hep-th/9903065 v3 1 Jul 1999

hep-th/9903065 OU-HET 316

AdS3 Gravitational Instantons from Conformal Field Theory

Shuhei Mano^∗

Department of Physics, Osaka University Osaka 560-0043, Japan

Abstract

A conformal field theory on the boundary of three-dimensional asymptotic anti-de Sitter spaces which appear as near horizon geometry of D-brane bound states is discussed. It is shown that partition functions of gravitational instantons appear as high and low temperature limits of the partition function of the conformal field theory. The result reproduces phase transition between the anti-de Sitter space and the BTZ black hole in the bulk gravity.

∗e-mail: mano@het.phys.sci.osaka-u.ac.jp

1 Introduction

To understand thermodynamics of black holes [1, 2] is important because it provides us some insight of quantum gravity. The most simple derivation of thermodynamics of black holes is given by the Euclidian quantum gravity approach [3]. We consider a semiclassical partition function in path-integral approach to quantize gravity as

Z_{semi.} = e^{−IE [g0]}. (1.1)

where g_0 is a metric of an Euclidian black hole and I_E[g_0] is the Euclidian action. If we regard this partition function as a statistical mechanical partition function, we can obtain thermodynamical variables. The entropy is given as S = A 4G , (1.2)

where A is the area of the event horizon and G is the Newton constant. It is natural to think that the entropy of black holes have some microscopic origin. However, the Euclidian quantum gravity approach has no explanation about the microscopic origin because of its thermodynamic nature [4].

The microscopic derivation of the entropy of black holes can be given in terms of string theory [5, 6, 7]. In this article, we study the D-brane bound states which constructed from a D5-brane, a D1-brane on T^4 ×S^1. The D5-brane wraps four-cycle in T^4 and S^1 Q_5 times and the D1-brane wraps zero-cycle in T^4 and S^1 Q_1 times. The Kaluza-Klein momentum is added in the direction along S^1. The bound states give five-dimensional Reissner-Nordström black holes when compactified on T^5. The thermodynamical entropy is given by (1.2).^∗ On the other hand, the moduli of the bound states can be described by the D1-brane worldvolume theory, and it becomes a two-dimensional superconformal field theory in low energy. The superconformal field theory is a nonlinear sigma model whose target space is a deformation of a symmetric product of k ≡ Q_1Q_5 copies of T^4 (T^4)^{⊗k} S(k) , (1.3)

where S(k) is a permutation group of k elements. Because this target space has dimension 4k, the superconformal field theory has central charge c = 6k. The level, say, n of the states of the superconformal field theory is fixed by the Kaluza-Klein momentum. Because gravity knows only the level, the state has large degeneracy in microscopic viewpoint when n ≫ c. The entropy becomes the same as (1.2) for extremal or near extremal black holes.

Recently, it was conjectured that the large N gauge theory on the boundary of a product space of anti-de Sitter space (AdS) and some compact manifold corresponds to supergravity

∗This argument holds only for nonextremal black hole in the Euclidian quantum gravity approach. This point will be discussed in section 2.

or string theory on the bulk [8]. One of the most tractable example of this conjecture is given by D-brane bound states which was discussed above. The near horizon geometry of the D-brane bound states become a product space of the BTZ black hole and S^3 × T^4 [9]. The BTZ black holes are quotient spaces of AdS_3 and reach AdS_3 asymptotically [10]. It is known that spaces which reach AdS_3 asymptotically have conformal symmetry at infinity [11], and its extension to superconformal symmetry is also discussed [12]. The superconformal field theory on the boundary has central charge c = 3ℓ/2G_3 = 6k, which is the same as that of the D1-brane worldvolume theory, where ℓ is the characteristic radius of AdS_3 and G_3 is the three-dimensional Newton constant. Because of this correspondence, we may consider the two conformal field theories are the same [9]. The conjecture is translated into the large c superconformal field theory can be described by the bulk gravity and vice versa. Indeed, the microscopic derivation of entropy of BTZ black holes is given in terms of this conjecture [13].

Let us recall that the semiclassical partition function (1.1) has only the contribution of a black hole. However, in semiclassical approximation, contributions must come from all metrics of Euclidian solutions which are consistent with a given boundary condition [14]

Z_{semi.} = ∑ g_0∈inst.

e^{−IE [g0]}. (1.4)

These Euclidian solutions are called gravitational instantons. For example, let us consider a system at an inverse temperature β contained in asymptotic AdS_4 [15]. Continued to the Euclidian metric, the boundary has topology S^1 × S^2, where S^1 corresponds to the imaginary time with identification. One of the gravitational instantons which fits this boundary condition is Euclidian AdS_4 whose imaginary time is identified with the period β. It has topology S^1 × R^3, where S^1 corresponds to the imaginary time. The Euclidian anti-de Sitter-Schwarzschild black hole at inverse temperature β is another solution which fits the boundary condition. It has topology R^2 × S^2, where R^2 corresponds to the plane whose angular coordinate is the imaginary time.

The semiclassical partition function becomes

Z_{semi.}[β] = Z^{AdS}_{semi.}[β] + Z^{BH}_{semi.}[β]. (1.5)

The anti-de Sitter-Schwarzschild black hole has a maximum inverse temperature β_0 = 2πℓ_4, where ℓ_4 is the characteristic radius of AdS_4. The anti-de Sitter-Schwarzschild black holes whose inverse temperature is lower than β_0 have positive specific heat and it is stable at least locally, contrasting to asymptotic flat Schwarzschild black holes. The anti-de Sitter- Schwarzschild black holes whose inverse temperature is lower than β_1 = √ 3πℓ_4 have lower Euclidian action than that of AdS_4. When the inverse temperature is lower than β_1, the global minimum of the Euclidian action of the system comes from the anti-de Sitter-Schwarzschild black hole^†. We can regard this phenomenon as thermal phase transition between the anti-de

†When the inverse temperature becomes so low, the thermal equilibrium with radiation becomes

Sitter space and the anti-de Sitter-Schwarzschild black hole. This phase transition of the bulk gravity can be interpreted as the large N phase transition, or confinement of the large N gauge theory on the boundary [16].

In this article, we discuss the phase transition of asymptotic AdS_3 and construct the partition function of the conformal field theory on the boundary, which was pointed out in [9]. The phase transition of the bulk gravity is reproduced in terms of the partition function of the conformal field theory.

2 Euclidian Quantum Gravity

It is known that the extremal Reissner-Nordström black hole has no entropy because of a topological reason in Euclidian quantum gravity approach [17, 18, 19, 20]. We briefly review the reason and discuss this point for the extremal BTZ black hole.

Let us consider thermodynamics of Reissner-Nordström black holes. The Reissner- Nordström metric is

ds^2 = − ( 1 − 2GM r + GQ^2 r^2 ) dt^2 + ( 1 − 2GM r + GQ^2 r^2 )_{−1} dr^2 + r^2dΩ^2, (2.1)

where Q is the electric charge of electromagnetic fields and M is the ADM mass of the black hole. The radii of horizons are r_± = GM ± (G^2M^2 − GQ^2)^{1/2}, where r_± are those of the outer and inner horizon respectively. The first law of thermodynamics of Reissner-Nordström black holes is dM = κ 2π dA 4G + φ_+dQ, (2.2)

where κ is the surface gravity, φ_+ is the scalar potential at the event horizon and A is the area of the horizon respectively. We see that φ_+ may be regarded as the chemical potential.

We write the action in the Hamiltonian form in terms of ADM formalism [19, 21]. The Euclidian metric is obtained by an analytic continuation of the metric (2.1) which is given by the replacement t → −iτ. (2.3) We identify the imaginary time with a period β. We take two boundaries: the one is S^1 ×S^2, where S^1 is the imaginary time and S^2 is the two-sphere at infinity. The other is S^1 × S^2, where S^1 is the imaginary time and S^2 is the event horizon. The Euclidian action for the Euclidian metric over a region M, which is the bulk of two boundaries, has the form

I_E = 1 16πG ∫ M d^4x ( π^{ij}ḣ_{ij} − N^⊥H_⊥ − N^iH_i ) + I_{Ematter} + B, (2.4)

impossible.

where B is the boundary term which is discussed below, and I_{Ematter} is the Euclidian action for matter fields.

To discuss thermodynamics of black holes, we are interested in the variation with respect to M and Q, because the Euclidian action should be constructed so that it has an extremum on the solution. In the variation, we must fix the thermodynamical conjugate variables. For the variation being well defined, we must add the boundary term B to cancel the unwanted boundary terms. The total boundary terms should be fixed as B = βM − βφ_+Q − A 4G , (2.5)

for the nonextremal black hole. The first term is needed to the variation at infinity with respect to M and the second term is needed to the variation at the horizon with respect to Q. The third term needs more explanation. The near horizon geometry of the nonextremal black hole has topology R^2 × S^2, where τ is the angular and (r − r_+) is the radial coordinate of R^2. In general a conical singularity sit on the origin of R^2. The variation of the Euclidian action at the horizon leads [18] 1 4G Θ 2π δA, (2.6) where Θ is the proper angle at the horizon. We must fix the boundary term such that the Euclidian action has an extremum on the solution with no conical singularity at the horizon. Thus we must add third term in (2.5). On the other hand, the near horizon geometry of the extremal black hole has topology R × S^1 × S^2, where τ is a coordinate of S^1 and there is no conical singularity to avoid. This fact means that there is no need to add the third term in (2.5).

The bulk parts of the Euclidian action vanish when constraints hold, and the Euclidian action has the boundary terms only. When we identify the semiclassical partition with the grand partition function of statistical mechanics, we obtain the free energy F = M − φ_+Q − 1 β A 4G , (2.7)

for the nonextremal black hole. Thus, the entropy of the nonextremal black hole is given as (1.2), and the inverse temperature is given as β = 2π/κ. These results are consistent with (2.2). For the extremal black hole, we obtain free energy

F = M − φ_+Q, (2.8)

and the entropy of the extremal black hole vanish nevertheless the area exists. Moreover, the fact that we can identify the imaginary time of the extremal black hole in any period because of the topological reason implies that the extremal black hole can be in equilibrium with a thermal bath at any temperature. The fact that the entropy changes discontinuously in the extremal limit implies that one should regard a nonextremal and an extremal black hole as qualitatively different objects [17]. However, as mentioned in section 1, the entropy of the extremal black hole obeys the same relation (1.2) microscopically as nonextremal black hole. This discrepancy was discussed in [22, 23, 24].

Let us consider thermodynamics of BTZ black holes, which emerges as the near horizon geometry of the D1-D5-brane bound states [9]. The BTZ black hole metric is

ds^2 = −N^2dt^2 + N^{−2}dr^2 + r^2 ( dϕ + N^ϕdt )_2

, (2.9)

where the squared lapse N^2 and the angular shift N^ϕ are

N^2 = −8G_3M + r^2 ℓ^2 + (8G_3J)^2

4r^2 , N^ϕ = −

8G_3J 2r^2

, (2.10)

where M and J are the mass and angular momentum respectively. The three-dimensional Newton constant G_3 is given by the compactification and it becomes ℓ/4k. The first law of thermodynamics of BTZ black holes is dM = κ 2π dA 4G_3

+ Ω_+dJ, (2.11)

where A is the circumference of the event horizon. κ and Ω_+ are the surface gravity and the angular velocity of the horizon respectively.

The Euclidian metric is obtained by an analytic continuation of the metric (2.9) to imaginary t and J [25]. The continuation is given by the replacement t → −iτ, J → iJ_E, (2.12) where J_E is fixed by the Lorentzian angular momentum as J_E = J. Note that the continuation of the angular momentum to the imaginary value is necessary for the metric to be real. This is physically sensible, since the angular velocity is now a rate of change of the real angle with respect to the imaginary time [26]. The Euclidian metric becomes

ds^2 = N^2_Edτ^2 + N^{−2}_E dr^2 + r^2 ( dϕ + N^ϕ_Edτ )_2

= (r^2 − r^2_+)(r^2 − r^2_−) r^2ℓ^2 dτ^2 + r^2ℓ^2 (r^2 − r^2_+)(r^2 − r^2_−) dr^2 + r^2 ( dϕ + r_+ ir_− r^2 dτ )_2 , (2.13)

where the squared lapse N^2_E and the angular shift N^ϕ_E are

N^2_E = −8G_3M + r^2 ℓ^2 − (8G_3J_E)^2 4r^2 , N^ϕ_E = −

8G_3J_E

2r^2

. (2.14)

The radii of horizons become

r_+ =

8G_3Mℓ^2 2 1 + √ 1 + J^2_E M^2ℓ^2 1/2 ,

r_− = −i|r_−| = 8G_3Mℓ^2 2 1 − √ 1 + J^2_E M^2ℓ^2 1/2 . (2.15)

The radius of the outer horizon of the Euclidian black hole is r_+. It is important that the radius of the inner horizon of the Lorentzian black hole is continued to the imaginary value. This fact means that the Euclidian black hole has only one horizon. Thus the Euclidian “extremal” black hole which is obtained from the Lorentzian extremal black hole with the analytic continuation (2.12) does not have degenerate horizon, namely it has the same topology R^2 × S^1 as that of nonextremal Euclidian black holes.

Following the same procedure described for Reissner-Nordström black holes, we get the total boundary terms of the Euclidian action as

B = β_EM + β_EΩ_{E+}J_E − A_E 4G_3

, (2.16)

where β_E is the period of the imaginary time and Ω_E and A_E are the angular velocity and the circumference of the event horizon respectively. These values are different from the Lorentzian values. Moreover, this expression holds for the extremal black hole, contrasting to Reissner-Nordström black holes. The semiclassical partition function becomes

Z^{BTZ}_{semi} = exp ( −β_EM − β_EΩ_{E+}J_E + A_E 4G_3 ) , (2.17)

but this expression itself does not reproduce the relation (2.11). Thus, to derive the grand partition function of thermodynamics, we must apply analytic continuation of the angular momentum J_E again to the semiclassical partition function (2.19) as J_E → −iJ, (2.18) where J is the original Lorentzian angular momentum. The grand partition function is given as Z^{BTZ} = exp ( −βM + βΩ_+J + A 4G_3 )

= exp ( π^2ℓ^2 2G_3 T 1 − Ω^2_+ℓ^2 ) , (2.19)

where β is the inverse temperature which is given from β_E by the continuation (2.18). The temperature is given as T = κ/2π and the entropy agree with the relation (1.2). These expressions hold even for the extremal black hole. These results are consistent with (2.11).

The partition function of AdS_3 can be obtained in the similar way. The semiclassical partition function of AdS_3 is given

Z^{AdS}_{semi.} = exp ( β_E 8G_3 ) . (2.20)

By the continuation (2.18), the grand partition function becomes

Z^{AdS} = exp ( 1 8G_3T ) . (2.21)

Because the Euclidian action proportional to the inverse temperature, the entropy vanishes.

3 AdS3 Gravitational Instantons

Euclidian AdS_3 is the upper half-space of H^3, and has an isometry SL(2, C). We introduce the Poincaré coordinates which is useful to observe the identification by discrete subgroup of the isometry,

ds^2 = ℓ^2 z^2

(dx^2 + dy^2 + dz^2) = ℓ^2 z^2

(dwdw̄ + dz^2), z > 0, (3.1)

where w ≡ x + yi. The action of SL(2, C) can be expressed in terms of quaternion q ≡ x + yi + zj. (3.2) The SL(2, C) action becomes q → (aq + b) (cq + d)^{−1}, H = ( a b c d ) ∈ SL(2, C). (3.3)

The metric of the BTZ black hole (2.13) can be constructed as a quotient of H^3 [25]. We introduce left and right Euclidian temperature T_{E±} as

β_E = 1 T_E = 1 2 ( 1 T_{E+} + 1 T_{E−} ) , iℓ Ω_{E+} T_E = 1 2 ( 1 T_{E+} − 1 T_{E−} ) . (3.4)

We introduce coordinates w = ( r^2 − r^2_+ r^2 + |r^2_−|

)_1/_2

exp [2πT_{E+}(ℓϕ + iτ )] , z = ( r^2_+ + |r^2_−| r^2 + |r^2_−|

)_1/_2 exp [ πT_{E+}(ℓϕ + iτ ) + πT_{E−}(ℓϕ − iτ ) ] , (3.5) where −∞ < ϕ < ∞ and r > r_+. These coordinates are also available for the extremal black hole except the massless black hole, contrasting to the Lorentzian black holes [10]. To make the coordinate ϕ into a true angular coordinate, we must identify ϕ ∼ ϕ + 2π. This identification is given by the identification

w ∼ exp(4π^2ℓT_{E+})w, z ∼ exp [ 2π^2ℓ(T_{E+} + T_{E−}) ] z. (3.6)

The identifications implied by thermal ensemble are automatically taken into account as τ ∼ τ + 1 T_E , ϕ ∼ ϕ − Ω_{E+} T_E . (3.7)

Note that the Euclidian BTZ black hole whose imaginary time identified has topology R^2 × S^1, i.e. a solid torus, where (r − r_+) and τ are the radial and angular coordinates in R^2 respectively. The direction of the imaginary time is a contractible loop of the solid torus, and the core is a circle which represent the horizon. It means that we have only anti-periodic fermion in the time direction. The boundary at infinity, i.e. z = 0 is a torus. It is useful to introduce the modular parameter of the torus τ_M ≡ i 2πℓT_{E+} = − Ω_{E+} 2πT_E + i 2πℓT_E . (3.8)

We introduce coordinates of the torus as ζ ≡ i 2π log w = T_{E+}(iℓϕ − τ ), (3.9)

and the identification (3.6) and (3.7) are given by the modular parameter as ζ ∼ ζ − 1 τ_M , ζ ∼ ζ − 1, (3.10)

respectively.

We construct the Euclidian AdS_3 with the identification (3.7). We introduce coordinates w = ( r^2 r^2 + ℓ^2

)_1/_2 exp (τ ℓ − iϕ ) , z = ( ℓ^2 r^2 + ℓ^2

)_1/_2 exp (τ ℓ ) , (3.11)

where we regard τ , r and ϕ as imaginary time, radial and angular coordinates respectively. Using the coordinates, the metric (3.1) becomes

ds^2 = ( 1 + r^2 ℓ^2 ) dτ^2 + ( 1 + r^2 ℓ^2 )_{−1} dr^2 + r^2dϕ^2, (3.12)

The identification (3.7) means

w ∼ exp ( 1 ℓT_{E+} ) w, z ∼ exp ( 1 ℓT_E ) z. (3.13)

Note that the Euclidian AdS_3 whose imaginary time identified has topology R^2 × S^1, where r and ϕ are the radial and angular coordinates in R^2 respectively. The direction of the imaginary time is a noncontructible loop of the solid torus. It means that we have periodic or anti-periodic fermion in the time direction. The boundary at infinity, i.e. z = 0 is a torus. The coordinates of the torus becomes ζ = i 2π (τ ℓ − iϕ ) , (3.14)

and the identification (3.13) and ϕ ∼ ϕ + 2π are given by the modular parameter (3.8) as

ζ ∼ ζ + τ_M , ζ ∼ ζ + 1, (3.15)

respectively.

It is remarkable that the two boundary tori of the Euclidian black hole and the Euclidian AdS_3 are related with the S-transformation of the modular transformation: S : τ_M → − 1 τ_M . (3.16)

In other words, if we have a boundary torus of a Euclidian AdS_3 with modular parameter τ_M , by applying the S-transformation, we get the boundary torus of the Euclidian black hole at the same temperature. However S-transformation is the diffeomorphism of the boundary torus, it exchanges the contractible and the noncontructible loops in the bulk. We may also introduce the T-transformation of the modular transformation:

T : τ_M → τ_M + 1. (3.17)

If we have a boundary torus of a Euclidian black hole whose modular parameter is τ^′_M ≡ −1/τ_M , by applying the T-transformation, namely τ^′_M → τ^′_M + 1, we get the same boundary torus of another Euclidian black hole. This boundary torus is obtained by applying Dehn twists around the contractible loop of the boundary torus of the original Euclidian black hole. This transformation corresponds to

(r_+, |r_−|) → (r_+, |r_−| + ℓ). (3.18)

This interesting symmetry of a boundary torus was found in [25].

Let us consider thermodynamics in asymptotic AdS_3 [9, 27]. The boundary of a system at an inverse temperature β in asymptotic AdS_3 has topology T^2 when continued to the

Euclidian metric. Because this system involves angular momentum, we fix the boundary condition by not only T_E but also Ω_{E+} as grand canonical ensemble. One of the gravitational instantons which fit this boundary condition is an Euclidian AdS_3 whose imaginary time is identified. It has topology of a solid torus. Its semiclassical partition function (2.20) can be written as

Z^{AdS}_{semi.}[τ_M ] = exp [ − iπk 2 (τ_M − τ̄_M ) ] . (3.19)

The Euclidian BTZ black hole is another solution which fits the boundary condition. It also has topology of a solid torus. Its semiclassical partition function (2.17) can be written as

Z^{BTZ}_{semi.}[τ_M ] = exp [ iπk 2 ( 1 τ_M − 1 τ̄_M )] . (3.20)

Note that these two gravitational instantons are related by the S-transformation. This fact is not surprising, because we discussed above, when we have a boundary torus of an Euclidian AdS_3 with a modular parameter τ_M , this torus is a boundary torus of Euclidian black hole whose modular parameter is −1/τ_M . In other words, we have at least two solid tori which fit the boundary torus. Moreover, when we have a boundary torus of the Euclidian black hole, applying the S^{−1}TS-transformation, we get the same boundary torus of another Euclidian black hole, but the bulk gravitational instanton (3.20) is invariant. This symmetry is the same as that of (3.18). The gravitational instanton (3.19) is invariant under Ttransformation.

Inspired by these symmetry, we suspect that for each modular parameter τ_M there are an SL(2, Z) family of gravitational instantons [9] with partition functions exp [ − iπk 2 ( aτ_M + b cτ_M + d − aτ̄_M + b cτ̄_M + d )] , ( a b c d ) ∈ SL(2, Z), (3.21)

and these can be constructed beginning with the identifications on H^3 by H = ( exp ( −iπ^{aτM+b}_{cτM +d} ) 0 0 exp ( iπ^{aτM+b} cτ_M +d ) ) ∈ SL(2, C). (3.22)

Following this conjecture, the semiclassical partition function can be represented as

Z_{semi.}[τ_M ] = ∑ family exp [ − iπk 2 ( aτ_M + b cτ_M + d − aτ̄_M + b cτ̄_M + d )] , (3.23)

which has the modular invariance. To derive the grand partition function, we must apply analytic continuation of the angular momentum (2.18) to the semiclassical partition function. The grand partition function becomes

Z[T, Ω_+] = ∑ family exp [ − iπℓ 8G_3 ( ia + 2πℓT_+b ic + 2πℓT_+d − ia − 2πℓT_−b ic − 2πℓT_−d )] , (3.24) where T_± are given from Euclidian left and right temperature by the analytic continuation as 1 T_± = 1 T ± ℓΩ_+ T . (3.25)

This expression includes the grand partition functions of AdS_3 (2.21) and that of the black hole (2.19). The expression (3.24) includes unknown gravitational instantons which give imaginary grand partition functions. The grand partition function (3.24) reaches that of AdS_3 in low temperature limit and that of the black hole in high temperature limit. Because the BTZ black hole has positive specific heat, it is stable at least locally. In sufficiently low temperature the black holes decays into AdS_3 and sufficiently high temperature AdS_3 decays into the black hole. We can regard this phenomenon as phase transition between AdS_3 and the black hole. This phase transition becomes sharper when k is large [9].

For the extremal black hole, the partition function is also given by (2.19), and the behavior of (2.19) may seem unclear because as T reaches zero, at the same time, 1 − Ω^2_+ℓ^2 reaches zero. However, we see that the extremal black hole does not dominate. This fact means that the Extremal black hole is unstable, and decays into AdS_3 [28].

4 Conformal Field Theory on the Boundary

The class of boundary conditions which keep asymptotic AdS_3 generates conformal symmetry on the boundary [11]. The generalization to AdS_3 supergravity [29] was discussed in [12]. For AdS_3 we have four anti-periodic Killing spinors, two for each two-dimensional irreducible representation of the gamma-matrices. We have the super-Virasoro algebra for each representation with central charge c = 3ℓ/2G_3 . The super-Virasoro algebra implies bounds for the zero modes of Virasoro generators. We regard AdS_3 as the ground state which satisfies both bounds:

K^+_0 |0_{NS} ⟩_L = 0, K^−_0 |0_{NS}⟩_R = 0, (4.1)

where K^±_0 are the zero modes of the Virasoro generator. Let us call this ground state as Neveu-Schwartz (NS) vacuum.

For the massless black hole, we have two periodic Killing spinors, one for each twodimensional irreducible representation of the gamma-matrices. We have a set of the Ramond type super-Virasoro algebra. The Ramond type super-Virasoro algebra implies bounds for the zero modes of Virasoro generators. We regard massless black hole as the ground state which satisfies both bounds as

L^+_0 |0_R⟩_L = 0, L^−_0 |0_R⟩_R = 0. (4.2)

Let us call this ground state as Ramond (R) vacuum. For the extremal black hole, we have one periodic Killing spinor. It means that the state which correspond to the extremal black hole is killed by, say, the right-moving supercharge.

The above discussion of the ground states leads us to impose a relations between the eigenvalues of the generators and the mass and angular momentum of black holes:

H|state⟩ = 1 ℓ ( L^+_0 + L^−_0 ) |state⟩ = M|state⟩,

P |state⟩ = ( L^+_0 − L^−_0 ) |state⟩ = J|state⟩, (4.3)

for R-sector and

H|state⟩ = 1 ℓ ( K^+_0 + K^−_0 − c 12 ) |state⟩ = M|state⟩,

P |state⟩ = ( K^+_0 − K^−_0 ) |state⟩ = J|state⟩, (4.4)

for NS-sector. With these relations, we find that R vacuum have M = J = 0 and states of the extremal black hole satisfies Mℓ = |J|. We also find that NS vacuum has M = −(8G_3)^{−1} and J = 0.

Let us recall that the BTZ black hole is emerged as the near horizon geometry of the metric of the D-brane bound states. The conformal field theory lives at infinity which emerges from the asymptotic symmetry and the D1-brane worldvolume theory have the same central charge using the relation c = 3ℓ/2G_3 = 6k. When we consider these two conformal field theories are identical, we expect that we can interpret thermal phase transition of the bulk gravity in terms of the conformal field theory. We have expectation that the partition function of the conformal field theory is the same as that of bulk gravitational instantons [16].

Let us consider Euclidian conformal field theory lives on the complex plane with coordinates w. The action of the global SL(2, C) on w is w → aw + b cw + d , ( a b c d ) ∈ SL(2, C). (4.5)

H^3 corresponds to the SL(2, C) invariant vacuum. We introduce coordinates of a torus as ζ = i 2π log w = τ + iσ, (4.6)

and identify the coordinate as ζ ∼ ζ + 1 2πℓT_E + i Ω_{E+} 2πT_E = ζ − iτ_M . (4.7)

This identification is consistent as finite temperature conformal field theory. Inspired by the SL(2, Z) family of gravitational instantons, we set the partition function on the torus to be modular invariant. Unfortunately, the exact partition function of the conformal field theory on (1.3) is unknown, but we can expect that to observe the phase transition it is enough to use that of free theory. When we have a bosonic sector only, the partition function becomes modular invariant. However, we have a fermionic sector. Because the modular transformation mix the boundary condition for fermions, we must add spin structures on the torus to keep the modular invariance [30]. In our discussion it is enough to take four sector of the spin structure: (+−; +−), (++; ++), (−−; −−), (−+; −+), where + and − referring to periodic or anti-periodic respectively, and the first pair of signs referring to left movers and the second pair of signs to right movers, and the first sign in each pair referring to the behavior in the σ direction and the second referring to the behavior in the τ direction. The total partition function becomes modular invariant. We denote the partition functions of each sector as Z_{E+−}, Z_{E++} , Z_{E−−} and Z_{E−+} respectively.

The partition functions are given as

Z_E = Tr exp ( − 1 T_E H + i Ω_{E+} T_E P ) (4.8)

where H is the Hamiltonian and P is the momentum which are defined in (4.3) and (4.4). We define the functions for later convenience

f_1(q) = q^{1/24} ∞∏ n=1 (1 − q^n) ,

f_2(q) = √ 2q^{1/24} ∞∏ n=1 (1 + q^n) ,

f_3(q) = q^{−1/48} ∞∏ n=1 ( 1 + q^{n−1/2} ) , f_4(q) = q^{−1/48} ∞∏ n=1 ( 1 − q^{n−1/2} ) , (4.9)

where q = exp(2πiτ_M ). They have the relations

f_1(q) = ( i τ_M )_1/_2

f_1(q̃),

f_2(q) = f_4(q̃), f_3(q) = f_3(q̃), (4.10)

where q̃ = exp(−2πi/τ_M ). We define a function which is contained in all sector as

f_b(q) = 1 |f_1(q)|^2

(Imτ_M )^{−1/2} (4.11)

This function is the contribution from bosons and invariant under both of S-transformation and T-transformation.

The partition function of (+−; +−) sector becomes

Z_{E+−} = Tr exp [ − 1 ℓT_E (L^+_0 + L^−_0 ) + i

Ω_{E+} T_E (L^+_0 − L^−_0 ) ]

= (f_b(q))^{2c/3} |f_2(q)|^{4c/3}. (4.12)

In this expression, we took account the degeneracy of the R vacuum. This partition function is not invariant under S-transformation, and invariant under T-transformation. The partition function of (−−; −−) sector becomes

Z_{E−−} = Tr exp [ − 1 ℓT_E (K^+_0 + K^−_0 − c 12 ) + i

Ω_{E+} T_E (K^+_0 − K^−_0 ) ]

= (f_b(q))^{2c/3} |f_3(q)|^{4c/3}. (4.13)

This partition function is invariant under S-transformation, and not invariant under Ttransformation. In the finite temperature field theory, the boundary condition for fermions are automatically imposed to be anti-periodic. To derive the partition function whose fermions are periodic, we use the fermion number operator (−)^F . The partition function of (−+; −+) sector becomes

Z_{E−+} = Tr(−)^F exp [ − 1 ℓT_E (K^+_0 + K^−_0 − c 12 ) + i

Ω_{E+} T_E (K^+_0 − K^−_0 ) ]

= (f_b(q))^{2c/3} |f_4(q)|^{4c/3}. (4.14)

This partition function is not invariant under neither of S-transformation and T-transformation. This partition function is transformed to (4.12) under S-transformation and to (4.13) under T-transformation. The partition function of (++; ++) sector is

Z_{E++} = Tr(−)^F exp [ − 1 ℓT_E (L^+_0 + L^−_0 ) + i

Ω_{E+} T_E (L^+_0 − L^−_0 ) ] = 0. (4.15)

The reason why this partition function vanish is that the degenerate R vacuum have fermion number and they cancel themselves, as is well known in the GSO projection.

We have obtained four sectors of the partition function and they relate with each other by the modular transformation. A construction of the partition function of the conformal field theory on the boundary of the BTZ black hole was discussed in terms of SU(2) WZW model [31]. In this article, we have construct the partition function of the conformal field theory from another point of view. The partition function of the Euclidian conformal field theory is the sum of these partition functions

Z_{ECFT} = Z_{E+−} + Z_{E−−} + Z_{E−+}. (4.16)

In the following discussion, we observe our expectation that the partition function is the same as that of bulk gravitational instantons, namely

Z_{ECFT} = Z_{semi.}. (4.17)

To obtain the grand partition functions, we apply the continuation of the angular momentum (2.18) to the partition functions of the Euclidian conformal field theory. This continuation is given by

q → q_L = exp ( − 1 ℓT_+ ) , q̄ → q_R = exp ( − 1 ℓT_− ) . (4.18)

Let us consider the nonextremal situation, namely 0 ≥ ℓΩ_+ > −1. To observe the behavior of partition functions in low temperature, we expand partition functions around the point

q_L = q_R = 0. (4.19)

In low temperature limit, the partition functions of each sector reach^∗

Z_{+−} → 1, (4.20)

Z_{−−} → (q_Lq_R)^{−c/24} = exp ( 1 8G_3T ) , (4.21)

Z_{−+} → (q_Lq_R)^{−c/24} = exp ( 1 8G_3T ) . (4.22)

It is interesting that the partition functions of gravitational instantons emerge in this limit. We find that Z_{+−} gives the partition function of the massless black hole and Z_{−−} and Z_{−+} gives the partition function of AdS_3. Moreover, a spin structure of the conformal field theory restrict the spin structure of bulk instantons [16]. As stated in section 3, AdS_3 admit both spin structure in the time direction and anti-periodicity in the spatial direction. This fact is consistent with the result that Z_{−−} and Z_{−+} give the partition function of AdS_3. The massless black hole admits anti-periodicity in the time direction and periodicity in spatial direction. This fact is also consistent with the result that Z_{+−} gives the partition function of the massless black hole.

To observe the behavior of partition functions in high temperature, we expand partition functions around the point

q_L = q_R = 1. (4.23)

∗We discard logarithmic contributions.

We introduce the parameter for convenience

q̃_L = exp ( −4π^2ℓT_+ ) , (4.24) q̃_R = exp ( −4π^2ℓT_− ) . (4.25)

In high temperature limit, the partition functions of each sector reach

Z_{+−} → (q̃_Lq̃_R)^{−c/24} ≈ exp ( ℓπ^2 4G_3(1 − q_L) + ℓπ^2 4G_3(1 − q_R) ) , (4.26)

Z_{−−} → (q̃_Lq̃_R)^{−c/24} ≈ exp ( ℓπ^2 4G_3(1 − q_L) + ℓπ^2 4G_3(1 − q_R) ) , (4.27)

Z_{−+} → 1, (4.28)

where we approximate as log q ≈ q − 1 for q → 1. In high temperature limit, we can expand q_L and q_R by T_±, and we may approximate above expressions further q_L ≈ 1 − 1 ℓT_+ , q_R ≈ 1 − 1 ℓT_− . (4.29)

The partition functions Z_{+−} and Z_{−−} reaches

Z_{+−} ≈ exp ( π^2ℓ^2 2G_3 T 1 − Ω^2_+ℓ^2 ) , (4.30)

Z_{−−} ≈ exp ( π^2ℓ^2 2G_3 T 1 − Ω^2_+ℓ^2 ) . (4.31)

We find that Z_{−+} gives the partition function of the massless black holes, and Z_{+−} and Z_{−−} gives the partition function of the black hole. It is interesting that both of Z_{+−} and Z_{−−} give the partition function of the black hole. It means that black holes do not have supersymmetry, and admit both spin structure in the spatial direction. Moreover, these two sectors are related by the S^{−1}TS-transformation.

We can obtain the microscopic entropy from the partition functions (4.26) and (4.27) as degeneracy of states. We may rewrite Z_{+−} as

Z_{+−} = Trq^{L+0}_L q^{L−0}_R = ∞∑ n_L=0 ∞∑ n_R=0 d_{nL,nR} q^{nL}_L q^{nR}_R = ∑ m ∑ j d_{m,j} exp [−βm + βΩ_+j] . (4.32)

where n_L and n_R are level of states which are written by m and j using (4.3). The degeneracy of states is given as d_{NL,NR} = 1 (2πi)^2 ∮ dq_Ldq_Rq^{−NL−1} L q^{−NR−1} R Z_{+−}. (4.33)

We obtain the entropy as S = log d_{NL,NR} = A 4G_3

. (4.34)

This reproduce the entropy (1.2) correctly. This saddle point evaluation is available when N_L, N_R ≫ c, namely G_3M ≫ 1. The same argument holds for Z_{−−} .

In low temperature limit Z_{−−} dominates and it reproduces partition function of AdS_3 and in high temperature limit Z_{+−} or Z_{−−} dominate, and they reproduce the partition function of the black hole. These phenomena reproduce the phase transition of the bulk gravity as expected.

Let us consider the extremal limit where ℓΩ_+ = −1 and T_− = 0. In this limit, the parameter q_R reaches zero. On the other hand, the parameter q_L reaches

q_L → exp ( − π √ 2G_3M ) . (4.35)

Thus, when G_3M ≫ 1 we have another limit than low temperature limit. We have interest in this limit. To observe the behavior of partition functions in this limit, we expand partition functions around the point

q_L = 1, q_R = 0. (4.36)

In this limit, the partition function of each sector reaches

Z_{+−} → q̃^{−c/24}_L ≈ exp ( ℓπ^2 4G_3(1 − q_L) ) , (4.37) Z_{−−} → q^{−c/24}_R q̃^{−c/24}_L ≈ q^{−ℓ/16G3}_R exp ( ℓπ^2 4G_3(1 − q_L) ) , (4.38)

Z_{−+} → q^{−c/24}_R ≈ q^{−ℓ/16G3}_R , (4.39)

where we approximate as log q_L ≈ q_L − 1 for q_L → 1. Using the approximation (4.29), we obtain

Z_{+−} ≈ exp ( ℓ^2π^2T_+ 4G_3 ) , (4.40)

Z_{−−} ≈ exp ( 1 8G_3T ) exp ( ℓ^2π^2T_+ 4G_3 ) , (4.41)

Z_{−+} ≈ exp ( 1 8G_3T ) . (4.42)

We find that Z_{+−} gives the partition function of the extremal black holes and Z_{−+} gives the partition function of AdS_3. Z_{−−} also gives the partition function of AdS_3 in this limit, namely the first factor dominates. In this limit Z_{−−} dominates and it reproduces the partition function of AdS_3. This fact reproduces that the extremal BTZ black hole is unstable, and decays into AdS_3. However, there seems to be an inconsistency that the microscopic entropy of Z_{−−} is the same as that of the extremal black hole because of the behavior (4.38), nevertheless AdS_3 has no entropy in Euclidian gravity approach. This inconsistency may needs further investigations.

5 Discussions

We have discussed AdS_3 gravity in Euclidian quantum gravity approach. We constructed the semiclassical partition function which includes all members of the SL(2, Z) family of gravitational instantons. In high temperature limit the black hole dominates and in low temperature limit AdS_3 dominates. This phenomenon was regarded as thermal phase transition.

We constructed partition function of a conformal field theory on the boundary of AdS_3 gravity. Inspired by the SL(2, Z) family, we constructed the partition function such that SL(2, Z) invariant in accordance with the spin structure. The construction of the partition function of the conformal field theory on the boundary of black holes have been considered in terms of SU(2) WZW model in [31]. Our interest was that whether the partition function of the conformal field theory on the boundary reproduce not only the behavior of black holes, but also the thermal phase transition in bulk gravity. We have discussed the thermal behavior of the conformal field theory which is obtained as low energy effective theory of the D1-brane worldvolume theory using the partition function of free theory. More rigid discussion of the thermal behavior needs to understand the partition function on the deformation of the symmetric product.

It was shown that the partition function of the nonextremal black hole and that of AdS_3 emerge as high temperature and low temperature limit of the partition function of the conformal field theory respectively. These results reproduce the phase transition in the bulk gravity. In the extremal limit, the partition function of the conformal field theory becomes the form of the partition function of AdS_3. It is consistent with the fact that the extremal BTZ black hole is unstable thermodynamically. However, the microscopic entropy from the partition function of the conformal field theory seems to exist. This phenomena may need further investigation.

Let us recall the correspondence between AdS_5 gravity and the conformal field theory on the boundary which was discussed in [16]. We have two gravitational instantons; the one is AdS_5, and the other is anti-de Sitter-Schwarzschild black hole. The anti-de Sitter- Schwarzschild black hole does not admit periodicity of fermions in the time direction, the phase transition occurred in the partition function whose periodicity of fermions are antiperiodic in time direction, namely

Z^{AdS}_{semi.} + Z^{BH}_{semi.} = Tre^{−βH} (5.1)

In the correspondence between AdS_3 gravity and the conformal field theory which was discussed in this article, we have four sector of the partition function of the conformal field theory because of the spin structure. As shown above, it seems that the partition function Z_{−−} reproduces AdS_3 in low temperature and the black hole in high temperature, however Z_{−−} itself is not modular invariant. Thus, in this article, we consider the correspondence of modular invariant partition functions

Z_{semi.} = Z_{ECFT} (5.2)

where the left hand side is the sum of the family of gravitational instantons and the right hand side is the sum of the three sectors with different spin structure. To investigate the intermediate region of temperature, which is nontrivial in terms of both of gravitational instantons and conformal field theory, may make clear the correspondence.

Acknowledgments

I am grateful to K. Furuuchi and T. Nakatsu for fruitful discussions. I would like to thank J-G. Zhou for helpful suggestions and reading the manuscript. I would also like to thank N. Ohta, M. Torii, H. Umetsu, N. Yokoi and Y. Yoshida for helpful suggestions.

References

[1] J. Bekenstein, Black Holes and Entropy, Phys. Rev. D7 (1973) 2333.

[2] S. W. Hawking, Particle Creation by Black Holes, Comm. Math. Phys.43 (1975) 199.

[3] G. W. Gibbons and S. W. Hawking, Action Integrals and partition functions in quantum gravity, Phys. Rev. D15 (1977) 2752.

[4] E. J. Martinec, Conformal Field Theory, Geometry, and Entropy, preprint, hepth/9809021.

[5] A. Strominger and C. Vafa, Microscopic Origin of the Bekenstein-Hawking Entropy, Phys. Lett. B379 (1996) 99, hep-th/9601029.

[6] C. G. Callan and J. M. Maldacena, D-Brane Approach to Black Hole Quantum Mechanics, Nucl. Phys. B472 (1996) 591, hep-th/9602043.

[7] J. M. Maldacena, Black Holes in String Theory, Ph. D. Dissertation, Princeton University, June 1996, hep-th/9607235, D. Youm, Black Holes and Solitons in String Theory, preprint, hep-th/9710046 and references in them; S. Mano, Y. Yoshida, Black Hole Entropy from BPS Closed String, preprint, hep-th/9807104.

[8] J. M. Maldacena, The Large N Limit of Superconformal Field Theories and Supergravity, Adv. Theor. Math. Phys. 2 (1998) 231, hep-th/9711200.

[9] J. Maldacena and A. Strominger, AdS3 Black Holes and a Stringy Exclusion Principle, J. High Energy Phys. 9812 (1998) 005, hep-th/9804085.

[10] M. Bañados, C. Teitelboim, J. Zanelli, The Black Hole in Three Dimensional Space Time, Phys. Rev. Lett. 69 (1992) 1849, hep-th/9204099; Bañados, M. Henneaux, C. Teitelboim and J.Zanelli, Geometry of the 2+1 Black Hole, Phys. Rev. D48 (1993) 1506, gr-qc/9302012.

[11] J. D. Brown and M. Henneaux, Central Charges in the Canonical Realization of Asymptotic Symmetries: An Example from Three Dimensional Gravity, Comm. Math. Phys.104 (1986) 207.

[12] O. Coussaert and M. Henneaux, Supersymmetry of the 2+1 black holes, Phys. Rev.

Lett. 72 (1994) 183, hep-th/9310194.

[13] A. Strominger, Black Hole Entropy from Near-Horizon Microstates, J. High Energy Phys. 02 (1998) 009, hep-th/9712251.

[14] S. W. Hawking, in General Relativity, An Einstein Centenary Survey, eds. S. W. Hawking and W. Israel, (Cambridge University Press, 1979)

[15] S. W. Hawking and D. Page, Thermodynamics of Black Holes in Anti-de Sitter Space, Comm. Math. Phys.87 (1983) 577.

[16] E. Witten, Anti De Sitter Space And Holography, Adv. Theor. Math. Phys. 2 (1998) 253, hep-th/9802150; E. Witten, Anti-de Sitter Space, Thermal Phase Transition, and Confinement in Gauge Theories, Adv. Theor. Math. Phys. 2 (1998) 505, hep-th/9803131.

[17] S. W. Hawking and G. T. Horowitz, S. F. Ross, Entropy, Area, and Black Hole Pairs, Phys. Rev. D51 (1995) 4302, gr-qc/9409013.

[18] C. Teitelboim, Action and Entropy of Extreme and Non-Extreme Black Holes, Phys.

Rev. D51 (1995) 4315 Erratum-ibid. D52 (1995) 6201, hep-th/9410041.

[19] S. W. Hawking, G. T. Horowitz, The Gravitational Hamiltonian, Action, Entropy, and Surface Terms, Class. Quant. Grav. 13 (1996) 1487, gr-qc/9501014.

[20] G. W. Gibbons and R. E. Kallosh, Topology, Entropy and Witten Index of Dilaton Black Holes, Phys. Rev. D51 (1995) 2839, hep-th/9407118.

[21] T. Regge and C. Teitelboim, Role of Surface Integrals in the Hamiltonian Formalism of General Relativity, Ann. Phys. 88 (1974) 286.

[22] A. Sen, Extremal Black Holes and Elementary String States, Mod. Phys. Lett. A10 (1995) 2081, hep-th/9504147.

[23] G. T. Horowitz, The Origin of Black Hole entropy in String Theory, preprint, grqc/9604051

[24] A. Ghosh and P. Mitra, Understanding the area proposal for extremal black hole entropy, Phys. Rev. Lett. 78 (1997) 1858, hep-th/9609006; P. Mitra, Entropy of extremal black holes, preprint, hep-th/9704201.

[25] S. Carlip and C. Teitelboim, Aspects of Black Hole Quantum Mechanics and Thermodynamics in 2+1 Dimensions, Phys. Rev. D51 (1995) 622, gr-qc/9405070.

[26] S. Carlip, Quantum gravity in 2+1 dimensions, (Cambridge University Press, 1998).

[27] B. Reznik, Thermodynamics and Evaporation of the 2+1-D Black Hole. Phys. Rev.

D51 (1995) 1728, gr-qc/9403027.

[28] S. W. Hawking, C. J. Hunter and M. M. Taylor-Robinson, Rotation and the AdS/CFT correspondence, preprint, hep-th/9811056.

[29] A. Achúcarro and P. K. Townsend, A Chern-Simons Action for Three-dimensional Antide Sitter Supergravity theories, Phys. Lett. B180 (1986) 89.

[30] M. B. Green, J. H. Schwarz and E. Witten, Superstring theory, (Cambridge University Press, 1987).

[31] M. Banãdos, T. Brotz and M. Ortiz, Boundary Dynamics and the Statistical Mechanics of the 2+1 dimensional Black Hole, preprint, hep-th/9802076.