hep-th/9901098 21 Jan 1999

hep-th/9901098

N = 1 supersymmetric SU(4) × SU(2)_L × SU(2)_R effective theory from the weakly coupled heterotic superstring

G.K. Leontaris and J. Rizos

Physics Department, University of Ioannina Ioannina, GR45110, GREECE

Abstract

In the context of the free–fermionic formulation of the heterotic superstring, we construct a three generation N = 1 supersymmetric SU(4) × SU(2)_L × SU(2)_R model supplemented by an SU(8) hidden gauge symmetry and five Abelian factors. The symmetry breaking to the standard model is achieved using vacuum expectation values of a Higgs pair in (4, 2_R)+ (¯4, 2_R) at a high scale. One linear combination of the Abelian symmetries is anomalous and is broken by vacuum expectation values of singlet fields along the flat directions of the superpotential. All consistent string vacua of the model are completely classified by solving the corresponding system of F − and D−flatness equations including non–renormalizable terms up to sixth order. The requirement of existence of electroweak massless doublets further restricts the phenomenologically viable vacua. The third generation fermions receive masses from the tree–level superpotential. Further, a complete calculation of all non– renormalizable fermion mass terms up to fifth order shows that in certain string vacua the hierarchy of the fermion families is naturally obtained in the model as the second and third generation fermions earn their mass from fourth and fifth order terms. Along certain flat directions it is shown that the ratio of the SU(4) breaking scale and the reduced Planck mass is equal to the up quark ratio m_c/m_t at the string scale. An additional prediction of the model, is the existence of a U(1) symmetry carried by the fields of the hidden sector, ensuring thus the stability of the lightest hidden state. It is proposed that the hidden states may account for the invisible matter of the universe.

January 1999

1 Introduction

During the last decade, a lot of work has been devoted in the construction of effective low energy models of elementary particles from the heterotic superstring. Several old successful N = 1 supersymmetric grand unified theories (GUTs) have been recovered through the string approach [1, 2, 3, 4, 5, 6], however only few of them were able to rederive a number of successful predictions of their predecessors. Yet, new avenues and radical ideas that were previously not considered or only poorly explored, have now been painstakingly investigated in the context of string derived or even string inspired effective theories. Among them, the issue of the additional U(1)–symmetries which naturally appear in string models and the systematic derivation of non–renormalizable terms boosted our understanding of the observed mass hierarchies and impelled people to systematically classify all possible textures consistent with the low energy phenomenology. Further, new and astonishingly simpler mechanisms of GUT symmetry breaking were introduced due to the absence of large Higgs representations, at least in the simplest Kac–Moody level (k = 1) string constructions.

In addition to the above good omen, some embarrassing difficulties have also appeared, such as the existence of unconfined fractionally charged states – which belong to representations not incorporated in the usual GUTs – and the very high unification scale. The new representations come as a result of the breaking of the large string symmetry via the GSO projections. The appearance of such states are not necessarily an ominous warning for a particular model, although a mechanism should be invented to make them disappear from the light spectrum. The real major difficulty however, was the generic property of the high string scale in contrast to the usual supersymmetric GUTs which unify at about two orders of magnitude below the string mass. In the weakly coupled heterotic string theory, this problem can find a solution in specific models, when extra matter multiplets exist to properly modify the running of the gauge couplings, or possible intermediate symmetries and string threshold effects [7] can help gauge couplings converge to their experimentally determined values at low energies.

In this paper, we derive an improved version of a string model proposed in [5], based on the observable gauge symmetry SO(6) × O(4) (isomorphic to SU(4) × SU(2)_L × SU(2)_R Pati–Salam (PS) gauge group [8]) in the context of the free–fermionic formulation of the four dimensional superstring. As shown in [4] this gauge symmetry breaks down to the standard model without the use of the adjoint or any higher representation thus it can be built directly at the k = 1 Kac–Moody level. (Higher Kac–Moody level models are also possible to build, however, they imply small unification scale values of sin^2 θ_W [9].)

The models based on the PS gauge symmetry have also certain phenomenological advantages. Among them, is the absence of coloured gauge fields mediating proton decay. This fact allows for the possibility of having a low SU(4) breaking scale compared to that of other GUTs, provided that the Higgs coloured fields do not have dangerous Yukawa couplings with ordinary matter. Possible ways to avoid fast proton decay have been discussed also recently in the literature [10].

Moreover, specific GUT relations among the Yukawa couplings, like the bottom–tau equality, give successful predictions at low energies, while at the same time such relations reduce the number of arbitrary Yukawa couplings even in the field–theory version.

The above nice features are exhibited in the present string construction. Using a variant of the original string basis and the GSO projection coefficients [5], we obtain an effective field theory model with three generations and exactly one Higgs pair to break the SU(4) × SU(2)_R gauge symmetry. The effective low energy theory is the N = 1 supersymmetric SU(3) × SU(2) × U(1) electroweak standard gauge symmetry broken to SU(3) × U(1)_{em} by the two Higgs doublet fields. We derive the complete massless spectrum of the model and the Yukawa interactions including non–renormalizable terms up to sixth order. Among the massless states, a mirror (half)–family is also obtained which acquires mass at a very large scale. There are also singlet fields and exotic doublet representations with a sufficient number of Yukawa couplings. All the observable and hidden fields appear with charges under five surplus U(1) factors where one linear combination of them is anomalous. The anomalous U(1) symmetry generates a D–term contribution, which can be cancelled if some of the singlet fields acquire non–zero vacuum expectation values (vevs). To find the true vacua, we solve the F − and D−flatness conditions and classify all possible solutions involving observable fields with non–zero vevs. We analyze in detail three characteristic cases where superpotential contributions up to sixth order suffice to provide fermion mass terms for all generations. Phenomenologically interesting alternative solutions are also proposed in the case where some of the hidden fields develop vevs too.

Among the novel features of the present model is the existence of a U(1) symmetry – carried by hidden and exotic fields – which remains unbroken. As a consequence, the lightest hidden state is stable. These states form various potential mass terms in the superpotential of the model. In our analysis, we show the existence of proper flat directions where the lightest state obtains a mass at an intermediate scale, leading to interesting cosmological implications.

The paper is organized as follows: In Section 2 we give a brief description of the supersymmetric version of the model and discuss various phenomenological features, including the economical Higgs mechanism, the mass spectrum and the renormalization group. In particular we show how the Pati–Salam symmetry dispenses with the use of Higgs fields in the adjoint of SU(4) to break down to the standard model. In Section 3, we propose the string basis as well as the GSO projections which yield the desired gauge symmetry and the massless spectrum. In Section 4 the gauge symmetry breaking of the string version is analyzed. Moreover, due to the existence of additional U(1) symmetries, the issue of new (non–standard) hypercharge embeddings is discussed. Particular embeddings where all fractionally charged states obtain integral charges are discussed in some detail. In Section 5 we derive the superpotential couplings and present a preliminary phenomenological analysis to set the low energy constraints and reduce the number of phenomenologically acceptable string vacua. In Section 6 we classify all solutions of the F – and D–flatness equations including non–renormalizable superpotential contributions up to sixth order. A detailed phenomenological analysis of the promising string vacua in connection with their low energy predictions is presented in Section 7. Particular attention is given in the doublet higgs mass matrix, the fermion mass hierarchy and the colour triplet mass matrix. In Section 8, we present a brief discussion on the role of the hidden sector and extend the solutions of string vacua including hidden field vevs. Finally, in the Appendices A–D we present tables with the complete string spectrum, details about the derivation of the higher order non–renormalizable superpotential terms, the D– and F – flatness equations with non-renormalizable contributions and the complete list of their tree–level solutions.

2 The Supersymmetric SU (4) � SO(4) Model

There is a minimal supersymmetric SU(4) × O(4) Model which can be considered as a surrogate effective GUT of the possible viable string versions, incorporating all the basic features of a phenomenologically viable string model. The Yukawa couplings are determined by the Pati–Salam (PS) gauge symmetry and possible additional U(1)–family symmetries which are usually added (as in any other GUT) by phenomenological requirements, (i.e., fermion mass hierarchy, proton stability etc). This GUT version, however, provides us with insight in constructing the fully realistic string version. Therefore, here we briefly summarize the parts of the model relevant for our analysis [4]. The gauge group is SU(4) × O(4), or equivalently the PS gauge symmetry [8]

SU(4) × SU(2)_L × SU(2)_R. (1)

The left–handed quarks and leptons are accommodated in the following representations,

F^{iαa}_L = (4, 2, 1) = ( u^α ν d^α e )i (2)

F̄^i_{xαR} = (¯4, 1, 2) = ( d^{cα} e^c u^{cα} ν^c )i (3) where α = 1, . . . , 4 is an SU(4) index, a, x = 1, 2 are SU(2)_{L,R} indices, and i = 1, 2, 3 is a family index. The Higgs fields are contained in the following representations,

h^x_a = (1, 2, 2) = ( h_+^u h_0^d h_0^u h_−^d ) (4) where h^d and h^u are the low energy Higgs superfields associated with the minimal supersymmetric standard model (MSSM). The two ‘GUT’ breaking higgs representations are

H^{αb} = (4, 1, 2) = ( u^α_H ν_H d^α_H e_H ) (5) and H̄_{αx} = (¯4, 1, 2) = ( u^{cα}_H e^c_H u^{cα}_H ν^c_H ) . (6)

Fermion generation multiplets transform to each other under the changes 4 → ¯4 and 2_L → 2_R while the bidoublet higgs multiplet transforms to itself. However, the pair of fourplet–higgs fields does not have this property, discriminating 2_L and 2_R. Thus, when they develop vevs along their neutral components ν̃_H , ν̃^c_H , ⟨H⟩ = ⟨ν̃_H ⟩ ∼ M_{GUT} , ⟨H̄⟩ = ⟨ν̃^c_H ⟩ ∼ M_{GUT} (7) they break the SU(4) × SU(2)_R part of the gauge group, leading to the standard model symmetry at M_{GUT} SU(4) × SU(2)_L × SU(2)_R −→ SU(3)_C × SU(2)_L × U(1)_Y . (8) Under the symmetry breaking in Eq. (8), the bidoublet Higgs field h in Eq. (4) splits into two Higgs doublets h^u, h^d whose neutral components subsequently develop weak scale vevs, ⟨h^d_0⟩ = v_1, ⟨h^u_0 ⟩ = v_2 (9) with tan β ≡ v_2/v_1.

In addition to the Higgs fields in Eqs. (5),(6) the model also involves an SU(4) sextet field D = (6, 1, 1) and four singlets ϕ_0 and φ_i, i = 1, 2, 3. ϕ_0 is going to acquire a vev of the order of the electroweak scale in order to realize the Higgs doublet mixing, while φ_i will participate in an extended ‘see–saw’ mechanism to obtain light majorana masses for the left–handed neutrinos. Under the symmetry property φ_{1,2,3} → (−1) × φ_{1,2,3} and H(H̄) → (−1) × H(H̄) the tree–level mass terms of the superpotential of the model read [4]:

W = λ^{ij}_1 F_{iL}F̄_{jR}h + λ_2HHD + λ_3H̄H̄D + λ^{ij}_4 HF̄_{jR}φ_i + μφ_iφ_j + μhh (10) where μ = ⟨ϕ_0⟩ ∼ O(m_W ). The last term generates the higgs mixing between the two SM Higgs doublets in order to prevent the appearance of a massless electroweak axion. The following decompositions take place under the symmetry breaking (8): F_L(4, 2, 1) → Q(3, 2, − 1 6 ) + ℓ(1, 2, 1 2 ) F̄_R(¯4, 1, 2) → u^c(¯3, 1, 2 3 ) + d^c(¯3, 1, − 1 3 ) + ν^c(1, 1, 0) + e^c(1, 1, −1)

H̄(¯4, 1, 2) → u^c_H (¯3, 1, 2 3 ) + d^c_H (¯3, 1, − 1 3 ) + ν^c_H(1, 1, 0) + e^c_H(1, 1, −1)

H(4, 1, 2) → u_H (3, 1, − 2 3 ) + d_H (3, 1, 1 3 ) + ν_H(1, 1, 0) + e_H(1, 1, 1)

D(6, 1, 1) → D_3(3, 1, 1 3 ) + D̄_3(¯3, 1, − 1 3 ) h(1, 2, 2) → h^d(1, 2, 1 2 ) + h^u(1, 2, − 1 2 ) where the fields on the left appear with their quantum numbers under the PS gauge symmetry, while the fields on the right are shown with their quantum numbers under the SM symmetry.

The superpotential Eq. (10) leads to the following neutrino mass matrix [4] M_{ν,ν}c_{,φ} = 0 m^{ij}_u 0 m^{ji}_u 0 M_{GUT} 0 M_{GUT} μ (11) in the basis (ν_i, ν^c_j , φ_k). Diagonalization of the above gives three light neutrinos with masses of the order μ(m^{ij}_u /M_{GUT} )^2 as required by the low energy data, and leaves right–handed majorana neutrinos with masses of the order M_{GUT} . Additional terms not included in Eq. (10) may be forbidden by imposing suitable discrete or continuous symmetries [11, 12] which, in fact, mimic the role of various U(1) factors and string selection rules appearing in realistic string models. The sextet field D(6, 1, 1) carries colour, while after the symmetry breaking it decomposes in a triplet/triplet–bar pair with the same quantum numbers of the down quarks. Now, the terms in Eq. (10) HHD and H̄H̄D combine the uneaten (down quark–type) colour triplet parts of H, H̄ with those of the sextet D into acceptable GUT–scale mass terms [4]. When the H fields attain their vevs at M_{GUT} ∼ 10^{16} GeV, the superpotential of Eq. (10) reduces to that of the MSSM augmented by right-handed neutrinos. Below M_{GUT} the part of the superpotential involving matter superfields is just

W = λ^{ij}_U Q_iu^c_jh_2 + λ^{ij}_DQ_id^c_jh_1n + λ^{ij}_E ℓ_ie^c_jh_1 + λ^{ij}_N L_iν^c_j h_2 + · · · (12)

The Yukawa couplings in Eq. (12) satisfy the boundary conditions

λ^{ij}_1 (M_{GUT} ) ≡ λ^{ij}_U (M_{GUT} ) = λ^{ij}_D(M_{GUT} ) = λ^{ij}_E(M_{GUT} ) = λ^{ij}_N (M_{GUT} ). (13)

Thus, Eq. (13) retains the successful relation m_τ = m_b at M_{GUT} . Moreover from the relation λ^{ij}_U (M_{GUT} ) = λ^{ij}_N (M_{GUT} ), and the fourth term in Eq. (10), through the see–saw mechanism we obtain light neutrino masses which satisfy the experimental limits. The U(1) symmetries imposed by hand in this simple construction play the role of family symmetries U(1)_A, broken at a scale M_A > M_{GUT} by the vevs of two SU(4)×O(4) singlets θ, θ̄, carrying charge under the family symmetries and leading to operators of the form O_{ij} ∼ (F_iF̄_j)h ( HH̄ M^2 )r ( θ^nθ̄^m M^{′n+m} ) + h.c. (14)

obtained from non–renormalizable (NR) contributions to the superpotential. Here, M^′ represents a high scale M^′ > M_{GUT} which may be identified either with the U(1)_A breaking scale M_A or with the string scale M_{string}. Such terms have the task of filling in the entries of fermion mass matrices, creating textures with a hierarchical mass spectrum and mixing effects between the fermion generations.

Before we proceed to the construction of a particular string model let us examine how a three–generation SU(4) × SU(2)_L × SU(2)_R model can be realized. As we have already explained the fermion generations are accommodated in F_L(4, 2, 1) + F̄_R(¯4, 1, 2) while the Higgs fields are accommodated in F_R(4, 1, 2) + F̄_R(¯4, 1, 2) representations. In the free–fermionic formulation the SU(2)_L × SU(2)_R is realized as O(4) and the 2_L and 2_R representations are the two spinor representations (2^±) of O(4). Calling n_+, n_−, n̄_+, n̄_− the number of (4, 2^+), (4, 2^−),(¯4, 2^+) and (¯4, 2^−) representations we come to the conclusion that one minimal three generation model is obtained for

⃗n_{min} = (n_+, n_−, n̄_+, n̄_−) = (3, 1, 0, 4)

where 2_L is identified with 2^+. A mirror minimal model can be obtained by interchanging the two SU(2)’s, i.e. L ↔ R, and identifying 2^+ ∼ 2_R

⃗n_{min} = (n_+, n_−, n̄_+, n̄_−) = (1, 3, 4, 0).

Furthermore, one can consider the existence of vector–like states that do not affect the net number of generations since, in principle they can obtain superheavy masses. Thus a general three–generation SU(4)×SU(2)_L ×SU(2)_R model corresponds to one the following vectors ⃗n_{rs} = (n_+, n_−, n̄_+, n̄_−) = (3 + r, 1 + s, r, 4 + s) , r, s = 0, 1, . . . or ⃗n_{rs} = (n_+, n_−, n̄_+, n̄_−) = (1 + s, 3 + r, 4 + s, r) , r, s = 0, 1, . . .

We can rewrite the above relations in a more compact form

n_+ + n_− = n̄_+ + n̄_− = 4 + p, p = 0, 1, 2, . . .

n_+ − n̄_+ = n̄_− − n_− = ±3 (15)

Thus, there exist an infinity of three–generation SU(4)×O(4) ∼ SU(4)×SU(2)_L ×SU(2)_R models each of them uniquely characterized by an integer (p) related to the differences (15) and a sign (±). We will therefore refer to a particular model using the notation k^± that is the two minimal models will be referred as 0^+ and 0^−.

As stressed in the introduction, one severe problem that has to be resolved in a candidate string model is the discrepancy between the unification scale as this is found when the minimal supersymmetric spectrum is considered, and the two orders higher string scale implied by theoretical calculations. In previous works, it was shown that this difficulty may be overcome in several ways [13, 14]. In particular, the class of string models as that of Ref. [5] predict additional matter fields which can help the couplings merge at the high string scale without disturbing the low energy values of sin^2 θ_W and α_s. Perhaps the most elegant way to achieve this, is to make the couplings run closely from the string to the phenomenological unification scale M_U ∼ 10^{16}GeV. As a first step one may add the mirror fields [14]

M = (4, 2, 1); M̄ = (¯4, 2, 1) (16)

which guarantee the equality of the SU(2)_L and SU(2)_R gauge couplings g_L = g_R between the two scales. According to the classification proposed to the previous paragraph, this model is classified as 1^+ or 1^−. The running of the SU(4) coupling can be adjusted by an additional number of extra colour sextets which are in general available in the string versions of the present model. Indeed, with three generations and denoting collectively the number of fourplet sets with n_4 the beta functions now become

b_{2L} ≡ b_{2R} = −1 − 4n_4; b_4 = 6 − n_6 − 4n_4 (17)

which show that a sufficient number of sextet fields may guarantee a g_4 running almost identical with that of g_{L,R}. The string model we are proposing in the next section has exactly one mirror pair and four sextet fields, whereas additional exotic states may also contribute to the beta functions if they remain in the light spectrum.

The introduction of the mirror representations (16) leads to the existence of another symmetry in the model: we observe that the whole spectrum now is completely symmetric with respect to the two SU(2)’s in the sense that under the simultaneous change 2_L ↔ 2_R and the 4 ↔ ¯4 of SU(4), it remains invariant. More precisely, under this symmetry the representations of the model are mapped as follows F̄_R ↔ F_L H, H̄ ↔ M̄ , M (18) D, h, ϕ_i ↔ D, h, ϕ_i This symmetry persists also in the present string model, while tree–level as well as higher order Yukawa interactions are also invariant under these changes. As we will see, this symmetry is broken by the vacuum which will be determined by the specific solutions of the flatness conditions.

After the above short description, we are ready to present the string derived model where most of the above features appear naturally. In addition, novel predictions will emerge such as the appearance of exotic states with charges which are fractions of those of ordinary quarks and leptons, a hidden ‘world’ and a low energy U(1) symmetry.

3 The String Model

In the four dimensional free–fermionic formulation of the heterotic superstring, fermionic degrees of freedom on the world sheet are introduced to cancel the conformal anomaly. The right–moving non–supersymmetric sector in the light–cone gauge contains the two transverse space–time bosonic coordinates X̄^μ and 44 free fermions. The supersymmetric left moving sector, in addition to the space–time bosons X^μ and their fermionic superpartners ψ^μ includes also 18 real free fermions χ^I, y^I , ω^I (I = 1, ..., 6) among which supersymmetry is non–linearly realized. The world–sheet supercurrent is

T_F = ψ^μ∂X_μ + ∑ I χ^I y^Iω^I (19)

Then, the theory is invariant under infinitesimal super–reparametrizations of the world– sheet as the conformal anomaly cancels separately in each sector. Each world–sheet fermion f_i is allowed to pick up a phase α_{fi} ε(−1, 1] under parallel transport around a non–contractible loop of the world–sheet f_i → −e^{ıπαfi} f_i (20) A spin structure is then defined as a specific set of phases for all world–sheet fermions,

α = [α_f r_1 , α_f r_2 , . . . , α_f r_k ; α_f c_1 , α_f c_2 , . . . , α_f c_l ] (21)

where r stands for real, c for complex and k + 2l = 64. For real fermions the phases α_f r_i have to be integers while α_ψμ is independent of the space–time index μ.

The partition function is then defined as a sum over a set of spin structures (Ξ) Z(τ ) ∝ ∑ α,β∈Ξ c ( α β ) Z ( α β ) , (22) where Z ( α β ) is the contribution of the sector with boundary conditions α, β along the two non–contractible circles of the torus and c ( α β ) a phase related to the GSO projection. Both Ξ and c ( α β ) are subject to string constraints which guarantee the consistency of the theory.

A string model in the context of free fermionic formulation of the four–dimensional superstring is constructed by specifying a set of n basis vectors^1 (b_0 = 1, b_1, b_2, . . . , b_{n−1}) of the form (21) (which generate Ξ = ∑ i m_ib_i) and a set of^{n(n−1)}_2 + 1 independent phases c ( b_i b_j ) . Once a consistent set of basis vectors and a choice of projection coefficients is made, the gauge symmetry, the massless spectrum and the superpotential of the theory are completely determined. In particular, the massless states of a certain sector α = (α_L; α_R) ∈ Ξ are obtained by acting on the vacuum |0⟩_α with the bosonic and fermionic mode operators. The massless states (M^2_L = M^2_R = 0) are found by the Virassoro mass formula

M^2_L = − 1 2 + α_L · α_L 8 + ∑ f frequencies M^2_R = −1 + α_R · α_R 8 + ∑ f frequencies where the sum is over the oscillator frequencies

ν_f = 1 + α_{fi} 2 + integer, ν_f � = 1 − α_{fi} 2 + integer (23)

The physical states are obtained after the application of the GSO projections demanding ( e^{ıπbiFα} − δ_αc^∗ ( α b_i )) |physical state⟩_α = 0 (24)

where δ_α = −1 if ψ^μ is periodic in the sector α and δ_α = +1 when ψ^μ is antiperiodic. The operator b_iF_α is

b_iF_α = ∑ f ∈left − ∑ f ∈right

b_i(f)F_α(f) (25)

where F_α(f) is the fermion number operator counting each fermion mode f once and its complex conjugate f^∗ minus once. It should be remarked that in the sector where all the fermions are antiperiodic there is always a state |μ, ν⟩ = Ψ^μ_{−1/2}(∂X)^ν_{−1} |0⟩_0 which survives all projections and includes the graviton, the dilaton and the two–index antisymmetric tensor.

The present string model is defined in terms of nine basis vectors {S, b_1, b_2, b_3, b_4, b_5, b_6, α, ζ} and a suitable choice of the GSO projection coefficient matrix. The resulting gauge group has a Pati–Salam (SU(4) × SU(2)_L × SU(2)_R) non–Abelian observable part, accompanied

1By 1 we denote the vector where all fermions are periodic.

by four Abelian (U(1)) factors and a hidden SU(8) × U(1)^′ symmetry. The nine basis vectors are the following

ζ = { ; Φ̄^{1...8}} S = {ψ^μ, χ^{1...6}, ; } b_1 = {ψ^μ, χ^{12}, (yȳ)^{3456}, ; Ψ̄^{1...5}, η̄^1} b_2 = {ψ^μ, χ^{34}, (yȳ)^{12}, (ωω̄)^{56} ; Ψ̄^{1...5}, η̄^2} b_3 = {ψ^μ, χ^{56}, (ωω̄)^{1234} ; Ψ̄^{1...5}, η̄^3} b_4 = {ψ^μ, χ^{12}, (yȳ)^{36}, (ωω̄)^{45} ; Ψ̄^{1...5}, η̄^1} b_5 = {ψ^μ, χ^{34}, (yȳ)^{26}, (ωω̄)^{15} ; Ψ̄^{1...5}, η̄^2} b_6 = { ; Ψ̄^{1...5}, η̄^{123}, Φ̄^{1...4}} α = { (yȳ)^{36}, (ωω̄)^{36}ω̄^{24} ; Ψ̄^{123}, η̄^{23}, Φ̄^{45}}

(26)

The specific projection coefficients we are using are given in terms of the exponent coefficients c_{ij} in the following matrix

c_{ij} = z S b_1 b_2 b_3 b_4 b_5 b_6 α z 1 1 1 1 1 1 1 0 0 S 1 0 0 0 0 0 0 1 1 b_1 1 1 1 1 1 1 1 1 1 b_2 1 1 1 1 1 1 1 1 1 b_3 1 1 1 1 1 1 1 1 1 b_4 1 1 1 1 1 1 1 1 1 b_5 1 1 1 1 1 1 1 1 0 b_6 0 1 0 0 0 0 0 0 0 α 1 1 1 1 1 1 0 1 1

(27)

where the relation of c_{ij} with c(b_i, b_j) is c ( b_i b_j ) = e^{ıπcij} All world–sheet fermions appearing in the vectors of the above basis are assumed to have periodic boundary conditions. Those not appearing in each vector are taken with antiperiodic ones. We follow the standard notation used in references [3, 5]. Thus, ψ^μ, χ^{1...6}, (y/ω)^{1...6} are real left, (ȳ/ω̄)^{1...6} are real right, and Ψ̄^{1...5}η̄^{123}Φ̄^{1...8} are complex right world sheet fermions. In the above, 1 = b_1 + b_2 + b_3 + ζ and the basis element S plays the role of the supersymmetry generator as it includes exactly eight left movers. Further, b_{1,2,3} elements reduce the N = 4 supersymmetries into N = 1, while the initial O(44) symmetry of the right–moving sector results to an observable SO(10) × SO(6) gauge group at this stage. The SO(10) part corresponds to the five Ψ̄^{1...5} complex world sheet fermions while all chiral families at this stage belong to the 16 representation of the SO(10). Vectors b_{4,5} reduce further the symmetry of the left moving sector, while the introduction of the vector b_6 deals with the hidden part of the symmetry. Finally, the choice of the vector α determines the final gauge symmetry (observable and hidden sector) of the model which is SU(4) × O(4) × U(1)^4 × {U(1)^′ × SU(8)}_{hidden}. (28)

The observable gauge group consists of the non–Abelian SO(6) × O(4) symmetry which is isomorphic to the left–right Pati–Salam symmetry [8]. There are also four U(1)_{i=1,...,4} factors related to η̄_{1,2,3}-complex and the ω̄^{24}-real pair of world–sheet fermions of the right– moving sector. All the superfields of the observable sector carry non–zero charges under these four U(1) symmetries. Therefore, the latter are expected to play a very important role in the determination of the Yukawa couplings, the fermion mass textures, R-parity violation and in general in all types of Yukawa interactions of the model. We note here that the observable fields do not carry charges under U(1)^′.

The Abelian part of the group deserves a separate treatment since this class of models in general possess U(1) symmetries which are anomalous. Indeed, while we find two of the U(1) factors to be traceless TrU(1)_1 = TrU(1)^′ = 0, the other three are traceful, with TrU(1)_2 = TrU(1)_3 = TrU(1)_4 = 24. However, the U(1) charges can be defined in such a way that only one combination is anomalous. Indeed, the linear combination

U(1)_A = U(1)_2 + U(1)_3 + U(1)_4, (29)

has TrŨ(1)_A = 72, while there are other three combinations orthogonal to the one above, which are free of gauge and gravitational anomalies. These are,

Ũ (1)_1 = U(1)_1 Ũ (1)_2 = U(1)_2 − U(1)_3 (30) Ũ (1)_2 = U(1)_2 + U(1)_3 − 2U(1)_4.

The choice of the projection coefficients shown in (27) has led to the desired three generation model as well as some refinements of the previously proposed theory [5] which are phenomenologically appealing and deserve some discussion. The most important are, the new Yukawa couplings which give fermions masses, the mirror symmetry of the massless spectrum and the number of SU(4) Higgs multiplets.

We start with the enumeration of representations candidates for families and SU(4) × SU(2)_R breaking Higgs fields as they appear in Appendix A. We first note that due to the presence of the various U(1)-factors, there is an arbitrariness in the embedding of the electromagnetic charge operator. We will discuss this in detail in the end of this section, however, to start with, we assume first the simplest case where U(1)_{em} is defined in the standard way, (as in the original PS–symmetry), i.e: Y = 1 √ 6 T_4 + 1 2 T_L + 1 2 T_R (31)

where T_6, T_L, T_R are the diagonal SU(4), SU(2)_L and SU(2)_R generators respectively. Then, the massless spectrum is classified with respect to its group properties as follows:

• There are three copies of [(4, 2, 1) + (¯4, 1, 2)] representations, available to accommodate the three generations.

• There is one [(¯4, 1, 2) + (4, 1, 2)] pair which is interpreted as the Higgs pair triggering the SU(4) × SU(2)_R breaking.

• One pair [(4, 2, 1) + (¯4, 2, 1)], (mirror to each other) replaces the second Higgs pair of the old string version [5]. Clearly, since there are no mirror families observed in the light spectrum, they should decouple at some high scale by forming a heavy mass state.

• There are a large number of singlet fields with zero electric charge, while carrying quantum numbers under the four U(1) factors. In the determination of the flat directions of the model, their vevs have to be chosen in such a way so as to cancel the D–term. These singlets couple to ordinary matter via superpotential terms. When they develop vevs along certain flat directions they may create a hierarchical fermion mass spectrum through non–renormalizable couplings.

• There are eight hidden SU(8)-octet and octet–bar superfields (charged under the U(1)^4 × U(1)^′), which are also neutral under the usual charge definition. They can also acquire non–zero vevs leading to additional mass terms for ordinary or exotic matter fields.

• The exotic states of the model fall into two categories:

i) There are two SU(4) fourplets H_4 = (4, 1, 1), H̄_4 = (¯4, 1, 1). After the symmetry breaking, they result to a 3 and ¯3 pair with charges ±^1_6 respectively and two singlets with charges ±^1_2 .

ii) The second kind of exotic fields includes ten left–handed doublets X_{iL} and an equal number of right–handed ones X_{iR} with charges ±^1_2 . The presence of exotic particles in the massless spectrum of the theory is a generic feature of level k = 1 string constructions. Such states in general, are regarded as string models’ “Achilles heel” since it is likely that they remain in the light spectrum down to the electroweak scale. There are mainly three solutions to this problem : first, one may choose a suitable flat direction where all of them become massive at a relatively large scale; as a second possibility, one can properly modify the string boundary conditions on the basis vectors, so that these states appear with non–trivial transformation properties under a hidden non–Abelian group. In this latter case the exotic states are confined at the scale where the gauge coupling of the hidden group becomes strong [15]. Clearly, for a given number of matter representations, the higher the rank of the group, the larger the confinement scale. As a third possibility, one may consider the modification of the charge operator (31) by the inclusion of additional U(1) factors. In the present construction, we will discuss in some detail the last two possibilities. Later, we will give a brief account for their possible relevance on recent cosmological observations.

Let us point out here that the observable spectrum of the model respects the symmetry discussed in Section 2 with respect to the simultaneous interchanges 2_L ↔ 2_R and 4 ↔ ¯4. In particular, left handed generation superfields are interchanged with right handed ones, while there is a similar change of roles of the SU(4) higgs and mirrors. We will also see in the following sections that the tree–level and higher order Yukawa interactions remain also unaltered under the above interchanges. The above symmetry is broken however, by the vacuum when consistent F – and D–flatness solutions are found. We will discuss this when the superpotential of the theory is presented and the corresponding flatness conditions are derived in the next sections.

4 Symmetry breaking and hypercharge embedding in the string model.

We will discuss now two related issues, the gauge symmetry breaking pattern and the various consistent embeddings of the weak hypercharge. After defining the consistent set of boundary conditions (26) described previously, one is left with an effective theory based on the symmetry (28) with the following general characteristics. There is an effective unification scale, namely the string scale M_{string}, where all couplings – up to threshold corrections – attain a common value. At this point one is left with an effective N = 1 supergravity theory while the gauge group structure is of the form G = ∏ n G_n, containing an ‘observable’ and a ‘hidden’ part. The two worlds are not completely decoupled. Hidden and observable fields are charged under five Abelian factors. The first symmetry breaking occurs when some of the singlet fields acquire vevs to cancel the D–term. Depending of the choice of the singlet vevs several (at most four) of the above U(1)’s break, the natural breaking scale M_A being of the order of the D−term, i.e, M_A ∼ √ ξ = √ T rQ_A 192 g_{string} π M_{P l} = √ 3 2π g_{string}M_{P l} (32) where T rQ_A = 72 is the trace of the anomalous U(1)_A and M_{P l} ≈ 4.2 × 10^{18}GeV is the reduced Planck mass. We note here that, if only the singlets were allowed to obtain a non– vanishing vev, at most four of the U(1)’s break; no singlet is charged under the Abelian symmetry U(1)^′ which remains unbroken at this stage. The observable part SU(4) × SU(2)_L × SU(2)_R has a rank larger than that of the MSSM symmetry, which breaks down to the SM–gauge group at an intermediate scale M_{GUT} , usually some two orders of magnitude below the string scale. The breaking occurs in the way described in Section 2. The necessity of the SU(4) × SU(2)_R symmetry breaking together with the D− and F –flatness conditions require at least two of the U(1) factors to break at a high scale.

There is finally the hidden SU(8) part. This symmetry stays intact, as long as the 8 and 8 fields do not acquire vevs. Note also that the octets are charged under U(1)^′. In many flat directions which will be discussed subsequently, phenomenological requirements force some of the octets to obtain vevs and the symmetry SU(8)×U(1)^′ breaks to a smaller one. Now, a crucial observation (see the relevant Table in the Appendix A) is that all 8’s come with U(1)^′ positive charge (+1) whilst all 8’s appear with the opposite (−1) charge. It is easy to show then, that, no matter how many of the available octet fields receive a non–zero vev, there is always a U(1)^{′′} unbroken which is a linear combination of the U(1)^′ and one of the generators of the SU(8). Therefore, the hidden matter conserves a new U(1)^{′′} symmetry which stays unbroken down to low energies. Its cosmological implications will be discussed in a subsequent section.

ω sin^2 θ_W 0^3_8 1^3_{22}

Table 1: The values of the weak mixing angle at the Unification scale, for two definitions of the weak hypercharge. In the second case, an additional U(1)-factor is assumed.

We turn now our discussion to the hypercharge embedding. As mentioned above, due to the appearance of extra U(1)–factors, the hypercharge generator is not uniquely determined. It can be any linear combination of the U(1)_{B−L} the five available U(1)’s of the model and possible unbroken generators of the hidden gauge symmetry, provided the minimal supersymmetric low energy particle spectrum is generated. The standard weak hypercharge assignment – as this is defined in the original PS–symmetry – does not involve any of the surplus U(1) factors discussed above. It is solely determined in the usual sense from the diagonal generators of the PS–symmetry as in (31). Under this definition in addition to the representations accommodating the MSSM–fields, the states found in (4, 1, 1) + (¯4, 1, 1) and (1, 1, 2) + (1, 2, 1) representations obtain the exotic charges discussed above, while they are rather unusual in the grand unified models.

We will discuss here in some detail another possible definition of the hypercharge operator which is obtained by including the U(1)^′-generator:

Y^′ = 1 √ 6 T_4 + 1 2 T_L + 1 2 T_R − ω 2 Q^′ (33)

where Q^′ is related to the U(1)^′ charge of the particular massless state and ω is the appropriate normalization constant. Choosing for example ω = 1, all extra doublets X_{L,R} obtain integral charges (±1, 0). On the other hand, this new embedding leads to the normalization of the hypercharge generator k = 5 + 12ω^2 3 . (34)

The value of the weak mixing angle at M_{string} is sin^2 θ_W (M_{string}) =^1_{1+k} . Its values for the two lower ω’s are given in Table 1. For ω = 0, we obtain the standard GUT sin^2 θ_W prediction but the exotic states have fractional charges, whereas for ω = 1 the X_{L,R} doublets as well as the (4, 1, 1) and (¯4, 1, 1) representations, obtain charges like those of the ordinary down quarks and leptons. It should not escape our attention that in this new hypercharge definition Y^′ the octet fields now appear with fractional charges ±1/2. This is not however a real problem. The coupling of the SU(8) group becomes strong at a high scale, leading to a confinement (in close analogy with QCD), and forcing the octets to form bound states with the corresponding octet–bar fields. We should note here that this situation opens up the possibility of giving vevs to these condensates at a smaller scale and create new mass terms for the ordinary matter through their superpotential couplings. The new hypercharge definition predicts a low value for the weak mixing angle which is essentially the value obtained in a Kac–Moody level k = 2 string construction [9]. Starting however, from such a small initial value for sin^2 θ_W at M_{string}, there is no obvious way how the larger low energy value can be obtained in this case.

Let us close this section with a short comment on one more possibility of symmetry breaking. One can give vevs directly to the exotic SU(2)_R-doublet fields X_{iR}. (Both their components are charged (Q_{em} = ±1/2) under the standard hypercharge assignment (31)). The vev should be taken along the neutral direction defined by the proper linear combination. This will essentially lead to a definition of the hypercharge as in the case of ω = 1. However, this approach has the advantage that the small initial value of sin^2 θ_W is defined now at the SU(2)_R-breaking scale which can be taken to be much lower that the string scale. This case requires a separate treatment since there are new fields entering the flatness conditions while new mass terms appear in the superpotential. Moreover, exotic doublets now look like the ordinary electron doublets while far reaching phenomenological implications appear.

5 The Superpotential of the string version.

We proceed now to the calculation of the perturbative superpotential. Clearly, the number of fields in the string version is significantly larger than those of its surrogate GUT discussed in Section 2. In fact, in the model of Section 2, the construction of the superpotential was rather easy since only gauge symmetries had to be respected. Here, however, not all gauge invariant terms are allowed; additional restrictions from world–sheet symmetries have to be taken into account since they eliminate a large portion of the gauge invariant superpotential terms. A short description of the calculation [16, 17] of the renormalizable as well as the non–renormalizable superpotential terms is given in the Appendix B.

The tree–level superpotential is

W_3 g √ 2 = F_{5R}F_{4L}h_4 + F_{3R}F_{3L}h_2 + 1 √ 2 F_{5L}F_{4L}ζ_2 + 1 √ 2 F_{5R}F_{4R}ζ_3 +

+ F_{5L}F_{5L}D_4 + F_{4L}F_{4L}D_1 + F_{2L}F_{2L}D_2 + F_{1L}F_{1L}D_1 + F_{1L}H_4X_{7L} + + F_{1R}F_{1R}D_1 + F_{4R}F_{4R}D_3 + F_{2R}F_{2R}D_2 + F_{5R}F_{5R}D_2 + F_{2R}H_4X_{3R} + + 1 2 Φ_2 ( ζ_iζ_i + ξ_iξ_i + h_3h_4 + H_4H_4 ) + Φ_4 ( ζ_1ζ_3 + ζ_3ζ_1 ) + Φ_5 ( ζ_2ζ_4 + ζ_4ζ_2 ) + D_1D_2Φ_{12} + D_1D_4Φ^−_{12} + D_2D_3Φ^−_{12} + D_3D_4Φ_{12} + h_2ξ_1h_4 + h_2ξ_4h_3 + h_2X_{10L}X_{10R} + h_1ξ_1h_3 + h_1ξ_4h_4 + h_1X_{9L}X_{9R} + Φ_{12} ( ξ_4ξ_1 + h_3h_3 + Z_3Z_3 ) + Φ^−_{12} ( ζ_iζ_i + ξ_3ξ_2 + X_{9R}X_{10R} ) + Φ^−_{12} ( ζ_iζ_i + ξ_2ξ_3 + X_{9L}X_{10L} ) + Φ_{12}ξ_1ξ_4 + Φ_{12}h_4h_4 + + 1 √ 2 ( ζ_1X_{1R}X_{6R} + ζ_3Z_4Z_5 + ζ_4X_{2R}X_{5R} + ζ_2Z_5Z_4 + ζ_4X_{1L}X_{6L} + ζ_1X_{2L}X_{5L} )

+ ξ_1Z_5Z_5 + ξ_2X_{2R}X_{6R} + ξ_2X_{1L}X_{5L} + h_3X_{2R}X_{5L} + h_4X_{1L}X_{6R} . (35)

The fourth order superpotential terms are

w_4 = F_{5L}F_{4L}X_{1L}X_{6L} + F_{5L}F_{3L}Z_3Z_4 + F_{5L}F_{1L}X_{4L}X_{6L} + F_{5R}F_{4R}X_{1R}X_{6R} + F_{4R}F_{3R}Z_3Z_4 + F_{4R}F_{2R}X_{1R}X_{8R} + F_{2R}F_{2L}ζ_4h_4 + F_{1R}F_{1L}ζ_1h_4 + ζ_1ξ_1Z_1Z_1 + ζ_2h_4X_{8L}X_{8R} + ζ_2ξ_3X_{7R}X_{8R} + ζ_2ξ_2X_{7L}X_{8L} + ζ_2h_3X_{7L}X_{7R} + ζ_2ξ_2X_{7R}X_{8R} + ζ_2ξ_3X_{7L}X_{8L} + ζ_3h_3X_{3L}X_{3R} + ζ_3ξ_3X_{3R}X_{4R} + ζ_3ξ_2X_{3L}X_{4L} + ζ_3h_4X_{4L}X_{4R} + ζ_3ξ_2X_{3R}X_{4R} + ζ_3ξ_3X_{3L}X_{4L} + ζ_4ξ_1Z_2Z_2 + Z_1Z_4X_{3R}X_{5R} + Z_2Z_4X_{2L}X_{7L} + Z_4Z_5X_{2L}X_{5L} + Z_5Z_4X_{2R}X_{5R} + X_{3L}X_{4R}X_{10L}X_{9R} + X_{4L}X_{3R}X_{9L}X_{10R} + X_{1L}X_{2R}X_{9L}X_{10R} + X_{2L}X_{1R}X_{9L}X_{10R} + X_{5L}X_{6R}X_{10L}X_{9R} + X_{6L}X_{5R}X_{10L}X_{9R} + X_{7L}X_{8R}X_{10L}X_{9R} + X_{8L}X_{7R}X_{9L}X_{10R} , (36)

where in each terms an O(1)g/M_{P l} multiplicative factor. Higher order terms up to sixth order have been also calculated and are presented in the Appendix B.

Having obtained the spectrum of the model, as well as the available superpotential terms, we need to determine the vacuum of our theory, by making an appropriate choice of the vacuum expectation values of the Higgs fields (fourplets, bidoublets and a sufficient number of singlets) and possibly some of the hidden SU(8) multiplets. All these choices should be consistent with the D− and F − flatness conditions. A complete account of all possible solutions of these conditions will be given subsequently, however, not all of those solutions are satisfactory from the phenomenological point of view. A final conclusion about the viability of a certain flat direction however cannot be drawn before adequately high order NR–terms are taken into account. There are two main reasons for this: first, it is possible that a particular viable flat direction at a certain order, is destroyed when higher order NR–terms are included in the calculation. Second, even if a phenomenologically promising flat direction can be proven to persist at higher orders, it is possible that the new NR superpotential terms create undesired mass terms. For example, a usual phenomenon is that they fill in many entries in the Higgs mass matrix, so it is possible that there is no massless higgs left to break the symmetry. As a consequence, one may have further constraints on the particular flat direction by forcing some additional fields to obtain a zero vev. This will be discussed in a subsequent section.

From the above remarks, it is evident that the right choice of the vacuum of the model is not an easy task. In the next section our endeavor will be concentrated in the classification of all flat directions and their relevance to the low energy phenomenological expectations. It is useful therefore, in order to pin down the few promising vacua from the hundreds of available solutions, to summarize the basic observations which will help us to complete this task. This will enable us to determine the right flat direction and choose those singlet (and possibly hidden) field vevs that guarantee a successful description of the low energy phenomenological theory.

• We start with the Higgs mechanism; we first observe that there is only one pair of Higgs fields available to break SU(4) symmetry, namely the fourplet F_{4R} and in general one linear combination of the fields F̄_{1,2,3,5}. Thus, in order to keep F_{4R} massless and prevent a mass term through the tree–level coupling F_{4R}F̄_{5R}ζ̄_3, we need to impose ⟨ζ̄_3⟩ = 0.

• In addition to the three generations expected to appear at low energies, the model predicts also the existence of one additional (4, 2, 1) representation plus its mirror F̄_{5L} = (¯4, 2, 1). Since no mirror families appear in the low energy spectrum, we need a mass term of the form ⟨χ_i⟩F_{iL}F̄_{5L} (where χ_i some of the singlets with non–zero vevs) to give a heavy mass to the mirror F̄_{5L}. A candidate term could be ζ_2F̄_{5L}F_{4L} which exists already at the tree–level. At fourth order there is also the term F̄_{5L}F_{3L}Z_3Z̄_5. Thus, up to fourth order, we obtain ∑ i ⟨χ_i⟩F_{iL}F̄_{5L} = (ζ_2F_{4L} + F_{3L}Z_3Z̄_4 + · · ·)F̄_{5L} (37)

where {· · ·} stand for possible higher order NR–terms involving fields that may acquire vevs. Clearly, if we wish to make the mirror multiplets heavy with superpotential terms up to fourth order, we should demand from flatness conditions either ζ_2 ≠ 0, or Z_3Z̄_5 ≠ 0. Solutions with higher order NR–terms are also possible as it will be clear later.

• A number of sextet fields, D_i, i = 1, ..., 4 containing colour triplets as well as triplets surviving the Higgs mechanism appear also in the spectrum. In order to avoid possible proton decay problems we need also mass terms for those coloured fields. As far as the sextet fields are concerned, the sextet matrix at tree–level is

D_1D_2Φ_{12} + D_1D_4Φ^−_{12} + D_2D_3Φ^−_{12} + D_3D_4Φ̄_{12} (38)

Their eigenmasses in terms of the scalar components of the singlet fields are m_{Di} = ± 1 2 ( Σ_Φ2 ± √ (Σ_Φ2 )^2 − (Φ_{12}Φ̄_{12} − Φ^−_{12}Φ̄^−_{12})^2 ) (39)

with

Σ_Φ2 = Φ^2_{12} + Φ̄^2_{12} + Φ^−_{12}^2 + Φ^−_{12}^2 (40)

The above eigenvalues are all non–zero whenever the condition

Φ_{12}Φ̄_{12} − Φ^−_{12}Φ̄^−_{12} ≠ 0

is fulfilled. Therefore, a satisfactory flat direction should keep the appropriate singlets with non–zero vevs. It will be clear later that in most of the phenomenologically viable string vacua, higher order NR–contributions will prove necessary to make all sextet fields massive.

In forming the mass matrices for triplets, we should also take into account the fact that there are also coloured triplets in the Higgs pair (¯4, 1, 2) + (4, 1, 2). Thus, recalling in mind the sextet decomposition D_4 → D^{¯3}_4 + D^3_4 , the term F_{4R}F_{4R}D_4 gives a heavy mass to d̄^c_{4R}D^{¯3}_4 and the terms

F̄_{5R}F̄_{5R}D_2 + F̄_{2R}F̄_{2R}D_2 + F̄_{1R}F̄_{1R}D_1

make another ¯3 − 3 combination massive. This linear combination depends on the choice of the fields which are going to accommodate the families and higgses. This will be precisely determined as long as a specific flat direction is chosen.

• There is a new interesting feature of this version; There are two candidate terms at fourth order to provide masses to the second generation

F̄_{1R}F_{1L}h_4ζ_1 + F̄_{2R}F_{2L}h_4ζ̄_4 (41)

They are expected to be of the right order, provided that at least one of the singlets ζ_1, ζ̄_4 gets a non–zero vev.

After this preliminary analysis, we are ready now to explore other important aspects of the model. In the next section we will find all tree–level and higher order solutions to the flatness conditions which determine the consistent string vacua.

6 The solutions of the F– and D–flatness conditions

One of the main concerns in constructing effective supersymmetric models from superstrings, is to find the flat directions along which the scalar potential vanishes. String models in general contain several flat directions which are lifted by higher order corrections to the superpotential and supersymmetry breaking effects. The latter set also the scale of the scalar potential. Another interesting fact in string model building concerning these flat directions, is the existence of a D–term contribution [18, 19]. As has been discussed in the previous section, there is a linear combination of the four surplus U(1) factors accompanying the observable gauge group of the model, which remains anomalous. The standard anomaly cancellation mechanism [19] results to a shift of the vacuum where several scalar components of the singlet (and possibly hidden) superfields develop non–zero vevs. Their magnitude is determined by the solution(s) of the complete system of the F - and D-flatness constraints.

Derivation of the flatness constraints The F -flatness equations are easily derived from the superpotential. They are the set of equations resulting from the differentiation of W with respect to the fields of the massless spectrum f_i, ∂ ∂f_i W = 0

In this paper we will mainly concentrate on an analysis of the flatness conditions involving fields only from the observable sector. For completeness, we also give in the Appendix B the relevant contributions to the flatness conditions taking into account hidden field vevs as well as higher order corrections from NR–terms.

Taking the derivatives of the renormalizable superpotential W with respect to the observable fields, we obtain

Φ_2 : ζ_iζ̄_i = −ξ_iξ̄_i (42) Φ_4 : ζ_1ζ̄_3 = −ζ̄_1ζ_3 (43) Φ_5 : ζ_2ζ̄_4 = −ζ̄_2ζ_4 (44) Φ_{12} : ξ_1ξ̄_4 = 0 (45) Φ̄_{12} : ξ_4ξ̄_1 = 0 (46)

Φ^−_{12} : ζ_iζ_i = −ξ_2ξ̄_3 (47) Φ̄^−_{12} : ζ̄_iζ̄_i = −ξ_3ξ̄_2 (48)

ξ_1 : ϕ_2ξ̄_1 = −Φ_{12}ξ̄_4 (49) ξ̄_1 : ϕ_2ξ_1 = −Φ̄_{12}ξ_4 (50)

ξ_2 : ϕ_2ξ̄_2 = −Φ^−_{12}ξ̄_3 (51) ξ̄_2 : ϕ_2ξ_2 = −Φ̄^−_{12}ξ_3 (52)

ξ_3 : ϕ_2ξ̄_3 = −Φ̄^−_{12}ξ̄_2 (53) ξ̄_3 : ϕ_2ξ_3 = −Φ^−_{12}ξ_2 (54)

ξ_4 : ϕ_2ξ̄_4 = −Φ̄_{12}ξ̄_1 (55) ξ̄_4 : ϕ_2ξ_4 = −Φ_{12}ξ_1 (56)

ζ_1 : ϕ_2ζ̄_1 + Φ_4ζ̄_3 + 2Φ^−_{12}ζ_1 = 0 (57) ζ̄_1 : ϕ_2ζ_1 + Φ_4ζ_3 + 2Φ̄^−_{12}ζ̄_1 = 0 (58)

ζ_2 : ϕ_2ζ̄_2 + Φ_5ζ̄_4 + 2Φ^−_{12}ζ_2 + F̄_{5L}F_{4L}/ √ 2 = 0 (59) ζ̄_2 : ϕ_2ζ_2 + Φ_5ζ_4 + 2Φ̄^−_{12}ζ̄_2 = 0 (60)

ζ_3 : ϕ_2ζ̄_3 + Φ_4ζ̄_1 + 2Φ^−_{12}ζ_3 = 0 (61) ζ̄_3 : ϕ_2ζ_3 + Φ_4ζ_1 + 2Φ̄^−_{12}ζ̄_3 + F̄_{5R}F_{4R}/√2 = 0 (62)

ζ_4 : ϕ_2ζ̄_4 + Φ_5ζ̄_2 + 2Φ^−_{12}ζ_4 = 0 (63) ζ̄_4 : ϕ_2ζ_4 + Φ_5ζ_2 + 2Φ̄^−_{12}ζ̄_4 = 0 (64)

On the left of the above equations we show the field with respect to which the superpotential is differentiated . In equations (59,62) both SU(2)_L and SU(2)_R fourplet fields have been included to exhibit the invariance of the equations under a straightforward generalization of the transformations (19). Indeed, it can be observed now that the F –flatness equations as well as the Yukawa interactions remain unaltered under the interchanges mentioned in previous sections. In particular, when ¯4 and 2_R are interchanged with 4 and 2_L respectively, it can be seen that the superpotential remains invariant under the following renaming of the fields

F_5, F̄_5 ↔ F_4, F̄_4 F_1, F̄_1 ↔ F_2, F̄_2 D_1, D_3 ↔ D_2, D_4 (65) ζ_1, ζ_2 ↔ ζ̄_4, ζ̄_3 ζ̄_1, ζ̄_2 ↔ ζ_4, ζ_3 Φ_1, Φ_4 ↔ Φ_3, Φ_5 (66) ξ_2, ξ_3 ↔ ξ̄_2, ξ̄_3 Φ^−_{12} ↔ Φ̄^−_{12} Φ_2 ↔ Φ_2 (67)

This symmetry is also preserved by higher order Yukawa terms as can be easily checked from the terms presented in the Appendix. Nevertheless, the D–equations are not invariant. Clearly, any solution of them defines a vacuum which does not preserve the symmetry. In the subsequent, we make a definite choice with regard to this symmetry putting all ⟨F_{iL}⟩ = 0. The D–flatness equations for anomalous or non–anomalous U(1) factors with hidden field contributions are also derived in the Appendix C. In the absence of non–zero hidden field vevs, they can be written in the following compact form

(D_1) : f_3 = x_2 + x_3 (68)

(D_2) : f_4 − f_1 = x_2 + ζ 2 − ϕ̄ (69)

(D_3) : ∑ i x_i = − ξ 3 (70)

(D_4) : ϕ = x_1 + ξ 2 (71)

(D_5) : f_4 − f_1 = f_2 + f_3 + f_5 (72)

where, we have defined,

x_i = |ξ̄_i|^2 − |ξ_i|^2; ζ = ∑ i(|ζ̄_i|^2 − |ζ_i|^2) (73) ϕ = |Φ̄_{12}|^2 − |Φ_{12}|^2; ϕ̄ = |Φ̄^−_{12}|^2 − |Φ^−_{12}|^2 (74)

f_4 = 1 2 |F_{4R}|^2; f_i =^1_2 |F̄_{iR}|^2, i = 1, 2, 3, 5 (75)

Tree and higher level solutions of F – and D–flatness constraints A consistent phenomenological analysis of the model requires a complete knowledge of all vacua, therefore, a systematic approach to classify all D– and F –flat directions is needed. When this is done, we will be able to know which fields acquire non–zero vevs in any specific flat direction^2. These vevs will determine completely the masses of fermion and scalar fields through their superpotential couplings.

In the remaining of this section we present a systematic analysis of the above constraints, taking into account basic phenomenological requirements. This will limit considerably the number of possible solutions. Thus, for example, as already has been pointed out, it is necessary to impose the constraint ⟨ζ̄_3⟩ = 0, in order to prevent a mass term for the Higgs field F_{4R} at tree–level. This, by no means ensures the existence of a consistent solution. We postpone the complete presentation after we obtain the set of mathematically consistent cases. In the present paper we restrict the analysis of the flatness conditions in the case where only observable fields acquire non–zero vevs. Solutions with hidden field vevs are much more involved and may result to interesting new vacua. Although a detailed investigation of the latter will not considered here, a brief discussion of their role is given later in this paper.

2For similar systematic analyzes in other models, see [20, 21, 22, 23].

We find it convenient to start our analysis from the F –flatness conditions (44,45) which imply four distinct cases:

(i) ξ̄_1 = ξ_1 = 0 , ξ_4 ≠ 0; (ii) ξ_1 = ξ_4 = 0; (iii) ξ_4 = ξ̄_1 = 0; (iv) ξ̄_4 = ξ̄_1 = 0 , ξ_1, ξ_4 ≠ 0 .

From the above cases, only (iii, iv) have consistent solutions. Let’s first explain why cases (i) and (ii) are rejected.

Cases (i) and (ii) From Eqs. (55,56) we deduce ϕ_2 = 0, while ξ_4 ≠ 0 in Eq. (50) imposes Φ̄_{12} = 0. This however leads to inconsistency with equation D_4, since the left side of the equation is negative while the right side is positive and non–zero. Similarly case (ii) where ξ_1 = ξ_4 = 0, is not soluble as can be easily seen from the equation (D_3)+(D_1). We consider the two remaining cases (iii) and (iv)separately.

Case (iii) From Eq. (50), we find ϕ_2 = 0. Further, D_4–flatness tells us that ξ_1 and Φ̄_{12} cannot be simultaneously zero. Then, combining this with conditions (54) and (55) we conclude that

Φ_{12} = 0, ξ̄_4 = ξ_4 = 0, ξ_1 ≠ 0, ϕ_2 = 0 (76)

while ξ̄_1 · Φ̄_{12} = 0.

Proceeding further, we classify all solutions in this case according to their number of free parameters and fields with zero vevs. At the tree–level, there are 17 solutions consistent with the F – and D–flatness conditions. These are cases 1–17 of Table 9 of the Appendix D. Several of these flat directions are lifted when higher order NR–terms are included. On the other hand, other tree–level flat directions remain flat when additional constraints have are imposed on the field vevs. There are cases where a single tree–level flat direction results to more than one distinct cases at a higher level since the solution of the constraints may be satisfied for various choices of field vevs.

When NR contributions to flatness conditions up 6^{th} order are taken into account, the above tree–level solutions reduce to the first thirteen cases presented in Table 2. The first column numbers the solutions, while the last one denotes the number of free (complex) parameters left. The five columns in the middle show the fields with zero vevs, where for presentation purposes abbreviations in the field notation have been used. Thus, in the second row, the numbers 12, 12, 12^−, 12^−, denote the fields Φ_{12}, Φ_{12},Φ^−_{12}, Φ^−_{12}, and so on. The fields which are forced to obtain zero vevs due to higher order NR–contributions in the Yukawa potential, are included in curly brackets. Thus, for example, in the fourth column of the first case, the symbol {¯2} means that ⟨ξ̄_2⟩ has a zero vev due to the inclusion of NR– terms. Further, for the same reason in the fifth column we also use the notation {¯1}, {¯2} which should be translated to the conditions F̄_{1R} = F̄_{2R} = 0 imposed by NR–terms. In this notation, one can see the effect of NR–terms in the tree–level solutions presented in Appendix D. For example, the first solution in Table 9 (in the appendix) results to the first two distinct cases of Table 2 and so on.

Note that in Table 2 we present only the vanishing vev’s of each particular solution. Substitution in the F – and D–flatness conditions, results to a number of constraints characterizing each solution. These constraints are not presented in Table 2 but they have been taken into account in the calculation of free parameters. Specific examples will be presented later in Section 7. Due to the existence of free parameters, each solution of Table 2 can in principle generate a number of phenomenologically distinct cases. We will see in a subsequent section how some of these free parameters are forced to obtain zero vevs following the requirements of low energy phenomenology.

Case (iv) In a similar manner, we proceed also in this case where ξ̄_1 = ξ̄_4 = 0. Eqs. (50), (54) lead to two sub–cases depending on whether ϕ_2 is zero or not.

• (iv )_a When ϕ_2 = 0, the analysis proceeds in analogy with case (iii). Thus, we find eight solutions at the tree–level which cases 18-25 of Table 9.

• (iv_b ) For the case ϕ_2 ≠ 0, a tedious analysis leads to the unique tree–level solution

ξ_{2,3} = ξ̄_i = ζ_i = ζ̄_i = F̄_{3R} = F̄_{5R} = 0 (77)

with Φ_2 = 4 Φ_{12} Φ̄_{12} ≠ 0

This is also included as case 26 in the complete list of the tree–level solutions of Table 9 in Appendix D. When NR–contributions are taken into account various flat directions are lifted and the total number of solutions is reduced to 4 which are shown in Table 2 (cases (14)-(17)).

Having obtained all consistent solutions, let us try to apply the preliminary phenomenological discussion of the previous section. We first point out that in eight of the cases above, all four Φ_{12}’s fields in the second row have zero vevs. Although nothing can be definitely said until a complete analysis with higher NR–terms is done, we consider them as less favored since they leave all four sextet fields massless at tree–level. Another two solutions on the other hand, has all ζ_i = ζ̄_i = 0. Again, according to our previous analysis, it would be desirable to obtain a mass term for the second generation at fourth order where a natural fermion mass hierarchy is obtained. Such a solution should admit at least ζ_1 ≠ 0 and ⟨F̄_{1R}⟩ = 0, or ζ̄_4 ≠ 0 and ⟨F̄_{2R}⟩ = 0. From this point of view, the cases admitting non–zero vevs for some of the ζ_i, ζ̄_i are more preferable. Few of them leave only the fourplet F̄_{1R} ≠ 0 to be interpreted as the second SU(4) × SU(2)_R breaking higgs, (the other being definitely F_{4R}), while there are several cases with ⟨F̄_{3R}⟩ ≠ 0. Moreover, since in most of the cases ⟨F̄_{5R}⟩ = 0, this latter field together with F_{4L}, are suitable to accommodate the third generation fermions who may receive a tree–level mass term via the Yukawa coupling F̄_{5R}F_{4L}h_4.

7 Higgs fields and fermion mass textures

We start our phenomenological analysis of the string model with the discussion on the Higgs sector. Clearly, all the consistent solutions of the flat directions considered in the previous

Φ_{12}s Φ_i ξ_i, ξ̄_i ζ_i, ζ̄_i F̄_i f.p. 1 12, 12^−, 12^− 2, 4, 5 4, ¯1, {¯2}, ¯4 3, ¯3 {¯1}, {¯2}, ¯5 6 2 12, 12^−, 12^− 2, 4, 5 4, ¯1, ¯4 3, ¯3 {¯1}, {¯3}, ¯5 7 3 12, 12^−, 12^− 2, 4, 5 4, ¯1, {¯2}, ¯4 ¯1, ¯3 {¯1}, {¯2}, ¯5 6 4 12, 12^−, 12^− 2, 4, 5 4, ¯1, ¯4 ¯1, ¯3 {¯1}, {¯3}, ¯5 7 5 12, 12, 12^−, 12^− 2, 4, 5 4, [¯1], {¯2}, ¯4 3, ¯3 {¯1}, {¯2}, ¯5 5 6 12, 12, 12^−, 12^− 2, 4, 5 4, [¯1], {¯2}, ¯4 ¯1, ¯3 {¯1}, {¯2}, ¯5 6 7 12, 12^−, 12^− 2, 5 4, ¯1, ¯4 3, ¯1, ¯3 {¯1}, {¯3} 7 8 12, 12^−, 12^− 2, 5 4, ¯1, {¯2}, ¯4 1, 3, ¯1, ¯3 {¯1}, {¯2}, {¯5} 5 9 12, 12^−, 12^− 2, 5 4, ¯1, ¯4 {1}, 3, ¯1, ¯3 {¯2}, {¯3}, {¯5} 6 10 12, 12, 12^−, 12^− 2, 5 {2}, 4, [¯1], ¯4 {1}, 3, ¯1, ¯3 {¯1}, {¯2}, {¯5} 4 11 12, 12, 12^−, 12^− 2, 5 4, [¯1], {¯3}, ¯4 1, 3, ¯1, ¯3 {¯1}, {¯2}, {¯5} 4 12 12, 12^−, 12^− 2, 4 4, ¯1, ¯4 2, 3, 4, ¯2, ¯3, ¯4 {¯1}, {¯3}, ¯5 5 13 12 2 2, 3, 4, ¯1, ¯2, ¯3, ¯4 1, 2, 3, 4, ¯1, ¯2, ¯3, ¯4 {¯2}, {¯3}, ¯5 6 14 12, 12, 12^−, 12^− 2, 4, 5 ¯1, {¯2}, ¯4 3, ¯3 {¯1}, ¯5 9 15 12, 12, 12^−, 12^− 2, 4, 5 ¯1, {¯2}, ¯4 ¯1, ¯3 {¯1}, ¯5 9 16 12, 12, 12^−, 12^− 2, 5 ¯1, {¯2}, ¯4 3, ¯1, ¯3 {¯1} 9 17 2, 3, ¯1, ¯2, ¯3, ¯4 1, 2, 3, 4, ¯1, ¯2, ¯3, ¯4 {¯2}, ¯3, ¯5 7

Table 2: The solutions to the F – and D–flatness equations with contributions of NR–terms up to sixth order. The fields appearing in the table have zero vevs. Those appearing in curly brackets {} are forced to have zero vevs form NR–contributions, while those in square brackets [] are set to zero to ensure the existence of at least one massless Higgs doublet. In the last column f.p. stands for the number of free parameters.

section automatically ensure the existence of one Higgs pair in (4, 1, 2) + (¯4, 1, 2) to break the SU(4) × SU(2)_R symmetry. Our next task is the securing of a massless pair of SU(2)_L Higgs doublets in order to break the electroweak symmetry. It suffices the existence of only one massless Higgs bidoublet (1, 2, 2), since after the first stage of symmetry breaking two electroweak doublets with the correct quantum numbers arise

h(1, 2, 2) → h^u(1, 2, 1 2 ) + h^d(1, 2, − 1 2 ) (78)

The Higgs matrix receives the following contributions from the available tree–level superpotential couplings

m_h =

0 0 ξ_1 ξ_4 0 0 ξ̄_4 ξ̄_1 ξ_1 ξ̄_4 Φ̄_{12} ϕ_2 ξ_4 ξ̄_1 ϕ_2 Φ_{12} , (79)

No further contributions to the Higgs matrix exist up to sixth order. We will explore the eigenvalues of the above matrix in conjunction with the flatness solutions discussed in the previous section. In order to have at least one zero eigenvalue, the determinant of m_h should be zero

Det(m_h) = (ξ_1ξ̄_1 − ξ_4ξ̄_4)^2 = 0 (80)

We notice that the determinant of the Higgs matrix does not depend on the fields vevs Φ_{12}, Φ̄_{12} and ϕ_2.

We now come to the particular flat directions of Table 2. We observe that 13 solutions arising from cases (iii), (iv) have automatically ξ̄_1 = ξ̄_4 = 0. In the remaining 4 solutions the additional constraint ξ̄_1 = 0 has to be imposed in order to ensure the existence of at least one massless Higgs doublet. These are the cases (5,6,10,11) where the symbol [¯1] in the third column is used to declare the Higgs matrix constraint on the singlet vev ξ̄_1.

By inspection of the D–flatness equations (68)-(72) we infer that two pairs of bidoublets are always massive. Going to specific cases we find that the Higgs matrix in solutions (1- 13) has exactly two zero eigenvalues corresponding to the pure states h_2, h_4, while rest are massive. Solutions (14-16) have two massless bidoublets. These are h_2 and the combination h^′ ∝ −ξ_4h_3 + ξ_1h_4 The remaining solution (17) has only one massless bidoublet and more particularly h_2.

Each one of the above cases leads to a distinct phenomenological model. It is convenient to classify them with respect to the (¯4, 1, 2) multiplet available for the Higgs mechanism.

• There are seven cases, namely (1,3,5,6,8,10,11), where the only available field of this type is F̄_{3R} since, as can be seen from the table, ⟨F̄_{(1,2,5)R}⟩ = 0.

• In one single case (7) the (¯4, 1, 2)–Higgs in general can be a linear combination of F̄_{2R}, F̄_{5R} • Only three solutions admit ⟨F̄_{1R}⟩ ≠ 0. These are (9,13,17).

• There are three solutions where the higgs may be a linear combination of F̄_{(2,3)R} (14,15) or F̄_{(2,3,5)R}, SU(4) (16) multiplets.

• Finally, solutions (2,4,12) admit only ⟨F̄_{2R}⟩ ≠ 0.

Let us emphasize at this point that the above distinction between the solutions together with the massless electroweak Higgs field classification, is in accordance with common phenomenological characteristics. For example, solutions of the first kind above which impose ⟨F̄_{3R}⟩ ≠ 0, have a rather larger number of Yukawa couplings available for fermion mass generation, making them more appealing. Also, from a further inspection of the superpotential terms, the second class of solutions with ⟨F̄_{5R}⟩ ≠ 0 implies a mass for the h^u_4 higgs via the tree–level term ⟨F̄_{5R}⟩F_{4L}h_4. This fact leaves only one Yukawa coupling available for the up quarks, up to fifth order making these solutions less interesting. In what follows, we will work out in some detail some representative cases from Table 2.

CASE 1:

Let us start with the first solution in Table 2. Along this flat direction, the following 15 fields are required to have zero vevs

Φ_{12} = Φ^−_{12} = Φ̄^−_{12} = Φ_{2,4,5} = ξ_4 = ξ̄_{1,2,4} = ζ_3 = ζ̄_3 = F̄_{1,2,5} = 0 . (81)

Among them, ξ̄_2 and F̄_{5R} are constrained to have zero vevs from sixth order contributions. Substituting the above condition to the full system of D– and F – flatness equations we obtain a reduced system of 9 equations for the remaining fields. These are

ξ̄_2 ξ̄_3 + ζ^2_1 + ζ^2_2 + ζ^2_4 = 0 (82) ζ̄^2_1 + ζ̄^2_2 + ζ̄^2_4 = 0 (83)

ξ_3ξ̄_3 + ζ_1ζ̄_1 + ζ_2ζ̄_2 + ζ_4ζ̄_4 = 0 (84) ζ_2ζ̄_4 + ζ_4ζ̄_2 = 0 (85) 1 2 |F̄_{3R}|^2 + |ξ_2|^2 + |ξ_3|^2 − |ξ̄_3|^2 = 0 (86)

|F̄_{3R}|^2 + 2 |ξ_2|^2 + |ζ_1|^2 + |ζ_2|^2 + |ζ_4|^2 − |ζ̄_1|^2 − |ζ̄_2|^2 − |ζ̄_4|^2 = 0 (87) 1 2 |F̄_{3R}|^2 − |ξ_1|^2 = − ξ 3 (88)

|ξ_1|^2 + |Φ̄_{12}|^2 = ξ 2 (89)

|F_{4R}|^2 − |F̄_{3R}|^2 = 0 (90)

Taking into account that the total number of fields available to obtain vevs are 30 (assuming that hidden sector fields do not develop vevs), we end to a 6 parameter solution. This is the number of free parameters (f.p.) presented in the last column of Table 2. As seen from the above equations consistency of the solution requires a minimum number of the remaining 15 fields

F̄_{3R}, F_{4R}, Φ_{1,3}, ξ_{1,2,3}, ξ̄_{1,2,3}, ζ_{1,2,4}, ζ̄_{1,2,4}, Φ̄_{12} ≠ 0 (91) to be non–zero. These are ξ_1 , ξ̄_3 , F̄_{3R} , F_{4R} and at least one of ζ_1, ζ_2, ζ_4. The F_{4R} and F̄_{3R} vevs are not imposed by flatness but are required in order to obtain SU(4) × SU(2)_R breaking. Thus the higgses in this case, in the notation of Section 2, are

F_{4R} ≡ H(4, 1, 2); F̄_{3R} ≡ H̄(¯4, 1, 2) (92)

To explore the hierarchy of the fermion mass spectrum, we note first that since ⟨F̄_{3R}⟩ ≠ 0, the tree–level Yukawa coupling F̄_{3R}F_{3L}h_2 cannot be used for a fermion mass term. Clearly, F_{3L} is more appropriate for a mirror partner for F̄_{5L}. Therefore F̄_{5R} and F_{4L} are suitable to accommodate a family and more particularly the heaviest one as indicated by the tree–level superpotential term F̄_{5R}F_{4L}h_4. In this case we need to impose ⟨ζ_2⟩ = 0, to avoid a mass term of the form ⟨ζ_2⟩F_{4L}F̄_{5L}.

Then, condition (85) results to two distinct cases, either ⟨ζ_4⟩ = 0, or ⟨ζ̄_2⟩ = 0, each of them leading to a different phenomenological model. Although at this level of calculation it cannot be decided which of the two cases is appropriate, we consider the case ⟨ζ_4⟩ ≠ 0 as more favorable since it gives a tree–level mass term to a pair of exotic states. Thus we choose to explore the case ⟨ζ̄_2⟩ = 0.

To determine further the low energy parameters, we investigate the SU(4) breaking scale constraints as well as the singlet vevs entering the mass operators. From (88),(89) it follows that the SU(4) breaking scale has a well defined upper limit, determined exclusively from the D-term |F̄_{3R}| ≤ √ ξ 3 = g_{string} 2π M_{P l} (93)

For perturbative values of g_{string} (93) gives a bound around the mass scale 10^{17}GeV. Further, from (87) we also conclude that |ζ_1| < |ζ̄_4|. Up to fifth order, we find the following Yukawa couplings suitable for charged fermion masses

F̄_{5R}F_{4L}h_4 + ¯⟨ζ_4⟩ M_{P l} F̄_{2R}F_{2L}h_4 + ⟨ζ^1⟩ M_{P l} F̄_{1R}F_{1L}h_4 (94)

The last two terms appear at the fourth order, thus an additional mass parameter in their denominators appears. (In the Appendix B the mass parameters in the denominators are omitted in order to simplify the notation.) These two terms are obviously hierarchically smaller than the first term which gives masses to the third generation; further, taking into account the flatness constraints, we infer that the second and first generations are accommodated in F̄_{2R}, F_{2L} and F̄_{1R}, F_{1L} respectively. From the constraints above, we are able to choose ζ_1 ≪ ζ̄_4, so that we satisfy the mass hierarchies. Moreover, this implies that F̄_{3R} ∼ ζ̄_4. Recalling that F̄_{3R} plays the role of the SU(4)–breaking higgs at the scale M_{GUT} , we find that the top–charm relation will determine further these vevs to be of the order M_{GUT} M_{P l} ≡ ⟨F̄_{3R}⟩ M_{P l} ≈ m^0_c m^0_t

(95)

It is worth noticing that this relation which correlates the SU(4) breaking scale with that of the scale M ∼ M_{P l} through the charm–top ratio at M_{string}, is in excellent agreement with both, the flatness condition (93) as well as the unification scale of the minimal unification scenario. We thus conclude that in the flat direction under consideration the flavor assignments of the light standard model quarks and lepton fields are as follows

F_{1L} : (u, d), (e, ν_e) ; F̄_{1R} : u^c, d^c, e^c, ν^c_e F_{2L} : (c, s), (μ, ν_μ) ; F̄_{2R} : c^c, s^c, μ^c, ν^c_μ (96) F_{4L} : (t, b), (τ, ν_τ) ; F̄_{5R} : t^c, b^c, τ^c, ν^c_τ

Up to now, we have a rather successful picture of the fermion mass spectrum which is also in agreement with the string constraints. The above accommodation of the fermion generations and Higgs fields leaves no arbitrariness as far as the extra vector–like states are concerned: these are F_{3L} and F̄_{5L}. The only mass term available at tree–level using fields of the observable sector, is proportional to the singlet vev ⟨ζ_2⟩ however this is zero in the present case. Nevertheless, we observe that there are terms involving hidden fields which may acquire non–zero vevs and give a heavy mass to the mirror particles. For example, this can be obtained with a non–zero vev of the combination ⟨Z_3Z̄_4⟩ ≠ 0 while they are constrained by the D–flatness to have equal vevs |⟨Z_3⟩| = |⟨Z̄_4⟩|^3.

We turn now to the neutrino sector. The three terms in (94) imply also Dirac masses for the corresponding neutrinos with initial conditions at M_{string} being the same as those for the up–quarks. Therefore a see–saw mechanism is necessary to bring them down to experimentally acceptable scales. An available term exists already in the tree–level superpotential, which couples the right handed neutrino ν^c_5 ∼ F̄^c_{5R} with the singlet field ζ̄_3 via the vev ⟨F_{4R}⟩. This leads to a see–saw mechanism of the type discussed in Section 2. If we wish to find a final solution within the observable sector field vevs, however, a complete account of the neutrino mass problem needs the calculation of even higher non– renormalizable terms. Restricting ourselves to contributions of NR–terms up to fifth order, the see–saw mechanism, in principle, can be effective for all neutrino species only when additional hidden fields acquire vevs. In this case it is easily checked that the following additional terms are generated

Aν^c_5ϕ_2 + Bν^c_2ϕ_2 + Cν^c_2ζ̄_3 + Dν^c_1ζ̄_2 (97)

arising from the hidden sector non–renormalizable contributions:

A = ⟨F_{4R}Z_4Z̄_5⟩, B = ⟨F_{4R}Z_4Z̄_2⟩, C = ⟨F_{4R}Z_2Z̄_4⟩, D = ⟨F_{4R}Z_1Z̄_4⟩. (98)

The terms (97) complete the mechanism for all three flavours of neutrinos and lead to an extended see–saw of the type (11). We note however that the inclusion of the above hidden vevs requires a re–examination of the flatness conditions.

We come now to the fields having fractional charges. Since no ±1/2-charge particle has been observed, the doublet states X_{L,R} should also receive masses at some point, presumably higher than the electroweak scale. If we write the doublet X_{iR} = (χ^+_i , χ^−_i ),

3A similar mechanism has also been used in the flipped–SU (5) case [21]

then a possible mass term would be of the form: W_X = ⟨ϕ⟩ϵ_{ab}X^a_{iR}X^b_{jR} = ⟨ϕ⟩(χ^+_i χ^−_j − χ^−_i χ^+_j ) (99)

where ϵ_{ab} is the SU(2) antisymmetric tensor. ϕ can be any combination of fields acquiring vevs resulting to an effective singlet along the neutral direction. A similar term can also exist for the left doublets X_L. Terms mixing left with right doublets are also possible, however, they lead to masses of the order of the electroweak scale and are not of interest here. At the tree–level, in the present flat direction we have the following mass terms

W^3_X = ⟨ζ_4⟩X_{2R}X_{5R} + ⟨ξ_2⟩X_{2R}X_{6R} + ⟨ζ_1⟩X_{1R}X_{6R} (100)

and similarly there are two terms for the left doublet fields. Notice that we have now made used of the non–zero vev ⟨ζ_4⟩ ≠ 0 which, according to the flatness conditions (85) implies ⟨ζ̄_2⟩ = 0. There are still three and four pairs of right and left doublets respectively needed to take masses at some scale well above m_W . All possible terms up to fifth order, have been collected in Appendix B. By an inspection of the relevant (to this flat direction) terms up to this order, it follows that few of the octet fields Z_i, Z̄_i of the hidden sector with non–zero vevs, are adequate to make all of them massive. As has already been pointed out, however, this will require a re–examination of the flatness conditions [24]. All the same, the observable singlet vevs may prove to be sufficient if higher order contributions are calculated. A similar term may also appear for the two SU(4) fourplets H_4 = (4, 1, 1), H̄_4 = (¯4, 1, 1).

There is finally the rather important issue concerning the triplet fields related to the stability of the proton. Recall first from the detailed analysis in Section 2 that the triplets live only in the sextets and the fourplet Higgs fields. There are two types of terms here to render them massive. In the present case, there is only one mass term available for the sextet fields at three level, namely Φ̄_{12}D_3D_4, while the terms F^2_{4R}D_3 and ζ̄^2_{1,4}F^2_{4R}D_4 offer additional couplings with the uneaten Higgs triplet of F_{4R}. Thus, up to fifth order, three triplet pairs remain light. Higher order NR–terms will make them massive. In particular, an inspection of the related seventh order non–renormalizable superpotential mass terms shows that there are plenty of available couplings rendering all but one pair massive

W^{≤7}_D = D_1D_2ξ_1Z_3Z̄_3Z_5Z̄_5 + D_1D_3 [ ζ_4ξ_1Z_2Z̄_2(1 + Φ_1) + ξ_1Z_2Z̄_2Z_5Z̄_4 ] + D_1D_4 [ ζ^2_1 Z_5Z̄_5ξ_1 + ζ̄^2_4 ξ_1Z_5Z̄_5 ] . (101)

It can be checked that the only coloured field which remained uncoupled is the triplet d^c_3 of the Higgs field H̄ ≡ F̄_{3R} leading to a pair of massless triplets. This has to do with the fact that fields arising from the second b_3 and being charged under peculiar U(1)_4 factor make only few non–zero Yukawa couplings with other fields. For the same reason, quarks and lepton fields do not also have dangerous couplings with this triplet field up to this order. At higher orders, singlet fields with non–zero U(1)_4 charge are expected to form NR–term mass terms for d^c_3 and its partner so that proton decay could be avoided.

CASE 7 Here we have the following zero vevs

Φ^−_{12}, Φ̄^−_{12}, Φ_{2,5}, ξ_4, ξ̄_{1,4}, ζ_3, ζ̄_{1,3}, F̄_{1R}, F̄_{3R} = 0 (102)

Following the steps of the analysis of the previous case we find that flatness reduces to 10 equations and thus the number of free parameters is 7. The SU(4)–breaking Higgs fields are F_{4R} and a linear combination of the fourplets F̄_{2R} and F̄_{5R}. We now restrict to use the case ⟨F̄_{2R}⟩ = 0. Thus, the higgses are

F_{4R} ≡ H(4, 1, 2); F̄_{5R} ≡ H̄(¯4, 1, 2) (103)

Since ⟨ζ_2⟩ ≠ 0, the trilinear term F̄_{5L}F_{4L}ζ_2 makes massive the extra vector–like states. On the other hand the terms F̄_{5R}F_{4L}h_4 + F̄_{5L}F_{4L}ζ_2 → (⟨ν^c_5⟩h^u_4 + ⟨ζ_2⟩ℓ̄_5)ℓ_4 (104)

mix a combination of the Higgs doublet in h_4 with ℓ̄_5 in F̄_{5L} leaving massless the combination

h^u = cos ϕh^u_4 − sin ϕℓ̄_5, tan ϕ = ⟨ζ_2⟩ ⟨ν^c_5⟩ (105)

Once we have determined the electroweak Higgs eigenstates we are in a position to examine the available fermion mass terms. As previously, we will analyze Yukawa couplings up to fifth order. It is natural to accommodate the third generation in the representations arising from the sector b_3; due to the existing fermion hierarchy the heavy fermions are expected to obtain their mass through the only available tree–level term F̄_{3R}F_{3L}h_2 → ⟨h^u_2 ⟩(tt^c + ν_τ ν^c_τ ) + ⟨h^d_2⟩(bb^c + τ τ^c)

Then the lighter generations receive masses from non–renormalizable terms, ⟨h_4ζ̄_4(1 + Φ_1)⟩F̄_{2R}F_{2L} + ⟨h_4⟩⟨(ζ_1(1 + Φ_3) + F̄_{5R}F_{4R})⟩F̄_{1R}F_{1L} (106) where denominators of proper powers of M_{string} in the various NR–contributions are omitted. Taking into account (105), the first term of (106) becomes F̄_{2R}F_{2L}h_4ζ̄_4 → cos ϕ⟨ζ̄_4h^{u′}⟩(Q_2u^c_2 + ν^c_2ℓ_2) + ⟨h^d_4⟩(Q_2d^c_2 + ℓ_2e^c_2) (107)

and similarly for the other terms. Additional contributions may arise when higher order NR–terms are taken into account.

The triplet mass matrix in the present case, receives contributions from terms involving the above non–zero vevs. Assuming the sextet decompositions D_i = D^3_i + D̄^3_i the triplet matrix takes the following form in the basis D_1, D_2, D_3, D_4, d̄^c_4, D^3_1 D^3_2 D^3 D^3_4 d̄^c_4(F_{4R}) D̄3_1 0 x x x 0 D̄^3_2 x 0 0 F_{4R}ζ̄^2_i F_{4R}ζ̄^2_i D̄^3 x 0 0 Φ̄_{12} F_{4R} D̄^3_4 x 0 Φ̄_{12} 0 0 d̄c_{5R} (F̄_{5R})

F̄_{5R}ζ̄ 2_i F̄_{5R} 0 0 0

(108) where ζ̄_i stands for the non–vanishing vevs ζ̄_2, ζ̄_4. The symbol x in the first row and column of the above matrix represents possible contributions from NR–terms involving fields from the hidden sector. These are

W^H_D = D_1D_2(ζ̄_2Z_3Z̄_3Z_5Z̄_4 + ξ_1Z_3Z̄_3Z_5Z̄_5) + D_1D_3ζ_4ξ_1Z_2Z̄_2 + D_1D_4(ζ̄_2ζ̄^2_4 Z_5Z̄_4 + ζ̄^2_4 ξ_1Z_5Z̄_5 + ζ̄^2_4 ξ_1Z_5Z̄_4)

As can be seen from the mass–matrix, observable sector contributions up to seventh order make all but one pair of the coloured triplets massive. If hidden fields also acquire vevs then all triplets could become massive.

CASE 13 We briefly comment now on another characteristic case of Table 2, namely solution (13). This case is distinguished by two remarkable properties which are worth mentioning: (i) First we observe that all coloured sextets become massive at tree–level. This can be seen from the mass formula (39) and the fact that only one of the four singlets involved in the tree–level mass matrix is required to have a zero vev (namely ⟨Φ_{12}⟩ = 0). (ii) Second, we point out that the two lighter generations are not pure states, since they appear to mixing appears already at tree–level. To see this, we check first from Table 2 that the solution requires ⟨F̄_{2,3,5}⟩ = 0, thus the SU(4) × SU(2)_R Higgs fields are now F_{4R} and F̄_{1R}. A possible mass term for the mirror states may appear now at a higher order (unless – as previously – hidden fields obtain non–zero vevs). The fermion mass terms are in this case

F̄_{3R}F_{3L}⟨h_2⟩ + F̄_{5R} ( F_{4L}⟨h_4⟩ + F_{1L}h_2⟨F̄_{1R}F_{4R}h_4 ) ⟩ (109)

Clearly, the right–handed fields leaving in F̄_{5R} mix with both F_{1L} and F_{4L}. The flavor assignments are now

F_{1L} : (u^′, d^′), (e^′, ν^′_e) ; F̄_{2R} : u^{c0} , d^{c0} , e^{c0} , ν^c_e0 F_{2L} : (c^′, s^′), (μ^′, ν^′_μ) ; F̄_{2R} : c^{c0} , s^{c0} , μ^{c0} , ν^{c0}_μ (110) F_{3L} : (t, b), (τ, ν_τ ) ; F̄_{3R} : t^c, b^c, τ^c, ν^c_τ

where primes are used to denote that there is mixing in the two lighter generations. We should point out here that the third family remains essentially decoupled due to the peculiar properties of the fourth U(1). Only very high order NR–terms are possible to mix this family with the lighter ones. This fact of course predicts smaller mixing angles between the third family with the rest of the fermion spectrum in consistency with the phenomenological expectations.

8 A brief discussion on the role of the hidden sector fields

Up to now, we dealt with solutions of the flatness conditions considering only non–zero vevs for observable fields. In the phenomenological analysis of the previous section, however, we have seen that couplings involving only observable–sector field vevs are not adequate to make all exotic particles massive. There are mainly two important issues to be further investigated before this model is confronted with the low energy physics world. First, higher order NR–terms have to be calculated in order to find all possible contributions to the mass matrices of fermions, triplets and other fields presented in the previous section. On the other hand, hidden fields can also play a very important role on the determination of the true vacuum of the model. Since they carry no charge, they can also develop non–zero vevs and contribute to the masses of the light fields through their Yukawa interactions. This fact has been clear already in the three examples used in the previous section. Neutrino masses, exotic states, and few of the triplet fields become massive only when hidden fields are included. At the same time, in both cases, the additional terms contribute also to the flatness conditions, thus the new non–zero vevs have to be carefully chosen so that they define a consistent F – and D–flat direction. For such an investigation, one has to modify the flatness solutions, starting again from the tree level cases which are included in Appendix D. A systematic analysis of this general case is possible, however, this goes beyond the scope of the present work [24]. For completeness, the D−flatness conditions, in the presence of non–zero hidden field vevs is given in Appendix C. Moreover, the F −flatness conditions are written with the hidden fields contributions up to fourth order in the same Appendix. Higher order NR–corrections with hidden as well as observable field vevs are easily extracted from the terms presented in Appendix B. In the following, we give a brief account of the possible solutions the hidden fields may give to some of the unanswered questions of the present string construction.

Several constraints have to be carefully derived before some of the hidden representations acquire vevs. An important constraint arises from the demand of existence of massless electroweak Higgs doublets. Although up to sixth order we have found no extra contributions to the Higgs doublet matrix, such terms may well exist in higher order, in particular when hidden fields are allowed to obtain non–zero vevs. It should be noted that due to the existence of high vevs associated with the U(1)_A breaking scale M_A ∼ 10^{−1}M_{P l} securing the existence of massless electroweak doublets is not an easy task for any superstring model. To be more specific, assume a generic form of doublet mass term g ( Φ M_{P l} )n Φ h h with Φ representing a typical singlet field obtaining a vev of the order ⟨Φ⟩ ∼ M_A. It is easy to see then that even a n = 14 order NR–term would in principle produce higgs masses above the electroweak scale. Of course the existence of superfluous doublet fields –as is the case of the model under consideration– provides the hope that even at this high order of calculation there exist flat directions that preserve at least one pair of doublets massless.

Another severe constraint arises from the necessity to keep the large SU(4) × SU(2)_R breaking Higgs field F_{4R} massless. Up to sixth order, this can be ensured if the following combinations of vevs are zero

ζ̄_3, Z̄_3Z_4, ϕ_2Z_4Z̄_5,

ϕ_2Z̄_2Z_4, ζ̄_2Z_1Z̄_4, ξ_1Z_1Z̄_5,

Φ_3Φ_3Z̄_3Z_4, ζ̄_1ζ_3Z̄_1Z_4, ζ̄_1ξ_1Z̄_1Z_5. (111)

One might think that the above constraints demand most of the hidden fields Z_i, Z̄_j to obtain zero vevs. We would like to point out however that it is possible to have a condition of the form ⟨Z_iZ̄_j⟩ = 0, while at the same time both fields may have non–zero vevs, ⟨Z_i⟩ ≠ 0 and ⟨Z̄_j ⟩ ≠ 0. This happens whenever the fields Z_i and Z̄_j obtain their non–zero vevs in orthogonal to each–other directions.

When some of the SU(8) hidden fields acquire non–zero vevs, the SU(8) × U(1)^′ symmetry is broken to a smaller group. However, independently of the number of the hidden states which develop non–zero vevs, there is always at least one unbroken U(1)^{′′} generator left, which is in general a linear combination of the U(1)^′ and one of the generators of SU(8). On the other hand, we note that the maximum number of U(1) factors which may remain unbroken in this model is two. Indeed, it can be checked that the breaking of the SU(4) × SU(2)_R symmetry on one hand and the consistency of the flatness conditions on the other require at least the fields F_{4R}, F̄_{1R} and Φ̄_{12}, ξ_1 to develop non–zero vevs. These vevs break three of the five Abelian factors.

The survival of U(1) symmetries in lower energies would imply the stability of lightest observable and/or hidden fields being charged under these symmetries. In all flat directions which were previously analyzed, when the various singlet fields obtain their vevs, they break four out of five U(1) factors. Thus, only the aforementioned U(1)^{′′} remains at low energies whilst, as a consequence the lightest hidden state will be stable. This fact has important cosmological implications which we now briefly discuss:

The last few years there is accumulating evidence from astronomical observations that the universe is dominated by invisible non–baryonic matter. According to a recent proposal [25, 26] the dark matter of the universe –which is expected to be ten times more that the luminous one– might be composed from non–thermal superheavy states produced in the early universe provided that the following two conditions are met: i) candidate particles Y should have a lifetime longer that the age of the universe, τ_Y ≥ 10^{10}y, and ii) they should not reach local thermal equilibrium with the primordial plasma. To avoid this constraint while having the correct number of Y to form the cold dark matter of the universe, it was suggested that these particles are created through the interaction of the vacuum with the gravitational field. Their mass is found to be around m_Y ∼ 10^{13}GeV^4.

In the string vacua found in the previous sections, a number of the hidden states Z_i, Z̄_i in the present string construction receive masses at scales which are of the order of the string mass. There are few of Z_i, Z̄_i states however, which remain in the massless spectrum to lower scales. It is possible that in certain string vacua the lightest hidden state has a mass in the range M_Y ∼ 10^{13}GeV as required in the above scenario. As an example, we construct here the octet mass matrix for the solution 1 of Table 2. In the basis Z_{1,...,5}, the contributions up to sixth order involving only the non–zero vev observable fields give the

4For a similar discussion on the role of the hidden matter fields in other string models see also [27].

following texture

ξ_1ζ̄_1 0 0 0 0 0 ξ_1ζ̄_4 0 0 0 0 0 0 F_{4R}F̄_{3R} 0 0 0 0 ζ̄_2 0 0 0 0 0 ξ_1

(112)

In this case, four out of five hidden octet/octet–bar pairs receive masses of the order of the U(1)_A breaking mass scale M_A ≥ M_{GUT} . If hidden fields are also allowed to obtain vevs, then, Z_{4,5} are further mixed via the mass terms ⟨ξ_1Z_1Z̄_1⟩Z̄_4Z_5 + ⟨Φ_3Z_1Z̄_1⟩Z̄_5Z_4. There is only one massless state (namely Z_3) up to this order. It is expected that higher order terms will provide a higher order NR–contribution and make the remaining lightest hidden pair massive at the right scale, which is of course much lower that the mass scale M_A of the other Z_i-fields, as required by the above cosmological scenario.

9 Conclusions

In this paper, we have worked out an SU(4) × SU(2)_L × SU(2)_R model derived in the context of the four dimensional free fermionic formulation of the heterotic superstring. Choosing a set of nine vectors of boundary conditions on the world–sheet fermion phases and appropriate GSO projection coefficients, we derived a three–generation model supplemented by a mirror family and just the necessary Higgs representations to break the symmetry down to the standard model. In addition to the observable gauge symmetry, the string model possesses also five U(1)’s as well as a hidden SU(8) gauge group. The model predicts the existence of new states beyond those of the minimal supersymmetric standard model massless spectrum. These involve a large number of neutral singlet fields, coloured SU(4)–sextets, SU(8)-octet hidden fields and exotic states with fractional charges under the standard hypercharge definition.

The superpotential of the model has been derived taken into account string selection rules. All fermion mass terms have been worked out in detail up to fifth order and the fermion and Higgs mass matrix textures have been assiduously analyzed. The model is found to possess an anomalous U(1)-symmetry implying the generation of a D–term which is canceled by vacuum expectation values of singlet fields along D– and F –flat directions of the superpotential.

To work out the phenomenological implications, we have performed a detailed analysis of all D– and F – flat directions including contributions of non–renormalizable superpotential terms up to sixth order. At tree–level, 26 solutions to the flatness conditions were found and were classified with respect to the fields which are demanded to have zero vevs in each particular case. It was further shown that, when sixth order NR–terms are included the solutions reduce to seventeen. Each solution is characterized by a the number of free parameters which are essentially the field vevs left undetermined by the particular solution. Particular attention has been paid in the determination of those conditions necessary to ensure the existence in the massless spectrum of the SU(4) breaking higgses and at least two Higgs electroweak doublets in order to break the GUT and SM gauge symmetries respectively. These conditions have been imposed as additional constraints on the consistent D– and F –flat directions and all phenomenologically acceptable string vacua have been determined.

Three distinct flat directions, characterized by their SU(4)-higgs properties are investigated in detail and the predictions of the corresponding field theory models are discussed. a). The first of these predicts that the M_{GUT} /M_{string}–ratio is related to the up quark mass ratio of the second and third generations. The choice of the GUT breaking Higgs representations leaves a sufficient number of Yukawa couplings which produce naturally a hierarchical fermion mass spectrum for all three generations through tree–level and fourth order non–renormalizable superpotential terms. Further, an analysis of the superpotential NR–terms up to sixth order shows that all but one of the colour triplet fields become massive. It is worth noting that there are no dangerous proton decay operators up to this order of calculation since the massless triplet pair does not couple to ordinary matter fields up to the sixth order. The absence of Yukawa couplings between this triplet and ordinary matter fields may be attributed to the properties of peculiar U(1)-symmetry of the specific string basis–vector generating this particular state. It is likely however that higher order terms may provide a heavy mass to the remaining colour triplet pair.

b). In a second case analyzed in this work, a similar hierarchical fermion mass pattern is found, while all triplets become massive if in addition hidden fields are allowed to acquire non–zero vevs. On the other hand, in contrast to the first model analyzed in Section 7, here the GUT scale has only an upper bound determined by the U(1)_A breaking scale. c). Finally, a third effective field theory model is analyzed where all colour sextet fields become massive at the tree–level. This model has fewer Yukawa couplings available for masses, however, additional fermion mass terms may arise from higher order non–renormalizable terms.

A novel feature of the effective field theory is the existence of an additional U(1)- symmetry which survives down to low energies, and it is possessed by exotic states and the hidden sector fields. It is argued that if the lightest of these states receives mass at some intermediate scale, may play a role in the dark matter of the universe.

In the present paper our phenomenological explorations have been restricted mainly with respect to the following two issues: First, while there exist various ways to define the electric charge operator of the model (due to the existence of surplus U(1) factors), only the standard hypercharge embedding has been considered in the phenomenological analysis. We believe that it is worth exploring also different types of embedding although one has to face difficulties mainly with low initial sin^2 θ_W values. Second, the investigation of flat directions has been limited in the cases where only ‘observable’ fields are allowed to obtain non–zero vevs. Certainly, the inclusion of the hidden states in the analysis will lead to a large number of new mass terms, the breaking of the hidden symmetry and modifications of the flat directions found in this work. Yet, such a possibility has to be compared with analogous investigations of higher order NR–terms will may or may not prove sufficient to obtain realist low energy effective theory.

References

[1] I. Antoniadis, C.P. Bachas, C. Kounnas and P. Windey, “Supersymmetry among free fermions and superstrings”, Phys. Lett. B 171 (1986) 51;

I. Antoniadis, C.P. Bachas, and C. Kounnas, “Four dimensional superstrings”, Nucl. Phys. B 289 (1987) 87;

I. Antoniadis and C. P. Bachas, “4-d fermionic superstrings with arbitrary twists”, Nucl. Phys. B 298 (1988) 586;

H. Kawai, D. C. Lewellen, J. A. Schwarz, and S.–H. H. Tye, “The spin structure construction of string models and multiloop modular invariance”, Nucl. Phys. B 299 (1988) 431.

[2] B. Greene, K. Kirlin, P. Miron and G.G. Ross, “A three generation superstring model:

1. Compactification and string symmetries”, Nucl. Phys. B 278 (1986) 667; B. Greene, K. Kirlin, P. Miron and G.G. Ross, “A three generation superstring model: 2. symmetry breaking and the low energy theory”, Nucl. Phys. B 292 (1987) 606; D. Bailin, A. Love and S. Tomas,“A three generation orbifold compactified superstring model with realistic gauge group ”, Phys. Lett. B 194 (1987) 385; A. Font, L. Ibanez, H.P. Nilles and F. Quevedo, “Yukawa couplings in degenerate orbifolds: towards a realistic SU(3) × SU(2) × U(1) superstring”, Phys. Lett. B 210 (1988) 101.

[3] I. Antoniadis, J. Ellis, J. Hagelin and D. V. Nanopoulos,“The flipped SU(5) × U(1) model revambed”, Phys. Lett. B 231 (1989) 65;

A. Faraggi, D.V. Nanopoulos and K. Yuan, “A standard like model in the 4–d fermionic formulation”, Nucl. Phys. B 335 (1990) 347.

[4] I. Antoniadis and G.K. Leontaris, “A supersymmetric SU(4) × O(4) model”, Phys.

Lett. B 216 (1989) 333;

[5] I. Antoniadis, G.K. Leontaris and J. Rizos,“A three generation SU(4) × O(4) string model”, Phys. Lett. B 245 (1990)161.

[6] D.C. Lewellen,“Embedding higher Kac–Moody algebras in heterotic string models”, Nucl. Phys. B 337 (1990) 61;

Joel A. Schwartz, “Phenomenology of fermionic strings, Phys. Rev. D 42 (1990) 1777; A. Faraggi, “A new standard like model in four dimensional free fermionic formulation”, Phys. Lett. B 278 (1992) 131;

A Faraggi, “Construction of realistic standard like models in the free fermionic formulation”, Nucl. Phys. B 387 (1992) 239;

A. Maslikov, S. Sergeev and G. Volkov, “Grand unified string theories with non–Abelian gauge family symmetry in the free fermionic formulation”, Phys. Rev. D 50 (1994) 7440;

S. Chaudhuri, S.W. Chung, G. Hockney and J. Lykken,“String consistency for unified model building”, Nucl. Phys. B 456 (1995) 89;

G. Aldazabal, A. Font, L. Ibanez and A.M. Uranga,“String GUTs”, Nucl. Phys. B

452 (1995) 3; “Building GUTs from strings”, Nucl. Phys. B 465 (1996) 34; K. Dienes and J. March–Russel, “Realising higher level gauge symmetries in string theory: new embeddings in string GUTs”, Nucl. Phys. B 479 (1996) 113; J. Erler, “Asymmetric orbifolds and higher level models”, Nucl. Phys. B 475 (1996) 597;

G.K. Leontaris, “A string model with SU(4) × O(4) × [Sp4]_{hidden} symmetry”, Phys. Lett. B 372 (1996) 212;

Z. Kakushadze and S.H.H. Tye,“Three family SO(10) grand unification in string theory”, Phys. Rev. Lett. 77 (1996) 2612;

Z. Kakushadze, G. Shiu and S.H.Henry Tye,“Asymmetric non–Abelian orbifolds and model building”, Phys. Rev. D 54 (1996) 7545.

[7] V. Kaplunovsky, “One loop threshold effects in string unification”, Nucl. Phys.B 307 (1988)145; Erratum-ibid.B 382 (1992) 436;

I. Antoniadis, J. Ellis, R. Lacaze and D. V. Nanopoulos, “String threshold corrections and the flipped SU(5)”, Phys. Lett. B 268 (1991) 188;

P. Mayr, H–P. Nilles and S. Stieberger, “String unification, universal one–loop corrections and strongly coupled heterotic string theory”, Nucl. Phys. B 414 (1997)277; M. Petropoulos and J. Rizos, “Universal moduli dependent thresholds in Z_2 × Z_2 orbifolds”, Phys. Lett. B 374 (1996) 49;

David Bailin, Alex Love, W.A. Sabra and S. Thomas“String loop threshold corrections in Z(N) coxeter orbifolds”, Mod. Phys. Lett.A 9 (1994) 67;

C. Bachas, C. Fabre “Threshold effects in open string theory”, Nucl. Phys. B 476 (1996)418-436;

E. Kiritsis, C. Kounnas, P.M. Petropoulos and J. Rizos, “String threshold corrections in models with spontaneously broken supersymmetry”, hep-th/9807067.

[8] J. Pati and A. Salam,“Lepton number as a fourth colour”, Phys. Rev. D 10 (1974)275- 289.

[9] A. Schellekens, “Electric charge of quantization in string theory”, Phys. Lett.B 237 (1990)363.

[10] K.S. Babu, J. Pati and F. Wilzcek, “Suggested new models in supersymmetric proton decay”, Phys. Lett. B 423 (1998) 337;

M. Gomez, J. Rizos and K. Tamvakis, “Suppressing D = 5 operators in general SU(5) models”, Phys. Rev. D 59 (1999) 015015.

[11] J.C. Pati, “Implications of the SuperKamiokande result in the nature of new physics”,

hep-ph/9807315;

Q. Shafi and Z. Tavartkiladze, “Large neutrino mixings and other issues in supersymmetric SU(4)_C × SU(2)_L × SU(2)_R”, hep-ph/9811282 .

[12] K.S. Babu, J.C. Pati and F. Wilczek, “Fermion masses, neutrino oscillations, and proton decay in the light of SuperKamiokande”, hep-ph/9812538.

[13] I. Antoniadis, G.K. Leontaris and N.D. Tracas, “Grand unified string models and low energy couplings”, Phys. Lett. B 279 (1992) 58.

[14] S. King, “SU(4) × SU(2)_L × SU(2)_R as a surrogate GUT”, Phys. Lett. B 325 (1994) 129.

[15] G.K. Leontaris, J. Rizos and K. Tamvakis, “Phenomenological constraints imposed by the hidden sector in the flipped SU(5) × U(1)-model”, Phys. Lett. B 243 (1990) 220.

[16] J. Rizos and K. Tamvakis, “Some selection rules for non–renormalizable Yukawa couplings in 4–d fermionic superstring models”, Phys. Lett. B 262 (1991) 227.

[17] S. Kalara, J.L. Lopez and D.V. Nanopoulos, “Calculable non–renormalizable terms in string theory: A guide for the practicioner”, Nucl. Phys. B 353 (1991) 650.

[18] P. Fayet and J. Iliopoulos, “spontaneously broken supergauge symmetries and Goldstone spinors”, Phys. Lett. B 51 (1974) 461-464.

[19] M. Dine, N. Seiberg and E. Witten, “Fayet-Iliopoulos terms in string theory”, Nucl Phys. B 289 (1986) 585 J. Atick, L. Dixon and A. Sen, “String calculation of Fayet–Iliopoulos D–terms in arbitrary supersymmetric compactifications”, Nucl. Phys. B 292 (1987) 109.

[20] J. Rizos and K. Tamvakis, “Retracing the phenomenology of the fliped SU(5) × U(1) model”, Phys. Lett. B 251 (1990) 369.

[21] I. Antoniadis, J. Rizos and K. Tamvakis, “Gauge symmetry breaking in the hidden sector of the flipped SU(5) × U(1)-model”, Phys. Lett. B 278 (1992) 257.

[22] G. Cleaver, M. Cvetic, J.R. Espinoza, L. Everett and P. Langacker, “Classification of flat directions in perturbative heterotic superstring vacua with anomalous U(1)”, Nucl. Phys. B 525 (1998) 3;

G. Cleaver, M. Cvetic, J.R. Espinoza, L. Everett and P. Langacker and J. Wang, “Physics implications of flat directions in free fermionic superstring models II: Renormalization group analysis”, hep-ph/9811355.

[23] W. Pokorski and G.G. Ross, “Flat directions, string compactification and 3 generation models”, hep-ph/9809537.

[24] Work in progress.

[25] D.J.H. Chung, E.W. Kold and A. Riotto, “Superheavy dark matter”, hep-ph/9802238;

[26] V. Kusmin and I. Tkachev, “Ultrahigh energy cosmic rays, superheavy long living particles and matter creation after inflation”, JETP Lett. 68 (1998) 271-275, [hep-ph/9802304].

[27] K. Benakli, J. Ellis and D.V. Nanopoulos, “Natural candidates for superheavy dark matter in string and M–theory ”,hep-ph/9803333.

[28] J. Lopez and D.V. Nanopoulos, “Calculability and stability in the flipped string”, Phys.

Lett. B 256 (1991) 150.

[29] A. Faraggi, “Aspects of non–renormalizable terms in superstring derived standard–like models”, Nucl. Phys. B 403 (1993) 101.

[30] D. Friedan, E. Martinec, S. Shenker, Nucl. Phys. B 198 (1987)474.

[31] V. A. Kostelecky, O. Lechtenfeld, W. Lerche, S. Samuel and S. Watamura, “Conformal techniques, bosonization and tree–level string amplitudes”, Nucl. Phys. B 288 (1987) 173.

[32] P. Di Francesco, H. Saleur and J. Zuber, “Generalized Coulomb gas formalism for two dimensional critical models based on SU(2) coset contruction”, Nucl. Phys. B 290 (1987) 527.

[33] J. Rizos,“Construction and phenomenology of unified effective models from 4–D fermionic superstrings”,PhD Thesis, University of Ioannina (1991).

10 Appendix A: The spectrum

We collect here the massless observable and hidden superfield spectrum of the model. Fermionic string models contain always an untwisted –usually called Neveu–Schwarz (NS)– sector where all world–sheet fermions are antiperiodic. In this sector, the GSO projections leave always in the massless spectrum the multiplet which contains the graviton, the dilaton and the two–index antisymmetric tensor. The NS–sector includes also the gauge bosons and other Higgs and singlet fields. Twisted (R) sectors provide the generations and other matter fields.

The states are classified in four separate tables according to their transformation properties under the various parts of the gauge symmetry. In the first column of each table we give the symbol of the representation as this is used in the text. In the last column we show the relevant sector of the string basis. In all other columns we exhibit the gauge group properties of the states. Thus, Table 3 contains the observable fields, which have non–trivial transformation properties under the PS–symmetry. These are obtained from the sectors b_{1,2,3,4,5} and S+b_4 +b_5. They include the three generations, the higgses and other fields. Table 4 includes the PS singlets with their charges under the four U(1) symmetries. In Table 5 we present the hidden SU(8) fields with the corresponding charges under the five U(1)s. Finally, in Table 6 we collect all exotic states with fractional charges under the standard hypercharge assignment.

field SU(4) × SU(2)_L × SU(2)_R U(1)_1 U(1)_2 U(1)_3 U(1)_4 sector F_{5L} (¯4, 2, 1) 0 0 −^1_2 0 b_5 F_{5R} (¯4, 1, 2) 0 0 +^1_2 0 F_{4L} (4, 2, 1) 0 +^1_2 0 0 b_4 F_{4R} (4, 1, 2) 0 −^1_2 0 0 F_{3R} (¯4, 1, 2) −^1_2 0 0 +^1_2 b_3 F_{3L} (4, 2, 1) +^1_2 0 0 +^1_2 F_{2R} (¯4, 1, 2) 0 0 +^1_2 0 b_2 F_{2L} (4, 2, 1) 0 0 +^1_2 0 F_{1R} (¯4, 1, 2) 0 +^1_2 0 0 b_1 F_{1L} (4, 2, 1) 0 +^1_2 0 0 D_1 (6, 1, 1) 0 −1 0 0 S D_2 (6, 1, 1) 0 0 −1 0 D_3 (6, 1, 1) 0 +1 0 0 D_4 (6, 1, 1) 0 0 +1 0 h_1 (1, 2, 2) 0 0 0 +1 h_2 (1, 2, 2) 0 0 0 −1 h_3 (1, 2, 2) 0 +^1_2 +^1_2 0 S + b_4 + b_5 h_4 (1, 2, 2) 0 −^1_2 −^1_2 0

Table 3: Observable sector spectrum of the SU(4) × SU(2)_L × SU(2)_R model.

field U(1)_1 U(1)_2 U(1)_3 U(1)_4 sector Φ_A , A = 1, . . . , 5 0 0 0 0 S Φ_{12} 0 +1 +1 0 Φ^−_{12} 0 +1 −1 0 Φ_{12} 0 −1 −1 0 Φ^−_{12} 0 −1 +1 0 ζ_i , i = 1, . . . , 4 0 −^1_2 +^1_2 0 S + b_4 + b_5 ζ_i , i = 1, . . . , 4 0 +^1_2 −^1_2 0 ξ_1 0 −^1_2 −^1_2 −1 ξ_2 −1 −^1_2 +^1_2 0 ξ_3 −1 +^1_2 −^1_2 0 ξ_4 0 +^1_2 +^1_2 −1 ξ_1 0 +^1_2 +^1_2 +1 ξ_2 +1 +^1_2 −^1_2 0 ξ_3 +1 −^1_2 +^1_2 0 ξ_4 0 −^1_2 −^1_2 +1

Table 4: Non–Abelian singlet fields and their U(1)^4 quantum numbers (all these fields have zero U(1)^′- charge).

field U(1)_1 U(1)_2 U(1)_3 U(1)_4 U(1)^′ SU(8) sector Z_1 0 0 +^1_2 +^1_2 +^1_2 8 b_1 + b_6(+ζ) Z̄_1 0 0 +^1_2 +^1_2 −^1_2 ¯8 Z_2 0 +^1_2 0 +^1_2 +^1_2 8 b_2 + b_6(+ζ) Z̄_2 0 +^1_2 0 +^1_2 −^1_2 ¯8 Z_3 −^1_2 +^1_2 +^1_2 0 +^1_2 8 b_3 + b_6(+ζ) Z̄_3 +^1_2 +^1_2 +^1_2 0 −^1_2 ¯8 Z_4 0 0 −^1_2 −^1_2 +^1_2 8 b_4 + b_6(+ζ) Z_5 0 0 +^1_2 +^1_2 +^1_2 8 Z̄_4 0 −^1_2 0 −^1_2 −^1_2 ¯8 b_5 + b_6(+ζ) Z̄_5 0 +^1_2 0 +^1_2 −^1_2 ¯8

Table 5: Hidden sector states and their U(1)^4 × U(1)^′ × SU(8) quantum numbers.

field SU(4) × SU(2)_L × SU(2)_R U(1)_1 U(1)_2 U(1)_3 U(1)_4 U(1)^′ sector X_{1L} (1, 2, 1) −^1_2 0 +^1_2 0 −1 b_1 + α X_{2L} (1, 2, 1) +^1_2 0 +^1_2 0 −1 X_{1R} (1, 1, 2) −^1_2 0 −^1_2 0 −1 X_{2R} (1, 1, 2) +^1_2 0 −^1_2 0 −1 X_{3L} (1, 2, 1) −^1_2 0 −^1_2 0 +1 b_4 + α X_{4L} (1, 2, 1) −^1_2 0 +^1_2 0 −1 X_{3R} (1, 1, 2) +^1_2 0 −^1_2 0 −1 X_{4R} (1, 1, 2) +^1_2 0 +^1_2 0 +1 X_{5L} (1, 2, 1) −^1_2 −^1_2 0 0 +1 b_1 + b_4 + b_5 + α X_{6L} (1, 2, 1) +^1_2 −^1_2 0 0 +1 X_{5R} (1, 1, 2) −^1_2 +^1_2 0 0 +1 X_{6R} (1, 1, 2) +^1_2 +^1_2 0 0 +1 X_{7L} (1, 2, 1) −^1_2 −^1_2 0 0 +1 b_1 + b_2 + b_4 + α X_{8L} (1, 2, 1) −^1_2 +^1_2 0 0 −1 X_{7R} (1, 1, 2) +^1_2 −^1_2 0 0 −1 X_{8R} (1, 1, 2) +^1_2 +^1_2 0 0 +1 X_{9L} (1, 2, 1) 0 −^1_2 +^1_2 −^1_2 +1 b_2 + b_3 + b_5 + α X_{10L} (1, 2, 1) 0 −^1_2 +^1_2 +^1_2 −1 X_{9R} (1, 1, 2) 0 +^1_2 −^1_2 −^1_2 −1 X_{10R} (1, 1, 2) 0 +^1_2 −^1_2 +^1_2 +1 H_4 (4, 1, 1) −^1_2 0 0 0 +1 S + b_2 + b_4 + α H_4 (¯4, 1, 1) +^1_2 0 0 0 −1

Table 6: Exotic fractionally charged states and their SU(4) × SU(2)_L × SU(2)_R × U(1)^4 × U(1)^′ quantum numbers.

11 Appendix B: Non–renormalizable contributions

In the first part of this Appendix we give a brief description of the techniques used to calculate the tree–level and higher order NR–superpotential terms of the model. In the second part we give a list of the non–renormalizable superpotential terms involving mass terms (up to fith order) and F –flatness conditions (up to sixth order).

1) The calculation of non–renormalizable contributions to the superpotential in the context of free–fermionic formulation is a straightforward but rather tedious task. The rules for calculation of NR terms have been presented in [17] while explicit calculation for various models have been presented in [20, 28, 29]. In general, a superpotential term involving the chiral superfields Φ_1, Φ_2, . . . , Φ_N is proportional to the correlator

Φ_1 Φ_2 . . . Φ_N ∼ ⟨ V^f_{Φ1} V^f_{Φ2} V^b_{Φ3} . . . V^b_{ΦN} ⟩

where V^f_Φ stands for the fermionic part of the vertex operator corresponding to the field Φ and V^b_Φ for the bosonic part. The correlators can be calculated using conformal field theory techniques developed in [30, 32, 31]. An important subtlety is that in order to guarantee conformal invariance the bosonic vertex operators V^b_{Φ4} , . . . , V^b_{ΦN} need to be pictured changed to the zeroth picture.

A superpotential term vanishes if the corresponding correlator vanishes otherwise it leads to an O(1) coupling. There are two systematic sources of zeros in the superpotential. The first is group invariance, the second are the internal symmetries associated with the fermionized compactified coordinates. The former is obvious while latter has been explored in [16] where a set of selection rules has been derived. Since these selection rules help significantly to the reduction of candidate superpotential terms we summarize here the basic results.

The fermions χ^1, χ^2, . . . , χ^6 corresponding to the compactified coordinates can be bosonized as follows

(χ^1 ± ıχ^2)/ √ 2 = exp{±ıS_{12}} (χ^3 ± ıχ^4)/ √ 2 = exp{±ıS_{34}} (χ^5 ± ıχ^6)/ √ 2 = exp{±ıS_{56}}

N = 2 world–sheet superconformal symmetry implies the existence of an extra current, which is expressed in terms of S_{ij} as follows

J(q) = ı∂_q(S_{12} + S_{34} + S_{56}) (113)

and which is promoted to three U(1)’s generated by S_{12}, S_{34}, S_{56}. The relevant part of the vertex operators has the form

V^f_− 1_2 ∝ e^{(α− 12 )S12} e^{(β− 12 )S34} e^{(γ− 12 )S56}

V^b_{−1} ∝ e^{αS12} e^{βS34} e^{γS56} (114)

N total selection rule invariants group invariants final 3 73150 11719 372 66 4 595665 128928 339 34 5 16559487 2268256 10886 339

Table 7: The total number of candidate superpotential terms (for N=3,4,5) and their number after application of the selection rules, group invariance and the final number after complete evaluation of the correlators for the model under consideration.

where −^1_2 , (−1) are the ghost numbers for fermions and bosons respectively. Physical states can now separated in two types NS (untwisted) and R(twisted). Each type can be further divided in three categories (the three orbifold planes in the orbifold language). In the notation of Eq. (114) the three categories of NS–fields have charges (α, β, γ)={(1, 0, 0), (0, 1, 0), (0, 0, 1)} while for R–fields (α, β, γ)={(0,^1_2 ,^1_2 ), (^1_2 , 0,^1_2 ), (^1_2 ,^1_2 , 0)} respectively.

Using the terminology explained above we can derive a set of selection rules based on the conservation of the three U(1) charges S_{12}, S_{34}, S_{56}. These selection rules are presented in Table 8 for NR–terms up to ninth order. The notation we use is to write in square brackets the allowed partition of fields in each of the categories for given order N. The allowed field type (NS or R) appears as a subscript. As an example let us explain the allowed fifth order couplings. From the table we read [3_R, 2_R, 0] when the number of NS–fields is zero and [2_R, 2_R, 1_{NS}] when the number of NS–fields is one. The first selection rule means that in any non–vanishing coupling between twisted fields the three of them have to belong to a common plane while the other two should both reside in one of the other planes. In the case that one untwisted field participates in the coupling, the twisted ones should reside in the other two planes and there should be exactly two of them in each one. As seen from the table, all 5^{th} order couplings which contain more that one NS field, vanish.

In order to see the effect of the above selection rules we present in Table 7 the number of couplings that are eliminated (for N ≤ 5) from this source in the model under consideration. We also present the number of couplings surviving group invariance and the final number of non–vanishing superpotential couplings. Going further to the evaluation of correlators one finds another source of zeros. These are the Ising type correlators arising due to the existence of non–trivial left–right paired world–sheet fermions. For tree–level couplings, the non–vanishing Ising correlators are ⟨σ_+σ_+⟩ , ⟨σ_−σ_−⟩ , ⟨σ_+σ_−f⟩ , ⟨σ_+σ_−f̄⟩ (115) for higher order terms one can follow the rules of [32].

The whole problem of deriving the superpotential terms can be automated using a computer program [33]. The selection rules are initially used to reduce the number of candidate couplings, then group invariance is checked and finally all Ising type correlators are evaluated. The whole calculation takes a few seconds on a personal computer for N = 5 and comparable time for selected N = 6 couplings.

Using this program we have calculated non–vanishing superpotential couplings.

N 0 NS 1 NS 2 NS 3 NS 4 NS

3 [1_R, 1_R, 1_R] [2_R + 1_{NS} , 0, 0] - [1_{NS}, 1_{NS}, 1_{NS}] · 4 [2_R, 2_R, 0] - - - - 5 [3_R, 1_R, 1_R] [2_R, 2_R, 1_{NS}] - - - 6 [4_R, 2_R, 0] [3_R, 1_R + 1_{NS}, 1_R] [2_R, 2_R, 2_{NS}] · · [2_R, 2_R, 2_R] 7 [5_R, 1_R, 1_R] [4_R, 2_R, 1_{NS}] [3_R, 1_R + 2_{NS}, 1_R] [2_R, 2_R, 3_{NS}] - [3_R, 3_R, 1_R] [4_R, 2_R + 1_{NS}, 0] [3_R, 1_R + 1_{NS} , 1_R + 1_{NS}] [2_R, 2_R, 2_R + 1_{NS}] 8 [6_R, 2_R, 0] [5_R, 1_R + 1_{NS}, 1_R] [4_R, 2_R, 2_{NS}] [3_R, 1_R, 1_R + 3_{NS} ] [2_R, 2_R, 4_{NS}] [4_R, 4_R, 0] [3_R, 3_R, 1_R + 1_{NS}] [4_R, 2_R + 1_{NS}, 1_{NS}] [3_R, 1_R + 1_{NS} , 1_R + 2_{NS}] [4_R, 2_R, 2_R] [3_R, 3_R + 1_{NS}, 1_R] [4_R, 2_R + 2_{NS} , 0] [2_R + 2_{NS}, 2_R, 2_R] [2_R + 1_{NS} , 2_R + 1_{NS}, 2_R]

Table 8: Non–vanishing superpotential couplings up to 8^{th} order.

2)Here we present fifth and sixth order NR–contributions to the superpotential. For finiteness we list only terms related to fermion masses and flatness conditions.

a)The 5th order superpotential terms involving masses for observable fields are:

w_5 = F̄_{2R}F_{2L}h_4ζ̄_4Φ_1 + F̄_{1R}F_{1L}ζ_1h_4Φ_3 + F̄_{5R}F_{4R}F̄_{1R}F_{1L}h_4

+ F̄^2_{5L} ( (F^2_{4L} + F^2_{1L} + F̄^2_{1R})Φ̄^−_{12} + F^2_{4R}Φ_{12} + D_1(h^2_3 + ξ̄_1ξ_4) + D_3(ζ^2_i + ξ_2ξ̄_3) ) + F̄_{5L} ( F̄_{5R} ( D_1ζ̄_2h_3 + D_3ζ_2h_4 ) + F_{4L}F̄_{2R}F_{2L}h_4 + F_{4R}(F̄_{2R}F_{2L}ζ̄_3 + F̄_{1R}F_{1L}ζ_2) ) + F̄^2_{5R} ( (F^2_{4L} + F^2_{1L} + F̄^2_{1R})Φ̄_{12} + F^2_{4R}Φ^−_{12} + D_1(ζ̄^2_i + ξ̄_2ξ_3) + D_3(h^2_4 + ξ_1ξ̄_4) ) + F̄_{5R}F_{4L}F̄_{3R}F_{3L}ξ_1 + F_{4L}F_{4R} ( D_2ζ_3h_3 + D_4ζ̄_3h_4 ) + F^2_{4L} ( (F̄^2_{2R} + F^2_{2L})Φ̄_{12} + D_2(ζ^2_i + ξ_2ξ̄_3) + D_4(h^2_4 + ξ_1ξ̄_4) ) + F^2_{2R} ( (F̄^2_{1R} + F^2_{1L})Φ̄_{12} + D_1(ζ̄^2_i + ξ̄_2ξ_3) + D_3(h^2_4 + ξ_1ξ̄_4) ) + F^2_{2L} ( (F̄^2_{1R} + F^2_{1L})Φ̄_{12} + D_1(ζ̄^2_i + ξ̄_2ξ_3) + D_3(h^2_4 + ξ_1ξ̄_4) ) + F^2_{4R} ( (F̄^2_{2R} + F^2_{2L})Φ^−_{12} + D_4(ζ̄^2_i + ξ̄_2ξ_3) + D_2(h^2_3 + ξ̄_1ξ_4) ) + ( F^2_{1L} + F̄^2_{1R} ) ( D_2(ζ^2_i + ξ_2ξ̄_3) + D_4(h^2_4 + ξ_1ξ̄_4) ) (116)

b)The 5th order superpotential terms involving masses for exotic fields are: w^′_5 = F_{5R}F_{4R}Φ_4X_{1R}X_{6R} + F_{5R}F_{4R}Φ_5X_{1R}X_{6R} + F_{5R}F_{4R}ζ_3X_{9R}X_{10R} + ξ_2Z_1Z_4X_{4L}X_{5L} + F_{4R}F_{2R}Φ_4X_{1R}X_{8R} + F_{4R}F_{2R}Φ_5X_{1R}X_{8R} + F_{4R}F_{2R}ζ_3X_{6L}X_{8L} + ξ_2Z_2Z_4X_{1L}X_{7L} + F_{4R}F_{2R}ζ_3X_{5R}X_{7R} + F_{4R}F_{1R}ζ_4X_{3R}X_{5R} + F_{4R}F_{1R}ζ_4X_{4L}X_{6L} + F_{4R}F_{1R}ξ_2X_{3R}X_{6R} + F_{4R}F_{1R}ξ_2X_{4L}X_{5L} + Φ_1ζ_2ξ_2X_{7L}X_{8L} + Φ_1ζ_2ξ_2X_{7R}X_{8R} + Φ_1ζ_2ξ_3X_{7L}X_{8L} + Φ_3ζ_3ξ_2X_{3R}X_{4R} + Φ_3ζ_3ξ_3X_{3R}X_{4R} + Φ_3ζ_3ξ_2X_{3L}X_{4L} + Φ_3ζ_3ξ_3X_{3L}X_{4L} + Φ_4Z_1Z_4X_{3R}X_{5R} + Φ_4Z_2Z_4X_{2L}X_{7L} + Φ_4Z_4Z_5X_{2L}X_{5L} + Φ_4Z_5Z_4X_{2R}X_{5R} + Φ_5Z_1Z_4X_{3R}X_{5R} + Φ_5Z_2Z_4X_{2L}X_{7L} + Φ_5Z_4Z_5X_{2L}X_{5L} + Φ_5Z_5Z_4X_{2R}X_{5R} + ζ_1Z_2Z_4X_{1R}X_{8R} + ζ_1Z_2Z_4X_{2L}X_{7L} + ζ_2Z_5Z_4X_{9R}X_{10R} + ζ_2Z_1Z_4X_{3L}X_{2L} + ζ_2Z_1Z_4X_{4R}X_{1R} + ζ_3Z_2Z_4X_{6L}X_{8L} + ζ_3Z_2Z_4X_{5R}X_{7R} + ζ_3Z_4Z_5X_{9L}X_{10L} + ζ_4Z_1Z_4X_{3R}X_{5R} + ζ_4Z_1Z_4X_{4L}X_{6L} + ξ_2Z_1Z_4X_{3R}X_{6R} + ξ_2Z_2Z_4X_{2R}X_{8R} + ξ_1Z_1Z_5X_{3L}X_{2L} + ξ_1Z_1Z_5X_{4R}X_{1R} + ξ_1Z_2Z_5X_{6L}X_{8L} + ξ_1Z_2Z_5X_{5R}X_{7R} (117)

c) 5th and 6th order contributions to the F −flatness are^5: w^{′′}_5 = Φ_1ζ_4ξ_1Z_2Z_2 + Φ_2F_{5R}F_{4R}Z_4Z_5 + Φ_2F_{4R}F_{2R}Z_2Z_4 + Φ_3ζ_1ξ_1Z_1Z_1 + Φ_{12}F_{5R}F_{5R}F_{1R}F_{1R} + Φ_{12}F_{2R}F_{2R}F_{1R}F_{1R} + Φ^−_{12}Z_2Z_2Z_4Z_4 + Φ^−_{12}Z_4Z_4Z_5Z_5 + Φ^−_{12}F_{5R}F_{5R}F_{4R}F_{4R} + Φ^−_{12}F_{4R}F_{4R}F_{2R}F_{2R} + Φ^−_{12}Z_1Z_1Z_4Z_4 + Φ^−_{12}Z_5Z_5Z_4Z_4 + F_{4R}F_{2R}ζ_3Z_2Z_4 + F_{4R}F_{1R}ζ_2Z_1Z_4 + F_{4R}F_{1R}ξ_1Z_1Z_5 + ζ_2Z_1Z_1Z_4Z_4 + ζ_3Z_2Z_2Z_4Z_4 + ξ_1Z_1Z_1Z_4Z_5 + ξ_1Z_2Z_2Z_5Z_4 (118)

5For convenience, we include here some of the terms listed above since they can contribute in both categories depending on the generation assignment.

w_6 = Φ_1Φ_1ζ_4ξ_1Z_2Z_2 + Φ_1F_{4R}F_{2R}ζ_3Z_2Z_4 + Φ_1ζ_3Z_2Z_2Z_4Z_4 + Φ_1ξ_1Z_2Z_2Z_5Z_4 + Φ_2Φ_5F_{4R}F_{2R}Z_2Z_4 + Φ_3Φ_3F_{4R}F_{3R}Z_3Z_4 + Φ_3Φ_3ζ_1ξ_1Z_1Z_1 + Φ_3F_{4R}F_{1R}ζ_2Z_1Z_4 + Φ_3F_{4R}F_{1R}ξ_1Z_1Z_5 + Φ_3ζ_2Z_1Z_1Z_4Z_4 + Φ_3ξ_1Z_1Z_1Z_4Z_5 + Φ_4Φ_{12}F_{5R}F_{5R}F_{1R}F_{1R} + Φ_4Φ_{12}F_{2R}F_{2R}F_{1R}F_{1R} + Φ_4Φ^−_{12}Z_1Z_1Z_4Z_4 + Φ_4F_{4R}F_{1R}ζ_2Z_1Z_4 + Φ_4F_{4R}F_{1R}ξ_1Z_1Z_5 + Φ_4ζ_2Z_1Z_1Z_4Z_4 + Φ_4ξ_1Z_1Z_1Z_4Z_5 + Φ_5Φ_{12}F_{2R}F_{2R}F_{1R}F_{1R} + Φ_5Φ^−_{12}Z_2Z_2Z_4Z_4 + Φ_5Φ^−_{12}Z_2Z_2Z_4Z_4 + Φ_5Φ^−_{12}F_{4R}F_{4R}F_{2R}F_{2R} + Φ_5F_{4R}F_{2R}ζ_3Z_2Z_4 + Φ_5ζ_3Z_2Z_2Z_4Z_4 + Φ_5Φ^−_{12}Z_2Z_2Z_4Z_4 + Φ_5Φ^−_{12}F_{4R}F_{4R}F_{2R}F_{2R} + Φ_5F_{4R}F_{2R}ζ_3Z_2Z_4 + Φ_5ζ_3Z_2Z_2Z_4Z_4 + Φ_5Φ^−_{12}Z_2Z_2Z_4Z_4 + Φ_5Φ^−_{12}F_{4R}F_{4R}F_{2R}F_{2R} + Φ_5F_{4R}F_{2R}ζ_3Z_2Z_4 + Φ_5ζ_3Z_2Z_2Z_4Z_4 + Φ_5Φ^−_{12}Z_2Z_2Z_4Z_4 + Φ_5Φ^−_{12}F_{4R}F_{4R}F_{2R}F_{2R} + Φ_5F_{4R}F_{2R}ζ_3Z_2Z_4 + Φ_5ζ_3Z_2Z_2Z_4Z_4 + Φ_5ξ_1Z_2Z_2Z_5Z_4 + F_{5R}F_{5R}F_{3R}F_{3R}ξ_1ξ_2 + F_{4R}F_{4R}F_{3R}F_{3R}ξ_4ξ_2 + F_{4R}F_{4R}F_{1R}F_{1R}ζ_1ζ_3 + F_{4R}F_{4R}F_{1R}F_{1R}ζ_1ζ_3 + F_{4R}F_{3R}ζ_1ζ_1Z_3Z_4 + F_{4R}F_{3R}ζ_2ζ_2Z_3Z_4 + F_{4R}F_{3R}ζ_3ζ_3Z_3Z_4 + F_{4R}F_{3R}ζ_3ξ_1Z_3Z_5 + F_{4R}F_{3R}ζ_4ζ_4Z_3Z_4 + F_{4R}F_{3R}ξ_2ξ_2Z_3Z_4 + F_{4R}F_{3R}ξ_3ξ_3Z_3Z_4 + F_{4R}F_{3R}ξ_1ξ_1Z_3Z_4 + F_{4R}F_{3R}ξ_4ξ_4Z_3Z_4 + F_{4R}F_{1R}ζ_1ζ_3Z_1Z_4 + F_{4R}F_{1R}ζ_1ζ_3Z_1Z_4 + F_{4R}F_{1R}ζ_1ξ_1Z_1Z_5 + F_{3R}F_{3R}F_{2R}F_{2R}ξ_1ξ_2 + F_{3R}F_{3R}F_{1R}F_{1R}ξ_1ξ_3 + ζ_1ζ_3Z_1Z_1Z_4Z_4 + ζ_1ζ_3Z_1Z_1Z_4Z_4 + ζ_1ξ_1Z_1Z_1Z_4Z_5 + ζ_2ζ_4Z_2Z_2Z_4Z_4 + ζ_2ζ_4Z_2Z_2Z_4Z_4 + ζ_4ξ_1Z_2Z_2Z_4Z_5 + ξ_2ξ_4Z_3Z_3Z_4Z_4 + ξ_2ξ_4Z_3Z_3Z_4Z_4 (119)

12 Appendix C: F– and D–flatness equations

The identification of the flat directions in the scalar potential requires the vanishing of the F − and D−terms. In Section 6, the complete F −flatness conditions with tree–level superpotential contributions were presented. Hidden field contributions are also easily calculated from the superpotential (35). Fourth order contributions from both hidden and observable sectors can also be found from the superpotential terms (36) presented in the same section. Higher order terms have also been calculated and are given in Appendix B. For convenience, the contributing fifth and sixth order NR superpotential terms are written separately in the w^{′′}_5 and w_6 pieces of the NR superpotential.

D–flatness The D–flatness equations for the non-Anomalous U(1)_i factors are given by

(D_i) : ∑ ϕ_j Q^i_j|ϕ_j|^2 = 0 , i = 1, 2, 3 (120)

On the other hand, the Green–Schwarz anomaly cancellation mechanism in string theory generates a constant Fayet-Iliopoulos contribution to the D–term of the anomalous U(1)_A. This is proportional to the trace of the anomalous charge over all fields. To preserve supersymmetry the following D–flatness condition should be satisfied,

(D_A) : ∑ ϕ_j Q^A_j |ϕ_j|^2 = −ξ (121) where the sum extends over all singlet fields (including the SU(4) × O(4) breaking ones)

and ξ =^3_{8π2} e^{ΦD} . If hidden fields acquire vevs, they should also be included in the above

expressions.

Taking the combinations (D_1),^1_2 ((D_1) + (D_2)),^1_2 ((D_3) − (D_4)),^1_2 (D_4) we obtain 1 2 | | |F_{3R} | | |^2 + |ξ_2|^2 − | | |ξ_2 | | |^2 + |ξ_3|^2 − | | |ξ_3 | | |^2 + H_1 = 0 (122) 1 4 (| | |F_{2R} | | |^2 − | | |F_{1R} | | |^2 + | | |F_{3R} | | |^2 + |F_4R|^2 ) + (123)

+ |ξ_2|^2 − | | |ξ_2 | | |^2 + | | |Φ̄^−_{12} | | |^2 − | | |Φ^−_{12} | | |^2 + 1 2 4∑ i=1 ( |ζ_i|^2 − | | |ζ_i | | |^2 ) + H_2 = 0 (124) 1 2 | |F_{3R} | |^2 + | |ξ_1 | |^2 − |ξ_1|^2 + | |ξ_4 | |^2 − |ξ_4|^2 + H_3 = − ξ 3 (125)

|ξ_1|^2 − | |ξ_1 | |^2 + | |Φ̄_{12} | |^2 − |Φ_{12}|2 + H_4 = ξ 2 (126)

H_{1,2,3,4} stand for hidden vev contributions. These are

H_1 = 1 2 ( |Z̄_3|^2 − |Z_3|^2 )

H_2 = 1 4 ( |Z̄_2|^2 + |Z_2|^2 + 2 |Z̄_3|^2 + |Z̄_5|^2 − |Z̄_4|^2 )

H_3 = 1 4 ( −|Z̄_2|^2 − |Z_2|^2 + |Z̄_3|^2 + |Z_3|^2 + |Z̄_4|^2 − |Z̄_5|^2 )

H_4 = 1 4 ( |Z̄_1|^2 + |Z_1|^2 + |Z̄_2|^2 + |Z_2|^2 − |Z̄_4|^2 − |Z_4|^2 + |Z̄_5|^2 + |Z_5|^2 )

We finally have the D–flatness conditions for the non-Abelian part of the gauge symmetry.

For the SU(4) × O(4), | | |F_{1R} | | |^2 + | | |F_{2R} | | |^2 + | | |F_{3R} | | |^2 − |F_4R|^2 = 0 (127)

while in the presence of the hidden non-zero vevs, the SU(8) and U(1)^′ D−flatness condi-

tions should also be satisfied

(D_{U (8)}) :

∑_5 i=1 ( |Z̄_i|^2 − |Z_i|^2 ) = 0, (128)

(D_{U (1)}0) : ∑ χ_j Q ′ j|χ_j|^2 = 0 . (129)

where χ_j stand for all fields carrying U(1)^′ charge.

F –flatness

For completeness, we also write here the F -flatness conditions including superpotential

contributions up to fourth order and hidden fields. Fifth and sixth order contributions are

easily calculated from the NR–terms presented in Appendix B.

Φ_2 : ζ_iζ̄_i + ξ_iξ̄_i = 0 (130)

Φ_4 : ζ_1ζ̄_3 + ζ̄_1ζ_3 = 0 (131)

Φ_5 : ζ_2ζ̄_4 + ζ̄_2ζ_4 = 0 (132) Φ_{12} : ξ_1ξ̄_4 = 0 (133) Φ̄_{12} : ξ_4ξ̄_1 + Z_3Z̄_3 = 0 (134) Φ^−_{12} : ζ_iζ_i + ξ_2ξ̄_3 = 0 (135) Φ̄^−_{12} : ζ̄_iζ̄_i + ξ_3ξ̄_2 = 0 (136) ξ_1 : ϕ_2ξ̄_1 + Φ_{12}ξ̄_4 + Z_5Z̄_5 + ζ̄_1Z_1Z̄_1 + ζ_4Z_2Z̄_2 = 0 (137) ξ̄_1 : ϕ_2ξ_1 + Φ̄_{12}ξ_4 = 0 (138) ξ_2 : ϕ_2ξ̄_2 + Φ^−_{12}ξ̄_3 = 0 (139) ξ̄_2 : ϕ_2ξ_2 + Φ̄^−_{12}ξ_3 = 0 (140) ξ_3 : ϕ_2ξ̄_3 + Φ̄^−_{12}ξ̄_2 = 0 (141) ξ̄_3 : ϕ_2ξ_3 + Φ^−_{12}ξ_2 = 0 (142) ξ_4 : ϕ_2ξ̄_+Φ̄_{12}ξ̄_1 = 0 (143) ξ̄_4 : ϕ_2ξ_4 + Φ_{12}ξ_1 = 0 (144) ζ_1 : ϕ_2ζ̄_1 + Φ_4ζ̄_3 + 2Φ^−_{12}ζ_1 = 0 (145) ζ̄_1 : ϕ_2ζ_1 + Φ_4ζ_3 + 2Φ̄^−_{12}ζ̄_1 + ξ_1Z_1Z̄_1 = 0 (146) ζ_2 : ϕ_2ζ̄_2 + Φ_5ζ̄_4 + 2Φ^−_{12}ζ_2 +^{1√}_2F̄_{5L}F_{4L} = 0 (147) ζ̄_2 : ϕ_2ζ_2 + Φ_5ζ_4 + 2Φ̄^−_{12}ζ̄_2 + Z_5Z̄_4/√2 = 0 (148) ζ_3 : ϕ_2ζ̄_3 + Φ_4ζ̄_1 + 2Φ^−_{12}ζ_3 + Z_4Z̄_5/ √ 2 = 0 (149) ζ̄_3 : ϕ_2ζ_3 + Φ_4ζ_1 + 2Φ̄^−_{12}ζ̄_3 + F̄_{5R}F_{4R}/√2 = 0 (150) ζ_4 : ϕ_2ζ̄_4 + Φ_5ζ̄_2 + 2Φ^−_{12}ζ_4 + ξ_1Z_2Z̄_2 = 0 (151) ζ̄_4 : ϕ_2ζ_4 + Φ_5ζ_2 + 2Φ̄^−_{12}ζ̄_4 = 0 (152) Z_1 : ζ̄_1ξ_1Z̄_1 = 0 (153) Z̄_1 : ζ̄_1ξ_1Z_1 = 0 (154) Z_2 : ζ_4ξ_1Z̄_2 = 0 (155) Z̄_2 : ζ_4ξ_1Z_2 = 0 (156) Z_3 : Φ̄_{12}Z̄_3 + F̄_{5L}F_{3L}Z̄_4 = 0 (157) Z̄_3 : Φ̄_{12}Z_3 + F_{4R}F̄_{3R}Z_4 = 0 (158) Z_4 : ζ_3Z̄_5/ √ 2 + F_{4R}F̄_{3R}Z̄_3 = 0 (159) Z_5 : ζ̄_2Z̄_4/ √ 2 + ξ_1Z̄_5 = 0 (160) Z̄_4 : ζ̄_2Z_5/√2 = 0 (161) Z̄_5 : ζ_3Z_4/√2 + ξ_1Z_5 = 0 (162) F_{5R} : F_{4R}ζ_3 = 0 (163)

13 Appendix D: Tree–level flat directions.

We present here the tree–level flat directions of the model. As has been explained in Section 6, the solutions are classified in four distinct cases according to whether the singlet vevs ξ_{1,4}, ξ̄_{1,4} are zero or non–zero. It was shown there that only the cases ξ_1 = ξ_4 = 0 ( assigned as case (iii) in Section 6) and ξ̄_1 = ξ̄_4 = 0 (with ξ_1, = ξ_4 ≠ 0, referred as case (iv) in the same section) have solutions consistent with F − and D− flatness constraints.

Our analysis proceeded as follows: First we solved the constraints taking into account contributions only from the tree–level Yukawa superpotential. An exhaustive analysis shows that at tree–level there are 17 solutions for case (iii) and 9 solutions for case (iv). These solutions are presented in Tables 9. The five columns in the middle show the fields with zero vevs and the last column the number of free parameters. For further details in the notation, see explanation in section 6. Higher order NR–contributions up to sixth order, reject several of these cases, resulting to those presented in Section 6.

The complete list of the tree–level solutions given in Table 9 is related to flatness constraints involving fields only from the observable sector. These are easily extended to solutions involving hidden fields by using the flatness conditions of Appendix C. Solutions involving hidden field contributions of higher NR superpotential terms are more involved and need a separate treatment.

Φ_{12}s Φ_i ξ_i, ξ̄_i ζ_i, ζ̄_i F̄_i f.p. 1 12, 12^−, 12^− 2, 4, 5 4, ¯1, ¯4 3, ¯3 ¯5 9 2 12, 12^−, 12^− 2, 4, 5 4, ¯1, ¯4 ¯1, ¯3 ¯5 9 3 12, 12, 12^−, 12^− 2, 4, 5 4, ¯4 3, ¯3 ¯5 9 4 12, 12, 12^−, 12^− 2, 4, 5 4, ¯4 ¯1, ¯3 ¯5 9 5 12, 12^−, 12^− 2, 5 4, ¯1, ¯4 3, ¯1, ¯3 9 6 12, 12, 12^−, 12^− 2, 5 4, ¯4 3, ¯1, ¯3 9 7 12, 12^−, 12^− 2, 5 4, ¯1, ¯4 2, 3, ¯1, ¯2, ¯3 8 8 12, 12^−, 12^− 2, 4 4, ¯1, ¯4 2, 3, 4, ¯2, ¯3, ¯4 ¯5 7 9 12, 12, 12^−, 12^− 2, 4 4, ¯4 2, 3, 4, ¯2, ¯3, ¯4 ¯5 7 10 12, 12^−, 12^− 2 2, 3, 4, ¯1, ¯3, ¯4 1, 2, 3, 4, ¯1, ¯2, ¯3, ¯4 ¯5, ¯2 6 11 12, 12^− 2, 4, 5 2, 4, ¯1, ¯3, ¯4 1, 2, 3, 4, ¯3 ¯5 8 12 12, 12^− 2, 5 2, 4, ¯1, ¯3, ¯4 1, 2, 3, 4, ¯1, ¯3 ¯5 8 13 12, 12^− 2, 4 2, 4, ¯1, ¯3, ¯4 1, 2, 3, 4, ¯2, ¯3, ¯4 ¯5 7 14 12, 12^− 2 2, 3, 4, ¯1, ¯3, ¯4 1, 2, 3, 4, ¯1, ¯2, ¯3, ¯4 ¯5 7 15 12, 12, 12^− 2 2, 3, 4, ¯1, ¯3, ¯4 1, 2, 3, 4, ¯1, ¯2, ¯3, ¯4 ¯5 6 16 12 2 2, 3, 4, ¯1, ¯2, ¯3, ¯4 1, 2, 3, 4, ¯1, ¯2, ¯3, ¯4 ¯5, ¯3 7 17 12, 12, 12^−, 12^− 2 3, 4, ¯3, ¯4 1, 2, 3, 4, ¯1, ¯2, ¯3, ¯4 ¯5, ¯2 8 18 12, 12, 12^−, 12^− 2, 4, 5 ¯1, ¯4 3, ¯3 ¯5 9 19 12, 12, 12^−, 12^− 2, 4, 5 ¯1, ¯4 ¯1, ¯3 ¯5 9 20 12, 12, 12^−, 12^− 2, 5 ¯1, ¯4 3, ¯1, ¯3 9 21 12, 12, 12^−, 12^− 2, 4 ¯1, ¯4 2, 3, 4, ¯2, ¯3, ¯4 ¯5 7 22 12, 12, 12^− 2, 4, 5 2, ¯1, ¯3, ¯4 1, 2, 3, 4, ¯3 ¯5 8 23 12, 12, 12^− 2, 5 2, ¯1, ¯3, ¯4 1, 2, 3, 4, ¯1, ¯3 ¯5 8 24 12, 12, 12^− 2, 4 2, ¯1, ¯3, ¯4 1, 2, 3, 4, ¯2, ¯3, ¯4 ¯5 7 25 12, 12, 12^− 2 2, 3, ¯1, ¯3, ¯4 1, 2, 3, 4, ¯1, ¯2, ¯3, ¯4 ¯5 7 26 2, 3, ¯1, ¯2, ¯3, ¯4 1, 2, 3, 4, ¯1, ¯2, ¯3, ¯4 ¯3, ¯5 7

Table 9: The tree–level solutions to the F – and D–flatness equations. The fields appearing in the table have zero vevs. In the last column f.p. stands for the number of free parameters.