hep-th/9901130 v2 25 May 1999

DTP-MSU/99-01 WU-AP/77/99 hep-th/9901130

SL(4, R) Generating Symmetry in Five{Dimensional Gravity Coupled to Dilaton and Three{Form

Chiang-Mei Chen^{a∗}, Dmitri V. Gal’tsov^{a†}, Kei-ichi Maeda^{b‡} and Sergei A. Sharakin^{a§}

aDepartment of Theoretical Physics, Moscow State University, 119899, Moscow, Russia bDepartment of Physics, Waseda University, Tokyo 169-8555, Japan

We give an explicit formulation of the three–dimensional SL(4, R)/SO(2, 2) σ–model representing the five–dimensional Einstein gravity coupled to the dilaton and the three–form field for spacetimes with two commuting Killing vector fields. New matrix representation is obtained which is similar to one found earlier in the four–dimensional Einstein–Maxwell–Dilaton–Axion (EMDA) theory. The SL(4, R) symmetry joins a variety of 5D solutions of different physical types including strings, 0–branes, KK monopoles etc. interpreting them as duals to the four–dimensional Kerr metric translated along the fifth coordinate. The symmetry transformations are used to construct new rotating strings and composite (0 � 1)–branes endowed with a NUT parameter.

PACS number(s): 04.20.Jb, 04.50.+h, 46.70.Hg

I. INTRODUCTION

Recent interest to soliton solutions in multidimensional supergravities stimulates a search of solution generating techniques relevant to various gravity coupled systems containing antisymmetric forms. Dimensional reduction of these theories reveals global symmetries which can be effectively used for such purposes. But although general structure of global symmetries in dimensionally reduced supergravities is well–known [1,2], their practical application requires additional efforts to be done. One has to construct suitable matrix representations in terms of which these symmetries, acting non–linearly (and perhaps partly non–locally) on the set of initial field variables, could be expressed in a tractable way. In dimension three or in higher dimensions with suitably truncated metric ansätz one is able to express all variables in terms of scalar fields forming some non–linear σ–model, in which case the symmetry transformations are particularly simple. It has been shown recently [3] that all block–diagonal p–brane solutions including black, multiple–center, intersecting ones as well as fluxbranes and their non–linear superpositions with charged branes can be produced within a simple σ–model, the essential part of which has the same structure as the static four– dimensional Einstein–Maxwell (EM) system [4]. This model, however, can not be generalized to include rotating or dyon solutions, contrary to the situation in the stationary four–dimensional EM or Einstein–Maxwell– Dilaton–Axion (EMDA) systems. Certain rotating p– brane solutions were presented by Cvetič and Youm [5] apparently hinted by the Myers and Perry [6] multidimensional Kerr–like metrics, but, to our knowledge, no constructive derivation of such solutions has been given so far.

As a step further in developing generating techniques for larger classes of p–branes, we suggest here a new matrix representation for the Maharana–Schwarz symmetry [7] of the five–dimensional gravity coupled to three-form and dilaton with two commuting Killing vector fields. The novel feature consists in exploiting an exceptional local isomorphism between the Maharana– Schwarz group SO(3, 3) relevant to the case and the group SL(4, R). This opens a way to construct instead of the 6 × 6 matrix realization a simpler representation of the symmetry by 4 × 4 real matrices, which, in turn, may be regarded as a direct generalization of the Sp(4, R) formulation of the stationary four–dimensional EMDA theory [8]. This framework naturally incorporates rotating strings as well as dyon–type solutions which may be interpreted as composite states of strings and 0-branes.

∗Email: chen@grg1.phys.msu.su †Email: galtsov@grg.phys.msu.su ‡Email: maeda@mse.waseda.ac.jp §Email: sharakin@grg1.phys.msu.su

Our σ–model constitutes another example of 4 × 4 matrix theories of which it has the maximal dimension of the target space. The three–dimensional reduction of the 4D EMDA theory with one vector field corresponds to the Sp(4, R)/SO(1, 2) coset which is six-dimensional. The same theory with two vector fields may be formulated as SU (2, 2)/U (1, 1) σ–model with the eight–dimensional target space [9]. It is likely that the present case closes the list of theories whose reduction to three dimensions gives a 4 × 4 representation, now for nine–dimensional target space. There is some similarity with the case of EMDA with two vector fields, in fact the present theory in four dimensions also has two vector fields, but it is endowed with an additional scalar modulus. Therefore the target space now is odd–dimensional and is no more Kähler. Still the matrix structure is very similar to that found previously in the Sp(4, R) theory, which can be obtained from the present one by identifying two different 2 × 2 blocks. (Although the target space is not Kähler, suitable Ernst–like complex potentials can also be found, in terms of which the target space metrics exhibits a close similarity to that of the EMDA theory.) The standard representation of SL(4, R) in terms of the 1 × 3 block decomposition was applied to five–dimensional dilaton– axion gravity in [10]. This formulation, however, does not make contact with neither Sp(4, R) nor SU (2, 2) theories and thus is less useful for solution generation.

II. FROM FIVE TO FOUR DIMENSIONS

Our starting point is the five–dimensional action

S_5 = ∫ d^5x √ −g_5 { R_5 − 1 2 (∂ϕ̂)^2 − e^{−αϕ̂} 12 Ĥ^2 } , (1)

where ϕ̂ is the dilaton, Ĥ = dB̂ is an antisymmetric three–form. We perform a two–step reduction to the three–dimensional theory making first the Kaluza– Klein ansätz for the five–dimensional metric suppressing a spacelike coordinate

ds^2_5 = e^{−4φ} (dy + A_μdx^μ)^2 + e^{2φ}g_{μν} dx^μdx^ν, (2)

with all fields depending only on x^μ. Then √ −g_5R_5 = √ −g_4 { R_4 − 6g^{μν} ∂_μφ∂_ν φ − 1 4 e^{−6φ}F_{μν} F^{μν} − 2∇_μ (g^{μν} ∂_ν φ) } (3) where A = A_μdx^μ, F = dA. The five–dimensional two– form B̂ can be decomposed into the four–dimensional two–form B and the four–dimensional one–form A B̂ = B − dy ∧ A. (4) Then the four–dimensional H will include the appropriate Chern–Simons terms H = dB − A ∧ F, (5) where F = dA.

Omitting a total divergence one obtains the following four–dimensional action

S_4 = ∫ d^4x √ −g_4 { R_4 −

16 + 3α^2

18α^2

(∂ϕ)^2 − 8 − 3α^2

9α^2 (∂ϕ)(∂ψ) − 4 + 3α^2 18α^2

(∂ψ)^2 − 1 4 e^{ψ−ϕ}F^2 − 1 4 e^{−ψ−ϕ}F^2 − e^{−2ϕ} 12 H^2 } , (6)

where ϕ = 1 2 (αϕ̂ + 4φ), ψ = 1 2 (αϕ̂ − 8φ). (7) The value of the dilaton coupling constant here is assumed to correspond to dimensional reduction of the eleven–dimensional supergravity: α^2 = 8/3. Dualising the three–form e^{−2ϕ}H = −^∗dκ, (8) one can write the corresponding action as

S_4 = ∫ d^4x √ −g { R − 1 2 (∂ϕ)^2 − 1 4 (∂ψ)^2 − 1 2 e^{2ϕ}(∂κ)^2 − 1 4 e^{ψ−ϕ}F^2 − 1 4 e^{−ψ−ϕ}F^2 − κ 4 ( F F̃ + FF̃ ) } , (9)

where

F̃_{μν} = 1 2 √ −g ϵ_{μνλρ}F^{λρ}, F̃_{μν} = 1 2 √ −g ϵ_{μνλρ}F^{λρ}. (10) Thus in four dimensions the theory is equivalent to Einstein gravity coupled to two scalars, one pseudoscalar and two vector fields. The equations of motion corresponding to this action consist of a coupled set of Maxwell equations ∇_μ ( e^{ψ−ϕ}F^{μν} + κF̃^{μν} ) = 0, (11) ∇_μ ( e^{−ψ−ϕ}F^{μν} + κF̃^{μν} ) = 0, (12)

three equations for scalar fields

∇^2ϕ − e^{2ϕ}(∂κ)^2 + 1 4 e^{−ϕ} ( e^ψF^2 + e^{−ψ}F^2 ) = 0, (13) ∇^2κ + 2∂_μϕ∂^μκ − 1 4 e^{−2ϕ} ( FF̃ + F F̃ ) = 0, (14) ∇^2ψ − 1 2 e^{−ϕ} ( e^ψF^2 − e^{−ψ}F^2 ) = 0, (15)

and Einstein equations R_{μν} − 1 2 ∂_μϕ∂_νϕ − 1 4 ∂_μψ∂_ν ψ − 1 2 e^{2ϕ}∂_μκ∂_ν κ + 1 2 e^{ψ−ϕ} ( F_{μα}F^α_ν + 1 4 g_{μν}F^2 )

+ 1 2 e^{−ψ−ϕ} ( F_{μα}F^α_ν + 1 4 g_{μν} F^2 ) = 0. (16)

The Bianchi identities for two–forms read ϵ^{μνλρ}∂_μF_{νλ} = 0, ϵ^{μνλρ}∂_μF_{νλ} = 0, (17) It is convenient to introduce the complex “axidilaton”

z = κ + ie^{−ϕ}, (18)

and the following combination of the form fields: F_+ = e^{ψ/2}F + ie^{−ψ/2}F̃ , F_− = e^{−ψ/2}F + ie^{ψ/2}F̃, (19) such that F^2_+ = F^2_−. The action (9) can be rewritten in the form

S_4 = ∫ d^x √ −g { R − |∂z|^2 2(Im z)^2 − 1 4 (∂ψ)^2 − 1 8 Im [ z(F^2_+ + F^2_−) ] } , (20)

exhibiting the SO(1, 1) symmetry (T –duality) ψ → ψ + β, F_± → F_±. (21) The field equations in terms of the complex variables

∇_μIm ( e^{±ψ/2} z F^{μν}_± ) = 0, (22)

∇^2z + i

(∂z)^2 Im z − i 8 (Im z)^2(F̄^2_+ + F̄^2_−) = 0, (23) ∇^2ψ − 1 4 Im z(|F_+|^2 − |F_−|^2) = 0, (24) R_{μν} − ∂_{(μ}z∂_{ν)}z̄ 2(Im z)^2 − 1 4 ∂_μψ∂_ν ψ + 1 4 Im zRe ( F_{+μα}F̄^α_{+ ν} + F_{−μα}F̄^α_{−ν} ) = 0, (25)

together with Bianchi identities

∇_μIm ( e^{±ψ/2}F^{μν}_± ) = 0, (26)

exhibit the SL(2, R) S–duality symmetry z → az + b cz + d , F_± → (cz + d)F_±, (27)

where ad − bc = 1. Therefore, the duality group in four dimensions is SO(1, 1) × SL(2, R).

III. REDUCTION TO THREE DIMENSIONS

As a second step we reduce the theory to three dimensions assuming stationarity of the four-metric:

ds^2_4 = −f(dt − ϖ_idx^i)^2 + f^{−1}h_{ij}dx^idx^j, (28)

where f, ϖ_i and h_{ij} depend only on x^i. In three dimensions vector fields can be parameterized by scalar potentials v_a, u_a, a = 1, 2 via

F_{i0} = ∂_iv_1, e^{ψ−ϕ}F^{ij} + κF̃^{ij} = −f √ h ϵ^{ijk}∂_ku_1, (29)

F_{i0} = ∂_iv_2, e^{−ψ−ϕ}F^{ij} + κF̃^{ij} = −f √ h ϵ^{ijk}∂_ku_2. (30)

The three–dimensional KK field ϖ_i then is dualized as follows

τ^i = f^2 √ h ϵ^{ijk}∂_j ϖ_k. (31) The action for new variables reads

S_3 = ∫ d^3x √ h { R_3 − [ 1 2f^2 ( (∂f)^2 + τ^2 ) + 1 2 (∂ϕ)^2 + 1 4 (∂ψ)^2 + 1 2 e^{2ϕ}(∂κ)^2 − 1 2f ( e^{ψ−ϕ}(∂v_1)^2 +e^{−ψ+ϕ}w^2_1

+ e^{−ψ−ϕ}(∂v_2)^2 + e^{ψ+ϕ}w^2 )]} , (32)

where

w_1 = ∂u_1 − κ∂v_2, w_2 = ∂u_2 − κ∂v_1, (33)

and all vector contractions correspond to the metric h_{ij}.

One can solve the four–dimensional constraint equations for the Ricci component R^i_0 by introducing the twist potential χ

τ_i = ∂_iχ + 1 2 (v_a∂_iu_a − u_a∂_iv_a) , (34)

so finally we obtain a three–dimensional σ–model with the nine–dimensional target space parameterized by Φ^A = (f, χ, ϕ, ψ, κ, v_1, u_1, v_2, u_2), A = 1, . . . , 9 and endowed with the metric

dl^2 = 1 2f^2 { df^2 + [ dχ + 1 2 (v_adu_a − u_adv_a) ]_2}

+ 1 2 dϕ^2 + 1 4 dψ^2 + 1 2 e^{2ϕ}dκ^2 − 1 2f [ e^{ψ−ϕ}dv^2_1 + e^{−ψ+ϕ}(du_1 − κdv_2)^2

+ e^{−ψ−ϕ}(dv_2)^2 + e^{ψ+ϕ}(du_2 − κdv_1)^2 ] . (35)

This is the metric of the symmetric space SL(4, R)/SO(2, 2) on which the SL(4, R) isometry group acts transitively. As the coset representatives one can choose the symmetric SL(4, R) matrices and finally the target space metric will read

dl^2 = − 1 4 Tr ( dMdM^{−1} ) . (36)

The matrix M can be chosen in the form M = ( 1 0 Q^T 1 ) ( P^{−1}_1 0 0 P_2 ) ( 1 Q 0 1 ) , = ( P^{−1}_1 P^{−1}_1 Q Q^T P^{−1}_1 P_2 + Q^T P^{−1}_1 Q ) , (37) where the P_1, P_2 and Q are the real 2 × 2 matrices and P_1, P_2 are symmetric matrices with the same determinant. This matrix is a direct generalization of the Sp(4, R) matrix found in [8] in the case of the four– dimensional EMDA theory. Its inverse is given by

M^{−1} = ( P_1 + QP^{−1}_2 Q^T −QP^{−1}_2 −P^{−1}_2 Q^T P^{−1}_2 ) . (38)

The following identity is useful in establishing the equivalence between (35) and (36): Tr ( dMdM^{−1} ) ≡ Tr ( dP_1dP^{−1}_1 + dP_2dP^{−1}_2 − 2dQP^{−1}_2 dQ^T P^{−1}_1 ) . (39)

Using it one can find the following parameterization of the desired 2 × 2 matrices in terms of the potentials:

P_1 = e^{ψ/2} ( fe^{−ψ} − (v_1)^2e^{−ϕ} −v_1e^{−ϕ} −v_1e^{−ϕ} −e^{−ϕ} ) , (40)

P_2 = e^{−ψ/2} ( fe^ψ − (v_2)^2e^{−ϕ} −v_2e^{−ϕ} −v_2 e^{−ϕ} −e^{−ϕ} ) , (41) Q = (_1

2 ξ − χ u_2 − κv_1 u_1 − κv_2 −κ ) , (42)

where

ξ = v_1 (u_1 − κv_2) + v_2 (u_2 − κv_1) . (43)

Therefore, the three–dimensional action can be rewritten as S_3 = ∫ d^3x √ h { R_3 + 1 4 Tr ( ∇M∇M^{−1} ) } . (44)

This action is invariant under the 15–parametric SL(4, R) transformations M → G^T MG with constant G ∈ SL(4, R). For G it is convenient to use the Gauss decomposition into the product of left (triangle), center (block–diagonal) and right (triangle) matrices as follow G = LSR, (45) L = ( 1 0 L 1 ) , S = ( S^{−1} 0 0 T ) , R = ( 1 R 0 1 ) , (46)

where L, R are arbitrary real 2 × 2 matrices, S, T are arbitrary real 2 × 2 matrices satisfying det S = det T .

It is easy to check that R-transformations P → P, F → F, Q → Q + R. (47) are pure gauge. S-transformations

P_1 → SP_1 S^T , P_2 → T^T P_2T, Q → SQT. (48)

contain two gauge, three different scale and two (electric type) Harrison transformations. This subgroup is seven-parametric and the corresponding parameter matrices read S = ( e^{s1} s_2 s_3 e^{s4} ) , T = ( e^{t1} t_2 t_3 e^{t4} ) (49) where e^{s1+s4} − s_2s_3 = e^{t1+t4} − t_2t_3. One can identify the following one–parametric transformations

Scale transformation (t_1 = s_1)

f → e^{2s1}f, χ → e^{2s1} χ, v_a → e^{s1} v_a, u_a → e^{s1} u_a, (50)

Dilaton shift (t_4 = s_4) ϕ → ϕ − 2s_4, κ → e^{2s4}κ, v_a → e^{−s4} v_a, u_a → e^{s4} u_a, (51)

Modulus shift (−s_1 = s_4 = t_1 = −t_4 = t/2) ψ → ψ + 2t, (v_1, u_2) → e^{−t}(v_1, u_2), (u_1, v_2) → e^t(u_1, v_2), (52)

Electric gauge

v_1 → v_1 + s_2, χ → χ − s_2 2 u_1, (53)

v_2 → v_2 + t_3, χ → χ − t_3 2 u_2. (54)

There are two electric Harrison transformations: one generating the Kaluza–Klein vector ϕ → ϕ − 1 2 ln H_1, ψ → ψ + ln H_1, f → fH^{−1/2}_1 ,

v_1 →

H_2 H_1

, u_1 → u_1 − s_3χ + s_3 2 (v_1u_1 − v_2u_2),

u_2 → 1 H_1 [ u_2(1 + s_3v_1) − s_3 κfe^{−ψ+ϕ} ] , κ → κ − s_3(u_2 − κv_1), χ → χ+ s_3H_2 4H_1

(v_2u_2 −v_1u_1 −2χ)− s_3fe^{−ψ+ϕ} 2H_1

(u_1 −κv_2),

where

H_1 = (1 + s_3v_1)^2 − s^2_3fe^{−ψ+ϕ} , H_2 = v_1(1 + s_3v_1) − s_3fe^{−ψ+ϕ} , (55)

and another generating the three–form electric component ϕ → ϕ − 1 2 ln H^′_1, ψ → ψ − ln H^′_1, f → fH^′_1^{−1/2},

v_2 →

H^′_2 H^′_1

, u_2 → u_2 − t_2χ + t_2 2 (v_2u_2 − v_1u_1),

u_1 → 1 H^′_1 [ u_1(1 + t_2v_2) − t_2κfe^{ψ+ϕ} ] , κ → κ − t_2(u_1 − κv_2), χ → χ+ t_2H^′_2 4H^′_1

(v_1u_1 −v_2u_2 −2χ)− t_2fe^{ψ+ϕ} 2H^′_1

(u_2 − κv_1),

where

H^′_1 = (1 + t_2v_2)^2 − t^2fe^{ψ+ϕ}, H^′_2 = v_2(1 + t_2v_2) − t_2fe^{ψ+ϕ}. (56)

The subgroup of the left transformations L is more difficult to write in terms of its action on the potentials. In terms of 2 × 2 matrices it reads:

P^{−1}_1 → (1 + QL)^T P^{−1}_1 (1 + QL) + L^T P_2L, P_2 + Q^T P^{−1}_1 Q → P_2 + Q^T P^{−1}_1 Q, P^{−1}_1 Q → (1 + L^T Q^T )P^{−1}_1 Q + L^T P_2. (57)

Using the parameterization L = ( l_1 l_2 l_3 l_4 ) , one can identify l_1 as a parameter of the Ehlers transformation, l_2, l_3 as parameters of the magnetic Harrison transformations, and l_4 as a parameter of the Ehlers–like part of S–duality. The first three transformations are rather complicated, so we give here explicitly only the last one:

z^{−1} → z^{−1} + l_4 v_1 → v_1 − l_4u_2, v_2 → v_2 − l_4u_1. (58)

However, if the seed solution satisfies the four– dimensional vacuum Einstein equations (i.e. corresponds to the SL(2, R)/SO(2) subspace of the full target space), the 2 × 2 matrices admit a simple form

P_1 = P_2 = ( f_0 0 0 −1 ) , Q = ( −χ_0 0 0 0 ) , (59)

and the left transformations considerably simplify. The Ehlers transformation will take the form f = f_0 (1 − l_1χ_0)^2 + l^2_1f^2_0 , χ = χ_0(1 − l_1χ_0) − l_1f^2_0 (1 − l_1χ_0)^2 + l^2_1 f^2_0

, (60)

the magnetic Harrison transformation for the KK vector will be ϕ = 1 2 ln(1 − l^2 f_0), ψ = − ln(1 − l^2 f_0),

f = f_0(1 − l^2 f_0)^{− 12} , χ = χ_0 [ 1 + l^2 f_0 2(1 − l^2 f_0) ] , u_1 =

−l_2f_0 1 − l^2 f_0

, v_1 = l_2χ_0, (61)

while the magnetic Harrison transformation generating the three–form field can be expressed as ϕ = 1 2 ln(1 − l^2_3 f_0), ψ = ln(1 − l^2_3 f_0),

f = f_0(1 − l^2_3 f_0)^{− 12} , χ = χ_0 [ 1 + l^2_3 f_0 2(1 − l^2_3 f_0) ] , u_2 =

−l_3f_0 1 − l^2_3 f_0

, v_2 = l_3χ_0. (62)

Two other useful subspaces of the full target space (35) correspond to the five–dimensional vacuum (v_2 = u_2 = κ = 0, ψ = −2ϕ, the symmetry group being SL(3, R)) and to the four-dimensional EMDA system (v_2 = v_1, u_2 = u_1, ψ = 0, with the symmetry Sp(4, R)). The corresponding solutions can be used as seeds as well.

IV. SOLUTION GENERATION

Our interpretation of the SL(4, R) transformations is based on the four-dimensional picture, therefore two type Harrison transformations correspond to different five-dimensional charges: one pair is related to the non-diagonal components of the five-dimensional metric, while another pair — to the three-form field. Thus, taking as seeds the four-dimensional vacuum solutions, one can generate in the first case the vacuum 5D metrics, and in the second — the three-form supported configurations. Starting with the y–translated four-dimensional Schwarzschild solution

ds^2_5 = −(1 − 2m r )dt^2 + dy^2

+ (1 − 2m r )^{−1}dr^2 + r^2dΩ_2, (63)

and applying the sequences of transformations including the second type electric Harrison transformation one arrives at the electric string solution [11]. More precisely, the three–form electric component is produced by the electric Harrison transformations (56) with the parameter t_2 = μ, then one has to compensate the asymptotic values of variables to make the solution asymptotically flat. One possibility is to use the following chain of transformations: the electric gauge (54), t_3 = μ/(1 − μ^2); the scale transformation (50), t_1 = s_1 =^1_4 ln(1 − μ^2); the dilaton shift (51), t_4 = s_4 = −^1_4 ln(1 − μ^2) and the modulus shift (52), t =^1_2 ln(1 − μ^2). The final result is

ds^2_5 = (1 + 2q r )^{−1/3} { −(1 − 2m r )dt^2 + dy^2 }

+ (1 + 2q r )^{2/3} { (1 − 2m r )^{−1}dr^2 + r^2dΩ_2 } , ϕ̂ = − √ 2 3 ln(1 + 2q r ), B̂_{ty} = √ q m + q [ 1 − (1 − 2m r )(1 + 2q r )^{−1} ] , (64)

where

q := μ^2m 1 − μ^2

. (65)

This is the black string, of which the extremal version is achieved in the limit μ → 1, m → 0, q finite.

One can apply a similar chain of transformations including the second type magnetic Harrison transformation (57) with l_3 = μ. The necessary adjustment includes the magnetic gauge (47) (r_2 = μ/(1 − μ^2)), the scale transformation (50) (t_1 = s_1 =^1_4 ln(1 − μ^2)), the dilaton shift (51) (t_4 = s_4 =^1_4 ln(1 − μ^2)) and the modulus shift (52) (t = −^1_2 ln(1 − μ^2)). The resulting solution has the form ds^2_5 = −(1 + 2p r )^{−2/3}(1 − 2m r )dt^2 + (1 + 2p r )^{1/3} { dy^2 + (1 − 2m r )^{−1}dr^2 + r^2dΩ_2 } , ϕ̂ = √ 2 3 ln(1 + 2p r ), B̂_{ϕy} = −2 √ p(m + p) cos θ, (66)

where

p := μ^2m 1 − μ^2

. (67)

To interpret it physically, one has to note that in five dimensions the three-form is dual to the two-form field^∗H, which will have non-zero the components^∗H_{tr} like in the case of the four-dimensional magnetically charged black hole. Thus we deal with the black 5D magnetic 0-brane, of which the extremal version corresponds to m = 0.

Application of the first type Harrison transformations generate vacuum 5D solutions. Note, that a variety of such solutions were found in the past using different techniques [12–19]. All of them, as well as their generalizations including a NUT parameter, can be found via suitable chains of the SL(3, R) transformations (forming a subgroup of the SL(4, R) with v_2 = u_2 = κ = 0, ψ = −2ϕ) from the four-dimensional Kerr metric. For more detailed analysis of the vacuum 5D metrics with two commuting isometries through the the SL(3, R) symmetry see [15].

One is got by an electric Harrison transformation (55) with a parameter s_3 = μ together with an appropriate compensation of asymptotic values:

ds^2_5 = −(1 + 2q r )^{−1}(1 − 2m r )dt^2 + (1 + 2q r ) [ dy + 2 √ q(m + q)(r + 2q)^{−1}dt ]_2

+ (1 − 2m r )^{−1}dr^2 + r^2dΩ_2. (68)

This is the black version of the Dobiasch–Maison solution [12], the original form of which is recovered when m = 0 .

Another 5D vacuum solution resulting from the first type magnetic Harrison transformation (57) with a parameter l_2 = μ is

ds^2_5 = −(1 − 2m r )dt^2 + (1 + 2p r )^{−1} [ dy + 2 √ p(m + p) cos θdϕ ]_2

+ (1 + 2p r ) [ (1 − 2m r )^{−1}dr^2 + r^2dΩ_2 ] . (69)

This is the black version of the Gross–Perry–Sorkin monopole [13,14], the original form corresponding to m = 0.

The total number of the independent conserved charges in the present theory is seven: mass, NUT, four charges associated with F and F, and one rotation parameter. Note that, since we are considering the class of 5D metrics with non-compact Killing orbits, only one rotation parameter is allowed. Therefore, the general string solution should contain seven free parameters. Here we exhibit only the simplest four-parametric subfamilies which can be presented in a concise form.

One can repeat the same calculations as before using as a seed the y-translated four–dimensional vacuum Kerr– NUT metric

ds^2_5 = −

Δ − a^2 sin^2 θ Σ (dt − ωdϕ)^2 + dy^2 + Σ ( dr^2 Δ + dθ^2 +

Δ sin^2 θ Δ − a^2 sin^2 θ dϕ^2 ) , (70)

where

Δ := r^2 − 2mr + a^2 − n^2, (71) Σ := r^2 + (a cos θ + n)^2, (72)

ω :=

2nΔ cos θ + 2a sin^2 θ(mr + n^2) a^2 sin^2 θ − Δ

. (73)

This family contains three free parameters m, a, n (mass, rotation and NUT) and the corresponding non-zero seed potentials read

f_0 = r^2 − 2mr + a^2 cos^2 θ − n^2 r^2 + (a cos θ + n)^2 , χ_0 = 2m(a cos θ + n) − 2nr r^2 + (a cos θ + n)^2

. (74)

Applying the second type electric Harrison chain one obtains

ds^2_5 = H^{− 13} [ dy^2 − Δ − a^2 sin^2 θ Σ (dt − cosh δ ωdϕ)^2 ]

+ H^{23} Σ ( dr^2 Δ + dθ^2 +

Δ sin^2 θ Δ − a^2 sin^2 θ dϕ^2 ) , ϕ̂ = − √ 2 3 ln H, B̂_{ty} = sinh 2δ(mr + an cos θ + n^2)(ΣH)^{−1}, B̂_{ϕy} =−2 sinhδ[nΔ cos θ+a sin^2 θ(mr+n^2 )](ΣH)^{−1}, (75)

where δ is a three-form charge parameter, and

H := 1 + 2 sinh^2 δ(mr + an cos θ + n^2)Σ^{−1}. (76)

This is a NUT generalization of the black rotating string found previously in [20].

Similarly, applying a magnetic second type Harrison transformation one obtains a four-parametric family of rotating magnetic zero-branes:

ds^2_5 = −H^{− 23}

Δ − a^2 sin^2 θ Σ (dt − cosh δ ωdϕ)^2 + H^{13} [ dy^2 + Σ ( dr^2 Δ + dθ^2 +

Δ sin^2 θ Δ − a^2 sin^2 θ dϕ^2 )] , ϕ̂ = √ 2 3 ln H, B̂_{ty} = 2 sinh δ[m(a cos θ + n) − nr]Σ^{−1},

B̂_{ϕy} = − sinh 2δ { m cos θ

+ (2n cos θ−a sin^2 θ)[nr−m(a cos θ+n)]Σ^{−1} } . (77)

Application of the first type Harrison transformations gives the NUT generalization of the rotating solution found in [17] (which is the rotating version of the Dobiasch-Maison solution):

ds^2_5 = H (dy + A_tdt + A_ϕdϕ)^2 − H^{−1} Δ − a^2 sin^2 θ Σ (dt − cosh δ ωdϕ)^2 + Σ ( dr^2 Δ + dθ^2 +

Δ sin^2 θ Δ − a^2 sin^2 θ dϕ^2 ) , A_t = sinh 2δ(mr + an cos θ + n^2)(ΣH)^{−1}, A_ϕ = −2 sinh δ[nΔ cos θ+a sin^2 θ(mr+n^2 )](ΣH)^{−1}, (78)

and the rotating generalization (with NUT) of the Gross- Perry-Sorkin monopole:

ds^2_5 = H^{−1} (dy + A_tdt + A_ϕdϕ)^2 − Δ − a^2 sin^2 θ Σ (dt − cosh δ ωdϕ)^2 + HΣ ( dr^2 Δ + dθ^2 +

Δ sin^2 θ Δ − a^2 sin^2 θ dϕ^2 ) , A_t = 2 sinh δ[m(a cos θ + n) − nr]Σ^{−1}, A_ϕ = − sinh 2δ { m cos θ

+ (2n cos θ−a sin^2 θ)[nr−m(a cos θ + n)]Σ^{−1} } . (79)

V. (0 � 1) BRANES

Combining together electric and magnetic Harrison transformations one can obtain solutions with larger number of free parameters. From these we give explicitly a relatively simple composite string – magnetic zerobrane solution. It can be derived applying a sequence of the second type electric and magnetic Harrison transformations to the seed Schwarzschild metric. The resulting solution is

ds^2_5 = − ( 1 − 2q r )_− 1_3 ( 1 + 2p r )_− 2_3 (dt+2 √ pq cos θdϕ)^2 + ( 1 − 2q r )_− 1_3 ( 1 + 2p r ) 1_3 dy^2 + ( 1 − 2q r ) 2_3 ( 1 + 2p r ) 1_3

(dr^2 + r^2dΩ_2),

ϕ̂ = √ 2 3 [ ln ( 1 + 2p r ) − ln ( 1 − 2q r )] ,

B_{ty} = √ q p + q [ 1 − ( 1 + 2p r ) ( 1 − 2q r )_{−1}] ,

B_{ϕy} = −2 √ p(p + q) ( 1 − 2q r )_{−1} cos θ. (80)

When p = 0 the solution reduces to the electric string (64), while for q = 0 one recovers the magnetic zerobrane (64). Note that, when both charges are non-zero, one has also a NUT parameter, so the solution is not strictly asymptotically flat. One can compensate the NUT charge via the Ehlers transformation thus making it an additional free parameter. We intend to discuss this and more general solutions in a separate publication.

VI. CONCLUDING REMARKS

We have shown that large classes of solutions to 5D dilaton-axion gravity admitting two commuting isometries with non-compact orbits can be obtained in a unique way using the SL(4, R) duality from the vacuum fourdimensional metrics such as Schwarzschild or Kerr-NUT. This class does not include spherically symmetric or rotating five-dimensional black holes which, although possess two commuting Killing symmetries too, have one of them of the rotational type. These solutions are still within the scope of the present σ-model, but the group transformations generically relate them to asymptotically non-flat metrics (e.g. corresponding to black holes in the field of a fluxbrane [3]) and we did not consider them here. The SL(4, R) duality also connects solutions of the 5D dilaton-axion gravity with solutions of the fourdimensional EMDA system, which constitute a subspace (v_1 = v_2, u_1 = u_2, ψ = 0) of the full target space and may be used as seeds to generate five-dimensional solutions.

An essentially new solution we presented here is the composite (0 − 1)-brane which is a superposition of an electric string and a 0-brane supported by the magnetic sector of the three-form field. This is an example of a dyonic composite solution in the case when electric and magnetic branes have different world-volume dimensions. The situation is similar to that in the eleven-dimensional supergravity where one has electric two-branes and magnetic five-branes. In the latter case composite electricmagnetic solutions are realized either as intersecting twoand five-branes, or as composite 2 ⊂ 5 branes [21]. Note that the five-dimensional lagrangian does not contain the Chern-Simons term which is essential for existence of the 2 ⊂ 5 brane in the eleven-dimensional supergravity.

ACKNOWLEDGMENTS

One of the authors (DVG) would like to thank the Yukawa Institute for Theoretical Physics, Kyoto, where the part of this work was done. Fruitful discussions with T. Nakamura and M. Sasaki are gratefully acknowledged.

The research was supported in part by the RFBR Grant 96–02–18899.

[1] B. Julia, Group Disintegrations, in: Superspace and Supergravity, Eds. S.W. Hawking and M. Rocek (Cambridge Univ. Press, 1981), 331.

[2] K.S. Stelle, Lectures on Supergravity p–Branes,

hep-th/9710119.

[3] D.V. Gal’tsov and O.A. Rytchkov, Generating Branes via Sigma–Models, Phys. Rev. D58 (1998), 122001;

hep-th/9801160.

[4] G. Neugebauer and D. Kramer, Ann. der Physik (Leipzig) 24 (1969), 62.

[5] M. Cvetič and D. Youm, Rotating Intersecting M–Branes Nucl. Phys. B499 (1997), 253-282; hep-th/9612229.

[6] R.C. Myers and M.J. Perry, Black Holes in Higher Dimensional Space–Times, Ann. Phys. 172 (1986), 304- 347.

[7] J. Maharana and J.H. Schwarz, Noncompact Symmetries in String Theory, Nucl. Phys. B390 (1993), 3-32;

hep-th/9207016.

[8] D.V. Gal’tsov, Integrable Systems in Stringy Gravity, Phys. Rev. Lett. 74 (1995), 2863-2866. D.V. Gal’tsov and O.V. Kechkin, Matrix Dilaton–Axion for Heterotic String in Three Dimensions, Phys. Lett. B361 (1995), 52–58;

hep-th/9507164. U–Duality and Symplectic Formulation of Dilaton–Axion Gravity, Phys. Rev. D54 (1996), 1656- 1666; hep-th/9507005.

[9] D.V. Gal’tsov and S.A. Sharakin, Matrix Ernst Potentials for EMDA with Multiple Vector Fields Phys. Lett. B399 (1997), 250-257; hep-th/9702039.

[10] O.A. Kechkin and M. Yurova, BPS Solutions in D=5 Dilaton–Axion Gravity, Mod. Phys. Lett. A13 (1998), 219-226; hep-th/9712200.

[11] M.J. Duff, R.R. Khuri and J.X. Lu, String Solitons, Phys.

Rep. 259 (1995), 213-326; hep-th/9412184.

[12] P. Dobiasch and D. Maison, Stationary, Spherically Symmetric Solutions of Jordan’s Unified Theory of Gravity and Electromagnetism, Gen. Rel. Grav. 14 (1982), 231- 242.

[13] D.J. Gross and M.J. Perry, Magnetic Monopoles in Kaluza–Klein Theories, Nucl. Phys. B226 (1983), 29-48.

[14] R.D. Sorkin, Kaluza–Klein Monopole, Phy. Rev. Lett. 51 (1983), 87-90.

[15] G. Clément, Stationary Solutions in Five–Dimensional General Relativity, Gen. Rel. Grav. 18 (1986), 137-160; Solutions of Five–Dimensional General Relativity without Spatial Symmetry, ibid. (1986), 862-877.

[16] G. Gibbons and D. Wiltshire, Black Holes in Kaluza– Klein Theory, Ann. Phys. 167 (1986) 201-223; Erratum: ibid 176 (1987), 393.

[17] V. Frolov, A. Zelnikov and U. Bleyer, Charged Rotating Black Holes from Five–Dimensional Point of View, Ann. der Physik (Leipzig) 44 (1987), 371-377.

[18] G.W. Gibbons and K. Maeda, Black Holes and Membranes in Higher Dimensional Theories with Dilaton Fields, Nucl. Phys. B298 (1988) 741-775.

[19] D. Rasheed, The Rotating Dyonic Black Holes of Kaluza–Klein Theory, Nucl. Phys. B454(1995)379-401;

hep-th/9505038.

[20] J.H. Horne and G.T. Horowitz, Rotating Dilaton Black Holes, Phys. Rev. D46 (1992), 1340-1346;

hep-th/9203083.

[21] M.S. Costa, Composite M–branes, Nucl. Phys. B490 (1997), 202-216; hep-th/9609181. Black Composite M– branes, ibid B495 (1997), 195-205; hep-th/9610138.