hep-th/9902153 22 Feb 1999

UTTG–02–99

hep-th/9902153

February 22, 1999

Correlation Functions of Operators and Wilson Surfaces in the d = 6, (0, 2) Theory in the Large N Limit

Richard Corrado, Bogdan Florea, and Robert McNees^�

Theory Group, Department of Physics University of Texas at Austin Austin TX 78712 USA

Abstract

We compute the two and three-point correlation functions of chiral primary operators in the large N limit of the (0, 2), d = 6 superconformal theory. We also consider the operator product expansion of Wilson surfaces in the (0, 2) theory and compute the OPE coefficients of the chiral primary operators at large N from the correlation functions of surfaces.

∗Research supported in part by the Robert A. Welch Foundation and NSF Grant PHY 9511632. Email: rcorrado, bogdan, mcnees@zippy.ph.utexas.edu

1. Introduction

The existence of the (0, 2) tensor multiplet in d = 6 has been known for a long time, but, until the last few years, there was no evidence suggesting the existence of nontrivial field theories for d > 4. This situation has changed with the discovery that interacting (0, 2) superconformal theories exist in compactifications of the IIB string on a K3 surface [1], as well as on the worldvolume of the M-theory 5-brane [2,3]. These theories are of great interest in themselves, but they are also important because they have applications [4–6] to matrix theory [7], as well to the study of 4-dimensional field theories, including the large N limit of QCD [8].

Although many features of these nontrivial superconformal field theories were evident within their string and M-theory realizations, it is only recently that methods were developed to permit detailed computations within them. Important steps toward a deeper understanding of these theories were made after realizing their importance in the compactification of matrix theory. Soon afterwards, it was realized that the (0, 2) theory had its own description as a matrix model [9–11]. This idea was carefully developed in [12], where the construction of states and the computation of correlation functions in a discrete light-cone quantization was discussed.

Another route towards the study of interacting superconformal field theories appears in the correspondence between anti–de Sitter (AdS) spaces and conformal field theories (CFTs) [13–15]. One aspect of this connection is that the large N limit of the (0, 2) theory is described by supergravity on AdS_7 × S^4. The correspondence between SCFT operators and supergravity Kaluza-Klein modes in this case was carried out in a series of papers [16–19].

In this paper, motivated by the success in computing correlation functions of the N = 4, D = 4 SCFT from supergravity, we compute correlation functions in the large N limit of the (0, 2) theory.

In section 2, we review several features of the (0, 2) theory, in particular the chiral primary operators that we will be interested in for our computations. In section 3, we perform the supergravity computations that allow us to extract the 3-point function of the chiral primary operators of the (0, 2) theory. We use the quadratic corrections to the equations of motion to find the necessary cubic terms in the action to compute the 3-point function of the chiral primary operators, as well as the 3-point function of two chiral primaries with a certain higher dimensional operator. In an appendix, we point out some subtleties in the computation of the quadratic action for the scalars corresponding to the chiral primary operators.

In section 4, we consider the operator product expansion (OPE) of Wilson surfaces of the (0, 2) theory. We identify the operators which are allowed to appear in the OPE and explicitly compute the OPE coefficients of the chiral primary operators by computing correlation functions of Wilson surfaces.

In the conclusion, we comment on our results and point to avenues of further research. Several appendices collect results which were useful in obtaining the correlation functions.

2. Review of the Properties of the (0, 2) Theory

In the following, we will briefly review some of the features of the (0, 2) field theory. For an additional discussion, see [20] and the references therein.

In six dimensions, the vector of SO(5, 1) appears in the antisymmetric product of two 4s of the Spin(4) ∼ SU(2) × SU(2) little group, 4 × 4 = 6_a ⊕ 10_s, so that spinors in six dimensions may be taken to be symplectic-Majorana-Weyl. The supercharges of (0, 2) SUSY, Q^a_α, carry a Spin(4) spinor index, α, and an Sp(2)_R ∼ SO(5) index, a, labeling the 4. The supersymmetry algebra is {Q^a_α, Q^b_β} = 2ω^{ab}γ^μ_{αβ}P_μ + γ^μ_{αβ}Z^{ab}_μ , (2.1) where ω^{ab} is the Sp(2)-invariant tensor. A central charge Z^{ab}_μ is allowed. This central charge must transform as a Lorentz vector (as such, it couples to a string) and under the 5 of Sp(2)_R. The only massless representation of (2.1) that does not involve a graviton is the tensor multiplet. Labeling fields by their SU(2) × SU(2) × Sp(2)_R representations, the tensor multiplet contains a 2-form, B_{μν} , in the (1, 3; 1) whose field strength H = dB is (anti) self-dual, four fermions, λ^a_α, in the (2(1, 2); 4), and five scalars, ϕ^{ab}, in the (1, 1; 5).

The tensor multiplet appears on the M5-brane in the following fashion. The M5-brane is a BPS state in D = 11 supergravity which preserves 16 of the 32 bulk supercharges. By considering the spectrum of fluctuations around the 5-brane supergravity solution, one finds 16 fermionic and eight bosonic zero modes [21]. Five of the bosonic zero modes are translational, corresponding to fluctuations in the directions transverse to the brane, so they form a 5 of the Spin(5) component of the broken 11-dimensional Lorentz group. The other 3 bosonic modes come from fluctuations of the bulk 3-form and are arranged in an antisymmetric 2-form on the 5-brane worldvolume. The fermionic degrees of freedom form a 4 of Spin(5). This is exactly the content of the (0, 2) tensor multiplet. An interacting field theory is obtained when one considers a configuration of N parallel 5-branes. In this case, M2-branes are allowed to stretch between the 5-branes [2], leading to N + 1 massless tensor multiplets on the worldvolumes of the M5-branes. Since the worldvolume theory is chiral, there are no additional massless states arising when the 5-branes are coincident. The scalars in one linear combination of these tensor multiplets corresponds to the center-of-mass motion of the collection of 5-branes, so that tensor multiplet is free and decouples from the rest of the theory. The moduli space of scalars in the remaining part of the theory is R^{5N}/S_{N +1}. The scalars, ϕ^i_A, are in the irreducible N of S_{N +1}, labeled by A, while i labels the 5 of the SO(5) R-symmetry. The expectation values of the scalars determine the tensions of the BPS strings which appear at the (2 ⊥ 5|1) brane intersections. Away from the orbifold fixed points, the theory on the 5-branes is free. At the fixed points of the S_{N +1} group, some number of 5-branes coincide. There the theory is an interacting superconformal field theory.

2.1. Chiral Primary Operators of the (0, 2) Theory

We are interested in the chiral primary operators of the (0, 2), d = 6, U(N) field theory. In [22,23,12], unitarity bounds on the dimensions of operators are obtained. For states which are Lorentz singlets and have Sp(2) Dynkin labels (l, k), there are superconformal primaries at dimension 2(l + k) with a null vector at level^1_2 , at dimension 2(l + k) + 2 with a null vector at level 1, at dimension 2(l + k) + 4 with a null vector at level^3_2 , and at dimension 2(l + k) + 6 with a null vector at level 2. All of these states belong to short multiplets, so we expect that the corresponding operators have conformal dimensions which are protected. We will refer to the primary operators of the shortest of these multiplets as chiral primary operators.

From these results, it is evident that a rank k symmetric, traceless tensor representation of SO(5), with Sp(2) Dynkin label (0, k), is a chiral primary field of dimension Δ = 2k. That such states actually exist in the (0, 2) theory was found in the discrete light-cone quantization (DLCQ) approach of [12]. Away from the S_{N +1} fixed point, operators of these dimensions and quantum numbers have a realization in terms of S_{N +1} invariant, symmetric traceless (in the SO(5) indices) products of k free scalars. At the fixed point, it is not clear that this realization makes any sense, so we will not pursue it further. We will simply denote these chiral primaries as O^I .

Correlation functions of these operators are restricted by conformal invariance. The two-point function is determined up to a free constant, which can be taken to be unity

⟨O^{I1} (x_1)O^{I2} (x_2)⟩ = δ^{I1I2} |x_1 − x_2|^{4k}

. (2.2)

Three-point functions are similarly constrained

⟨O^{I1} (x_1)O^{I2} (x_2)O^{I3} (x_3)⟩ = c_3 ⟨C^{I1} C^{I2} C^{I3} ⟩ |x_1 − x_2|^{4α3}|x_2 − x_3|^{4α1}|x_3 − x_1|^{4α2}

, (2.3)

where we have denoted the symmetric, traceless SO(5) tensors by C^I_{i1···ik} , defined such that the spherical harmonics on S^4 are Y^I = C^I_{i1···ik} x^{i1} · · · x^{ik} , with a normalization such that

C^{I1}_{i1···ik} C^{I2i1···ik} = δ^{I1I2} . The quantity ⟨C^{I1} C^{I2} C^{I3} ⟩ = C^{I1}_{i1···iα2+α3} C^{I2 i1···iα3}_{j1···jα1} C^{I3 iα3+1···iα3+α2 j1···jα1} , α_i =^1_2 3∑ j=1 k_j − k_i, Σ = k_1 + k_2 + k_3,

(2.4)

is the SO(5) invariant contraction of three C^I_{i1···ik} . Our goal in section 3 will be to obtain the coefficient of this 3-point function in the large N limit.

2.2. The (0, 2), d = 6 SCFT and Supergravity on AdS_7 × S^4

Information about the (0, 2) theory at the fixed point can be obtained from its realization on the M5-brane worldvolume. One begins by considering the M-Theory solution for a large number, N, of coincident M5-branes. Next, the limit M_P → 0 is taken, while keeping the tensions of the strings on the 5-branes (due to membranes which stretch between the 5- branes) fixed. The result is M-Theory on AdS_7×S^4. For large enough N, the curvature is very small in Planck units, so that classical supergravity is a good approximation to the physics. On the other hand, this is precisely the same limit that leads to the decoupling of bulk modes from the (0, 2) theory on the 5-brane worldvolume. One is lead to the conclusion that the large N limit of the (0, 2) field theory is described by 11D supergravity on AdS_7 × S^4 [13].

A prescription for a generating functional for the correlation functions of operators was given within the AdS/CFT correspondence in [14, 15]. Each operator in the CFT which is chiral, so that its conformal dimension is protected against renormalization, corresponds to a mode of the KK compactification of the supergravity on the compact manifold. The mass of the mode corresponding to an operator of dimension Δ is m^2 = Δ(Δ − d), where d is the number of CFT spacetime dimensions. Then correlation functions may be computed from the formula ⟨ e^{R ϕI0OI} ⟩ CF T ∼ e^{−Ssugra[ϕI0]}, (2.5)

where ϕ_0 is the boundary data for the supergravity mode ϕ^I corresponding to the operator O^I and S_{sugra}[ϕ^I_0] is the effective action computed from all tree graphs with external ϕ legs.

In the case of the (0, 2) theory, this correspondence was discussed by [16–19]. The chiral primary operators have conformal weight Δ = 2k, so they correspond to KK-scalars, s^I with masses M^2_s = 4k(k − 3). These scalars arise as linear combinations of the harmonic modes of the trace of the metric and the 3-form with indices on the sphere.

In order to compute 2 and 3-point functions in the large N limit of the (0, 2) theory via the prescription (2.5), the supergravity action must be computed to cubic order in the modes s^I . In the next section, we discuss in detail the identification of the mode s^I and the other supergravity modes which are related to it via constraint equations. We then follow the methodology of [24] to compute the cubic action from quadratic corrections to the supergravity equations of motion. The cubic action is then used to obtain 2 and 3-point correlation functions of the (0, 2) theory at large N.

3. Correlation Functions from Supergravity

The spectrum of states of supergravity on AdS_7 × S^4 have been worked out via linearization around a Freund-Rubin background in [25,26], as well as via the oscillator formalism in [27]. Here we present the equations of motion and background appropriate to the correspondence with the (0, 2) theory and identify the modes s^I corresponding to the CPOs. We then consider quadratic corrections to the equation of motion [24] and extract the normalization of the quadratic action for s^I and the cubic s-s-s vertex. With this action, we derive the large N result for the 3-point function (2.3) of normalized operators.

3.1. 11D Supergravity on AdS_7 × S^4: Background and Scalar Fluctuations

We start with the action for 11D supergravity

S_{sugra} = 1 2κ^2 ∫ d^{11}x [√ −G ( R − 1 24 (F_{m1···m4} )^2 )

+ 2 √ 2 (144)^2 ϵ^{m1···m11} F_{m1···m4} F_{m5···m8} A_{m9···m11} ] . (3.1)

We choose units in which R_{AdS} = 1, then R_{S4} = 1/2 and 1 2κ^2 = 2N^3 π^5

. (3.2)

Varying (3.1) with respect to the metric results in the equation of motion (after eliminating R) R_{mn} = 1 6 ( F_{mm1···m3} F_n^{m1···m3} − 1 12 g_{mn}F^2 ) . (3.3)

Varying with respect to the 3-form A_{mnp} yields the Maxwell equations ∇^mF_{mm1···m3} = − √ 2 1152 ϵ_{m1···m3}^{m4···m11} F_{m4···m7} F_{m8···m11} . (3.4)

The AdS_7 × S^4 background with R_{AdS} = 1 is given by

ds^2 = 1 z^2 ( dz^2 + η_{ij}dx^idx^j ) + 1 4 dΩ^2_4, η_{ij} = diag(−1, 1, . . . , 1),

R_{μ1···μ4} = −(g_{μ1μ3} g_{μ2μ4} − g_{μ1μ4} g_{μ2μ3} ), R_{μν} = −6g_{μν} , R^{(7)} = −42, R_{α1···α4} = 4(g_{α1α3} g_{α2α4} − g_{α1α4} g_{α2α3} ), R_{αβ} = 12g_{αβ}, R^{(4)} = 48, F̄_{α1···α4} = 3 √ 2ϵ_{α1···α4} . (3.5)

where μ, ν, . . . correspond to AdS indices, while α, β, . . . correspond to the sphere. Now we would like to expand around the background (3.5). This is simplified if we Weyl-rescale the metric on AdS. Then the fluctuations are defined as: G_{mn} = g_{mn} + h_{mn}, h_{μν} = h^′_{(μν)} + ( h^′ 7 − h_2 5 ) g_{μν} , h_{αβ} = h_{(αβ)} + h_2 4 g_{αβ}, F_{m1···m4} = F̄_{m1···m4} + f_{m1···m4} , f_{m1···m4} = 4∇_{[m1} a_{m2m3m4]},

(3.6)

where (mn) denotes symmetrization and removal of the trace. The dependence on the coordinates of the sphere is best determined by expanding the fluctuations in a basis of spherical harmonics. With the gauge choices ∇^αh_{(αβ)} = ∇^αh_{μα} = ∇^αa_{αmn} = 0, the fluctuations which we are interested in have the expansions

h^′_{(μν)} = ∑ I h^{′I}_{(μν)}Y^I , h_{(αβ)} = ∑ I ϕ^I Y^I_{(αβ)} h^′ = ∑ I h^{′I} Y^I , h_2 = ∑ I h^I_2Y^I , f_{α1···α4} = −6 ∑ I b^I ϵ_{α1···α4} ∇^β∇_βY^I , f_{μα1···α3} = 6 ∑ I ∇_μb^I ϵ_{α1···α4} ∇^{α4}Y^I .

(3.7)

By expanding the αβ components of (3.3) to linear order and projecting onto linearly independent spherical harmonics, one finds the field equations and constraint − 1 8 [( ∇^μ∇_μ + 1 10 ∇^γ∇_γ − 72 ) h^I_2 + ∇^γ∇_γh^{′I} − 192 √ 2∇^γ∇_γb^I ] Y^I = 0, (3.8)

− 1 2 [∇^μ∇_μ + ∇^γ∇_γ − 8] ϕ^I Y^I_{(αβ)} = 0, (3.9)

− 1 2 [ h^{′I} − 9 10 h^I_2 ] ∇_{(α}∇_{β)}Y^I = 0. (3.10)

Among the μα components, we find the constraint 1 2 [ ∇^νh^{′I}_{μν} + 3∇_μ ( 3 40 h^I_2 − 1 7 h^{′I} + 6 √ 2b^I )] ∇_αY^I = 0, (3.11)

where we neglect terms involving h_{μα}. From the ∇^mF_{mα1···α3} component of (3.4), we find another field equation,

−6b^I ∇_α∇^γ∇_γY^I − 6 [ ∇^μ∇_μb^I − 1 2 √ 2 h^{′I} + 3 √ 2 5 h^I_2 ] ∇_αY^I = 0. (3.12)

When ∇_{(α}∇_{β)}Y^I ≠ 0, (3.10) can be solved for h^′ in terms of h_2. Then from (3.8) and (3.12), after applying the eigenvalue equation (D.3) for the spherical harmonics, we find the coupled equations of motion [ ∇^μ∇_μ + 4 ( −k(k + 3) 9 −4k(k + 3) −k(k + 3) − 18 )] ( 48 √ 2b^I h^I_2 ) Y^I = 0. (3.13)

The mass eigenvalues and eigenvectors of this pair of equations are

s^I = k 2k + 3 ( h^I_2 + 32 √ 2(k + 3)b^I ) , m^2_s = 4k(k − 3), k ≥ 2,

t^I = k + 3 2k + 3 ( h^I_2 − 32 √ 2kb^I ) , m^2_t = 4(k + 3)(k + 6), k ≥ 0.

(3.14)

The mode s^I has the right mass to correspond to a Δ = 2k operator. Since it has an expansion on S^4 in terms of scalar spherical harmonics of degree k ≥ 2, each mode transforms in the rank k symmetric traceless tensor representation of SO(5). These are the same representations as the chiral primaries O^I , so we conclude that the s^I are the corresponding supergravity modes [16–19].

We will also be interested in the modes ϕ^I appearing in (3.9). Applying the eigenvalue formula for the tensor spherical harmonics (D.13), we find from (3.9) that these have masses

m^2_ϕ = 4k(k + 3), k ≥ 2. (3.15)

The SO(5) representation of these modes is that of the rank 2 symmetric, traceless spherical harmonics, namely the (2, k), where we again use the Sp(2) Dynkin labels to denote the representation. From the bounds quoted in section 2.1, an operator in this representation of dimension Δ = 2(2 + k) + 2 = 2k + 6 will be protected. This is precisely the conformal dimension one predicts from the mass formula (3.15). We will denote these operators as Φ^I .

3.2. The Action to Cubic Order for the Modes s^I and ϕ^I

Now we would like to derive the action to cubic order for these modes. We first identify the supergravity fields that depend on s^I . For our purposes, we can ignore the mass eigenstate t^I in (3.14). This mode corresponds to a scalar operator with dimension Δ = 2k + 12 and is not of immediate relevance to our discussion. We can therefore solve (3.14) for h^I_2 and b^I in terms of s^I . From the constraint (3.10), the modes h^{′I} are obtained in terms of s^I through their dependence on h^I_2. Additionally, we have to solve the constraint (3.11) to find the dependence of h^{′I}_{(μν)} on s^I. To do this, we note that the only way to get a symmetric traceless tensor from a scalar is to act with covariant derivatives, so we choose the ansatz

h^{′I}_{(μν)} = H^{′I}_{(μν)} + α∇_{(μ}∇_{ν)}s^I , (3.16)

where H^{′I}_{(μν)} is independent of s^I (so we can ignore it for our purposes) and is divergenceless, ∇^μH^{′I}_{(μν)} = 0. We then compute the normalization α by putting s^I on shell and solving the constraint (3.10). We find that h^I_{αβ} = h^I_{(αβ)} + g_{αβ}V (k)s^I , h^I_{μν} = W (k)∇_{(μ}∇_{ν)}s^I + g_{μν} U(k)s^I , b^I = X(k)s^I , (3.17)

where

V (k) = 1 4 , U(k) = − 1 14 , W (k) = 3 16k(2k + 1) , X(k) = 1 32 √ 2k . (3.18)

For the ϕ^I modes, from the supergravity action (3.1) we find the quadratic Lagrangian

L[ϕ^I ] = − B_I 2 [ (∇_μϕ^I )^2 + 4k(k + 3)(ϕ^I )^2 ] , B_I = z(k) 2 2N^3 π^5 . (3.19)

We note that this action is canonical and that the mode dependence of the normalization is due solely to the properties of the spherical harmonics. In particular, no subtleties arising from the boundary of AdS_7 are encountered.

For the modes, s^I , the computation of the quadratic action is more complicated. Imposing the constraint (3.11) by simple substitution of the solution (3.16) leads to terms in the action with higher derivatives, of the form (∇_{(μ}∇_{ν)}s^I )^2 and (∇_ρ∇_{(μ}∇_{ν)}s^I )^2. In [24], where the analogous modes on AdS_5 × S^5 were studied, it was proposed to deal with these terms by computing the action on shell as a function of boundary values. We find that this procedure fails, both for AdS_5 × S^5 and AdS_7 × S^4, to produce a normalization consistent with the quadratic equations of motion. For the completeness of our discussion we present the details of these computations in Appendix B and comment on why they fail, but we will not need the (misleading) results to compute the correlation functions.

It turns out that the simplest way of obtaining both the quadratic^1 and cubic terms in the action for the s^I is by computing quadratic corrections to the equations of motion. Once we have these corrections, we promote them to an action, as explained in [24]. To this end, the quadratic corrections to equations (3.8), (3.10), (3.12), and (3.9) are computed in appendix C.

With Q^I_ϕ from (C.13), we can compute the s-s-ϕ vertex. Note that the ss corrections to (3.9) can be written in the form

(∇^μ∇_μ − f_1) ϕ^{I1} =2Q^{I1}_ϕ =D^ϕ_{I1I2I3} s^{I2} s^{I3} + E^ϕ_{I1I2I3} ∇^μs^{I2} ∇_μs^{I3} + F^ϕ_{I1I2I3} ∇^{(μ}∇^{ν)}s^{I2} ∇_{(μ}∇_{ν)}s^{I3} .

(3.20)

The change of variables ϕ^{I1} = ϕ̃^{I1} + J^ϕ_{I1I2I3}s̃^{I2}s̃^{I3} + L^ϕ_{I1I2I3} ∇^μs̃^{I2} ∇_μs̃^{I3} ,

J^ϕ_{I1I2I3} = 1 2 E^ϕ_{I1I2I3} − 1 4 (m^2 + m^2_3 − f_1 − 12)F^ϕ_{I1I2I3} ,

L^ϕ_{I1I2I3} = 1 2 F^ϕ_{I1I2I3} , (3.21)

leaves the normalization of the quadratic action for s^I and ϕ^I invariant, but removes the derivatives from the right-hand side of (3.20)

(∇^μ∇_μ − f_1) ϕ̃^{I1} = λ^ϕ_{I1,I2I3}s̃^{I2}s̃^{I3} , (3.22)

where

λ^ϕ_{I1,I2I3} = D^ϕ_{I1I2I3} − (m^2 + m^2_3 − f_1)J^ϕ_{I1I2I3} − 2 7 m^2m^2_3L^ϕ_{I1I2I3}

= − 9a(k_1, k_2, k_3) 64z(k_1) α_1(α_1 − 1)(2α_1 − 3)Σ(Σ + 1)(Σ + 3)

k_2(2k_2 + 1)k_3(2k_3 + 1)

⟨T^{I1} C^{I2} C^{I3} ⟩.

(3.23)

The cubic s-s-ϕ vertex will be obtained from this by multiplication by the normalization B_I of the quadratic action (3.19) for ϕ^I , G^{ϕss}_{I1,I2I3} = − 9N^3 64π^5 α_1(α_1 − 1)(2α_1 − 3)Σ(Σ + 1)(Σ + 3) k_2(2k_2 + 1)k_3(2k_3 + 1) a(k_1, k_2, k_3) ⟨T^{I1} C^{I2} C^{I3} ⟩. (3.24)

1We would like to thank Sangmin Lee for pointing out to us that the computation of the s-s-ϕ vertex allows the computation of the proper quadratic normalization for s^I .

This vertex may also be computed by studying corrections of the form sϕ to the equation of motion (C.4) for the s^I modes, which take the form (∇^μ∇_μ − 4k_1(k_1 − 3)) s^{I1} =D^{(sϕ)}_{I1I2I3} ϕ^{I2} s^{I3} + E^{(sϕ)}_{I1I2I3} ∇^μϕ^{I2} ∇_μs^{I3} + F^{(sϕ)}_{I1I2I3} ∇^{(μ}∇^{ν)}ϕ^{I2} ∇_{(μ}∇_{ν)}s^{I3} .

(3.25)

Again, by a change of variables, this time with s^{I1} = s̃^{I1} + J^{(sϕ)}_{I1I2I3}ϕ̃^{I2}s̃^{I3} + L^{(sϕ)}_{I1I2I3} ∇^μϕ̃^{I2} ∇_μs̃^{I3} ,

J^{(sϕ)}_{I1I2I3} = 1 2 E^{(sϕ)}_{I1I2I3} − 1 4 (f_2 + m^2_3 − m^2_1 − 12)F^{(sϕ)}_{I1I2I3} ,

L^{(sϕ)}_{I1I2I3} = 1 2 F^{(sϕ)}_{I1I2I3} , (3.26)

we can remove the higher derivative terms, obtaining (∇^μ∇_μ − 4k_1(k_1 − 3)) s̃^{I1} = λ^{(sϕ)}_{I2,I1I3}ϕ̃^{I2}s̃^{I3} ,

λ^{(sϕ)}_{I1,I2I3} = − a(k_1, k_2, k_3) 4z(k_2) α_1(α_1 − 1)(2α_1 − 3)Σ(Σ + 1)(Σ + 3) (k_2 − 1)(2k_2 + 3)k_3(2k_3 + 1)

⟨T^{I1} C^{I2} C^{I3} ⟩.

(3.27)

The ϕ-s-s vertex in (3.24) should be obtained by multiplying λ^{(sϕ)}_{I1,I2I3} by the quadratic normalization A_{I2} for the mode s^{I2} . By comparison of these expressions, taking into account a factor of two because the vertex is quadratic in the s^I , we find that the linearized equation of motion for s^I can be obtained from a canonical quadratic action

L[s^I] = − ∑ I A_I 2 [ (∇s^I)^2 + 4k(k − 3)(s^I )^2 ] , A_I =

9(k − 1)(2k + 3)z(k) 16k(2k + 1)

2N^3 π^5 . (3.28)

The s-s-s vertex is computed by considering the ss terms in (C.4) (∇^μ∇_μ − 4k_1(k_1 − 3)) s^{I1} =D_{I1I2I3} s^{I2} s^{I3} + E_{I1I2I3} ∇^μs^{I2} ∇_μs^{I3} + F_{I1I2I3} ∇^{(μ}∇^{ν)}s^{I2} ∇_{(μ}∇_{ν)}s^{I3} ,

(3.29)

where the higher derivative terms are removed by the change of variables s^{I1} = s̃^{I1} + J_{I1I2I3}s̃^{I2}s̃^{I3} + L_{I1I2I3} ∇^μs̃^{I2} ∇_μs̃^{I3} ,

J_{I1I2I3} = 1 2 E_{I1I2I3} − 1 4 (m^2 + m^2_3 − m^2_1 − 12)F_{I1I2I3} ,

L_{I1I2I3} = 1 2 F_{I1I2I3} , (3.30) so that

(∇^μ∇_μ − 4k_1(k_1 − 3)) s̃^{I1} = λ_{I1I2I3}s̃^{I2}s̃^{I3} , λ_{I1I2I3} = − 3a(k_1, k_2, k_3) 32z(k_1) α_1α_2α_3(Σ − 2)(Σ^2 − 1)(Σ^2 − 9) (k_1 − 1)(2k_1 + 3)k_2(2k_2 + 1)k_3(2k_3 + 1) ⟨C^{I1} C^{I2} C^{I3} ⟩. (3.31)

Multiplying this by A_{I1} , as given in (3.28), we obtain a totally symmetric function G_{I1I2I3} = − 27N^3 256π^5 α_1α_2α_3(Σ − 2)(Σ^2 − 1)(Σ^2 − 9) k_1(2k_1 + 1)k_2(2k_2 + 1)k_3(2k_3 + 1) a(k_1, k_2, k_3) ⟨C^{I1} C^{I2} C^{I3} ⟩. (3.32)

Putting these results together, we have computed the following terms in the action for the modes s^I and ϕ^I

L[s^I , ϕ^I] = − ∑ I [ A_I 2 [ (∇s^I )^2 + 4k(k − 3)(s^I )^2 ] + B_I 2 [ (∇_μϕ^I )^2 + 4k(k + 3)(ϕ^I )^2 ] ]

+ ∑ I_1,I_2,I_3 [ G^{ϕss}_{I1,I2I3} ϕ^{I1} s^{I2} s^{I3} + 1 3 G_{I1I2I3} s^{I1} s^{I2} s^{I3} ] + · · · . (3.33)

3.3. Two and Three-Point Correlation Functions at Large N

With an action for the modes s^I computed to cubic order, it is now simple to compute correlation functions of the corresponding chiral primary operators. We are assuming that the operators are normalized (2.5), so the coupling appearing in the generating functional could involve a proportionality constant, i.e., ⟨ e^{R N I sI0OI} ⟩ CF T ∼ e^{−Ssugra[sI0]}. (3.34)

The N^I will be chosen such that the large N two-point function is normalized. From the formula (A.13) that generates the two-point function, we find

⟨O^{I1} (x_1)O^{I2} (x_2)⟩ = 1 (N^I )^2 1 A_I 4(k − 1)(2k − 1)(2k − 3)^2 π^3 δ^{I1I2} |⃗x_1 − ⃗x_2|^{4k} , (3.35)

so that we set

N^I = −

2^{3(k+1)/2}(2k − 3) 3N^{3/2} √ (2k − 1)(2k + 1)Γ ( k +^3_2 ) Γ(k)

. (3.36)

We have chosen a minus sign in this expression so that the coefficient of the 3-point function below is positive.

From this normalization and the formula for the three-point function (A.15), we find the three-point function for chiral primary operators, valid in the large N limit,

⟨O^{I1} (x_1)O^{I2} (x_2)O^{I3} (x_3)⟩ = 1 √ πN^{3/2} [_3 ∏ i=1 Γ ( α_i +^1_2 ) √ 4k^2_i − 1 Γ(k_i)Γ ( k_i +^3_2 ) ] 2^{(Σ/2−15)/2}Γ

(_Σ 2 ) ⟨C^{I1} C^{I2} C^{I3} ⟩ |⃗x_1 − ⃗x_2|^{4α3}|⃗x_2 − ⃗x_3|^{4α1} |⃗x_3 − ⃗x_1|^{4α2}

(3.37)

In terms of the conformal weights, we can express this as

⟨O^{I1} (x_1)O^{I2} (x_2)O^{I3} (x_3)⟩ = 2^{Δ1+Δ2+Δ3−30} 4 Γ (_{Δ1+Δ2+Δ3} 2 ) √ πN^{3/2} √ (Δ^2_1 − 1)(Δ^2 − 1)(Δ^2_3 − 1) Γ (_{Δ1} 2 ) Γ (_{Δ1+3} 2 ) Γ (_{Δ2} 2 ) Γ (_{Δ2+3} 2 ) Γ (_{Δ3} 2 ) Γ (_{Δ3+3} 2 )

· Γ (_{Δ1+Δ2−Δ3+2} 4 ) Γ (_{Δ2+Δ3−Δ1+2} 4 ) Γ (_{Δ3+Δ1−Δ2+2} 4 ) |⃗x_1 − ⃗x_2|^{Δ1+Δ2−Δ3} |⃗x_2 − ⃗x_3|^{Δ2+Δ3−Δ1} |⃗x_3 − ⃗x_1|^{Δ3+Δ1−Δ2} ⟨C^{I1} C^{I2} C^{I3} ⟩.

(3.38)

The expressions (3.37) and (3.38) are certainly more formidable than the expression found in [24] for the analogous correlation functions of the CPOs of the N = 4, D = 4 SCFT. One^2 can ask if these expressions simplify, given an explicit expression for the ⟨C^{I1} C^{I2} C^{I3} ⟩, which are related to the Clebsch-Gordan coefficients for SO(5). Since we know of no closed-form expression for arbitrary values of k, let us consider the very degenerate case that we have only the highest and lowest weight states

Y^{(k1)} = 1 2^{3k1/2}π^{1/4}

(x_1 + ix_2)^{k1} ,

Y^{(k2)} = 1 2^{3k2/2}π^{1/4}

(x_1 + ix_2)^{k2} ,

Y^{(k3)} = 1 2^{3k3/2}π^{1/4}

(x_1 − ix_2)^{k3} ,

(3.39)

where the normalization has been chosen to agree with (D.5). In this case, we find

⟨C^{(k1)}C^{(k2)}C^{(k3)}⟩ = δ_{k1+k2,k3} π^{1/4}Γ ( k_1 + k_2 +^5_2

). (3.40)

For k_3 = k_1 + k_2, the 3-point function simplifies quite a bit, but the use of (3.40) doesn’t

2We thank J. Distler for actually asking the question.

result in any further simplification,

⟨O^{I1} (x_1)O^{I2} (x_2)O^{I3} (x_3)⟩ = 2^{(k1+k2−15)/2} √ π N^{3/2} Γ ( k_1 +^1_2 ) Γ ( k_2 +^1_2 ) Γ(k_1 + k_2)

⟨C^{(k1)}C^{(k2)}C^{(k3)}⟩ |⃗x_2 − ⃗x_3|^{4k1} |⃗x_3 − ⃗x_1|^{4k2} = 2^{(k1+k2−15)/2}π^{1/4} N^{3/2} Γ ( k_1 +^1_2 ) Γ ( k_2 +^1_2 ) Γ(k_1 + k_2) Γ ( k_1 + k_2 +^5_2 ) 1 |⃗x_2 − ⃗x_3|^{4k1} |⃗x_3 − ⃗x_1|^{4k2} . (3.41)

So, unfortunately, knowing the Clebsch-Gordan coefficients doesn’t appear to lead to more illuminating expressions for the correlation functions.

One further observation we can make about the 3-point functions is that there don’t appear to be any additional zeros beyond those arising from the group-theoretic factor ⟨C^{I1} C^{I2} C^{I3} ⟩. This is, at least, consistent with the fact that no additional zeros were found in an analysis, based solely on the properties of the six-dimensional superconformal algebra, of the 4-point function [22].

From the G^{ϕss}_{I1,I2I3} vertex, we can also compute the correlation function ⟨Φ^{I1} O^{I2} O^{I3} ⟩. We must first identify the normalization constant appearing in the coupling of ϕ^I_0 to Φ^I in the generating function. From the 2-point function ⟨Φ^{I1} Φ^{I2} ⟩, we find

N^I_Φ = −

2^{(3k/2+1)}(2k + 3) N^{3/2} √ (k + 2)Γ ( k +^7_2 ) Γ(k + 1)

. (3.42)

We then compute, in the large N limit,

⟨Φ^{I1} (x_1)O^{I2} (x_2)O^{I3} (x_3)⟩ = 2^{11Σ/2−9}

N^{3/2}

Σ(Σ + 1)(Σ + 3)Γ(Σ + 6) Γ (_{Σ+5} 2 ) 3∏ i=1 Γ(2α_i + 3)Γ ( k_i +^5_2 ) Γ(α_i + 1)Γ(2k_i + 4) √ Γ ( k_i +^3_2 ) Γ(k_i)

· α_1(α_1 − 1)(2α_1 − 3)

2k_1 + 5 k_1

(2k_2 − 3)(2k_3 − 3) (k_2 − 1)(k_3 − 1) √ (4k^2 − 1)(4k^2_3 − 1)

· ⟨T^{I1} C^{I2} C^{I3} ⟩ |⃗x_1 − ⃗x_2|^{4α3+6}|⃗x_2 − ⃗x_3|^{4α1−6}|⃗x_3 − ⃗x_1|^{4α2+6} .

(3.43)

Once again, we can express this in terms of the conformal weights,

⟨Φ^{I1} (x_1)O^{I2} (x_2)O^{I3} (x_3)⟩ = 2^{(Δ1−Δ2−Δ3−23)/2}π

N^{3/2}

(Δ_1 + Δ_2 + Δ_3 − 6)(Δ_1 + Δ_2 − Δ_3 − 12)Γ

(_{Δ1+Δ2+Δ3+6} 2 ) (Δ_2 − 3)(Δ_3 − 3)(Δ_2 − 2)(Δ_3 − 2)Γ

(_{Δ1+Δ2+Δ3−4} 4 )

· Γ (_{Δ1}

2 − 2 ) Γ (_{Δ1+Δ2−Δ3} 2 )_2 Γ (_{Δ3+Δ1−Δ2} 2 ) Γ(Δ_1)Γ

(_{Δ2}

2 + 2 ) Γ (_{Δ3}

2 + 2 ) Γ (_{Δ1+Δ2−Δ3−2} 4 ) Γ (_{Δ1+Δ2−Δ3−10} 4 ) Γ (_{Δ3+Δ1−Δ2−2} 4 )

· √ (Δ_1 − 2)Γ

(_{Δ1+1} 2 ) Γ (_{Δ1}

2 − 2 ) Γ (_{Δ2} 2 ) Γ (_{Δ2} 2 ) (Δ^2 − 1)(Δ^2_3 − 1)Γ

(_{Δ2+3} 2 ) Γ (_{Δ3+3} 2 )

· ⟨T^{I1} C^{I2} C^{I3} ⟩ |⃗x_1 − ⃗x_2|^{Δ1+Δ2 −Δ3} |⃗x_2 − ⃗x_3|^{Δ2+Δ3−Δ1} |⃗x_3 − ⃗x_1|^{Δ3+Δ1 −Δ2} .

(3.44)

As we saw for the case of ⟨O^{I1} O^{I2} O^{I3} ⟩, we don’t expect that an explicit expression for ⟨T^{I1} C^{I2} C^{I3} ⟩ will cause these expressions to simplify.

4. The Operator Product Expansion of Wilson Surfaces

In [28], it was shown that one could use the AdS description of the large N limit of the (0, 2) superconformal field theory in six dimensions to compute Wilson surface observables [29]. The chiral primaries for these theories are known [16–18], so one can use the AdS formalism to write an operator product expansion for such a surface. Analogously to the case of the Wilson loop [30], we expect that there exists an operator product expansion for the Wilson surface when it is probed from distances large compared to its characteristic size a, W (S) = ⟨W (S)⟩ [ 1 + ∑ i,n c^{(n)}_i a^{Δ(n)i} O^{(n)}_i ] , (4.1)

where the O^{(n)}_i are a set of operators with conformal weights Δ^{(n)}_i . Here O^{(0)}_i denotes the i^{th} primary field, while the O^{(n)}_i for n > 0 are its conformal descendants. For a spherical Wilson surface, the expectation value of all operators other than the identity vanishes, so that the coefficient of the identity is the expectation value of the loop.

In [30] the spherical Wilson surface solution was studied. The scalar charge of the surface was taken to be constant (a point on S^4) and the Wilson surface was the boundary (a 2-sphere) of a minimal area membrane worldvolume in AdS_7 × S^4. A convenient parameterization of the solution was given in terms of the Poincare coordinates as

x_1 = √ a^2 − z^2 cos θ x_2 = √ a^2 − z^2 sin θ cos ψ x_3 = √ a^2 − z^2 sin θ sin ψ,

(4.2)

where 0 ≤ z ≤ a, 0 ≤ θ ≤ π, and 0 ≤ ψ ≤ 2π.

The volume of the membrane was found to be divergent

S = T^{(2)} ∫ dV = T^{(2)}4π ∫_a ϵ dz a √ a^2 − z^2 z^3 = πT^{(2)} [ + 2a^2 ϵ^2

− 2 ln 2a ϵ − 1 + O(ϵ) ] , (4.3)

where the tension of the membrane is T^{(2)} = 2N/π in our units. The quadratic divergence is proportional to the area of the surface and was present in the case of a rectangular Wilson surface [28]. The logarithmic divergence was found to be proportional to the “rigid string” action [31], where for a general 2-surface Σ_2, S_{rigid} = ∫ Σ2 d^2σ √ γ(∇^2X^i)^2, (4.4)

where γ is the induced metric on the Wilson surface and the X^i are the coordinates on R^6 describing the surface. It was conjectured in [30] that tensionless strings in the (0, 2) sixdimensional field theory might be governed by some supersymmetric form of the action (4.4). In fact, this instance of a conformal anomaly is part of a much more general structure, as discussed in [32].

One implication of the logarithmic divergence in (4.3) is that the expectation value of the Wilson surface is not well defined, since we can add any constant to the logarithmic subtraction. Furthermore, it seems to indicate that the expectation value of a Wilson surface is scale dependent. Despite this, the connected correlation functions of Wilson surfaces do not receive extra divergent contributions. Therefore their correlators can be calculated in a completely analogous fashion to the Wilson loops in [30], allowing the extraction of OPE coefficients of (4.1). In this section, we investigate the OPE for the spherical Wilson surface. We consider a Wilson surface whose characteristic size is much smaller than its distance from any probe in the theory. Then we identify the operators of low conformal dimension that are allowed to appear in the OPE and we compute the necessary correlation functions to extract the OPE coefficients.

4.1. The Operator Product Expansion of the Spherical Wilson Surface

The possible operators which can appear in the Wilson surface must have the same symmetry properties as the Wilson surface itself, so the operators O^{(n)}_i should be bosonic and S_{N +1} invariant. The Wilson loop and surface solutions of [28] require a massive “quark” in the theory, and hence a non-zero Higgs VEV. We consider the case where θ^I (s) = θ^I is a constant, which breaks the R-symmetry group from SO(5) → SO(4). So we should look for operators in SO(5) representations which have SO(4) singlets in their decomposition. We also consider only operators whose dimensions are protected. The appearance in the OPE of operators with large anomalous dimensions will be suppressed.

The first level at which operators can appear is at dimension Δ = 4, where we have the first CPO. This operator is in the 14 → 1 ⊕ 4 ⊕ 9 under SO(4), so it is allowed. In general, the CPOs, being in the symmetric traceless representations of SO(5), always contain one SO(4) singlet, and hence all of them may appear in the OPE.

At dimension Δ = 5, there are two operators to consider. There is a Spin(5, 1) vector operator in the 10 → 4 ⊕ 6 which does not contribute a singlet. There is also a Lorentz 3- form operator in the 5 → 1 ⊕ 4 which is allowed to contribute, depending on the orientation, σ̂^{μνρ}, of the membrane. This is the first operator in a series of Lorentz 3-form, SO(5) rank k symmetric traceless tensor operators of dimension Δ = 2k + 3, and all of these can appear. Below we denote these operators as O^I_{μνρ}.

At dimension Δ = 6, we have the CPO at k = 3 which, as discussed above, is permitted in the OPE. Additionally there is the first (k = 0) member of a series in the 20^′ of Spin(5, 1) and the rank k symmetric traceless tensor of SO(5), with dimensions Δ = 2k + 6.

Higher dimension operators can be analyzed in the same fashion. We arrive at the following expression for the OPE W (S) ⟨W (S)⟩ = 1l + c^{(0)}_2 a^4 Y^I (θ)O^I + c^{(0)}_3 a^5 Y^I (θ)σ̂^{μνρ}O^I_{μνρ} + · · · , (4.5)

where the Y^I (θ) denote spherical harmonics on S^4 and the coefficients c^{(n)}_i are what we wish to compute.

The coefficients of the operator product expansion (4.5) can be determined in a few ways. One can compute the correlator of the Wilson surface with each operator that is expected to appear in the OPE. This correlator gets contributions only from the given conformal primary and its descendents. For a Wilson surface of size a, separated from an operator by a distance L,

⟨W (S)O^{(0)}_i ⟩ ⟨W (S)⟩ = c^{(0)}_i a^{Δ(0)i} L^{2Δ(0)i} + ∑ m>0 c^{(m)}_i a^{Δ(m)i} ⟨O^{(m)}_i O^{(0)}_i ⟩, (4.6)

where we have assumed that the operators have been normalized. Here we have isolated the contribution from the descendents and their mixings with the primaries in the second term. One can also compute the correlator of a pair of Wilson surfaces that are separated by a distance L which is large compared to their size. This correlator can be calculated from the operator product expansion for the two Wilson surfaces ⟨W (S, L)W (S, 0)⟩ ⟨W (S, L)⟩⟨W (S, 0)⟩ = ∑ i,j;m,n c^{(m)}_i c^{(n)}_j a^{Δ(m)i +Δ(n)j} ⟨O^{(m)}_i (L)O^{(n)}_j (0)⟩

= ∑ i ( c^{(0)}_i

)_2 a^{2Δ(0)}i

L^{2Δ(0)i} + ∑ i,{m,n}≠{0,0} c^{(m)}_i c^{(n)}_i a^{Δ(m)i +Δ(n)i} ⟨O^{(m)}_i (L)O^{(n)}_i (0)⟩.

(4.7)

In the last line, the first term is due solely to the primary fields, while the second contains the contributions from descendents.

4.2. Wilson Surface Correlators and OPE Coefficients from Supergravity

We would now like to investigate the process of extracting the large N values of the OPE coefficients by using the AdS/CFT correspondence to compute correlation functions like (4.6) or (4.7). If we consider two closely separated Wilson surfaces, then, analogously to the case of two Wilson loops [33], for small enough separation, instead of having two separate membranes forming the surfaces, a single membrane worldsheet with both surfaces as its boundary will be the configuration of minimal surface area. As the surfaces are separated beyond a critical distance, this worldsheet will degenerate into a long, thin cylinder connecting two minimal surfaces. In a worldsheet picture, this long, thin cylinder would represent the bulk picture of propagation of light supergravity states between the two membranes.

This picture tells us that the correlation functions (4.6) and (4.7) can be calculated by treating the membrane as a source for the fields propagating in anti-de Sitter spacetime and then computing the effective action for the propagation of supergravity states from the surface to the point where the other operator, or the other surface, is located. This is, of course, the analog of the method used for the Wilson loop in [30].

We would like to compute the coupling of the membrane to the bulk supergravity fields. We will be content with considering only the lightest scalar modes, which are the most relevant when the surfaces are separated by a distance which is large compared to their size. The lightest states include the modes s^I from section 3, corresponding to the appearance of the CPOs in the OPE. We saw that these modes were related to several components of the supergravity fluctuations in (3.6). Couplings to the modes b^I will be through worldvolume fermions, and should be suppressed in the small spacetime curvature limit that we are considering. The couplings to modes of the graviton can be obtained by linearizing the membrane effective action

S_{eff.} = T^{(2)} ∫ d^3σ √ det G_{mn}∂_αx^m∂_βx^n = T^{(2)} ∫ d^3σ √ det g_{mn}∂_αx^m∂_βx^n [ 1 + 1 2 (g_{mn}∂_αx^m∂_βx^n)^{−1}h_{mn}∂_αx^m∂_βx^n + · · · ] . (4.8)

Since the membrane is living at a point on S^4, we are only interested in the components h^I_{μν} , which, from (3.17), may be written in terms of s^I as h^I_{μν} = − 1 14 g_{μν} s^I + 3 16k(2k + 1)

∇_{(μ}∇_{ν)}s^I . (4.9)

To aid in computing the derivatives, we can use an argument from [30], which was also used to derive (B.5). Namely, we are looking for the leading terms in the expansions in a/L of (4.6) and (4.7). These leading contributions arise from derivatives with respect to z which act on the numerator of the expansion into a Green’s function, e. g., (A.9). So we find h^I_{μν} ∼ − 1 8 ( g_{μν} + 3δ^z_μδ^z_ν g_{zz} ) s^I . (4.10)

We find that the coupling to the membrane is given by S_sI = − 3T^{(2)} 8 ∫ dV z^2 a^2 s^I . (4.11)

The contributions to the correlator of two Wilson surfaces due to exchange of s^I modes are then expressed as ⟨W (S, L)W (S, 0)⟩^{(s)} ⟨W (S, L)⟩⟨W (S, 0)⟩ = exp [ ∑ k [ Y^I (θ)

]_2 ( 3T^{(2)} 8 )_2 ∫ dV dV^′ (zz^′)^2 a^4

G_k(W ) ] . (4.12)

If the distance between the surfaces is much larger than their size, then we may approximate the Green’s function for propagation between the two loops by the expression (A.8). We find that ⟨W (S, L)W (S, 0)⟩^{(s)} ⟨W (S, L)⟩⟨W (S, 0)⟩ ∼ ∑ k 2^{3k−1}π N Γ(k) Γ ( k −^1_2 ) [ Y^I(θ)

]_2 ( a L )_{4k} , (4.13) where the ∼ refers to the fact that subleading terms at each order of the a/L expansion have been dropped but the numerical coefficient corresponding to the coefficient of the contribution of each primary field is precise. We can similarly obtain the correlation function between the surface and one of the chiral primary operators O^I , ⟨W (S, L)O^I (0)⟩^{(s)} ⟨W (S, L)⟩⟩ ∼ 1 N^I δ δs^I_0(⃗x) Y^I (θ) ∫ dV d^6x^′ ( 3T^{(2)} 8 z^2 a^2 ) K_Δ(⃗x, z; ⃗x^′)s^I_0(⃗x^′) ∼ − 2^{(3k−1)/2} √ π N Γ(k) Γ ( k −^1_2

) Y^I (θ) a^{2k} L^{4k} , (4.14)

where we have set the normalization of the operator by the 2-point function (3.35). We note that the coefficient here is simply the square root of that appearing in (4.13). From these correlation functions, we find the operator product coefficients of the chiral primary operators

c^{CPO}_Δ = −2^{(3Δ−2)/4} √ π N Γ (_Δ 2 ) Γ (_{Δ−1} 2 ), (4.15)

where the minus sign is a result of choosing the 3-point correlation function of the O^I to be positive.

5. Conclusions

In this paper we have succeeded in computing 3-point correlation functions of chiral primary operators in the large N limit of the (0, 2) superconformal field theory. We also studied the operator product expansion for a spherical Wilson surface, and found that we could compute correlation functions of two surfaces as well as that for a surface with a local operator. We used these correlation functions to extract the explicit large N values of operator product coefficients for the chiral primary operators. Extracting more information about the (0, 2) theory from our results is an exciting prospect to be left for future work.

It would also be interesting to study the 3-point function from the perspective of the DLCQ formulation of the (0, 2) theory using the prescription of [12]. A discussion of the comparison of DLCQ theories of M5-branes and the AdS/CFT correspondence appears in [34]. In particular, in the large N limit of the DLCQ, there should be exact agreement with our results.

Acknowledgements

We would like to thank Ofer Aharony, David Berenstein, Philip Candelas, Jacques Distler, Willy Fischler, Elie Gorbatov, Sangmin Lee, Juan Maldacena, and Moshe Rozali for helpful discussions and correspondence. In addition, R. C. would like to thank D. Berenstein, W. Fischler, and J. Maldacena for their collaboration in obtaining the results reported in section 4.

A. Green’s Functions and Correlation Functions

In this appendix, we list some properties of Green’s functions on AdS which will be useful to us in the main text. We also discuss the method we use to ensure that the limit z → 0 is taken properly when computing correlation functions. Scalar Green’s functions on anti-de Sitter space have been discussed in a large number of papers, including [14, 15, 18, 35–37].

In the text, we consider a real scalar field ϕ on anti-de Sitter spacetime of radius one. With source J, the action and equation of motion are S = − ∫ AdS d^{d+1}x √ g [ A 2 ( (∇ϕ)^2 + m^2ϕ^2 ) − ϕJ ] , A(−∇^2_x + m^2)ϕ = J,

(A.1)

where A is some constant. Imposing the boundary condition ϕ|_{∂M} = 0 yields a unique solution for ϕ, as long as the operator −∇^2_x + m^2, is positive definite. This is the case for all m^2 ≥ −d^2/4 [38].

Solutions for ϕ which minimize the action (A.1) are given by the integral equation ϕ(x) = ∫ M d^{d+1}x^′ √ g(x^′) G(x, x^′)J(x^′), (A.2)

where the kernel G(x, x^′) is the covariant Green’s function for the equation of motion (A.1), satisfying

A(−∇^2_x + m^2)G(x, x^′) = 1 √ g(x^′) δ^{(d+1)}(x − x^′). (A.3)

In the upper-half space representation of anti-de Sitter spacetime, with metric

ds^2 = 1 z^2 ( dz^2 + η_{ij}dx^idx^j ) , (A.4)

the scalar Green’s function can only depend on the distance between the sources, W = zz^′ (z − z^′)^2 + ∑_d i=1 |x_i − x^′_i|^2 . (A.5)

The solution for (A.3) which goes to zero at the boundary is given in terms of the hypergeometric function

G(W ) = α_0 A W^Δ_2F_1(Δ, Δ +^{1−d}_2 , 2Δ − d + 1; −4W ). (A.6)

where Δ = d/2 + √ m^2 + d^2/4 will be the conformal weight of the associated operator and α_0 is

α_0 =

Γ(Δ) 2π^{d2} Γ(Δ −^d_2 + 1) , = (Δ − 1)(Δ − 2)

2π^3 for d = 6.

(A.7)

We will be particularly interested in fields in the bulk which are produced by a source on the boundary. We take a source with support very close to the boundary, supp ( J(x^′) ) = {z^′|0 ≤ z^′ < ϵ}. In this region W ∼ 0, so we can approximate G(W ) ∼ α_0 A W^Δ. (A.8)

Then the field produced in the bulk is given by ϕ(x) = ∫ M d^{d+1}x^′ √ g(x^′) G(x, x^′)J(x^′) ∼ α_0 A ∫ ∂M d^dx^′ ( z z^2 + |⃗x − ⃗x^′|^2 )_Δ ∫_ϵ 0 dz^′ z^{Δ−d−1}J(x^′) = ∫ ∂M d^dx^′K_Δ(⃗x, z; ⃗x^′)ϕ_0(⃗x^′). (A.9)

Here we have defined the boundary-to-bulk propagator K_Δ(⃗x, z; ⃗x^′) = Γ(Δ) Aπ^d2 Γ(Δ −^d_2 ) ( z z^2 + |⃗x − ⃗x^′|^2 )_Δ (A.10)

and the boundary sources

ϕ_0(⃗x^′) = 1 2Δ − d ∫_ϵ 0 dz^′ z^{Δ−d−1}J(x^′). (A.11)

The normalization of the boundary-to-bulk propagator (A.10) has been chosen specifically to agree with that of [36]. By evaluating the action (A.1) in terms of the boundary sources,

S^{(2)} = 1 2 ∫ M d^{d+1}x ∫ M0 d^{d+1}x^′ √ g(x) J(x) G(x, x^′) √ g(x^′) J(x^′) = 1 2A 2Δ − d Δ Γ(Δ + 1) π^d2 Γ(Δ −^d_2 ) ∫ d^dx d^dx^′ ϕ_0(⃗x)ϕ_0(⃗x^′) |⃗x_1 − ⃗x_1|^{2Δ} , (A.12) we can compute the two-point function

⟨O(x_1)O(x_2)⟩ = δ^2S^{(2)} δϕ_0(⃗x_1)δϕ_0(⃗x_2) = 1 A 2Δ − d Δ Γ(Δ + 1) π^{d2} Γ(Δ −^d_2 ) 1 |⃗x_1 − ⃗x_2|^{2Δ} , (A.13)

in agreement with the “corrected” result found in [36]. We note in particular that the infamous factor of (2Δ − d)/Δ which was very carefully obtained in [36] appears here very naturally. Of course, we are free to adjust the normalization coefficient in (A.11) so that the corresponding operators are normalized.

In the text, we are also interested in the three-point function computed from a cubic term in the supergravity action of the form

L^{(3)} = ∑ I_1,I_2,I_3

G_{I1 I2I3} ϕ^{I1} ϕ^{I2} ϕ^{I3} . (A.14)

The computation of the three-point function from this vertex can be found in [36]. Including the appropriate combinatorial factor, we find

⟨O^{I1} (x_1)O^{I2} (x_2)O^{I3} (x_3)⟩ = 3Γ (_{Δ1+Δ2−Δ3} 2 ) Γ (_{Δ2+Δ3−Δ1} 2 ) Γ (_{Δ3+Δ1−Δ2} 2 ) Γ (_{Δ1+Δ2+Δ3} 2 − d ) A_{I1} A_{I2} A_{I3} π^dΓ(Δ_1 −^d_2 )Γ(Δ_2 −^d_2 )Γ(Δ_3 −^d_2 ) · G_{I1I2I3} |⃗x_1 − ⃗x_1|^{Δ1+Δ2−Δ3} |⃗x_2 − ⃗x_3|^{Δ2+Δ3−Δ1} |⃗x_3 − ⃗x_1|^{Δ3+Δ1−Δ2} . (A.15)

B. The Quadratic Action for the s^I Modes

In the text we need a Lagrangian for the modes s^I up to cubic order. In order to obtain the cubic s-s-s vertex from the quadratic equation of motion (3.31), we needed to know the normalization of the quadratic s^I action. In section 3, we were able to obtain this normalization by comparison of the equations of motion (3.20) and (3.27), used to extract the s-s-ϕ vertex. In [24, 39] the computation of the quadratic action for the s^I modes on AdS_5 × S^5 was performed ( [39] actually considers the quadratic action for every mode) using two different methods.

We can first attempt to use the procedure described in [24]. Namely, we expand the Lagrangian (3.1) to quadratic order in all fields which depend on s^I , as determined by (3.18). We keep all terms in the expansion of √ −G R, including total derivatives, and apply the equations of motion whenever possible. To enforce the constraint (3.10), we directly substitute the solution for h^′_{(μν)} given by (3.16). Via this method, we also succeeded in recovering equation (3.22) of [24] when expanding around the AdS_5 × S^5 background. In the present case, we find the Lagrangian quadratic in the modes s^I

L[s^I ] = −

2N^3z(k) π^5 ( 9(11k^2 + 21k − 63) 896k^2

(∇_μs^I )^2 + 9 224 (k − 3)(11k + 3)(s^I )^2 + 9(2k^2 + 6k − 1) 512k^2(2k + 1)^2

(∇_{(μ}∇_{ν)}s^I)^2 + 9 1024k^2(2k + 1)^2

(∇_λ∇_{(μ}∇_{ν)}s^I )^2 ) , (B.1)

where z(k) is the value of the integral over spherical harmonics given in (D.6).

We wish to use the action (B.1) to compute the 2-point function of the CPOs. According to the prescription of [14, 15], we should compute the action as a function of boundary values. In order to do this, we must carefully separate the boundary terms from the bulk in the higher-derivative terms. For this, we compute

(∇_{(μ}∇_{ν)}s^I )^2 =∇^μ(∇^νs^I ∇_μ∇_νs^I ) − 2(2k(k − 3) − 3)(∇_μs^I )^2 − 16k^2(k − 3)^2 7 (s^I )^2,

(∇_ρ∇_{(μ}∇_{ν)}s^I )^2 =∇^ρ(∇^μ∇^ν s^I∇_ρ∇_μ∇_νs^I ) − 2(2k(k − 3) − 7)∇^μ(∇^νs^I ∇_μ∇_νs^I ) + 4 7 ( 4k(k − 3)(6k(k − 3) − 35) + 147 ) (∇_μs^I )^2

− 32k^2(k − 3)^2(s^I )^2,

(B.2)

on shell. We use these to rewrite (B.1) as

L[s^I ] = −

2N^3z(k)

π^5 ( 9(k + 1)(6k^2 + 2k + 3) 128k(2k + 1)^2 [ (∇s^I)^2 + 4k(k − 3)(s^I )^2 ]

+ 27 256k^2(2k + 1)

∇^μ(∇^νs^I ∇_μ∇_νs^I ) + 9 1024k^2(2k + 1)^2

∇^ρ(∇^μ∇^νs^I ∇_ρ∇_μ∇_νs^I ) ) , (B.3)

which demonstrates that the quadratic action vanishes on shell in the bulk, as expected.

In order to finish the computation, we need to collect the surface terms in (B.3) and compute them as a function of boundary values [14, 15, 36] (see (A.9)) s^I (z, ⃗x) = Γ(2k) Aπ^3Γ(2k − 3) ∫ d⃗x^′ ( z z^2 + |⃗x − ⃗x^′| )_{2k} s^I_0(⃗x^′). (B.4)

For this it is convenient to use a prescription that was found useful in [30]. We note that the leading singularities in 1/|⃗x − ⃗x^′| arise from terms which do not have derivatives with respect to the boundary acting on s^I . Furthermore, terms with z-derivatives acting on the denominator of the boundary-to-bulk Green’s function are also subleading. As only a conformal structure is defined on the boundary of AdS, the induced metric on the boundary is defined by rescaling by a power of z → 0. After this rescaling, these subleading terms will vanish as the boundary is approached. Therefore, we only need to compute the surface terms which involve ∂_zs^I ∼ 2ks^I /z ∂^2_z s^I ∼ 2k(2k − 1)s^I /z^2.

(B.5)

We use ∼ to indicate that terms which vanish in the limit that z → 0 have been dropped, but the numerical coefficients are precise.

We find that ∇^μ(∇^ν s^I∇_μ∇_νs^I ) ∼ 4k^2∇^μ(s^I ∇_μs^I ) ∇^ρ(∇^μ∇^νs^I ∇_ρ∇_μ∇_νs^I ) ∼ 8k^2(2k^2 + 3)∇^μ(s^I ∇_μs^I ),

(B.6)

so that

L[s^I ] = −

9(2k + 3)z(k)

128k

2N^3 π^5

∇^μ(s^I ∇_μs^I ). (B.7)

This is the same result that we would have obtained from a canonical lagrangian (with no higher derivatives)

L[s^I ] = − A_I 2 [ (∇s^I)^2 + 4k(k − 3)(s^I )^2 ] , A_I =

9(2k + 3)z(k)

128k

2N^3 π^5 . (B.8)

Unfortunately, this normalization is inconsistent with the value (3.28) obtained from the equations of motion of the theory at second order. In fact, it is obvious that the k-dependence of this result is completely incompatible with the totally symmetric form of the s-s-s vertex we obtain from (3.31).

This procedure is also inconsistent in the case of AdS_5 × S^5. While we reproduce the result (3.22) (the higher derivative Lagrangian) of [24], when we evaluate it as a function of boundary values using the appropriate versions of the formulæ (B.2) and (B.6), we recover

A^{(AdS5)}

I = 32k(k + 2)z(k), (B.9)

which differs by a factor of (k − 1)/(k + 1) from the result quoted as eq. (3.23) of [24]. Nevertheless, the k-dependence of the result reported there is certainly correct, as it led to the cyclic symmetry of the 3-point vertex there.

We conclude that this method of evaluating the quadratic action is flawed. The authors of [39] note that it is conventional to supplement the Einstein-Hilbert action with boundary terms involving the second fundamental form of the metric G as well as the metric induced on the boundary [40, 41, 15, 42, 43]. In our case, the contribution of the standard extrinsic curvature term can be easily computed and its addition to the action above does not result in a correct normalization.

The motivation of [41] (see an extended discussion in [44]) to add the extrinsic curvature term was to remove terms in the Einstein-Hilbert action that were linear in second derivatives. As mentioned in [42, 43], this occurs for the physical graviton because certain terms in the Einstein-Hilbert action vanish if an appropriate gauge choice is made. Here we are dealing with the action for scalars that arises from the supergravity action and the terms in question cannot be made to vanish. Therefore adding the extrinsic curvature term does not cancel all of the boundary terms in the action for the scalar modes.

Another motivation for adding boundary terms will arise from supersymmetry. The supergravity action is supersymmetric up to total derivative terms, so we should expect that additional boundary terms must be added via the Noether procedure to restore supersymmetry on a space with boundary^3. The process of finding all such terms seems to be a much more difficult procedure than the method we use in the text, so we will not attempt to do that here.

Despite these remarks, the authors of [39] seem to obtain the correct normalization for the s^I action in the case of AdS_5 × S^5. Applying what we understand their methods to be did not result in the correct normalization for AdS_7 × S^4.

C. Quadratic Corrections to the Equations of Motion

We must compute quadratic corrections Q^I_i to (3.8), (3.10), and (3.12), − 1 8 [( ∇^μ∇_μ + 1 10 ∇^γ∇_γ − 72 ) h^I_2 + ∇^γ∇_γh^{′I} − 192 √ 2∇^γ∇_γb^I ] Y^I + Q^I_1Y^I = 0, (C.1) [ − 1 2 ( h^{′I} − 9 10 h^I_2 ) + Q^I_2 ] ∇_{(α}∇_{β)}Y^I = 0. (C.2)

−6b^I ∇_α∇^γ∇_γY^I + [ −6 ( ∇^μ∇_μb^I − 1 2 √ 2 h^{′I} + 3 √ 2 5 h^I_2 ) + Q^I_3 ] ∇_αY^I = 0. (C.3)

3We thank Jacques Distler for reminding us of this.

We then find that the equation of motion for the s^I takes the form

(∇^μ∇_μ − 4k(k − 3)) s^I = 8k 2k + 3 ( Q^I_1 + (k + 3)(k + 4)Q^I_2 + 2 √ 2(k + 3) 3 Q^I_3 ) . (C.4)

We also compute quadratic equations to the field equation (3.9) for the ϕ^I modes [ − 1 2 (∇^μ∇_μ + ∇^γ∇_γ − 8) ϕ^I + Q^I_ϕ ] Y^I_{(αβ)} = 0, (C.5)

The terms Q^I_1 and Q^I_2 are determined by computing the quadratic corrections to the αβ components of (3.3). For the ss terms, using (3.17), we find that δ^2R_{αβ}|_{ss} = Z_{αβ} + g_{αβ}Y, δ^2 [ 1 6 ( F_{αm1···m3} F_β^{m1···m3} − 1 12 g_{αβ}F^2 )] ss = ζ_{αβ} + g_{αβ}ψ, (C.6)

where Z_{αβ} = 1 4 [ (7U_2U_3 + 2V_2V_3) (∇_αs_2∇_βs_3 + 2s_2∇_α∇_βs_3) + 2V_2 (7U_3 + 2V_3) ∇_αs_2∇_βs_3

+ W_2W_3 ( ∇^{(μ}∇^{ν)}∇_αs_2∇_{(μ}∇_{ν)}∇_βs_3 + 2∇^{(μ}∇^{ν)}s_2∇_{(μ}∇_{ν)}∇_α∇_βs_3 )] , Y = 1 2 [ U_2V_3∇^μ(s_2∇_μs_3) + W_2V_3∇^μ(∇_{(μ}∇_{ν)}s_2∇^ν s_3) + V_2V_3∇^γ(s_2∇_γs_3) − V_2 2 (7U_3 + 2V_3) (∇^μs_2∇_μs_3 + ∇^γs_2∇_γs_3) ] ,

(C.7)

and ζ_{αβ} = − 36X_2X_3∇^μ∇_αs_2∇_μ∇_βs_3, ψ =24X_2X_3 ( ∇^γ∇_γs_2∇^δ∇_δs_3 + ∇^μ∇^γs_2∇_μ∇_γs_3 ) + 72 √ 2V_2X_3s_2∇^γ∇_γs_3 + 72V_2V_3s_2s_3.

(C.8)

Here U_2 = U(k_2), etc., are the coefficients defined in (3.18), while s_2 = s^{I2} , etc.

The term Q^I_3 is obtained from the quadratic terms in the Maxwell equation. For the ss terms we compute δ^2(∇^mF_{mα1α2α3} )|_{ss} =ϵ^δ_{α1α2α3} [ W_2 ( 6X_3 − 3 √ 2 2 W_3 ) ∇^{(μ}∇^{ν)}s_2∇_{(μ}∇_{ν)}∇_δs_3 + 3 ( −5U_2 + 2V_3 + 12W_2 ( m^2 7 − 1 )) X_3∇^μs_2∇_μ∇_δs_3 + ( 6(U_2m^2_3 − V_2f_3)X_3 − 3 √ 2(7U_2U_3 − 10V_2V_3)

−18X_2f_2V_3) s_2∇_δs_3 ] .

(C.9)

Computation of the projections onto spherical harmonics is facilitated by the integral identities in appendix D. Projection of^1_4 (Z − ζ)^γ + Y − ψ onto Y^I yields the correction to (3.8),

Q^{I1}_1 = 1 4z_1

[_1 4 ( W_2W_3b_{123} +^{8(W2V3+V2W3)−W2W3(f2+f3)}

2 a_{123} ) ∇^{(μ}∇^{ν)}s_2∇_{(μ}∇_{ν)}s_3 + ( −60X_2X_3 b_{123} +^{7(U2V3+V2U3)+6} (_{W2(m2} 2−7)V3+V2W3(m23−7) ) 7 a_{123} ) ∇^μs_2∇_μs_3 + (( −96(3V_2V_3 + X_2X_3f_2f_3) + (U_2V_3m^2_3 + V_2m^2U_3)

+144 √ 2(V_2X_3f_3 + X_2f_2V_3) −^{(7U2U3+6V2V3)(f2+f3)}_4 ) a_{123}

+ (7U_2U_3 + 10V_2V_3)b_{123} ) s_2s_3 ] ⟨C^{I1} C^{I2} C^{I3} ⟩. (C.10)

Projecting (Z − ζ)_{(αβ)} onto ∇^{(α}∇^{β)}Y^I yields the correction to (3.10),

Q^{I1}_2 = 1 4q(k_1)f(k_1)z(k_1) [ W_2W_3(c_{123} + d_{213} + d_{321})∇^{(μ}∇^{ν)}s_2∇_{(μ}∇_{ν)}s_3

+ 144X_2 X_3c_{123}∇^μs_2∇_μs_3 +(7U_2U_3 + 2V_2V_3)(c_{123} + d_{213} + d_{321})s_2s_3] ⟨C^{I1} C^{I2} C^{I3} ⟩.

(C.11)

Projecting the terms in (C.9) onto ϵ^δ_{α1α2α3} ∇_δY^I , we find

Q^{I1}_3 = b_{213} f_1z_1 [( 3(W_2X_3 + X_2W_3) −^{3√2}_2 W_2W_3 ) ∇^{(μ}∇^{ν)}s_2∇_{(μ}∇_{ν)}s_3 + (_{−15(U2X3+X2U3)+6(V2X3+X2V3)} 2 +^{36(W2(m2−7)X3+X2W3(m32−7))} 7 ) ∇^μs_2∇_μs_3 + ( −^{3√2}_2 (7U_2U_3 − 10V_2V_3) + 3(U_2X_3 + X_2U_3)

− 12(X_2f_2V_3 + V_2X_3f_3) ) s_2s_3 ] ⟨C^{I1} C^{I2} C^{I3} ⟩.

(C.12)

Projecting (Z − ζ)_{(αβ)} onto the symmetric tensor spherical harmonics Y^I_{(αβ)} yields the correction to (3.9),

Q^{I1}_ϕ = h_{123} 4z_1 [ −W_2W_3∇^{(μ}∇^{ν)}s_2∇_{(μ}∇_{ν)}s_3 + 144X_2X_3∇^μs_2∇_μs_3

− (7U_2U_3 + 2V_2V_3)s_2s_3 ] ⟨T^{I1} C^{I2} C^{I3} ⟩.

(C.13)

For the sϕ terms in the αβ components of (3.3), we obtain δ^2R_{αβ}|_{sϕ} = Z^ϕ_{αβ} + g_{αβ}Y^ϕ, δ^2 [ 1 6 ( F_{αm1···m3} F_β^{m1···m3} − 1 12 g_{αβ}F^2 )] sϕ = ζ^ϕ_{αβ} + g_{αβ}ψ^ϕ, (C.14) where Z^ϕ_{αβ} = − 5U 4 ∇^μh_{(αβ)}∇_μs + U 2 ∇^μ∇_μh_{(αβ)}s + V 2 ( s∇^γ∇_γh_{(αβ)} + ∇^γs∇_γh_{(αβ)} ) + W 2 ∇_μ(∇_νh_{(αβ)}∇^{(μ}∇^{ν)}s) + 7U 4 (∇_αh_{(βγ)} + ∇_βh_{(αγ)} − ∇_γh_{(αβ)})∇^γs − V 2 (h_{(αγ)}∇^γ∇_βs + h_{(βγ)}∇^γ∇_αs) − 16V h_{(αβ)}s, Y^ϕ = V 2 h_{(γδ)}∇^γ∇^δs,

(C.15)

and ζ^ϕ_{αβ} = − 24( √ 2X∇^γ∇_γs + 2V s)h_{(αβ)}, ψ^ϕ =0.

(C.16)

The sϕ corrections to the Maxwell equations are δ^2(∇^mF_{mα1α2α3} )|_{sϕ} =ϵ^δ_{α1α2α3} [( 12 √ 2V − 6Xf ) h_{(γδ)}∇^γs ]

+ ϵ^{γδ}_{α2α3} [ 18X∇^μh_{(α1δ)}∇_μ∇_γs + ( 18 √ 2V − 18Xf ) s∇_γh_{(α1δ)} + 9 √ 2V h_{(α1δ)}∇_γs ] . (C.17)

Projecting these expressions onto the appropriate spherical harmonics, we find

Q^{ϕI1}_1 = −

V_3h_{213} 4z_1 ϕ_2s_3⟨C^{I1} T^{I2} C^{I3} ⟩, (C.18)

Q^{ϕI1}_2 = h_{213} q_1f_1z_1 [ − W_3 2 ∇^{(μ}∇^{ν)}ϕ_2∇_{(μ}∇_{ν)}s_3 + ( 5U_3 4 − 3W_3 ( m^2_3 7 − 1 )) ∇^μϕ_2∇_μs_3 + ( 24 √ 2X_3f_3 + ( 7 + 7 8 f_1 + 17 8 f_2 − 7 8 f_3 ) U_3 + ( −34 + 3 4 f_2 − 3 4 f_3 ) V_3 ) ϕ_2s_3 ] ⟨C^{I1} T^{I2} C^{I3} ⟩,

(C.19)

Q^{ϕI1}_3 =

3h_{213} f_1z_1 [ −2X_3∇^μϕ_2∇_μs_3 + (3 √ 2V_3 − 2X_3f_3)ϕ_2s_3 ] ⟨C^{I1} T^{I2} C^{I3} ⟩. (C.20)

D. Spherical Harmonics on S^4

Here we collect some results about the spherical harmonics on S^4, following the appendix of [24]. We take the radius of the sphere to be 1/2, as in the text. We embed the S^4 ⊂ R^5 and represent the spherical harmonics by Y^I = C^I_{i1···ik} x^{i1} · · · x^{ik} , (D.1) where we normalize C^{I1}_{i1···ik} C^{I2 i1···ik} = δ^{I1I2} . For each k, there are

n(k) = (2k + 3)(k + 2)(k + 1)/6 (D.2)

harmonics and the eigenvalues of the spherical harmonics on a sphere of radius 1/2 are given by ∇^α∇_αY^I = −4k(k + 3)Y^I . (D.3)

Integrals over products of spherical harmonics are facilitated by the use of the formula ∫ S^4 x^{i1} · · · x^{i2m} = 3ω_4 2^{3m+2}Γ(m +^5_2 ) ( δ^{i1i2} · · · δ^{i2m}�^{1i2m} + perms. ) , (D.4)

where ω_4 = 8π^2/3 and the permutations are computed in the following manner: fix the first index, then perform (2m−1) cyclic permutations, then, for each of the terms thus generated, fix the first three indices and perform (2m − 3) cyclic permutations, etc. We find the integral formulæ ∫ S^4

Y^{I1} Y^{I2} = z(k)δ^{I1I2} , ∫ S^4

∇^αY^{I1} ∇_αY^{I2} = f(k)z(k)δ^{I1I2} , ∫ S^4

∇^{(α}∇^{β)}Y^{I1} ∇_{(α}∇_{β)}Y^{I2} = q(k)f(k)z(k)δ^{I1I2} ,

(D.5)

where z(k) = 3ω_4Γ(k + 1) 2^{3k+2}Γ(k +^5_2 ) , f(k) = 4k(k + 3), q(k) = 3(k − 1)(k + 4).

(D.6)

For any given k, the sum over the n(k) degenerate eigenfunctions, labeled by A, is a constant ∑ A [ Y^I_A (θ)

]_2 = (2k + 3)Γ(k + 3) 2^{3(k+1)}Γ(k +^5_2 )

. (D.7)

Further, we find ∫ S^4

Y^{I1} Y^{I2} Y^{I3} = a(k_1, k_2, k_3)⟨C^{I1} C^{I2} C^{I3} ⟩,

a(k_1, k_2, k_3) =

3ω_4 2^{3Σ/2+2}Γ(^{Σ+5}_2 )

Γ(k_1 + 1)Γ(k_2 + 1)Γ(k_3 + 1) Γ(α_1 + 1)Γ(α_2 + 1)Γ(α_3 + 1) , (D.8)

∫ S^4

Y^{I1} ∇^αY^{I2} ∇_αY^{I3} = b(k_1, k_2, k_3)⟨C^{I1} C^{I2} C^{I3} ⟩, b(k_1, k_2, k_3) = 1 2 (f(k_2) + f(k_3) − f(k_1)) a(k_1, k_2, k_3),

(D.9)

∫ S^4

∇^{(α}∇^{β)}Y^{I1} ∇_αY^{I2} ∇_βY^{I3} = c(k_1, k_2, k_3)⟨C^{I1} C^{I2} C^{I3} ⟩, c(k_1, k_2, k_3) = 1 4 ( f(k_1)^2 − f(k_2)^2 − f(k_3)^2 + 2f(k_2)f(k_3) ) a(k_1, k_2, k_3)

(D.10)

∫ S^4

Y^{I1} ∇^{(α}∇^{β)}Y^{I2} ∇_{(α}∇_{β)}Y^{I3} = d(k_1, k_2, k_3)⟨C^{I1} C^{I2} C^{I3} ⟩, d(k_1, k_2, k_3) = 1 2 (f(k_2) + f(k_3) − f(k_1) − 24) b(k_1, k_2, k_3) − f(k_2)f(k_3) 4 a(k_1, k_2, k_3),

(D.11)

where ⟨C^{I1} C^{I2} C^{I3} ⟩, α_i, and Σ are defined as in (2.4).

Rank two, symmetric traceless tensor spherical harmonics are defined via Y^I_{(αβ)} = e_{αa}e_{βb}T^{I ab}_{i1···ik} x^{i1} · · · x^{ik} , (D.12) and satisfy ∇^γ∇_γY^I_{(αβ)} = −4(k(k + 3) − 2)Y^I_{(αβ)}. (D.13) We have the integral formulæ ∫ S^4

Y^{I1}_{(αβ)}Y^{I2}_{(γδ)}g^{αγ}g^{βδ} = z(k)⟨T^{I1} T^{I2} ⟩, ⟨T^{I1} T^{I2} ⟩ = T^{I1 ab}_{i1···ik} T^{I2}_{ab}^{i1···ik} , (D.14)

∫ S^4

Y^{I1}_{(αβ)}Y^{I2}_{(γδ)}g^{αγ}g^{βδ}Y^{I3} = a(k_1, k_2, k_3)⟨T^{I1} T^{I2} C^{I3} ⟩, ⟨T^{I1} T^{I2} C^{I3} ⟩ = T^{I1 ab}_{i1···iα2+α3}�_1 T^{I2}_{ab}^{i1···iα3}_{j1···jα1}�_1 C^{I3iα3+1···iα3+α2}�^{1j1···jα1}�^1 , (D.15)

∫ S^4

Y^{I1}_{(αβ)}∇^αY^{I2} ∇^βY^{I3} = h(k_1, k_2, k_3)⟨T^{I1} C^{I2} C^{I3} ⟩, ⟨T^{I1} C^{I2} C^{I3} ⟩ = T^{I1 abi1···iα2+α3} C^{I2}_{ai1···iα3 j1···jα1}�_1 C^{I3}_{biα3+1···iα3+α2}^{j1···jα1}�^1 , h(k_1, k_2, k_3) = (Σ + 3)α_1a(k_1, k_2, k_3),

(D.16)

∫ S^4

Y^{I1}_{(αβ)}∇^γ∇^αY^{I2} ∇_γ∇^βY^{I3} = 1 2 (f(k_2) + f(k_3) − f(k_1) − 16)

·h(k_1, k_2, k_3)⟨T^{I1} C^{I2} C^{I3} ⟩, ∫ S^4

Y^{I1}_{(αβ)}∇^{(γ}∇^{α)}Y^{I2} ∇_γ∇^βY^{I3} = 1 2 ( 1 2 f(k_2) + f(k_3) − f(k_1) − 16 )

·h(k_1, k_2, k_3)⟨T^{I1} C^{I2} C^{I3} ⟩, ∫ S^4

∇^γY^{I1}_{(αβ)}∇^{(α}∇^{β)}Y^{I2} ∇_γY^{I3} = 1 2 (f(k_2) − f(k_1) − f(k_3) − 24)

·h(k_1, k_2, k_3)⟨T^{I1} C^{I2} C^{I3} ⟩, ∫ S^4

∇_γY^{I1}_{(αβ)}∇^{(γ}∇^{α)}Y^{I2} ∇^βY^{I3} = 1 2 (f(k_1) + f(k_2) − f(k_3) − 8)

·h(k_1, k_2, k_3)⟨T^{I1} C^{I2} C^{I3} ⟩.

(D.17)

References

[1] E. Witten, “Some comments on string dynamics,” in Future Perspectives in String Theory: Strings ’95 (Los Angeles, CA, March 13–18, 1995), I. Bars et. al., eds. World Scientific, Singapore, 1996. hep-th/9507121.

[2] A. Strominger, “Open p-branes,” Phys. Lett. B383 (1996) 44–47, hep-th/9512059.

[3] E. Witten, “Five-branes and M-theory on an orbifold,” Nucl. Phys. B463 (1996) 383–397, hep-th/9512219.

[4] M. Rozali, “Matrix theory and U-duality in seven dimensions,” Phys. Lett. B400 (1997) 260–264, hep-th/9702136.

[5] M. Berkooz, M. Rozali, and N. Seiberg, “Matrix description of M Theory on T^4 and T^5,” Phys. Lett. B408 (1997) 105–110, hep-th/9704089.

[6] N. Seiberg, “New theories in six-dimensions and matrix description of M Theory on T^5 and T^5/Z_2,” Phys. Lett. B408 (1997) 98–104, hep-th/9705221.

[7] T. Banks, W. Fischler, S. H. Shenker, and L. Susskind, “M Theory as a matrix model:

A conjecture,” Phys. Rev. D55 (1997) 5112–5128, hep-th/9610043.

[8] E. Witten, “Branes and the dynamics of QCD,” Nucl. Phys. B507 (1997) 658,

hep-th/9706109.

[9] R. Dijkgraaf, E. Verlinde, and H. Verlinde, “5D black holes and matrix strings,” Nucl.

Phys. B506 (1997) 121, hep-th/9704018.

[10] O. Aharony, M. Berkooz, S. Kachru, N. Seiberg, and E. Silverstein, “Matrix description of interacting theories in six dimensions,” Adv. Theor. Math. Phys. 1 (1998) 148–157, hep-th/9707079.

[11] E. Witten, “New ‘gauge’ theories in six dimensions,” Adv. Theor. Math. Phys. 2 (1998) 61–90, hep-th/9710065.

[12] O. Aharony, M. Berkooz, and N. Seiberg, “Light cone description of (2,0) superconformal theories in six-dimensions,” Adv. Theor. Math. Phys. 2 (1998) 119–153, hep-th/9712117.

[13] J. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2 (1998) hep-th/9711200.

[14] S. S. Gubser, I. R. Klebanov, and A. M. Polyakov, “Gauge theory correlators from noncritical string theory,” Phys. Lett. B428 (1998) 105, hep-th/9802109.

[15] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2 (1998)

hep-th/9802150.

[16] O. Aharony, Y. Oz, and Z. Yin, “M theory on AdS_p × S^{11−p} and superconformal field theories,” Phys. Lett. B430 (1998) 87–93, hep-th/9803051.

[17] S. Minwalla, “Particles on AdS_{4/7} and primary operators on M_{2/5}-brane world volumes,” J. High Energy Phys. 9810 (1998) 002, hep-th/9803053.

[18] R. G. Leigh and M. Rozali, “The large N limit of the (2, 0) superconformal field theory,” Phys. Lett. B431 (1998) 311–316, hep-th/9803068.

[19] E. Halyo, “Supergravity on AdS_{4/7} × S^{7/4} and M branes,” J. High Energy Phys. 04 (1998) 011, hep-th/9803077.

[20] N. Seiberg, “Notes on theories with 16 supercharges,” Nucl. Phys. Proc. Suppl. 67 (1998) 158, hep-th/9705117.

[21] D. M. Kaplan and J. Michelson, “Zero modes for the D = 11 membrane and five-brane,” Phys. Rev. D53 (1996) 3474–3476, hep-th/9510053.

[22] J. Distler. Unpublished.

[23] S. Minwalla, “Restrictions imposed by superconformal invariance on quantum field theories,” Adv. Theor. Math. Phys. 2 (1998) 783–851, hep-th/9712074.

[24] S. Lee, S. Minwalla, M. Rangamani, and N. Seiberg, “Three-point functions of chiral operators in D = 4, N = 4 SYM at large N,” Adv. Theor. Math. Phys. 4 (1998)

hep-th/9806074.

[25] K. Pilch, P. van Nieuwenhuizen, and P. K. Townsend, “Compactification of d = 11 supergravity on S^4 (or 11 = 7 + 4, too),” Nucl. Phys. B242 (1984) 377.

[26] P. van Nieuwenhuizen, “The complete mass spectrum of d = 11 supergravity compactified on S_4 and a general mass formula for arbitrary cosets M_4,” Class. Quant. Grav. 2 (1985) 1.

[27] M. Gunaydin, P. van Nieuwenhuizen, and N. P. Warner, “General construction of the the unitary representations of the anti de–Sitter superalgebras and the spectrum of the S^4 compactification of eleven-dimensional supergravity,” Nucl. Phys. B255 (1985) 63.

[28] J. Maldacena, “Wilson loops in large N field theories,” Phys. Rev. Lett. 80 (1998) 4859–4862, hep-th/9803002.

[29] O. J. Ganor, “Six-dimensional tensionless strings in the large N limit,” Nucl. Phys.

B489 (1997) 95–121, hep-th/9605201.

[30] D. Berenstein, R. Corrado, W. Fischler, and J. Maldacena, “The operator product expansion for Wilson loops and surfaces in the large N limit,” hep-th/9809188. To appear in Phys. Rev. D.

[31] A. M. Polyakov, “Fine structure of strings,” Nucl. Phys. B268 (1986) 406.

[32] C. R. Graham and E. Witten, “Conformal anomaly of submanifold observables in AdS/CFT correspondence,” hep-th/9901021.

[33] D. J. Gross and H. Ooguri, “Aspects of large N gauge theory dynamics as seen by string theory,” Phys. Rev. D58 (1998) 106002, hep-th/9805129.

[34] H. Awata and S. Hirano, “AdS_7/CFT_6 correspondence and matrix models of M5-branes,” hep-th/9812218.

[35] W. Mück and K. S. Viswanathan, “Conformal field theory correlators from classical scalar field theory on AdS_{d+1},” Phys. Rev. D58 (1998) 041901, hep-th/9804035.

[36] D. Z. Freedman, S. D. Mathur, A. Matusis, and L. Rastelli, “Correlation functions in the CFT_d/AdS_{d+1} correspondence,” hep-th/9804058.

[37] G. Chalmers, H. Nastase, K. Schalm, and R. Siebelink, “R current correlators in N = 4 super Yang-Mills theory from anti-de Sitter supergravity,” hep-th/9805105.

[38] P. Breitenlohner and D. Z. Freedman, “Positive energy in anti-de Sitter backgrounds and gauged extended supergravity,” Phys. Lett. B115 (1982) 197.

[39] G. E. Arutyunov and S. A. Frolov, “Quadratic action for type IIB supergravity on AdS_5 × S^5,” hep-th/9811106.

[40] J. W. York, “Role of conformal three geometry in the dynamics of gravitation,” Phys.

Rev. Lett. 28 (1972) 1082–1085.

[41] G. W. Gibbons and S. W. Hawking, “Action integrals and partition functions in quantum gravity,” Phys. Rev. D15 (1977) 2752–2756.

[42] H. Liu and A. A. Tseytlin, “D = 4 super Yang-Mills, D = 5 gauged supergravity, and D = 4 conformal supergravity,” Nucl. Phys. B533 (1998) 88–108, hep-th/9804083.

[43] G. E. Arutyunov and S. A. Frolov, “On the origin of supergravity boundary terms in the AdS/CFT correspondence,” hep-th/9806216.

[44] S. W. Hawking, “The path-integral approach to quantum gravity,” in General Relativity. An Einstein Centenary Survey, S. W. Hawking and W. Israel, eds. Cambridge Univ. Press, United Kingdom, 1979.