hep-th/9902130 18 Feb 1999

MASS AND DECAY SPECTRA OF THE PIECEWISE UNIFORM STRING

I. BREVIK, A.A. BYTSENKO, AND A.E. GONÇALVES

Abstract. Mass and decay spectra are calculated for quantum massive exitations of a piecewise uniform bosonic string. The physical meaning of the critical temperatures characterising the radiation in the decay of a massive microstate in string theory is discussed.

The composite string, in which the (relativistic) string is assumed to consist of two (or more) separately uniform pieces, is a variant of the conventional theory. This theory has been generalized and further studied from various points of view [1] - [11]. The composite string model may serve as a useful two-dimensional field theoretical model. Usually, a two-dimensional field theory describes a particular classical solution of string theory by constructing a matter system. The vanishing total central charge of a system ensures the existence of a BRST operator, playing a crucial role in world-sheet and space-time gauge invariance. Such an operator can be interpreted as a generator of linearized gauge transformations, mixing ghosts and matter.

It is very important that two-dimensional topological field theories (like ordinary string models) can sometimes be given space-time interpretations for which the usual decoupling of ghosts and matter does not hold. For example, three-dimensional Chern-Simons gauge theory can arise as a string theory [12]. Relations between gauge fields and strings present fascinating and unanswered questions. The full answer to these questions is of great importance for theoretical physics. It will provide the true gauge degrees of freedom of the fundamental string theories, and therefore also of gravity [13].

1. In this paper we consider the motion of a two-piece classical string in flat D-dimensional space-time. Following the notation in [14] we let

Date: February, 1999.

PACS numbers: 03.70.+k, 05.70.Ce, 11.10.Kk, 11.25.-w.

Second author partially supported by a CNPq grant (Brazil), RFFI grant (Russia) No 98-02-18380-a, and by GRACENAS grant (Russia) No 6-18-1997. 1

X^μ(σ, τ ) (μ = 0, 1, 2, · · · (D − 1)) specify the coordinates on the world sheet. The action has the form S = − 1 2 ∫ dτ dσT (σ)η^{αβ}∂_αX^μ∂_βX_μ, (1) where T (σ), the position-dependent tension T (σ) = T_I +(T_{II} −T_I)θ(σ − L_I), contains the step function θ(y > 0) = 1, θ(y < 0) = 0. The tensions T_I and T_{II} are associated with the pieces L_I and L_{II} of the string. The momentum conjugate to X^μ is P^μ(σ) = T (σ)Ẋ^μ. The Hamiltonian of the two-dimensional sheet becomes accordingly H = ∫ π 0 [ P_μ(σ)Ẋ^μ − L ] dσ = 1 2 ∫ π 0 T (σ)(Ẋ^2 + X^{′2})dσ, (2)

where L is the Lagrangian. The basic condition that we shall impose, is that H = 0 when applied to the physical states. This is a more weak condition than the strong condition T_{αβ} = 0 (α, β = 0, 1) on the energy-momentum tensor, applicable for a uniform string.

2. We quantize the system according to conventional methods as presented in Ref. [10] (see for detail Ref. [14]). In accordance with the canonical prescription in region I the equal-time commutation rules are required to be

T_I[Ẋ^μ(σ, τ ), X^ν(σ^′, τ )] = −iδ(σ − σ^′)η^{μν} , (3) and in region II

T_{II}[Ẋ^μ(σ, τ ), X^ν(σ^′, τ )] = −iδ(σ − σ^′)η^{μν} , (4) where η^{μν} is the D-dimensional metric. These relations are in conformity with the fact that the momentum conjugate to X^μ is in either region equal to T (σ)Ẋ^μ. The remaining commutation relations vanish:

[X^μ(σ, τ ), X^ν(σ^′, τ )] = [Ẋ^μ(σ, τ ), Ẋ^ν(σ^′, τ )] = 0. (5) The quantities to be promoted to Fock state operators are α_{∓n}(s) and α̃_{∓n}(s) (first branch, region I), γ_{∓n}(s) (first branch, region II), α_{∓n}(s^{−1}) and α̃_{∓n}(s^{−1}) (second branch, region I), and γ_{∓n}(s^{−1}) (second branch, region II), where s = L_{II}/L_I. These operators satisfy α^μ_{−n}(s) = α^{μ†}_n (s), γ^μ_{−n}(s) = γ^{μ†}_n (s), α^μ_{−n}(s^{−1}) = α^{μ†}_n (s^{−1}), γ^μ_{−n}(s^{−1}) = γ^{μ†}_n (s^{−1}), (6) for all n.

For the first branch we then get

[α^μ_n(s), α^ν_m(s)] = nδ_{n+m,0}η^{μν} , [γ^μ_n (s), γ^ν_m(s)] = 4nxδ_{n+m,0}η^{μν} , (7) with a similar relation for the α̃_n. Here we put x = T_I/T_{II}. For the second branch we get analogously

[α^μ_n(s^{−1}), α^ν_m(s^{−1})] = nδ_{n+m,0}η^{μν} , [γ^μ_n (s^{−1}), γ^ν_m(s^{−1})] = 4nxδ_{n+m,0}η^{μν} . (8) By introducing annihilation and creation operators for the first branch in the following way:

α^μ_n(s) = √ na^μ_n(s), α^μ_{−n}(s) = √ na^{μ†}_n (s), γ^μ_n (s) = √ 4nxc^μ_n(s), γ^μ_{−n}(s) = √ 4nxc^{μ†}_n (s), (9) we find for n ≥ 1 the standard form

[a^μ_n(s), a^{ν†}_m (s)] = [c^μ_n(s), c^{ν†}_m (s)] = δ_{nm}η^{μν}. (10) The commutation relations for the second branch are analogous, only with the replacement s → s^{−1}. In the following we shall limit ourselves to the first branch only. The Hamiltonians and mass are given by

H_I = −

M^2x 2st(s) + 1 2 ∞∑ n=1 ω_n(s)[a^†_n(s) · a_n(s) + ã_n^†(s) · ã_n(s)], (11)

H_{II} = −

M^2 2t(s) + s ∞∑ n=1 ω_n(s)c^†_n(s) · c_n(s), (12)

M^2 = t(s) 24∑ i=1 ∞∑ n=1 ω_n(s)[a^†_{ni}(s)a_{ni}(s) + ã^†_{ni}ã_{ni}(s) − 2] +2st(s) 24∑ i=1 ∞∑ n=1 ω_n(s)[c^†_{ni}(s)c_{ni}(s) − 1]. (13)

where ω_n(s) = (1 + s)n, t(s) = πT_{II}s/(s + 1) and we have used the notation c^†_nc_n ≡ c^{μ†}_n c_{nμ}. We have here put D = 26, the commonly accepted space-time dimension for the bosonic string. As usual, the c_{ni} denote the transverse oscillator operators (here for the first branch).

The free energy of the field content in the ”proper time” representation can be written as follows [10] F = − 1 24 (s + 1 s − 2) − 2^{−40}π^{−26}t(s)^{−13} × ∫_∞ 0 dτ_2 τ^{14}_2

∫_1/_2 −1/2 dτ_1 [ θ_3 ( 0| iβ^2t(s) 8π^2τ_2 ) − 1 ]

×|η[(1 + s)τ ]|^{−48}η[s(1 + s)(τ − τ)]^{−24}, (14) where we integrate over all possible non-diffeomorphic toruses which are characterized by a single Teichmüller parameter τ = τ_1 + iτ_2. In Eq. (14) the Dedekind η-function and the Jacobi θ_3-function η(τ ) = e^{πiτ12} ∞∏ n=1 (1 − e^{2πinτ} ), (15)

θ_3(v|x) = ∞∑ n=−∞ e^{ixn2+2πivn}, (16) and the condition η(−τ) = η(τ ) has been used. Once the free energy has been found, the other thermodynamic quantities can readily be calculated. For instance, the energy U and the entropy S of the system are U = ∂(βF )/∂β, S = β^2∂F/∂β. The integrand in Eq. (14) is ultraviolet finite if β > β_c = 4 s √ π(1 + s)

T_{II}

. (17)

For a fixed value of T_{II} the Hagedorn temperature is thus depends on s. Finally, let us consider the limiting case in which one of the pieces of the string is much shorter than the other. Physically this case is of interest, since it corresponds to a point mass sitting on a string. Since we have assumed that s ≥ 1, this case corresponds to s → ∞. We let the tension T_{II} be fixed, though arbitrary. It is seen, first of all, that the Hagedorn temperature (17) goes to infinity so that F is always ultraviolet finite, β_c → 0, T_c → ∞. Next, since exp (−β^2t(s)/8π^2τ_2) can be taken to be small we obtain

F_{(β→0)} = − s 24 − (8π^3T_{II})^{−13} ∫_∞ 0 dτ_2 τ^{14}_2

∫_1/_2 −1/2 dτ_1 × exp ( − β^2T_{II} 8πτ_2 ) |η[(1 + s)τ ]|^{−48}η[s(1 + s)(τ − τ )]^{−24}. (18)

Physically speaking, the linear dependence of the first term in Eq. (18) reflects that the Casimir energy of a little piece of string embedded in an essentially infinite string has for dimensional reasons to be inversely proportional to the length L_I = π/(1 + s) ≃ π/s of the little string. The first term in (18) is seen to outweigh the second, integral term, which goes to zero when s → ∞.

3. The spectrum for the decay of a massive initial state |Φ > of momentum p_μ = (M, 0) into state |Φ_X > ⊗|k_μ > with momentum k_μ (k^2 = 0) can be presented by the modulus squared of the amplitude summed over all state |Φ_X >. The initial state |Φ > in string theory characterized by a partition {N_n} of N = ∑_∞ n=1 ω_nN_n, where N_n = ∑ j α^†_{nj} α_{nj} is the occupation number of the n− th mode. The inclusive photon spectrum for the decay of state Φ_{{Nn}} is given by the sum over all states Φ_X satisfying the mass condition and has the form [15]

dΓ_{Φ{Nn}}(k_0) = ∑ {ΦX } | < Φ_X |V (k)|Φ_{{Nn}} > |^2Vol(S^{D−2})k^{D−3}_0 dk_0. (19)

Here Vol(S^{D−2}) = 2π^{(D−1)/2}[Γ((D − 1)/2)]^{−1}, the photon vertex operator V (k) is given by V (k) = ξ_μ∂_τ X^μ(0) exp(ik.X(0)), ξ_μ is the photon polarization vector and ξ_μk^μ = 0. It can be shown that non-planar contribution does not change the above result [15].

Let m_0 and ω_0 be the Kaluza-Klein momentum and winding number associated with the state of closed string compactified on a circle of radius R. For the piecewise uniform string the calculation of spectrum factorizes into left-right parts of branch I, and a branch II (note also that [H_I, H_{II}] = 0). Following the calculation presented in [15] we obtain the final result:

dΓ_{Φ(I,II)}(k_0) = Cξ^2M^2 3∏ ℓ=1 e^{− k0T}ℓ 1 − e^{− k0Tℓ} Vol(S^{D−2})k^{D−1}_0 dk_0, (20)

where C is some constant. For the region II the critical temperature is T_1 = T_c = β^{−1}_c , while for the region I the temperatures related with right- and left-moving modes are correspondingly given by T_2 = 2(M^2− Q^2_+)^{1/2}/(aM), T_3 = 2(M^2 − Q^2_−)^{1/2}/(aM), where Q_± = m_0/R ± ω_0R and a = 2π[(D − 2)/6]^{1/2}.

The decay spectrum can be given by analogy with black holes [16]:

dΓ_{Φ(I,II)}(k_0) = Cξ^2M^2Σ(k_0) e^{−k0/T} 1 − e^{−k0/T} Vol(S^{D−2})k^{D−2}_0 dk_0, (21)

Σ(k_0) = k_0e^{−k0/T1} ( 1 − e^{−k0/T} )^3∏ ℓ=1 [ 1 − e^{−k0/Tℓ} ]_{−1} , (22)

the factor Σ(k_0) depends on temperature T , where T^{−1} = T^{−1}_2 + T^{−1}_3 . The radiative spectrum from microscopic string states related with region I and II is exactly thermal. When M ≃ Q_+, T_2 ≃ T_3 = 2 ( M^2 − Q^2_+

)_1/_2

/(aM) radiation vanishes. The same situation occur when s ≃ 0 (T_c ≃ 0).

Our fundamental theory is based upon the following two conditions at the junctions: the transverse displacement itself, as well as the transverse force, has to be continuous. Moreover, we make two simplifying assumptions: first, the tension ratio x is taken to be small, x → 0. This assumption implies that the eigenvalue spectrum for the composite string becomes quite simple: there are two branches, the first branch corresponding to ω_n(s) = (1 + s)n while the second branch corresponding to ω_n(s^{−1}) = (1 + s^{−1})n, with n an integer. Our second assumption is that s is an integer.

We consider the first branch only. The right- and left-moving amplitudes in region I can be chosen freely, while the amplitudes in region II are thereafter fixed. The oscillations in region I are therefore as for a closed string, whereas the oscillations in region II are standing waves, corresponding to an open string. This is the physical background why there is only one single critical temperature T_c in region II in Eqs.(20) and (22), while there are two critical temperatures T_2 and T_3 in region I. It should be emphasized once more that our composite string is relativistic, in the sense that the transverse velocity of sound is everywhere in the string equal to velocity of light. How to construct a composite string theory in the absence of this relativistic requirement is not known.

Finally we note that the black hole entropy behaviour can be understood in terms of the degeneracy of some interacting fundamental string excitation mode. Generally speaking the fundamental string and p-brane approach can yield a microscopic interpretation of the entropy. It will be interesting to consider phases of the piecewise uniform (super) string and the Bekenstein- Hawking entropies of black holes associated with this string. The entropies can be derived by counting black hole microstates; the laws of black hole dynamics could then be identified with the laws of thermodynamics. We hope that the proposed calculation will be of interest in view of future applications to concrete problems in string theory, quantum gravity and in black hole physics.

References

[1] I. Brevik and H.B. Nielsen, Phys. Rev. D 41, 1185 (1990). [2] X. Li, X. Shi and J. Zhang, Phys. Rev. D 44, 560 (1991). [3] S.D. Odintsov, Revista del Nuovo Cimento 15, 1 (1992). [4] I. Brevik and E. Elizalde, Phys. Rev. D 49, 5319 (1994). [5] I. Brevik and H.B. Nielsen, Phys. Rev. D 51, 1869 (1995). [6] I. Brevik, H.B. Nielsen and S.D. Odintsov, Phys. Rev. D 53, 3224 (1996). [7] S.S. Bayin, J.P. Krisch and M. Ozcan, J. Math. Phys. 37, 3662 (1996). [8] I. Brevik and R. Sollie, J. Math. Phys. 38, 2774 (1997).

[9] M.H. Berntsen, I. Brevik and S.D. Odintsov, Ann. Phys. (NY) 257, 84 (1997).

[10] I. Brevik, A.A. Bytsenko and H.B. Nielsen, Class. Quantum Grav. 15, 3383 (1998).

[11] I. Brevik, \Casimir Theory of the Relativistic Piecewise Uniform String", hepth/9811219.

[12] E. Witten, \Chern-Simons Gauge Theory as a String Theory", hepth/9207094.

[13] S. S. Gubser, I. R. Klebanov, and A. M. Polyakov, \Gauge Theory Correlators from Non-Critical String Theory", hep-th 9802109.

[14] M.B. Green, J.H. Schwarz and E. Witten, \Superstring Theory", Vol. 1 (Cambridge Univ. Press, Cambridge, 1987).

[15] D. Amati and J.G. Russo, \Fundamental Strings as Black Bodies", hepth/9901092.

[16] J.M. Maldacena and A. Strominger, Phys. Rev. D 55, 861 (1997).

Applied Mechanics, Norwegian University of Science and Technology, N-7034 Trondheim, Norway E-mail address: Iver.H.Brevik@mtf.ntnu.no

Departamento de Fisica, Universidade Estadual de Londrina, Caixa Postal 6001, Londrina-Parana, Brazil E-mail address: abyts@fisica.uel.br

Departamento de Fisica, Universidade Estadual de Londrina, Caixa Postal 6001, Londrina-Parana, Brazil E-mail address: goncalve@fisica.uel.br