arXiv:hep-th/9405168v2 20 Feb 2008

MODULAR PROPERTIES OF RIBBON ABELIAN CATEGORIES

VOLODIMIR LYUBASHENKO

Abstract. A category N of labeled (oriented) trivalent graphs (nets) or ribbon graphs is extended by new generators called fusing, braiding, twist and switch with relations which can be called Moore–Seiberg relations. A functor to N is constructed from the category Surf of oriented surfaces with labeled boundary and their homeomorphisms. Given an (eventually nonsemisimple) k-linear abelian ribbon braided category C with some finiteness conditions we construct a functor from a central extension of N with the set of labels ObC to k-vector spaces. Composing the functors we get a modular functor from a central extension of Surf to k-vector spaces.

1991 Mathematics Subject Classification: 18B30, 18D10, 57N05

Moore and Seiberg’s study [16] on conformal field theory was continued and developed by Walker [23] from the topological point of view. The first systematic study in this direction of the example of ^sl(2) was made by Kohno [5, 6]. A different topological approach was proposed by Reshetikhin and Turaev [18] (see also [21]). The aim of this article is to present a categorical point of view on the subject. We use freely notations and results from the previous papers [9, 10].

We consider a category of surfaces S labeled by a set C, which Grothendieck calls the Teichmüller’s tower. Its subcategory Surf consists of labeled surfaces and isotopy classes of their homeomorphisms. Its central extension is denoted ESurf. We give also a definition of a modular functor.

We show that any ribbon abelian category C, satisfying the axioms of modularity [10] yields a modular functor Z_C : ESurf → k-vect. Thus, such category deserves to be called modular. Precisely, modularity means the following: C is a noetherian abelian k-linear ribbon tensor category with finite dimensional k-vector spaces Hom_C (A, B).

Date:

The research was supported in part by the SERC research grant GR/G 42976. The detailed version of this paper has been submitted for publication elsewhere. 1

In a cocompletion of C there exists a Hopf algebra F = ∫_{X∈C} X ⊗ Xˇ, an automorphism T : F → F and a Hopf pairing ω : F ⊗ F → I (see [10]) with the kernel Ker ω ⊂ F . We require that

(M1) f^{def}= F/ Ker ω is an object of C (“f is finite dimensional”); (M2) T (Ker ω) ⊂ Ker ω.

Vice versa, with some assumptions of representability any modular functor Z : ESurf → k-vect induce on C the structure of a ribbon category and the functor Z is isomorphic to Z_C . So, up to some extent, our conditions are not only sufficient, but also necessary.

In the case when C is a semisimple abelian category with finite number of simple objects and Ker ω = 0, obtained results generalize those of Moore and Seiberg [16]. Practically, in this case the obtained functor is the same as constructed by Walker [23] (in dimension two) and probably coincides with the one of Reshetikhin and Turaev [18]. A new feature is a possibility to work with non-semisimple categories.

Acknowledgements . I wish to thank V.G. Drinfeld, A. Joyal, T. Kohno, S. Majid, Y. Soibelman, R. Street for multiple helpful discussions. I am grateful to L. Breen for his kind hospitality and opportunity to work in Université Paris-Nord, where some results of this paper were obtained. More results were obtained, when the author visited C. De Concini at Scuola Normale Superiore and I express my deep gratitude to him.

1. Introduction

In Section 2 a category of labeled surfaces S and isotopy classes of their glueing maps is considered. It encompasses the usual category of surfaces Surf with isotopy classes of homeomorphisms as morphisms. This is a topological counterpart of Teichmüller’s tower, considered by Grothendieck [3]. He conjectured that the Teichmüller’s tower can be described by few essential relations in small genera. These relations were written by Moore and Seiberg [16].

They are essential relations of the category of ribbon graphs RG defined in Section 2.2. Ribbon graphs are surfaces with distinguished intervals at the boundary. The category has infinite number of generators combined into finite number of classes: topological morphisms (homeomorphisms and glueings of ribbon graphs), braiding, twists and switches. Also it has infinite number of relations, which are relatively trivial and can be considered as commutation relations or as identification of generators.

There is a functor dupl : RG → S. We construct in Section 3 a functor Surf → RG using the presentations of the mapping class group M_{g,0} by Wajnryb [22] and of the braid group of a closed surface by Scott [19]. The composition Surf → RG → S is the natural inclusion. The conjecture is that the functor dupl is an equivalence between S and RG.

We describe another category which objects are 1-complexes (graphs) called nets and morphisms besides maps of graphs include morphisms of insertion or deletion of a vertex, fusing, braiding, twists and switches. This category comes in two versions—unoriented N and oriented ON (Sections 4–6). Both are equivalent to the category of ribbon graphs RG. In Section 7 we study central extensions of the last category (in any form) and define a universal extension EN.

Given an abelian ribbon tensor category C with some finiteness properties we define a functor on a category EN labeled by objects of C in Section 9. Composing the functors we get a representation of the central extension of the category Surf. This is a direct generalization of Moore and Seiberg’s results [16].

Examples of such categories C can be found in [12]. Besides familiar semisimple abelian categories with finite number of simple objects, there are other, non-semisimple examples, such as the category of representations of a quantum group at a root of unity.

All the relevant categories and functors make part of the following diagram

Extended Extended → k-vect Surfaces Nets

Surfaces with Trivalent homeomorphisms Nets ↘ ↙ Surfaces with ← Ribbon ≃ Nets ≃ Oriented glueings Graphs Nets

Proofs of the obtained results will be published elsewhere [11].

2. Surfaces

2.1. Labeled surfaces. Let C = {A, B, C, ...} be a set of labels with an involution ·ˇ : C → C. By a labeled surface we shall understand the following: a compact oriented surface Σ with a boundary, with a labelling of boundary circles L : π_0(∂Σ) → C, i → A_i and with a chosen point x_i on i^{th} boundary circle, i.e. a section x : π_0(∂Σ) → ∂Σ of the projection ∂Σ → π_0(∂Σ) is fixed. So we write ∂Σ = ∐ i C_i, where a circle is described as C_i = (C_i, A_i, x_i).

Definition 2.1. Let Σ, Σ̃ be two labeled surfaces. A continuous surjective mapping f : Σ → Σ̃ is called glueing, if its restriction to interior part is an orientation preserving homeomorphism Int Σ → f(Int Σ) and Σ̃ is a quotient space of Σ with respect to the following equivalence relation ∼ in ∂Σ. We choose in π_0(∂Σ) some mutually disjoint pairs (C^′_j, A_j, x^′_j ) and (C^{′′}_j , A_jˇ, x^{′′}_j ) and homeomorphisms ϕ_j : C^′_j → C^{′′}_j such that ϕ_j (x^′_j ) = x^{′′}_j . If ϕ_j (x^′) = x^{′′}, we write x^′ ∼ x^{′′}. For any boundary circle (C_i, A_i, x_i) in Σ̃ its preimage must have the same labels (f^{−1}(C_i), A_i, f^{−1}(x_i)).

Note that a particular case of a glueing is an orientation, labelling and distinguished points preserving homeomorphism. Since a composition of glueings is again a glueing, they form a category.

Definition 2.2. Consider a category S = S_C which objects are labeled surfaces and morphisms are isotopy classes of glueings (an isotopy here is a continuous family of glueings). The category S is a symmetric monoidal category with disjoint union as a monoidal product.

Proposition 2.1. The equality gf_1 = gf_2 of morphisms in the category S implies f_1 = f_2 (we shall say that the category S has left cancellations property).

Proof. Glueings are surjective maps. □

2.2. Ribbon graphs.

Definition 2.3. A ribbon graph is an oriented surface X such that its each component has a non-empty boundary, equipped with a subset B ⊂ ∂X homeomorphic to finite disjoint sum of closed intervals, with a labelling L : π_0(B) → C, and with a chosen point in the interior of each component of B, i.e. with a section x : π_0(B) → Int B of the projection B → π_0(B).

Definition 2.4. Let RG be a category which objects are ribbon graphs and morphisms are isotopy classes of glueings of ribbon graphs. A glueing f : (X_1, B_1, L_1) → (X_2, B_2, L_2) is a continuous surjective orientation preserving mapping f : X_1 → X_2, such that the preimage of each point consists of one or two points and the induced relation ∼ in X_1

(x, y ∈ X_1 are equivalent if f(x) = f(y)) reduces to pairwise identification of some components of B_1 with other components having dual labels. Distinguished points must be pairwise identified or mapped to distinguished points, preimage f^{−1}(B_2) must be a union of components of B_1, and homeomorphism f : f^{−1}(B_2) → B_2 must preserve labeling. The category RG is a symmetric monoidal category with respect to disjoint union.

The category RG has left cancellation property.

There is a functor dupl : RG → S called duplication. Having a ribbon graph X, construct a surface Σ = X ∪ X̄, where X̄ is a second copy of X with reversed orientation and ∂X − Int B is identified with ∂X̄ − Int B̄ via “identity map”. Boundary of Σ is the suspension of B and it obtains labeling from the labeling of B. The chosen points in B become chosen points in ∂Σ. To each glueing f : X → Y of ribbon graphs corresponds the glueing f ∪ f̄ : X ∪ X̄ → Y ∪ Ȳ of surfaces.

The duplication functor is injective on morphisms and essentially surjective on objects. Duplication of the following ribbon graphs (double lines mark the subset B ⊂ ∂X)

D_0 =

, D_1 =

A , D_2 = A E , D_3 = A

C

E (2.1)

A_0 =

, A_1 =

A

(2.2)

gives sphere, disk, annulus, pants, torus and torus with one hole correspondingly.

The category S has more morphisms than RG. For instance, the following are automorphisms of annulus, pants (sphere S^2 = C̄ with 3 holes) and torus with one hole

R :

A

B −−−→

A

B

ω =_C ω_{AE} : A E

C −−−→ E A

C (2.3)

S : −−−→ (2.4)

but not of the ribbon graph they came from. Here additional lines on annulus, pants and torus start from the chosen points on the boundary. The additional lines on the left hand side go to the additional lines in the right hand side under the homeomorphism R, ω or S, which completely determines its isotopy class. Indeed, when the surface (annulus, sphere S^2 with 3 holes, or torus with 1 hole represented by a square with identified edges) is cut along additional lines it becomes a disk, and one knows that a homeomorphism of the boundary of the disk can be extended to a homeomorphism of the disk unique up to isotopy.

R is called inverse Dehn twist, or shortly twist, ω is called braiding, S is called switch. Our first goal will be to give a presentation of the category S over the category RG, i.e. to add new generators of type R, ω, S to RG and to find relations, which give a category, equivalent to S.

When we present a symmetric monoidal category with left cancellations D by generators and relations we mean the following: take a free category F on given generators; consider a minimal multiplicative equivalence relation ∼ in Mor F such that in F/ ∼ given relations are satisfied; enlarge the multiplicative equivalence relation ∼ to ∼_1 so that F/ ∼_1 were symmetric monoidal category for a priori given tensor product; enlarge the multiplicative equivalence relation ∼_1 to ∼_2 so that in D = F/ ∼_2 any equation gf_1 = gf_2 with g, f_1, f_2 ∈ Mor D would imply f_1 = f_2.

Definition 2.5. Let RG be a symmetric monoidal category with left cancellations having ribbon graphs as objects and with morphisms generated over RG by new morphisms described as follows.

Let γ : [0, 1] → X be a curve in a ribbon graph (X, B, L) such that γ(]0, 1[) ⊂ Int X, γ(0), γ(1) ∈ ∂X − B. Such curve will be called a cut. We associate with γ([0, 1]) a new morphism T w_γ : X → X called twist.

Let h : D_3 → X be a continuous orientation preserving map such that h(∂D_3 − B_3) ⊂ ∂X − B, where hexagon ribbon graph (D_3, B_3, L_3) is from (2.1) with distinguished interval C. We associate with h a new morphism Br_h : X → X^′ called braiding. Here X^′ is obtained from X by a surgery. Denote by A, E subintervals of B_3 labeled by A, E. Cut X along h(A) and h(E) and reglue the edges cross-wise preserving the orientation.

Let j : A_1 → X be a continuous orientation preserving map such that j(∂A_1 − B_1) ⊂ ∂X − B, where annulus ribbon graph (A_1, B_1, L_1) is from (2.2). We associate with it a new morphism S_j : X → X called switch.

These generators are subject to the following relations. If the curve γ : [0, 1] → X is shrinkable in the class of such curves that γ(0), γ(1) ∈ ∂X − B, we set

T w_γ = id_X .

If the map h : D_3 → X can be deformed inside the class of maps with condition h(∂D_3 − B_3) ⊂ ∂X − B so that h(A) or h(E) shrinks to one point we set Br_h = ϕ : X → X^′

if h(C) shrinks to one point we set

Br_h = T w^{−1}_γ · ϕ : X → X^′ where ϕ : X → X^′ ∈ RG is the unique up to isotopy homeomorphism between X and X^′ which is identity outside of the region h(D_3) ∪ F

X γ

F h(D_3)

and γ : [0, 1] → h(D_3) is a curve isotopic to one of non-shrinkable h(A), h(E), h(C). For each glueing g : X → Y and a map γ : [0, 1] → X, h : D_3 → X or j : A_1 → X the following diagrams commute: X^{T wγ}−−−→ X g g Y^{T wγg}−−−→ Y (2.5)

X^{Brh}−−−→ X^′ g g^′ Y^{Brhg}−−−→ Y^′ (2.6)

X^{Sj}−−−→ X g g Y^{Sjg}−−−→ Y (2.7)

where the glueing g^′ is defined as composition of surgery in h(A), h(B), glueing g and surgery in g ∘ h(A), g ∘ h(B). In these diagrams g, g^′ denote isotopy classes of glueings g, g^′. Particular case when g is isotopic to identity shows that T w_γ, Br_h, S_j depend only on isotopy classes of γ, h, j. In the case X = D_3 there are the following relations

Br^2_{BC} = T w_A T w^{−1}_B T w^{−1}_C : B

A

C −−→ B

A

C (2.8)

T w^{−1}_A = A

C

B Br_{AB} −−−→ B

C

A −→

Br_{AC} −−−→ B

A

C rot−→ A

C

B (2.9)

T w^{−1}_B = A

C

B Br_{AB} −−−→ B

C

A −→

Br_{CB} −−−→ C

B

A rot^{−1} −−−→ A

C

B (2.10)

Here Br_{AB} stands for Br_{id}, similarly Br_{AC} , Br_{CD} are defined and rot denotes a morphism from RG, rotation by 2π/3.

There are two relations for X = D_4 = a disk with 4 intervals marked on the boundary: D

A B

C Z Y^{DBr±1}Y C −−−−→ D

C A

B Y U

Z Br^{±1}_{BC} ↘ ↗_U Br^{±1}_{AC} D

A B

C Z U (2.11)

Here three inclusions D_3 → D_4 are determined by 3 indices appended to braidings. Image of D_3 covers a half of D_4.

Relations for X = A_1 are

(ST )^3 = S^2 :

M

γ −−→

M

γ , (2.12)

where T = T w_γ , and (2.13) (see Figure 1). X

γ S^2−−−→

X

X Br^{−1}_{γγ} ‖ ‖ X

γ T w^{−1}_γ −−−→

X

γ

(2.13)

Figure 1. A relation for annulus ribbon graph A_1

Finally, there is a relation for annulus ribbon graph A_2 with two intervals marked on the boundary (see diagram 2.14, Figure 2). Here rot_π ∈ RG is the rotation by π, and ϕ ∈ RG is a homeomorphism, which is identity in a neighbourhood of the hole and slides intervals X, Y along the boundary.

Remark 2.1. The requirement that RG is a symmetric monoidal category with left cancellations produces more relations than just in a category with relations (2.5)–(2.14). For instance, any two generators f_1, f_2 with essentially non-intersecting supports (γ([0, 1]), h(D_3), j(A_1)) commute (this can be called a “locality principle”). Essentially nonintersecting means that images of some γ^′, h^′, j^′ isotopic to γ, h, j do

Y X

Br_{XY} −−−→

X Y

S^{−1} r^{ot}π Y X

δ γ

Y X T w^{−1}_γ T w_δ ϕ Y X

S−−−→

Y X

(2.14)

Figure 2. A relation for annulus ribbon graph A_2

not intersect. Indeed, cut the ribbon graph X into pieces so that one of the pieces contained support of f_1 and another contained support of f_2. Denote the resulting ribbon graph X̃. The liftings f̃_1, f̃_2 : X̃ → X̃ commute because they are tensor products (disjoint unions) of a generator with identity map. The axioms (2.5)–(2.7) imply that gf_1f_2 = gf_2f_1 : X̃ → X. The left cancellation property implies that f_1, f_2 : X → X commute.

Also (2.8)–(2.14) imply relations of the type (2.8)–(2.14) in X associated with embeddings of D_3, D_4, A_1, A_2 into X.

Proposition 2.2. The duplication functor dupl : RG → S extends to a functor dupl : RG → S. It sends T w_γ : X → X to the inverse

Dehn twist R in X ∪ X̄ performed in neighbourhood of the cycle γ ∪ γ̄. The braiding Br_h : X → X^′ goes to a braiding homeomorphism ω : X ∪ X̄ → X^′ ∪ X̄^′, supported in h(D_3) ∪ h̄(D_3), looking as (2.3)

ω : A B

C −−−→ B A

C

(exterior of the first figure is h̄(D_3)). The switch S_j : X → X goes to a switching homeomorphism S : X ∪ X̄ → X ∪ X̄ supported in j(A_1) ∪ j̄(A_1) looking as (2.4)

S : A −−−→ A

(the upper half of the square with identified edges is j(A_1), the lower half is j̄(A_1)).

3. Ribbon graphs compared to surfaces

We say that a ribbon graph (X, B) has g loops with n entries if dim H_1(X, R) = g, Card π_0(B) = n. Duplicated, it gives a surface X∪X̄ of genus g with n holes.

Theorem 3.1. There exists a functor Φ : Surf → RG such that the composition dupl ∘ Φ : Surf → S is isomorphic to the inclusion functor Surf → S. Proof. The theorem reduces to constructing a splitting of the homomorphism Aut_{RG}(Y_{g,n}) → Aut_S (dupl(Y_{g,n})) ≃ Aut_{Surf} (dupl(Y_{g,n})). Here Y_{g,n} means a graph with g loops (of genus g) and with n components of B (entries). In general, Y_{g,n} is labeled by n_1 copies of L_1 ∈ C, n_2 copies of L_2 ∈ C, etc. Each morphism induces a permutation of the set π_0(B) ≃ π_0(∂(dupl(Y_{g,n}))), so there are group homomorphisms

Aut_{RG}(Y_{g,n}) → Aut_S (dupl(Y_{g,n})) → S_n.

In particular case when all labels coincide, the automorphism groups G_{RG}, G_S will be the biggest, and the general case groups are just preimages under projections G_{RG} → S_n, G_S → S_n of the subgroup of permutations leaving invariant n_k-element subset of π_0(B) with label L_k, k ⩾ 1, n = n_1 + n_2 + . . . . Thus it suffices to consider the case when all labels L ∈ C coincide. We have to construct a splitting of the homomorphism Aut_{RG}(Y_{g,n}) → Aut_S (dupl(Y_{g,n})) = M_{g,n}, where the last group is the mapping class group of a surface of genus g with n holes.

Using braiding isomorphisms any ribbon graph Y_{g,n} can be reduced to a standard form

X_{g,n} = 1 2 n so we have to consider only standard case Y_{g,n} = X_{g,n}. Using results of Dehn [2] and Lickorish [7, 8], Birman [1] gave a set of generators of M_{g,n}. These consist of braidings permuting the holes, some Dehn twists coming from T w_γ ∈ RG, and some Dehn twists along cycles in dupl(X_{g,n}) which can be obtained from cycles of the form γ ∪ γ̄ by action of homeomorphisms S. This implies that the map Aut_{RG}(X_{g,n}) → M_{g,n} is an epimorphism. More details will be given below.

When g ⩽ 1 or n ⩽ 1 not only generators of M_{g,n} but also relations are known (Magnus [14] for g = 0, Birman [1] for g = 1 and Wajnryb [22] for n = 0, 1). For generic values of g, n defining relations were not written, but it is known (Birman [1], Scott [19]) that there is an exact sequence 1 → B̄_n(Σ_g) → M_{g,n} → M_{g,0} → 1, where B̄_n(Σ_g) is the extension of the braid group of a closed surface of genus g by Z^n. Its defining relations are found by Scott [19]. This information is sufficient to show case by case that generators of M_{g,n} admit liftings to Aut_{RG}(X_{g,n}) and the relations in M_{g,n} lift to relations in Aut_{RG}(X_{g,n}). This implies the theorem. □

The topological version of the Grothendieck conjecture about Teichmüller’s tower is

Conjecture . The duplication functor dupl : RG → S is an equivalence of categories.

4. A category of trivalent nets

4.1. Trivalent nets.

Definition 4.1. Let a trivalent net Γ be a 1-complex with set of vertices V ⊔ B and set of edges E. Elements of V , called 3-vertices, occur thrice as endpoints of edges, and elements of B, called ends, occur once as an endpoint of an edge. Each edge has at least one endpoint in V and Γ is equipped with labeling of ends B → C. For each vertex v ∈ V belonging to 3 edges a, b, c denote a^′, b^′, c^′ 3 different isotopy classes of embeddings γ : [0, 1] → a, b, c such that γ(0) = a. A cyclic order in the set {a^′, b^′, c^′} is chosen (which is one of the two cyclic permutations (a^′, b^′, c^′) or (a^′, c^′, b^′)).

An edge connecting a 3-vertex and an end is called external leg, others are internal edges. Trivalent nets will be drawn in the plane in such a way that cyclic orientation of edges around a 3-vertex is coherent with the orientation of the plane of drawing.

Let Γ_1, Γ_2 be trivalent nets.

Definition 4.2. A glueing g : Γ_1 → Γ_2 is a surjective continuous mapping of 1-complexes (sending vertices to vertices and edges into edges), bijective on 3-vertices and preserving cyclic order for edges incident to each 3-vertex, and such that preimage of an end is an end with the same label from C, preimage of an internal edge is an internal edge or a pair of external legs with dual labels.

Denote T N_0 the category of trivalent nets with glueings as morphisms. It is a symmetric monoidal category with disjoint union as a monoidal product.

Definition 4.3. Let T N be a symmetric monoidal category with left cancellations having trivalent nets as objects and morphisms, generated over Mor T N_0 by fusing moves: for each internal edge a ∈ Γ ∈ Ob T N_0 with different endpoints the fusing move fus_a : Γ → Γ^′ is a new morphism, where Γ^′ differs from Γ in a neighbourhood of a as shown in the figure fus_a : a −−−→ .

New morphisms are subject to the following relations (commutative diagrams). For any glueing g and any internal edge a ∈ Γ_1 Γ_1^{fusa}−−−→ Γ^′_1 g g^′ Γ_2^{fusg(a)} −−−−→ Γ^′_2 (4.1)

The following relations are written literally, without any complementary part a fusa−−→ b^{fusb}−−→ = id (4.2)

and (4.3), Figure 3.

(4.3) Figure 3. The pentagon relation

There is a functor fat : T N → RG called fattening. Given a trivalent net Γ with a set of 3-vertices V , we take Card V copies of a ribbon graph D_3, glue pairwise intervals corresponding to internal edges of Γ, and put on fat(Γ) the same labels as on Γ. It is important to glue respecting the orientation of D_3’s, and to make a bijection between π_0(B_3) and the set of edges incident to a 3-vertex respecting the cyclic ordering (π_0(B_3) has a canonical cyclic ordering coming from the orientation of D_3). Fattening of a glueing is a glueing and fattening of the fusing move fus_a is the isotopy class of a homeomorphism fat(Γ) → fat(Γ^′), which is identity outside of the two D_3’s glued by a.

−−−→ .

The ribbon graphs fat(Γ) are canonically marked. A marking M of a ribbon graph (X, B) is by definition an isotopy class of ⋃ k γ_k([0, 1]) for non-intersecting cuts γ_k : [0, 1] → X (such that γ_k(]0, 1[) ⊂ Int X, γ_k(0), γ_k(1) ∈ ∂X − B) and such that X − ⋃ k γ_k([0, 1]) is a union of hexagons D_3.

4.2. Coherence theorem for markings of ribbon graphs.

Theorem 4.1. Any marking of a ribbon graph can be obtained from any other marking by a sequence of fusing moves. Any such sequence can be transformed into any other using the pentagon, quadrilateral and fus^2 = id identity.

Corollary 4.2. For all trivalent nets Γ_1, Γ_2

T N (Γ_1, Γ_2) → RG(fat(Γ_1), fat(Γ_2))

is bijective.

Proof. Any morphism f in T N or RG is uniquely decomposed as gh, where g is a canonical glueing determined by the set of pairs of ends glued by f, and h is an isomorphism. Hence, we can consider only isomorphisms. Let ϕ : fat(Γ_1) → fat(Γ_2) be a homeomorphism. Use it to transfer the canonical marking of fat(Γ_2) to a marking M of fat(Γ_1). By Theorem it can be obtained from the canonical marking of fat(Γ_1) by a sequence of fusing moves. This sequence determines a morphism j : Γ_1 → Γ ∈ T N where Γ is the net determined by the marking M.

It is identified with Γ_2 by an isomorphism i : Γ → Γ_2 ∈ T N_0. Finally, for h = ji we have ϕ = fat(h).

For the second statement, it suffices to consider the case of isomorphic Γ_1 and Γ_2. Furthermore, we have only to prove that any f : Γ → Γ ∈ T N , such that fat(f) is isotopic to id_{fat(Γ)}, equals id_Γ. Represent f as a product fus_{a1} fus_{a2} . . . fus_{an} . The sequence of fusing moves in fat(Γ) corresponds to it. This sequence produces a new marking of fat(Γ), which equals to the image of the canonical marking under the homeomorphism fat(f)^{−1}. Hence, it is isotopic to the canonical marking. This gives a loop in M which by the Theorem can be shrunk by the pentagon, quadrilateral and fus^2 = id moves. Parallelly we reduce the expression for f to 1, using the pentagon, quadrilateral and fus^2 = id identities in T N . □

This corollary implies

Theorem 4.3. The functor fat : T N → RG is an equivalence of T N with a full subcategory RG_+ of ribbon graphs, each component of which satisfy the inequalities n ⩾ 3 or g ⩾ 1, n ⩾ 1 or g ⩾ 2 (4.4)

(g, n stand for genus and number of marked intervals).

Remark 4.1. Formally adjoining the objects D_0, D_1, D_2, A_0 and some morphisms to RG_+ we can reconstruct RG. We shall do a similar thing later.

4.3. Trivalent nets with twists, braiding and switching. Now we add to T N new morphisms just as we added them to RG. The obtained category T N will be a full subcategory of RG.

Definition 4.4. Let T N be a symmetric monoidal category with left cancellations which objects are trivalent nets and morphisms are generated over T N by the following morphisms.

For an edge A of a trivalent net Γ there is a twist automorphism T w_A : Γ → Γ.

For a 3-vertex a ∈ Γ and two incident edges B, C there is a braiding morphism_aBr_{BC} : Γ → Γ^′, denoted also_ABr_{BC} or Br_{BC} if there is no ambiguity, where Γ^′ is obtained from Γ by a surgery cutting edges B and C and reglueing the ends crosswise. Γ^′ is isomorphic to Γ with the changed cyclic orientation at a. Locally it looks like aBr_{BC} : A B C −−−→ A C B

For each loop-edge A of Γ there is a switch automorphism S_A : Γ → Γ, e.g. S_A : A −→ A .

The morphisms are subject to the following relations. For any glueing g Γ_1^{T wA}−−−→ Γ_1 g g Γ_2^{T wg(A)} −−−−→ Γ_2 (4.5)

Γ_1^{aBrBC} −−−−→ Γ^′_1 g g^′ Γ_2^{g(a)Brg(B),g(C)} −−−−−−−−→ Γ^′_2 (4.6)

Γ_1^{SA}−−−→ Γ_1 g g Γ_2^{Sg(A)}−−−→ Γ_2

(4.7)

commute. Also Br^2_{BC} = T w_A T w^{−1}_B T w^{−1}_C : A B C −−→ A B C (4.8)

T w^{−1}_A = ( C A B Br_{AB} −−−→ C B A Br_{AC} −−−→ A B C rot−→ C A B ) (4.9)

T w^{−1}_B = ( C A B Br_{AB} −−−→ C B A Br_{CB} −−−→ B C A rot^{−1} −−−→ C A B ) (4.10)

(here rot is an isomorphism of rotation), X A B C_{Br±1} BC −−−−−→ X A C B_{fus} −−−−−→ X A C B

fus Br^{±1}_{AC} X A B C Y^{Br±1Y C} −−−−−→ X C A B Y fus −−−−−→ X C A B (4.11)

(S_M T w_M )^3 = S^2_M : M−−→ M, (4.12) X M^{S2}M−−−−−→ X M

X Br^{−1}_{MM} ‖ ‖ ‖ X M^{T w−1}M−−−−−→ X M (4.13)

and (4.14) (see Figure 4) are satisfied.

It is clear that the functor fat : T N → RG extends to a functor fat : T N → RG. Theorem 4.4. The functor fat : T N → RG is an equivalence of T N with a full subcategory RG_+ of ribbon graphs satisfying condition (4.4).

Proof. A quasiinverse functor Φ : RG_+ → T N is constructed like that. For any ribbon graph X choose a marking M_X and set Φ(X) to be the trivalent net N(M_X ) associated with M_X . Let g : X → Y be a glueing, then there is a marking g^∗(M_X ) of Y consisting of g(M_X ) and images of those boundary intervals of X which are glued by g. To g corresponds the morphism

Φ(X) = N(M_X )^{g′}−→ N(g^∗(M_X ))^f−→ N(M_Y ) = Φ(Y ), where g^′ is a canonical glueing, and f is a composition of fusings, transforming g^∗(M_X ) into M_Y .

The functor Φ extends to a functor Φ : RG_+ → T N. Indeed, take a map γ : [0, 1] → X, or h : (D_3, B_3) → X, or j : (A_1, B_1) → X which

Y X A

N

Br_{XY} −−−−−−−−−−−−−−→ X Y A

N S^{−1}_N rot Y X A

M Y X A

N

fus_A fus^A Y X L M Y X N P T w^{−1}_L T w_M fus^N

Y X L M fus_L −−−→ Y X B

M

S_M−−−→ Y X B

P

(4.14)

Figure 4. A relation for A_2 net

determines a morphism T w_γ , Br_h, or S_j as in Definition 2.5. There exists a marking M of X containing γ([0, 1]), or h(B_3), or j(B_1) and a composition f of fusing moves relating M_X and M. Set Φ(T w_γ ) = f T w_A f^{−1}, or Φ(S_j ) = f S_A f^{−1} for A from M determined by γ or h and similarly for Br_h. The morphism f ∈ T N is unique and a different choice of marking M, say M^′, will give f^′ = fg, where g is a composition of fusing moves fus_a with a ≠ γ([0, 1]), a ⊄ h(B_3), a ≠ j(B_1). Hence, Φ(T w_γ ), Φ(Br_h), Φ(S_j ) are correctly defined morphisms of T N.

The relations (4.5)–(4.7) follow from the relations (2.5)–(2.7), and Φ applied to (4.8)–(4.14) is just (2.8)–(2.14). Thus the functor Φ :

RG_+ → T N is constructed and one can easily see that it is quasiinverse to fat : T N → RG_+. □ 5. A category of nets

5.1. Nets. Now we consider nets with valency not bigger than 3.

Definition 5.1. Let a net be a 1-complex Γ with the set of vertices V_3 ⊔ V_2 ⊔ V_1 ⊔ B and the set of edges E. The elements of V_i, called i-vertices (i = 1, 2, 3) occur i times as endpoints of edges, elements of B called ends occur once as an endpoint of an edge. We assume that each edge has at least one endpoint in V_3 ⊔ V_2 ⊔ V_1. A net Γ is equipped with a labeling of ends B → C and for each 3-vertex a cyclic order in the set of incident edges is chosen.

Denote N_0 the symmetric monoidal category of nets with glueings as morphisms. Glueings are defined similarly to trivalent case with requirement that a glueing is bijective on i-vertices, i = 1, 2, 3.

Definition 5.2. Let N be a symmetric monoidal category with left cancellations which has nets as objects, and morphisms are generated over N_0 by the following morphisms:

insertion ins_a : Γ → Γ^′ is an isomorphism of Γ to Γ^′ with a 1-vertex a ∈ Γ^′ and the incident edge deleted or a 2-vertex a ∈ Γ^′ deleted and the two incident edges combined in one;

deletion del_a : Γ^′ → Γ is the inverse morphism.

These morphisms are subject to the following relations. Whenever the diagram Γ_1^{insa}−−−→ Γ^′_1 g g^′ Γ_2^{insg′(a)} −−−−→ Γ^′_2 (5.1)

commutes as a diagram of mappings of 1-complexes, it commutes also in N . Also the diagrams a insb−−−→ a b ins_c ins_c a c insb−−−→ a b c (5.2) a insb−−−→ b a ins_c ↗ ϕ a c (5.3)

where ϕ is the isomorphism of nets, a insb−−−→ b a ins_c ↗ ψ a c (5.4)

where ψ is the isomorphism of nets sending a → b, c → a, are all commutative.

Finally, the isomorphism rot : −−→ (5.5) interchanging the vertices is set equal to identity morphism.

Let N_+ be the full subcategory of such nets that genus g and the number of ends n for each component satisfy (4.4). There is an obvious inclusion functor inc : T N_0 → N_+. Let us construct a functor tri : N_+ → T N_0. Take a net Γ. Denote red_1(Γ) the net Γ with all 1-vertices and incident edges deleted. Repeat the reduction until Γ^′ = (red_1)^k(Γ) does not contain 1-vertices. Change each connected string of 2-vertices in Γ^′ together with incident edges to one edge. The obtained net tri(Γ) is trivalent. Any glueing g : Γ_1 → Γ_2 is bijective on 1-vertices, hence, induces a glueing red_1(Γ_1) → red_1(Γ_2), therefore, a glueing Γ^′_1 → Γ^′_2 which leads to a glueing tri(g) : tri(Γ_1) → tri(Γ_2). Any morphism ins_a, del_a is sent to identity by the functor tri.

Theorem 5.1. The functors inc : T N_0 → N_+ and tri : N_+ → T N_0 are quasi-inverse to each other.

5.2. Nets with fusing, braiding, twists and switches. Now we add more morphisms to the category of nets.

Definition 5.3. Let N be a symmetric monoidal category with left cancellations having nets as objects and having morphisms generated over N by fus_a : Γ → Γ^′, T w_a : Γ → Γ,_aBr_{BC} : Γ → Γ^′, S_a : Γ → Γ as in Definitions 4.3, 4.4. We subject them to the relations of Definitions 4.3, 4.4 and the following. There are equations T w_A = T w_B : A B −−→ A B , (5.6)

T w_a = 1 : a −−→ a . (5.7) The following diagrams commute ins−→ ins−→ ins ↘ fus ins−→ (5.8)

C A B Br^{±1}_{AB} −−−→ C B A del_A ↘ ↙ del_A C B (5.9)

Denote N_+ a full subcategory of nets whose components satisfy inequalities (4.4).

Theorem 5.2. The functor tri uniquely extends to a functor tri : N_+ → T N quasi-inverse to inclusion functor inc : T N → N_+. 5.3. Nets compared with ribbon graphs. Extend the functor N_+^{tri}−→ T N^{fat}−→ RG to a functor fat : N → RG setting fat( ) = fat( A ) = A ,

fat( A B ) = A B ,

fat( ) = ,

The fattening of an insertion or deletion morphism is set to the unique “identity” homeomorphism of the ribbon graphs. Fattenings of other generators are already defined.

Theorem 5.3. The functor fat : N → RG is an equivalence of categories.

6. A category of oriented nets

6.1. Oriented nets. By an oriented net we mean a net Γ, equipped with such orientation of edges that each 2-vertex or 3-vertex is a source for some edge and a target for some edge. Given an oriented net Γ with labeling L : B → C, we define its desorientation deso(Γ) as a net Γ with labeling L^′ : B → C constructed as follows. L^′(b) = L(b) if the end b is a target and L^′(b) = L(b)ˇ if the end b is a source of the incident external leg. A glueing of oriented nets is an orientation preserving map, which is a glueing of underlying desoriented nets. In particular, only those external legs can be glued which carry the same label from C and one of them has the incident end as a target, and another as a source.

Definition 6.1. Let ON be a symmetric monoidal category with left cancellations having oriented nets as objects and morphisms generated over glueings by the following new morphisms:

reversal rev_a : Γ → Γ^′, where a is an internal edge of Γ and Γ^′ differs from Γ by a reversed orientation of a;

dualising morphism du_a : Γ → Γ^′, where a is an external leg of Γ, Γ^′ differs from Γ by a reversed orientation of a, and the labels A, A^′ ∈ C attached to a are dual to each other;

ins_a : Γ → Γ^′, del_a : Γ → Γ^′, insertion and deletion of a 2-vertex. These morphisms are subject to relations ins · del = 1, del · ins = 1, rev^2_a = 1, du^2_a = 1. For each glueing g : Γ_1 → Γ_2 the diagram (5.1) and Γ_1^{reva}−−−→ Γ^′_1 g g^′ Γ_2^{revg(a)} −−−−→ Γ^′_2 (6.1)

Γ_1^{dua}−−−→ Γ^′_1 g g^′ Γ_2^{dug(a)} −−−→ Γ^′_2 (6.2)

(if the external leg a is not glued by g) commute. The diagrams

a insb−−−→ b a ins_c ↗ ψ a c (6.3)

X A B X C D_{duX duX} −−−−−→ Xˇ A B Xˇ C D

g^′ g_{′′} A B C D_{rev} −−−→ A B C D (6.4)

X X A B_{duX duX} −−−−−→ Xˇ Xˇ A B

g^′ g^{′′}

A B_{rev} −−−→ A B (6.5)

X X duX duX −−−−−→ Xˇ Xˇ g^′ g^{′′} r^{ev}−−−→ (6.6)

C A B du_A ↗ ↘ du_B C Aˇ B C A Bˇ du_C duC Cˇ Aˇ B Cˇ A Bˇ du_B ↖ ↙ du_A Cˇ Aˇ Bˇ

(6.7)

also commute.

Finally, the morphism rev : a b −−−→ a b equals to the isomorphism of graphs, which sends a to b, b to a.

Notation . Both morphisms rev_a and du_a will be sometimes denoted Du_a. Denote N^′ ⊂ N the category of nets N_0 extended by morphisms ins_a, del_a of insertion and deletion of a 2-vertex with relations (5.1), (5.4), (5.5). There is a desorienting functor deso : ON → N^′ which sends rev_a, du_a : Γ → Γ^′ to id_{deso(Γ)}.

Theorem 6.1. The functor deso : ON → N^′ is an equivalence of categories.

6.2. Oriented nets with fusing, twists, braiding and switches. Now we add to ON new morphisms. The obtained category ON will be made equivalent to N.

Definition 6.2. Let ON be a symmetric monoidal category with left cancellations which objects are oriented nets and morphisms are generated over ON by the following isomorphisms:

ins_a : Γ → Γ^′, del_a : Γ^′ → Γ where Γ^′ differs from Γ by a 1-vertex a and an incident edge;

fus_a : Γ → Γ^′, where a neighbourhood of a looks as

fus_a : a −−−→

(only part of Γ, Γ^′ is drawn here, the complements of it in Γ and Γ^′ are the same). It is important that cyclic ordering for all 3-vertices is coherent here with the orientation of the plane of drawing;

T w_a : Γ → Γ for an edge a of Γ;

aBr_{BC} : Γ → Γ^′ for a 3-vertex a ∈ Γ and two incident edges B, C with sources in a. The net Γ^′ is obtained from Γ as in unoriented case. Locally the morphism looks as

aBr_{BC} : A B C −−−→ A C B ;

S_a : Γ → Γ for a loop-edge a ∈ Γ looking as

S_a : a −−−→ a .

They are subject to the following relations. For any glueing g : Γ_1 → Γ_2 whenever upper row in diagrams (5.1), (4.1), (4.5)–(4.7) is defined, the whole diagram is defined and commute. The following diagrams commute ins−−−→ ‖ ‖ r^{ev} ins−−−→ (6.8)

a b Ins−−→ a b^{Dub}−−→ a b^{Dua}−−→ a b Del Del d^{or rev}−−−−→ ^{Ins}−−→ a b (6.9) a insb−−−→ a b ins_c insc a c insb−−−→ a b c (6.10)

a insb−−−→ b a ins_c ↗ ϕ a c (6.11)

(where ϕ is the isomorphism of oriented nets)

T w_a = 1 : a −−→ a . (6.12) and similar diagrams with opposite orientation of edges also commute.

The following diagrams commute

ins−→ ins−→ ins ↘ fus ins−→ (6.13)

ins−→ ins−→ ins ↘ fus

ins−→ (6.14) ins−→ ins−→ ins ↘ fus ins−→ (6.15)

A B C D_d C−−→ A B Cˇ D_{rev} −−→ A B Cˇ D_d A−−→ Aˇ B Cˇ D

F us F us A B C D_{dC} −−→ A B Cˇ D_{rev} −−→ A B Cˇ D_{dA} −−→ Aˇ B Cˇ D (6.16)

A B C D_d A−−→ Aˇ B C D_{rev} −−−−−→ Aˇ B C D_d D−−→ Aˇ B C Dˇ

F us F us A B C D_{dA} ←−−−−−−−− Aˇ B C D_{dD} ←−−−−−−−− Aˇ B C Dˇ (6.17)

T w_A = T w_B : A B −−→ A B , (6.18)

T w_aDu_a = Du_aT w_a (6.20) C A B Br^{±1}_{AB} −−−→ C B A del_A ↘ ↙ del_A C B (6.21)

(6.19) Figure 5. The oriented pentagon equation

Br^2_{BC} = T w_A T w^{−1}_B T w^{−1}_C : A B C −−→ A B C (6.22)

C A B Br_{AB} −−−→ C B A du_B −−−→ C Bˇ A du_C −−−→ Cˇ Bˇ A T w_A Br^{A,Cˇ} C A B rot←−−− A B C du_B ←−−− A Bˇ C du_C ←−−− A Bˇ Cˇ (6.23)

C A B Br_{AB} −−−→ C B A du_A −−−→ C B Aˇ du_C −−−→ Cˇ B Aˇ T w_B Br^{Cˇ,B} C A B rot^{−1} ←−−− B C A du_A ←−−− B C Aˇ du_C ←−−− B Cˇ Aˇ (6.24)

X A B C_{Br±1} BC −−−−−→ X A C B_{fus} −−−−−→ X A C B

fus Br^{±1}AC X A B C Y^{Br±1Y C} −−−−−→ X C A B Y fus −−−−−→ X C A B (6.25)

(S_M T w_M )^3 = S^2_M : M−−→ M, (6.26) X M^{S2}M−−−−−→ X M

X Br^{−1}_{MM} rev X M^{T w−1}M−−−−−→ X M (6.27)

and (6.28) (see Figure 6).

Theorem 6.2. The functor deso : ON → N is an equivalence.

7. Extensions of the category of nets

Let us look for central extensions of the category RG, or equivalently N, or ON. Introduce a new type of morphisms—central charge. Definition 7.1. Let C_Γ : Γ → Γ for each connected oriented net Γ be a morphism commuting with other generators du, rev, ins, del, fus, T w, Br, S. We assume that C_Ø = id_Ø : Ø → Ø. (7.1)

Y X A

N

Br_{XY} −−−−−−−−−−−−−−→ X Y A

N S^{−1}_N rot Y X A

M Y X A

N

fus_A fus^A Y X L M Y X N P T w^{−1}_L T w_M fus^N

Y X L M fus_L −−−→ Y X B

M

S_M−−−→ Y X B

P

(6.28)

Figure 6. A relation for A_2 oriented net If Γ_1, Γ_2, Γ are connected and g : Γ_1 ⊔ Γ_2 → Γ is a glueing we assume a commutative diagram Γ_1 ⊔ Γ_2^C k Γ1 ⊔C^l_{Γ2} −−−−−→ Γ_1 ⊔ Γ_2 g g Γ^C k+l Γ−−−→ Γ (7.2)

The diagram (7.2) together with (7.1) implies a similar diagram with Γ_1 ⊔ · · · ⊔ Γ_n.

We look for extensions of ON by the generators C_Γ with relations between du, rev, fus, T w, Br, S changed by insertion of some powers of C_Γ. We assume that the relations where ins, del enter are not changed. Then the relations involving du, rev, fus, T w, Br also do not change. Indeed, assume that C^k is inserted into diagrams (6.19)–(6.25) and

such, and glue these diagrams with as many as there are external legs. The generators fus, T w, Br will turn into compositions of ins and del, and commutativity of such diagram would imply k = 0. Also the diagram (6.28) after such operation become S = SC^k, hence, it also does not change.

Therefore, only relations (6.26) and (6.27) could change to

(S_M T w_m)^3 = S^2_M C^k, (7.3)

S^2_M = Br^{−1}_{MM} T w^{−1}_M rev C^m. (7.4)

Renormalizing S to SC^{−k} we can restore (7.3). For the sake of symmetry we shall restore (7.4) changing (7.3) though it might require half-integer powers of C.

Definition 7.2. Let EN be a symmetric monoidal category with left cancellations which objects are oriented nets and morphisms are generated over ON by the isomorphisms ins, del, fus, T w, Br, S, C with all relations of the category ON except (6.26) which is substituted by

(S_M T w_M )^3 = C S^2_M : M−−→ M (7.5)

and relations (7.1), (7.2).

In topology to such extension corresponds the category of framed [24] surfaces. Here we define a central extension ESurf → Surf as a pull-back of the central extension EN → ON along the functor Surf → RG → N → ON obtained in Theorems 3.1, 5.3, 6.2. Thus the latter extends to a functor ESurf → EN.

8. Ribbon categories

Ribbon (also tortile [20]) category is the following thing: a braided monoidal category C [4] with the tensor product ⊗, the associativity a : X ⊗ (Y ⊗ Z) → (X ⊗ Y ) ⊗ Z, the braiding (commutativity) c : X ⊗ Y → Y ⊗ X and a unity object I, such that C is rigid (for any object X ∈ C there are dual objects ˇX and Xˇ with evaluations ev : ˇX ⊗ X → I, ev : X ⊗ Xˇ → I and coevaluations coev : I → X ⊗ ˇX, coev : I → Xˇ ⊗ X) and possess a ribbon twist ν. A ribbon twist [4, 17, 20] ν = ν_X : X → X is a self-adjoint (ν_{Xˇ} = ν^t_X ) functorial automorphism such that c^2 = ν^{−1}_X ⊗ ν^{−1}_Y ∘ ν_{X⊗Y} . In a ribbon category there are functorial isomorphisms [9] X

Xˇ̌ u^2_1 = X

Xˇ̌

, u^2_{−1} = X

ˇ̌X

, u^{−2}_1 = X

ˇ̌X

, u^{−2}_{−1} =

u^2_0 = u^2_1∘ν^{−1} = u^2_{−1}∘ν : X → Xˇ̌, u^{−2}_0 = u^{−2}_1 ∘ν^{−1} = u^{−2}_{−1}∘ν : X → ˇ̌X.

Changing the category C by an equivalent one, we can (and we will) assume that ˇX = Xˇ, Xˇ̌ = ˇ̌X = X and u^2_0 = u^{−2}_0 = id_X (see [9]).

If in addition C is additive, it is k-linear with k = End I. We assume in the following that k is a field, in which each element has a square root. Often C will be noetherian abelian category with finite dimensional k-vector spaces Hom_C (A, B). In such case there exists a coend F = ∫ X ⊗ Xˇ as an object of a cocompletion Ĉ [9] of C. It is a Hopf algebra (see [10, 12, 15]). There is a Hopf pairing ω : F ⊗ F → I [10], F F ω =

such that

Ker ω = Ker^{left} ω = Ker^{right} ω ∈ Ĉ.

The quotient f = F/ Ker ω ∈ Ĉ is also a Hopf algebra and the first modular axiom is [10]

(M1) f is an object of C (and not only of a cocompletion Ĉ) (more scrupulously, it means that there exists an exact sequence 0 → Ker ω → F → f → 0 in Ĉ, where f is an object from C ⊂ Ĉ).

Being the coend ∫ X ⊗ Xˇ, the object F ∈ Ĉ has an automorphism ν ⊗ 1^{def}= ∫ ν ⊗ 1 (notations are from [10]). The second modular axiom says [10]

(M2) ν ⊗ 1(Ker ω) ⊂ Ker ω

(more scrupulously, there exist morphisms T^′ : Ker ω → Ker ω ∈ Ĉ, T : f → f ∈ C such that the diagram

0 → Ker ω → F → f → 0 T^′ ν ⊗ 1 T 0 → Ker ω → F → f → 0

commutes).

Definition 8.1. A noetherian abelian ribbon category C with finite dimensional k-vector spaces of morphisms Hom_C (A, B) is called modular, if axioms (M1), (M2) are satisfied.

It was shown in [10] that in the case of a modular category there exists a morphism μ : I → f, which is the integral of a dual Hopf algebra ˇf ≃ f, and

ν^{−1} μ X = λ^{−1} X ν , ν μ X = λ X

ν^{−1}

for some invertible constant λ ∈ k^×. The pair (μ, λ) is unique up to a sign. Morphisms S, S^{−1} : f → f

S = f

f μ

, f

f μ S^{−1} =

are inverse to each other. Morphisms S and T (defined via (M2)) yield a projective representation of a mapping class group of a torus with one hole:

(ST )^3 = λS^2, S^2 = γ^{−1}, T γ = γT, γ^2 = ν.

Here γ : f → f is the antipode of the Hopf algebra f, f

f γ =

9. From a ribbon category to a modular functor

Assume that we are given a small ribbon category (C, ⊗, a, c, ν, I) for which the duality map ·ˇ : Ob C → Ob C is involutive and u^2_0 : A → Aˇ̌ = A equals 1_A for all objects A ∈ C. Further, we assume that C is a noetherian abelian category and End I = k is a field, thus, C is k-linear. We assume also that k-vector spaces Hom(A, B) are finite dimensional for any A, B ∈ C. Finally, we assume that algebra f, quotient of F , belongs to C and Ker(F → f) = Ker ω is ν ⊗ 1-invariant. 9.1. Preliminaries about exact functors.

Lemma 9.1. Let F : C → k-Vect, G : C^{op} → k-Vect be functors. Then ∫_X F (X) ⊗ Hom(X, B) → F (B), v ⊗ f → F (f).v ∫_X Hom(B, X) ⊗ G(X) → G(B), f ⊗ v → G(f).v are isomorphisms of vector spaces.

Let F : (C^{k+n})^{op} × C^{n+l} → k-vect be a k-linear left exact (preserving kernels) functor. By the “parameter theorem for coends” of Mac Lane [13] a coend of the bifunctor F (A, −; −; B) : (C^n)^{op} × C^n → k-vect with fixed A ∈ C^k, B ∈ C^l is identified as a functor in A, B with a coend of the bifunctor

F^′ : (C^n)^{op} × C^n → Functors((C^{op})^k × C^l → k-vect).

Here functors are k-linear functors. But, generally, the coend of the bifunctor

F^{′′} : (C^n)^{op} × C^n → Left Exact Functors((C^{op})^k × C^l → k-vect). is a different thing. In any case we have a morphism ∫_X F^′(X, X) → ∫_X F^{′′}(X, X).

To stress the difference, we introduce different notations for the usual coend ∫_X F (A, X; X, B) ≡ (∫ X F^′(X, X) ) (A, B) and for the second type of coend, the left exact functor ∮_X F (A, X; X, B)^{def}= (∫^X F^{′′}(X, X) ) (A, B). The Fubini theorem for left exact functors (repeated coend theorem) is proved exactly in the same way as for arbitrary functors (see Mac Lane’s book [13]). Nevertheless, we present a proof here for the sake of completeness.

Theorem 9.2. Let C_1, C_2, C_3, A be abelian k-linear categories and let F : C^{op}_2 × C^{op}_1 × C_1 × C_2 × C_3 → A be left exact k-linear functor. Assume that there exists coend with parameters j_X (U; V, A) : F (U, X; X, V, A) → G(U; V, A) = ∫_{X∈C1} F (U, X; X, V, A). Assume that G, viewed as a functor G : C^{op}_2 ×C_2 → Functors (C_3 → A), has a left exact coend H ∈ LEF (C_3 → A) (set of Left Exact Functors) k_U (A) : G(U; U, A) → H(A) = ∫_U G(U; U, A) (that means that k is dinatural, H is left exact and the pair (k, H) is universal between all dinatural transformations of G into left exact functors). Then i_{X,U} (A) : F (U, X; X, U, A)^{jX (U;U,A)}−−−−−→ G(U; U, A)^{kU (A)}−−−→ H(A) is a coend ∮_{X,U} F (U, X; X, U, A) of F , viewed as a bifunctor (C_1 × C_2)^{op} × (C_1 × C_2) → LEF (C_3 → A).

We write the statement of the theorem as an isomorphism ∮_{X,U} F (U, X; X, U, A) ≃ ∮_U ∫_X F (U, X; X, U, A). In particular case C_2 = 0 we have

Corollary 9.3. Let G(A) = ∫_{X∈C1} F (X; X, A) for left exact k-linear functor F : C^{op}_1 × C_1 × C_3 → A. Then ∮_X F (X; X, A) = ∮_0 G(A) if there exists a left exact functor

∮_0

G : C_3 → A with isomorphisms Nat(G, E) ∼= Nat( ∮_0 G, E) for any left exact E : C_3 → A.

9.2. Modular functor. Our goal is to construct a functor Z : EN → k-vect, which will satisfy to the following conditions:

(i) Z is a symmetric monoidal functor. (ii) To D_2 corresponds Z(D_2; B; C) = Hom(B, C), to glueing of such corresponds the composition Hom(A, B) ⊗ Hom(B, C) → Hom(A, C). (iii) To D_3 correspond Z ( C B A ) = Hom(A ⊗ B, C),

Z ( A B C ) = Hom(A, B ⊗ C). To glueing of D_3 with D_2 corresponds an action of Hom(−, −) on Hom(− ⊗ −, −) or Hom(−, − ⊗ −) via composition.

(iv) To D_1 correspond Z(D_1; X; ) = Hom(X, I), Z(D_1; ; X) = Hom(I, X), where I is unity object of C. To glueing of D_1 with D_2 correspond compositions Hom(X, Y ) ⊗ Hom(Y, I) → Hom(X, I), Hom(I, X) ⊗ Hom(X, Y ) → Hom(I, Y ). (v) To isomorphisms

du_B : C B A −−−→ C Bˇ A ,

du_A : C B A −−−→ C B Aˇ

correspond adjunctions d_l : Hom(A ⊗ B, C) → Hom(A, C ⊗ Bˇ), d_r : Hom(A ⊗ B, C) → Hom(B, Aˇ ⊗ C).

(vi) For any oriented net Γ glueings with D_2 makes Z(Γ) into a functor Z(Γ) : (C^{op})^k × C^l → k−vect We assume that Z(Γ) is left exact (additive and preserving kernels).

(vii) If f : Γ → Γ̃ is a glueing and g(Γ) = g(Γ̃), then the morphism of functors ∫_{X∈C}k Z(Γ, . . . , X; X, . . . ) → Z(Γ̃; . . . ; . . . ) is an isomorphism.

(viii) To the morphism X A B C_{fus} −−−−−→ X A B C V

corresponds Hom(X, A ⊗ (B ⊗ C)) ≃ ∫_{U∈C} Hom(X, A ⊗ U) ⊗ Hom(U, B ⊗ C) ≃

≃ Z X A B C Z^{(fus)} −−−−−→ Z X A B C V ≃

≃ ∫_{V ∈C} Hom(X, V ⊗ C) ⊗ Hom(V, A ⊗ B) ≃ Hom(X, (A ⊗ B) ⊗ C), which coincides with Hom(X, a_{A,B,C} ).

(ix) To the morphism X A B Br_{AB} −−−→ X B A corresponds Hom(X, c_{A,B}) : Hom(X, A ⊗ B) → Hom(X, B ⊗ A). (x) To the morphism X Y T wY−−−→ X Y corresponds Hom(X, ν_Y ) : Hom(X, Y ) → Hom(X, Y ).

(xi) To a tadpole A_1, obtained via glueing from D_3, corresponds Z ( X M M ) = Hom(X ⊗ M, M) ≃ Hom(X, M ⊗ Mˇ) →

→ Hom(X, f) = Z ( X M ) . Z can be viewed as a monoidal functor {extended nets} → Ĉ_{∗,∗}.

Now we shall construct such a functor step by step, proving the following

Theorem 9.4. There exists one and only one up to equivalence functor Z : EN → k-vect, satisfying assumptions (i)-(xi) above. It has also property:

(xii) Let f : Γ → Γ̃ be a glueing and let the boundary of each connected component of Γ̃ not be empty. The functor Z(Γ; . . . , X; X, . . . ) : (C^{op})^{k+n} × C^{n+l} → k−vect can be represented as a bifunctor Z^′(Γ)(X, X) : (C^n)^{op} × (C^n) → Ĉ_{k,l},

where Ĉ_{k,l} is the category of left exact functors (C^{op})^k × C^l → k−Vect. The coend of this bifunctor is mapped to Z(Γ̃) ∈ Ĉ_{k,l} ∫_{X∈C}k Z^′(Γ)(X, X) → Z(Γ̃). We claim that this is an epimorphism in Ĉ_{k,l}.

Proof is the matter of the remaining part of this chapter.

9.3. A functor on the category of oriented nets. Let ON_> be a symmetric monoidal category of glueings of oriented nets, having at least one end at each connected component. Let us construct a functor Z : ON_> → k-vect. Fix the value of the functor Z on elementary objects—D_1, D_2, D_3 as in (ii)–(iv). So it is fixed on disjoint unions ⨆ i X_i of such objects: Z( ⨆ X_i) = ⊗_iZ(X_i). (In fact, it is fixed only up to a permutation of tensor multiplicands. To fix it completely, we could define nets with chosen total ordering of the set V_3 ⊔ V_2 ⊔ V_1, and add to ON new morphisms, which change only that ordering. Obtained category is equivalent to the old one. We shall not remind about such tricks in the following.)

The following condition determines the value of Z on ON_>: (xiii) Let f : Γ → Γ̃ be a glueing, and let the boundary of each connected component of Γ̃ be not empty, then there exists a coend ∮ Z(Γ) and the morphism ∮_{X∈C}k Z(Γ; . . . , X; X, . . . ) → Z(Γ̃; . . . ; . . . ) is an isomorphism of left exact functors.

Let Γ ∈ ON_> be a connected net of genus g with k incoming and l outgoing legs, k + l > 0. We construct a space Z(Γ) in the following way. Let Γ_1 be the net obtained from Γ by cutting all internal edges. There is a canonical glueing f : Γ_1 → Γ. We show the existence of the coend ∮_{X∈Cn} Z(Γ_1; A, X; X, B) ∈ Ĉ_{k,l} and define Z(Γ) to be that functor.

Cut Γ at such edges w_1, . . . , w_g that the obtained net Γ_2 is a tree. Introduce “internal variables” W_1, . . . , W_g ∈ C corresponding to w_i, 1 ⩽ i ⩽ g, and let Y_1, . . . , Y_{n−g} ∈ C be other “internal variables” corresponding to other edges. Cutting along them breaks Γ_2 into pieces, forming Γ_1. We have the whole collection of variables {X_1, . . . , X_n} = {W_1, . . . , W_g, Y_1, . . . , Y_{n−g}}. We apply Theorem 9.2. The coend ∫_{Y ∈C}n−g Z(Γ_1; A, W, Y ; Y, V, B) exists and gives the functor Z(Γ_2; A, W ; V, B).

It is isomorphic to a functor

Hom(A_1 ⊗ . . . ⊗ A_k, B_1 ⊗ . . . ⊗ B_l ⊗ (V_1 ⊗ W_1ˇ) ⊗ . . . ⊗ (V_g ⊗ W_gˇ))

with some parenthesis for tensor product. This is proved by induction on the number of vertices of the tree. Inductive step use Lemma 9.1 similarly to calculation ∫_X Hom(A, X ⊗ B) ⊗ Hom((C ⊗ X) ⊗ D), E)^{dB}≃ ≃ ∫_X Hom(A⊗Bˇ, X)⊗Hom((C⊗X)⊗D), E) ≃ Hom((C⊗(A⊗Bˇ))⊗D, E). By Theorem 9.2 ∮_{X∈C}n Z(Γ_1; A, X; X, B) ≃ ∮_{W ∈C}g Z(Γ_2; A, W ; W ; B) ≃

≃ ∮_{W ∈C}g Hom(A_1⊗. . .⊗A_k, B_1⊗. . .⊗B_l⊗(W_1⊗W_1ˇ)⊗. . .⊗(W_g⊗W_gˇ)) if the latter exists. We show that, indeed, it exists and equals Hom(A_1⊗. . .⊗A_k, B_1⊗. . .⊗B_l⊗( ∫_{W1∈C} W_1⊗W_1ˇ)⊗. . .⊗( ∫_{Wg ∈C} W_g⊗W_gˇ))

for k + l > 0.

Using duality isomorphisms, we can assume that k = 1. Assume that we are given functorial morphisms i_{W1...Wg} (A, B) : Hom(A, B_1⊗. . .⊗B_l⊗C⊗(W_1⊗W_1ˇ)⊗. . .⊗(W_g⊗ˇW_g)) → → G(A; B_1, . . . , B_l) which define dinatural transformation. Here C is an object of Ĉ and G : C^{op} × C^l → k-Vect is a left exact functor. We prove by induction on g that they all factorize through the unique morphism Hom(A, B_1⊗. . .⊗B_l⊗C⊗( ∫_{W1} W_1⊗W_1ˇ)⊗. . .⊗( ∫_{Wg} W_g⊗W_gˇ)) → G(A; B). If g ⩾ 1 denote by D the product B_1 ⊗ . . . ⊗ B_l ⊗ C ⊗ (W_1 ⊗ W_1ˇ)⊗. . .⊗(W_{g−1} ⊗W_{g−1}ˇ) and denote by G_1(A) the left exact functor G(A; B_1, . . . , B_l) with fixed B_1, . . . , B_l. There exists tautologically T ∈ Ĉ, such that G_1(A) = Hom(A, T ). Dinaturality implies commutativity of the diagram Hom(A, D ⊗ (V_g ⊗ W_gˇ))^{Hom(A,D⊗f⊗Wgˇ)} −−−−−−−−−−−→ Hom(A, D ⊗ (W_g ⊗ W_gˇ)) Hom(A,D⊗(V_g ⊗f^t)) i_{...,Wg} Hom(A, D ⊗ (V_g ⊗ V_gˇ))^{i...,Vg}−−−→ Hom(A, T ) Hence, the following diagram in Ĉ commutes for any f : V_g → W_g: D ⊗ (V_g ⊗ W_gˇ)^{D⊗f⊗Wgˇ} −−−−−−→ D ⊗ (W_g ⊗ W_gˇ) D⊗(V_g ⊗f^t) D ⊗ (V_g ⊗ V_gˇ) −−−→ T Consequently, there is a morphism in Ĉ D ⊗ ∫_W W ⊗ Wˇ ∼= ∫_W D ⊗ (W ⊗ Wˇ) → T. The first isomorphism here follows from the fact that ⊗ preserves colimits in Ĉ. Thus, for any collection of objects B_1, . . . , B_l, W_1, . . . , W_{g−1} we obtained morphisms j_{B1,...,Bl,W1,...,Wg−1} (A) : Hom(A, B_1 ⊗ . . . ⊗ B_l ⊗ C ⊗ (W_1 ⊗ W_1ˇ) ⊗ . . .⊗ ⊗ (W_{g−1} ⊗ W_{g−1}ˇ) ⊗ ( ∫_{Wg} W_g ⊗ W_gˇ)) → G(A; B_1, . . . , B_l)

functorial in A. Morphisms i_W (A; B) are factorized through j_{B,W} (A) and the latter are characterized by that property.

One can prove that j_W (A; B) ≡ j_{B,W} (A) is functorial in A and B_i and that j_W is dinatural in W .

Constant tensor multiple F = ∫_{Wp} W_p ⊗ W_pˇ can be adjoint to C.

We finish computation of ∮ Z(Γ_1) by induction.

Thus, we defined a functor Z : ON → k-Vect.

Z(Γ)^{def}= ∮ Z(Γ_1) ≃ Hom(A_1 ⊗ . . . ⊗ A_k, B_1 ⊗ . . . ⊗ B_l ⊗ F ⊗ . . . ⊗ F ). This functor satisfies (i)–(iv), (vi), (vii).

Now we prove the property (xiii) for Z. We assume that Γ̃ is connected with non-empty boundary. Any glueing f : Γ → Γ̃ can be factorized into Γ^{f1}→ Γ^{′ f2}→ Γ̃, where genus of Γ^′ equals genus of Γ and Γ^′ is connected. Let variables X_i correspond to circles, glued by f_1, and let Y_j correspond to ones, glued by f_2. Considered morphism Z(f) factorizes as ∮ Z(Γ) ≃ ∮_Y ∫_X Z(Γ) ≃ ∮_Y Z(Γ^′) → Z(Γ)

by Theorem 9.2 and (vii). This is an isomorphism, because ∮_Y Hom(A_1⊗. . .⊗A_k, B_1⊗. . .⊗B_l⊗(Y_1⊗Y_1ˇ)⊗. . .⊗(Y_p⊗Y_pˇ)⊗F ⊗. . .⊗F ) → → Hom(A_1 ⊗ . . . ⊗ A_k, B_1 ⊗ . . . ⊗ B_l ⊗ F ⊗ . . . ⊗ F ⊗ . . . ⊗ F ) is an isomorphism.

9.4. Relations for insertions and reversals. We represent morphisms X = ins, del : Γ → Γ^′ from Section 6 by the following procedure. Let Γ = Γ_1 ∪ σ, Γ^′ = Γ_1 ∪ σ^′, where X = ins, del : σ → σ^′ is a standard morphism, and X|_{Γ1} = id. Then we define Z(X) as Z(Γ) ≃ ∮ Z(Γ_1) ⊗ Z(σ) ∮ id ⊗Z(X) −−−−−→ ∮ Z(Γ_1) ⊗ Z(σ^′) ≃ Z(Γ^′),

an isomorphism of coends, induced by isomorphism of underlying bifunctors.

Now we construct a functor Z on ON_> extended by ins and del satisfying the axioms. To deletion or insertion of a 2-vertex correspond isomorphisms of Lemma 9.1. To deletion or insertion of a 1-vertex correspond isomorphisms which are glueings of identity with Z ( X Y −−→ X Y ) = Hom(X ⊗ I, Y )^{Hom(r} −1 X ,Y ) −−−−−−−−→ Hom(X, Y ) Z ( Y X−−→ Y X ) = Hom(I ⊗ X, Y )^{Hom(l} −1 X ,X) −−−−−−−−→ Hom(X, Y ) Z ( X Y −−→ X Y ) = Hom(X, Y ⊗ I)^{Hom(X,rY )} −−−−−−−−→ Hom(X, Y ) Z ( Y X−−→ Y X ) = Hom(X, I ⊗ Y )^{Hom(X,lY )} −−−−−−−−→ Hom(X, Y ) The orientation reversing morphism du is realized on external legs as a glueing of identity with duality adjunctions Z(du_A) : Z ( X A B ) = Hom(X, A⊗B)^{d−1r}−−→ Hom(Aˇ⊗X, B) = Z ( X Aˇ B ) ,

Z(du_B) : Z ( X A B ) = Hom(X, A⊗B)^d −1 l−−→ Hom(X⊗Bˇ, A) = Z ( X A Bˇ ) ,

Z(du_X ) : Z ( A Y X ) = Hom(X⊗Y, A)^{dr}−−→ Hom(Y, Xˇ⊗A) = Z ( A Y Xˇ ) ,

Z(du_Y ) : Z ( A Y X ) = Hom(X⊗Y, A)^{dl}−−→ Hom(X, A⊗Y ˇ) = Z ( A Yˇ X ) . The orientation reversing morphism rev for internal arrow is obtained from the diagram of isomorphisms: ∫_X Z ( X ) ⊗ Z ( X ) du_X ⊗du_X −−−−−→ ∫_{X∈C} Z ( Xˇ ) ⊗ Z ( Xˇ )

≀ | | ≀ | |

Z r^{ev}−−→ Z f≃ ∫_{Y ∈C} Z ( Y ) ⊗ Z ( Y )

where the isomorphism f is that from Lemma 9.1. This shows that the relation (6.4) is satisfied. Similarly for (6.5), (6.6).

The existence of Z(rev) : Z(Γ) → Z(Γ^′) for arbitrary net Γ is guaranteed by

Proposition 9.5. Let B : C^{op} × C → k-vect be a bifunctor. Then B_1(X, Y ) = B(Y ˇ, Xˇ) is also a bifunctor. Let B(X, X)^{iX}−−−→ ∫_X B(X, X), B_1(Y, Y )^{jY}−−−→ ∫_Y B_1(Y, Y )

be their coends. Then there exists the unique isomorphism α of coends, which make the diagram B(Xˇ, Xˇ)^{iX ˇ}−−−→ ∫_X B(X, X) ‖ ‖ ‖ α B_1(X, X)^{jX}−−−→ ∫_Y B_1(Y, Y )

commute for any X ∈ C.

Proposition 9.6. The identity (6.7) is satisfied, that is, the diagram Hom(C, A ⊗ B) d_r ↗ ↘ d^{−1}_l Hom(Aˇ ⊗ C, B) Hom(C ⊗ Bˇ, A) d^{−1}_l d_r Hom(Aˇ, B ⊗ Cˇ) Hom(Bˇ, Cˇ ⊗ A) d_r ↖ ↙ d^{−1}_l Hom(Bˇ ⊗ Aˇ, Cˇ)

is commutative.

The obtained functor satisfies (i)-(vii) and (xiii).

9.5. Nets without ends. We define also Z(Γ) for a connected net without ends via insertion of a 1-vertex Z(Γ)^{Z(Ins)} −−−−−→ Z(Γ_•) ≃ Z(Γ_I ). Previous subsection shows that different choices give isomorphic answers. The property (xiii) is still true.

9.6. Relations for fusing. Now we construct a functor Z on the category ON extended by ins, del, fus. We put

Z(fus) : Z M A B C ≃ ∫_{X∈C} Hom(M, A⊗X)⊗Hom(X, B⊗C) ≃

≃ Hom(M, A ⊗ (B ⊗ C))^{Hom(M,aA,B,C )} −−−−−−−−→ Hom(M, (A ⊗ B) ⊗ C) ≃ ≃ ∫_{Y ∈C} Hom(M, Y ⊗ C) ⊗ Hom(Y, A ⊗ B) ≃ Z M A B C .

The fusing pentagon (6.19) follows from the associativity pentagon in C. We have to prove commutativity of diagrams (6.16), (6.17).

Proposition 9.7. The relations (6.16), (6.17) are satisfied, that is, the diagrams

Hom(A, B ⊗ (C ⊗ D))^{Hom(A,aB,C,D )} −−−−−−−−→ Hom(A, (B ⊗ C) ⊗ D) ≀ ≀ ∫_X Hom(A, B ⊗ X) ⊗ Hom(X, C ⊗ D) ∫_X Hom(A, X ⊗ D) ⊗ Hom(X, B ⊗ C) ∫ 1⊗d^{−1}_r ∫ 1⊗d^{−1}_l ∫_X Hom(A, B ⊗ X) ⊗ Hom(Cˇ ⊗ X, D) ∫_X Hom(A, X ⊗ D) ⊗ Hom(X ⊗ Cˇ, B) ∫ d^{−1}_l ⊗d_l ∫ d^{−1}r ⊗dr ∫_X Hom(A ⊗ Xˇ, B) ⊗ Hom(Cˇ, D ⊗ Xˇ) ∫_X Hom(Xˇ ⊗ A, D) ⊗ Hom(Cˇ, Xˇ ⊗ B) ≀ ≀ ∫_Y Hom(A ⊗ Y, B) ⊗ Hom(Cˇ, D ⊗ Y ) ∫_Y Hom(Y ⊗ A, D) Hom(Cˇ, Y ⊗ B) ∫ d_r ⊗1 ∫^dl^{⊗1} ∫_Y Hom(Y, Aˇ ⊗ B) ⊗ Hom(Cˇ, D ⊗ Y ) ∫_Y Hom(Y, D ⊗ Aˇ) ⊗ Hom(Cˇ, Y ⊗ B) ≀ ≀ Hom(Cˇ, D ⊗ (Aˇ ⊗ B))^{Hom(Cˇ,aD,Aˇ,B )} −−−−−−−−−→ Hom(Cˇ, (D ⊗ Aˇ) ⊗ B)

Hom(D, A ⊗ (B ⊗ C))^{Hom(D,aA,B,C, )} −−−−−−−−→ Hom(D, (A ⊗ B) ⊗ C) ≀ ≀ ∫_X Hom(D, A ⊗ X) ⊗ Hom(X, B ⊗ C) ∫_X Hom(D, X ⊗ C) ⊗ Hom(X, A ⊗ B) ∫ d_r ⊗1 ∫_{1⊗d−1r} ∫_X Hom(Aˇ ⊗ D, X) ⊗ Hom(X, B ⊗ C) ∫_X Hom(D, X ⊗ C) ⊗ Hom(Aˇ ⊗ X, B) ∫ d^{−1}_l ⊗1 ∫_{d−1r ⊗dl} ∫_X Hom(Aˇ, X ⊗ Dˇ) ⊗ Hom(X, B ⊗ C) ∫_X Hom(Xˇ ⊗ D, C) ⊗ Hom(Aˇ, B ⊗ Xˇ) ≀ ≀ Hom(Aˇ, (B ⊗ C) ⊗ Dˇ) ∫_Y Hom(Y ⊗ D, C) ⊗ Hom(Aˇ, B ⊗ Y ) Hom(Aˇ,a_{B,C,Dˇ} ) ∫^dl^{⊗1} Hom(Aˇ, B ⊗ (C ⊗ Dˇ))^∼←−−− ∫_Y Hom(Y, C ⊗ Dˇ) ⊗ Hom(Aˇ, B ⊗ Y ) are commutative.

9.7. Relations for braiding and twists. We extend the functor Z to the category generated over ON by ins, del, fus, T w and Br. We prove the relations involving T w and Br. All conditions with T w are obvious or follow from equations

ν = ν , ν = ν .

The hexagon (6.25) for braiding

Hom(C, A ⊗ B)^{Hom(C,cAB )} −−−−−−−−→ Hom(C, B ⊗ A) follows from that one for commutativity c. Property (6.22) follows from the equation

Hom(C, c^2_{AB}) = Hom(C, ν_{A⊗B} ∘ ν^{−1}_A ⊗ ν^{−1}_B ) = Hom(ν_C , ν^{−1}_A ⊗ ν^{−1}_B ).

Proposition 9.8. The relations (6.23), (6.24) are satisfied. That is, the diagrams Hom(C, A ⊗ B)^{Hom(C,c)} −−−−−→ Hom(C, B ⊗ A)^{d−1r}−−→ Hom(Bˇ ⊗ C, A) dl Hom(C, ν ⊗ B) Hom(Bˇ, A ⊗ Cˇ) Hom(Bˇ, c) Hom(C, A ⊗ B)^{dl}←−−−−− Hom(C ⊗ B, A)^{d−1r}←−− Hom(Bˇ, Cˇ ⊗ A) Hom(C, A ⊗ B)^{Hom(C,c)} −−−−−→ Hom(C, B ⊗ A)^d −1 l−−→ Hom(C ⊗ Aˇ, B) dr Hom(C, A ⊗ ν) Hom(Aˇ, Cˇ ⊗ B) Hom(Aˇ, c) Hom(C, A ⊗ B)^{dr}←−−−−− Hom(Aˇ ⊗ C, B)^d −1 l←−− Hom(Aˇ, B ⊗ Cˇ) commute.

9.8. A quotient functor. Let g : Γ^′ → Γ be a glueing and gf_1 = gf_2 : Γ^′ → Γ^{′′}. Then Z(g)Z(f_1) = Z(g)Z(f_2). The morphism Z(g) : Z(Γ^′; A, X; X, B) → Z(Γ; A; B) can be regarded as a morphisms of left exact functors belonging to Ĉ_{k,l} Z(g) : ⊕_{X∈C}n Z(Γ^′; A, X; X, B)−−→Z(Γ; A; B). It is an epimorphism if k + l > 0. Hence, by definition Z(f_1) = Z(f_2).

In case k = l = 0 we add one more leg A to our nets, obtaining new morphisms ḡf̄_1 = ḡf̄_2. By the above considerations Z(f̄_1) = Z(f̄_2) : Z(Γ̄; A; ) → Z(Γ̄^{′′}; A; ). Setting A = I and applying isomorphisms we change the end A to a 1-vertex. Deleting it we again deduce Z(f_1) = Z(f_2).

When g is any other generator it is invertible, hence, in all cases we proved that gf_1 = gf_2 implies Z(f_1) = Z(f_2). This means that the functor Z is, in fact, defined on a category having the left cancellation property.

Now we construct a functor Z as an epimorphic image of Z on the category with left cancellations ON extended by ins, del, fus, T w, Br to k-vect.

Proposition 9.9. There exists a unique up to equivalence functor Z on the category ON extended by ins, del, fus, T w, Br to k-vect satisfying conditions (i)–(xi) of Section 9.2. It has also the property (xii). There is an epimorphism Z → Z.

9.9. Construction of switches. Now we extend the functor Z to EN. We shall show that there are exactly two such extensions, which differ by a sign of Z(S).

Morphisms S^{±1} in EN must be represented by functorial in X isomorphisms

Hom(X, f) ≃ Z ( X ) Z(S^{±1}) −−−−−→ Z ( X ) ≃ Hom(X, f).

Hence, they are induced by automorphisms S^{±1} : f → f in C.

Proposition 9.10. The axiom (6.28) is satisfied, or equivalently the diagram at Figure 7 made of morphisms of left exact functors in X, Y (quotients are taken in the category of left exact functors) with K = Ker( ∫_M M ⊗ Mˇ → f) is commutative if and only if f

f μ S^{−1} =

(9.1)

for some morphism μ : I → f.

The relation (6.27) implies that ∫_X X ⊗ Xˇ ∫ c −→ ∫_X Xˇ ⊗ X ∫ 1⊗ν −−−→ ∫_X Xˇ ⊗ X i_X i^{Xˇ} f^{S−2} −−−−−−−−−−−−−−→ f by Proposition 9.5. That is,

S^{−2} = γ : f → f (9.2)

Hom(Y ⊗ X, f)^{Hom(cXY ,f )} −−−−−−−−→ Hom(X ⊗ Y, f) Hom(Y ⊗X,S^{−1}) ≀ Hom(Y ⊗ X, f) Hom(X ⊗ Y, ∫_N N ⊗ Nˇ)/ Hom(X ⊗ Y, K) ≀ ≀ Hom(Y ⊗ X, ∫_M M ⊗ Mˇ) Hom(Y ⊗ X, K) ∮_N Hom((X ⊗ Y ) ⊗ N, N)/ Hom(X ⊗ Y, K) ≀ Hom^{(a,N)} ∮_M Hom((Y ⊗ X) ⊗ M, M) Hom(Y ⊗ X, K) ∮_N Hom(X ⊗ (Y ⊗ N), N)/ Hom(X ⊗ Y, K) Hom(a,M) ≀ ∮_M Hom(Y ⊗ (X ⊗ M), M) Hom(Y ⊗ X, K) ∮_{N,P} Hom(X ⊗ P, N) ⊗ Hom(Y ⊗ N, P ) Hom(X ⊗ Y, K) Hom(Y ⊗ν^{−1}_{X⊗M} ,ν) ≀ ∮_M Hom(Y ⊗ (X ⊗ M), M) Hom(Y ⊗ X, K) ∮_P Hom(Y ⊗ (X ⊗ P ), P )/ Hom(X ⊗ Y, K) Hom(a^{−1} ,M) Hom(a^{−1},P ) ∮_M Hom((Y ⊗ X) ⊗ M, M) Hom(Y ⊗ X, K) ∮_P Hom((Y ⊗ X) ⊗ P, P )/ Hom(Y ⊗ X, K) ≀ ≀ Hom(Y ⊗ X, ∫_M M ⊗ Mˇ) Hom(Y ⊗ X, K) Hom(Y ⊗ X, ∫_P P ⊗ Pˇ)/ Hom(Y ⊗ X, K) ≀ ≀ Hom(Y ⊗ X, f)^{Hom(Y ⊗X,S)} −−−−−−−−→ Hom(Y ⊗ X, f) Figure 7. The realization of a relation for a torus with two holes (see Section 8). So we find f

f μ = f

f μ S = γ^{−1}S^{−1} =

(9.3)

Theorem 6.13 from [10] states that if morphisms (9.1) and (9.3) are inverse to each other, then μ is an integral of the Hopf algebra f. It is unique up to a constant. The normalizing constant for the integral μ is fixed up to a sign by (9.2). The relation

(ST )^3 = λS^2

for T = ∫ 1 ⊗ ν : f → f and some constant λ is proven in [10]. Hence, putting the central charge C equal this constant λ on Z(A_1) we get the relation (7.5). For arbitrary net Γ of genus g we set Z(C_Γ) = λ^g.

Thus, we obtained a functor EN → k-vect satisfying all conditions of Section 9.2. It is unique up to a choice of sign of the normalizing constant.

References

1. J. S. Birman, Mapping class groups and their relationship to braid groups, Commun. Pure Appl. Math. 22 (1969), 213–238.

2. M. Dehn, Die Gruppe der Abbildungsklassen, Acta Math. 69 (1938), 135–206.

3. A. Grothendieck, Esquisse d’un programme, 1984, unpublished.

4. A. Joyal and R. Street, Tortile Yang-Baxter operators in tensor categories, J. Pure Appl. Alg. 71 (1991) 43–51.

5. T. Kohno, Topological invariants for 3-manifolds using representations of mapping class groups I, Topology 31 (1992), n. 2, 203–230.

6. , Three-manifold invariants derived from conformal field theory and projective representations of modular groups, Int. J. of Modern Phys. B 6 (1992), n. 11–12, 1795–1805.

7. W. B. R. Lickorish, A representation of orientable combinatorial 3- manifolds, Annals Math. 76 (1962), n. 3, 531–540.

8. , A finite set of generators for the homeotopy group of a 2- manifold, Proc. Camb. Phil. Soc. 60 (1964), 769–778.

9. V. V. Lyubashenko, Tangles and Hopf algebras in braided categories, to appear in J. Pure Appl. Alg.

10. , Modular transformations for tensor categories, to appear in J.

Pure Appl. Alg.

11. , Ribbon categories as modular categories, preprint.

12. V. V. Lyubashenko and S. Majid, Braided groups and quantum Fourier transform, to appear in J. Algebra.

13. S. Mac Lane, Categories for the working mathematician, Springer- Verlag, 1971.

14. W. Magnus, Über Automorphismen von Fundamentalgruppen berandeter Flächen, Math. Ann. 109 (1934), 617–646.

15. S. Majid, Braided groups, Preprint, DAMTP/90-42, 1990. 16. G. Moore and N. Seiberg, Classical and Quantum Conformal Field Theory, Commun. Math. Phys., 123 (1989), 177–254.

17. N. Reshetikhin, Quasitriangular Hopf algebras, solutions to the Yang- Baxter equations and link invariants, Algebra and Analysis 1 (1989), n. 2, 169–194.

18. N. Reshetikhin and V. G. Turaev, Invariants of 3-manifolds via link polynomials and quantum groups, Invent. math. 103 (1991), 547–597.

19. G. P. Scott, Braid groups and the group of homeomorphisms of a surface, Proc. Camb. Phil. Soc. 68 (1970), 605–617.

20. M. C. Shum, Tortile tensor categories, Macquarie preprint, 1989. 21. V. Turaev, Quantum invariants of 3-manifolds, Publ. de l’IRMA 509/P-295, October 1992.

22. B. Wajnryb, A simple presentation for the mapping class group of an orientable surface, Israel J. Math. 45 (1983), no. 2–3, 157–174.

23. K. Walker, On Witten’s 3-manifold invariants, Preprint, February 1991.

24. E. Witten, Quantum field theory and the Jones polynomial, Commun.

Math. Phys. 121 (1989), 351–399.