hep-th/9902199 v6 4 Jun 1999

Two-dimensional Chiral Anomaly in Differential Regularization

W.F. Cheny Department of Physics, University of Winnipeg, Winnipeg, Manitoba, R3B 2E9 Canada and Winnipeg Institute for Theoretical Physics, Winnipeg, Manitoba

Abstract

The two-dimensional chiral anomaly is calculated using differential regularization. It is shown that the anomaly emerges naturally in the vector and axial Ward identities on the same footing as the four-dimensional case. The vector gauge symmetry can be achieved by an appropriate choice of the mass scales without introducing the seagull term. We have analyzed the reason why such a universal result can be obtained in differential regularization.

PACS: 11.10.Kk ; 11.15.-q Keywords: Two-dimensional chiral anomaly; Differential regularization; arbitrary local term; Ward identity.

One of the most remarkable dynamical phenomena in two-dimensional massless Quantum Electrodynamics (QED_2) is that the photon field becomes massive through a dynamical Higgs mechanism induced by the fermion [1]. The essence for its occurrence lies in the spontaneous breaking of the global chiral symmetry U(1)× ~U(1), U(1) and ~U(1) denoting the Abelian group associated with the charge and chirality of the fermion, respectively. This fact makes QED_2 served as a laboratory for understanding the vacuum structure of QCD_4 [2].

The two-dimensional chiral anomaly plays a crucial role in revealing above dynamical phenomena [3, 4]. In fact, the two-dimensional chiral anomaly was first found by Johnson [5] prior to the discovery of the famous ABJ chiral anomaly in four dimensions [6]. Later an explicit perturbative calculation was also carried out in Ref. [7]. In the last decade this anomaly has been re-investigated by various perturbative and non-perturbative calculation techniques such as dimensional, Pauli-Villars and zeta function regularization schemes as well as a dispersion relation approach [8] and topological analysis [9]. Recently, it is calculated again by a quite old method called analytic regularization [10]. However, we think that it is still worthwhile to use a newly developed quantum field theory methods to gain insight. This may not only reveal some of the new features of the two-dimensional anomaly, but also test the feasibility of the modern computation techniques.

yE-mail: wchen@theory.uwinnipeg.ca

In view of the above considerations, in this letter we shall use a relatively new regularization scheme called differential regularization [11] to calculate the two-dimensional chiral anomaly. The basic idea of this regularization is quite simple. It works in coordinate space for Euclidean field theory and is based on the observation that the higher order amplitude cannot have a Fourier transform into momentum space due to the short-distance singularity. Thus one can regulate such an amplitude by first writing its singular parts as the derivatives of the less singular functions, which have a well defined Fourier transform, and then performing Fourier transformation in partial integration and discarding the surface term. In this way one can directly get a renormalized result. Up to now this method and its modified version have been applied successfully to almost every field theories, including the supersymmetric ones [11–16].

The main motivation for us to choose this regularization scheme to study the twodimensional chiral anomaly is its great advantage over other regularization schemes in preserving gauge symmetry. The maintenance of the gauge symmetry in differential regularization is achieved by appropriately choosing the indefinite renormalization scales at the final stage of the calculation. Therefore, this regularization method can lead to a most democratic expression for the chiral anomaly. On the other hand, in Pauli-Villars, dimensional and Zeta function regularization, a renormalization condition is automatically imposed on the vector and axial Ward identities when calculating the chiral anomaly. That is, these regularization schemes themselves are compatible with the conservation of vector gauge symmetry and violate the axial vector symmetry, thus one can only observe an anomalous axial vector Ward identity. Differential regularization is different. The study of four-dimensional chiral anomaly in terms of differential regularization was initially carried out in Ref. [11] and [13], and it was shown that the anomalous term can naturally arise in the VWI and AWI on the same footing. Furthermore, combined with the conformal symmetry of the correlate function, as initially proposed by Baker and Johnson [17], differential regularization was also applied to investigate the possible two-loop radiative correction to the chiral anomaly and the axial gravitational anomaly [18]. Therefore, the investigation of the chiral anomaly in terms of differential regularization will definitely be more powerful in revealing the quantum structure of the theory than other regularization schemes. In addition, differential regularization does not modify the original Lagrangian at all, hence it never shifts the value of a primitively divergent Feynman diagram away from its singularities, and neither does it extend the dimensionality of the space-time or introduce a regulator [13]. Thus this regularization method is free from the ambiguity in defining the dimensional continuation of γ_5, which can occur in dimensional regularization. The details of the calculation in the differential regularization are also simpler than in Pauli-Villars and Zeta function regularization.

We now set up the framework for calculating this anomaly. The Lagrangian of QED_2 with one flavour fermion in Euclidean space is read as follows [4]: L = ψ̄(i/∂ − e/A − m)ψ − 1 4 F_{μν}F_{μν}, μ, ν = 1, 2, (1) where the γ-matrices are chosen as the two-component form

γ_1 = σ_2, γ_2 = −σ_1, γ_5 = −iγ_1γ_2 = σ_3. (2)

Classically, the following vector and axial currents j_μ = ψ̄γ_μψ, j^5_μ = iψ̄γ_μγ_5ψ (3) satisfy the relations ∂_μj_μ = 0, ∂_μj^5_μ = 2imj_5 (4) with j_5 being the pseudo-scalar current, j_5≡ψ̄γ_5ψ.

In QED_2 the chiral anomaly comes from the two-point function [9] Π^5_{μν} (x − y) = ⟨T [j_μ(x)j^5_ν (y)]⟩. (5) This is contrary to the four-dimensional case, where the chiral anomaly comes from the triangle composed of the axial and vector currents. Due to the explicit relation iγ_μγ_5 = ϵ_{μν}γ_ν , T^5_{μν} is relevant to the vacuum polarization tensor Π^5_{μν}(x − y) = ϵ_{νρ}Π_{ρμ}(x − y). (6) Thus Π^5_{μν} can be calculated via the vacuum polarization tensor.

If the classical symmetries of the theory were preserved at the quantum level there would exist the following vector Ward identity (VWI), ∂^x_μΠ^5_{μν} (x − y) = ∂^x_μΠ_{μν}(x − y) = ∂^y_ν Π_{μν}(x − y) = 0 (7) and the corresponding axial vector one (AWI), ∂^y_ν Π^5_{μν}(x − y) = 2imΠ^5_μ(x − y) (8) with that Π^5_μ(x − y)≡⟨T [j_μ(x)j_5(y)]⟩. Later it can be seen that the above Ward identities will be violated due to the chiral anomaly.

For massless QED_2, the propagator of the fermion in Euclidean space is S(x) = − 1 2π /∂ ln 1 x , (9)

where and later we denote x≡|x|; While for the massive case, we have S(x) = 1 2π (/∂ − m)K_0(mx), (10) where K is the modified Bessel function of the second kind.

Let us first consider the massless case. With the propagator (9) we write down the vacuum polarization tensor

Π_{μν} (x) = −e^2Tr [γ_μS(x)γ_νS(−x)] = e^2 4π^2

Tr(γ_μγ_αγ_ν γ_β) x_αx_β x^4 = e^2 2π^2 ( 2x_μx_ν x^4 − δ_{μν} x^2 ) , (11)

where we have used the relation ∂_μf(x) = x_μ/x[d/dxf(x)] and the two-dimensional γ-matrix trace formula Tr(γ_μγ_αγ_νγ_β) = 2 (δ_{μα}δ_{νβ} − δ_{μν}δ_{αβ} + δ_{μβ}δ_{να}).

The term with the tensor structure x_μx_ν can be rewritten as x_μx_ν x^4 = 1 2 ( ∂_μ∂_ν ln 1 x + δ_{μν} x^2 ) . (12)

Upon substitution of (12) into the vacuum polarization tensor (11), it seems that the term with the tensor structure δ_{μν} could cancel. In fact, this is not allowed since in two dimension the term ∼ 1/x^2 is obviously singular. It is analogous to the fact that two divergent terms with the same form but opposite sign in momentum space cannot be canceled, only after a regularization procedure is implemented so that they become well defined, the substraction operation can work safely. Otherwise, a finite term will probably lost since the difference of two infinite quantities is generally not zero. We therefore use differential regularization schemes to make 1/x^2 well defined. Writing 1 x^2

= ∂^2f(x) = 1 x d dx [ x d dx f(x) ] , (13)

we get f(x) = − 1 2 ln(Mx) ln 1 x , (14)

and hence the regulated version of 1/x^2 is ( 1 x^2 ) R = − 1 2 ∂^2 [ ln(Mx) ln 1 x ] , (15)

where M can be explained as the renormalization scale, which is necessary for the differential regularization. (15) are exactly the analogue of four-dimensional case [11], 1/x^4 = −1/4∂^2[ln(M^2x^2)/x^2].

With (12) and (15) the differential regulated vacuum polarization tensor is obtained

Π_{μν}(x) = e^2 2π^2 { ∂_μ∂_ν ln 1 x − δ_{μν} 1 2 ∂^2 [ ln(M_1x) ln 1 x ] + δ_{μν} 1 2 ∂^2 [ ln(M_2x) ln 1 x ]}

= e^2 2π^2 ( ∂_μ∂_ν − δ_{μν} 1 2 ln M_1 M_2

∂^2 ) ln 1 x . (16)

Eq.(6) gives the two-point function between the vector and axial vector currents

Π^5_{μν}(x) = ϵ_{νρ}Π_{ρμ}(x) = e^2 2π^2 ϵ_{νρ} ( ∂_ρ∂_μ − δ_{ρμ} 1 2 ∂^2 ln

M_1 M_2 ) ln 1 x . (17)

Just like the four-dimensional case, the results (16) and (17) have displayed a most democratic expression for the two-dimensional chiral anomaly. With a general choice

M_1 = e^nM_2, (18)

we obtain the two-point functions

Π_{μν}(x) = e^2 2π^2 ( ∂_μ∂_ν − n 2 δ_{μν} ∂^2 ) ln 1 x , Π^5_{μν}(x) = e^2 2π^2 ϵ_{νρ} ( ∂_ρ∂_μ − n 2 δ_{ρμ}∂^2 ) ln 1 x . (19)

and the corresponding vector and axial vector Ward identities,

∂_μΠ^5_{μν}(x) = (n 2 − 1 ) e^2 π ϵ_{νμ}∂_μδ^{(2)}(x),

∂_ν Π^5_{μν}(x) = n 2 e^2 π ϵ_{νμ}∂_ν δ^{(2)}(x). (20)

The choice n = 2 is the case we are familiar with, where the VWI is satisfied, while AWI becomes anomalous,

∂_μΠ_{μν} (x) = ∂_νΠ_{μν} (x) = ∂_μΠ^5_{μν}(x) = 0,

∂_νΠ^5_{μν} (x) = − e^2 2π ϵ_{νμ}∂_ν∂^2 ln 1 x = e^2 π ϵ_{νμ}∂_νδ^{(2)}(x). (21)

The n = 0 choice just corresponds to the conservation of axial vector current but an anomalous vector current. In any choices, both of the vector and axial Ward identities cannot be fulfilled simultaneously.

The massive case can be calculated in a similar way. The vacuum polarization tensor is

Π_{μν} (x) = − e^2 4π^2

Tr [γ_μ (/∂ − m) K_0(mx)γ_ν (−/∂ − m) K_0(mx)] = e^2 4π^2

Tr (γ_μγ_αγ_ν γ_β) x_αx_β [ 1 x d dx K_0(mx) ]2 − m^2Tr(γ_μγ_ν ) [K_0(mx)]^2

= e^2 2π^2 2x_μx_ν ( mK_1(mx) x )2 − m^2δ_{μν} ( [K_0(mx)]^2 + [K_1(mx)]^2 ) . (22) Making use of the following two-dimensional differential operations, 2x_μx_ν m^2 [K_1(mx)]^2

x^2 = ∂_μ∂_ν [ m^2x^2 ( [K_0(mx)]^2 − [K_1(mx)]^2 ) + mxK_0(mx)K_1(mx) ] −δ_{μν}m^2 ( [K_0(mx)]^2 − [K_1(mx)]^2 ) ; 2m^2[K_0(mx)]^2 = ∂^2 [ m^2x^2 ( [K_0(mx)]^2 − [K_1(mx)]^2 ) + mxK_0(mx)K_1(mx) ] , (23)

we can write the vacuum polarization tensor of the massive QED_2 as the following form,

Π_{μν}(x) = e^2 2π^2 { ∂_μ∂_ν [ m^2x^2[K_0(mx)]^2 − m^2x^2[K_1(mx)]^2 + mxK_0(mx)K_1(mx) ] −δ_{μν}m^2 ( [K_0(mx)]^2 − [K_1(mx)]^2 ) − δ_{μν} m^2 ( [K_0(mx)]^2 + [K_1(mx)]^2 )}

= e^2 2π^2 {( ∂_μ∂_ν − δ_{μν} ∂^2 ) [ m^2x^2 ( [K_0(mx)]^2 − [K_1(mx)]^2 ) −mxK_0(mx)K_1(mx)] + δ_{μν} ( m^2[K_1(mx)]^2 − m^2[K_1(mx)]^2 )} . (24)

The last two m^2[K_1(mx)]^2 terms of Eq.(24) cannot be canceled naively since they are singular as x∼0. Considering the short-distance expansion of K_1(mx),

K_1(mx)^x¸^0−→ 1 mx + mx [1 2 ln mx 2 + 1 2 γ − 1 4 ] + O(x^2) (25)

with γ being the Euler constant, we can see that in Eq.(24) the short-distance singularity is only carried by the leading term 1/x^2, the other terms are finite and they are exactly canceled. Therefore, employing Eq.(15) again, we finally get the differential regulated form of the vacuum polarization tensor for the massive case,

Π_{μν}(x) = e^2 2π^2 {( ∂_μ∂_ν − δ_{μν}∂^2 ) [ m^2x^2 ( [K_0(mx)]^2 − [K_1(mx)]^2 )

−mxK_0(mx)K_1(mx)] + δ_{μν} ( 1 x^2 − 1 x^2 )}

= e^2 2π^2 {( ∂_μ∂_ν − δ_{μν}∂^2 ) [ m^2x^2 ( [K_0(mx)]^2 − [K_1(mx)]^2 )

−mxK_0(mx)K_1(mx)] + δ_{μν} 1 2 ln M_1 M_2

∂^2 ln 1 x } . (26)

To check the Ward identities of the massive case, we need the two-point function (5),

Π^5_μ(x) = − e^2 4π^2

Tr [γ_μ (/∂ − m) K_0(mx)γ_5 (−/∂ − m) K_0(mx|)] = ie^2 π^2 mϵ_{μν}K_0(mx)∂_νK_0(mx) = ie^2 2π^2 mϵ_{μν} ∂_ν [K_0(mx)]^2 . (27)

In order to satisfy the VWI, we must impose M_1 = M_2. Then using the identity for the two-dimensional Euclidean scalar propagator,

∂^2K_0(mx) = m^2K_0(mx) − 2πδ^{(2)}(x). (28)

one can check that the VWI is satisfied and the AWI becomes anomalous,

∂_μΠ_{μν}(x) = ∂_ν Π_{μν}(x) = ∂_μΠ^5_{μν} (x) = 0;

∂_νΠ^5_{μν} = 2imΠ^5_μ(x) + e^2 π ϵ_{νμ}∂_ν δ^{(2)}(x). (29)

On the other hand, if we choose M_1 = e^2M_2, the AWI will be satisfied while the VWI is violated. Note that the mass scale choices for carrying the Ward identities out in the massive case are different from those in the massless case.

Eqs. (16), (17), (26) and the calculation deriving them show that the origin of the twodimensional anomaly in the differential regularization is the same as in the four-dimensional case [13]. To regulate two different singular pieces, one has to introduce two different mass scales. The terms with these two mass scales actually can combine into a finite amplitude with a continuous one-parameter shift degree of freedom given by the quotient of these two scales. This degree of freedom cannot accommodate the vector and axial vector Ward identities simultaneously so that the two-dimensional chiral anomaly has to emerge and manifests itself in the vector and axial vector Ward identities on the same footing.

In summary, we have obtained two-dimensional anomaly neatly in terms of differential regularization. In comparison with other approaches such as dimensional and Pauli- Villars regularization, this regularization scheme has clearly exhibited the nature of the two-dimensional chiral anomaly and especially, the anomaly has manifested itself in the vector and axial Ward identities impartially. Furthermore, the impartiality is achieved automatically in differential regularization and does not require an explicit particular choice of the renormalization conditions on the physical amplitude as other regularization schemes [19]. This has not only demonstrate the applicability of differential regularization to two-dimensional gauge theory, but also has revealed an intrinsic anomaly structure of the theory.

Another point which should be emphasized is that we have overcome the difficulty of the gauge non-invariance of the two-point function of QED_2 in coordinate space. It is known that the vacuum polarization tensor calculated before in coordinate space is not gauge invariant, a covariant seagull term has to be added to gain the gauge symmetry [20]. Of course, the reason for this is that the singularity is not properly regulated. Here in the framework of differential regularization we have achieved the gauge invariance by an appropriate choice of the undetermined mass scales.

The above result obtained in differential regularization is not accidental and the profound reason lies in the nice features presented by differential regularization itself [21] As it is shown above, the basic operation in differential regularization is replacing a singular term by the derivative of another less singular function. This operation has provided a possibility to add arbitrary local terms into the amplitude. Whenever performing such a operation, we are introducing into a new arbitrary local term into the quantum effective action. For the issue we are considering, the vacuum polarization tensor in QED_2, this arbitrariness is parameterized by the ratio of the two renormalization scales, M_1/M_2. In fact, this case is exactly the phenomenon emphasized by Jackiw [22] recently. According to renormalization theory, the introduction of an arbitrary local term in the amplitude is equivalent to the addition of a finite counterterm to the Lagrangian. Therefore, differential regularization can yield the most general quantum effective action. In particular, as stated in the introduction, this local parameterized ambiguity in differential regularization can be fixed at the final stage of the calculation by inputing some physical requirements. This special feature of differential regularization has formed a sharp contrast to other regularization schemes such as dimensional, Pauli-Villars and cut-off regularization etc. These regularization methods, together with given renormalization prescription, can fix the arbitrary local terms automatically. Therefore, differential regularization can give a more universal result than any other regularization method, since it does not impose any preferred choice on the amplitude at the beginning of implementing the regularization. This is just the reason why the chiral anomaly can emerge in both vector and axial vector Ward identities on the same footing, while in dimensional and Pauli-Villars regularization method, the anomaly only reflects in the axial Ward identity since the vector gauge symmetry has already been fixed in these regularization schemes.

ACKNOWLEDGMENTS

This work is supported by the Natural Sciences and Engineering Research Council of Canada. I am greatly indebted to Prof. G. Kunstatter for his important remarks and improvements on this manuscript. I would like to thank Dr. M. Carrington and Prof. R. Kobes for their encouragements and help. I am also grateful to Prof. R. Jackiw for his comments and especially informing us Ref. [22]. I am especially obliged to Dr. M. Perez- Victoria for his comments and enlightening discussions on differential regularization. Last but not the least, I would like to thank the referee for his pointing out a big mistake in the first submitted version.

REFERENCES

[1] J. Schwinger, Phys. Rev. 128 (1962) 2425.

[2] R. Jackiw and C. Rebbi, Phys. Rev. Lett. 37 (1976) 172; C. Callan, R. Dashen and D.

Gross, Phys. Lett. B63 (1976) 334; Phys. Rev. D17 (1978) 2717. [3] J. Lowenstein and J.A. Swieca, Ann. Phys. (N.Y.) D68 (1971) 172. [4] For a review, see: E. Abdalla, M.C.B. Abdalla and K.D. Rothe, Non-perturbative Methods in 2 Dimensional Field Theory (World Scientific, 1991).

[5] K. Johnson, Phys. Lett. B5 (1963) 253.

[6] S. Adler, Phys. Rev. 177 (1969) 2426; J.S. Bell and R. Jackiw, Nuovo Cim. 51 (1969) 47. [7] H. Georgi and J.M. Rawls, Phys. Rev. D3 (1971) 874. [8] C. Adam, R.A. Bertlmann and P. Hofer, Z. Phys. C56 (1992) 123. [9] For a recent review on two-dimensional chiral anomaly, see: C. Adam, R.A. Bertlmann and P. Hofer, Riv. Nuovo. Cim. 16 (1993) 1.

[10] L.A. Manzoni, B.M. Pimentel and J.L. Tomazeli, Axial Anomaly through Analytic Regularization, hep-th/9811114.

[11] D.Z. Freedman, K. Johnson and J.I. Lattore, Nucl. Phys. B371 (1992) 353. [12] R. Munoz-Tapia, Phys. Lett. B295 (1992) 95; P.E. Haggensen, Mod. Phys. Lett. A7 (1992) 893.

[13] P.E. Haggensen and J.I. Latorre, Ann. Phys. (N.Y.) 221 (1993) 77. [14] W.F. Chen, H.C. Lee and Z.Y. Zhu, Phys. Rev. D55 (1997) 3664; M. Chaichian, W.F.Chen and H.C. Lee, Phys. Lett. B409 (1997) 325.

[15] F. del Aguila, A. Culatti, R. Munoz-Tapia and M. Perez-Victoria, Phys. Lett. B419 (1998) 263; Nucl. Phys. B504 (1997) 532; Nucl. Phys. B537 (1999) 561.

[16] M. Perez-Victoria, Phys. Lett. B442 (1998) 315; T. Hahn and M. Perez- Victoria, Automatized One-loop Calculations in Four-dimensions and D-dimensions,

hep-th/9807565, to be published in Comp. Phys. Comm..

[17] M. Baker and K. Johnson, Physica 96A (1979) 120.

[18] J. Erlich and D.Z. Freedman, Phys. Rev. D55 (997) 6522; J. Pachos and R. Schiappa, Phys. Rev. D59 (1999) 025004.

[19] S. Pokorsky, Gauge Field Theories, Chapter 12 (Cambridge University Press, 1987). [20] H. Leutwyler, Helv. Phy. Acta, 59 (1986) 201. [21] Private communications with Dr. M. Perez-Victoria.

[22] R. Jackiw, When radiative corrections are finite but undetermined, hep-th/9903044.