arXiv:hep-th/0703251v3 13 Jun 2007

arXiv: hep-th/0703251

Holographic Renormalization of Gravity in Little String Theory Duals

Donald Marolf and Amitabh Virmani

Department of Physics, University of California, Santa Barbara, CA 93106-9530, USA

marolf@physics.ucsb.edu, virmani@physics.ucsb.edu

Abstract

We perform a holographic renormalization of gravity duals to little string theories. In particular, we construct counterterms which yield a well-defined type II action for NSsector linear dilaton backgrounds. Our methods are based on a similar recent construction in asymptotically flat spacetimes, and our work demonstrates in detail the parallels between asymptotically flat and linear dilaton boundary conditions. The counterterms guarantee that (i) the on-shell action is finite and (ii) asymptotically linear dilaton solutions are stationary points of the action under all boundary condition preserving variations. We use the resulting action to compute a boundary stress tensor and the associated conserved charges.

Contents

1 Introduction 1

2 Review of Linear Dilaton Backgrounds 3

3 A Toy Model 5 3.1 Covariant Counterterms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 3.1.1 The On-shell Action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 3.1.2 Variation of the Action . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 3.2 The Boundary Stress Tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

4 NS Sector of Type II Supergravity 11 4.1 Covariant Counterterms and the On-shell Action . . . . . . . . . . . . . . . . . . 12 4.2 Variation of the Action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 4.3 The Boundary Stress Tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

5 Thermodynamics 16

6 Conclusions 18

A Boundary Stress Tensor Calculations 19 A.1 The Toy Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 A.2 NS Sector of Type II Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

B ADM Mass of the Thermally Excited Solution 23

C Hypersurface Splitting of the Riemann Tensor 24

1 Introduction

The discovery of holographic gauge/gravity dualities has been a key development in modern string theory. Such dualities relate quantum theories of gravity in high dimensions to quantum theories in lower dimensions on fixed metric backgrounds. The best understood such dualities occur in AdS/CFT [1] and matrix theory [2], in which the non-gravitating theories are local. Such dualities provide new insights into both gravity and, in the case of AdS/CFT, into strongly coupled gauge theories.

Another well known, but less well-studied class of dualities relates little string theories to asymptotically linear dilaton spacetimes [3, 4]. Interestingly, little string theories are non-local

[4] (see [5, 6] for reviews). On general grounds, one might expect non-locality to be generic within the set of all holographic duals to gravitating bulk theories. This already strongly motivates the study of holography in linear dilaton backgrounds, in an attempt to gain insights into the more generic situation^1. A more specific motivation, however, is the similarity between linear dilaton asymptotics and asymptotic flatness. For example, the conformal completion of a linear dilaton spacetime has a null boundary. This similarity has been noted in various contexts [11, 12, 13], and was recently reemphasized in [14] where it was used to motivate a framework for gauge/gravity dualities in asymptotically flat spacetimes.

In this work, we reverse the flow of information, using techniques [15, 16] developed for asymptotically flat spacetimes to holographically renormalize the action for certain linear dilaton spacetimes. Our main interest is in ten dimensional spacetimes with linear dilaton asymptotics dual to 5+1 little string theory with SO(4) internal symmetry, associated with an S^3 factor in the bulk. Through this S^3 pass N units of flux of the NS-gauge field strength H_3 = dB_2. We develop a set of counterterms which guarantee that (i) the on-shell action is finite and (ii) asymptotically linear dilaton solutions are stationary points of the action under all boundary condition preserving variations. We also study the boundary stress tensor and other ‘response’ functions defined by this action and show that they lead to standard results [17, 18, 19, 20, 21, 22, 42] for the conserved charges of thermally excited linear dilaton spacetimes.

The plan of the paper is as follows. Section 2 briefly reviews the relevant linear dilaton backgrounds and introduces the framework for calculations in the remaining sections. Section 3 performs a holographic renormalization for a toy model of the system of interest, obtained by removing the S^3 factor and replacing the NS gauge field with an exponential potential for the dilaton. This toy model illustrates the main features of the full ten-dimensional system, but greatly simplifies the equations. We then analyze the full ten-dimensional system in section 4. In particular, we construct counterterms for the NS sector of Type II supergravity with our asymptotics. We also construct the renormalized stress tensor and an analogous scalar response function and discuss the conserved charges. In section 5, as an application of our formalism, we discuss thermodynamics of finite temperature little string theory. Finally we close with some discussion in section 6.

1One might also study non-commuting theories with gravity duals[7, 8, 9, 10].

2 Review of Linear Dilaton Backgrounds

In this section we briefly review the connection between little string theories and linear dilaton backgrounds, and state a definition of linear dilaton asymptotics. We also note the similarity between the Einstein-frame description of linear dilaton spacetimes and Minkowski space. Due to this similarity, one expects that techniques developed for asymptotically flat gravity will prove useful in the study of linear dilaton spacetimes. Indeed, in sections 3 and 4 below, we follow the construction and analysis of counterterms described in [15, 16] for the gravitational action in asymptotically flat spacetimes^2.

Many gauge/gravity dualities can be constructed by taking decoupling limits of various brane configurations [1, 29, 30]. In the bulk, this limit typically yields the near-horizon limit of some BPS brane solution. In particular, it was shown in [4] that the decoupling limit on coincident NS5 branes yields a linear dilaton spacetime associated with the NS5 ‘throat.’ The non-gravitating dual is a low-energy limit of the NS5-brane theory which, in contrast to the more familiar D3-brane context, retains a full tower of excited open strings and, as a result, does not reduce to a local field theory.

Our focus here will be on the bulk gravitating description of the decoupling limit. In the string frame, the near-horizon description of N coincident NS5-branes takes the familiar form ds^2_{string} = dx^2_6 + Nα^′ ( dσ^2 + dΩ^2_3 ) , (2.1) Φ = −σ, (2.2) H_3 = 2Nα^′ϵ_S3 , (2.3) where dx^2_6 is the 6-dimensional Lorentzian metric and α^′ = ℓ^{−2}_s sets the string tension. Here Φ is the ten-dimensional dilaton and H_3 = dB_2, where B_2 is the NS-NS two-form potential. In the strong coupling regime at large negative σ, the physics is more properly described by the near-horizon metric of N M5-branes on an S^1. However, we will be interested only in the asymptotics at large σ where M-theoretic corrections are heavily suppressed.

We wish to holographically renormalize the NS-sector of the bulk action, including in particular the gravitational terms. As a result, it is natural to work in the Einstein frame. In this frame (2.3) takes the tantalizing form [14]

ds^2 = dρ^2 + ρ^2 ( dy^2_6 + 1 16 dΩ^2_3 ) , (2.4)

Φ = −4 ln ρ 4 √ Nα^′ , (2.5)

H_3 = 2Nα^′ϵ_S3 . (2.6)

2These methods were in turn inspired by the construction of AdS gravitational counterterms, see e.g. [23, 24]. See also [25, 26, 27, 28] for other asymptotically flat counterterms.

where ρ = 4e^σ4 √ Nα^′ and y^i =^{xi}_4^√_{Nα′} . While (2.6) is not asymptotically flat, one may note that the metric components involve the same powers of ρ as for flat Minkowski space in hyperbolic coordinates:

ds^2_{Mink} = dρ^2 + ρ^2ω_{ij}dη^idη^j, (2.7) where ρ^2 = x_ax^a, ω_{ij} is the metric on the unit (d−1)-dimensional Lorentz-signature hyperboloid H, and η^i are coordinates on H. It is the similarity of (2.4) and (2.7) which leads one to expect that techniques developed for asymptotically flat gravity will prove useful in the study of linear dilaton spacetimes.

We wish to consider general classes of spacetimes which approach solutions similar to (2.4- 2.6) at large values of some radial coordinate ρ. For generality, let the coordinates x^i parametrize the hypersurface Σ_ρ at any fixed value of ρ, which we take to have dimension d − 1. If n^μ is the unit (outward-pointing) normal to Σ_ρ, then the induced metric on Σ_ρ is

h_{μν} = g_{μν} − n_μn_ν , (2.8)

and the Einstein frame metric on the bulk spacetime can be decomposed as

ds^2 = g_{μν} dx^μdx^ν = ( N^2 + N_iN^i ) dρ^2 + 2N_idx^idρ + h_{ij} dx^idx^j . (2.9)

Here N and N^i are analogous to the ‘lapse’ and ‘shift’ functions of the ADM decomposition [31], and the metric (2.9) describes the spacetime in a general gauge. Since our spacetime should asymptotically resemble (2.4), we impose N → 1, N^i → 0.

In analogy with established methods in asymptotically flat spacetime [32, 33, 34, 35] we consider the case where each function in (2.9) can be expanded in an asymptotic series in 1/ρ, at least to an order to be specified below. In fact, we will find in sections 3 and 4 below that for the cases of interest (d > 4), we may impose N = 1 + O(ρ^{−2}), N^i = O(ρ^{−2}). As a result, one may find a diffeomorphism which sets N = 1, N^i = 0 identically, so that ρ is a Gaussian normal coordinate^3.

Thus, our Einstein frame metric admits an expansion of the form

ds^2 = dρ^2 + h_{ij} dx^idx^j (2.10)

= dρ^2 + ρ^2 ( h^0_{ij} + h^1_{ij} ρ^ℓ + h^2_{ij} ρ^{ℓ+1} + . . . ) , (2.11)

where ℓ ≥ 2 is an integer to be determined separately for each particular model below. We assume that the dilaton Φ and three form H_{μνσ} can similarly be expanded in the form

Φ = −4 ln ρ + 4 ln 4 + α(x) ρ^ℓ + α_2(x) ρ^{ℓ+1} + . . . (2.12)

3For d = 4 one has N = 1 + O(1/ρ) so that such a diffeomorphism would introduce logarithmic terms in the expansion of the metric h_{ij} and spoil the assumption above.

β_{ijk} := H_{ijk} = 2Nα^′ϵ_S3 + β^1_{ijk} ρ^ℓ + β^2_{ijk} ρ^{ℓ+1} + . . . (2.13) α_{ij} := H_{⊥ij} = α^1_{ij} ρ^ℓ + α^2_{ij} ρ^{ℓ+1} + . . . , (2.14)

where we have introduced the electric (α_{ij} ) and magnetic (β_{ijk}) parts of H_{μνσ}. We will understand “asymptotically linear dilaton spacetimes” to be of the form Eq. (2.10-2.14) for values of ℓ described below.

3 A Toy Model

In this section we consider a model graviton-dilaton system whose solution set includes the linear dilaton spacetime, but without the complication of the three-form gauge field H = dB which is present in the full type II system. Our toy model is formulated on a spacetime which is topologically R^{10} and, in the Einstein frame, the (unrenormalized) action is S = ∫ M √ −g [ R − 1 2 (∇Φ)^2 + 4e^{Φ2} ] + 2 ∫ ∂M √ −hK, (3.1) where R is the spacetime Ricci scalar and Φ is the ten dimensional dilaton. The boundary term is the standard Gibbons-Hawking term where K is the trace of the extrinsic curvature of the boundary at spatial infinity. The field equations for this action are R_{ab} = 1 2 ∇_aΦ∇_bΦ − 1 2 g_{ab}e^{Φ2} , (3.2) □Φ = −2e^{Φ/2}. (3.3)

The linear dilaton spacetime ds^2_{string} = dσ^2 + dx_idx^i, (3.4) Φ = −σ (3.5)

is a solution to this model, where ds^2_{string} = e^{Φ/2}ds^2_{Einstein} is the metric in the string frame and the x^i denote 9 flat directions. In the Einstein frame, this solution takes the form

ds^2 = dρ^2 + ρ^2(dy_idy^i) (3.6) Φ = −4 ln ρ + 4 ln 4, (3.7)

where ρ = 4e^σ4 and y^i = x^i/4.

We wish to construct counter-terms which, when added to the action (3.1) make it both finite and stationary on all asymptotically linear dilaton solutions. As stated in section 2, an asymptotic linear dilaton spacetime should be of the form (2.11,2.12) for some ℓ. However, we need to choose a physically appropriate value of ℓ, following the usual guidelines that i) ℓ be small enough to allow a physically interesting class of solutions and ii) ℓ be large enough that the phase space is well-defined.

The correct answer can also be read off from a physically interesting class of solutions. In particular, R^8 times Witten’s two dimensional black hole is naturally taken to describe thermal excitations of the above vacuum. In Einstein frame, this solution takes the form

ds^2 = e^{a4} √ cosh σ [ − tanh^2 σdt^2 + dσ^2 + 8∑ i=1 dx_idx^i ] , (3.8)

Φ = − ln cosh σ − a 2 . (3.9)

It can be readily verified that this solution asymptotes to (3.6-3.7) with falloff conditions given by (2.11,2.12) with ℓ = 8, and one expects other interesting solutions to have the same falloff properties. We shall henceforth require asymptotically linear dilaton solutions of our toy model to be of the form (2.11,2.12) for ℓ ≥ 8. We will see below that this guarantees that the conserved quantities are finite.

3.1 Covariant Counterterms

The onshell value of the action (3.1) diverges for the background (3.6–3.7) and, as will see below, (3.1) also fails to be fully stationary on all asymptotically linear dilaton solutions. However, both of these problems may be cured by adding appropriate covariant counterterms on the boundary, in the spirit of holographic renormalization [36, 37, 38].

Our counter-term construction uses techniques developed for asymptotically flat gravity in [15, 16]. Here we outline some essential elements of the construction. The counter-terms proposed in [15] are based on the Gauss-Codazzi equations. In particular, the renormalized action of [15] takes the form S = ∫ M √ −gR + 2 ∫ ∂M √ −h(K − K̂), (3.10) where K_{ij} = h_i^k∇_kn_j is the extrinsic curvature of the boundary ∂M (considered as a surface of large constant ρ) which gives the familiar Gibbons-Hawking boundary term, and the “counterterm” is constructed from K̂ := h^{ij}K̂_{ij}. This K̂_{ij} may be roughly thought of as ‘the extrinsic curvature which would be obtained if the boundary were embedded into flat Minkowski space.’ More precisely, K̂_{ij} is defined to satisfy

R_{ij} = K̂_{ij}K̂ − K̂^m_i K̂_{mj} , (3.11) where R_{ij} is the Ricci tensor of the boundary metric h_{ij} on ∂M and we follow the conventions of Wald [31]. The point is that (3.11) has the same form as a Gauss-Codazzi equation for an embedding of the boundary into a spacetime of vanishing Riemann curvature. Thus, when the boundary can be embedded into a flat spacetime, the extrinsic curvature of this embedding is indeed K̂_{ij} . However, even when such an embedding is not possible (the generic situation in 4 or more spacetime dimensions), equation (3.11) can be solved to yield a useful counter-term for the action.

Our linear dilaton counterterms take a similar form:

S^{ct} = S^{ct}_{K̂} + S^{ct}_Φ = −2 ∫ ∂M √ −hK̂ + 1 2 ∫ ∂M √ −he^{Φ4} . (3.12)

Here K̂ := h^{ij}K_{ij} and K̂_{ij} is now re-defined to satisfy R_{ij} + 1 2 e^{Φ2} h_{ij} = K̂_{ij}K̂ − K̂_{ik}K̂^k_j, (3.13)

where R_{ij} is the Ricci tensor of the boundary metric h_{ij} . The extra term^1_2 e^Φ2 h_{ij} in (3.13) guarantees that K̂_{ij} and K_{ij} agree to leading order. Below, we show in section 3.1.1 that the resulting total action is finite on shell, and in section 3.1.2 that it is stationary on solutions when varied within the class of asymptotically linear dilaton spacetimes.

3.1.1 The On-shell Action

We now address the divergences of the on-shell action. The Gibbons-Hawking term and the bulk terms both diverge, and the divergences do not cancel. Considering first the Gibbons-Hawking term, one notes that expanding (3.13) in powers of ρ yields

K̂_{ij} = K_{ij} (1 + O(ρ^{−8})) = ρh^0_{ij} (1 + O(ρ^{−8})). (3.14)

But the leading divergence in the Gibbons-Hawking term is only of order ρ^8. Thus, all onshell divergences from the Gibbons-Hawking boundary term are exactly cancelled by the K̂ counterterm for any asymptotically linear dilaton solution.

Similarly, for asymptotically linear dilaton solutions the on-shell bulk action is S^{bulk}_{onshell} = − ∫ M √ −ge^{Φ2} = −2ρ^8V_9 + 8(ln ρ) ∫ ∂M √ h^0(h^1 + α) + finite. (3.15)

Now, as described in appendix C, the perturbative equations of motion imply the relation

R^1_{ij} = −4(α + h^1)h^0_{ij} . (3.16)

Using this result together with the relation (3.30) one sees that the logarithmically divergent term reduces to a total divergence on ∂M, and hence does not contribute.

The ρ^8 divergence in (3.15) is precisely canceled by the second counterterm S^{ct}_Φ ,

S^{ct}_Φ = 1 2 ∫ ∂M √ −he^{Φ4} = +2ρ^8V_9 + finite, (3.17)

so that the total action is finite onshell.

3.1.2 Variation of the Action

The total action obtained by adding the covariant counterterms to the toy model action is

S = S_0 + S^{ct}_{K̂} + S^{ct}_Φ , (3.18)

where

S_0 = ∫ M √ −g [ R − (∇Φ)^2 2 + 4e^{Φ/2} ] + 2 ∫ ∂M √ −hK, (3.19) S^{ct}_{K̂} = −2 ∫ ∂M √ −hK̂, (3.20) S^{ct}_Φ = 1 2 ∫ ∂M √ −he^{Φ/4}. (3.21)

Having shown that the onshell action is finite, we now argue that the variations of this action vanish when our boundary conditions (2.11–2.12) are preserved. Now, when the equations of motion hold, it is clear that the variation of the action can be written as a boundary term. However, the point here is to show that the resulting boundary term vanishes as well. By direct calculation one finds that the boundary terms are

δS_0 = ∫ ∂M √ −hπ_{ij} δh^{ij} − ∫ ∂M √ −h(n^μ∂_μΦ)δΦ, (3.22) δS^{ct}_{K̂} = −2 ∫ ∂M δ( √ −hK̂), (3.23)

δS^{ct}_Φ = 1 8 ∫ ∂M √ −he^{Φ/4}δΦ − 1 4 ∫ ∂M √ −he^{Φ4} h_{ij} δh^{ij}, (3.24)

where π_{ij} = K_{ij} − Kh_{ij} , (3.25) and δ( √ −hK̂) = √ −h ( 1 2 K̂h^{ij} δh_{ij} + K̂_{ij} δh^{ij} + h^{ij}δK̂_{ij} ) . (3.26)

As in [15], one may solve for h^{ij} δK̂_{ij} as a series in ρ^{−1} by considering the variation of the defining equation (3.13) and expanding in powers of ρ^{−1}. One finds δK̂_{ij} h^{ij} = −ρh^0_{ij} δh^{ij} + O ( δh ρ^{ℓ−1} ) + 9 4ρ δΦ + O ( δΦ ρ^{ℓ+1} ) + 1 16ρ h^{0ij} δR_{ij} + O ( δR ρ^{ℓ+1} ) . (3.27)

Substituting this into the variation of the K̂ counterterm action and taking the limit ρ → ∞ yields δS^{ct}_{K̂} = 9ρ^{10} ∫ ∂M √ −h^0h^0_{ij} δh^{ij} − 9ρ^8 2 ∫ ∂M √ −h^0δΦ, (3.28)

where we have discarded the term 1 8ρ ∫ ∂M √ −hh^{0ij} δR_{ij} , (3.29) which is a total divergence on ∂M. This last fact may be seen by using the relation (see e.g. [31]) δR_{ij} = − 1 2 h^{kl}D_iD_j δh^1_{kl} − 1 2 h^{kl}D_kD_lδh^1_{ij} + h^{kl}D_kD_{(i}δh^1_{j)l}, (3.30)

where D_i is the covariant derivatives with respect to the metric h_{ij}. It is clear that replacing h^{0ij} in (3.29) by h^{ij} would yield a total divergence, but h^{0ij} and h^{ij} differ by a term of sufficiently high order so as not to change (3.29) in the limit ρ → ∞.

The other terms give

δS_0 = −8ρ^{10} ∫ ∂M √ −h^0h^0_{ij}δh^{ij} + 4ρ^8 ∫ ∂M √ −h^0δΦ (3.31)

δS^{ct}_Φ = ρ^8 2 ∫ ∂M √ −h^0δΦ − ρ^{10} ∫ ∂M √ −h^0h^0_{ij} δh^{ij}. (3.32)

Thus, we have

δS = δS_0 + δS^{ct}_{K̂} + δS^{ct}_Φ = 0. (3.33)

With our choice of counterterms, variations of the total action within the space of asymptotically linear dilaton spacetimes vanish on solutions of the field equations.

3.2 The Boundary Stress Tensor

The counterterms constructed in section 3.1 are local functionals of the boundary fields {h_{ij} , Φ} on ∂M. In analogy with the AdS construction, one might like to obtain holographic one-point functions (such as the boundary stress tensor) by varying the on-shell action with respect to

{h_{ij}, Φ}. Such an approach should be possible, though it is complicated by the “momentumdependent renormalization” (see e.g. [12]) characteristic of linear dilaton backgrounds (and of asymptotically flat space)^4.

However, another approach [39] is to define a boundary stress tensor via the ρ_0 → ∞ limit of variations of the cut-off actions S_{ρ0} , defined by computing S (with all counter-terms) for a spacetime M given only by the region ρ ≤ ρ_0. Here we follow the treatment of [15]. Specifically, we define T_{ij} (ρ) = −2 √ −h δS_{ρ0} δh^{ij} , (3.34)

This stress tensor is conserved in the sense that

D^iT_{ij} = 0 (3.35)

on Σ_ρ at each value of ρ. We also define an analogous scalar response function:

j_Φ(ρ) = 1 √ −h δS_{ρ0} δΦ . (3.36)

This response function is related (up to appropriate momentum-dependent renormalization) to the one-point function for the operator O_Φ dual to Φ in the little string theory. Tracing through the analysis of variations in section 3.1.2 shows that (3.34) and (3.36) are respectively of order ρ^{−7} and ρ^{−9} for asymptotically linear dilaton solutions. Thus, it is natural to introduce

T̃_{ij} = lim_{ρ→∞} ρ^7T_{ij} , and j̃_Φ = lim_{ρ→∞} ρ^9j_Φ. (3.37)

Taking the large ρ limit of (3.35), one notes that D^0_i T̃^{ij} = 0, where D^0_i is the torsion-free covariant derivative compatible with h^0_{ij}. After some calculation one finds (see Appendix A.1)

T̃_{ij} = 1 4 [ −(h^1 − 8p^1 + 7p̂^1 + 2α)h^0_{ij} + h^1_{ij} − 8p^1_{ij} + 7p̂^1_{ij} ] , (3.38)

j̃_Φ = 1 8 ( 47α − 4h^1 + 4p̂^1 ) , (3.39)

where we have used the expansions (see also appendix B of [16]) p_{ij} = 1 ρ K_{ij} = h^0_{ij} + 1 ρ^ℓ p^1_{ij} + 1 ρ^{ℓ+1} p^2_{ij} + . . . and (3.40)

p̂_{ij} = 1 ρ K̂_{ij} = h^0_{ij} + 1 ρ^ℓ p̂^1_{ij} + 1 ρ^{ℓ+1} p̂^2_{ij} + . . . . (3.41)

4Since variations of the total action about solutions vanish when the variations preserve the asymptotically linear dilaton boundary conditions, this method also requires an extension of S to other boundary conditions (at least perturbatively).

By the general arguments given in [15] (and based on those of [40]), these expressions lead to conserved quantities which generate the expected asymptotic symmetries. In particular, the generator of an asymptotic translation ξ^i is

Q[ξ] := lim_{ρ→∞} ∫ C_ρ √ −h_C T_{ij} ξ^in^j_{Cρ} , (3.42) = ∫ C √ −h^0_CT̃_{ij} ξ^in^j_C , (3.43)

where C_ρ form a family of Cauchy surfaces within the constant ρ hypersurfaces Σ_ρ, such that C = lim_{ρ→∞} C_ρ is a Cauchy surface in the boundary ∂M. In (3.42,3.43) n^i_{Cρ} , n^i_C are unit normals to C_ρ, C respectively in (Σ_ρ, h_{ij}) and (∂M, h^0_{ij} ). In section 5 we verify that (3.43) reproduces the mass of the thermally excited solution, and that T̃_{ij} reproduces the pressure.

4 NS Sector of Type II Supergravity

We now turn to the asymptotically linear dilaton spacetimes that arise in the type II string theories dual to little string theories. We work in the semi-classical bulk approximation, where the (unrenormalized) action with Gibbons-Hawking term takes the form

S_0 = ∫ M √ −g [ R − 1 2 ∇_μΦ∇^μΦ − 1 12 e^{−Φ}H_{μνρ}H^{μνρ} ] + 2 ∫ ∂M √ −hK, (4.1) in the Einstein frame, where Φ is the dilaton and H_3 = dB_2 in terms of the NS-NS two-form potential B_2. For simplicity we have set the overall normalization (16πG_N ) of the action (4.1) to unity. The resulting equations of motion are: R_{μν} = 1 2 ∇_μΦ∇_ν Φ − 1 48 e^{−Φ}H_{σκγ} H^{σκγ} g_{μν} + 1 4 H_{μσκ}H_ν^{σκ}, (4.2) □Φ = − 1 12 e^{−Φ}H_{σκγ} H^{σκγ} , (4.3) ∇_μ ( e^{−Φ}H^{μσκ} ) = 0. (4.4)

The linear dilaton solutions were already discussed in section 2. However, as in the case of our toy model, we need to fix the fall-off parameter ℓ in our definition of ‘asymptotically linear dilaton spacetimes.’ Again, we will read off this variable ℓ from a physically interesting class of solutions describing thermal excitation over the background (2.4-2.6). Such solutions are given by (see for example [41]):

ds^2 = e^{a4} √ cosh σ [ − tanh^2 σdt^2 + Nα^′ ( dσ^2 + dΩ^2_3 ) + dx^2_5 ] (4.5) Φ = − ln cosh σ − a 2 (4.6) H_3 = 2Nα^′ϵ_S3 , (4.7) from which it follows that ℓ = 8.

As in our toy model, counterterms must be added to S_0 to obtain an action which is both finite on-shell and stationary under all asymptotically linear dilaton variations. The on-shell divergences are discussed below in section 4.1 and used to motivate a particular choice of counter-terms which make the action finite on-shell. We then show that the resulting action is stationary under all asymptotically linear dilaton variations in section 4.2.

4.1 Covariant Counterterms and the On-shell Action

Let us first consider the divergences in the bulk onshell action. Using equation (4.2) we find the bulk onshell action to be S^{onshell} bulk = − 1 24 ∫ M √ −ge^{−Φ}H^2, (4.8)

which for the linear dilaton background (2.4-2.6) diverges as − 2V_9 ϵ^8

, (4.9)

where V_9 is the volume of the boundary manifold (V_9 =^1_{43} V_6(2π^2)) and ρ =^1_ϵ is an IR cutoff. As in the case of our toy model, divergences from the Gibbons-Hawking boundary term do not cancel divergences from the bulk action. We need to add appropriate counterterms.

Motivated by our toy model, the first counterterm we add is a K̂ counterterm

S^1_{ct} = −2 ∫ ∂M √ −hK̂ (4.10)

where this time K̂ is the solution of the following equation:

R̂_{ij} := R_{ij} + 1 2(Nα^′) e^{Φ/2}h_{ij} − 1 4 e^{−Φ}β_i^{lm}β_{jlm} = K̂_{ij}K̂ − K̂^m_i K̂_{mj} . (4.11) The first two terms in R̂_{ij} match (3.13), and the addition of the third term guarantees that K̂ agrees with K to leading order. In particular,

K̂_{ij} = K_{ij} = ρh^0_{ij} + O ( h^1_{ij} ρ^{ℓ−1} ) , (4.12)

so that the onshell divergences from the Gibbons-Hawking boundary terms are exactly canceled by (4.10).

We also add three additional counterterms:

S^2_{ct} = −

(Nα^′)^{1/2} 4 ∫ ∂M √ −he^{− 54 Φ}β_{ijk}β^{ijk}, (4.13) S^3_{ct} = +

(Nα^′)^{3/2} 16 ∫ ∂M √ −he^{− 74 Φ}β_{imn}β_j^{mn}R^{ij} , (4.14) S^4_{ct} = + 7 2 ∫ ∂M √ −he^{14 Φ}. (4.15)

The divergent contributions are S^2_{ct} ∼ − 24 ϵ^8

V_9, (4.16) S^3_{ct} ∼ 12 ϵ^8

V_9, (4.17) S^4_{ct} ∼ 14 ϵ^8

V_9. (4.18)

Adding the bulk (4.9) and the counterterm contributions (4.16-4.18) yields a finite onshell action.

4.2 Variation of the Action

Having shown that the total action

S_{tot} = S_0 + S^1_{ct} + S^2_{ct} + S^3_{ct} + S^4_{ct} (4.19)

is finite onshell, we now show that the variations of this action vanish when our boundary conditions (2.11- 2.14) are preserved. Again when the equations of motion hold, it is clear that the variation of the action can be written as a boundary term. However, as was in the case of our toy model, the point is to show that the resulting boundary terms vanish as well. By direct calculation one finds that the variation of (4.1) (after imposing the equations of motion) is

δS_0 = ∫ ∂M √ −hπ_{ij} δh^{ij} − ∫ ∂M √ −h(n^μ∇_μΦ)δΦ − 1 6 ∫ ∂M √ −h(n_μH^{μij})δB_{ij} e^{−Φ}, (4.20) where n_μ is the unit normal pointing in the radial direction and π_{ij} = K_{ij} − h_{ij}K. (4.21) For the background solution (2.4-2.6) one sees that n_μH^{μνσ} is zero, so the last term in the variation does not contribute. To leading order the other two terms simplify to become

δS_0 = −8ρ^{10} ∫ ∂M √ −h^0h^0_{ij} δh^{ij} + 4ρ^8 ∫ ∂M √ −h^0δΦ. (4.22)

We immediately note that these terms are non-zero for field variations which preserve our boundary conditions. However, we will shortly see that the counterterms variations cancel these terms. The variation of the first counterterm S^1_{ct} is

δS^1_{ct} = −2 ∫ ∂M δ (√ −hK̂ ) d^9x (4.23)

where δ (√ −hK̂ ) = √ −h ( 1 2 K̂h^{ij}δh_{ij} + K̂_{ij} δh^{ij} + h^{ij}δK̂_{ij} ) . (4.24)

As in the case of our toy model, one may solve for h^{ij} δK̂_{ij} as a power series in ρ^{−1} by considering the variation of the defining equation (4.11) and expanding in powers of ρ^{−1}. One finds, δK̂_{kl}h^{kl} = − 1 2 ρh^0_{kl}δh^{kl} + 1 16ρ h^{0ij} δR̂_{ij} + O ( h^1 ρ^{ℓ−1} ) , (4.25)

where the variation δR̂_{ij} is given by δR̂_{ij} = δR_{ij} + 1 4(Nα^′) e^{Φ/2}δΦh_{ij} + 1 2(Nα^′) e^{Φ/2}δh_{ij} + 1 4 e^{−Φ}β_i^{lm}β_{jlm}δΦ − 1 4 e^{−Φ} ( δβ_{ilm}β_j^{lm} + β_i^{lm}δβ_{jlm} + 2β_{ipn}β_{jm}^nδh^{pm} ) . (4.26)

Thus,

δS^1_{ct} = 8ρ^{10} ∫ ∂M √ −h^0h^0_{ij} δh^{ij} − 1 8ρ ∫ ∂M √ −hh^{0ij} δR̂_{ij} + ∫ ∂M √ −h [ O ( h^1 ρ^{ℓ+1} )] . (4.27)

The first term exactly cancels the first term in the variation (4.22). The second term has various pieces and one of them is 1 8ρ ∫ ∂M √ −hh^{0ij} δR_{ij} , (4.28) where δR_{ij} is the variation of the boundary Ricci tensor. To the requisite order the integrand is a total divergence (see section 3.1.2), and gives no contribution.

We may further simplify δS_{ct} by using the explicit form (2.4-2.6) of the asymptotic fields. To the leading order we find δS + δS^1_{ct} = − 25ρ^8 2 ∫ ∂M √ −h^0δΦ + ρ^{10} ∫ ∂M √ −h^0h^0_{ij} δh^{ij} + ρ^8 4^6(Nα^′)^2 ∫ ∂M √ −h^0β^{0 imn}δβ_{imn} + ρ^{10} 2 ∫ ∂M √ −h^0Ω^0_{mp}δh^{mp}, (4.29) where Ω^0_{ij} is the unit metric of S^3. Similar calculations for the variations δS^2_{ct} and δS^3_{ct} give the result

δS^2_{ct} + δS^3_{ct} = 9ρ^8 ∫ ∂M √ −h^0δΦ − ρ^8 4^6(Nα^′)^2 ∫ ∂M √ −h^0β^{0 ijk}δβ_{ijk} + 6ρ^{10} ∫ ∂M √ −h^0h^0_{ij} δh^{ij} − ρ^{10} 2 ∫ ∂M √ −h^0Ω^0_{mp}δh^{mp}. (4.30)

Adding (4.29) and (4.30) yields

δS + δS^1_{ct} + δS^2_{ct} + δS^3_{ct} = −

7ρ^8 2 ∫ ∂M √ −h^0δΦ + 7ρ^{10} ∫ ∂M √ −h^0h^0_{ij} δh^{ij}, (4.31)

which cancel with the variation of S^4_{ct}. Thus, when the dust settles one finds

δS_{tot} = 0. (4.32)

4.3 The Boundary Stress Tensor

The counterterms constructed in section 4.1 are local functionals of the boundary fields h_{ij}, Φ, and β_{ijk} on ∂M. In analogy with the AdS construction, one might like to obtain holographic one-point functions by varying the action with respect to these fields. Such an approach should be possible, though it is complicated by the “momentum dependent renormalization.”

Here we follow the treatment of section 3.2. Specifically, we use the definitions (3.34) and (3.36) for the boundary stress tensor and the scalar response function respectively. Again we introduce T̃_{ij} = lim_{ρ→∞} ρ^7T_{ij} , and j̃_Φ = lim_{ρ→∞} ρ^9j_Φ. (4.33)

After some calculation one finds (see Appendix A.2)

j̃_Φ = 1 56 (−124h^1 + 39h^1 · Ω^0 + 124p̂^1 − 4 ( p̂^1 · Ω^0 + 49 256 R^1 · Ω^0 ) + 1001α) − β^{1ijk}β^0_{ijk} 16384

(4.34)

where h^1 · Ω^0 is the contraction of h^{1ij} with the unit metric Ω^0_{ij} on S^3 i.e.,

h^1 · Ω^0 = h^{1ij} Ω^0_{ij} , (4.35)

and similarly for p̂^1 · Ω^0, etc. The corresponding expressions for T̃_{ij} are exceedingly long. Instead of presenting an explicit expression, we simply note that T̃_{ij} is the coefficient of^1_{ρ7} in the expansion T_{ij} = −2 ( π_{ij} + K̂h_{ij} − 2K̂_{ij} − 2M_{ij} − 3 4 e^{− 54 Φ}(Nα^′)^{1/2}β_{imn}β_j^{mn} + 1 8 e^{− 54 Φ}(Nα^′)^{1/2}β_{lmn}β^{lmn}h_{ij} − 1 32 e^{− 74 Φ}β_{pmn}β_q^{mn}R^{pq}(Nα^′)^{3/2}h_{ij} + 1 16 e^{− 74 Φ}(Nα^′)^{3/2} [ 2R^{mn}β_{nip}β_{mj}^p + 2R_{(i|p|}β_{j)mn}β^{pmn} ] − 7 4 e^{Φ4} h_{ij} + D_{ij} ) , (4.36) where M_{ij} and D_{ij} are defined as M_{ij} := h^{kl} δ δh^{ij} K̂_{kl}, (4.37)

D_{ij} :=

(Nα^′)^{3/2} 16 e^{− 74 Φ}β^p_{mn}β^{qmn} δ δh^{ij} R_{pq}. (4.38) By the general arguments given in [15] (and based on those of [40]), (4.36) lead to conserved quantities which generate the expected asymptotic symmetries. In particular, the generator of an asymptotic translation ξ^i is

Q[ξ] := lim_{ρ→∞} ∫ C_ρ √ −h_C T_{ij} ξ^in^j_{Cρ} , (4.39) = ∫ C √ −h^0_CT̃_{ij} ξ^in^j_C , (4.40)

where C_ρ form a family of Cauchy surfaces within the constant ρ hypersurfaces Σ_ρ, such that C = lim_{ρ→∞} C_ρ is a Cauchy surface in the boundary ∂M. In (4.39,4.40) n^i_{Cρ} , n^i_C are unit normals to C_ρ, C respectively in (Σ_ρ, h_{ij}) and (∂M, h^0_{ij} ). In section 5 we verify that T_{ij} gives the correct energy density and pressure for thermally excited linear dilaton solutions.

5 Thermodynamics

As an application of our formalism, we now calculate the boundary stress tensor and conserved charges of the thermally excited linear dilaton spacetimes. In particular, we will demonstrate that our formalism agrees with the standard results for the two dimensional black hole [17, 18, 19, 20, 21, 22, 42].

Let us first look at the mass of the thermally excited solutions, (3.8-3.9), for the toy model of section 3. The ADM mass of this solution is (cf. Appendix B) M_{ADM} = 8e^a4^8V_8. (5.1) The factor of 4^8 is due to our use of y^i =^{xi}_4 (compare (3.4) and (3.6)). Here we assume that the y^i coordinates range over a compact space of coordinate volume V_8. Another factor of 4 arises because our mass is defined by choosing ξ =^∂_{∂y0} (as opposed to^∂_{∂x0} ). With this understanding the result agrees with [17, 18, 19, 20, 21, 22, 42].

We would like to verify that our counterterms construction also yields (5.1). To this end, we expand the solution (3.8-3.9) around the background (3.6-3.7). After a short calculation we find the subleading terms in the expansion of the metric (in gauge (2.11)):,

h^1_{tt} = 6 7 4^8e^a, h^1_{ii} = 1 7 4^8e^a, (5.2)

h^1 = 2 7 4^8e^a, α = − 2 7 4^8e^a. (5.3)

To calculate expressions (3.38) and (3.39) we also need the subleading terms in the expansions of K_{ij} and K̂_{ij}, i.e., p^1_{ij} and p̂^1_{ij} . Expanding K_{ij} yields

p^1_{ij} = −3h^1_{ij} . (5.4)

The calculation of p̂^1_{ij} is slightly involved. We need to invert the relation (3.13) perturbatively using the equations of motion. The techniques to solve for p̂^1_{ij} were developed in [16] (appendix B) in the context of asymptotically flat spacetimes. Performing a similar analysis for linear dilaton spacetimes and using the results of appendix C, one finds

p̂^1_{ij} = h^1_{ij} − 1 4 h^0_{ij} h^1. (5.5)

A key step in this calculation is the use of equation (C.11).

Using (5.4) and (5.5) we simplify the expressions (3.38) to get

T̃_{ij} = 1 2 ( −(9h^1 + α)h^0_{ij} + 16h^1_{ij} ) . (5.6)

Now we can easily calculate the mass and the other quantities from the counterterms. From the relation (3.43) for the time translation Killing vector we find M_{ct} = ∫ C √ −h^0_CT̃_{ij} ξ^in^j_C (5.7) = ∫ C √ −h^0_CT̃_{tt}ξ^tn^t_C (5.8) = ∫ C ( − 1 2 ( 9h^1 + α ) h^0_{tt} + 8h^1_{tt} ) ξ^t ( ρn^t ) (5.9)

= 8e^a4^8V_8 = M_{ADM} , (5.10)

where in the third step we have used the expression (5.6).

One can similarly calculate the pressures (i.e., the space-space components of T̃_{ij} ). One finds the expected results [18, 19, 20, 21, 22, 42],

T_{ii} = 0. (5.11)

We note that [42] arrived at (5.11) by assuming the first law of thermodynamics dE = T dS. (5.12) We have therefore verified that this law does indeed holds for thermally excited linear dilaton solutions.

For the thermally excited solutions of the type II theory it is also possible to calculate the contribution of various terms in (4.36). It is a rather long calculation, but in the end it gives identical results i.e.,

M_{ct} = 8e^a4^5V_5(2π^2), (5.13) T_{ii} = 0 (for directions along R^6 ). (5.14)

and the first law dM = T dS holds.

Thus, our counterterm formalism reproduces results previously known in the literature. For completeness, we have also calculated the scalar response function for both theories. For the toy model one finds j̃_Φ = 1 8 ( −9h^1 + 47α ) = −2e^a4^8. (5.15) Again, one obtains the same final result in the type II theory via a somewhat longer calculation.

6 Conclusions

Our work above addressed holographic renormalization of gravity in ten-dimensional asymptotically linear dilaton spacetimes dual to little string theory. We have renormalized the action in the sense that i) the renormalized on-shell action is finite and ii) the renormalized action is fully stationary about solutions when the variations preserve asymptotically linear dilaton boundary conditions. It would be interesting to understand in detail the relation between our counterterms and those proposed in [21, 22] (based on a different construction) for two-dimensional linear dilaton spacetimes, in which the graviton itself has no local dynamics.

We have computed the boundary stress tensor T_{ij} and the scalar response function j_Φ for the toy model of section 3 and for the NS sector of type II theory. The stress tensor is locally conserved, and gives the conserved charges which generate the asymptotic symmetries. In particular, the rescaled limits T̃_{ij} and j̃_Φ give finite quantities on the R^6 which is the home of the LST. We also showed that our expressions reproduce known results [17, 18, 19, 20, 21, 22, 42] for the mass and pressure associated with thermally excited linear dilaton solutions.

However, these response functions are not quite the one-point functions of little string theory. Note that each of T̃_{ij} or j̃_Φ is built from the term in T_{ij} and j_Φ associated with a single power of ρ. In contrast, we expect that different fourier modes^5 k of the one-point functions are associated with different powers of ρ; i.e., with ρ^ν where ν = ν(k^2). Thus, we may expect that T̃_{ij} and j̃_Φ give only certain Fourier modes of the one-point functions. Since they integrate to the correct conserved quantities, one may guess that they correspond to the k^2 = 0 part of

5Here we take h^0_{ij} to be the flat metric η_{ij} .

the one-point functions. It would be interesting to understand this relation in detail, and to use our renormalized action to compute the full one-point functions.

After posting this work on the arxiv, we discovered that boundary terms for the closely related D5-brane spacetimes were also given in [46]. There the terms were given as part of a family of boundary terms for all Dp-brane spacetimes, and were constructed using techniques more familiar from the AdS context. The results were used to compute the gravitational action (I) for Euclidean black 5-branes and the standard result I = 0 was obtained. Interestingly, the basic form of the boundary terms from [46] appears quite different from ours, and is more reminiscent of AdS boundary terms. While it is clearly of interest to understand to what extent our results are related to those of [46], here we simply note that p = 5 is a special case for which many of the expressions in [46] (e.g., the boundary stress tensor) diverge, and that no claim is made in [46] regarding the staionarity of the action. As a result, it is unclear whether a direct relation is expected.

Although holographic renormalization is most commonly studied for asymptotically AdS spacetimes, our work here was based on techniques developed for asymptotically flat spacetimes [15, 16]. Their success in the linear dilaton context emphasizes the similarity between the two asymptotic behaviors. This connection was recently used to propose a framework for holographic duality in asymptotically flat spacetimes [14], and further exploration of this link should provide additional insight in the future.

Acknowledgements

We thank Keith Copsey for several useful discussions. This research was supported in part by the National Science Foundation under Grant No PHY03-54978, and by funds from the University of California.

A Boundary Stress Tensor Calculations

This section contains the details of various calculations needed to obtain the boundary stress tensor described in sections 3.2 and 4.3.

A.1 The Toy Model

In this appendix we calculate the expressions (3.34) and (3.36) in detail. To this end, we find it convenient to separate the contributions of S_0 from those of the counterterms. The contributions from S_0 are

T̃^{orig}_{ij} = −2 (p^1_{ij} − 9h^1_{ij} − h^0_{ij} p^1 + h^0_{ij} h^1) , (A.1) j̃^{orig}_Φ = 8α, (A.2)

and the counterterm contributions are T̃^{ct}_{ij} = −2 ( 9h^1_{ij} − h^1h^0_{ij} + p̂^1h^0_{ij} − 2p̂^1_{ij} − 2M^1_{ij} − h^1_{ij} − α 4 h^0_{ij} ) , (A.3) j̃^{ct}_Φ = α 8 − 2M^1_ϕ , (A.4)

where we have used the expansions p_{ij} = 1 ρ K_{ij} = h^0_{ij} + 1 ρ^ℓ p^1_{ij} + 1 ρ^{ℓ+1} p^2_{ij} + . . . , and (A.5)

p̂_{ij} = 1 ρ K̂_{ij} = h^0_{ij} + 1 ρ^ℓ p̂^1_{ij} + 1 ρ^{ℓ+1} p̂^2_{ij} + . . . . (A.6)

In addition, M^1_{ij} and M^1_ϕ are coefficients in the expansion of h^{kl}δK̂_{kl} defined through (see also equation (3.27)) h^{kl}δK̂_{kl} = . . . + 1 ρ^{ℓ−1} M^1_{ij} δh^{ij} + 1 ρ^{ℓ+1} M^1_ΦδΦ + . . . . (A.7)

Following [15] we calculate the variation h^{kl}δK̂_{kl} as a power series expansion of ρ^{−1}. Our starting point is the defining equation (3.13) for K̂_{ij} . Taking the variation of (3.13) we find δR̂_{ij} := δR_{ij} + e^{Φ/2} 2 δh_{ij} + e^{Φ/2} 4 h_{ij} δΦ (A.8) = δK̂_{kl} ( h^{kl}K̂_{ij} + δ^k_i δ^l_jK̂ − δ^k_i K̂^l_j − δ^k_j K̂^l_i ) + ( K̂_{ij}K̂_{mn} − K̂_{im}K̂_{nj} ) δh^{mn}, (A.9) which can be written in the form δR̂_{ij} = L_{ij}^{kl}δK̂_{kl} + M_{ijkl}δh^{kl} (A.10) for L_{ij}^{kl} = h^{kl}K̂_{ij} + δ^k_i δ^l_jK̂ − δ^k_i K̂^l_j − δ^k_j K̂^l_i , (A.11) and M_{ijmn} = K̂_{ij}K̂_{mn} − K̂_{im}K̂_{nj} . (A.12) We can invert the relation (A.10) to get h^{kl}δK̂_{kl} = h^{mn} ( L^{−1} ) mn ij [ δR̂_{ij} − M_{ijkl}δh^{kl} ] . (A.13)

We will evaluate (A.13) by performing an expansion of various pieces in^1_ρ . In particular, we introduce the expansions

L = L^0 +

L^1 ρ^ℓ + . . . and ( L^{−1} ) = ( L^{−1} )_0 + (L^{−1})^1 ρ^ℓ + . . . , (A.14)

with a similar expansion for M. The index 1 refers to the next-to-leading order term in the expansion. A simple calculation shows that ( L^{−1} )_{1 ijpq} = − ( L^{−1} )_{0 ij kl} ( L^1 ) kl mn ( L^{−1} )_{0 mnpq} (A.15)

where, ( L^{−1} )_{0 ij kl} = ρ 7 [ δ^k_i δ^l_j − 1 16 h^{0kl}h^0_{ij} ] , and (A.16) ( L^1 ) ij kl = 1 ρ [ p̂^1_{ij} h^{0kl} − h^{1kl}h^0_{ij} + δ^k_i δ^l_j (p̂^1 − h^1) + ( h^0_{jm}h^{1ml} − p̂^1_{jm}h^{0ml} ) δ^k_i + ( h^0_{im}h^{1ml} − p̂^1_{im}h^{0ml} ) δ^k_j ] . (A.17)

The first expression is given in [15] and the second expression can be easily calculated by performing an expansion in ρ^{−1}. With this information at hand we find h^{kl}δK̂_{kl} = 1 ρ^2 ( h^{0mn} − h^{1mn} ρ^ℓ + . . . ) [ (L^{−1})^0 +

(L^{−1})^1 ρ^ℓ + . . . ]_{ij} mn ( δR̂_{ij} − M_{ijkl}δh^{kl} ) . (A.18)

Now, equation (A.18) contains two types of terms. One type comes with a factor of δR̂_{ij} , and the other comes with a factor of M_{ijkl}δh^{kl}. The leading-order terms of the first type are: 1 ρ^2 h^{0mn}(L^{−1})^0_{mn}^{ij}δR̂_{ij} − 1 ρ^{ℓ+2} h^{1mn}(L^{−1})^0_{mn}^{ij} δR̂_{ij} + 1 ρ^{ℓ+2} h^{0mn}(L^{−1})^1_{mn}^{ij} δR̂_{ij} . (A.19)

After some calculation one may write these terms in the form 1 16ρ h^{0ij}δR̂_{ij} − 1 7ρ^{ℓ+1} [ h^{1ij} − h^1 16 h^{0ij} ] δR̂_{ij} − 1 112ρ^{ℓ+1} [ −7h^{1ij} − 2p̂^{1ij} + p̂^1h^{0ij} ] δR̂_{ij} . (A.20)

Substituting the expansion for R̂_{ij} and discarding the total derivative terms we find h^{mn} ( L^{−1} ) mn ij δR̂_{ij} = − ρ 2 h^0_{ij} δh^{ij} + 9 4ρ δΦ + 1 28 [( 2p̂^1 − 2h^1 − 7α ) h^0_{ij} − 10h^1_{ij} − 4p̂^1_{ij} ] δh^{ij} ρ^{ℓ−1} + 1 8 ( 2h^1 − 2p̂^1 + 9α ) δΦ ρ^{ℓ+1} + . . . . (A.21)

Let us now move on to the terms with M_{ijkl}δh^{kl}. We first note the expansion for M_{ijkl} yields

M^0_{ijkl} = ρ^2 ( h^0_{ij}h^0_{kl} − h^0_{ik}h^0_{jl} ) , (A.22) M^1_{ijkl} = ρ^2 ( h^0_{ij}p̂^1_{kl} + h^0_{kl}p̂^1_{ij} − h^0_{ik}p̂^1_{jl} − h^0_{jl}p̂^1_{ik} ) . (A.23)

The term we need to expand is (cf. (A.13)) − h^{mn} ( L^{−1} ) mn ij M_{ijkl}δh^{kl}, (A.24) and the result produces four terms: −h^{mn} ( L^{−1} ) mn pqM_{pqkl}δh^{kl} = − h^{0mn} ρ^2 (L^{−1})^0_{mn}^{pq}M^0_{pqkl}δh^{kl} + 1 ρ^{ℓ+2} h^{1mn}(L^{−1})^0_{mn}^{pq}M^0_{pqkl}δh^{kl} − 1 ρ^{ℓ+2} h^{0mn}(L^{−1})^1_{mn}^{pq}M^0_{pqkl}δh^{kl} − 1 ρ^{ℓ+2} h^{0mn}(L^{−1})^0_{mn}^{pq}M^1_{pqkl}δh^{kl} + . . . (A.25)

After some calculation we find, − h^{mn} ( L^{−1} ) mn pqM_{pqkl}δh^{kl} = − ρ 2 h^0_{kl}δh^{kl} + 1 7ρ^{ℓ−1} [ h^1 2 h^0_{kl} − h^1_{kl} ] δh^{kl} + 1 112ρ^{ℓ−1} [ −7h^1h^0_{kl} + 6p̂^1h^0_{kl} + 7h^1_{kl} + 2p̂^1_{kl} ] δh^{kl} − 1 16ρ^{ℓ−1} [ p̂^1h^0_{kl} + 7p̂^1_{kl} ] δh^{kl} + . . . (A.26) = − ρ 2 h^0_{kl}δh^{kl} + 1 112 [ (h^1 − p̂^1)h^0_{kl} − 9h^1_{kl} − 47p̂^1_{kl} ] δh^{kl} ρ^{ℓ−1} + . . . . (A.27)

Combining the above results yields δK̂_{kl}h^{kl} = −ρh^0_{ij} δh^{ij} + 9 4ρ δΦ + M^1_{ij} δh^{ij} ρ^{ℓ−1} + M^1_Φ δΦ ρ^{ℓ+1} + . . . , (A.28)

with

M^1_{ij} = 1 16 [ (−h^1 + p̂^1 − 4α)h^0_{ij} − 7h^1_{ij} − 9p̂^1_{ij} ] , (A.29)

M^1_Φ = 1 8 ( 2h^1 − 2p̂^1 + 9α ) . (A.30)

Substituting these expressions in (A.3) and (A.4) and combining it with the contributions from the original action (A.1) and (A.2) we get the desired result i.e., equations (3.38) and (3.39):

T̃_{ij} = 1 4 [ −(h^1 − 8p^1 + 7p̂^1 + 2α)h^0_{ij} + h^1_{ij} − 8p^1_{ij} + 7p̂^1_{ij} ] , (A.31)

j̃_Φ = 1 8 ( 47α − 4h^1 + 4p̂^1 ) . (A.32)

A.2 NS Sector of Type II Theory

We now perform the corresponding calculations for the full type II theory. The general framework is the same as for the toy model above. The contribution from S_0 (equation (4.1)) to j̃_Φ is j̃^{orig}_Φ = 8α, (A.33)

and the counterterms contributions are

j̃^{ct 1}_Φ = −2M^1_Φ, (A.34)

j̃^{ct 2}_Φ = −75 2 α − 15 8 h^1 · Ω^0 + 5 8192 β^{1 ijk}β^0_{ijk}, (A.35)

j̃^{ct 3}_Φ = −7 4 h^1 · Ω^0 − 7 512 R^1 · Ω^0 + 147 4 α − 7 16384 β^{1ijk}β^0_{ijk}, and (A.36)

j̃^{ct 4}_Φ = 7 8 α, (A.37)

where M^Φ_1 is the contribution coming from h^{kl}δK̂_{kl} terms h^{kl}δK̂_{kl} = . . . + 1 ρ^{ℓ+1} M^1_Φ + . . . . (A.38)

Using the techniques of the previous section one finds

M^Φ_1 = 1 56 [ 62h^1 − 23h^1 · Ω^0 − 62p̂^1 + 2p̂^1 · Ω^0 − 273α ] + 1 8192 β^{1 ijk}β^0_{ijk}, (A.39)

where h^1 · Ω^0 is the contraction of h^{1ij} with the unit metric Ω^0_{ij} on S^3 i.e.,

h^1 · Ω^0 = h^{1ij} Ω^0_{ij} , (A.40)

and similarly for p̂^1 · Ω^0, etc. In obtaining the expression (A.39) we have used the expansion (A.6) for K̂_{ij} . Combining the above results yields equation (4.34),

j̃_Φ = 1 56 (−124h^1 + 39h^1 · Ω^0 + 124p̂^1 − 4(p̂^1 · Ω^0 + 49 256 R^1 · Ω^0) + 1001α) − β^{1ijk}β^0_{ijk} 16384

. (A.41)

B ADM Mass of the Thermally Excited Solution

Following the Regge-Teitelboim construction [43] of the ADM surface terms [44] for the action (3.1) we obtain H[ξ] = ∫ d^8S_d √ −qG^{abcd} [ ξ^⊥δq_{ab;c} − ξ^⊥_{,c} δq_{ab} ] − ∫ d^8S_dξ^⊥ √ −qD^dΦδΦ, (B.1) where G^{abcd} = 1 2 ( q^{ac}q^{bd} + q^{ad}q^{bc} − 2q^{ab}q^{cd} ) , (B.2)

and q_{ab} is the induced metric on a Cauchy slice. Here the semicolon(;) denotes the torsion free covariant derivative with respect to the metric q_{ab}. For the thermally excited solution (3.8-3.9) the scalar and the metric contributions to the ADM integrals for the timelike Killing field are (in gauge (2.11))

scalar = − 8 7 e^a4^8V_8, (B.3)

metric = 64 7 e^a4^8V_8, (B.4)

which sum to M_{ADM} = 8e^a4^8V_8. (B.5) Similar calculations for the action (4.1) and the solution (4.5-4.7) give

M_{ADM} = 8e^aV_54^5(2π^2). (B.6)

In comparing (B.5) and (B.6), it is important to recall that, for the toy model, we rescaled all boundary coordinates to arrive at the metric (3.6), but for the NS sector of the type II supergravity we only rescaled six of the coordinates, those corresponding to R^6 , to arrive at (2.4). Thus, the factor V_54^5(2π^2) in (B.6) is in fact the natural analog of the factor 4^8V_8 in (B.5).

C Hypersurface Splitting of the Riemann Tensor

In this section we review, for the sake of completeness, the Gauss-Codazzi splitting of the Riemann and the Ricci tensor. We use these results in section 5. Many of the results reviewed here are standard and can be found in, for example, [45]. Following the derivation of the Gauss-Codazzi equations [31], we note the following two relations. When all indices on the bulk Riemann tensor R_{μνρσ} of g_{μν} lie in the hypersurface one finds (Wald eq. (10.2.23)) R_{ijkl} = R_{ijkl} − K_{ik}K_{jl} + K_{jk}K_{il}. (C.1) For all but one index in the hypersurface one finds

R_{ijk⊥} = h_i^μh_j^ν h_k^σ (R_{μνσγ} n^γ ) = h_i^μh_j^ν h_k^σ (∇_μ∇_ν n_σ − ∇_ν ∇_μn_σ) (C.2) = D_iD_jn_k − D_jD_in_k (C.3) = D_iK_{jk} − D_j K_{ik} (C.4) where ⊥ denotes the direction perpendicular to the hypersurface (the radial direction ρ) and the derivative D_i is the (torsion-free) covariant derivative on ∂M compatible with the boundary metric h_{ij} . Here we have used the Lemma 10.2.1 of [31] in the second line and the definition of K_{ij} in the last line. The identity (C.4) is a slight generalization of the second Gauss-Codazzi equations which are obtained by tracing over indices i and k.

General expressions for the Riemann tensor with two indices perpendicular to the hypersurface for the metric (2.9) are very complicated, though they simplify with our choice of Gaussian normal gauge (N = 1, N^i = 0). In this gauge one may use direct calculation to find

Γ^⊥_⊥ = 0, Γ^⊥_i = 0, Γ^i_{jk} =^{(d−1)} Γ^i_{jk}, (C.5) Γ^⊥_{ij} = −K_{ij} and Γ^i_{⊥j} = K^i_j . (C.6)

Thus R_{i⊥j⊥} = − ∂K_{ij} ∂ρ + K_{ik}K^k_j . (C.7)

Corresponding relations for the Ricci tensor follow immediately: R_{ij} = R_{ij} − K_{ij} K + 2K_{ik}K^k_j − ∂K_{ij} ∂ρ , (C.8)

R_{⊥i} = D_jK^j_i − D_iK, (C.9) R_{⊥⊥} = −h^{ij} ∂K_{ij} ∂ρ + K_{ik}K^k_jh^{ij} . (C.10)

Inserting (C.8) in equation (3.2) and substituting the aysmptotic expansions for the metric, extrinsic curvature, and dilaton one obtains the first order dynamical equation of motion for the metric, R^1_{ij} = −4(α + h^1)h^0_{ij} . (C.11)

References

[1] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [arXiv:hep-th/9711200].

[2] T. Banks, W. Fischler, S. H. Shenker and L. Susskind, “M theory as a matrix model: A conjecture,” Phys. Rev. D 55, 5112 (1997) [arXiv:hep-th/9610043]

[3] O. Aharony, M. Berkooz, D. Kutasov and N. Seiberg, “Linear dilatons, NS5-branes and holography,” JHEP 9810, 004 (1998) [arXiv:hep-th/9808149].

[4] N. Seiberg, “New theories in six dimensions and matrix description of M-theory on T**5 and T**5/Z(2),” Phys. Lett. B 408, 98 (1997) [arXiv:hep-th/9705221].

[5] O. Aharony, “A brief review of ’little string theories’,” Class. Quant. Grav. 17, 929 (2000) [arXiv:hep-th/9911147].

[6] D. Kutasov, “Introduction To Little String Theory,” Prepared for ICTP Spring School on Superstrings and Related Matters, Trieste, Italy, 2-10 Apr 2001.

[7] A. Hashimoto and N. Itzhaki, “Non-commutative Yang-Mills and the AdS/CFT correspondence,” Phys. Lett. B 465, 142 (1999) [arXiv:hep-th/9907166].

[8] J. M. Maldacena and J. G. Russo, “Large N limit of non-commutative gauge theories,” JHEP 9909, 025 (1999) [arXiv:hep-th/9908134].

[9] R. G. Cai and N. Ohta, “On the thermodynamics of large N non-commutative super Yang- Mills theory,” Phys. Rev. D 61 (2000) 124012 [arXiv:hep-th/9910092]; “Noncommutative and ordinary super Yang-Mills on (D(p-2),Dp) bound states,” JHEP 0003 (2000) 009 [arXiv:hep-th/0001213]; “(F1, D1, D3) bound state, its scaling limits and SL(2,Z) duality,” Prog. Theor. Phys. 104 (2000) 1073 [arXiv:hep-th/0007106].

[10] V. E. Hubeny, M. Rangamani and S. F. Ross, “Causal structures and holography,” JHEP 0507, 037 (2005) [arXiv:hep-th/0504034].

[11] S. Minwalla and N. Seiberg, “Comments on the IIA NS5-brane,” JHEP 9906, 007 (1999) [arXiv:hep-th/9904142].

[12] A. W. Peet and J. Polchinski, “UV/IR relations in AdS dynamics,” Phys. Rev. D 59, 065011 (1999) [arXiv:hep-th/9809022].

[13] Unpublished work by S. Gubser, A. Hashimoto, and J. Polchinski as referenced in [12].

[14] D. Marolf, “Asymptotic flatness, little string theory, and holography,” arXiv:hep-th/0612012.

[15] R. B. Mann and D. Marolf, “Holographic renormalization of asymptotically flat spacetimes,” Class. Quant. Grav. 23, 2927 (2006) [arXiv:hep-th/0511096].

[16] R. B. Mann, D. Marolf and A. Virmani, “Covariant counterterms and conserved charges in asymptotically flat spacetimes,” Class. Quant. Grav. 23, 6357 (2006) [arXiv:gr-qc/0607041].

[17] E. Witten, “On string theory and black holes,” Phys. Rev. D 44, 314 (1991).

[18] G. W. Gibbons and M. J. Perry, “The Physics Of 2-D Stringy Space-Times,” Int. J. Mod.

Phys. D 1, 335 (1992) [arXiv:hep-th/9204090].

[19] C. R. Nappi and A. Pasquinucci, “Thermodynamics of two-dimensional black holes,” Mod.

Phys. Lett. A 7, 3337 (1992) [arXiv:gr-qc/9208002].

[20] J. D. E. Creighton and R. B. Mann, “Quasilocal thermodynamics of two-dimensional black holes,” Phys. Rev. D 54, 7476 (1996).

[21] J. L. Davis and R. McNees, “Boundary counterterms and the thermodynamics of 2-D black holes,” JHEP 0509, 072 (2005) [arXiv:hep-th/0411121].

[22] D. Grumiller and R. McNees, “Thermodynamics of Black Holes in Two (and Higher) Dimensions,” arXiv:hep-th/0703230.

[23] M. Henningson and K. Skenderis, “The holographic Weyl anomaly,” JHEP 9807, 023 (1998) [arXiv:hep-th/9806087].

[24] V. Balasubramanian and P. Kraus, “A stress tensor for anti-de Sitter gravity,” Commun.

Math. Phys. 208, 413 (1999) [arXiv:hep-th/9902121].

[25] R. B. Mann, “Misner string entropy,” Phys. Rev. D 60, 104047 (1999) [arXiv:hep-th/9903229].

[26] P. Kraus, F. Larsen and R. Siebelink, “The gravitational action in asymptotically AdS and flat spacetimes,” Nucl. Phys. B 563, 259 (1999) [arXiv:hep-th/9906127].

[27] A. Ashtekar, S. Fairhurst and B. Krishnan, “Isolated horizons: Hamiltonian evolution and the first law,” Phys. Rev. D 62, 104025 (2000) [arXiv:gr-qc/0005083].

[28] A. Ashtekar, C. Beetle and J. Lewandowski, “Mechanics of Rotating Isolated Horizons,” Phys. Rev. D 64, 044016 (2001) [arXiv:gr-qc/0103026].

[29] N. Itzhaki, J. M. Maldacena, J. Sonnenschein and S. Yankielowicz, “Supergravity and the large N limit of theories with sixteen supercharges,” Phys. Rev. D 58, 046004 (1998) [arXiv:hep-th/9802042].

[30] J. Polchinski, “M-theory and the light cone,” Prog. Theor. Phys. Suppl. 134, 158 (1999) [arXiv:hep-th/9903165].

[31] R. M. Wald, General Relativity, (U. Chicago, Chicago, 1984).

[32] A. Ashtekar and R. O. Hansen, “A Unified Treatment of Null and Spatial Infinity in General Relativity. I. Universal Structure, Asymptotic Symmetries, and Conserved Quantities at Spatial Infinity,” J. Math. Phys., 19 1542 (1978).

[33] R. Beig and B. Schmidt, “Einstein’s equations near spatial infinity,” 1982 Commun. Math.

Phys. 87 (1982) 65-80.

[34] R. Beig, “Integration of Einstein’s Equations Near Spatial Infinity,” 1984 Proc. R. Soc. A 391 295-304.

[35] S. de Haro, K. Skenderis and S. N. Solodukhin, “Gravity in warped compactifications and the holographic stress tensor,” Class. Quant. Grav. 18, 3171 (2001) [arXiv:hep-th/0011230].

[36] S. de Haro, S. N. Solodukhin and K. Skenderis, “Holographic reconstruction of spacetime and renormalization in the AdS/CFT correspondence,” Commun. Math. Phys. 217, 595 (2001) [arXiv:hep-th/0002230].

[37] M. Bianchi, D. Z. Freedman and K. Skenderis, “Holographic renormalization,” Nucl. Phys.

B 631, 159 (2002) [arXiv:hep-th/0112119].

[38] K. Skenderis, “Lecture notes on holographic renormalization,” Class. Quant. Grav. 19, 5849 (2002) [arXiv:hep-th/0209067].

[39] J. D. Brown and J. W. York, “Quasilocal energy and conserved charges derived from the gravitational action,” Phys. Rev. D 47, 1407 (1993).

[40] S. Hollands, A. Ishibashi and D. Marolf, “Counter-term charges generate bulk symmetries,” Phys. Rev. D 72, 104025 (2005) [arXiv:hep-th/0503105].

[41] J. M. Maldacena and A. Strominger, “Semiclassical decay of near-extremal fivebranes,” JHEP 9712, 008 (1997) [arXiv:hep-th/9710014].

[42] A. Parnachev and A. Starinets, “The silence of the little strings,” JHEP 0510, 027 (2005) [arXiv:hep-th/0506144].

[43] T. Regge and C. Teitelboim, “Role Of Surface Integrals In The Hamiltonian Formulation Of General Relativity,” Annals Phys. 88, 286 (1974).

[44] R. Arnowitt, S. Deser and C. W. Misner, “Heisenberg representation of classical general relativity,” Nuovo Cimento, 19 (1961) 668; R. Arnowitt, S. Deser and C. W. Misner, “Consistency of the canonical reduction of general relativity,” J. Math. Phys. 1 (1960) 434; R. Arnowitt, S. Deser and C. W. Misner, “The Dynamics Of General Relativity,” arXiv:gr-qc/0405109.

[45] A. E. Fischer and J. E. Mardsen, “The Einstein Equations of Evolution – A Geometric Approach,” J. Math. Phys. 13 4, 546-568 (1972).

[46] R. G. Cai and N. Ohta, “Surface counterterms and boundary stress-energy tensors for asymptotically non-anti-de Sitter spaces,” Phys. Rev. D 62 (2000) 024006 [arXiv:hep-th/9912013],