hep-th/9902205 26 Feb 1999

ITEP/TH-70/98 FIAN/TD-06/98 hepth/9902205

The Ruijsenaars-Schneider Model in the Context of Seiberg-Witten Theory

H.W.Braden^†, A.Marshakov^{‡§}, A.Mironov^{¶‖}, A.Morozov^{∗∗}

The compactification of five dimensional N = 2 SUSY Yang-Mills (YM) theory onto a circle provides a four dimensional YM model with N = 4 SUSY. This supersymmetry can be broken down to N = 2 if non-trivial boundary conditions in the compact dimension, ϕ(x_5 + R) = e^{2πiϵ}ϕ(x_5), are imposed on half of the fields. This two-parameter (R, ϵ) family of compactifications includes as particular limits most of the previously studied four dimensional N = 2 SUSY YM models with supermultiplets in the adjoint representation of the gauge group. The finite-dimensional integrable system associated to these theories via the Seiberg-Witten construction is the generic elliptic Ruijsenaars-Schneider model. In particular the perturbative (weak coupling) limit is described by the trigonometric Ruijsenaars-Schneider model.

1 Introduction

Seiberg-Witten theory [1] provides a description of the effective low-energy actions of four dimensional N = 2 SUSY Yang-Mills theories in terms of finite-dimensional integrable systems [2, 3]. Such a description has been extended to five dimensional N = 2 SUSY theories [4, 5] with one dimension compactified on a circle of radius R [4]. By starting with such a five dimensional model one may obtain four dimensional N = 2 SUSY models (with fields only in the adjoint representation of the gauge group) by imposing non-trivial boundary conditions on half of the fields:

ϕ(x_5 + R) = e^{2iϵ}ϕ(x_5). (1)

If ϵ = 0 one obtains N = 4 SUSY in four dimensions, but when ϵ ≠ 2πn this is explicitly broken to N = 2. The low-energy mass spectrum of the four dimensional theory contains two towers of Kaluza-Klein modes: M = πn R and M = ϵ + πn R , N ∈ Z. (2) †Department of Mathematics and Statistics, University of Edinburgh, Edinburgh EH9 3JZ Scotland; e-mail address: hwb@ed.ac.uk

‡Theory Department, Lebedev Physics Institute, Moscow 117924, Russia; e-mail address: mars@lpi.ac.ru §ITEP, Moscow 117259, Russia; e-mail address: andrei@heron.itep.ru ¶Theory Department, Lebedev Physics Institute, Moscow 117924, Russia; e-mail address: mironov@lpi.ac.ru ‖ITEP, Moscow 117259, Russia; e-mail address: mironov@itep.ru ∗∗ITEP, Moscow 117259, Russia; e-mail address: morozov@vx.itep.ru

In accordance with [4, 6] the prepotential F(a_i) for the group SU(N) (i = 1 . . . N) should be F(a) = −τ N∑ i a^2_i + 1 iπ ( 1 R )_2 ∑ i,j ′ ∞∑ n=−∞ { (Ra_{ij} + πn)^2 log (Ra_{ij} + πn)

− (Ra_{ij} + πn − ϵ)^2 log (Ra_{ij} + πn − ϵ) + regulator }

+non-perturbative (instanton-induced) corrections = ∑ i,j ′ f(a_{ij} ) + corrections.

(3)

Here f(a) = − τ N a^2 + 1 2iπR^2 ( Li_3 ( e^{−2iRa} ) − Li_3 ( e^{−2i(Ra+ϵ)} )) (4) and ∂^2f ∂a^2 = − 2τ N + 1 iπ ∞∑ n=−∞ (log (Ra + πn) − log (Ra + ϵ + πn)) + corrections = −2τ N + 1 iπ log sin aR sin(aR + ϵ)

+ corrections. (5)

In these formulas τ =^{4πi}_{g2} +^θ_{2π} is the bare coupling constant and a_{ij} ≡ a_i − a_j, where a_i ( ∑N i a_i = 0) characterize the (eigenvalues of the) vacuum expectation values of the scalar fields which spontaneously break the SU(N) gauge symmetry down to the abelian one, U(1)^{N−1}. Note that T_{ij}(a) ≡^{∂2F}_{∂ai∂aj} are couplings of the effective low-energy abelian theory and they depend on the choice of vacuum. Such an explicit occurence of the bare coupling τ is typical of UV-finite YM theories which possess the highest possible supersymmetry, perhaps softly broken.

Now Seiberg-Witten theory (implicitly) provides exact expressions for the full non-perturbative prepotential F(a) (i.e. with all the instantonic corrections included) via^1

a_i = ∮ A_i dS, ∂F ∂a_i = ∮ B_i dS. (6)

Here dS is the generating 1-form on the spectral curve C of the associated one dimensional integrable model, and A_i, B_i are the conjugate 1-cycles on C, A_i ∘ B_j = δ_{ij}. The parameters a_i may be considered as (some) moduli of the complex structures on C.

According to the proposal of [4], the prepotential (5) arising from this five dimensional theory may be associated with the elliptic Ruijsenaars-Schneider integrable model [7]. In various double-scaling limits it reduces to well-studied systems:

(a) If R → 0 (with finite ϵ) the (finite) mass spectrum (2) reduces to a single point M = 0. This is the standard four dimensional N = 2 SUSY YM model – the original and simplest example of Seiberg-Witten theory [1] – associated with the periodic A_{N−1} Toda chain for SU(N) [2] and with the appropriate periodic Toda chain for other gauge groups [8]. In this situation N = 2 SUSY in four dimensions is insufficient to ensure UV-finiteness, thus τ → i∞, but the

1 Our conventions are to include a factor of 1/(2πi) in the definition of ∮ . Thus ∮ dz/z = 1.

phenomenon of dimensional transmutation occurs whereupon one substitutes the dimensionless τ by the new dimensionful parameter Λ^N = e^{2πiτ} (ϵ/R)^N .

(b) If R → 0 and ϵ ∼ mR for finite m, then UV finiteness is preserved. The mass spectrum (2) reduces to the two points M = 0 and M = m. This is the four dimensional YM model with N = 4 SUSY softly broken to N = 2. The associated finite-dimensional integrable system [9, 10] is the elliptic Calogero model [11, 12]. Case (a) is then obtained from (b) by Inosemtsev’s [13] double scaling limit when m → 0, τ → i∞ and Λ^N = m^N e^{2πiτ} is fixed.

(c) If R ≠ 0 but ϵ → i∞ the mass spectrum (2) reduces to a single Kaluza-Klein tower, M = πn/R, n ∈ Z. This compactification of the five dimensional model has N = 1 SUSY and is not UV-finite. Here τ → i∞ and ϵ → i∞, such that 2πτ − Nϵ remains finite. The corresponding integrable system [4] is the relativistic Toda chain [14].

(d) Finally, when R ≠ 0 and ϵ and τ are both finite one distinguished case still remains: ϵ = π/2.^2 Here only periodic and antiperiodic boundary conditions occur in the compact dimension. This is the case analysed in [15]. It is clearly special from both the point of view of Yang-Mills theory and integrable systems.

The purpose of the present paper is to provide further details about the general Ruijsenaars- Schneider prepotential (5) with arbitrary R and ϵ, as well as to show what is special about the point ϵ = π/2. We shall mostly concentrate on the perturbative (weak coupling) limit τ → i∞ (with R and ϵ fixed) when the instantonic corrections in (5) can be neglected. In contrast with the well-studied cases (a) and (c) the perturbative limit for Calogero and Ruijsenaars- Schneider systems at first sight appears non-trivial: here elliptic systems are reduced to their trigonometric counterparts and the spectral curve appears complicated. As we shall show, however, the spectral curve may be recast in rational form.^3 In contrast to earlier works, this characterisation of the curve enables us to give the first calculation of the perturbative prepotential. In the perturbative limit of case (d) we reobtain the curve considered in [15].

An outline of the paper is as follows. First we will briefly review the basics of Seiberg-Witten theory and the Ruijsenaars-Schneider model. These sections provide enough information to make the paper self-contained, and we reference works that examine these topics more extensively. Our strategy is to calculate the third derivatives of the prepotential via information about the spectral curves of the models. These curves are complicated, and section 4 of the paper treats the case of SU(2) as an illustrative example. After this we treat the case of general SU(N). One of our important results is that the spectral curves admit a nice separation of variables in the perturbative limit, which allows for calculation.

2The case ϵ = 0 of fully unbroken five dimensional N = 2 supersymmetry is of course also distinguished, but trivial: there is no evolution of effective couplings (renormalisation group flows) and the integrable system is just that of N non-interacting (free) particles.

3 In [6, 16] the perturbative period matrix

∂^2F ∂a_i∂a_j = log a_{ij} a_{ij} + m was deduced from the elliptic case by ingenious yet tedious calculations, which did not make explicit use of the fact that elliptic Calogero model can be substituted by its trigonometric limit (the Sutherland model).

2 Basics of SW theory

A key feature relating SW theory and the theory of integrable systems –and one still lacking a complete explanation– is the following: the families of spectral curves {C} arising from SW theory are parameterized by the Hamiltonians of an associated integrable system. For a given group and model the genus of C is fixed and our family of curves is a certain subspace (normally of high codimension) in the moduli space of complex structures. An explicit parameterisation of curves is provided with the help of Lax operator of integrable system. For the group SU(N) this has the form of an N × N matrix^4 L given on “the bare spectral curve” E, and

C : det_{N×N} (λI − L(ξ)) = 0. (7)

The curve is an N-fold covering over E parameterized by the spectral parameter ξ.

For YM theories which are UV-finite the bare curve is elliptic (a torus) with its own modulus τ and we choose a “bare co-ordinate” ξ so that dξ is a holomorphic differential on E. In the double-scaling limits which lead to the UV-infinite theories described above this modulus disappears and is replaced by the dimensionful Λ. In this situation the bare spectral curve degenerates into the doubly punctured Riemann sphere with spectral parameter w ∼ e^{2iξ}, (8) and dξ =^1_{2i}^{dw}_w . The Lax operators and integrable systems we encounter reflect the dimensionality of the underlying YM theories. For five dimensional YM theories the Lax operators are “group-like” objects ( with integrable systems the Ruijsenaars-Schneider and relativistic Toda models) while for four dimensional theories they are “algebra-like” objects (with integrable systems the Calogero and ordinary Toda chain). The generating 1-forms are then found to be

dS = R^{−1} log λdξ for 5d models,

dS = λdξ for 4d models. (9)

Suppose we parameterize a bare curve that is elliptic by the algebraic equation,

ŷ^2 = x̂^3 − αx̂^2 − βx̂ − γ. (10)

Then with x̂ = ℘(ξ) + α/3 and ŷ = −^1_2 ℘^′(ξ) we have that dξ = −2^{dx̂}_ŷ . Here ℘(ξ) is the doubly periodic Weierstrass ℘-function with periods 2ω and 2ω^′, and τ =^{ω′}_ω [18, 19]. This satisfies the canonical equation

℘^′(ξ)^2 = 4(℘(ξ) − e_1)(℘(ξ) − e_2)(℘(ξ) − e_3), e_1 + e_2 + e_3 = 0.

We remark that although the Weierstrass function depends on two periods, the homogeneity relation ℘(tz|tω, tω^′) = t^{−2}℘(z|ω, ω^′) 4 There may also be other representations. For example, in terms of the 2 × 2 transfer matrix T_N (λ) of some spin-chain model:

det_{2×2} (f(ξ)I − T_N (λ)) = 0.

Such alternative representations are crucially important for the description of matter in the fundamental representation of the gauge group [17]. The exact (duality) relation between these N × N and 2 × 2 representations still remains obscure and is beyond the scope of the present paper.

enables us to arbitrarily rescale one of these. Our final results are independent of such scaling and this allows us to choose the real period to be π (that is ω = π/2). The perturbative limit is then given by the imaginary period 2ω^′ becoming infinite, τ → i∞. In this weak coupling limit (without any double-scaling) the bare curve (10) becomes

y^2 = x^2(x − 1). (11)

Then x̂ → x − 1/3 with x =^1_{sin2 ξ} , ŷ → y = −^{cos ξ}_{sin3 ξ} , α = 1, β = γ = 0 and dξ →^{dx}_x^√_{x−1} . Throughout we will denote by “hatted” quantities those expressions depending on an elliptic bare curve (such as x̂) while “unhatted” quantities will denote their degenerations in the τ → i∞ limit (such as x).

The variations of dS with respect to moduli are, by definition, holomorphic 1-forms on the spectral curve. Particular choices of coordinates for the moduli may have natural properties. For example, if a_i defined by (6) are chosen as coordinates on the moduli space, then ∂dS ∂a_i = dΩ_i (12)

are canonical 1-differentials, ∮ A_i dΩj = δij. When the prepotential satisfies the WDVV equations

this choice is equivalent to specifying a flat structure [20, 21]. Further the second derivatives T_{ij} of the prepotential (5) with respect to these coordinates then form the period matrix of C. An even simpler expression – the “residue formula” – exists for the variation of the period matrix, that is for the third derivatives of F(a) (see, e.g. [6]):

∂^3F ∂a_i∂a_j∂a_k = ∂T_{ij} ∂a_k = 1 2πi res_{dξ=0} dΩ_idΩ_j dΩ_k δdS , (13) where δdS ≡ d ( dS dξ ) dξ, or, explicitly

δdS = R^{−1}d log λdξ for 5d models, δdS = dλdξ for 4d models. (14)

We remark that although dξ does not have zeroes on the bare spectral curve when it is a torus or doubly punctured sphere, it does in general however possess them on the covering C. Examples of this will be given later in the paper.

3 Basics of the Ruijsenaars-Schneider model

The Ruijsenaars-Schneider model is a remarkable completely integrable system whose various limits include the (finite dimensional) Toda and Calogero-Moser models. Here we shall review only a few of its salient features needed for our calculations. More comprehensive accounts of its structure and applications may be found in [22]. The GL(N) model has an explicit Lax representation with Lax operator [7, 23, 24] L_{ij} = c(ξ|ϵ)e^{Pi} F (q_{ij}|ξ) F_(q_{ij}|ϵ) . (15)

Here e^{Pi} = e^{pi} ∏ l≠i √ ℘(q_{il}) − ℘(ϵ). (16) where the p_i and q_i are canonically conjugate momenta and coordinates, {p_i, q_j} = δ_{ij}. The commuting Hamiltonians may be variously written

H_k = ∑ J⊂{1,...n} |J|=k e ∑ j∈J p_j ∏ j∈J k∈{1,...n}\J F (q_{ij}|ξ) F_(q_{ij}|ϵ) = ∑ 1≤i1<...<ik ≤N e^{Pi1 +...+Pik} ∏ a<b 1 ℘(q_{iaib} ) − ℘(ϵ) . (17)

(The final product is taken to be unity in the case k = 1.) These Hamiltonians arise in the description of the spectral curve (7). The special functions that appear above are defined to be [12] F (q|ξ) = σ(q − ξ) σ(q)σ(ξ) , (18)

where σ(ξ) denotes the Weierstrass σ-function [18, 19]. One identity used throughout is σ(u − v)σ(u + v) σ^2(u)σ^2(v)

= ℘(v) − ℘(u). (19)

The integrability of the model depends on the functional equations satisfied by F [7]; the connection with functional equations and integrable systems is part of a larger story [25].

Some comment on the parameters ξ and ϵ in these formulae is called for. Here ξ is precisely the spectral parameter we have encountered in (7). Further, the additional parameter ϵ in (15,16) above is the same parameter we introduced in (1) characterising the boundary conditions. Actually the integrability of (17) does not require ϵ to be real, but such a choice guarantees the reality of the the Hamiltonians. The identification of these two parameters has been simplified by our choice of the real period of ℘ being π so that both (1) and (15,16) are manifestly π periodic. The “non-relativistic limit” ϵ → 0 which leads to the Calogero-Moser system means we can identify the mass m = ϵ/R of the gauge multiplet with the Calogero-Moser coupling constant. The special point ϵ = π/2 (= ω) singled out earlier is now a half-period of the ℘-function, and at this point ℘^′(^π_2 ) = 0.

¿From the point of view of classical integrability the overall normalisation factor c(ξ|ϵ) of the Lax operator does not change the integrals of motion apart from scaling. This normalisation factor does however lead to the rescaling of λ and this effects the explicit form of the 1-form dS.^5 We shall see below that significant simplifications occur with the choice c(ξ|ϵ) = c_0(ξ|ϵ) ≡ 1 √ ℘(ξ) − ℘(ϵ) = σ(ξ)σ(ϵ) √ σ(ϵ − ξ)σ(ϵ + ξ) = √ c_+(ξ|ϵ)c_−(ξ|ϵ) (20) where c_±(ξ|ϵ) ≡ σ(ξ)σ(ϵ) σ(ϵ ± ξ) = ∓ 1 F (ϵ| ∓ ξ) . (21)

Similar issues of normalisation enter into discussion of separation of variables [26].

For future reference it is convenient to record here the value of these expressions in the perturbative (weak coupling) limit τ → i∞. We have already seen that ℘(ξ) →^1_{sin2 ξ} −^1_3 . Further, c_0(ξ|ϵ) → 1 √ sin^{−2} ξ − sin^{−2} ϵ = sin ξ sin ϵ √ sin(ϵ − ξ) sin(ϵ + ξ) , c_±(ξ|ϵ) → sin ξ sin ϵ sin(ϵ ± ξ) e^{∓ϵξ/3} ≡ c̄_±e^{∓ϵξ/3}. (22)

5 Note that although the choice of normalisation c(ξ|ϵ) (or, equivalently, rescaling λ) can change the manifest expression for dS, it affects neither the symplectic 2-form^{dλ}_λ ∧^{dw}_w , nor the period matrix, which is the second derivative of the prepotential.

The corresponding integrable system is then nothing but the trigonometric Ruijsenaars-Schneider model. Finally the special point ϵ = ω =^π_2 sees

℘(ω) = e_1 → 2 3 (23)

and the particular combination (20) becomes

c_0(ξ|ϵ = π/2) → tan ξ. (24)

4 The case of SU(2)

Before generalising to the higher rank situation it is instructive to first consider the case of gauge group SU(2). In the formulae of the previous section this corresponds to setting N = 2 and working in the center-of-mass frame p_1 + p_2 = 0. We define p ≡ p_1 and q ≡ q_1 − q_2. Having constructed the spectral curve we shall proceed to calculate the third derivative of F(a), first directly, then via the residue formula. These will be seen to agree with those coming from (5).

4.1 Spectral curve

Using the explicit form of the Lax operator the spectral curve (7) is found to be

λ^2 − cuλ + c^2(℘(ξ) − ℘(ϵ)) = λ^2 − cuλ + c^2 c^2_0

= 0, (25)

where u ≡ H_1(p, q) = 2 cosh p √ ℘(q) − ℘(ϵ) (26) is the Hamiltonian (17). For the choice c(ξ|μ) = c_0(ξ|μ) this simplifies to yield

λ^2 − uc_0λ + 1 = 0, (27)

or simply c^{−1}_0 (ξ) = uλ λ^2 + 1 = u λ + λ^{−1} . (28)

Observe that with our choice (20) this equation, which describes the Seiberg-Witten spectral curve, may be expressed in the form.

u = H(log λ, ξ). (29)

Comparison with (9) shows that the generating differential RdS = log λdξ takes the form pdq here. This appears to be the case in all known examples [2]: the Seiberg-Witten generating differential takes the form pdq for the corresponding integrable system. A general proof of this rather natural correspondence is still lacking.

Upon using (24) we see that (28) reduces to

cot ξ = uλ λ^2 + 1

(30) at the special point ϵ = π/2 and in the perturbative limit. The rational spectral curve for this situation was given in [15]^6 as w = (λ − λ_1)(λ − λ^{−1}_1 ) (λ + λ_1)(λ + λ^{−1}_1 )

. (31)

These two expressions are seen to agree upon setting w = −e^{2iξ} and iu = (λ_1 + λ^{−1}_1 ).

4.2 The period matrix in the perturbative limit

As we described in section 2, the derivatives of the 1-form dS with respect to the moduli are holomorphic differentials. A particular choice of coordinates for the moduli will lead to the canonical holomorphic 1-differentials. For the example at hand there is only one modulus and dv = ∂dS ∂u = R^{−1} 1 λ ∂λ ∂u dξ = R^{−1} c_0dξ 2λ − c_0u = 1 R dξ √ u^2 − 4/c^2_0 = 1 2R dξ √ u^2 4 + ℘(ϵ) − ℘(ξ) . (32)

If we order the roots e_3 ≤ e_2 ≤ e_1 we may take for the A integral ∮ A dv = 1 iπ ∫ e_2 e_3 dv = 1 iπR √ (^{u2}_4 + ℘(ϵ) − e_2)(e_1 − e_3) K (^{u2}_4 + ℘(ϵ) − e_1)(e_2 − e_3) (^{u2}_4 + ℘(ϵ) − e_2)(e_1 − e_3) . (33) Here K(q) is the complete elliptic integral of the first kind. Dividing dv by the right hand side of this expression would then give us the canonical holomorphic 1-differential dΩ. Similarly for the B integral we have ∮ B dv = 1 iπ ∫ e_1 e_2 dv = − 1 πR √ (^{u2}_4 + ℘(ϵ) − e_2)(e_1 − e_3) K (^{u2}_4 + ℘(ϵ) − e_3)(e_1 − e_2) (^{u2}_4 + ℘(ϵ) − e_2)(e_1 − e_3) , (34) and so the period matrix is T = ∮ B dΩ = −iK (^{u2}_4 + ℘(ϵ) − e_3)(e_1 − e_2) (^{u2}_4 + ℘(ϵ) − e_2)(e_1 − e_3) / K (^{u2}_4 + ℘(ϵ) − e_1)(e_2 − e_3)

(^{u2}_4 + ℘(ϵ) − e_2)(e_1 − e_3) . (35) One can take the limit ϵ → 0 in this expression to obtain T = −τ . This agrees perfectly with formula (5) for SU(2) and justifies our identification of the gauge theory coupling constant and the modulus of the bare spectral curve.

Let us now calculate the same quantities in the perturbative limit. Now dξ →^{dx}_x^√_{x−1} , ℘(ξ) → sin^{−2} ξ − 1/3 and upon substituting 1/c^2_0 = x − sin^{−2} ϵ from (20) we obtain dv → ( 1 2R ) dx x √ (x − 1)(U^2 − x)

, (36)

with U^2 =^1_{sin2 ϵ} +^{u2}_4 . We have e_2 = e_3 = −1/3 and e_1 = 2/3 in this limit and so the A-period in this case shrinks to a contour around x = 0. Now ∮ A dv = 1/(2iRU) and we may identify the canonical differential dΩ = 2iRUdv. This result also follows from (33) upon using K(q) =_{q→0} π 2 (1 + q^2 4 + . . .). 6This paper in fact used the slightly different normalisation w = −2e^{2iξ} from that being used here and we have compensated for this in the expressions being presented.

The B-period of dΩ again gives the period matrix. The corresponding integral now goes (twice) between x = 0 and x = 1, and the integral ∮ B dv diverges logarithmically in the vicinity of x = 0.

This divergence was to be expected because the period matrix (5) contains a term τ on the right hand side and the perturbative limit is given by τ → i∞. Upon making the rational substitution x =^v_{1+v} we obtain T = ∮ B dΩ = U π ∫_1 0 dx x √ (x − 1)(U^2 − x)

= lim_{ε→0} U iπ √ U^2 − 1 ∫ ∞ ε dv v √ v +^{U 2}_{U 2−1} = − 1 iπ lim_{ε→0} ( log ε 4 ) + 1 iπ log U^2 1 − U^2

(37)

where ε is a small-x cut-off. Thus, the U dependent part of this integral is finite and can be considered as the “true” perturbative correction, while the divergent part just renormalises the bare “classical” coupling constant τ . Again the same result follows from (35) upon using

lim_{q→1} ( K(q) − 1 2 ln( 16 1 − q^2 ) ) = 0.

The final ingredient we wish are the a-variables, i.e. the A-period of dS itself. This will correspond to the integral of (33) with respect to u, which is a rather complicated integral. For our purposes the perturbative limit will suffice when there are several simplifications. From the definition of (6) and that of dS we find a = 1 R ∮ log λdx x √ x − 1 = log λ|_{x=0} iR . Now at x = 0 we have that c_0 = i sin ϵ while at the same time λ + λ^{−1} = c_0u. Together these yield 2 cos aR = iu sin ϵ and U^2 = u^2 4 + 1 sin^2 ϵ = 1 sin^2 ϵ

(1 − cos^2 aR) = sin^2 aR sin^2 ϵ

. (38)

Substituting this expression for U^2 into (37) we obtain for the finite part of the period matrix

T_{finite} = 1 iπ log sin^2 aR sin^2 ϵ − sin^2 aR = 1 iπ log sin^2 aR sin (ϵ + aR) sin (ϵ − aR)

. (39)

Upon using sin^2 a − sin^2 b = sin(a + b) sin(a − b) this yields precise agreement with (5) where in the case of SU(2) we note that only two terms contribute to the sum: one with a_{12} = a and one with a_{21} = −a.

4.3 The perturbative residue formula

We remark that the problems we encountered in the previous section of divergent integrals do not arise when working with the derivatives of the period matrix with respect to its moduli (i.e. with the third derivative of the prepotential). Indeed the most effective way to deal with perturbative prepotentials is to calculate them via residue formulae, which are finite. Here we will illustrate the residue formula (13) for the system at hand, reproducing the result (39) of the previous subsection.

We wish to calculate ∂^3F ∂a^3 = ∂T ∂a = 1 2πi res_{dξ=0} dΩdΩdΩ δdS . (40)

¿From the previous section we have the canonical differential dΩ = iU dx x √ (x − 1)(U^2 − x)

. (41)

Also from x = 1/c^2_0 + sin^{−2} ϵ = λ^2u^2 (λ^2 + 1)^2

+ sin^{−2} ϵ = U^2 − u^2 4 ( 1 − λ^2 1 + λ^2

)_2

we obtain that dx dλ = 2λu 1 − λ^2 (1 + λ^2)^3 and consequently that dξ = dx x √ x − 1 = dλ √ λ^2u^2 (λ2+1)2 + sin −2 ϵ − 1 2λu^2 λ^2u^2 + sin^{−2} ϵ(λ^2 + 1)^2

1 − λ^2 1 + λ^2

. (42)

Observe that although the expression for dξ is nonvanishing as a function of the bare spectral parameter x (for finite x), it does however vanish as a function of the proper local parameter λ^2 at λ^2 = 1 (when x = U^2). That is dξ, while nonvanishing as a function of the bare spectral curve, does vanish on its cover C.

Putting these various expressions together yields dΩdΩdΩ δdS = iRuU^3 x^2(x − 1)

16λ^2 (1 + λ^2)^3 dλ^2 1 − λ^2

. (43)

Now we can apply the residue formula (13), which gives

∂^3F ∂a^3 = 1 π uR (1 − U^2)U

. (44)

This should be compared with the derivative of (39) with respect to a, that gives exactly the same result.

5 The case of general SU(N)

We now consider the general SU(N) model. The first step is to evaluate the spectral curve (7) for the Lax matrix (15). Expanding the determinant about the diagonal yields N∑ k=0 (−λ)^{N−k}c^k ∑ 1≤i1<...<ik ≤N e^{Pi1 +...+Pik} det_{(ab)} F (q_{iaib} |ξ) F (q_{iaib} |ϵ) = 0, (45)

and Ruijsenaars [7] expressed the determinants appearing here in terms of the Hamiltonians (17) by means of a generalised Cauchy formula. Here we shall reobtain this expansion using a simple fact that generalised Cauchy formulae can be derived in terms of free-fermion correlators via Wick’s theorem for fermions. The Ruijsenaars-Schneider model (and its spin generalisations) may be understood [24, 27] in terms of a reduction of the Toda lattice hierarchy. The Hirota bilinear identities of that hierarchy may be expressed in terms of free-fermion correlators [28], and are the origin of those here. We believe that these free field expansions will ultimately lead to a better field theoretic understanding of the appearance of these integrable systems. The machinery of free-fermion correlators has already found use, for example, in calculating within the context of the Whitham hierarchy for these integrable systems [29]. Having obtained the spectral curve we will then show that remarkable simplifications occur for the parameterisation of the curve, both in the perturbative limit and for the nonperturbative special point ϵ = ω = π/2. It is the existence of these simpler rational forms of the curves that enables us to calculate the prepotential.

5.1 Handling determinants

The determinants in (45) can be evaluated by making use of Wick’s theorem for fermionic correlators on a Riemann surface. (Appendix A of [29] provides both a summary and references for this machinery.) First observe that F (q_{ab}|ξ) F (q_{ab}|ϵ) = σ(q_a − q_b − ξ)σ(ϵ) σ(q_a − q_b − ϵ)σ(ξ) ∼= θ^e(q^a − q^b − ϵ) θ_∗(q_a − q_b − ϵ)θ_e(0) · θ_∗(ϵ)θ_∗(ϵ − ξ) θ_∗(ξ) . (46)

Here ∗ is the odd theta-characteristic (such that θ_∗(−z) = −θ_∗(z), traditionally labelled θ_1 for genus one), e = ϵ − ξ and θ_e(z) ∼= θ_∗(z + e). The symbol “∼=” denotes here equality modulo standard factors like quadratic and linear exponents and Dedekind functions, which will cancel in the final expressions. They may be simply restored upon using σ(z) = 2ω π e^{ηz22ω} θ_1(^{πz}_{2ω} ) θ^′_1(0) . Now the fermionic correlator on a torus is simply Ψ_e(ζ|η) = ⟨ψ(ζ)ψ̃(η)⟩_e = 1 E(ζ, η) θ_e(ζ − η) θ_e(0) = θ^′_1(0) θ_1(ζ − η) θ_e(ζ − η) θ_e(0) √ dζ √ dη, where E(ζ, η) is the prime form. With ζ = q_a and η = q_b + ϵ we see that the first factor on the right hand side of (46) is simply the fermionic correlator Ψ_e(q_a|q_b + ϵ) on the torus. Further, the multi-fermionic correlator also has a simple expression: Ψ_e(ζ_1, . . . , ζ_k|η_1, . . . , η_k) = ⟨ k∏ a=1 ψ(ζ_a)ψ̃(η_a)⟩_e = ∏ a<b E(ζ_a, ζ_b)E(η_a, η_b) ∏ a,b E(ζ_a, η_b) · θ_e( ∑ a ζ_a − ∑ a η_a) θ_e(0)

(47) Wick’s theorem [30] expresses the fact that such a correlator has determinant form:

det_{(ab)}Ψ_e(ζ_a|η_b) = (−)^{k(k−1)2} Ψ_e(ζ_1, . . . , ζ_k|η_1, . . . , η_k). (48)

(In fact (47) (48) hold true for any genus, but here we only need them on the torus.)

We see then that (up to factors) the determinants det_{(ab)}^{F (qiaib |ξ)}_{F (qiaib |ϵ)} are the determinants of free fermion correlators, which may be evaluated using (47) and (48). Upon substituting ζ_a = q_{ia}, η_a = q_{ia} + ϵ and e = ϵ − ξ, and collecting these factors we obtain the result of Ruijsenaars [7]: D̃_{Ik} ≡ det_{(ab)} F (q^{iaib} |ξ) F (q_{iaib} |ϵ) = (−)^{k(k−1)2} σ^{k−1}(ξ − ϵ)σ(ξ + (k − 1)ϵ) σ^k(ξ)σ^{k(k−1)}(ϵ) ∏ a<b σ^2(q_{iaib} )σ^2(ϵ) σ(ϵ + q_{iaib} )σ(ϵ − q_{iaib} ) , (49) where I_k = {i_1, . . . , i_k} denotes the set of k indices and a, b = 1, ..., k. The right hand side of this expression is in fact a doubly periodic function of all the arguments (q_i, ξ and ϵ) and so may rewritten in terms of Weierstrass functions. In particular, upon using (19), we find that ∏ a<b σ^2(q_{iaib} )σ^2(ϵ) σ(ϵ + q_{iaib} )σ(ϵ − q_{iaib}) = ∏ a<b 1 ℘(q_{iaib} ) − ℘(ϵ)) , (50)

thus recovering the Hamiltonians (17) noted earlier.

5.2 Spectral curve

Upon substitution of (49) into (45) the Ruijsenaars-Schneider spectral curve takes the form N∑ k=0 (−λ)^{N−k}c^k ∑ I_k e^{Pi1 +...+Pik} D̃_{Ik} = N∑ k=0 (−λ)^{N−k}c^kD_k(ξ|ϵ) H_k = 0. (51) Here we have collected the q-independent factors in (49) into D_k where D_k(ξ|ϵ) = (−)^{k(k−1)2} σ^{k−1}(ξ − ϵ)σ(ξ + (k − 1)ϵ) σ^k(ξ)σ^{k(k−1)}(ϵ) = 1 c^k_− . σ(ξ + (k − 1)ϵ) σ(ξ − ϵ) . (−1)^{k(k−1)}2 σ^{k(k−2)}(ϵ) . (52)

Again this is doubly periodic function in both ξ and ϵ and so is expressible in terms of the Weierstrass function and its derivative, though the explicit formulae are rather complicated. Although it may appear from the last expression in (52) that (51) simplifies when c = c_−, such a choice would break the double periodicity of our spectral curve and so is inappropriate for the fully elliptic model. However, in the perturbative limit when one of the periods becomes infinite this choice is then available.

Part of the difficulty in dealing with the elliptic Ruijsenaars-Schneider and Calogero-Moser models is the complicated nature of these spectral curves. For example, in the case of SU(3) the spectral curve (7) is

λ^3 − cuλ^2 + c^2vλ(℘(ξ) − ℘(ϵ))+

+c^3 (1 2 ℘^′(ξ)℘^′(ϵ) − 3℘(ξ)℘^2(ϵ) + ℘^3(ϵ) + 2α℘(ξ)℘(ϵ) + 2β(℘(ξ) + ℘(ϵ)) + 2γ ) = 0 u ≡ H_1 = H_+, v ≡ H_2 = H_−

(53)

where H_± = e^{±p1} √ ℘(q_{12}) − ℘(ϵ) √ ℘(q_{13}) − ℘(ϵ) + e^{±p2} √ ℘(q_{12}) − ℘(ϵ) √ ℘(q_{23}) − ℘(ϵ)+ +e^{±p3} √ ℘(q_{13}) − ℘(ϵ) √ ℘(q_{23}) − ℘(ϵ), p_1 + p_2 + p_3 = 0.

(54)

Again the issue is whether some choice of the normalisation c might simplify matters. With our choice of (20) for example, the third term in (53) turns into just vλ, but no drastic simplification occurs in the constant term unless at the special point ϵ =^π_2 (where ℘^′(ϵ = π/2) = 0) when – modulo c – the whole equation becomes linear in x = ℘(ξ).

Simplifications do however take place in the perturbative limit which for our purposes suffices to establish the prepotential. In this limit we shall establish a convenient factorisation of our curves. We note similar simplifications were found in [16, 31] in the study of the trigonometric limit of the elliptic Calogero-Moser models. Indeed, in the perturbative limit and at the special point ϵ = π/2, which was the context of [15], quite dramatic simplifications occur. We shall study this case first, before turning to the case of general ϵ. Before performing this analysis for general N however, let us consider the simplifications for the example of (53) given above.

In perturbative limit and at the special point ϵ = π/2 (53) turns into

λ^3 + vλ = (uλ^2 + 1) tan ξ (55)

for the choice c = c_0. Equivalently,

tan ξ = λ(λ^2 + v) uλ^2 + 1

. (56)

This may be readily compared with the rational spectral curve from [15]. To make this comparison more immediate, let us slightly change the choice of c: c = −ic_0. With this choice we get i tan ξ = λ(λ^2 + v) uλ^2 + 1

. (57)

and should compare it with the curve from [15]: w = − (λ − λ_1)(λ − λ_2)(λ − λ_3) (λ + λ_1)(λ + λ_2)(λ + λ_3)

. (58)

Again, (57) is equivalent to (58) after the identification (8), w = −e^{2iξ} and with u = λ_1 +λ_2 +λ_3 and v = λ_1λ_2 + λ_2λ_3 + λ_3λ_1 = λ_1λ_2λ_3 ( λ^{−1}_1 + λ^{−1}_2 + λ^{−1}_3 ) , λ_1λ_2λ_3 = 1.

5.3 The special point ϵ = ω = π/2

Here we separately consider the special point where ϵ equals the real half-period ω = π/2. We shall see that simplifications occur even before taking the perturbative limit. Using the fact that σ(ξ + 2ω) = −σ(ξ)e^{2η1(ξ+ω)} with η_1 = ζ(ω) [18, 19], we find that σ(ξ)σ(ω) σ(ξ + ω) ≡ c_+(ξ|ω) = αc_0(ξ|ω) = α^2c_−(ξ|ω) (59)

with α = e^{−ξη1} . Then D_k(ξ|ϵ) = { c^{−k}_0 H^{−k(k−2)/2} 1 k even, c^{−k}_0 H^{−k(k−2)/2} 1 c_0H^{−1/2}_1 k odd.

(60)

Here H_1 = 2e^2_1+e_2e_3 is independent of ξ and we note that in the trigonometric limit H_1 = 1. The choice c ∼ c_0 now essentially removes all ξ-dependence in the spectral curve apart from a term linear in c_0 that multiplies the odd Hamiltonians. Similar to the SU(3) case, we choose c = −ic_0. By absorbing the (inessential) constant factors into the Hamiltonians, h_k = i^kH^{−k(k−2)/2}_1 H_k for even k and h_k = i^{k−1}H^{−1/2}_1 H^{−k(k−2)/2}_1 H_k for odd k, one obtains the non-perturbative spectral curve (51) at the special point ϵ = ω: ic^{−1}_0 (ξ|ω) = i √ ℘(ξ) − ℘(ω) = ∑N odd k hk(−λ) N−k ∑N even k hk(−λ) N−k = P (λ) − (−)^N P (−λ) P (λ) + (−)^N P (−λ)

, (61) where P (λ) = ∑ k h_k(−λ)^{N−k} = λ^N + . . . + 1 (62)

These formulae may also be easily expressed in terms of the Jacobi elliptic functions. For example, ℘(ξ) − ℘(ω) = (e_1 − e_3)^{cn2(u,k)}_{sn2(u,k)} and, therefore, c_0(ξ|ω) =^{1√}_{e1−e3}^{sn(u,k)}_{cn(u,k)} ; here sn(u, k) and cn(u, k) are the Jacobi functions [18, 19], u = (e_1 − e_3)^{1/2}ξ, k is elliptic modulus.

We see then that substantial simplifications occur at the special point ϵ = ω before even considering the perturbative limit. Now in the perturbative limit σ(z) → sin(z)e^{z2/6}. Using this we easily obtain that

i cot ξ = P (λ) − (−)^N P (−λ) P (λ) + (−)^N P (−λ)

, and w ≡ −e^{2iξ} = (−)^N P (λ) P (−λ) . (63)

With dS ∼ log λ^{dw}_w this exactly reproduces the curves of ref.[15] where the prepotential (3) was calculated.

5.4 The perturbative result for generic ϵ

We finally turn to the case of generic ϵ in the perturbative limit. The system in this limit is described by the trigonometric Ruijsenaars-Schneider model. We have already seen that in this limit σ-functions are proportional to sines with exponential factors. However, the periodicity of our spectral curve means that these exponential factors must cancel amongst themselves. For example we find that in this limit D_k(ξ|ϵ) = 1 c̄^k_− . sin(ξ + (k − 1)ϵ)

sin(ξ − ϵ) . (−1)^{k(k−1)}2 sin^{k(k−2)}(ϵ)

, (64)

where c̄_− is given by (22). Now the ratio

sin(ξ + (k − 1)ϵ) sin(ξ − ϵ)

= cos kϵ + sin kϵ cot(ξ − ϵ) (65)

is expressible in terms of the single function cot(ξ − ϵ). This simple observation enables us to separate the variables ξ and λ in the equation for the spectral curve upon choosing^7 c = −ie^{iϵ}c̄_−. With h̄_k = H_k/sin^{k(k−2)}(ϵ) we may simplify the spectral curve to give

i cot(ξ − ϵ) = − ∑N odd k h̄k(−λ) N−k ( e^{2ikϵ} + 1 ) ∑N even k h̄k(−λ) N−k (e^{2ikϵ} − 1) = P (λ) + e^{2iNϵ}P (λe^{−2iϵ}) P (λ) − e^{2iϵN} P (λe^{−2iϵ}) (66)

where P (λ) = ∑N all k h̄k(−λ) N−k = ∏N i (λ−e^{2iai} ) with some constants a_i, ∑N i a_i = 0. Introducing the variable w = e^{2i(ξ−ϵ)}, one finally arrives the spectral curve in the form w = e^{−2iϵN} P (λ) P (λe^{−2iϵ}) (67)

7 Note that this separation is not in general possible non-perturbatively where there is no analogue of eq.(65). (This is because the ratios^{σ(ξ+(k−1)ϵ)}_{σ(ξ−ϵ)} transform differently under ξ − ϵ → ξ − ϵ + 1 and ξ − ϵ → ξ − ϵ + τ for different k.) The two notable exceptions are:

(i) The case of SU (2), when the variables separated for the standard choice c = c_0, see eq.(28); (ii) The case of ϵ = π/2 (for any SU (N )), when separation of variables survives non-perturbatively, see eq.(61).

with dS ∼= log λ dw w . (68)

Thus, we have shown that our system leads in the perturbative limit to the rational spectral curve (67) and the generating differential (68). One may now calculate the corresponding prepotential using the residue formula. This calculation has been done quite generally in [32], where the residue formula is applied to a general rational function of the form w ∼ ∏N_c i (λ − λ_i) √∏ N_f α (λ − λ_α) ,

with λ_i = e^{2ai}, ∑ i a_i = 0, λ_α = e^{2mα} . By choosing N_c = N and N_f = 2N, with the hypermultiplets masses pairwise coinciding and equal to a_i + ϵ we obtain our curve (67). One then finds the prepotential from (3.37) of [32] gives the stated prepotential (3), and we are done. Further, upon setting ϵ = π/2 we reproduce the results of the previous subsection.

6 Conclusion

In the context of Seiberg-Witten theory we have analysed some properties of the most general compactification from five dimensions to four dimensions with all of the fields belonging to adjoint representation of the gauge group SU(N). Here Seiberg-Witten theory describes the relevant low-energy effective action in terms of the finite-dimensional elliptic Ruijsenaars- Schneider integrable model, of which the elliptic Calogero, relativistic and ordinary Toda chains are particular limits. Our work unifies these previous treatments. Special attention was devoted to the perturbative (weak coupling) limit, when τ → i∞ and the elliptic models degenerate into trigonometric ones. Two topics are still beyond this general model: compactification from six dimensions and the inclusion of supermultiplets in the fundamental representation of the gauge group. For both these cases the elliptic Sklyanin (XYZ) spin-chain model [33] seems to be relevant (see arguments in [34, 32] and [17] respectively). In the present paper the Ruijsenaars- Schneider model has been discussed with the help of an N × N Lax operator and we did not address the issue of a possible spin-chain-like description. This is an area warranting further investigation. The most immediate difficulty in extending this work to other groups is the lack of a suitable Lax formulation for general root systems, and we also highlight this as an interesting problem.

Another open question concerns the generalized WDVV equations [21]. At the special point ϵ = π/2 these are known to hold [15], at least in the perturbative limit. Equally, they are known to fail [3, 6] for the perturbative limit of the elliptic Calogero model, that is the trigonometric Calogero-Sutherland system. This implies that there can be problems with the naive WDVV equations for the Ruijsenaars-Schneider system under consideration, unless the additional moduli τ and ϵ are cleverly taken into account. It may indeed be more illuminating to consider the more general Ruijsenaars-Schneider setting rather than that of the Calogero system, especially given the result of [15] at ϵ = π/2. Perhaps the most intriguing property of these models is that perturbatively they are always described by the rational curves we have exhibited in this paper. Nevertheless, even at the perturbative level, the WDVV equations have only been established at the special point ϵ = π/2. This issue deserves further analysis.

7 Acknowledgements

We acknowledge discussions with A.Gorsky, S.Kharchev, N.Nekrasov and A.Zabrodin.

A.Mar., A.Mir. and A.Mor. are grateful for the hospitality of University of Edinburgh and the support of EPSRC (grant GR/M08134). A.Mir. and H.W.B. also acknowledge the Royal Society for support under a joint project.

Our research is partly supported by the RFBR grants 98-01-00344 (A.Mar.), 98-01-00328 (A.Mir.), 98-02-16575 (A.Mor.), INTAS grants 96-482 (A.Mar.), 97-0103 (A.Mir.), the program for support of the scientific schools 96-15-96798 (A.Mir.) and the Russian President’s grant 96-15-96939 (A.Mor.).

References

[1] N.Seiberg and E.Witten, Nucl.Phys., B426 (1994) 19, hep-th/9407087; Nucl.Phys., B431 (1994) 484, hep-th/9408099

[2] A.Gorsky, I.Krichever, A.Marshakov, A.Mironov and A.Morozov, Phys.Lett., B355 (1995) 466, hep-th/9505035

[3] For reviews see:

H.Itoyama and A.Morozov, hep-th/9601168;

A.Marshakov, Int.J.Mod.Phys., A12 (1997), 1607, hep-th/9610242; Theor.& Math.Phys.,

112 (1997) 791, hep-th/9702083;

A.Mironov, hep-th/9704205; hep-th/9801149; R.Donagi, alg-geom/9705010; A.Klemm, hep-th/9705131; S.Ketov, hep-th/9710085;

C.Gomez and R.Hernandez, hep-th/9711102; R.Carroll, hepth/9712110

[4] N.Nekrasov, Nucl.Phys., B531 (1998) 323, hepth/9609219

[5] N.Seiberg, Phys.Lett., B388 753; hep-th/9608111;

K.Intriligator, D.R.Morrison and N.Seiberg, Nucl.Phys., B497 (1997) 56; hep-th/9702198; N.Seiberg and D.Morrison, Nucl.Phys., B483 (1997) 229; hep-th/9609070

[6] A.Marshakov, A.Mironov and A.Morozov, hep-th/9701123

[7] S.N.M.Ruijsenaars and H.Schneider, Ann.Phys.(N.Y.), 170 (1986) 370-405;

S.N.M.Ruijsenaars, Comm.Math.Phys., 110 (1987) 191-213

[8] E.Martinec and N.Warner, Nucl.Phys., 459 (1996) 97-112, hep-th/9509161

[9] R.Donagi and E.Witten, Nucl.Phys., B460 (1996) 299, hep-th/9510101;

E.Martinec, Phys.Lett., B367 (1996) 91, hep-th/9510204; A.Gorsky and A.Marshakov, Phys.Lett., B375 (1996) 127, hep-th/9510224

[10] H.Itoyama and A.Morozov, Nucl.Phys., B477 (1996) 855, hep-th/9511125;

H.Itoyama and A.Morozov, Nucl.Phys., B491 (1997) 529, hep-th/9512161

[11] F.Calogero, J.Math.Phys., 10 (1969) 2191, 2197; 12 (1971) 419; Lett.Nuovo Cimento (2),

13 (1975) 411; 16 (1976) 77;

B.Sutherland, Phys.Rev., A5 (1972) 1372; J.Moser, Adv.Math., 16 (1975) 1;

M.Olshanetsky and A.Perelomov, Lett.Math.Phys., 2 (1977) 7-13

[12] I.Krichever, Func.Anal. & Appl., 14 (1980) 282

[13] V.Inozemtsev, Comm.Math.Phys., 121 (1989) 629

[14] S.N.Ruijsenaars, Comm.Math.Phys., 133 (1990) 217-247;

See a review in:

S.Kharchev, A.Mironov and A.Zhedanov, Int.J.Mod.Phys., A12 (1997) 2675-2724; hepth/9606144

[15] H.W. Braden, A.Marshakov, A.Mironov and A.Morozov, hepth/9812078; to appear in Phys.Lett., B

[16] E.D’Hoker and D.Phong, Nucl.Phys., 513 (1998) 405-444; hepth/9709053

[17] A.Gorsky, A.Marshakov, A.Mironov and A.Morozov, Phys.Lett., B380 (1996) 75, hepth/9603140; hep-th/9604078

[18] H.Bateman and A.Erdelyi, Higher transcendental functions, vol.1, London 1953

[19] E.T. Whittaker and G.N Watson, A course in modern analysis, Cambrigde University Press, 4th ed. 1988

[20] B. Dubrovin, hep-th/9407018

[21] A.Marshakov, A.Mironov and A.Morozov, Phys.Lett., B389 (1996) 43, hep-th/9607109;

A.Marshakov, A.Mironov and A.Morozov, Mod.Phys.Lett., A12 (1997) 773, hepth/9701014;

A.Morozov, Phys.Lett., B427 (1998) 93-96, hep-th/9711194; A.Mironov and A.Morozov, Phys.Lett., B424 (1998) 48-52, hep-th/9712177

[22] S.N.M.Ruijsenaars, in Proceedings of the 1994 Banff Summer School Particles and Fields, G. Semenoff and L. Vinet Eds, to appear;

S.N.M.Ruijsenaars, Finite-dimensional soliton systems, In: Integrable and superintegrable systems, ed. B.Kupershmidt, World Scientific, 165-206, 1990; S.N.M.Ruijsenaars, Publ. RIMS, Kyoto Univ. 30 (1994), 865; S.N.M.Ruijsenaars, Publ. RIMS, Kyoto Univ. 31 (1995), 247;

H.W. Braden and R. Sasaki, Progr.Theor.Phys., 97 (1997) 1003-1018 and references therein

[23] M. Bruschi and F. Calogero, Commun. Math. Phys. 109 (1987) 481-492

[24] I.Krichever and A. Zabrodin, Russ.Math. Surveys, 59 (1995) 1101

[25] H.W. Braden and V.M. Buchstaber, Integrable Systems with Pairwise Interactions and Functional Equations, Reviews in Mathematics and Mathematical Physics, 10 No. 2 1997; H.W. Braden and V.M. Buchstaber, SIAM J. Math. Anal. 28 (1997) 903; H.W. Braden and J.G.B. Byatt-Smith, math/9804082, to appear Bull. Lond. Math. Soc.

[26] E. K. Sklyanin, Prog. Theor. Phys. Suppl., 118 (1995), 35-60;

V.B. Kuznetsov and E. K. Sklyanin, J. Phys. A 29 (1996) 2779;

V.B. Kuznetsov, F.W. Nijhoff and E. K. Sklyanin, Commun. Math. Phys. 189 (1997) 855

[27] S.N.M.Ruijsenaars, Annals of Physics, 256 (1997) 226;

H.W. Braden and Andrew N.W. Hone, Phys.Lett., B380 (1996) 296, hep-th/9603178

[28] E.Date, M.Jimbo, T.Miwa and M.Kashiwara, Transformation groups for soliton equations.

In: Nonlinear Integrable Systems - Classical Theory and Quantum Theory, Ed. by M. Jimbo, T. Miwa, World Scientific, Singapore, 1983 M.Jimbo and T.Miwa, Solitons and Infinite Dimensional Lie Algebras, Publ. RIMS, Kyoto Univ., 19 (1983) 943-1001 S.Kharchev, A.Marshakov, A.Mironov and A.Morozov, Nucl.Phys., B397 (1993) 339-378; hep-th/9203043

[29] A.Gorsky, A.Marshakov, A.Mironov, A.Morozov, Nucl.Phys., B527 (1998) 690-716; hepth/9802007

[30] J.Fay, Theta Functions on Riemann Surfaces, LNM #352, 1973;

D.Mumford, Tata Lectures on Theta, Progress in Mathematics, vol.28, 43, Birkhäuser, 1983, 1984;

V.Knizhnik, Sov.Phys.Uspekhi, 32 (1989) #3, 945, in Russian Edition: vol.159, p.451; Phys.Lett., B180 (1986) 247; Comm.Math.Phys., 112 (1987) 567; A.Morozov, Nucl.Phys., B303 (1988) 342;

A.Gerasimov, A.Marshakov, M.Olshanetsky, A.Morozov and S.Shatashvili, Int.J.Mod.Phys., A5 (1990) 2495

[31] K.L. Vaninsky, solv-int/9808018

[32] A.Marshakov and A.Mironov, Nucl.Phys., B518 (1998) 59-91, hep-th/9711156

[33] E.Sklyanin, Func.Anal & Apps., 16 (1982) 27;

E.Sklyanin, Func.Anal & Apps., 17 (1983) 34

[34] A.Gorsky, S.Gukov and A.Mironov, Nucl.Phys., B518 (1998) 689-713, hep-th/9710239