 ⋆(⋆d̃ϕ∧ϕ) is the Lee form of the Spin(7)-invariant form ϕ, and the Hodge dual has been taken with respect to the volume form dvol = e^1 ∧e^2 ∧e^3 ∧e^4 ∧e^6 ∧e^7 ∧e^8 ∧e^9.

8.3 N=2

The first Killing spinor ϵ is chosen as in the N = 1 case above, ϵ_1 = ϵ. To choose the direction of the second Killing spinor ϵ_2 observe that Δ^+_8 decomposes under the stability subgroup of the first normal as Δ^+_8 = R < 1 + e_{1234} > ⊕Λ^1_7(R^7), i.e. P/K = Λ^1_7(R^7). In addition, Stab(K) = Spin(1, 1) × Spin(7), where Spin(7) is the stability subgroup of ϵ_1. Since Spin(7) acts transitively on the sphere in the space of one-forms of R^7, Stab(P) has a single orbit in Λ^1_7(R^7) of codimension zero with stability subgroup SU(4). So we can choose ϵ_2 = i(1 − e_{1234}). The dilatino Killing spinor equation is

A1 = 0 . (8.7)

The solution organized in SU(4) representations is given in (3.12).

8.4 N=3

Next consider K = R < ϵ_1, ϵ_2 >, where e_1, ϵ_2 are the Killing spinors of the N = 2 case above, and observe that Stab(P) = Spin(1, 1) × SU(4) × U(1). This group^8 is constructed from the stability subgroup SU(4) of both spinors, a U(1) generated by iΓ^{1¯1} which rotates ϵ_1 and ϵ_2 and a boost (scaling) generated by Γ^{+−}. Next observe that under Stab(K), P decomposes as P = K ⊕ ReΛ^2_6(C^4), and so P/K = ReΛ^2_6(C^4). For this, we have used the decomposition Λ^1_7(R^7) = R < i(1 − e_{1234}) > ⊕ReΛ^2_6(C^4) under SU(4), where SU(4) = Spin(6) acts with the vector representation^9 on ReΛ^2_6(C^4) = R^6. Thus Spin(1, 1) × SU(4) × U(1) has one type of orbit in ReΛ^2_6(C^4) of codimension zero with stability subgroup Sp(2) × U(1), where Sp(2) = Spin(5). Thus a representative can be chosen as

ϵ_3 = i(e_{12} + e_{34}) . (8.8)

8There may be discrete identifications in Stab(P) that we do not take into account because the analysis is focused on the Lie algebra level, i.e. one may have instead Stab(P) = Spin(1, 1) × (SU(4) · U(1))._9

The reality condition in Λ^2(C^4) is defined by the anti-linear map τ constructed from complex conjugation followed by a duality map. Observe that this commutes with the SU(4) action on Λ^2(C^4). So ReΛ^2(C^4) is defined as the fixed point set of τ.

The dilatino Killing spinor equation is

A1 = A(e_{12} + e_{34}) = 0 . (8.9)

The solution of this Killing spinor equation has been given in (4.8).

8.5 N=4

The N = 4 can be investigated in two ways. One is to use the gauge symmetry either to specify the Killing spinors or to determine their normals. It is the “self-dual” case under the correspondence

N ←→ 8 − N . (8.10)

The two ways of examining N = 4 are equivalent, so without loss of generality, we shall determine the Killing spinors. We begin by choosing the first three Killing spinors, ϵ_1, ϵ_2, ϵ_3 as in the N = 3 case above. To determine the forth Killing spinor ϵ_4, let K = R < ϵ_1, ϵ_2, ϵ_3 > be the vector space spanned by the three Killing spinors. First observe that Σ(K) = Spin(1, 1) × Sp(2) × SU(2), where Sp(2) is the stability subgroup of the first three spinors and SU(2) acts on them with the vector representation. It suffices to focus on Sp(2). To determine P/K recall the results from N = 3 and observe that Re Λ^2(C^4) = R < i(e_{12} + e_{34}) > ⊕Λ^1_5(R^5) under Sp(2), therefore P/K = Λ^1_5(R^5). Moreover Sp(2) = Spin(5) acts with the vector representation on P/K and so it has a unique type of orbit S^4 with stability subgroup Spin(4) = SU(2) × SU(2). In fact Stab(K) has an orbit in P/K of codimension zero, a representative can be chosen as

ϵ_4 = i(e_{12} + e_{34}) . (8.11)

The dilatino Killing spinor equation for N = 4 backgrounds becomes

A1 = Ae_{12} = 0 . (8.12)

The solution of this has been given in (5.12). In table 11, we summarize the groups Σ that have been used in the identification of the descendants. N Σ 1 Spin(1, 1) × Spin(8) 2 Spin(1, 1) × Spin(7) 3 Spin(1, 1) × SU(4) × U(1) 4 Spin(1, 1) × Sp(2) × SU(2) Table 11: For N > 4 the same Σ groups are used to determine the normals of the Killing spinors.

8.6 N=5

The selection of Killing spinors for the remaining N > 4 backgrounds is straightforward from the analysis we have presented for the N < 4 cases and the correspondence N ↔ 8 − N. So the dilatino Killing spinor equations for N > 4 will be written down without further explanation. The choice of representatives is such that the Killing spinors of N-supersymmetric backgrounds are included in the N + 1-supersymmetric ones.

The dilatino Killing spinor equation is A1 = Ae_{12} = A(e_{13} + e_{24}) = 0 . (8.13) The solution has been given in (6.12).

8.7 N=6

The dilatino Killing spinor equation is A1 = Ae_{12} = Ae_{13} = 0 . (8.14) The solution has been given in (7.14).

8.8 N=7

The dilatino Killing spinor equation is A1 = Ae_{12} = Ae_{13} = A(e_{23} − e_{14}) = 0 . (8.15) The solution is

∂_+Φ = 0 , de^− ∈ R^8 , N (I)_{ijk} = N (J)_{ijk} = N (L)_{ijk} = N (Q)_{ijk} = N (T )_{ijk} = N (U)_{ijk} = 0 , 2∂_iΦ − H_{−+i} = (θ_{ωI} )_i = (θ_{ωJ} )_i = (θ_{ωL} )_i = (θ_{ωQ} )_i = (θ_{ωT} )_i = (θ_{ωU} )_i , (8.16) where the sixth endomorphism U is defined via the Hermitian form ω_U = e^1 ∧ e^4 + e^{¯1} ∧ e^{¯4} − e^2 ∧ e^3 − e^{¯2} ∧ e^{¯3} . (8.17) The new endomorphism satisfies the algebraic conditions UI = −IU , UJ = JU , UL = LU , UQ = −QU , UT = T U, U^2 = −1_{8×8} .(8.18) The dilatino Killing spinor equations imply that all the Lee forms of the endomorphisms are equal. However, this does not imply that all components of H^{rest} vanish. In particular, the non-vanishing components are 1 2 H_1¯_2¯_3 = +H¯_{41}¯_1 = −H¯_{42}¯_2 = −H¯_{43}¯_3 , 1 2 H_4¯_2¯_3 = −H¯_{14}¯_4 = H¯_{12}¯_2 = H¯_{13}¯_3 , 1 2 H_2¯_1¯_4 = +H¯_{32}¯_2 = −H¯_{31}¯_1 = −H¯_{34}¯_4 , 1 2 H_3¯_1¯_4 = −H¯_{23}¯_3 = H¯_{21}¯_1 = H¯_{24}¯_4 . (8.19)

8.9 N=8 and comparison with the descendants

The solution of the dilatino Killing spinor equation of N = 8 supersymmetric backgrounds [28] is

∂_+Φ = 0 , de^− ∈ R^8 , H_{ijk} = 0 , 2∂_iΦ − H_{−+i} = 0 . (8.20)

The conditions that arise from the gravitino Killing spinor equation are common in all cases. The differences arise from those of the dilatino Killing spinor equation. We have summarize these in table 12. SU(2) ⋉ R^8 de^− N θ N = 1 spin(7) ⊕_s R^8 N (I), N (J), N (L) − N (Q), N (T ), N (U) ≠ 0 N = 2 su(4) ⊕_s R^8 N (I) = 0, N (J), N (J), − N (Q), N (T ), N (U) ≠ 0 N = 3 sp(2) ⊕_s R^8 N (I) = N (J) = 0, N (L), θ_{ωI} = θ_{ωJ} N (Q), N (T ), N (U) ≠ 0 N = 4 (su(2) ⊕ su(2)) ⊕_s R^8 N (I) = N (J) = N (L) = 0 θ_{ωI} = θ_{ωJ} = θ_{ωL} N (Q), N (T ), N (U) ≠ 0 N = 5 su(2) ⊕_s R^8 N (I) = N (J) = N (L) = θ_{ωI} = θ_{ωJ} = N (Q) = 0, N (T ), N (U) ≠ 0 θ_{ωL} = θ_{ωQ} N = 6 u(1) ⊕_s R^8 N (I) = N (J) = N (L) = θ_{ωI} = θ_{ωJ} = N (Q) = N (T ) = 0, N (U) ≠ 0 θ_{ωL} = θ_{ωQ} = θ_{ωT} N = 7 R^8 N (I) = N (J) = N (L) = θ_{ωI} = θ_{ωJ} = θ_{ωL} = N (Q) = N (T ) = N (U) = 0 θ_{ωQ} = θ_{ωT} = θ_{ωU} N = 8 R^8 H_{ijk} = 0

Table 12: As in previous cases, the differences in the geometry of descendants are in the non-vanishing components of de^−, and N (I), N (J), N (L), N (Q), N (T ) and N (U) and the relation between the Lee forms. In the N = 8 case, H^{rest} = 0 and so all the Nijenhuis tensors and Lee forms vanish. − indicates that there is no relation between the Lee forms. It is understood that the remaining conditions of the dilatino Killing spinor equation of N = 1 supersymmetric backgrounds are valid.

9 Descendants and reduction of holonomy

So far we have solved the Killing spinor equations for all supersymmetric backgrounds for which the stability subgroup of the parallel spinors is non-compact, Stab(ϵ_1, . . . , ϵ_L) = K ⋉ R^8. The question that arises is whether the Bianchi identity of H and the field equations impose additional conditions on the existence of the various descendants we have found. We shall show that^{10} if

dH = 0 , (9.1)

and the field equations are satisfied, then for the descendants hol( ^∇) ⊂ K ⋉ R^8. So the holonomy of the ^∇-connection is a proper subgroup of the stability group of the parallel spinors. Since the holonomy of ^∇ reduces, the structure group of the spacetime may reduce as well. Alternatively, if

dH = 0 , hol( ^∇) = K ⋉ R^8 (9.2)

and the field equations are satisfied, then the gravitino Killing spinor equations imply the dilatino ones, and all ^∇-parallel spinors are Killing. So there are no descendants and the only backgrounds that exist are those investigated in [28].

To establish these, we shall investigate in detail the ^∇-parallel forms on the spacetime that arise as a consequence of the gravitino Killing spinor equation, dH = 0 and the field equations of type I backgrounds. We shall focus first on the SU(4) ⋉ R^8 case. We shall find that the spacetime may admit more parallel forms than those that may have been expected from the SU(4) ⋉ R^8 isotropy group of the Killing spinors alone. As a consequence, we shall show the two statements mentioned above.

9.1 Parallel forms of SU(4) ⋉ R^8 backgrounds

Suppose that dH = 0 and hol ⊆ SU(4) ⋉ R^8. To find additional parallel forms, we use the integrability condition of the gravitino Killing spinor equation as well the Bianchi identities of the R̂ curvature. These have been summarized in appendix A. Since we have assumed dH = 0, the Bianchi identity gives R̂_{A[B,CD]} = −1 3 ^∇_AH_{BCD} . (9.3)

To proceed, set B = +, C = α, D = β̄ in (9.3) and contract with δ^{αβ̄}. Using that hol( ^∇) ⊆ SU(4) ⋉ R^8, e.g. R̂_{AB,α}^α = 0, it is easy to see that (9.3) implies that

τ_1 = iH_{+α}^α e^+ (9.4)

is ^∇-parallel. Therefore if τ_1 ≠ 0, then hol( ^∇) ⊂ SU(4). However, if we insist that hol( ^∇) = SU(4) ⋉ R^8, then τ_1 = 0.

To continue, set B = +, C = α, D = β in (9.3) and use that hol( ^∇) ⊆ SU(4) ⋉ R^8, i.e. R̂_{AB,+i} = R̂_{AB,αβ} = 0, then it is easy to show that the three-form

τ_2 = 1 2 H_{+αβ} e^+ ∧ e^α ∧ e^β , (9.5)

is ^∇-parallel,

^∇_Aτ_2 = 0 , (9.6)

10This assumption is sufficient. What is required is that the term involving dH in the appropriate Bianchi identity in appendix A does not contribute in the calculations for the parallel forms.

Since there is no such form invariant under SU(4)⋉R^8, one can only conclude that either the holonomy of ^∇ reduces to a proper subgroup of SU(4) ⋉ R^8 or τ_2 = 0.

Next set B = α, C = β, D = γ in (9.3), and use that hol( ^∇) ⊆ SU(4) ⋉ R^8 and τ_2 = 0, to show that

τ_3 = 1 3! H_{αβγ} e^α ∧ e^β ∧ e^γ (9.7)

is also ^∇-parallel, i.e.

^∇_Aτ_3 = 0 . (9.8)

Again there is no such form invariant under SU(4) ⋉ R^8. So either the holonomy of ^∇ reduces to a proper subgroup of SU(4)⋉R^8 or τ_3 = 0. Insisting that hol( ^∇) = SU(4)⋉R^8, we have to set τ_3 = 0. The observation that the Nijenhuis tensor of a Riemannian manifolds with a U(n)-structure compatible with a connection with skew-symmetric torsion H, dH = 0, is ^∇-parallel has been made in the context of supersymmetric sigma models in [38, 39, 9].

There are two additional parallel one-forms which can be found using the field equations R̂_{AC,}^C_B − 2 ^∇_A∂_B Φ = 0 . (9.9)

Setting B = + and using hol( ^∇) ⊆ SU(4) ⋉ R^8, one can show that the one-form

τ_4 = ∂_+Φ e^+ , (9.10)

is ^∇-parallel. Since there is no such one-form invariant under SU(4) ⋉ R^8, either the holonomy of hol( ^∇) reduces to a subgroup of SU(4) ⋉ R^8 or τ_4 = 0.

Next set B = α, C = β, D = γ̄ in (9.3), take the trace in β, γ̄, and use τ_1 = τ_2 = τ_4 = 0 and hol( ^∇) ⊆ SU(4) ⋉ R^8 to find R̂_{Aβ,}^β_α = −[∂_AH_{αβ}^β − Ω̂_{A,}^δ_αH_{δβ}^β − Ω̂_{A,}^+_βH_{α+}^β ] (9.11)

Similarly set B = +, C = −, D = α in (9.3), to get that R̂_{A+,−α} = −[∂_AH_{+−α} − Ω̂_{A,}^δ_αH_{+−δ} − Ω̂_{A,}^{β̄}_−H_{+β̄α}] . (9.12)

Substituting these into the field equations R̂_{Aβ,}^β_α + R̂_{A+,−α} − 2 ^∇_A∂_αΦ = 0 , (9.13)

we find that the one-form

τ_5 = (2∂_iΦ − θ_i + H_{+−i})e^i , (9.14)

is ^∇-parallel. Again, since there is no such one-form invariant under SU(4) ⋉ R^8, either the holonomy of hol( ^∇) reduces to a subgroup of SU(4) ⋉ R^8 or τ_5 = 0.

For backgrounds to have precisely N = 1 supersymmetry, neither τ_2 nor τ_3 should vanish. As a consequence of the analysis above, hol( ^∇) ⊂ SU(4) ⋉ R^8 and so the holonomy reduces to a proper subgroup of the isotropy group of the parallel spinors.

Another consequence of the analysis above is that if dH = 0, the field equations are satisfied and hol( ^∇) = SU(4) ⋉ R^8, then all ^∇-parallel spinors are Killing. This is because in such a case τ_1 = τ_2 = τ_3 = τ_4 = τ_5 = 0 which are precisely the conditions (3.12) that arise from the dilatino Killing spinor equation of N = 2 backgrounds.

9.2 Parallel forms and descendants

We shall now turn to show the two statements stated in the beginning of the section. We will treat all cases together apart from the N = 7 descendant of R^8, which will be discussed separately. We begin by constructing the forms τ_1, τ_2 and τ_3 with respect all the endomorphisms I, J, L, and so on, available in each case.

If one of these is non-vanishing, and so a descendant exists, then the holonomy of ^∇ reduces. This is because the invariant forms of non-compact isotropy groups K ⋉ R^8 are of the type

e^− ∧ ψ (9.15)

where ψ are forms in the “transverse” directions. Since τ_1, τ_2, τ_3 and τ_4 are not of this type, one concludes that either the holonomy reduces or they should vanish.

Assuming that τ_1 = τ_2 = τ_3 = τ_4 = 0 with respect to all endomorphisms, one can show, using the argument we have presented above to establish that τ_5 is parallel in the SU(4) ⋉ R^8 case, that all the differences of Lee forms θ_{ωI} − θ_{ωJ} , θ_{ωI} − θ_{ωL} , (9.16) and so on, are also ^∇-parallel. Since again these forms are not invariant under K ⋉ R^8, either they vanish or the holonomy of ^∇ reduces to a subgroup of K ⋉ R^8. If they do not vanish, the holonomy reduces and so we have established the first statement. If they do vanish, and so hol( ^∇) = K ⋉ R^8, they imply the dilatino Killing spinor equations for all parallel spinors. This establishes the second statement.

One can allow the holonomy to be reduced. The pattern of reductions depends on the choice of parallel forms τ_1, τ_2, τ_3, τ_5 that will be allowed not to vanish. For example if τ_1 ≠ 0, but the rest are zero, then the holonomy reduces from SU(4) ⋉ R^8 to SU(4). Similarly if τ_1, τ_3 ≠ 0 but the rest vanish, then the holonomy reduces to SU(3) and so on. The pattern of reductions of holonomy in the other cases is more involved. For example, consider the Sp(2) ⋉ R^8 case. Suppose that τ_1 ≠ 0. Then the holonomy reduces to Sp(2). The holonomy can remain Sp(2) even if τ_2 ≠ 0. This is because one can take τ_2 = e^+ ∧ ω_J , where ω_J is the hermitian form of the J endomorphism associated with this case. Therefore if one allows appropriate reductions of the holonomy group, many descendants may exist.

Finally consider the N = 7 descendant of R^8. The dilatino Killing spinor equations imply that τ_1 = τ_2 = τ_3 = τ_4 = τ_5 = 0. So it may appear that for this descendant, the holonomy does not reduce. However, this is not the case because there are additional parallel forms which are the non-vanishing components of H_{ijk}. In particular using (9.3), hol( ^∇) ⊆ R^8 and H_{+ij} = (de_+)_{ij} = 0, it is easy to see that the three-form

H^{rest} = 1 3! H_{ijk}e^i ∧ e^j ∧ e^k , (9.17)

constructed from the components (8.19) is ^∇-parallel. A direct inspection of the integrability condition reveals that if hol( ^∇) = R^8, then H^{rest} = 0 and there is supersymmetry enhancement to N = 8. If some components of (8.19) are non-vanishing the holonomy reduces, i.e. hol( ^∇) ⊂ R^8. If it reduces to the identity the background preserves at least 8 supersymmetries. This arises as a consequence of the conditions dH = R̂ = 0 and the dilatino Killing spinor equation [32, 31]. The argument is also reviewed in section 13.

10 The descendants of G_2

A basis in the space of parallel spinors is

1 + e_{1234} , e_{15} + e_{2345} . (10.1)

Moreover Σ(P) = Spin(2, 1) which acts with the Majorana representation on P. There is a single descendant background with N = 1 supersymmetry. The dilatino Killing spinor equation can be written as

A(1 + e_{1234}) = 0 . (10.2)

The stability subgroup of this spinor is given in table 13.

N Stab_Σ 1 R Table 13: The first column denotes the number of supersymmetries and the second column the stability subgroup of Killing spinor in Σ(P) = Spin(2, 1).

10.1 Geometry of the gravitino Killing spinor equation

The condition that the gravitino Killing spinor equation imposes on the geometry is that hol( ^∇) ⊆ G_2, and has been investigated in [28]. This is equivalent to requiring that the forms

e^+ , e^− , e^1 , φ , (10.3)

are ^∇-parallel, where φ = Re [(e^2 +ie^7)∧(e^3 +ie^8)∧(e^4 +ie^9)]−e^6 ∧(e^2 ∧e^7 +e^3 ∧e^8 +e^4 ∧e^9) is the G_2 invariant three-form. It is clear that in this case there are three ^∇-parallel oneforms which we shall call collectively^{11} e^a, a = +, −, 1. As we have already explained in appendix A, the associated vector fields e_a are Killing and i_aH = η_{ab}de^b.

The geometric condition that arises from the compatibility of e^a and φ conditions, see appendix A, is that

[(de^a)_{ij} ]^7 = 1 6 η^{ab}∇_bφ_{mn[i}φ^{mn}_{j]} , i, j, k, · · · = 2, 3, 4, 6, 7, 8, 9 . (10.4) 11We have underlined one direction to emphasize that it is real.

For this, we have used the decomposition Λ^2(R^7) = Λ^2_7 ⊕ Λ^2_{14}, where Λ^2_{14} = g_2. The remaining components of H are determined as

H^{rest} = − 1 6 (d̃φ, ⋆φ)φ + ⋆d̃φ − ⋆(θ ∧ φ) , (10.5) where θ = − 1 3 ⋆ (⋆d̃φ ∧ φ) . (10.6) Moreover, d̃ denotes the projection of the exterior derivative along the transverse directions and the ⋆ operation has been taken with volume form dvol = e^2 ∧e^3 ∧e^4 ∧e^6 ∧· · ·∧e^9. The geometry of Riemannian seven-dimensional manifolds with G_2-structure [40] compatible with a connection with skew-symmetric torsion has been examined in detail in [9]. For use later, a straightforward computation reveals that

θ_i = − 1 6 H_{kmn} ⋆ φ^{kmn}_i . (10.7) In addition, one also finds the geometric (integrability) condition d̃ ⋆ φ = −θ ∧ ⋆φ . (10.8) This is equivalent to requiring that the G_2 class X_2 associated with the 14 representation vanishes, X_2 = 0. This is the only condition required for the existence of (10.5). This concludes the description of the geometry of the gravitino Killing spinor equation.

10.2 Geometry of N = 1 supersymmetric backgrounds

The solution of the dilatino equation is that which one derives for the Spin(7) ⋉ R^8 backgrounds [28]. Organizing the conditions in G_2 representations, one has

∂_+Φ = 0 , H_{+1i} + 1 2 H_{+mn}φ^{mn}_i = 0 , ∂_1Φ − 1 12 H_{ijk}φ^{ijk} − 1 2 H_{−+1} = 0 , ∂_iΦ − 1 12 H_{jkm} ⋆ φ^{jkm}_i − 1 4 H_{1jk}φ^{jk}_i − 1 2 H_{−+i} = 0 . (10.9)

Using the relation between H and e^a established in appendix A, the above conditions can be rewritten as

∂_+Φ = 0 , [e_+, e_1]_i − 1 2 (de_+)_{mn}φ^{mn}_i = 0 ,

∂_1Φ − 1 12 H_{ijk}φ^{ijk} − 1 2 H_{−+1} = 0 , ∂_iΦ − 1 2 θ_i − 1 4 (de_1)_{jk}φ^{jk}_i + 1 2 [e_−, e_+]_i = 0 . (10.10)

Note that H_{−+1} can also be written in terms of the ^∇-parallel vector fields e_+, e_−, e_1 as H_{−+1} = −g([e_−, e_+], e_1), see appendix A, but it is more convenient for simplicity of notation to leave it as it is in the equations.

There are various ways to interpret the above conditions. First observe that Φ is invariant only under the action of one of the three Killing vector fields. The second condition is expected from the N = 1 Spin(7)⋉R^8 results and decomposition of spin(7) = g_2 ⊕Λ^1_7 in g_2 representations. The third condition relates the singlet in the decomposition of H^{rest} in G_2 representations to the structure constants of H_{−+1} and the derivative of Φ along e_1. Finally, the last condition can be thought of as a generalization of the conformal balanced condition. The additional terms involve the rotation of e^1 and the commutator [e_−, e_+].

Let h = R < e_−, e_+, e_1 >. If [h, h] ⊆ h, i.e. the algebra of three ^∇-parallel vector fields closes, then the conditions (10.10) can be written as

∂_+Φ = 0 , (de_+)_{mn}φ^{mn}_i = 0 ,

∂_1Φ − 1 12 H_{ijk}φ^{ijk} − 1 2 H_{−+1} = 0 , ∂_iΦ − 1 2 θ_i − 1 4 (de_1)_{jk}φ^{jk}_i = 0 . (10.11)

In such a case, the spacetime is a principal bundle over a seven-dimensional base space, see [28] and appendix A. There are two cases to consider. If the isometry group is abelian, the curvature F^− of the principal bundle is a g_2 instanton, and F^+ and F^1 take values in so(7). Though in the two latter cases in (10.4), (F^+)_7 and (F^1)_7 are related to the covariant derivative of φ. It is clear from these that both the dilaton Φ and the three-form bilinear φ may depend on the coordinates of the fiber and so they are not functions of the base space only of the principal fibration. If the dilaton is invariant under e_1, then the singlet in the decomposition of H vanishes.

A similar conclusion can also be reached in the case that the Lie algebra of isometries is sl(2, R). One of the differences is that the singlet in the decomposition of H does not vanish even if the dilaton is invariant. In fact it is related to the structure constants of h as it can be seen in the second equation in (10.11).

10.3 N = 2

The solution of the dilatino Killing spinor equation can be found^{12} in [28]. It turns out that it can be written as

∂_aΦ = 0 , ϵ_a^{bc}[e_b, e_c]_i − (de_a)_{mn}φ^{mn}_i = 0 , ϵ_{+−1} = 1 , 1 6 H_{ijk}φ^{ijk} + H_{−+1} = 0 , ∂_iΦ − 1 2 θ_i = 0 . (10.12)

The dilaton is invariant under all the three Killing vector fields. Moreover all (de^a_{ij} )_7 are related to the commutator ϵ_a^{bc}([X_b, X_c])_i. In the case that the algebra of the three isometries closes, F^a takes values in g_2 and so the principal bundle connection is a g_2 instanton. The geometry has been investigated in detail in [28] and we shall not explain this further here.

12In [28], the solution has been organized in this way only for the case that the algebra of isometries closes.

The N = 1 and N = 2 differ. It is clear that the conditions that arise from the dilatino Killing spinor equations in the two cases are not the same. The main differences lie in the conditions on de^a_{ij} and whether the dilaton is invariant under the isometries of the backgrounds.

10.4 Reduction of holonomy

Reduction of the holonomy group can happen in backgrounds with both N = 1 and N = 2 supersymmetry. This is unlike the non-compact case where we have shown that the Bianchi identities and the field equations force a reduction of the holonomy only for the descendants. We shall again use the Bianchi identities to find the additional parallel forms on the spacetime.

To begin, suppose that dH = 0. It has been shown in [28] that either [h, h] ⊆ h, where h = R < e_a >, a = −, +, 1, or the holonomy of hol( ^∇) ⊂ G_2. This is because^{13} if dH = 0, then the commutator of two ^∇-parallel vector fields is ^∇-parallel, see [28]. Thus either [h, h] ⊆ h or there is an additional linearly independent vector field which is ^∇-parallel and so hol( ^∇) ⊂ G_2, i.e. the holonomy reduces. This can also be shown using the Bianchi identity (9.3), see also appendix A.

Applying the Bianchi identity (9.3) for B = a, C = b, D = c, we can show that H_{abc} are constant. In addition contracting the Bianchi identity (9.3) for B = i, C = i, D = k with the φ, and using the condition that hol( ^∇) ⊆ G_2, i.e. R̂_{AB,aD} = R̂_{AB,ij} φ^{ij}_k = 0 , (10.13) one can also show that H_{ijk}φ^{ijk} is constant as well.

Using (10.13) and the Bianchi identity (9.3) for A = a, B = i, C = j, one can show that the Lie-algebra valued one-form

τ^a_1 = 1 2 de^a_{ij} φ^{ij}_k e^k , (10.14)

is ^∇-parallel. Since τ^a_1 are linearly independent from e^a, either τ^a_1 vanishes or the holonomy of ^∇ reduces to a subgroup of G_2. Observe that τ^a_1 is the 7-dimensional component of d̃e^a in the decomposition of two-forms in G_2 representations.

Substituting B = a in the field equations (9.9) and using hol( ^∇) ⊂ G_2, it is easy to see that

τ_2 = ∂_aΦ e^a (10.15)

is ^∇-parallel. Since e^a are ^∇-parallel as well, this implies that ∂_aΦ = v_a are constant.

Next write the G_2 holonomy condition as 1 2 R̂_{AB,kl} ⋆ φ^{kl}_{ij} = R̂_{AB,ij} . (10.16) Setting B = m, contracting m and i, using the field equations (9.9) and the Bianchi identity (9.3), we find that

τ_3 = (2∂_iΦ − θ_i)e^i (10.17)

13In fact a necessary is for H to be invariant.

is ^∇-parallel. Since this one-form is linearly independent from e^a either τ_3 = 0 or hol( ^∇) ⊂ G_2 and so the holonomy reduces.

First consider the consequences of the above ^∇-parallel forms in the N = 2 backgrounds. If one insist that hol( ^∇) = G_2, then the field equations and dH = 0 imply all the conditions (10.12) that arise from the dilatino Killing spinor equation apart from ∂_aΦ = v_a = 0 and H_{ijk}φ^{ijk} = 0 if h is abelian, or H_{ijk}φ^{ijk} +6H_{−+1} = 0 if h is non-abelian, respectively. (In the non-abelian case a simple argument implies that v_a = 0.) This is unlike the non-compact case, where under the same assumptions the gravitino Killing spinor equation implies all the conditions of the dilatino Killing spinor equation for the N = L backgrounds.

Next consider the applications of the additional parallel forms in N = 1 backgrounds. If either [h, h] ⊈ h and/or τ^a_1 ≠ 0, then hol( ^∇) ⊂ G_2 and so the holonomy reduces. However, unlike the non-compact cases, there may be backgrounds with N = 1 supersymmetry and hol( ^∇) = G_2. For example take h abelian, τ^a_1 = 0 and 12v_1 −H_{ijk}φ^{ijk} = 0. This is a linear dilaton background.

11 The descendants of SU(3)

A complex basis in the space of parallel SU(3)-invariant spinors P is

1 , e_{15} . (11.1)

In this case Σ(P) = Spin(3, 1) × U(1), where Spin(3, 1) = SL(2, C ) acts on P with the Majorana spinor representation and U(1) is generated by^i_2 (Γ^{2¯2} + Γ^{3¯3}). The generic orbit of Σ(P) on P is of co-dimension one. To see this observe that the generic orbit of Spin(3, 1) on P is of co-dimension two and so one can choose

ϵ = λ_1(1 + e_{1234}) + iλ_2(1 − e_{1234}) , λ^2_1 + λ^2 = 1 . (11.2)

Moreover U(1) rotates the two spinors that appear in the expression above. So

ϵ = λ_1(1 + e_{1234}) . (11.3)

It is straightforward to choose the Killing spinors in all cases. For this observe that Σ(R < 1 + e_{1234} >) = (Spin(1, 1) × U(1)) ⋉ R^2. We simply state the results in the appropriate sections. The stability groups of the Killing spinors are summarized in table 14. N Stab_Σ 1 U(1) ⋉ R^2 2 R^2, {1}

Table 14: The first column denotes the number of supersymmetries and the second column the stability subgroup of Killing spinor in Σ(P) = Spin(3, 1) × U(1).

11.1 Geometry of the gravitino Killing spinor equation

The gravitino Killing spinor equation implies that hol( ^∇) ⊆ SU(3). This is equivalent to requiring [28] that the forms

e^a , ω = ω_I = −e^2 ∧ e^7 − e^2 ∧ e^8 − e^4 ∧ e^9 , χ = (e^2 + ie^7) ∧ (e^3 + ie^8) ∧ (e^4 + ie^9) (11.4)

are ^∇-parallel, where a = +, −, 1, ¯1. So there are the four ^∇-parallel vector fields and six transverse directions. In this case, k^⊥ is spanned by (2,0) and (0,2) forms with respect to I, and ω in Λ^2(R^6). As we have explained in appendix A, H^{k⊥}_{aij}, i, j = 2, 3, 4, 7, 8, 9, is determined both by de^a and the Levi-Civita covariant derivative of the remaining parallel forms. The compatibility between the different ways of expressing H leads to the geometric conditions

(de_a)^{2,0+0,2} ij = − 1 2 [i_I (∇_aω)]_{ij} (de_a)_{ij}ω^{ij} = 1 6 (∇_aRe χ)_{k1k2k3} Imχ^{k1k2k3} . (11.5)

Moreover

H^{rest} = −i_Id̃ω − 2N = ⋆d̃ω − ⋆(θ_ω ∧ ω) + N , (11.6)

where θ_ω = − ⋆ (⋆d̃ω ∧ ω). One also finds the additional geometric constraints

W_2 = 0 , θ_ω = θ_{Reχ} , (11.7)

where again the vanishing of the Gray-Hervella class W_2 implies that the Nijenhuis tensor N is skew symmetric, and θ_{Reχ} = −^1_2 ⋆ (⋆d̃Reχ ∧ Reχ) is the Lee form of Reχ. The geometry of six-dimensional Riemannian manifolds with an SU(3)-structure [18] and compatible connection with skew-symmetric torsion have been extensively investigated, see [1, 2, 7, 12, 8, 13, 15, 16, 17, 20, 21]. The equality of the two Lee forms can also be expressed in SU(3) classes as W_4 = W_5.

It has been explained in [28] if [h, h] ⊆ h, where h = R < e_a >, then h is either abelian, R ⊕^3 u(1), R ⊕ su(2), u(1) ⊕ sl(2, R), or a pp-wave algebra. This concludes the description of the geometry of the gravitino Killing spinor equation.

11.2 N=1

In this case the dilatino Killing spinor equation is

A(1 + e_{1234}) = 0 . (11.8)

The solution of the dilatino Killing spinor equation decomposed in SU(3) representations is ∂_+Φ = 0 , H_{+1}¯_1 + H_{+n}^n = 0 , − H_+¯_{1n̄} + 1 2 H_{+pq}ϵ^{pq}_{n̄} = 0 ,

∂¯_1Φ − 1 6 H_{pqn}ϵ^{pqn} − 1 2 H¯_{1n}^n − 1 2 H_{−+}¯_1 = 0 ,

∂_{n̄}Φ + 1 2 H_{1pq}ϵ^{pq}_{n̄} − 1 2 H_{n̄p}^p − 1 2 H_{n̄1}¯_1 − 1 2 H_{−+n̄} = 0 , (11.9)

where p, q, n = 2, 3, 4. The dilaton is invariant under the e_+ isometry of the spacetime but not necessarily the rest. The remaining conditions can be interpreted in different ways. For example observe that the above condition implies that

de^− ∈ spin(7) ⊕_s R^8 ⊂ so(8) ⊕_s R^8 . (11.10)

Alternatively, they can be seen as relating the structure constants and commutators of the Killing vector fields to the su^(3)^⊥ components of de^−. In particular (11.9) can be rewritten as

∂_+Φ = 0 , H_{+1}¯_1 − i 2 (de_+)_{ij}ω^{ij} = 0 , [e_+, e¯_1]_{n̄} + 1 2 (de_+)_{pq}ϵ^{pq}_{n̄} = 0 .

∂¯_1Φ − 1 24 N_{pqn}ϵ^{pqn} + i 4 (de¯_1)_{ij}ω^{ij} − 1 2 H_{−+}¯_1 = 0 ,

∂_{n̄}Φ + 1 2 (de_1)_{pq}ϵ^{pq}_{n̄} − 1 2 θ_{n̄} + 1 2 [e_1, e¯_1]_{n̄} + 1 2 [e_−, e_+]_{n̄} = 0 . (11.11)

If [h, h] ⊆ h, then one finds that

∂_+Φ = 0 , H_{+1}¯_1 − i 2 (de_+)_{ij}ω^{ij} = 0 , (de_+)^{2,0} = 0 .

∂¯_1Φ − 1 24 N_{pqn}ϵ^{pqn} + i 4 (de¯_1)_{ij}ω^{ij} − 1 2 H_{−+}¯_1 = 0 ,

∂_{n̄}Φ + 1 2 (de_1)_{pq}ϵ^{pq}_{n̄} − 1 2 (θ_ω)_{n̄} = 0 . (11.12)

It is clear from this that although L_+ω = 0 this is not the case for the rest of the parallel vector fields. In addition in all cases L_aχ ≠ 0, unless h is abelian in which case L_+χ = 0. This is in agreement with results in the maximal SU(3) case. Observe that even if one sets N = 0, the geometry of the Killing spinor equations is different from that of the N = 4 case in [28].

11.3 N=2

The dilatino Killing spinor equation is either

A1 = 0 , (11.13)

with Stab_Σ(1) = R^2 or

A(1 + e_{1234}) = 0 , A(e_{15} + e_{2345}) = 0 . (11.14)

with Stab_Σ(1 + e_{1234}, e_{15} + e_{2345}) = {1}. So there are two cases to consider.

11.3.1 A1 = 0

The solution of the dilatino Killing spinor equation A1 = 0 is

∂_+Φ = 0 , H_{+1}¯_1 + H_{+n}^n = 0 , H_{+1n} = H_{+mn} = H_{1mn} = H_{mpq} = 0 , ∂¯_1Φ − 1 2 H¯_{1n}^n − 1 2 H_{−+}¯_1 = 0 , ∂_{n̄}Φ − 1 2 H_{n̄p}^p − 1 2 H_{n̄1}¯_1 − 1 2 H_{−+n̄} = 0 , (11.15)

The dilaton is invariant only under the isometries generated by e_+. The above conditions imply that

∂_+Φ = 0 , [e_+, e_1]_n = 0 , (de^−)^{2,0} = 0 , (de^{¯1})^{2,0} = 0 , H_{+1}¯_1 − i 2 (de_+)_{ij} ω^{ij} = 0 , N_{ijk} = 0 , ∂¯_1Φ + i 4 (de¯_1)_{ij} ω^{ij} − 1 2 H_{−+}¯_1 = 0 ,

∂_{n̄}Φ − 1 2 (θ_ω)_{n̄} + 1 2 [e_1, e¯_1]_{n̄} + 1 2 [e_−, e_+]_{n̄} = 0 . (11.16)

The difference between N = 1 and N = 2 is the vanishing of N and the restriction on de^{¯1} to be a (2,0)-form. Again L_aχ ≠ 0. In particular, W_1 = W_2 = 0 for these backgrounds. If [h, h] ⊆ h, the last condition is modified to

∂_{n̄}Φ − 1 2 θ_{n̄} = 0 . (11.17)

11.3.2 A(1 + e_{1234}) = A(e_{15} + e_{2345}) = 0

The solution of the dilatino Killing spinor equation in this case is

∂_+Φ = ∂_−Φ = ∂_1Φ = 0 , H_{+1}¯_1 + H_{+n}^n = 0 , H_{−1}¯_1 − H_{−n}^n = 0 , H_{−+}¯_1 + H¯_{1n}^n = − 1 6 H_{npq}ϵ^{npq} − 1 6 H_{n̄p̄q̄}ϵ^{n̄p̄q̄} , H_+¯_{1n̄} = 1 2 H_{+pq}ϵ^{pq}_{n̄} , H_−¯_{1n̄} = − 1 2 H_{−pq}ϵ^{pq}_{n̄} , H_{−+n̄} + H_1¯_{1n̄} = 1 2 H_{1pq}ϵ^{pq}_{n̄} + 1 2 H¯_{1pq}ϵ^{pq}_{n̄} , ∂¯_1Φ − 1 12 H_{npq}ϵ^{npq} + 1 12 H_{n̄p̄q̄}ϵ^{n̄p̄q̄} = 0 ,

∂_{n̄}Φ − 1 2 H_{n̄p}^p − 1 4 H¯_{1pq}ϵ^{pq}_{n̄} + 1 4 H_{1pq}ϵ^{pq}_{n̄} = 0 . (11.18)

The conditions can be rewritten as

∂_+Φ = ∂_−Φ = ∂_1Φ = 0 , 1 3! ϵ_a^{bcd}H_{bcd} − 1 2 (de_a)_{ij} ω^{ij} = 0 , a = +, − 1 3! ϵ¯_1^{bcd}H_{bcd} − 1 2 (de¯_1)_{ij} ω^{ij} = − √ 2 6 N_{ijk} Reχ^{ijk} [e_+, e¯_1]_{n̄} = − 1 2 (de_+)_{pq}ϵ^{pq}_{n̄} , [e_−, e¯_1]_{n̄} = 1 2 (de_−)_{pq}ϵ^{pq}_{n̄} , [e_−, e_+]_{n̄} + [e_1, e¯_1]_{n̄} = − 1 2 (de_1 + de¯_1)_{pq} ϵ^{pq}_{n̄} ,

∂_6Φ + 1 92 N_{ijk} Imχ^{ijk} = 0 , ∂_{n̄}Φ − 1 2 (θ_ω)_{n̄} + 1 4 (de_1 − de¯_1)_{pq} ϵ^{pq}_{n̄} = 0 .(11.19)

The dilaton is invariant under the three out of four isometries of the background.

11.4 N=3

The dilatino Killing spinor equation is

A(e_{15} + e_{2345}) = 0 , A1 = 0 . (11.20)

The solution to the dilatino Killing spinor equations is

∂_+Φ = ∂_−Φ = ∂_1Φ = 0 , H_{+1}¯_1 + H_{+n}^n = 0 , H_{−1}¯_1 − H_{−n}^n = 0 , H_{−+}¯_1 + H¯_{1n}^n = 0 , H_−¯_{1n̄} = − 1 2 H_{−pq}ϵ^{pq}_{n̄} , H_{+1n} = H_{+pq} = 0 , H_{pqn} = H_{1pq} = 0 ,

H_{−+n̄} = 1 2 H¯_{1pq}ϵ^{pq}_{n̄} − H_{n̄1}¯_1 , ∂_{n̄}Φ − 1 2 H_{n̄p}^p − 1 4 H¯_{1pq}ϵ^{pq}_{n̄} = 0 (11.21)

These conditions can be rewritten as

∂_aΦ = 0 , 1 3! ϵ_a^{bcd}H_{bcd} − 1 2 (de_a)_{ij}ω^{ij} = 0 , (de^−)^{2,0} = (de^{¯1})^{2,0} = 0 ,

N_{ijk} = 0 , [e_−, e¯_1]_{n̄} = 1 2 (de_−)_{pq}ϵ^{pq}_{n̄} , [e_−, e_+]_{n̄} + [e_1, e¯_1]_{n̄} = − 1 2 (de¯_1)_{pq}ϵ^{pq}_{n̄} ,

[e_+, e¯_1]_{n̄} = 0 , ∂_{n̄}Φ − 1 2 (θ_ω)_{n̄} − 1 4 (de¯_1)_{pq}ϵ^{pq}_{n̄} = 0 . (11.22)

Observe that if (de^+)^{2,0} = (de^1)^{2,0} = 0, then the N = 3 backgrounds admit an additional supersymmetry and so they admit four supersymmetries. We can show this by comparing the conditions above with those of N = 4 backgrounds stated below. The same conclusion holds if [h, h] ⊆ h.

11.5 N=4

The solution to the dilatino Killing spinor equation given in [28] can be summarized as

∂_aΦ = 0 , 1 3! ϵ_a^{bcd}H_{bcd} − 1 2 H_{aij} ω^{ij} = 0 , (de^a)^{2,0} = 0 , N_{ijk} = 0 , 1 2 ϵ_{ab}^{cd}H_{cdi} − H_{abj} I^j_i = 0 , ∂_iΦ − 1 2 θ_i = 0 . (11.23)

In turn, these can be rewritten as

∂_aΦ = 0 , 1 3! ϵ_a^{bcd}H_{bcd} − 1 2 (de_a)_{ij}ω^{ij} = 0 , (de^a)^{2,0} = 0 , N_{ijk} = 0 , 1 2 ϵ_{ab}^{cd} [e_c, e_d]_i − [e_a, e_b]_j I^j_i = 0 , ∂_iΦ − 1 2 θ_i = 0 . (11.24)

The case that has been investigated in detail in [28] is that for which the algebra of four isometries closes. We shall not expand on this further here.

11.6 Reduction of holonomy

As in the G_2 case we have already investigated, we take that dH = 0, hol( ^∇) ⊆ SU(3) and use the field equations to identify the additional ^∇-parallel forms. As has been shown in [28], and elaborated on in the G_2 case, either [h, h] ⊆ h, h = R < e_a >, or the holonomy of hol( ^∇) ⊂ SU(3). This is because the commutator of two parallel ^∇-vectors is ^∇-parallel. Similarly, one can show that H_{abc} are constant and they can be identified with the structure constants of h.

Applying the Bianchi identity (9.3) for B = a, C = p, D = q̄, contracting it with δ^{pq̄} and using the condition that hol( ^∇) ⊆ SU(3), i.e. R̂_{AB,aC} = 0 , R̂_{AB,p}^p = 0 , (11.25)

one can also show that

τ_1 = iH_{aq}^q e^a (11.26)

are ^∇-parallel. Since e^a are also ^∇-parallel, iH_{aq}^q = u_a are constants. Similarly one can show that

τ^a_2 = 1 2 H^a_{pq}e^p ∧ e^q , (11.27)

are also ^∇-parallel. In this case, either τ^a_2 = 0 or hol( ^∇) ⊂ SU(3).

Next applying the Bianchi identity (9.3) for B = p, C = q, D = n, one can show that

τ_3 = 1 3! N_{pqn} e^p ∧ e^q ∧ e^n = 4 3! H_{pqn} e^p ∧ e^q ∧ e^n , (11.28)

is ^∇-parallel, see [38, 39, 9] for the properties of the Nijenhuis tensor of Riemannian almost complex manifolds with compatible ^∇-connection. Since Reχ and Imχ are also (3,0) and (0,3) and ^∇-parallel,

τ_3 = N = a Reχ + b Imχ , (11.29)

for some constants a, b ∈ R.

Using similar arguments to those we have made for the G_2 case, one can also show that

τ_4 = ∂_aΦ e^a (11.30) and τ_5 = (2∂_iΦ − (θ_ω)_i) e^i (11.31)

are ^∇-parallel. Since e^a are also ^∇-parallel, ∂_aΦ = v_a are constants. Similarly, either τ_5 = 0 or hol( ^∇) ⊂ SU(3).

The implication that these additional parallel forms have on the N = L = 4 supersymmetric backgrounds is as follows. It is clear that in this case the conditions dH = 0, hol( ^∇) = SU(3) and the field equations are not sufficient to imply the dilatino Killing spinor equations from the gravitino ones. For this to be the case, one has to impose in addition τ_3 = τ_4 = 0 and relate τ_1 to the structure constants of h.

The condition hol( ^∇) = SU(3) imposed on the N = 3 descendant implies enhancement of supersymmetry to N = 4. Backgrounds with N = 3 supersymmetry may exist but these require reduction of the holonomy. On the other hand backgrounds with N = 1 and N = 2 supersymmetry may exist even if hol( ^∇) = SU(3). For example, these can be linear dilaton backgrounds.

12 The descendants of SU(2)

A (complex) basis in the space of parallel spinors with Stab(ϵ_1, . . . , ϵ_8) = SU(2) is

1 , e_{12} , e_{15} , e_{25} . (12.1)

The subspace P in S^+ spanned by the above spinors can be identified with the positive chirality symplectic Majorana-Weyl representation Δ^{+s}_8 of Spin(5, 1). To see this, first observe that Stab(P) = Spin(5, 1) × Spin(4), where the Lie algebra of Spin(5, 1) is spanned by Clifford algebra directions 0, 5, 1, 6, 2, 7 and the Lie algebra of Spin(4) = SU(2)×SU(2) is spanned by the Clifford algebra directions 3, 4, 8, 9. In addition we have Stab(ϵ_1, . . . , ϵ_8) = SU(2) ⊂ Spin(4) ⊂ Stab(P), so Σ(P) = Stab(P)/Stab(ϵ_1, . . . , ϵ_8) = Spin(5, 1) × SU(2). It is known that Spin(5, 1) = SL(2, H ) and that Spin(5, 1) does not admit Majorana-Weyl representations. However, it admits symplectic Majorana-Weyl representation after twisting with SU(2), i.e. taking two copies of the positive chirality (complex) Weyl representation and imposing a symplectic reality condition. This reality condition is precisely that inherited from the reality condition of the Majorana- Weyl spinors S^+ of Spin(9, 1). In the explicit basis (12.1) of P, one can show that the Lie algebra su(2) of the SU(2) subgroup of Σ(P) can be identified as su(2) = R < Γ^{34}, Γ^{¯3¯4},^i_2 (Γ^{3¯3} + Γ^{4¯4}) >.

One can similarly examine Q which is required for investigating the normal spinors to the Killing spinors. In particular, one can show that Q = Δ^{−s}_8 , where Δ^{−s}_8 is the negative chirality Majorana-Weyl symplectic representation of Spin(5, 1). Furthermore, Σ(Q) = Spin(5, 1) × SU(2). The N = 8 supersymmetric backgrounds have already been investigated in [28]. These are the backgrounds for which all parallel spinors are Killing. So it remains to investigate the backgrounds with N < 8. For 4 < N < 8, we shall use Σ(Q) to choose directions for the normal spinors while for 1 ≤ N ≤ 4, we shall use Σ(P) to choose directions in the space of parallel spinors. We shall not elaborate on the choice of normals to the Killing spinors for N > 4 because it follows directly from the choice of Killing spinors for N ≤ 4. So we shall simply state the dilatino Killing spinor equations in each case. The stability groups of the Killing spinors are summarized in table 15.

N Stab_Σ 1 (SU(2) × SU(2)) ⋉ R^4 2 (U(1) × SU(2)) ⋉ R^4, U(1) × U(1) 3 SU(2) ⋉ R^4, U(1), {1} 4 SU(2) ⋉ R^4, U(1), {1}

Table 15: The first column denotes the number of supersymmetries and the second column the stability subgroup of Killing spinor in Σ(P) = Spin(5, 1) × SU(2).

12.1 Geometry of the gravitino Killing spinor equation

The condition that hol( ^∇) ⊆ SU(2) is equivalent to requiring that the forms

e^a , ω_I = −(e^3 ∧ e^8 + e^4 ∧ e^9) , ω_J + iω_K = (e^3 + ie^8) ∧ (e^4 + ie^9) (12.2) are ^∇-parallel, where a = +, −, 1, ¯1, 2, ¯2. As in previous cases, i_aH = (de_a) and in addition one has that

(de_a)^{2,0+0,2} ij = − 1 2 [i_I (∇_aω)]_{ij} , (de_a)_{ij} ω^{ij}_I = (∇_aω_J )_{ij} ω^{ij}_K , (12.3)

where i, j = 3, 4, 8, 9. Furthermore, one finds that

H^{rest} = −i_Id̃ω_I = −i_Jd̃ω_J , N (I)_{ijk} = N (J)_{ijk} = 0 . (12.4)

The geometry of Riemannian four-dimensional manifolds with an SU(2)- structure and compatible connection with skew-symmetric torsion has been extensively investigated, see [22, 1, 24, 5]. As in previous cases, we define h = R < e_a >, and for the descendants [h, h] ⊈ h. However if we demand [h, h] ⊆ h, h is a Lorentzian (5+1)-dimensional Lie algebra. These have been classified and the have been found to be

R ⊕^5 u(1) , R ⊕^2 u(1) ⊕ su(2) , sl(2, R) ⊕^3 u(1) , sl(2, R) ⊕^3 su(2) , cw_4 ⊕^2 u(1) , cw_6 , (12.5)

where cw_n denote pp-wave algebras of dimension (n − 1) + 1. For N = 8 backgrounds, the dilatino Killing spinor equation implies that [h, h] ⊆ h and h is self-dual. These have been shown in [45] to be isomorphic to R ⊕^5 u(1), sl(2, R) ⊕ su(2) and cw_6.

12.2 N=1

The group action of Σ(P) = Spin(5, 1) × SU(2) on P can be most easily described in terms of quaternions. First identify P = H^2. Then Spin(5, 1) = SL(2, H ) acts on P from the left with quaternionic matrix multiplication while SU(2) acts with quaternionic multiplication from the right, i.e. x −→ L x ā , x ∈ P , L ∈ SL(2, H ) , a ∈ SU(2) = Sp(1) (12.6) where ā is the quaternionic conjugate of a. It is easy then to see that Σ(P) has a single orbit in P of codimension zero. The stability subgroup is (SU(2)_L × SU(2)_R) ⋉ R^4. So a representative can be chosen as 1 + e_{1234}. In turn, the dilatino Killing spinor equation is

A(1 + e_{1234}) = 0 . (12.7)

The solution has been given in (3.9), and the conditions can be interpreted in a similar way. A different way of organizing the conditions is in terms of SU(2) representations. This allows to compare the results with the N > 1 cases. In particular, we find that

∂_+Φ = 0 , H_{+1}¯_1 + H_{+2}¯_2 + (de_+)_n^n = 0 , − H_+¯_1¯_2 + 1 2 (de_+)_{mn}ϵ^{mn} = 0 , [e_+, e¯_1]_{n̄} − [e_+, e_2]_mϵ^m_{n̄} = 0 , ∂¯_1Φ − 1 2 (de_2)_{mn}ϵ^{mn} − 1 2 (de¯_1)_n^n − 1 2 H¯_{12}¯_2 − 1 2 H_{−+}¯_1 = 0 ,

∂¯_2Φ + 1 2 (de_1)_{mn}ϵ^{mn} − 1 2 (de¯_2)_m^m − 1 2 H¯_{21}¯_1 − 1 2 H_{−+}¯_2 = 0 ,

∂_{n̄}Φ − [e_1, e_2]_mϵ^m_{n̄} + 1 2 [e_2, e¯_2]_{n̄} + 1 2 [e_1, e¯_1]_{n̄} + 1 2 [e_−, e_+]_{n̄} − 1 2 (θ_{ωI} )_{n̄} = 0 , (12.8)

where m, n = 3, 4 are Hermitian indices. It is clear that even if we take [h, h] ⊆ h, h is not necessarily a self-dual Lie algebra. In fact there is not a condition on the structure constants of h. The rotation d̃e^a of the ^∇-vector fields is also not restricted an a priori to lie in some subalgebra of so(4). The dilaton is invariant only under e_+.

12.3 N=2

12.3.1 Killing spinors

The first Killing spinor ϵ_1 can be chosen as in the N = 1 case above, ϵ_1 = ϵ = 1 + e_{1234}. To continue, we shall first explain how the Stab(ϵ) = (SU(2)_L × SU(2)_R) ⋉ R^4 acts on P/K, where K = R < ϵ >. First identify K with the real axis in one of the quaternionic subspaces of P = H^2 and write P = R < 1 + e_{1234} > ⊕ImH ⊕ H . Thus we can set P/K = ImH ⊕ H . Then SU(2)_L × SU(2)_R acts as (x, y) → (axā, byā) , x ∈ ImH , y ∈ H , a ∈ SU(2)_L , b ∈ SU(2)_R . (12.9) In addition the R^4 subgroup acts with null boosts on P with fixed point set R < 1+e_{1234} > ⊕ImH . In the explicit basis for P in (12.1), su(2)_L = R < Γ^{¯1¯2} +Γ^{34}, Γ^{12}+Γ^{¯3¯4},^i_2 (Γ^{1¯1}+Γ^{2¯2}− Γ^{3¯3} − Γ^{4¯4}) >, su(2)_R = R < Γ^{1¯2}, Γ^{¯12},^i_2 (Γ^{1¯1} − Γ^{2¯2}) > and R^4 = R < Γ^{−1}, Γ^{−¯1}, Γ^{−2}, Γ^{−¯2} >. In addition, ImH = R < i(1 − e_{1234}), (e_{12} − e_{34}), i(e_{12} + e_{34}) > and H is spanned by the rest of the basis.

To continue first observe that Σ(K) = (Spin(1, 1) × SU(2)_L × SU(2)_R) ⋉ R^4, where Spin(1, 1) is generated by Γ^{−+}. Σ(K) has two types of orbits on P/K. One has codimension zero in ImH and the other has codimension zero in P/K. To see this, consider the orbits of SU(2)_L × SU(2)_R in ImH ⊕ H . There are three type of orbits. One orbit is an S^2 contained in ImH with stability subgroup U(1)_L × SU(2)_R, another is an S^3 contained in H with stability subgroup (SU(2)_L × SU(2)_R)/SU(2) = SU(2) and the third is a codimension two (SU(2)_L × SU(2)_R)/U(1) orbit in Im H ⊕ H . The latter orbit has representatives which have non-vanishing components in both Im H and H subspaces. However one can show that such a representative lies in the same orbit of Σ(K) as that of the S^3 using an R^4 transformation. This can be easily seen by choosing the representative of the third orbit as

iλ_1(1 − e_{1234}) + λ_2(e_{15} + e_{2345}) , λ_1, λ_2 ≠ 0 . (12.10)

Clearly an R^4 transformation along the Γ^{−6} direction will transform a representative along e_{15} + e_{2345} to the representative above. Thus Σ(K) has only two orbits, one with stability subgroup (U(1)_L × SU(2)_R) ⋉ R^4 and the other stability subgroup SU(2) in Σ(K). Therefore there are two choices for the second normal spinor each associated with the two orbits. Thus we can choose either

ϵ_2 = i(1 − e_{1234}) (12.11) which lies in ImH , or

ϵ_2 = (e_{15} + e_{1235}) (12.12)

which lies in H . So there are two dilatino Killing spinor equations to consider.

12.3.2 A1 = 0

The solution of this Killing spinor equation has been given in (3.12). Decomposing the solution in SU(2) representations as in the N = 1 case, one finds,

∂_+Φ = 0 , H_{+12} = 0 , [e_+, e_1]_n = [e_+, e_2]_n = [e_1, e_2]_n = 0 , (de_+)_{mn} = (de_1)_{mn} = (de_2)_{mn} = 0 , H_{+1}¯_1 + H_{+2}¯_2 + (de_+)_n^n = 0 . ∂¯_1Φ − 1 2 (de¯_1)_n^n − 1 2 H¯_{12}¯_2 − 1 2 H_{−+}¯_1 = 0 , ∂¯_2Φ − 1 2 (de¯_2)_p^p − 1 2 H¯_{21}¯_1 − 1 2 H_{−+}¯_2 = 0 ,

∂_{n̄}Φ + 1 2 [e_2, e¯_2]_{n̄} + 1 2 [e_1, e¯_1]_{n̄} + 1 2 [e_−, e_+]_{n̄} − 1 2 (θ_{ωI} )_{n̄} = 0 . (12.13)

In general [h, h] ⊈ h. Moreover d̃e^− ∈ u(2) and d̃e^{¯1}, d̃e^{¯2} ∈ u(2) ⊕_s Λ^{0,2}(C^2) and d̃e^+ ∈ so(4). The rotations can be restricted further if for example h is abelian. The dilaton is invariant only under e_+.

12.3.3 A(1 + e_{1234}) = A(e_{15} + e_{2345}) = 0

The solution of the latter is given in [28], see also (10.12). Expressing it in SU(2) representations, one finds

∂_+Φ = ∂_−Φ = ∂_1Φ = 0 , H_{+1}¯_1 + H_{+2}¯_2 + (de_+)_n^n = 0 , H_{−1}¯_1 − H_{+2}¯_2 − (de_−)_n^n = 0 , H_{−+}¯_1 + H¯_{12}¯_2 + (de¯_1)_n^n = − 1 2 (de_2)_{pq}ϵ^{pq} − 1 2 (de¯_2)_{p̄q̄}ϵ^{p̄q̄} ,

H_+¯_1¯_2 = 1 2 (de_+)_{pq}ϵ^{pq} , [e_+, e¯_1]_{n̄} = [e_+, e_2]_pϵ^p_{n̄} ,

H_{−1}¯_2 = − 1 2 (de_−)_{pq}ϵ^{pq} , [e_−, e_1]_{n̄} = −[e_−, e_2]_pϵ^p_{n̄} ,

H_{−+}¯_2 + H_1¯_1¯_2 = 1 2 (de_1)_{pq}ϵ^{pq} + 1 2 (de¯_1)_{pq}ϵ^{pq} , [e_−, e_+]_{n̄} + [e_1, e¯_1]_{n̄} = [e_1, e_2]_p ϵ^p_{n̄} + [e¯_1, e_2]_p ϵ^p_{n̄} ,

∂¯_1Φ − 1 4 (de_2)_{pq} ϵ^{pq} + 1 4 (de¯_2)_{p̄q̄} ϵ^{p̄q̄} = 0 , ∂¯_2Φ − 1 2 (de¯_2)_p^p − 1 4 (de¯_1)_{pq}ϵ^{pq} + 1 4 (de_1)_{pq}ϵ^{pq} = 0 ,

∂_{n̄}Φ + 1 2 [e¯_1, e_2]_pϵ^p_{n̄} − 1 2 [e_1, e_2]_pϵ^p_{n̄} + 1 2 [e_2, e¯_2]_{n̄} − 1 2 (θ_{ωI} )_{n̄} = 0 . (12.14)

There is no apparent restriction on the rotations d̃e^a unless h is abelian in which case d̃e+, d̃e−, d̃e1 ∈ su(2). The dilaton is invariant under e_+, e_− and e_1 ^∇-parallel vectors.

12.4 N=3

12.4.1 Killing spinors

There are two cases to investigate depending on the choice of the first two Killing spinors. These lead to different results, so they will be examined separately.

Suppose that ϵ_1 = 1 + e_{1234} and ϵ_2 = i(1 − e_{1234}) and K is spanned by these two spinors. After some computation one can show that Stab(K) = (Spin(1, 1) × Spin(2)_L × Spin(2)_R × Sp(1)) ⋉ R^4. To see how this acts, first write P/K = R^2 ⊕ H . Then the action of the subgroup Spin(2)_L × Spin(2)_R × Sp(1) is (x, y) −→ (Lx, ayR^{−1}) , L ∈ Spin(2)_L , a ∈ Sp(1) , R ∈ Spin(2)_R . (12.15) In particular in the basis (12.1), sp(1) = R <^i_2 (Γ^{1¯1} − Γ^{2¯2}), Γ^{1¯2}, Γ^{¯12} >, spin(2)_L = R <^i_2 (Γ^{1¯1} + Γ^{2¯2}) >, spin(2)_R = R <^i_2 (Γ^{3¯3} + Γ^{4¯4}) >, Spin(1, 1) acts with boosts in the Γ_{−+} direction and R^4 = R < Γ^{−1}, Γ^{−¯1}, Γ^{−2}, Γ^{−¯2} >. In addition, R^2 = R < e_{12} − e_{34}, i(e_{12} + e_{34}) > and H spans the rest of the directions. Observe that both Spin(2)_L and Spin(2)_R act on K. There are two type of orbits of Stab(K) in P/K, one is co-dimension zero in R^2 and the other is codimension zero in P/K. To see this, observe that the orbit of Sp(1) in H is an S^3 sphere and that Spin(2)_L ×Spin(2)_R ×Sp(1) has three types of orbits in P/K. However, the representatives of two of the orbits are related by an R^4 transformation as in the N = 2 case. Choosing representatives for the two orbits of Stab(K) in P/K the third Killing spinor can be chosen either as

ϵ_3 = i(e_{12} + e_{34}) (12.16)

or as

ϵ_3 = e_{15} + e_{2345} . (12.17)

Consequently, the dilatino Killing spinor equation becomes either

A1 = A(e_{12} + e_{34}) = 0 (12.18) or A1 = A(e_{15} + e_{2345}) = 0 (12.19)

respectively.

Next suppose that ϵ_1 = 1 + e_{1234} ϵ_2 = e_{15} + e_{2345} and that K is spanned by these two spinors. It turns out that Stab(K) = SL(2, R) × SO(3), and SL(2, R) = Spin(2, 1) acts on K with the two-dimensional representation. To see how this group acts on P/K write P/K = R^3 ⊕ R^3. Then we have (x, y) −→ (Ox, Oy)L^{−1} , O ∈ SO(3) , L ∈ SL(2, R) . (12.20) In the basis (12.1), we have that^{14} sl(2, R) = R < Γ^{−+}, Γ^{+1}, Γ^{−1} >, so(3) = R < i 2 (Γ^{3¯3} + Γ^{4¯4} − 2Γ^{2¯2}), Γ^{1¯2} − Γ^{¯1¯2} − Γ^{34}, Γ^{¯12} − Γ^{12} − Γ^{¯3¯4} >, and one of the R^3 subspaces is spanned by R^3 = R < i(e_5 − e_{12345}), e_{125} − e_{345}, i(e_{125} + e_{345}) > and the other by the rest elements of the basis.

14Γ^1 denotes the gamma matrix along the real direction 1 to distinguish it from that the complex direction 1 used for the generators of SO(3).

To find the orbits of Stab(K) consider the invariant

I = x^2y^2 − (x · y)^2 , (12.21)

where x · y is the Euclidean inner product of x and y, x^2 = x · x, and similarly for y. If I ≠ 0, there is a co-dimension one orbit (SL(2, R) × SO(3))/SO(2) represented by two non-colinear non-vanishing elements x and y. If I = 0, then either y = 0 or x = 0 or x is colinear to y. In the first two cases, the orbits are codimension zero in the first subspace R^3 or the second subspace R^3, respectively. The latter case is not independent because there is always an SL(2, R) transformation to transform ±(x, x) to an element in one of the two R^3 subspaces of P/K. Therefore there are three types of orbits to consider and the representatives can be chosen as

ϵ_3 = i(1 − e_{1234}) , (12.22) or ϵ_3 = i(e_{15} − e_{2345}) , (12.23) or ϵ_3 = i(1 − e_{1234}) + (e_{25} − e_{1345}) . (12.24)

In the latter case we have used the freedom to choose the overall scale of the Killing spinor to be one.

To give the independent Killing spinor equations, observe that ϵ_1 = 1 + e_{1234}, ϵ_2 = e_{15} + e_{2345}, ϵ_3 = i(e_{15} − e_{2345}) and ϵ_1 = 1 + e_{1234}, ϵ_2 = i(1 − e_{1234}), ϵ_3 = e_{15} + e_{2345} are related by a Spin(9, 1) transformation. Consequently, two of the above three case are related to the two cases described before. Thus the only additional independent dilatino Killing spinor equation is

A(1 + e_{1234}) = A(e_{15} + e_{2345}) = A[i(1 − e_{1234}) + e_{25} − e_{1345}] = 0 . (12.25)

12.4.2 A1 = A(e_{12} + e_{34}) = 0

The solution can be found in [28] and it can be re-expressed in SU(2) representations as

∂_+Φ = 0 , H_{+12} = H_{+1}¯_1 + H_{+2}¯_2 = 0 , [e_+, e_1]_n = [e_+, e_2]_n = [e_+, e_2]_{n̄} − [e_+, e¯_1]_pϵ^p_{n̄} = 0 , [e¯_1, e¯_2]_n + [e_1, e¯_1]_{p̄}ϵ^{p̄}_n + [e_2, e¯_2]_{p̄}ϵ^{p̄}_n = 0 , [e¯_1, e¯_2]_{n̄} = 0 , (de_+)_{pq} = (de_+)_n^n = 0 , (de¯_1)_{n̄m̄} = (de¯_2)_{n̄m̄} = 0 , 1 2 (de_2)_{n̄m̄}ϵ^{n̄m̄} + (de¯_1)_m^m = 0 , − 1 2 (de_1)_{n̄m̄}ϵ^{n̄m̄} + (de¯_2)_m^m = 0 ,

∂¯_1Φ + 1 4 (de_2)_{n̄m̄}ϵ^{n̄m̄} − 1 2 H_2¯_2¯_1 + 1 2 H_{+−}¯_1 = 0 ,

∂¯_2Φ − 1 4 (de_1)_{n̄m̄}ϵ^{n̄m̄} − 1 2 H_1¯_1¯_2 + 1 2 H_{+−}¯_2 = 0 ,

∂_{n̄}Φ + 1 2 [e¯_1, e¯_2]_pϵ^p_{n̄} − 1 2 [e_+, e_−]_{n̄} − 1 2 (θ_ω)_{n̄} = 0 . (12.26)

The dilaton is invariant only under the action of e_+, and d̃e^− ∈ su(2).

12.4.3 A1 = A(e_{15} + e_{2345}) = 0

The solution can be easily found by combining (10.12) with (3.12). Expressing the conditions in SU(2) representations, one finds

∂_+Φ = ∂_−Φ = ∂_1Φ = 0 , H_{+1}¯_1 + H_{+2}¯_2 + (de_+)_n^n = 0 , H_{−1}¯_1 − H_{−2}¯_2 − (de_−)_n^n = 0 , H_{−+}¯_1 + H¯_{12}¯_2 + (de¯_1)_n^n = 0 , H_{−1}¯_2 = − 1 2 (de_−)_{pq}ϵ^{pq} , [e_−, e_1]_{n̄} = −[e_−, e_2]_pϵ^p_{n̄} , H_{+12} = 0 , [e_+, e_1]_n = [e_+, e_2]_n = [e_1, e_2]_n = 0 , (de_+)_{pq} = (de_2)_{pq} = (de_1)_{pq} = 0 , H_{−+}¯_2 = 1 2 (de¯_1)_{pq}ϵ^{pq} − H¯_{21}¯_1 , [e_−, e_+]_{n̄} = [e¯_1, e_2]_pϵ^p_{n̄} − [e_1, e¯_1]_{n̄} ,

∂¯_2Φ − 1 2 (de¯_2)_p^p − 1 4 (de¯_1)_{pq}ϵ^{pq} = 0 ,

∂_{n̄}Φ + 1 2 [e_2, e¯_2]_n + 1 2 [e¯_1, e_2]_pϵ^p_{n̄} − 1 2 (θ_ω)_{n̄} = 0 , (12.27)

The anti-self dual part of d̃e^a, for a = −, +, 1 i.e. the (2,0)+(0,2) and hermitian trace, is entirely expressed in terms of the structure constants of h. Therefore if h is abelian the d̃e−, d̃e+, d̃e1 take values in su(2). The dilaton is invariant under four of the six parallel vectors.

12.4.4 A(1 + e_{1234}) = A(e_{15} + e_{2345}) = A[i(1 − e_{1234}) + e_{25} − e_{1345}] = 0

The solution of the first two conditions can be found in (3.12). The third condition is new. The solution of the dilatino Killing spinor equations expressed in SU(2) representations is ∂_−Φ = ∂_+Φ = ∂_1Φ = ∂_2Φ = 0 , ([e_1, e_2]_m + [e¯_1, e_2]_m)ϵ^m_{n̄} = [e_−, e_+]_{n̄} + [e_1, e¯_1]_{n̄} , ([e_1, e¯_2]_p − [e¯_1, e_2]_p)ϵ^p_{n̄} = −[e_1, e¯_1]_{n̄} + [e_2, e¯_2]_{n̄} + 2i[e_+, e¯_2]_{n̄} , i([e_−, e_2]_{m̄} − [e_−, e_1]_pϵ^p_{m̄}) = 2[e_1, e_2]_pϵ^p_{m̄} , [e_+, e¯_1]_{m̄} − [e_+, e_2]_nϵ^n_{m̄} = [e_−, e_1]_{m̄} + [e_−, e_2]_nϵ^n_{m̄} = 0 , ϵ^{mn}(de_+)_{mn} = 2H_+¯_1¯_2 , (de_+)_n^n = −H_{+1}¯_1 − H_{+2}¯_2 , ϵ^{mn}(de_−)_{mn} = −2H_{−1}¯_2 , (de_−)_n^n = H_{−1}¯_1 − H_{−2}¯_2 , (de¯_1)_n^n = −H_{−+}¯_1 − H¯_{12}¯_2 + iH_{−1}¯_2 − iH_−¯_{12} , (de_1)_{mn}ϵ^{mn} = −iH_{−1}¯_1 + iH_{−2}¯_2 , (de¯_1)_{mn}ϵ^{mn} = 2H_{−+}¯_2 + 2H¯_{21}¯_1 + iH_{−1}¯_1 − iH_{−2}¯_2 , ϵ^{mn}(de_2)_{mn} = −i(H_{−1}¯_2 − H_−¯_{12}) , (de¯_2)_n^n = −H_{−+}¯_2 − H¯_{21}¯_1 − iH_{−1}¯_1 + iH_{−2}¯_2 , ϵ^{mn}(de¯_2)_{mn} = −2H_{−+}¯_1 − 2H¯_{12}¯_2 + i(H_{−1}¯_2 − H_−¯_{12}) + 4iH_{+12} , ∂_{n̄}Φ + 1 2 [e_2, e¯_2]_{n̄} + 1 2 [e_1, e¯_1]_{n̄} + 1 2 [e_−, e_+]_{n̄} − 1 2 (θ_{ωI} )_{n̄} − [e_1, e_2]_mϵ^m_{n̄} = 0 . (12.28)

The anti-self dual part of d̃e^a is entirely expressed in terms of the structure constants of h. The dilaton is invariant under all parallel vector fields. Observe that if h is abelian, then the above conditions are the same as those that one can derive from the dilatino Killing spinor equation of N = 8 backgrounds [28], see also (12.59). So the supersymmetry enhances to^{15} N = 8.

15Note that this case, together with the subsequent cases where requiring h to be abelian implies N = 8, are exactly those which have Stab_Σ = 1.

12.5 N=4

12.5.1 Killing spinors

To begin, suppose that ϵ_1 = 1 + e_{1234}, ϵ_2 = i(1 − e_{1234}), ϵ_3 = i(e_{12} + e_{34}) and that K is spanned by these three spinors. Then, Stab(K) = (Sp(1)_L × Sp(1)_R × Spin(1, 1)) ⋉ R^4. Writing P/K = R ⊕ H , the subgroup Sp(1)_L × Sp(1)_R acts only on H as y → ayb̄, where a ∈ Sp(1)_L and b ∈ Sp(1)_R. In the basis (12.1), sp(1)_L = R <^i_2 (Γ^{1¯1} − Γ^{2¯2}), Γ^{1¯2}, Γ^{¯12} >, sp(1)_R = R <^i_2 (Γ^{1¯1} + Γ^{2¯2} − Γ^{3¯3} − Γ^{4¯4}), Γ^{¯1¯2} − Γ^{34}, Γ^{12} − Γ^{¯3¯4} >, Spin(1, 1) is generated by boosts along Γ^{+−} and the Lie algebra of R^4 is generated by R^4 = R < Γ^{−1}, Γ^{−¯1}, Γ^{−2}, Γ^{−¯2} >. In addition if the subspace R of P/K is chosen along the i(e_{12} +e_{34}) direction, H spans the rest of the directions. Using a similar argument as in previous cases, it is easy to see that Stab(K) has two types of orbits in P/K one has codimension zero in R and the other has codimension zero in P/K. So the forth Killing spinor can be chosen either as

ϵ_4 = e_{12} − e_{34} , (12.29)

or as

ϵ_4 = e_{15} + e_{2345} . (12.30)

So the dilatino Killing spinor equation is either

A1 = Ae_{12} = 0 (12.31) or A1 = A(e_{12} + e_{34}) = A(e_{15} + e_{2345}) = 0 (12.32)

Next suppose that ϵ_1 = 1+e_{1234}, ϵ_2 = i(1−e_{1234}), ϵ_3 = e_{15}+e_{2345} and that K is spanned by these three spinors. It turns out that Stab(K) = (U(1) × U(1) × Spin(1, 1)) ⋉ R^2. In the basis (12.1), u(1) ⊕ u(1) = R <^i_4 (Γ^{1¯1} − Γ^{2¯2} + Γ^{3¯3} + Γ^{4¯4}),^i_2 (Γ^{1¯1} + Γ^{2¯2}) >, Spin(1, 1) is generated by the boosts Γ^{+−} and R^2 is generated by Γ^{−1}, Γ^{−6}. Writing P/K = R^2⊕R^2⊕R, where the former R^2 is spanned by e_{12} − e_{34}, i(e_{12} + e_{34}), and the latter is spanned by e_{25} − e_{1345}, i(e_{25} + e_{1345}) and R by the remaining direction. Each U(1) acts on a R^2 with the two-dimensional representation. There are several types of orbits which can be represented by

ϵ_4 = i(e_{12} + e_{34}) , (12.33)

ϵ_4 = i(e_{15} − e_{2345}) , (12.34)

ϵ_4 = i(e_{12} + e_{34}) + i(e_{15} − e_{2345}) (12.35) and ϵ_4 = cos φ(e_{25} − e_{1345}) + i sin φ(e_{15} − e_{2345}) (12.36)

Only the latter three choices give independent new cases. The dilatino Killing spinor equations are

A1 = Ae_{15} = 0 , (12.37)

A1 = A(e_{15} + e_{2345}) = A(e_{12} + e_{34} + (e_{15} − e_{2345})) = 0 , (12.38)

A1 = A(e_{15} + e_{2345}) = A(cos φ(e_{25} − e_{1345}) + i sin φ(e_{15} − e_{2345})) = 0 , (12.39)

Suppose that ϵ_1 = 1 + e_{1234}, ϵ_2 = e_{15} + e_{2345}, ϵ_3 = i(1 − e_{1234}) + e_{25} − e_{1345} and that K is spanned by these three spinors. One can show that Stab(K) = SO(3) and acts on P/K with the symmetric traceless product of the vector representation. In the basis (12.1), so(3) = R < t_1, t_2, [t_1, t_2] >, where

t_1 = 1 4 [3Γ^{1¯2} + 3Γ^{¯12} − Γ^{¯1¯2} − Γ^{12} − Γ^{34} − Γ^{¯3¯4}] + 1 √ 2 Γ^{−6}

t_2 = i 4 [2Γ^{1¯1} + 4Γ^{2¯2} − Γ^{3¯3} − Γ^{4¯4}] − 1 √ 2 Γ^{+2} . (12.40)

From this one can easily show that the above generators satisfy the Lie algebra relations of SO(3). To identify P/K with the traceless symmetric representation, S^2_0 (R^3), first observe that SU(2) has real representations of dimensions three, four and five, and all the rest are of higher dimension. In the first two cases P/K would have been the sum of an irreducible and trivial representations. This means that P/K would have a onedimensional invariant subspace under the SO(3) action. However, one can easily show that such a subspace does not exit. Thus the only other option available is to identify P/K = S^2_0 (R^3). A direct computation in appendix C has confirmed this. There are two types of orbits of SO(3) in S^2_0 (R^3). One is a generic orbit of co-dimension two isomorphic to SO(3) and the other is a special S^2 orbit. This can be easily seen by observing that any 3 × 3 symmetric traceless matrix can be diagonalized and has two eigenvalues. If the two eigenvalues are distinct, then the symmetric matrix represent the generic orbit. If either one of the eigenvalues vanishes or their sum vanishes, then the symmetric matrix represents the special S^2 orbit. A representative of the special orbit can be identified with a spinor that is invariant under one of the generators of SO(3). Therefore, we can choose as a fourth Killing spinor either

ϵ_4 = i cos φ(e_{15} − e_{2345}) + i sin φ(e_{12} + e_{34}) (12.41)

where φ is a constant angle, or

ϵ_4 = i(e_{12} + e_{34}) . (12.42)

Thus the dilatino Killing spinor equation is either

A(1 + e_{1234}) = A(e_{15} + e_{2345}) = A(i(1 − e_{1234}) + e_{25} − e_{1345}) = A[cos φ(e_{15} − e_{2345}) + sin φ(e_{12} + e_{34})] = 0 , (12.43) or A(1 + e_{1234}) = A(e_{15} + e_{2345}) = A(i(1 − e_{1234}) + e_{25} − e_{1345}) = A(e_{12} + e_{34}) = 0 .(12.44)

The latter case is a special case of the former for sin φ = 1.

12.5.2 A1 = Ae_{12} = 0

The solution of the dilatino Killing spinor equation expressed in SU(2) representations is ∂_+Φ = 0 , H_{+αβ} = H_{+α}^α = 0 , [e_+, e_α]_i = 0 , [e_α, e_β]_i = [e_α, e^α]_i = 0 , (de_+)_{np} = (de_+)_n^n = 0 , (de_α)_{np} = (de_α)_{n̄p̄} = (de_α)_n^n = 0 , ∂_ᾱΦ − 1 2 H_{ᾱβ}^β − 1 2 H_{−+ᾱ} = 0 ,

∂_{n̄}Φ − 1 2 θ_{n̄} + 1 2 [e_−, e_+]_{n̄} = 0 , α = 1, 2 , n, p = 3, 4 , i = 3, 4, ¯3, ¯4. (12.45)

If h is not abelian, the dilaton is invariant under e_+, d̃e^−, d̃e^α ∈ su(2) but d̃e^− is not restricted. For abelian h, the dilaton is invariant under e_+, e_1, e_2.

12.5.3 A1 = A(e_{12} + e_{34}) = A(e_{15} + e_{2345}) = 0

The solution of the dilatino Killing spinor equation is

∂_−Φ = ∂_+Φ = ∂_1Φ = (∂_2 − ∂¯_2)Φ = 0 , H_{+12} = H_{+1}¯_1 + H_{+2}¯_2 = 0 , [e_1, e_2]_n = [e_+, e_1]_n = [e_+, e_2]_n = [e_1, e¯_1]_{n̄} + [e_−, e_+]_{n̄} − [e¯_1, e_2]_pϵ^p_{n̄} = 0 , [e_1, e¯_1]_{n̄} + [e_2, e¯_2]_{n̄} − [e¯_1, e¯_2]_pϵ^p_{n̄} = [e_+, e_2]_{n̄} − [e_+, e¯_1]_pϵ^p_{n̄} = [e_−, e_1]_{n̄} + [e_−, e_2]_pϵ^p_{n̄} = 0 , (de_+)_n^n = (de_+)_{pq} = 0 , H_{−1}¯_1 − H_{−2}¯_2 − (de_−)_n^n = 0 , H_{−1}¯_2 + 1 2 (de_−)_{pq}ϵ^{pq} = 0 ,

H_{21}¯_1 + H_{+−2} + 1 2 ϵ^{m̄n̄}(de_1)_{m̄n̄} = (de_1)_{mn} = (de¯_1)_n^n + H_{−+}¯_1 + H¯_{12}¯_2 = 0 ,

H_{+−}¯_1 − H¯_{12}¯_2 + 1 2 ϵ^{m̄n̄}(de_2)_{m̄n̄} = H_{21}¯_1 + H_{+−2} + (de¯_2)_p^p = (de_2)_{mn} = 0 , , 2∂¯_2Φ + H_{+−2} + H_{+−}¯_2 + H_{21}¯_1 − H¯_{21}¯_1 = 0 , 2∂_{n̄}Φ + [e_1, e¯_1]_{n̄} + [e_2, e¯_2]_{n̄} − [e_+, e_−]_{n̄} − (θ_ω)_{n̄} = 0 . (12.46)

The dilaton is invariant under five parallel vector field. Moreover d̃e^− ∈ su(2) and the anti-self dual part of d̃e^+, d̃e^1 and d̃e^2 are determined in terms of the structure constants of h. So if h is abelian, all rotations are in su(2). In addition Φ is invariant under all parallel vectors fields. As a consequence, there is supersymmetry enhancement to N = 8.

12.5.4 A1 = Ae_{15} = 0

The solution in SU(2) representations is

∂_+Φ = ∂_−Φ = ∂_1Φ = 0 , H_{−1}¯_2 = H_{+12} = H_{−+}¯_2 + H¯_{21}¯_1 = 0 , (de_+)_{np} = 0 , (de_+)_n^n + H_{+2}¯_2 + H_{+1}¯_1 = 0 , (de_−)_{np} = 0 , H_{−1}¯_1 − H_{−2}¯_2 − (de_−)_n^n = 0 , (de¯_1)_{np} = (de_1)_{np} = 0 , (de¯_1)_n^n + H¯_{12}¯_2 + H_{−+}¯_1 = 0 , (de_2)_{np} = 0 , [e_−, e_+]_{n̄} + [e_1, e¯_1]_{n̄} = 0 , [e_+, e_2]_n = [e_+, e_1]_n = [e_−, e_2]_n = [e_−, e¯_1]_n = [e¯_1, e_2]_n = [e_1, e_2]_n = 0 ∂¯_2Φ − 1 2 (de¯_2)_n^n = 0 , ∂_{n̄}Φ − 1 2 θ_{n̄} + 1 2 [e_2, e¯_2]_{n̄} = 0 . (12.47)

The dilaton is invariant under e_+, e_− and e_1. Moreover d̃e^a ∈ u(2), a = −, +, 1, 2. For the first three rotations, the hermitian trace depends on the structure constants of h. Consequently even if h is abelian, the hermitian trace of d̃e^2 does not vanish. There is no supersymmetry enhancement to N = 8.

12.5.5 A1 = A(e_{15} + e_{2345}) = A(e_{12} + e_{34} + (e_{15} − e_{2345})) = 0

The solution for the first three Killing spinor equations is given in (12.27). The forth Killing spinor equation gives the additional constraints

(de_+)_m^m = −2H¯_{21}¯_1 − 2H_{−+}¯_2 = 2(de¯_2)_m^m , ϵ^{m̄n̄}(de_2)_{m̄n̄} = 4H_−¯_{12} + 2H_{−+}¯_1 + 2H¯_{12}¯_2 , [e¯_1, e¯_2]_pϵ^p_{n̄} = [e_1, e¯_1]_{n̄} + [e_2, e¯_2]_{n̄} + 2[e_−, e¯_2]_{n̄} , [e_+, e_2]_{m̄} + ϵ_{m̄}^p[e_+, e¯_1]_p = 2[e_−, e_+]_{n̄} + 2[e_1, e¯_1]_{n̄} . (12.48)

Note that these conditions together with (12.27) imply that ∂_2Φ = 0. Therefore the dilaton is invariant under all parallel vector fields. The anti-self dual part of d̃e^a, for a = −, +, 1, 2 is entirely expressed in terms of the structure constants of h. Hence, if h is abelian then d̃e^a takes values in su(2) and supersymmetry enhances to N = 8.

12.5.6 A1 = A(e_{15} + e_{2345}) = A(cos φ(e_{25} − e_{1345}) + i sin φ(e_{15} − e_{2345})) = 0

The solution for the first three Killing spinor equations is given in (12.27) while the forth implies the additional constraints

H_{−1}¯_2 = H_−¯_{12} , cos φ(de_−)_n^n − i sin φ(H_{−1}¯_2 + H_−¯_{12}) = 0 , (de¯_2)_m^m + H¯_{2−+} + H¯_{21}¯_1 = 0 , cos φ(^1_2 (de¯_2)_{mn}ϵ^{mn} + H¯_{1−+} + H¯_{12}¯_2) − 2i sin φ(H_{−+}¯_2 + H¯_{21}¯_1) = 0 , cos φ([e_2, e¯_2]_{m̄} + [e_−, e_+]_{m̄} − [e_1, e¯_2]_pϵ^p_{m̄}) − 2i sin φ([e_−, e_+]_n − [e_1, e¯_1]_n)ϵ^n_{m̄} = 0 , cos φ(−[e_−, e_2]_{m̄} + [e_−, e_1]_pϵ^p_{m̄}) − 2i sin φ[e_−, e_1]_{m̄} = 0 , (12.49)

where we have assumed that cos φ and sin φ do not vanish. In the special case in which sin φ = 0, the fourth Killing spinor equation gives the additional constraints

H_{−1}¯_2 = H_−¯_{12} , (de_−)_n^n = 0 , (de¯_2)_m^m + H¯_{2−+} + H¯_{21}¯_1 =^1_2 (de¯_2)_{mn}ϵ^{mn} + H¯_{1−+} + H¯_{12}¯_2 = 0 , [e_2, e¯_2]_{m̄} + [e_−, e_+]_{m̄} − [e_1, e¯_2]_pϵ^p_{m̄} = −[e_−, e_2]_{m̄} + [e_−, e_1]_pϵ^p_{m̄} = 0 . (12.50)

The additional constraints from the fourth Killing spinor equation imply both in the generic and in the special case that ∂_2Φ = 0. Therefore we conclude that in both cases the dilation is invariant under all parallel vectors e_a. The anti-self dual part of all rotations d̃e^a depends on the structure constants of h. Therefore if h is abelian, then d̃e^a is self-dual, i.e. takes values in su(2). In such a case, supersymmetry enhances to N = 8.

12.5.7 A(1 + e_{1234}) = A(e_{15} + e_{2345}) = A(i(1 − e_{1234}) + e_{25} − e_{1345}) = A[cos φ(e_{15} − e_{2345}) + sin φ(e_{12} + e_{34})] = 0

The solution for the first three Killing spinor equations has been given in (12.28). In addition, the (generic) fourth Killing spinor equation, assuming both sin φ and cos φ do not vanish, gives the additional constraints

H_{−1}¯_2 − H_−¯_{12} = H_{+12} + H_+¯_1¯_2 = 0 , H_{−+2} + H_{−+}¯_2 + H¯_{21}¯_1 − H_{21}¯_1 + i(H_{−1}¯_1 − H_{−2}¯_2) = 0 , sin φ(H_{+1}¯_1 + H_{+2}¯_2) − cos φ(H_{−+}¯_2 − H_{−+2} + H¯_{21}¯_1 + H_{21}¯_1) = 0 , cos φ(H_{−1}¯_2 + H_−¯_{12}) + sin φ(−H_{12}¯_2 + H¯_{12}¯_2 + H_{−+1} + H_{−+}¯_1) = 0 , sin φ([e¯_1, e¯_2]_m + [e_1, e_2]_m − ϵ_m^{n̄}([e_1, e¯_1]_{n̄} + [e_2, e¯_2]_{n̄})) − 2 cos φ[e_−, e¯_1]_m = 0 , sin φ([e_+, e_2]_{m̄} + ϵ_{m̄}^p[e_+, e¯_1]_p) − 2 cos φ[e¯_1, e_2]_pϵ^p_{m̄} = 0 . (12.51)

Moreover for the special orbit that corresponds to sin φ = 1, we find that the solution to fourth Killing spinor equations is

H_{+1}¯_1 + H_{+2}¯_2 = H_{+12} + H_+¯_1¯_2 = 0 , H_{−+2} + H_{−+}¯_2 + H¯_{21}¯_1 − H_{21}¯_1 + i(H_{−1}¯_1 − H_{−2}¯_2) = 0 , −H_{12}¯_2 + H¯_{12}¯_2 + H_{−+1} + H_{−+}¯_1 − i(H_{−1}¯_2 − H_−¯_{12}) = 0 , [e¯_1, e¯_2]_m + [e_1, e_2]_m − ϵ_m^{n̄}([e_1, e¯_1]_{n̄} + [e_2, e¯_2]_{n̄}) = 0 , [e_+, e_2]_{m̄} + ϵ_{m̄}^p[e_+, e¯_1]_p = 0 . (12.52)

It is easy to see that the conditions in both cases restrict the commutators of the vectors fields e_a and the structure constants of h. As in the (12.28), the anti-self dual part of d̃e^a is entirely expressed in terms of the structure constants of h, and the dilaton is invariant under all parallel vector fields. As a consequence, if h is abelian, supersymmetry enhances to N = 8.

12.6 N=5

12.6.1 Killing spinors

In this case, it is more convenient to use the gauge symmetry to determine the normals to the Killing spinors. The correspondence N ↔ 8 − N suggests that the normals can be chosen in a way similar to the Killing spinors for N = 3 backgrounds. In turn these can be used to find the Killing spinors of the theory. In particular as for N = 3 supersymmetric backgrounds, there are three cases to consider.

12.6.2 A1 = A(e_{15} + e_{2345}) = Ae_{12} = 0

The solution of the Killing spinor equations is

∂_+Φ = ∂_−Φ = ∂_1Φ = ∂_2Φ = 0 , ∂_{n̄}Φ −^1_2 (θ_{ωI} )_{n̄} +^1_2 [e_−, e_+]_{n̄} = 0 , H_{+12} = H_{+1}¯_1 + H_{+2}¯_2 = H_{−+}¯_1 + H¯_{12}¯_2 = H_{−+}¯_2 + H¯_{21}¯_1 = 0 , [e_+, e_1]_m = [e_+, e_2]_m = [e_+, e_1]_{m̄} = [e_+, e_2]_{m̄} = [e_−, e_1]_{n̄} + [e_−, e_2]_mϵ^m_{n̄} = 0 , [e_1, e_2]_{m̄} = [e_1, e¯_1]_m + [e_2, e¯_2]_m = [e_−, e_+]_{m̄} + [e_1, e¯_1]_{m̄} − [e¯_1, e_2]_pϵ^p_{m̄} = 0 , (de_+)_{mn} = (de_+)_n^n = 0 , (de_−)_n^n − H_{−1}¯_1 + H_{−2}¯_2 =^1_2 ϵ^{mn}(de_−)_{mn} + H_{−1}¯_2 = 0 , (de_1)_{mn} = (de¯_1)_{mn} = (de_1)_n^n = 0 , (de_2)_{mn} = (de¯_2)_{mn} = (de_2)_n^n = 0 . (12.53)

The dilaton is invariant under all parallel vector field e_a. Moreover d̃e^a, a = −, +, 1, is self-dual, i.e. takes values in su(2), while d̃e^2 takes values in u(2). The hermitian trace of the latter depends on the structure constants of h. Therefore if h is abelian, there is supersymmetry enhancement to N = 8.

12.6.3 A1 = A(e_{12} + e_{34}) = Ae_{15} = 0

The solution to the Killing spinor equations is

∂_+Φ = ∂_−Φ = ∂_1Φ = ∂_2Φ = 0 , ∂_{n̄}Φ −^1_2 (θ_{ωI} )_{n̄} +^1_2 [e_2, e¯_2]_{n̄} = 0 , H_{+12} = H_{+1}¯_1 + H_{+2}¯_2 = H_{−1}¯_2 = H_{−+}¯_2 + H¯_{21}¯_1 = 0 , [e_+, e_1]_m = [e_+, e_2]_m = [e_+, e_2]_{m̄} + ϵ_{m̄}^n[e_+, e¯_1]_n = [e_−, e_1]_{n̄} = [e_−, e_2]_m = 0 , [e_1, e_2]_m = [e¯_1, e_2]_m = [e_1, e¯_1]_{m̄} + [e_2, e¯_2]_{m̄} + ϵ_{m̄}^p[e¯_1, e¯_2]_p = [e_−, e_+]_{m̄} + [e_1, e¯_1]_{m̄} = 0 , (de_+)_{mn} = (de_+)_n^n = 0 , (de_−)_n^n − H_{−1}¯_1 + H_{−2}¯_2 = (de_−)_{mn} = 0 , (de_1)_{mn} = (de¯_1)_{mn} = (de¯_1)_n^n + H_{−+}¯_1 + H¯_{12}¯_2 = 0 , (de_2)_{mn} =^1_2 (de_2)_{m̄n̄}ϵ^{m̄n̄} − H_{−+}¯_1 − H¯_{12}¯_2 = (de_2)_n^n = 0 . (12.54)

The dilaton is invariant under all parallel vector field e_a, and d̃e^− is self-dual. Moreover d̃ea, a = +, 1 takes values in u(2), where the hermitian trace depends on the structure constants of h. Similarly all the anti-self-dual components d̃e^2 depend on the structure constants of h. Therefore if h is abelian, there is supersymmetry enhancement to N = 8.

12.6.4 A1 = Ae_{15} = A(e_{25} − e_{1345} + i(e_{12} + e_{34})) = 0

The first four Killing spinor equations give the conditions (12.47), while the fifth implies the additional constraints

(de_−)_n^n − (de_+)_n^n = (de_1)_n^n − (de¯_1)_n^n = (de_2)_n^n = 0 , 1 2 (de_2)_{m̄n̄}ϵ^{m̄n̄} + (de_1)_n^n − i(de_−)_n^n = 0 , −[e_−, e¯_2]_m + [e_−, e¯_1]_{p̄}ϵ^{p̄}_m − i([e¯_1, e¯_2]_m − ϵ_m^{n̄}([e_1, e¯_1]_{n̄} + [e_2, e¯_2]_{n̄}) = 0 , −[e_+, e_1]_{m̄} + ϵ_{m̄}^p[e_+, e¯_2]_p + i(−[e_1, e¯_1]_{n̄} + [e_2, e¯_2]_{n̄} − [e_1, e¯_2]_pϵ^p_{m̄}) = 0 . (12.55)

Note that the above conditions together with those in (12.47) imply that ∂_2Φ = 0. Therefore the dilaton is invariant under all parallel vector fields e_a. Moreover d̃e^a, a = −, +, 1, take values in u(2), and the hermitian traces depend on the structure constants of h. Similarly the anti-self dual part of d̃e^2 depends on the structure constants of h. So again there is supersymmetry enhancement to N = 8, if h is abelian.

12.7 N=6

12.7.1 Killing spinors

As in the N = 5 case, we use the gauge symmetry to determine the normals to the Killing spinors. Comparing with the N = 2 case, we conclude that there are two different possibilities.

12.7.2 A1 = Ae_{15} = Ae_{12} = 0

The solution of the dilatino Killing spinor equation is

∂_−Φ = ∂_+Φ = ∂_1Φ = ∂_2Φ = 0 , H_{+−}¯_1 − H¯_{12}¯_2 = H_{+−}¯_2 − H¯_{21}¯_1 = H_{+1}¯_1 + H_{+2}¯_2 = H_{+12} = H_{−1}¯_2 = 0 , [e_1, e_2]_{m̄} = [e_1, e_2]_m = [e_1, e¯_2]_{m̄} = [e_+, e_−]_{n̄} − [e_1, e¯_1]_{m̄} = [e_1, e¯_1]_{m̄} + [e_2, e¯_2]_{m̄} = 0 ,

[e_+, e_1]_m = [e_+, e_2]_m = [e_+, e_1]_{m̄} = [e_+, e_2]_{m̄} = 0 , [e_−, e_1]_{m̄} = [e_−, e_2]_m = 0 , (de_+)_n^n = (de_+)_{mn} = (de_−)_n^n − H_{−1}¯_1 + H_{−2}¯_2 = (de_−)_{mn} = 0 , (de_1)_n^n = (de_1)_{mn} = (de_1)_{m̄n̄} = 0 , (de_2)_n^n = (de_2)_{mn} = (de_2)_{m̄n̄} = 0 , ∂_{n̄}Φ −^1_2 (θ_{ωI} )_{n̄} + [e_−, e_+]_{n̄} = 0 . (12.56)

Clearly the dilaton is invariant under all parallel vectors e_a. Moreover d̃e^a, a = −, 1, 2 take values in su(2), while d̃e^+ takes values in u(2). The hermitian trace of the latter is determined by the structure constant of h. So there is supersymmetry enhancement to N = 8, if h is abelian.

12.7.3 A1 = Ae_{15} = A(e_{25} − e_{1345}) = A(e_{12} + e_{34}) = 0

The solution of this Killing spinor equation is given in (12.54) and supplemented with the conditions

(de_−)_n^n = (de_1)_n^n − (de¯_1)_n^n = 0 , −[e_−, e¯_2]_m + [e_−, e¯_1]_{p̄}ϵ^{p̄}_m = −[e_1, e¯_1]_{n̄} + [e_2, e¯_2]_{n̄} − [e_1, e¯_2]_pϵ^p_{m̄} = 0 . (12.57)

The dilaton is invariant under all parallel vector fields e_a. Moreover d̃e^a, a = −, +, take values in su(2), and d̃e^1 takes values in u(2) with the hermitian trace to depend on the structure constants of h. Similarly the anti-self dual part of d̃e^2 depends on the structure constants of h. So again there is supersymmetry enhancement to N = 8, if h is abelian.

12.8 N=7

12.8.1 A1 = Ae_{15} = Ae_{12} = A(e_{25} − e_{1345}) = 0

The solution is given by (12.56) with the additional constraints

(de_−)_m^m = 0 , [e_−, e_2]_{m̄} − [e_−, e_1]_pϵ^p_{m̄} = [e_−, e_+]_{m̄} −^1_2 [e_1, e¯_2]_pϵ^p_{m̄} = 0 , (12.58)

It is straightforward to see that the difference between the solution of the dilatino Killing spinor equation for N = 7 backgrounds and that of N = 8 backgrounds, see [28] and (12.59) below, is that in the former case the commutators [e_−, e_2]_i and [e_−, e_+]_i do not vanish. Therefore if [h, h] ⊆ h, then the N = 7 backgrounds admit eight supersymmetries. We will discuss the case [h, h] ⊈ h in section 12.10.

12.9 Comparison with N=8

The solutions to the dilatino Killing spinor equation are [28]

∂_aΦ = 0 , (de_a)_n^n = 0 , (de_a)_{mn} = 0 ,

[e_a, e_b]_i = 0 , H_{a1a2a3} + 1 3! ϵ_{a1 a2a3}^{b1b2b3} H_{b1b2b3} = 0 , 2∂_{n̄}Φ − (θ_{ωI} )_{n̄} = 0 , (12.59)

where ϵ_{+−1}¯_{12}¯_2 = −1. In particular h = R < e_a >, [h, h] ⊆ h and spans a self-dual Lorentzian Lie algebra. As has been already mentioned, these have been classified in [45].

It is clear that the differences between N = 8 and 1 ≤ N < 8 supersymmetric backgrounds lie in the invariance properties of the dilaton under the action of the parallel vector field, the properties of the commutator [h, h] and the values of the rotations d̃e^a in su(2)^⊥ ⊂ Λ^2(R^4). All the different cases can be characterized in terms of these three criteria. However unlike the cases with parallel spinors that admit a non-compact isotropy group, the comparison is much more involved. In the case by case analysis we have presented, we have not used the fact that there is a classification of Lorentzian metric Lie groups. In particular, this may impose some additional conditions on the structure constants of h that arise from the Jacobi identities. In turn, this may lead to some additional simplifications to the solutions of the dilatino Killing spinor equations. We shall investigate this aspect elsewhere.

12.10 Reduction of holonomy

As in the investigation of the holonomy reduction in previous cases, we assume that dH = 0, hol( ^∇) ⊆ SU(2) and use the field equations to identify the additional ^∇- parallel forms. As before either [h, h] ⊆ h or hol( ^∇) ⊂ SU(2). Similarly, one can show that the H_{abc} are constant and they can be identified with the structure constants of h.

In fact, in this case the constraints that arise from [h, h] ⊈ h are particularly strong. Suppose there is some component H_{abi} = −[X_a, X_b]_i non-vanishing. Since it is parallel with respect to ^∇ the supercurvature has to satisfy the integrability condition

R̂_{AB,i}^j H_{abj} = 0 , (12.60)

One can show that this implies the vanishing of R̂ in the following way. First suppose that either H_{ab3} or H_{ab4} vanishes. Then the above constraint readily implies the vanishing of the supercurvature. If both components of H_{abi} are non-vanishing, one can show that the supercurvature has to satisfy

−R̂_{AB,3}¯_4R̂_{AB,}¯_{34} = −R̂_{AB,3}¯_3R̂_{AB,}¯_{44} . (12.61)

The left hand side is non-positive while the right hand side is non-negative (using the fact that R̂ takes values in SU(2)) and hence the supercurvature has to vanish. We conclude that in the SU(2) case either [h, h] ⊆ h or hol( ^∇) = 1.

Furthermore,

τ_1 = iH_{ap}^p e^a (12.62)

is ^∇-parallel. Since e^a are also ^∇-parallel iH_{ap}^p = u_a are constants. Similarly one can show that

τ^a_2 = 1 2 H^a_{pq}e^p ∧ e^q , (12.63)

are also ^∇-parallel. In this case, one can set

τ^a_2 = λ^a ω^{2,0}_J , λ^a ∈ C . (12.64)

Using similar arguments to those we have made for the G_2 case, one can also show that

τ_3 = ∂_aΦ e^a (12.65) and τ_4 = (2∂_iΦ − (θ_{ωI} )_i) e^i (12.66)

are ^∇-parallel. Since e^a are also ^∇-parallel, ∂_aΦ = v_a are constants. Similarly, either τ_4 = 0 or hol( ^∇) ⊂ SU(2).

Let us now turn to investigate some of the implications that the above parallel forms have for supersymmetric backgrounds. As can be seen from the conditions for N = 8 backgrounds, dH = 0, hol( ^∇) = SU(2) and the field equations are not sufficient to imply the dilatino Killing spinor equations from the gravitino ones. In particular, one has to impose in addition τ_1 = τ_2 = τ_3 = 0. Moreover, a direct inspection of the conditions for the descendants with N < 7 reveals that they may be solutions with hol( ^∇) = SU(2). All such solutions are principal bundles over a four-dimensional manifold. However the base manifold may not admit an SU(2)-structure.

For N = 7 we found that if [h, h] ⊆ h this would reduce to the N = 8 case. However, due to the above integrability condition (12.60), if [h, h] ⊈ h the holonomy of ^∇ reduces to the identity. As mentioned before and as will be discussed in section 13, such backgrounds preserve at least 8 supersymmetries. This arises as a consequence of the conditions dH = R̂ = 0 and the dilatino Killing spinor equation [32, 31]. This case is reminiscent of type II backgrounds with 31 supersymmetries [34, 36, 35].

13 The descendants of 1

The Killing spinor equation implies that R̂ = 0 and so the spacetime is parallelizable. In addition one can argue that dH = 0. This is certainly the case in the lowest order in α^′. The Bianchi identity of H receives anomaly contributions from the gravitational sector and the gauge sector. The gravitational contribution can be expressed in terms of Ř where Ř can be found from R̂ after setting H to −H. Now if dH = 0, R̂_{AB,CD} = Ř_{CD,AB} and since R̂ = 0 for these backgrounds, the gravitational contribution to the anomaly vanishes. The gauge contribution also vanishes if we assume that all parallel spinors also solve the gaugino Killing spinor equation. Parallelizable supersymmetric backgrounds with dH ≠ 0 have been investigated in [31].

The dilatino Killing spinor equation imposes additional conditions on the spacetime. There are two cases to consider depending on whether or not the one-form dΦ is null. Suppose that dΦ is not null and |dΦ|^2 ≠ 0. In this case, one can show that the dilatino Killing spinor equation [32, 31] implies that Π = 1 2 + ∂_M ΦH_{NP Q}Γ^{MNP Q} 24|dΦ|^2 , (13.1) is a projector, Π^2 = Π. Since tr Π = 8, backgrounds with dH = R̂ = 0 and |dΦ| ≠ 0 preserve at least half of the supersymmetry. Moreover one can also show that dΦ is ∇- parallel, spacelike and i_{dΦ}H = 0, see e.g [32, 28]. All these are linear dilaton backgrounds. Moreover dΦ spans a flat direction orthogonal to the rest of spacetime.

On the other hand if |dΦ| = 0, i.e. either dΦ is null or dΦ = 0, then H is null. If dΦ ≠ 0, then using the condition i_{dΦ}H = 0 one can show that these backgrounds preserve at least eight supersymmetries. In the following we confirm the results of [31].

13.1 N=8

The solutions for which |dΦ| ≠ 0 have been classified and have been found to be isometric to AdS_3 × S^3 × S^3 × R , AdS_3 × S^3 × R^4 , R^{1,1} × SU(3) , R^{3,1} × S^3 × S^3 , R^{6,1} × S^3 , CW_4 × S^3 × R^3 , CW_6 × S^3 × R , (13.2)

where CW stands for Cahen-Wallach spaces. In fact it turns out that the full content of the dilatino Killing spinor equation is the projection Πϵ = ϵ. So these backgrounds preserve precisely 8 supersymmetries.

On the other hand if |dΦ| = 0, dΦ ≠ 0, it has been shown that the spacetime is isometric to

CW_{10} , CW_8 × R^2 , CW_6 × R^4 , CW_4 × R^6 , R^{9,1} . (13.3)

The eight Killing spinors can be chosen, up to a gauge transformation, to satisfy Γ^+ϵ = 0. A basis in the space of these Killing spinors is (e_{α5}, e_{αβγ5}), i.e. these Killing spinors span the Δ^−_8 representation of Spin(8). All these backgrounds can be thought of as degenerations of CW_{10}. The only non-vanishing component of the flux is

H = e^+ ∧ β , β = 1 2 β_{ij}e^i ∧ e^j , (13.4)

and the dilaton is linear. The form β is a generic element in Λ^2(R^8) = spin(8). The Maurer-Cartan structure equations of the Cahen-Wallach group manifolds are

de^+ = 0 , de^− = 1 2 β_{ij} e^i ∧ e^j , de^i = −β^i_je^+ ∧ e^j . (13.5)

The backgrounds with N > 8 supersymmetries are special cases of such backgrounds with constant dilaton and appropriate restrictions on β.

13.2 N= 10

To begin observe that Σ(K) = Spin(1, 1) × Spin(8). The additional Killing spinor lies in Δ^+_8 . Using a similar argument to that we have applied to determine the descendants in the R^8 case, the Killing spinor can be chosen as

ϵ_9 = 1 + e_{1234} . (13.6)

The dilatino Killing spinor equation gives

∂_+Φ = 0, H_{+α}^α = 0, H_{+αβ} −^1_2 ϵ_{αβ}^{γ̄δ̄}H_{+γ̄}¯_δ = 0 . , (13.7)

Therefore for such backgrounds, we have found that

Φ = const , β ∈ spin(7) . (13.8)

Since β is constant and Spin(7) acts on the remaining spinors with the vector representation, the dilatino Killing spinor equation β_{ij}Γ^{ij} ϵ = 0 has another solution. This is because an element of SO(2k + 1) acting of R^{2k+1} leaves an axis invariant. The stability subgroup in this case is SU(4) = Spin(6). Therefore, there is supersymmetry enhancement to N = 10. The second spinor can be chosen as

ϵ_{10} = i(1 − e_{1234}) (13.9)

and β ∈ su(4). These backgrounds are the special cases of Cahen-Wallach space-times that have two additional supersymmetries [31]. Therefore there are no isolated backgrounds with N = 9 supersymmetry. However deformations families of N = 10 backgrounds which can be constructed by allowing β to take values in spin(7) have N = 9 supersymmetries.

13.3 N=12

Applying the same arguments as in the R^8 case, we can choose an additional solution of the dilatino Killing spinor equation β_{ij}Γ^{ij} ϵ = 0 as ϵ_{11} = i(e_{12} + e_{34}). The stability subgroup is Sp(2) = Spin(5). Again Sp(2) acts with the vector representation on the remaining spinors and so there is an additional Killing spinor which can be chosen as ϵ_{12} = e_{12} − e_{34} with stability subgroup Spin(4) and so

β ∈ spin(4) = su(2) ⊕ su(2) . (13.10)

Again there are no backgrounds with N = 11 supersymmetries. Moreover the components of β for N > 8 are those of H_{+ij} found for the corresponding descendants of the R^8.

13.4 N=14

It can be arranged such that the next solution of the dilatino Killing spinor equation is ϵ_{13} = e_{13} + e_{24} with stability subgroup Spin(3) which again acts on the remaining three spinors with the vector representation. Therefore there is an addition Killing spinor which can be chosen ϵ_{14} = i(e_{13} − e_{24}). Moreover

β ∈ su(2) . (13.11)

13.5 N=16

There no backgrounds with N = 15 supersymmetries, see e.g [35]. The backgrounds with N = 16 supersymmetries are isometric to Minkowski spacetime [37].

14 Concluding remarks

We have solved, using the spinorial geometry technique of [29], the Killing spinor equations for all supersymmetric type I backgrounds. In particular, we utilized the gauge symmetry of the Killing spinor equations of the theory to construct representatives for the Killing spinors in all cases. We have approached the problem by first solving the gravitino Killing spinor equation whose solutions are parallel spinors with respect to a metric connection, ^∇, with torsion a three-form H. The solutions have been characterized by the isotropy group of the spinors in Spin(9, 1). Then in each case, we have used as gauge symmetry the subgroup Σ(P) of Spin(9, 1) that leaves invariant the space of parallel spinors P to find representatives for the solutions of the dilatino Killing spinor equation for the descendant backgrounds. The Killing spinors are characterized by the isotropy group of the associated parallel spinors and their stability subgroup in Σ(P).

There are two classes of supersymmetric backgrounds depending on whether the isotropy group of the parallel spinors is compact K or non-compact K ⋉ R^8. In the latter case, all backgrounds admit a null ^∇-parallel vector field. Moreover, their geometries can be characterized in terms of the properties of the rotation of the parallel vector field and those of endomorphisms of the tangent bundle that behave as almost complex structures on the transverse directions to the light-cone. In particular, the geometries depend on the integrability of these endomorphisms and on a relation between their Lee forms. In addition the Gray-Hervella class W_2 vanishes for all the endomorphisms. We have also shown that if one imposes dH = 0 and the field equations, then the holonomy of ^∇ reduces for all the descendant backgrounds. This is because the spacetime admits more parallel forms than those allowed by the holonomy of ^∇. Moreover, under the same assumptions, if one insists that the holonomy of ^∇ is precisely the isotropy group of the parallel spinors, then the gravitino Killing spinor equation implies the dilatino one and all parallel spinors are Killing. These are the backgrounds explored in [28].

On the other hand if the isotropy group of the parallel spinors is compact, i.e. G_2, SU(3), SU(2) and {1}, then the spacetime admits, 3, 4, 6 and 10 ^∇-parallel vector fields, respectively. In addition all the invariant forms associated with these groups are also ^∇-parallel. The geometry of the backgrounds depends on the properties of the rotation of the parallel vector fields and their commutators, the integrability conditions of the endomorphisms invariant under the above groups, and the relation between the Lee forms of the remaining ^∇-parallel forms. In addition W_2 = 0 vanishes for all endomorphisms associated with the invariant Hermitian forms. The pattern of relations between the various tensors that characterize the geometry is more involved in this case. We have also shown that if dH = 0 and the field equations are satisfied, then in many cases there are additional parallel forms on the spacetime than those allowed by the holonomy groups. Therefore if these additional forms do not vanish, the holonomy reduces. Hence, if one insists that the holonomy of ^∇ is precisely the isotropy group of the parallel spinors, this imposes additional conditions on the existence of descendants. In particular, this would imply that the vector space spanned by ^∇-parallel vector fields closes under Lie brackets and many terms in the solution of dilatino Killing spinor equation for the descendants would vanish. However unlike the non-compact case, there are descendants with holonomy precisely the isotropy group of the parallel spinors.

As we have already mentioned, the assumption that the holonomy of ^∇ is precisely the isotropy group of the parallel spinors puts strong conditions on the existence of most descendants. However, one may allow the holonomy of ^∇ to be reduced. In some of the cases, this will imply enhancement of supersymmetry but not always. We have shown that the N = 7 descendant of SU(2) always admits an additional supersymmetry and so it can be identified with the N = 8 backgrounds. The full pattern or web of reductions is rather involved and it may be worth a systematic investigation. There are additional conditions on the geometry that we have not investigated. For example, there is a classification of Lorentzian Lie groups [33] and so a priori there are additional conditions on the structure constants of the Lie algebra of the parallel vectors. These have not been implemented in the analysis of the descendants. This mostly affects the descendants of the SU(2) case and the results will be reported elsewhere [46].

So far we have investigated the geometry of supersymmetric backgrounds. A natural question arises whether all solutions can be classified. If a background admits Killing spinors with a non-compact isotropy group, then from the results of [28], dH = 0, the Killing spinor equations, and the vanishing of E_{−−} and LH_{−+} components of the Einstein and two-form gauge potential field equations, respectively, imply that all field equations are satisfied. Similarly, if a background admits Killing spinors with a compact isotropy group, then the Killing spinor equations and dH = 0 imply all field equations. However despite these simplifications, it is unlikely that all the solutions can be classified in full generality in the near future. This is because such a task is related to other classic classification problems like for example those of G_2 and Spin(7) manifolds that remain unresolved. Nevertheless some classes of solutions can be understood better. One such class is that of compactifications of type I supergravities with fluxes. It is clear that some backgrounds with N, N = 1, 2, 3, 4, 5, 6, 8, parallel spinors which have a noncompact isotropy group can serve as the vacuum configurations of compactification of type I to 1 + 1 dimensions. This is confirmed by the property of Σ(P) to be isomorphic to Spin(1, 1) × R where R and be thought of as an R-symmetry group of the 1 + 1 supergravity. A similar observation can be made for backgrounds with parallel spinors which have compact isotropy groups. In particular backgrounds with parallel spinors that have G_2, SU(3) and SU(2) isotropy groups can be used for compactifications to 2 + 1-, 3 + 1- and 5 + 1-dimensions. The Σ(P) group has the appropriate structure. It is also possible to go beyond the vacuum configurations and compare supersymmetric solutions of type I supergravity with those of lower dimensional supergravities that are related via a compactification. This will give an insight into how supersymmetric solutions are related in a compactification scenario.

One may also wonder whether the classification of geometries of all supersymmetric backgrounds in type I supergravity can be extended to those of type II supergravities. The nature of the problem in type II is different. This is because the gauge group of the Killing spinor equations in type II supergravities is a proper subgroup of the holonomy group of the supercovariant connection. This, and its consequences, have been explained in detail in the conclusions of [44] and we shall not repeat the analysis here. Nevertheless the results of this paper can be adapted to solve the algebraic Killing spinor equations of type II supergravities provided that a solution of the gravitino Killing spinor equation is known. In particular the group Σ(P) that preserves the space of parallel spinors can again be introduced and then it can be used to find representatives for the solutions of the algebraic Killing spinor equations. Clearly, this can be applied in type IIA and IIB supergravities and well as in other supergravities in lower dimensions.

Acknowledgements

Part of this project was done while U.G. was a post-doc at K.U. Leuven, Belgium, where he was funded by the Research Foundation K.U. Leuven. In addition, he is presently funded by the Swedish Research Council. D.R. is supported by the European EC-RTN project MRTN-CT-2004-005104, MCYT FPA 2004-04582-C02-01 and CIRIT GC 2005SGR-00564. P.S. is supported by a PPARC studentship.

Appendix A Geometric structures

A.1 Compact stability subgroup

To determine the geometry of supersymmetric backgrounds, one has to understand the different geometric structures that can occur. For parallel spinors with compact stability subgroups K in Spin(9, 1), and so hol( ^∇) ⊆ K, the spacetime admits one time-like and n = 2 or 3 or 5 or 9 spacelike ^∇-parallel vectors fields denoted by X_a and some Kinvariant ^∇-parallel forms, which we denote collectively by τ. It is always possible to choose a basis in the ring of invariant forms such that

i_aτ = 0 , (A.1)

where i_a denotes inner derivation with respect to the vector field X_a. Since X_a are parallel they are nowhere zero and so span a topologically trivial subbundle Ξ of the tangent vector bundle T M of the spacetime M. Thus we have

0 → Ξ → T M → Π → 0 , (A.2)

such that Π is the orthogonal complement of Ξ in T M with respect to the spacetime metric, T M = Ξ ⊕ Π. Since Ξ is trivial, the topological structure group of M reduces to K ⊂ Spin(9 − n) ⊂ Spin(9, 1). In general [Ξ, Ξ] ⊈ Ξ, and so M is not always foliated. Nevertheless, the above decomposition of T M and its dual can be used to decompose the various tensors of M along the directions of Ξ and Π. In particular, introduce the dual one forms e^a of X_b, i.e. e^a(X_b) = δ^a_b. Since ^∇ is a metric connection g(X_a, X_b) is constant and so one can always choose g(X_a, X_b) = η_{ab}, where η_{ab} is the standard Lorentz metric. Therefore, we can set for the metric and H,

ds^2 = η_{ab}e^ae^b + δ_{ij} e^ie^j , H = 1 3! H_{abc}e^a ∧ e^b ∧ e^c + 1 2 H_{abi}e^a ∧ e^b ∧ e^i + 1 2 H_{aij} e^a ∧ e^i ∧ e^j + 1 3! H_{ijk}e^i ∧ e^j ∧ e^k , (A.3)

where e^i is a local basis of one-forms spanning the fibers of the dual of Π, i.e. the spacetime frame index decomposes as A = (a, i) and H|_Π =^1_{3!} H_{ijk}e^i ∧ e^j ∧ e^k. In this basis, the remaining ^∇-parallel forms can be written as τ = 1 k! τ_{i1,...,ik} e^{i1} ∧ · · · ∧ e^{ik} , (A.4) i.e. τ = τ|_Π. This follows from (A.1).

To find the conditions imposed on the geometry by ^∇X_a = ^∇τ = 0, we observe that

^∇_A(X_a)_B = 0 ⇐⇒ i_aH = η_{ab}de^b , L_ag = 0 , ^∇_Aτ_{B1...Bk} = 0 ⇐⇒ ∇_aτ_{j1...jk} = k 2 (−1)^kH_a^i_{[j1} τ_{j2...jk]i} , ^∇_iτ_{j1...jk} = 0 . (A.5) Therefore X_a is Killing and its rotation is given in terms of H. In turn this implies that all components of H of the type H_{aAB} are determined. In particular, we have that

H_{aij} = (i_aH)_{ij} = (de_a)_{ij} , H_{abi} = (i_bi_aH)_i = (de_a)_{bi} = −[X_a, X_b]_i , H_{abc} = i_ci_bi_aH = (de_a)_{bc} = −g([X_a, X_b], X_c) , (A.6)

where de_a = η_{ab}(de^b). If [Ξ, Ξ] ⊆ Ξ, i.e. X_a span a Lie algebra, then H_{abi} = 0. We shall examine this case in more detail later.

Next focus on the conditions in (A.5) involving τ. It is clear from the above equations that some of the components H_{aij} are also determined in terms the the covariant derivative of τ. Compatibility requires a restriction on the geometry, i.e. a relation between the exterior derivative of X_a, which also determines H_{aij}, and the covariant derivative of τ. To find such geometric conditions, we begin with the first pair of the above equations, and decompose Λ^2(R^{9−n}) = k ⊕ k^⊥, where k is the Lie algebra of K. This induces a decomposition of the two-form i_aH|_Π as i_aH|_Π = i_aH^k + i_aH^{k⊥} . It is clear that i_aH^k is not determined by the first equation because the forms τ are invariant under the action of K. However, i_aH^{k⊥} can be expressed in terms of both the covariant derivative of τ and the rotation of X_a. As a result, the k^⊥ component of the rotation of X_a can be expressed in terms of the ∇_a covariant derivative of τ, i.e schematically we have

(de_a)^{k⊥} = (∇_aτ)^{k⊥} . (A.7)

It remains to investigate the condition ^∇_iτ_{j1...jk} = 0. This condition can be used to investigate the H|_Π component of H. The analysis is similar to that which one does in the context of (9 − n)-dimensional manifolds with K-structure compatible with a connection with skew-symmetric torsion. The end results depends on the K structure, it may or may not give additional conditions on the geometry. In all cases, H|_Π is entirely determined in terms of the geometry. We shall not give further details here but we describe the end result in each case separately.

Using ^∇X_a = ^∇τ = 0, one can also compute the Lie derivative of τ along X_a to find L_aτ_{A1A2...Ak} = k(−1)^kH_a^B_{[A1} τ_{A2...Ak]B} ⇐⇒ L_aτ_{i1i2...ik} = k(−1)^kH_a^j_{[i1} τ_{i2...ik ]j} , L_aτ_{bi1...ik−1} = (−1)^kH_a^j_bτ_{i1...ik−1j} . (A.8) Thus if i_aH^{k⊥} vanishes and [Ξ, Ξ] ⊆ Ξ, then L_aτ = 0. Moreover observe that if dH = 0, then L_aH = 0.

One can utilize the relation of H to the rotation of X_a to write H in terms of X_a in various ways. For example, one can write H = η_{ab} e^a ∧ de^b + 1 3 g([X_a, X_b], X_c)e^a ∧ e^b ∧ e^c + 1 2 [X_a, X_b]_ie^a ∧ e^b ∧ e^i + 1 3! H_{ijk}e^i ∧ e^j ∧ e^k , (A.9)

where as we have mentioned the expression for H|_Π depends on the K-structure.

As has been observed in [28], there is an alternative way to write H in the case that [Ξ, Ξ] ⊆ Ξ. In particular, one has that H_{abi} = 0, the spacetime is a principal bundle, λ^a = e^a is identified with a principal bundle connection, and H_{abc} are the structure constants of the Lie algebra spanned by X_a. In this case, it is more convenient to write H = 1 3 η_{ab}λ^a ∧ dλ^b + 2 3 η_{ab}λ^a ∧ F^b + 1 3! H_{ijk}e^i ∧ e^j ∧ e^k , (A.10)

where F = 1 2 H^a_{ij} e^i ∧ e^j = dλ^a − 1 2 H^a_{bc}λ^b ∧ λ^c , (A.11)

is the curvature of the principal bundle. Sometimes we write H^{rest} = H|_Π.

The dilatino Killing spinor equation will impose additional conditions on H and on the geometry. These are determined on a case by case basis from the solutions of the dilatino Killing spinor equations and depend on the choice of Killing spinors up to Lorentz transformations. This is unlike the conditions we have described above which depend on the ^∇-parallel spinors that the spacetime admits, i.e. the solutions of the gravitino Killing spinor equation.

A.2 Non-compact stability subgroup

If the stability subgroup of the parallel spinors is not compact, K ⋉ R^8, the spacetime admits a ^∇-parallel null vector field X and null ^∇-parallel forms which we collectively denote with τ such that

i_X τ = 0 . (A.12)

Since the null vector field is nowhere vanishing, the tangent bundle of the spacetime admits a trivial rank one subbundle Ξ and so

0 → Ξ → T M → L → 0 . (A.13)

Choosing X = e_+, and so the associated ^∇-parallel one-form is e^−, the spacetime metric can be written as

ds^2 = 2e^−e^+ + δ_{ij} e^ie^j , (A.14)

where e^+, e^i is a local basis in L. The structure group of T M, which is a subgroup of the holonomy group K ⋉ R^8 ⊂ Spin(8) ⋉ R^8, acts as

e^− → e^− , e^+ → e^+ − O_{ij}q^i e^j − O_{ij}q^iq^j e^− , e^i → O^i_j e^j + q^i e^− , (A.15) where O is an element of the vector representation of Spin(8) and q ∈ R^8. There is no natural definition of the e^+ light-cone direction or of the “transverse” e^i directions to the lightcone. Next observe the bundle of (k + 1)-forms of M, Λ^{k+1}(M), contains a subbundle

N^{k+1} = {α ∈ Λ^{k+1}(M) , s.t., i_X α = 0 , e^− ∧ α = 0} . (A.16)

The ^∇-parallel forms τ are sections of this bundle. The transition functions of N^{k+1} are those associated with the k-fold skew-symmetric product of the vector representation of SO(8), i.e. the transition functions of N^{k+1} are those of a k-form bundle of a “transverse space” to the light-cone. In particular, one can define “transverse” (k + 1)-forms on the spacetime M up to sections of N^{k+1}. This can be seen from the sequence

0 → N^{k+1} → M^{k+1} → Ω^{k+1} → 0 (A.17)

where

M^{k+1} = {α ∈ Λ^{k+1}(M) , s.t., i_X α = 0 } , (A.18)

and the “transverse forms” are sections of Ω^{k+1}. Moreover observe that the map e^−∧ : Ω^k → N^{k+1} is an isomorphism. In addition Ω^{k+1} is equipped with a fiber metric induced from the spacetime metric.

The ^∇-parallel forms τ can be written as τ = e^− ∧ ϕ, where ϕ are K-invariant forms which can be thought of as sections of Ω^k. The condition that X and τ are ^∇-parallel can be written as

^∇_AX_B = 0 ⇐⇒ de^− = i_X H , L_X g = 0 ^∇_Aτ_{B1...Bk+1} = 0 ⇐⇒ ∇_+ϕ_{j1...jk} = k 2 (−1)^kH_+^i_{[j1} ϕ_{j2...jk]i} , ^∇_−ϕ_{j1...jk} = ∇_−ϕ_{j1...jk} + (−1)^k k 2 H^i_{−[j1} ϕ_{j2...jk]i} = 0 ^∇_iϕ_{j1...jk} = 0 , (A.19)

So the i_X H_{AB} = H_{+AB} components of H are determined in terms of e^−, and X is a Killing vector field. Next let us focus on ∇_+ϕ_{j1...jk} = k 2 (−1)^kH_+^i_{[j1} ϕ_{j2...jk]i} . (A.20)

This can be viewed as conditions on H_{+ij}. Since i_X i_X H = 0, i_X H is a section of M^2. The above condition imposes a restriction on the “transverse” components of i_X H. In particular, decomposing Λ^2(R^8) = k ⊕ k^⊥, (A.20) is independent of i_X H^k, and expresses i_X H^{k⊥} in terms of the covariant derivative of τ along the X direction. In turn this is related to the k^⊥ component of the rotation de^−. This is a condition on the geometry as that of (A.7) for compact stability subgroups mentioned above. Similarly, one can see from the remaining conditions in (A.19) that the H^k_− is not determined by the parallel transport equation while the H^{k⊥}_− is expressed in terms of the ∇_− covariant derivative of τ.

It remains to investigate the condition ^∇_iϕ_{j1...jk} = 0. This condition can be analyzed as though it is examined in the context of 8-dimensional manifolds with K-structure compatible with a connection with skew-symmetric torsion. This is because as we have mentioned Ω^k has the properties of the bundle of k-forms of “transverse space” to the light-cone. The end result depends on the K structure, it may or may not give additional conditions on the geometry. In all cases, H_{ijk} is entirely determined in terms of the geometry.

The Lorentzian structures we have presented above are reminiscent of the Cauchy- Riemann (CR) structures. This is not a surprise since the CR structures also arise in the context of null Maxwell fields in General Relativity, and they can be associated with a U(n) ⋉ R^{2n} type of structures, for a recent review see [43]. One can give various generalizations of the CR structures by using a Gray-Hervella type of classification for the K ⋉ R^L-structures.

The Lie derivative of a k-form along the ^∇-parallel vector field X is

L_X τ_{A1A2...Ak+1} = (k + 1)(−1)^{k+1}i_X H^B_{[A1} τ_{A2...Ak+1]B} ⇐⇒ L_X τ_{−i1...ik} = ki_X H^j_{[i1} τ_{i2...ik]j−} . (A.21) Thus L_X τ = 0 for all τ, iff i_X H^{k⊥} = 0.

The geometry and fluxes can be written as

ds^2 = 2e^−e^+ + δ_{ij} e^ie^j

H = e^+ ∧ de^− + 1 2 (H^k + H^{k⊥} )_{−ij}e^− ∧ e^i ∧ e^j + 1 3! H_{ijk}e^i ∧ e^j ∧ e^k (A.22)

where H^k_− is not determined by the Killing spinor equations.

For pp-wave backgrounds de^− = 0. In such a case, one can write e^− = dv for some coordinate v and X is parallel with respect to the Levi-Civita connection. The transverse space B to the pp-wave can then be defined as u, v = const., where u is the affine parameter of the of the null geodesics. In all cases B admits a K-structure, see [28] for more details.

A.3 Integrability conditions, field equations and holonomy

To investigate the existence of certain supersymmetric backgrounds, it is useful to incorporate the Bianchi identities and the field equations in the conditions for supersymmetry. The derivation of the field equations from the integrability conditions of the Killing spinor equations can be found in [41, 28]. Some additional useful formulae are the Bianchi identities R̂_{[AB,CD]} = −1 4 (dH)_{ABCD} + 1 2 H_{E[AB}H^E_{CD]} , R̂_{A[B,CD]} = −1 3 ^∇_AH_{BCD} − 1 6 (dH)_{ABCD} , R̂_{[AB,C]D} = −1 3 dH_{ABCD} − 1 3 ^∇_DH_{ABC} − H^E_{D[A}H_{BC]E} . (A.23) of R̂. In particular, the second identity will be used to investigate the reduction of the holonomy of ^∇ for the descendants.

Appendix B Revisiting the singlets

In the introduction, we have listed the Lie subgroups of Spin(9, 1) that leave some Majorana-Weyl spinors invariant. Here we shall provide an argument to show that the list in the introduction is complete. This is essentially a Lie algebra computation. There are two additional cases that occur in the type I backgrounds in addition to those that have not been investigated in [28].

There is a single type of orbit of Spin(9, 1) in Majorana-Weyl representation S^+ of co-dimension zero and a representative is 1+e_{1234}, see [27, 28]. Two spinors are invariant either under the subgroup SU(4) ⋉ R^8 or G_2. The representative of the second spinor [28] can be chosen as i(1 − e_{1234}) or e_{15} + e_{2345}, respectively.

To proceed, we decompose S^+ under the action of SU(4), as^{16} S^+ = (C < 1 > )R ⊕ ReΛ^2(C^4) ⊕ (Λ^1(C^4))R , where we have chosen a 1 as representative for the first two invariant spinors to make the analysis more transparent. There is an orbit of codimension one of SU(4) in ReΛ^2(C^4) with stability stability subgroup Sp(2). In addition under the action of Sp(2), S^+ decomposes as S^+ = (C < 1 >)R ⊕ R < i(e_{12} + e_{34}) > ⊕Λ^1(R^5) ⊕ H^2, thus there are only three Sp(2) ⋉ R^8-invariant spinors. SU(4) has an orbit of co-dimension 2 in (Λ^1(C^4))R with stability subgroup SU(3). However this case can be thought of descending from G_2 and so it will be investigated later.

To investigate the case of four invariant spinors, Sp(2) = Spin(5) acts with the vector representation on Λ^1(R^5) ⊂ S^+. So there is a single orbit with stability subgroup SU(2)×SU(2). In addition under SU(2)×SU(2), S^+ decomposes as S^+ = (C < 1, e_{12} > )R ⊕ H ⊕ (C^2 ⊕ C^2)R , thus there are only four (SU(2) × SU(2)) ⋉ R^8-invariant spinors. A key point is that SU(2) × SU(2) acts on H with the left and right multiplication by unit quaternions, i.e. x → axb̄ , x ∈ H , a ∈ SU(2) , b ∈ SU(2) . (B.1) Sp(2) has also an orbit in H^2 with stability subgroup Sp(1) but this can also be thought of as the descending from the G_2 case and it will be investigated later.

Next SU(2) × SU(2) has a single orbit in H with stability subgroup SU(2), SU(2) ⊂ SU(2) × SU(2) is the diagonal subgroup. This case has not been consider in [28]. Moreover under this SU(2), S^+ decomposes as S^+ = (C < 1, e_{12} >)R ⊕ R < e_{13} + e_{24} > ⊕ImH ⊕ (C^2)R ⊕ (C^2)R , where SU(2) acts on both copies of C^2 with the fundamental representation. Thus SU(2) ⋉ R^8 leaves invariant five spinors in S^+. Moreover there three types of orbits of SU(2) × SU(2) in (C^2 ⊕ C^2)R . Two of those have SU(2) stability subgroup. These two cases can be thought of descending from the G_2 case and they will be investigated later. The third type has trivial stability subgroup and so there are no more invariant spinors.

To proceed, observe that SU(2) ⊂ SU(2) × SU(2) acting as (B.1), for a = b, on ImH has a orbit of codimension one which has stability subgroup U(1). In addition S^+ decomposes under U(1) as S = (C < 1, e_{12}, e_{13} >)R ⊕^4 (C )R , where U(1) acts on C with the fundamental representation. Thus there are six U(1) ⋉ R^8-invariant spinors.

16With VR we denote the associated real representation of a complex representation, i.e. (C < 1 > )R = R < (1 + e_{1234}, i(1 − e_{1234}) >.

In addition, the orbits of SU(2) in ⊕^2(C^2)R have stability subgroup {1} in Spin(9, 1). Thus there are no more invariant spinors. This concludes the cases with non-compact stability subgroups.

Next let us consider the descendants of G_2. The G_2 decomposition of S^+ is S^+ = R < 1 + e_{1234} > ⊕R < e_{15} + e_{2345} > ⊕Λ^1(R^7) ⊕ Λ^1(R^7). In addition G_2 has a single orbit in Λ^1(R^7) of co-dimension one which has stability subgroup SU(3). Moreover S^+ under SU(3) decomposes as S^+ = (C < 1, e_{15} >)R ⊕ (Λ^2(C^3))R ⊕ (Λ^1(C^3))R , thus there are four SU(3)-invariant spinors. In either (Λ^2(C^3))R or (Λ^1(C^3))R , SU(3) acts with stability subgroup SU(2). In addition, S^+ decomposes under SU(2) as S^+ = (C < 1, e_{15}, e_{12}, e_{25} >)R ⊕^2 (C^2)R . Thus there are eight SU(2)-invariant spinors. Moreover, the orbits of SU(2) in ⊕^2(C^2)R have stability subgroup {1}. So there are no other cases to investigate. This concludes the analysis.

Appendix C SO(3) transformations

The first three SU(2)-invariant Killing spinors are given by 1 + e_{1234}, e_{15} + e_{2345} and i(1 − e_{1234}) + e_{25} − e_{1345}. Therefore the fourth Killing spinor is spanned by the following basis elements:

λ_1 = i(1 − e_{1234}) − e_{25} + e_{1345} , λ_2 = i(e_{15} − e_{2345} , λ_3 = i(e_{25} + e_{1345}) ,

λ_4 = e_{12} − e_{34} , λ_5 = i(e_{12} + e_{34}) . (C.1)

The action of the generators t_i of SO(3) on these is given by (omitting terms proportional to the first three Killing spinors, i.e. restricting to P/K as discussed in the text)

t_1(λ_1) = −2λ_5 , t_2(λ_1) = 2λ_3 , t_3(λ_1) = 2(λ_2 + λ_4) ,

t_1(λ_2) = −2λ_3 , t_2(λ_2) = 0 , t_3(λ_2) = −λ_1 ,

t_1(λ_3) = 2λ_2 − λ_4 , t_2(λ_3) = −^1_2 λ_1 , t_3(λ_3) = −λ_5 ,

t_1(λ_4) = 0 , t_2(λ_4) = −2λ_5 , t_3(λ_4) = −λ_1 ,

t_1(λ_5) =^1_2 λ_1 , t_2(λ_5) = −λ_2 + 2λ_4 , t_3(λ_5) = λ_3 . (C.2)

One can also see explicitly that the λ’s constitute the symmetric traceless representation of SO(3). Define the matrix M = 2λ_4 λ_1 2λ_5 λ_1 −2λ_2 −2λ_3 2λ_5 −2λ_3 2λ_2 − 2λ_4

. (C.3)

The transformation (C.2) corresponds to

t_i(M) = Mt_i − t_iM , (C.4)

with the generators given by

t_1 =

0 0 0 0 0 1 0 −1 0

, t_2 =

0 0 1 0 0 0 −1 0 0

, t_3 =

0 1 0 −1 0 0 0 0 0

. (C.5)

From these formulae it is clear that while the first three Killing spinors transform in the fundamental representation of SO(3), the remaining five basis elements form the symmetric traceless representation.

Appendix D Null spinor bilinears

The spinor bilinear vectors for the extra two basis elements e_{13} and e_{24} are given by κ(e_{13}, e_{24}) = (e^0 − e^5) , (D.1) and other combinations vanishing. Similarly, the non-vanishing bilinear three-forms are given by ξ(1, e_{13}) = −(e^0 − e^5) ∧ (e^2 + ie^7) ∧ (e^4 + ie^9) , ξ(e_{1234}, e_{13}) = −(e^0 − e^5) ∧ (e^1 − ie^6) ∧ (e^3 − ie^8) , ξ(e_{12}, e_{13}) = −(e^0 − e^5) ∧ (e^1 − ie^6) ∧ (e^4 + ie^9) , ξ(e_{24}, e_{13}) = −i(e^0 − e^5) ∧ (ω_1 − ω_2) , ξ(e_{34}, e_{13}) = −(e^0 − e^5) ∧ (e^2 + ie^7) ∧ (e^3 − ie^8) , ξ(1, e_{24}) = −(e^0 − e^5) ∧ (e^1 + ie^6) ∧ (e^3 + ie^8) , ξ(e_{1234}, e_{24}) = −(e^0 − e^5) ∧ (e^2 − ie^7) ∧ (e^4 − ie^9) , ξ(e_{12}, e_{24}) = (e^0 − e^5) ∧ (e^2 − ie^7) ∧ (e^3 + ie^8) , ξ(e_{34}, e_{24}) = (e^0 − e^5) ∧ (e^1 + ie^6) ∧ (e^4 − ie^9) . (D.2) Finally, the non-vanishing bilinear five-forms are

τ(1, e_{13}) = i(e^0 − e^5) ∧ (e^2 + ie^7) ∧ (e^4 + ie^9) ∧ ω_1 , τ(e_{1234}, e_{13}) = −i(e^0 − e^5) ∧ (e^1 − ie^6) ∧ (e^3 − ie^8) ∧ ω_2 , τ(e_{12}, e_{13}) = −i(e^0 − e^5) ∧ (e^1 − ie^6) ∧ (e^4 + ie^9) ∧ (e^2 ∧ e^7 − e^3 ∧ e^8) , τ(e_{13}, e_{13}) = (e^0 − e^5) ∧ (e^1 − ie^6) ∧ (e^2 + ie^7) ∧ (e^3 − ie^8) ∧ (e^4 + ie^9) , τ(e_{24}, e_{13}) = −^1_2 (e^0 − e^5) ∧ (ω_1 − ω_2) ∧ (ω_1 − ω_2) , τ(e_{34}, e_{13}) = i(e^0 − e^5) ∧ (e^2 + ie^7) ∧ (e^3 − ie^8) ∧ (e^1 ∧ e^6 − e^4 ∧ e^9) , τ(1, e_{24}) = i(e^0 − e^5) ∧ (e^1 + ie^6) ∧ (e^3 + ie^8) ∧ ω_2 , τ(e_{1234}, e_{24}) = −i(e^0 − e^5) ∧ (e^2 − ie^7) ∧ (e^4 − ie^9) ∧ ω_1 , τ(e_{12}, e_{24}) = i(e^0 − e^5) ∧ (e^2 − ie^7) ∧ (e^3 + ie^8) ∧ (e^1 ∧ e^6 − e^4 ∧ e^9) , τ(e_{24}, e_{24}) = (e^0 − e^5) ∧ (e^1 + ie^6) ∧ (e^2 − ie^7) ∧ (e^3 + ie^8) ∧ (e^4 − ie^9) , τ(e_{34}, e_{24}) = −i(e^0 − e^5) ∧ (e^1 + ie^6) ∧ (e^4 − ie^9) ∧ (e^2 ∧ e^7 − e^3 ∧ e^8) . (D.3)

Here we have used the following definitions ω_1 = e^1 ∧ e^6 + e^3 ∧ e^8 , ω_2 = e^2 ∧ e^7 + e^4 ∧ e^9 , (D.4) for the two-forms.

From these expressions one can derive the inner products for the null Majorana spinors, which are ϵ_1 = 1 + e_{1234} , ϵ_2 = i(1 − e_{1234}) , ϵ_3 = e_{12} − e_{34} , ϵ_4 = i(e_{12} + e_{34}) , ϵ_5 = e_{13} + e_{24} , ϵ_6 = i(e_{13} − e_{24}) . (D.5) In the Majorana basis of spinors, the bilinear vectors read κ(ϵ_5, ϵ_5) = 2(e^0 − e^5) , κ(ϵ_6, ϵ_6) = 2(e^0 − e^5) . (D.6) The bilinear three-forms are given by

ξ(ϵ_1, ϵ_5) = −2(e^0 − e^5) ∧ (e^2 ∧ e^4 − e^7 ∧ e^9 + e^1 ∧ e^3 − e^6 ∧ e^8) , ξ(ϵ_1, ϵ_6) = −2(e^0 − e^5) ∧ (−e^2 ∧ e^9 + e^4 ∧ e^7 + e^1 ∧ e^8 − e^3 ∧ e^6) , ξ(ϵ_2, ϵ_5) = −2(e^0 − e^5) ∧ (−e^2 ∧ e^9 + e^4 ∧ e^7 − e^1 ∧ e^8 + e^3 ∧ e^6) , ξ(ϵ_2, ϵ_6) = 2(e^0 − e^5) ∧ (e^2 ∧ e^4 − e^7 ∧ e^9 − e^1 ∧ e^3 + e^6 ∧ e^8) , ξ(ϵ_3, ϵ_5) = −2(e^0 − e^5) ∧ (e^1 ∧ e^4 + e^6 ∧ e^9 − e^2 ∧ e^3 − e^7 ∧ e^8) , ξ(ϵ_3, ϵ_6) = −2(e^0 − e^5) ∧ (−e^1 ∧ e^9 − e^4 ∧ e^6 − e^2 ∧ e^8 − e^3 ∧ e^7) , ξ(ϵ_4, ϵ_5) = −2(e^0 − e^5) ∧ (−e^1 ∧ e^9 − e^4 ∧ e^6 + e^2 ∧ e^8 + e^3 ∧ e^7) , ξ(ϵ_4, ϵ_6) = 2(e^0 − e^5) ∧ (e^1 ∧ e^4 + e^6 ∧ e^9 + e^2 ∧ e^3 + e^7 ∧ e^8) , ξ(ϵ_5, ϵ_6) = 2(e^0 − e^5) ∧ (ω_1 − ω_2) . (D.7) Finally, the five-forms are

τ(ϵ_i, ϵ_5) = −ξ(ϵ_i, ϵ_6) ∧ (ω_1 − ω_2) , i = 1, . . . , 4, τ(ϵ_i, ϵ_6) = ξ(ϵ_i, ϵ_5) ∧ (ω_1 − ω_2) , i = 1, . . . , 4, τ(ϵ_5, ϵ_5) = −(e^0 − e^5) ∧ (ω_1 − ω_2) ∧ (ω_1 − ω_2) + 2(e^0 − e^5) ∧ Re(χ) , τ(ϵ_5, ϵ_6) = −2(e^0 − e^5) ∧ Im(χ) , τ(ϵ_6, ϵ_6) = −(e^0 − e^5) ∧ (ω_1 − ω_2) ∧ (ω_1 − ω_2) − 2(e^0 − e^5) ∧ Re(χ) , (D.8) where we have used χ = (e^1 − ie^6) ∧ (e^2 + ie^7) ∧ (e^3 − ie^8) ∧ (e^4 + ie^9) . (D.9)

References

[1] A. Strominger, “Superstrings With Torsion,” Nucl. Phys. B 274, 253 (1986).

[2] C. M. Hull, “Compactifications Of The Heterotic Superstring,” Phys. Lett. B 178 (1986) 357.

[3] C. G. . Callan, J. A. Harvey and A. Strominger, “Supersymmetric string solitons,” arXiv:hep-th/9112030.

[4] P. S. Howe and G. Papadopoulos, “Finiteness and anomalies in (4,0) supersymmetric sigma models,” Nucl. Phys. B 381 (1992) 360 [arXiv:hep-th/9203070].

[5] P. S. Howe and G. Papadopoulos, “Twistor spaces for HKT manifolds,” Phys. Lett. B 379 (1996) 80 [arXiv:hep-th/9602108].

P. S. Howe, A. Opfermann and G. Papadopoulos, “Twistor spaces for QKT manifolds,” Commun. Math. Phys. 197 (1998) 713 [arXiv:hep-th/9710072].

[6] G. Grantcharov and Y. S. Poon, “Geometry of Hyper-Kähler Connections with Torsion”, Commun.Math.Phys. 213 (2000) 19-37, [math.DG/9908015].

[7] S. Ivanov and G. Papadopoulos, “A no-go theorem for string warped compactifications,” Phys. Lett. B 497 (2001) 309 [arXiv:hep-th/0008232].

“Vanishing theorems and string backgrounds,” Class. Quant. Grav. 18 (2001) 1089 [arXiv:math.dg/0010038].

[8] G. Papadopoulos and A. A. Tseytlin, “Complex geometry of conifolds and 5-brane wrapped on 2-sphere,” Class. Quant. Grav. 18 (2001) 1333 [arXiv:hep-th/0012034].

[9] T. Friedrich, S. Ivanov, “Parallel spinors and connections with skew-symmetric torsion in string theory” Asian Journal of Mathematics 6 (2002), 303-336 [math.DG/0102142].

“ Killing spinor equations in dimension 7 and geometry of integrable G_2-manifolds” J. Geom. Phys. 48 (2003), 1-11 [math.DG/0112201].

[10] J. Gillard, G. Papadopoulos and D. Tsimpis, “Anomaly, fluxes and (2,0) heterotic-string compactifications,” JHEP 0306 (2003) 035 [arXiv:hep-th/0304126].

[11] G. L. Cardoso, G. Curio, G. Dall’Agata and D. Lust, “BPS action and superpotential for heterotic string compactifications with fluxes,” JHEP 0310 (2003) 004 [arXiv:hepth/0306088].

[12] J. Gutowski, S. Ivanov and G. Papadopoulos, “Deformations of generalized calibrations and compact non-Kahler manifolds with vanishing first Chern class,” Asian J. Math. 7 (2003), 39-80 [arXiv:math.dg/0205012].

[13] J. P. Gauntlett, D. Martelli, S. Pakis and D. Waldram, “G-structures and wrapped NS5- branes,” Commun. Math. Phys. 247 (2004) 421 [arXiv:hep-th/0205050].

J. P. Gauntlett, D. Martelli and D. Waldram, “Superstrings with intrinsic torsion,” Phys. Rev. D 69 (2004) 086002 [arXiv:hep-th/0302158].

[14] A. Fino, M. Parton, S. Salamon, “Families of strong KT structures in six dimensions”, [math.DG/0209259].

[15] G. L. Cardoso, G. Curio, G. Dall’Agata, D. Lust, P. Manousselis and G. Zoupanos, “Non- Kaehler string backgrounds and their five torsion classes,” Nucl. Phys. B 652 (2003) 5 [arXiv:hep-th/0211118].

[16] E. Goldstein and S. Prokushkin, “Geometric model for complex non-Kaehler manifolds with SU(3) structure,” Commun. Math. Phys. 251 (2004), 65 [arXiv:hep-th/0212307].

[17] D. Grantcharov, G. Grantcharov, Y. S. Poon, “Calabi-Yau Connections with Torsion on Toric Bundles” [math.DG/0306207].

[18] S. Chiossi and S. Salamon, “The intrinsic torsion of SU(3) and G_2 structures,” arXiv:math.dg/0202282.

[19] S. Ivanov, “ Connection with torsion, parallel spinors and geometry of Spin(7) manifolds” Math. Res. Lett. 11 (2004), no. 2-3, 171–186 [math.DG/0111216].

[20] J. Li and S. T. Yau, “The existence of supersymmetric string theory with torsion,” arXiv:hep-th/0411136.

[21] K. Becker, M. Becker, J. X. Fu, L. S. Tseng and S. T. Yau, “Anomaly cancellation and smooth non-Kaehler solutions in heterotic string theory,” Nucl. Phys. B 751 (2006) 108 [arXiv:hep-th/0604137].

[22] S. J. . Gates, C. M. Hull and M. Rocek, “Twisted Multiplets And New Supersymmetric Nonlinear Sigma Models,” Nucl. Phys. B 248 (1984) 157.

[23] P. S. Howe and G. Sierra, “Two-Dimensional Supersymmetric Nonlinear Sigma Models With Torsion,” Phys. Lett. B 148 (1984) 451.

[24] P. S. Howe and G. Papadopoulos, “Ultraviolet Behavior Of Two-Dimensional Supersymmetric Nonlinear Sigma Models,” Nucl. Phys. B 289 (1987) 264.

“Further Remarks On The Geometry Of Two-Dimensional Nonlinear Sigma Models,” Class. Quant. Grav. 5 (1988) 1647.

[25] R. A. Coles and G. Papadopoulos, “The Geometry Of The One-Dimensional Supersymmetric Nonlinear Sigma Models,” Class. Quant. Grav. 7 (1990) 427.

[26] B. S. Acharya, J. M. Figueroa-O’Farrill, B. J. Spence and S. Stanciu, “Planes, branes and automorphisms. II: Branes in motion,” JHEP 9807 (1998) 005 [arXiv:hep-th/9805176].

[27] J. M. Figueroa-O’Farrill, “Breaking the M-waves,” Class. Quant. Grav. 17 (2000) 2925 [arXiv:hep-th/9904124].

[28] U. Gran, P. Lohrmann and G. Papadopoulos, “The spinorial geometry of supersymmetric heterotic string backgrounds,” JHEP 0602 (2006) 063 [arXiv:hep-th/0510176].

[29] J. Gillard, U. Gran and G. Papadopoulos, “The spinorial geometry of supersymmetric backgrounds,” Class. Quant. Grav. 22 (2005) 1033 [arXiv:hep-th/0410155].

[30] U. Gran, P. Lohrmann and G. Papadopoulos, “Geometry of type II common sector N = 2 backgrounds,” JHEP 0606 (2006) 049 [arXiv:hep-th/0602250].

[31] J. Figueroa-O’Farrill, T. Kawano and S. Yamaguchi, “Parallelisable heterotic backgrounds,” JHEP 0310, 012 (2003) [arXiv:hep-th/0308141].

[32] T. Kawano and S. Yamaguchi, “Dilatonic parallelizable NS-NS backgrounds,” Phys. Lett.

B 568 (2003) 78 [arXiv:hep-th/0306038].

[33] A. Medina and P. Revoy, “Algebres de Lie et produit scalaire invariant,” Ann. Scient.

Ec. Norm. Sup. 18 (1985) 553.

[34] U. Gran, J. Gutowski, G. Papadopoulos and D. Roest, “N = 31 is not IIB,” JHEP 0702, 044 (2007) [arXiv:hep-th/0606049].

[35] U. Gran, J. Gutowski, G. Papadopoulos and D. Roest, “N = 31, D = 11,” JHEP 0702, 043 (2007) [arXiv:hep-th/0610331].

[36] I. A. Bandos, J. A. de Azcarraga and O. Varela, “On the absence of BPS preonic solutions in IIA and IIB supergravities,” JHEP 0609 (2006) 009 [arXiv:hep-th/0607060].

[37] J. Figueroa-O’Farrill and G. Papadopoulos, “Maximally supersymmetric solutions of tendimensional and eleven-dimensional supergravities,” JHEP 0303 (2003) 048: [arXiv:hepth/0211089].

“Pluecker-type relations for orthogonal planes,” [arXiv:math.ag/0211170].

[38] B. de Wit and P. van Nieuwenhuizen, “Rigidly And Locally Supersymmetric Two- Dimensional Nonlinear Sigma Models With Torsion,” Nucl. Phys. B 312 (1989) 58.

G. W. Delius, M. Rocek, A. Sevrin and P. van Nieuwenhuizen, “Supersymmetric Sigma Models With Nonvanishing Nijenhuis Tensor And Their Operator Product Expansion,” Nucl. Phys. B 324 (1989) 523.

[39] P. S. Howe and G. Papadopoulos, “Holonomy groups and W symmetries,” Commun.

Math. Phys. 151 (1993) 467 [arXiv:hep-th/9202036].

[40] M. Fernandez and A. Gray, “Riemannian manifolds with structure G_2,” Ann. Mat. Pura Appl. (4) 32 (1982), 19-45.

[41] B. Biran, F. Englert, B. de Wit and H. Nicolai, “Gauged N=8 Supergravity And Its Breaking From Spontaneous Compactification,” Phys. Lett. B 124 (1983) 45 [Erratumibid. B 128 (1983) 461].

B. de Wit, D. J. Smit and N. D. Hari Dass, “Residual supersymmetry of compactified d = 10 supergravity,” Nucl. Phys. B 283 (1987) 165.

[42] A. Gray and L.M. Hervella, “The sixteen classes of almost Hermitian manifolds and their linear invariants”, Ann. Mat. Pura e Appl. 282 (1980) 1.

[43] A. Trautman, “Robinson manifolds and Cauchy-Riemann surfaces, ” Class. Quantum Grav. 19 (2002) R1-R10.

[44] U. Gran, J. Gutowski, G. Papadopoulos and D. Roest, “Aspects of spinorial geometry,” Mod. Phys. Lett. A 22 (2007) 1 [arXiv:hep-th/0612148].

[45] A. Chamseddine, J. Figueroa-O’Farrill and W. Sabra, “Supergravity vacua and Lorentzian Lie groups,” arXiv:hep-th/0306278.

[46] U. Gran, G. Papadopoulos and D. Roest, in preparation.