hep-th/9904047 v2 1 Sep 1999

KNTP-99-02

Winding Number Transition at Finite Temperature : Mottola-Wipf model with and without Skyrme term

D. K. Park^a, Hungsoo Kim^b, Soo-Young Lee^a a Department of Physics, Kyungnam University, Masan, 631-701, Korea.

b Department of Physics, Korea Advanced Institute of Science and Technology, Taejon, 305-701, Korea.

(September 1, 1999)

Abstract

The winding number transition in the Mottola-Wipf model with and without Skyrme term is examined. For the model with Skyrme term the number of discrete modes of the fluctuation operator around sphaleron is shown to be dependent on the value of λm^2. Following Gorokhov and Blatter we derive a sufficient condition for the sharp first-order transition, which indicates that first-order transition occurs when 0 < λm^2 < 0.0399 and 2.148 < λm^2. In the intermediate region of λm^2 the winding number transition is conjectured to be smooth second order. For the model without Skyrme term the winding number transition is always first order regardless of the value of parameter.

I. INTRODUCTION

Quantum tunneling is one of the most fascinating phenomenon arised due to pure quantum effect and has profound physical implications in many fundamental phenomena in various branches of physics. After Langer [1] and Coleman [2] opened a door of the computational methodology for the investigation of the tunneling using a classical Euclidean solution called instanton or bounce, its generalization to the finite temperature tunneling or thermal activation is one of the long-standing subject in this field. It is well-known that as temperature increases from zero temperature the pure quantum tunneling at low temperature is gradually changed to the thermal activation at high temperature via thermally assisted tunneling region. This means there is a phase transition between sphaleron [3]-dominated high temperature regime and the instanton-dominated low temperature regime. This phase transition was explored within quantum mechanical models by Affleck [4] and cosmological models by Linde [5] about two decades ago. Both of them argued that there exist periodic solutions [6] which govern the tunneling at intermediate temperature regime and interpolate smoothly between vacuum instanton and sphaleron. Using a terminology of the statistical mechanics this phenomenon can be referred to second-order transition.

Chudnovsky [7], however, showed that this argument is not generic. Using a simple quantum mechanical model, he derived a relation dS_E dτ = E > 0, (1.1)

where S_E and τ are Euclidean classical action and period of periodic solution, respectively. Eq.(1.1) allows one to determine the temperature(T = 1/τ )-dependence of action(S_E) from energy(E)-dependence of period(τ ). In fact, this is completely analogous to the plot of free enthalphy-vs-pressure of a van der Waals gas whose equation of state is determined as pressure-vs-volume. If, for example, E-dependence of τ is monotonic function, T -dependence of S_E becomes also monotonic, and eventually is merged to the action for the sphaleron solution smoothly. Since decay rate is proportional to e^{−SE} , this case can be reffered to second-order transition. If, however, E-dependence of τ is not monotonic and has one minimum, T -dependence of S_E can be double-valued function in some region of domain of definition and it results in a sharp crossover from instanton-dominated low temperature regime to sphaleron-dominated high temperature regime. This is an example of first-order transition. Recently, his idea is realized at the spin tunneling system [8] in condensed matter physics.

Subsequently, Gorokhov and Blatter [9] extended Chudnovsky’s idea and derived a sufficient condition for the first-order transition using only small fluctuation around sphaleron. Recently, their idea is extended [10] for the application to the model when mass is positiondependent. Although they derived the criterion to apply it to the some fields of the condensed matter physics [9,11], its application to the covariant field theories is straightforward. In fact, this criterion is applied to the four-dimensional scalar field theory with a asymmetric double well potential and the lower and upper bounds of the critical value of symmetry breaking parameter is calculated [12]. Recently, same criterion with that of Gorokhov and Blatter is derived again through completely different point of view by counting carefully the number of negative modes for the full hessian of periodic solution near sphaleron [13].

In this paper we will examine the winding number transition of the Mottola-Wipf(MW) model [14] with and without Skyrme term [15] and clarify the type of the transition in the full range of parameter space. Since the method of Ref. [13] for the study of winding number transition needs a periodic instanton solution which is very complicated [16] in this model, we will follow the procedure of Ref. [9].

MW model, non-linear O(3) model with a soft symmetry breaking term, is usually adopted as a toy model for the study of the baryon number violation in electroweak theory [17]. Although localized vacuum instanton does not exist in this model, the analytical expression of the sphaleron solution was derived by paralleling Manton’s original argument in Ref. [14]. The reason why MW model can be used as a toy model for a investigation of baryon-number violation in the electroweak theory is nicely explained in Ref. [14]. For a completeness we summarize it briefly. If one defines two component field ψ = ψ_1 ψ_2

(1.2)

such that ϕ^a = ψ^†σ^aψ where phi^a is scalar field of MW model and σ^a is usual Pauli matrix. Introducing gauge field A_μ = (ψ^†∂_μψ − ∂_μψ^†ψ)/2i, one can show that the winding number Q of MW model which is defined as Q = 1 8π ∫ d^2xϵ_{μν} ⃗ϕ · (∂_μ⃗ϕ × ∂_ν ⃗ϕ) (1.3) is reduced to 1 4π ∫ d^2xϵ_{μν}F_{μν}. (1.4)

The integrand in Eq.(1.4) is nothing but an chiral anomaly [18] of massless fermion field coupled to U(1) gauge field. Through index theorem the transition in MW model can be interpreted as tunneling which connects states with different chiral fermion numbers.

In order to make a modified model which supports a localized vacuum instanton as well as sphaleron, Piette et al [19] added a Skyrme term to this model. In this modified model whose action and constraint are S = 1 g^2 ∫ dτ dx [ 1 2 ∂_μϕ^a∂_μϕ^a + m^2(1 + ϕ^3) + λ 8 ϕ^{ab}_{μν} ϕ^{ab}_{μν} ] (1.5) ϕ^aϕ^a = 1, a = 1, 2, 3 μ, ν = τ, x where ϕ^{ab}_{μν} = ∂_μϕ^a∂_νϕ^b − ∂_νϕ^a∂_μϕ^b, sphaleron is identical to that of MW model whose action is Eq.(1.5) with λ = 0 and localized instanton can be obtained numerically. Winding number transition between instanton-dominated and sphaleron-dominated regimes in this model are discussed at particulur value of parameter, λm^2 = 0.001, in Ref. [20]. In this paper we will discuss the winding number transition in the full range of parameter space.

The paper is organized as follows. In Sec.II we will briefly review Gorokhov and Blatter’s procedure in covariant scalar field theory. In Sec.III we will expand the field equation of Mottola-Wipf-Skyrme(MWS) model around sphaleron solution by introducing the fluctuation fields u and v. The spectra of the spatial fluctuation operators ĥ_u and ĥ_v are discussed at Sec.IV. In Sec.V, following Gorokhov and Blatter, we will examine the winding number transition in MWS model. It will be shown that the type of transition is either first-order or second-order depending on the value of λm^2. In Sec.VI the winding number transition in MW model will be discussed. It will be shown that the type of transition in this model is always first order regardless of value of parameter. In Sec.VII a brief conclusion will be given.

II. CRITERION FOR SHARP FIRST-ORDER TRANSITION

In this section we will review the procedure of Ref. [9] briefly in the covariant field theory. The Euclidean action we will consider is S = ∫ dx [ 1 2 ∂_μϕ∂_μϕ + V (ϕ) ] (2.1)

where field equation is

2ϕ = V^′(ϕ). (2.2)

Although we do not need a specific form of V (ϕ), we assume field equation allows periodic instanton and sphaleron configurations. Since sphaleron ϕ_{sph} is static configuration, its equation of motion reads ∂^2ϕ_{sph} ∂x^2 = V^′(ϕ_{sph}). (2.3)

Now, we consider a small fluctuation η(x, τ ) around sphaleron solution. If one uses Taylor expansion in potential, it is easy to show η(x, τ ) satisfies upto the order of η^3

l̂η(x, τ ) = ĥη(x, τ ) + G_2[η] + G_3[η] (2.4)

where l̂ =^{∂2}_{∂τ 2} , ĥ = −^{∂2}_{∂x2} + V^{′′}(ϕ_{sph}), G_2[η] =^1_2 V^{′′′}(ϕ_{sph})η^2, and G_3[η] =^1_6 V^{′′′′}(ϕ_{sph})η^3. The main idea of Ref. [9] is to compare the frequency of η(x, τ ) with that of sphaleron by solving Eq.(2.4) perturbatively, which yields a sufficient condition for the first-order transition.

Here, the frequency of sphaleron ω_{sph} means frequency of the periodic instanton solution when periodic instanton approaches to the sphaleron solution.

To the lowest order in perturbation we use ansatz

η(x, τ ) = au_0(x) cos ω_{sph}τ. (2.5)

Here, a is a small parameter, which is associated with small amplitude of periodic solution whose center is ϕ_{sph} at quantum mechanical model. Substituting Eq.(2.5) into Eq.(2.4) while neglecting terms of order higher than a one obtains

ĥu_0(x) = l(ω_{sph})u_0(x) (2.6)

where l(ω) ≡ −ω^2. Since spatial operator ĥ has only one negative mode and l(ω_{sph}) < 0, u_0(x) and l(ω_{sph}) are nothing but the ground state eigenfunction and eigenvalue of ĥ, respectively. This fact allows one to calculate ω_{sph} by solving the spectrum of ĥ.

To next order perturbation we use

η(x, τ ) = au_0(x) cos ωτ + a^2η_1(x, τ ) (2.7)

where ω is the correction to the frequency ω_{sph}. Inserting Eq.(2.7) into Eq.(2.4) it is easy to obtain

η_1 = (l̂ − ĥ)^{−1}χ_1 (2.8)

where

χ_1 = 1 a [l(ω_{sph}) − l(ω)] u_0(x) cos ωτ + G_2[u_0] cos^2 ωτ. (2.9)

Since l̂ − ĥ has zero mode | u_0(x) cos ωτ >, we can escape infinity in Eq.(2.8) if and only if a condition < u_0(x) cos ωτ | χ_1 >= 0 holds. This condition requires no shift in the frequency ω = ω_{sph}, which means that next order perturbation must be performed to find frequency shift. Before we go to the next order, it is in order to compute η_1 explicitly. It is straightforwardly achieved from Eq.(2.8):

η_1(x, τ ) = g_1(x) + g_2(x) cos 2ω_{sph}τ (2.10)

where

g_1(x) = − 1 2 ĥ^{−1}G_2[u_0] (2.11)

g_2(x) = − 1 2 [ĥ − l(2ω_{sph})]^{−1}G_2[u_0].

Next order perturbation can be done by using

η(x, τ ) = au_0(x) cos ωτ + a^2η_1(x, τ ) + a^3η_2(x, τ ). (2.12)

Substituting Eq.(2.12) into Eq.(2.4) and neglecting terms of order a^4 and higher, one gets

η_2(x, τ ) = a^{−3}(l̂ − ĥ)^{−1} [ χ^{(0)}_2 + χ^{(1)}_2 cos ωτ + χ^{(2)}_2 cos 2ωτ + χ^{(3)}_2 cos 3ωτ ] (2.13)

where

χ^{(0)}_2 = a^2 [ ĥg_1(x) + 1 2 G_2[u_0] ] (2.14)

χ^{(1)}_2 = −a [l(ω) − l(ω_{sph})] u_0(x)

+a^3 [ ∂G_2[ξ] ∂ξ | | | | ξ=u_0 ( g_1(x) + 1 2 g_2(x) ) + 3 4 G_3[u_0] ]

χ^{(2)}_2 = a^2 [ [ĥ − l(2ω)]g_2(x) + 1 2 G_2[u_0] ]

χ^{(3)}_2 = a^3 [ 1 2 ∂G_2[ξ] ∂ξ | | | | ξ=u_0 g_2(x) + 1 4 G_3[u_0] ] . The infinity problem mentioned above yields another condition < u_0(x) | χ^{(1)}_2 >= 0,

which results in l(ω) − l(ω_{sph}) = − a^2 2 < u_0 | u_0 >

< u_0 | f[u_0] > (2.15)

where

f[u_0] =

∂G_2[ξ] ∂ξ | | | | ξ=u_0 [ ĥ^{−1} + 1 2 [ĥ − l(2ω_{sph})]^{−1} ] G_2[u_0] − 3 2 G_3[u_0]. (2.16)

If the spectrum of ĥ, ĥ | u_n >= h_n | u_n >, is completely solved, < u_0 | f[u_0] > is reduced to

< u_0 | f[u_0] >= 2 ∑ n ( 1 h_n + 1 2 1 h_n − l(2ω_{sph}) ) |< G_2[u_0] | u_n >|^2 − 3 2 < u_0 | G_3[u_0] > . (2.17)

One may worry for the use of Eq.(2.17) due to zero mode of ĥ, say h_1 = 0. It is, however, easy to show that it does not cause any problem if one realizes < G_2[u_0]|u_1 >= 0 because of odd parity of u_1.

Before we derive a sufficient condition for the sharp transition, it may be helpful to comment on the two kinds of field theoretical tunneling models. One kind(case I) consists of models which support localized vacuum instanton and sphaleron. The usual quantum mechanical model and MWS model plunge into this case. In these models the first-order phase transition takes place as usual quantum mechanical cases. The typical figure of firstorder transition in case I is given in Fig.1(a). Another kind(case II) consists of models which does not support localized vacuum instanton. The MW model and electroweak theory are categorized in this case. In these models the low energy periodic instanton is built out of constraint instanton [6] whose period goes to zero at E → 0. Applying a relation (1.1) one can get a typical figure of first-order transition in case II which is shown in Fig.1(b). In both cases the first-order transition occurs when ω > ω_{sph}, which results in

< u_0 | f[u_0] > > 0. (2.18)

We will use this criterion to determine the types of transition in the full range of parameter space in MWS and MW models.

III. FLUCTUATION AROUND SPHALERON IN MWS MODEL

The field equation of MWS model whose action is given at Eq.(1.5) is easily derived by introducing and subsequently removing a Lagrange multiplier: (δ^{ab} − ϕ^aϕ^b) [ 2ϕ^b + λ∂μ(ϕ^{bc}_{μν} ∂νϕ^c)^] = m^2(δ^{a3} − ϕ^aϕ^3). (3.1)

Since Skyrme term does not contribute to field equation for static sphaleron [19], sphaleron is same with that of MW model which is derived at Ref. [14]:

ϕ_{sph} = (sin ξ_{sph}, 0, − cos ξ_{sph}) (3.2)

where

ξ_{sph} = 2 sin^{−1}(sechmx). (3.3)

Now, we introduce small fluctuation fields u and v around sphaleron such as ϕ = 1 √ 1 + u^2

(sin(ξ_{sph} + v), u, − cos(ξ_{sph} + v)) . (3.4)

The expansion of the field equation (3.1) in terms of u and v is very tedious, but straightforward: l̂ u v = ĥ u v + G^u_2 (u, v) G^v_2(u, v) + G^u_3 (u, v) G^v_3(u, v) + · · · (3.5)

where

l̂ =

∂^2 ∂τ^2 0

0^{∂2}_{∂τ 2} ĥ = ĥ_u 0 0 ĥ_v (3.6)

G^u_2 (u, v) = sechmx 1 + 4λm^2sech^2mx [ 2m^2 tanh mx(uv − λu̇v̇) − 4muv^′ + 2λm(2u̇^′v̇ − 2üv^′ + u^′v̈ − u̇v̇^′) ]

G^v_2(u, v) = sechmx [ −m^2 tanh mx(u^2 − v^2 − 2λu̇^2) + 4muu^′ + 2λm(üu^′ − u̇u̇^′) ]

G^u_3 (u, v) = 1 1 + 4λm^2sech^2mx [ 2u(u̇^2 + u^{′2}) − u(v̇^2 + v^{′2}) − m^2 2 (1 − 2sech^2mx)(uv^2 − u^3) +λ [ − üv^{′2} − u̇v^′v̇^′ + 2u̇^′v̇v^′ + u^′v̈v^′ − u^′v̇v̇^′ +u̇v̇v^{′′} − u^{′′}v̇^2 + 4m^2sech^2mx(3uu̇^2 + u^2ü) ]]

G^v_3(u, v) = 2u(u̇v̇ + u^′v^′) + m^2 6 (1 − 2sech^2mx)(3u^2v − v^3) +λ [ −u̇u̇^′v^′ − u̇^2v^{′′} − u^{′2}v̈ − u̇^′u^′v̇ + 2u̇u^′v̇^′ + u̇u^{′′}v̇ + üu^′v^′ ] . Here, prime and dot mean differentiation with respect to x and τ respectively, and ĥ_u and ĥ_v are ĥ_u = 1

1 + 4λm^2sech^2mx [ − ∂^2 ∂x^2 + m^2(1 − 6sech^2mx) ] (3.7)

ĥ_v = − ∂^2 ∂x^2 + m^2(1 − 2sech^2mx).

It is interesting that Skyrme term contributes only modification of ĥ_u, not ĥ_v. Apart

from denominator in ĥ_u the eigenvalue equations of ĥ_u and ĥ_v are usual Pöschl-Teller type

which can be solved completely [21]. The denominator in ĥ_u modifies the spectrum which

will be discussed in next section.

IV. SPECTRA OF ĥ_u AND ĥ_v

Consider an eigenvalue equation of the usual Pöschl-Teller type potential: [ − d^2 dx^2 + V (x) ] ψ_n(x) = λ_nψ_n(x) (4.1)

where

V (x) = ω^2 −

V_0 cosh^2 ωx

. (4.2)

It is well-known that Eq.(4.1) has both finite discrete modes, whose number is dependent on s = 1 2 −1 + √ 1 + 4V_0 ω^2

, (4.3)

and continuum states. The spectrum and eigenfunctions are summarized as follows [21];

(1) Discrete modes

λ_n = ω^2[1 − (s − n)^2] (n = 0, 1, · · · , n_{max} < s) (4.4)

ψ_n(x) = √ ω n! Γ(1 + 2s − n) Γ(1 + s − n)Γ(s − n) 2^{n−s} cosh^{n−s} ωx ×_2F_1(−n, 1 + 2s − n; s − n + 1; 1 2 (1 − tanh ωx))

(2) Continuum modes λ_k = ω^2 + k^2 (4.5) ψ_k(x) = 1 √ 2π Γ(−s −^{ik}_ω )Γ(1 + s −^{ik}_ω ) Γ(−^{ik}_ω )Γ(1 −^{ik}_ω ) e^{ikx} ×_2F_1(s + 1, −s; 1 − ik ω ; 1 2 (1 − tanh ωx)).

Here, Γ(a) and_2F_1(a, b; c; z) are usual gamma and hypergeometric functions. Since eigenvalue equation for ĥ_v, ĥ_vφ_n(x) = ϵ^v_nφ_n(x), is exactly Pöschl-Teller type equation, it is very easy to find its spectrum and eigenfunctions, which is summarized at Table I.

Now, let us consider eigenvalue equation of ĥ_u;

ĥ_uψ_n(x) = ϵ^u_nψ_n(x). (4.6)

After rearranging Eq.(4.6) one can show that it is possible to make it as usual Pöschl-Teller type provided the following explicit ϵ^u_n-dependence of s is allowed ; s = 1 2 [√ 25 + 16λϵ^u_n − 1 ] . (4.7)

After eliminating ϵ^u_n by using Eq.(4.4) and (4.7) one can arrive at conclusion that different s-value is assigned to each discrete mode,

s_n =

(8nλm^2 − 1) + √ 64λ^2m^4 − 16(n^2 + n − 7)λm^2 + 25 2(1 + 4λm^2)

. (4.8)

Now, we can solve Eq.(4.8) for non-negative integer n under requirements s > 0 and s > n, which results in a fact that the number of discrete modes is dependent on λm^2. For example, there are three discrete modes(n = 0, 1, 2) for 0 < λm^2 ≤ 3/2. And, one more discrete mode appears for 3/2 < λm^2 ≤ 7/2. Generally, there are n discrete modes for (n−1)2+(n−1)−6 4 < λm^2 ≤^{n2+n−6}_4 . Parameter-dependence of discrete spectrum is explicitly shown at Fig.2. It is worthwhile noting that n = 0 is negative mode and n = 1 is zero mode which indicates that u is fluctuation field around unstable configuration.

The continuum spectrum of ĥ_u is more simple. If one follows the same procedure, it is easy to show that continuum spectrum and correspondent eigenfunctions are exactly same with those of Eq.(4.5) provided s is replaced by s_k =

−1 + √ 25 + 16λ(m^2 + k^2) 2 . (4.9)

Table II shows a complete spectrum of ĥ_u for 0 < λm^2 < 3/2.

V. CRITERION FOR FIRST-ORDER TRANSITION IN MWS MODEL

In this section we will derive the criterion for the first-order transition in MWS model by following Gorokhov and Blatter. To do the lowest order perturbation we choose a ansatz u v = a u_0(x) v_0(x) cos Ω_{sph}τ (5.1)

where a is discussed at the below of Eq.(2.5). Inserting Eq.(5.1) into Eq.(3.5) and neglecting terms of order higher than a we obtain ĥ u_0(x) v_0(x) = l(Ω_{sph}) u_0(x) v_0(x)

(5.2)

where l(Ω) ≡ −Ω^2. Based on the analysis of Sec. IV, it is easy to show that ĥ has only one negative mode whose eigenvalue and eigenfunction are ϵ^u_0 = −m^2(s^2_0 − 1) and ψ_0(x) 0 , respectively. Here, s_0 is obtained from Eq.(4.8) by letting n = 0;

s_0 = √ 1 + 4(1 + 4λm^2)(6 + 4λm^2) − 1

2(1 + 4λm^2)

. (5.3)

Hence, the lowest perturbation shows

Ω_{sph} = √ s^2_0 − 1m (5.4) u_0(x) = ψ_0(x) = 2^{−s0} mΓ(1 + 2s_0) Γ(s_0)Γ(1 + s_0) cosh^{−s0} mx v_0(x) = 0.

Now, let us start the next order perturbation by substituting u(x, τ ) v(x, τ ) = au_0(x) cos Ωτ + a^2u_1(x, τ ) a^2v_1(x, τ )

(5.5) into Eq.(3.5). As commented in Sec.II, Ω is the correction to the frequency Ω_{sph}. Neglecting higher order terms one arrives at the following equation: u_1(x, τ ) v_1(x, τ )

= (l̂ − ĥ)^{−1} ⃗χ_1 (5.6)

where

⃗χ_1 = 1 a [l(Ω_{sph}) − l(Ω)] u_0(x) cos Ωτ 0 + 0 H_1(x, τ )

. (5.7)

Here, H_1(x, τ ) is H_1(x, τ ) = 2^{−2s0} m^3Γ(1 + 2s_0) Γ(s_0)Γ(1 + s_0) sinh mx cosh^{2s0+2} mx

(5.8) × [ −(4s_0 + 1) cos^2 Ωτ + 2λΩ^2(sin^2 Ωτ + s_0) ] . Using same argument given at Sec.II, we need a condition < u_0 cos Ωτ 0 | | | | ⃗χ_1 >= 0 (5.9)

to escape an infinity arised due to inversion of l̂ − ĥ. The condition (5.9) is automatically satisfied if Ω = Ω_{sph}, which means there is no frequency shift in the present order of perturbation.

Before we go to next order, let us compute u_1(x, τ ) and v_1(x, τ ) explicitly. This is achieved by direct calculation, which needs a tedious, but straightforward procedure: u_1(x, τ ) = 0 (5.10) v_1(x, τ ) = g_{v,1}(x) + g_{v,2}(x) cos 2Ω_{sph}τ where

g_{v,1}(x) = 2^{−2s0} m^3Γ(1 + 2s_0) Γ(s_0)Γ(1 + s_0) [ 2s_0(1 − λΩ^2_{sph}) + ( 1 2 − λΩ^2_{sph}) ] (5.11) ×ĥ^{−1}_v sinh mx cosh^{2s0+2} mx g_{v,2}(x) = −2^{−2s0} m^3Γ(1 + 2s_0) Γ(s_0)Γ(1 + s_0)

(2s_0 + 1 2 + λΩ^2_{sph}) × [ l(2Ω_{sph}) − ĥ_v ]_{−1} sinh mx

cosh^{2s0+2} mx .

Now, let us perform next order perturbation with u(x, τ ) v(x, τ ) = au_0(x) cos Ωτ + a^3u_2(x, τ )

a^2v_1(x, τ ) + a^3v_2(x, τ )

. (5.12)

After inserting Eq.(5.12) into Eq.(3.5) we obtain

u_2(x, τ )

v_2(x, τ )

= (l̂ − ĥ)^{−1} ⃗χ_2. (5.13)

Here, we do not need full explicit form of ⃗χ_2 for the derivation of criterion for sharp

winding number transition. The only one we need is the upper element in Eq.(5.13), which is u_2(x, τ ) = (l̂ − ĥ_u)^{−1}χ^u_2 (5.14)

where

χ^u_2 = − 1 a^2

[l(Ω) − l(Ω_{sph})] u_0(x) cos Ωτ (5.15) + 1 1 + 4λm^2sech^2mx

[G_{u,1}(x) cos Ωτ + G_{u,2}(x) cos 3Ωτ ] .

In Eq.(5.15) the explicit form of G_{u,2}(x) is not needed also for the derivation of criterion.

The only one we need is G_{u,1}(x) which is

G_{u,1}(x) = 2^{−s0} ( mΓ(1 + 2s_0) Γ(s_0)Γ(1 + s_0)

) 1_2 [

2m^2 sinh mx cosh^{s0+2} mx ( g_{v,1} + 1 2 g_{v,2} − λΩ^2_{sph}g_{v,2} ) (5.16) − 4m cosh^{s0+1} mx ( g^′_{v,1} + 1 2 g^′_{v,2} − λΩ^2_{sph}g^′_{v,1} ) ]

+2^{−3s0} ( mΓ(1 + 2s_0) Γ(s_0)Γ(1 + s_0)

) 3_2 [ [ 1 2 Ω^2_{sph} + 3 8 m^2(1 + 4s^2_0) ] cosh^{−3s0} mx − 3 4 m^2(1 + 2s^2_0) cosh^{−3s0−2} mx ] . Hence, the condition < u_0(x) cos Ωτ | χ^u_2 >= 0 gives the correction to the frequency:

l(Ω) − l(Ω_{sph}) = a^2 < u_0(x) | cosh^2 mx cosh^2 mx + 4λm^2

G_{u,1}(x) > . (5.17)

In order to change Eq.(5.17) to a more convenient form, we have to compute g_{v,1}(x) and

g_{v,2}(x) explicitly which is performed in Appendix, where the following integral representa-

tions are obtained:

g_{v,1}(x) =

(2s_0 +^1_2 ) − λm^2(s^2_0 − 1)(2s_0 + 1) 4π(1 + s_0)Γ(s_0)Γ(1 + s_0) [ ∫ dk Γ ( s_0 +^1_2 +^{ik}_{2m} ) Γ ( s_0 +^1_2 −^{ik}_{2m} ) 1 + k^2/m^2 k m sin kx (5.18)

+ tanh mx ∫ dk Γ ( s_0 +^1_2 +^{ik}_{2m} ) Γ ( s_0 +^1_2 −^{ik}_{2m} ) 1 + k^2/m^2 cos kx ]

g_{v,2}(x) =

(2s_0 +^1_2 ) + λm^2(s^2_0 − 1) 4π(1 + s_0)Γ(s_0)Γ(1 + s_0) [ ∫ dk Γ ( s_0 +^1_2 +^{ik}_{2m} ) Γ ( s_0 +^1_2 −^{ik}_{2m} ) (4s^2_0 − 3) + k^2/m^2 k m sin kx

+ tanh mx ∫ dk Γ ( s_0 +^1_2 +^{ik}_{2m} ) Γ ( s_0 +^1_2 −^{ik}_{2m} ) (4s^2_0 − 3) + k^2/m^2 cos kx ] . By inserting Eq.(5.18) into Eq.(5.16) one can obtain double-integral representation of

G_{u,1}(x). Then, through some appropriate change of variables we get the final form of

l(Ω) − l(Ω_{sph}):

l(Ω) − l(Ω_{sph}) = a^2s^{−2s0} m^3Γ(1 + 2s_0) Γ^2(s_0)Γ^2(1 + s_0)

(5.19) × [ (2s_0 +^1_2 ) − λm^2(s^2_0 − 1)(2s_0 + 1) 2π(1 + s_0) ∫ dy sinh y cosh^{2s0} y(cosh^2 y + 4λm^2)^2 ×K_1(y)[J_1(y) + tanh yJ_2(y)] + (2s_0 +^1_2 ) + λm^2(s^2_0 − 1) 2π(1 + s_0) ∫ dy sinh y cosh^{2s0} y(cosh^2 y + 4λm^2)^2 ×K_2(y)[J_3(y) + tanh yJ_4(y)]

+2^{−2s0} Γ(1 + 2s_0)

[ 16s^2_0 − 1 8 ∫ dy cosh^{4s0−2} y(cosh^2 y + 4λm^2) − 3(1 + 2s^2_0) 4 ∫ dy cosh^{4s0} y(cosh^2 y + 4λm^2) ]]

where

J_1(y) = ∫_∞ −∞ dq q | Γ ( s_0 +^{1+iq}_2 ) |^2 1 + q^2 sin qy (5.20)

J_2(y) = ∫_∞ −∞ dq | Γ ( s_0 +^{1+iq}_2 ) |^2 1 + q^2 cos qy J_3(y) = ∫_∞ −∞ dq q | Γ ( s_0 +^{1+iq}_2 ) |^2 q^2 + (4s^2_0 − 3) sin qy

J_4(y) = ∫_∞ −∞ dq | Γ ( s_0 +^{1+iq}_2 ) |^2 q^2 + (4s^2_0 − 3) cos qy K_1(y) = [ −4s_0 − 1 + 2(1 + 2s_0)(s^2_0 − 1)λm^2 ] cosh^2 y + [ −4s_0 + 3 + 2(2s_0 − 1)(s^2_0 − 1)λm^2 ] 4λm^2 K_2(y) = [ −2s_0 − 1 2 − (s^2_0 − 1)λm^2 ] cosh^2 y + [ −2s_0 + 3 2 − (s^2_0 − 1)λm^2 ] 4λm^2. Fig. 3 shows the result of numerical calculation of l(Ω) − l(Ω_{sph}) with respect to λm^2.

From Fig. 3 we can conclude that MWS model exhibits sharp first order winding number transition when 0 < λm^2 < 0.0399 and 2.148 < λm^2. Ref. [20] shows first order transition when λm^2 = 0.001, which is in agreement with our conclusion. Although Gorokhov and Blatter’s method cannot determine the type of transition for 0.0399 < λm^2 < 2.148, it is easily conjectured using 2S_0/S_{sph} which is shown in Fig. 4. Here, S_0 is classical action of vacuum instanton and S_{sph} = (2π/Ω_{sph})E_{sph}, where E_{sph} is space integration of classical Lagrangian for the static sphaleron solution, and interpreted as barrier height in usual Minkowski space. Fig. 4 indicates that 2S_0/S_{sph} < 1 when 0 < λm^2 < 0.006 and 2.52 < λm^2, and 2S_0/S_{sph} > 1 when 0.006 < λm^2 < 2.52. Hence, MWS model exhibits strong firstorder transition when 0 < λm^2 < 0.006 and 2.52 < λm^2, and weak first-order transition when 0.006 < λm^2 < 0.0399 and 2.148 < λm^2 < 2.52 as shown in Fig. 5. From this fact we can conjecture that smooth second order transition occurs at intermediate region of λm^2.

VI. WINDING NUMBER TRANSITION IN MW MODEL

In this section we will discuss the winding number transition in MW model by taking λ → 0 limit in Eq.(5.19). Using integral formula [22] ∫_∞ 0 dx sin ax cosh βx x^{2m+1} = (−1)^{m+1} π 2β ∂^{2m+1} ∂a^{2m+1} 1 cosh^{aπ}_{2β}

(6.1) ∫_∞ 0 dx cos ax cosh βx x^{2m} = (−1)^m π 2β ∂^{2m} ∂a^{2m} 1 cosh^{aπ}_{2β} , we can show straightforwardly

J_1(y) = π 4 sinh y(3 + 4 cosh^2 y) cosh^4 y

(6.2)

J_2(y) = π 4 1 + 4 cosh^2 y

cosh^3 y

J_3(y) = π 8 ∫_∞ 0 dq q(q^2 + 1)(q^2 + 9) (q^2 + 13) cosh^{πq}_2 sin qy J_4(y) = π 8 ∫_∞ 0 dq (q^2 + 1)(q^2 + 9) (q^2 + 13) cosh^{πq}_2 cos qy K_1(y) = 2K_2(y) = −9 cosh^2 y.

Hence, we can obtain l(Ω) − l(Ω_{sph}) by inserting Eq.(6.2) into Eq.(5.19). Since y-integration

in this case is analytically solved if one uses integral formula [22], ∫_∞ 0 dx cos ax cosh^{2n+1} βx = π(a^2 + β^2)(a^2 + 3^2β^2) · · · [a^2 + (2n − 1)^2β^2] 2(2n)!β^{2n+1} cosh^{aπ}_{2β}

, (6.3)

the final form of l(Ω) − l(Ω_{sph}) in MW model is simply

l(Ω) − l(Ω_{sph}) = −

9a^2m^3 2 [ 1 70 + π 4096 I ] (6.4)

where I = ∫_∞ 0 dq (q^2 + 1)^3(q^2 + 9)^2 (q^2 + 13) cosh^{2 πq}_2

. (6.5)

Numerical calculation shows l(Ω)−l(Ω_{sph}) = −0.161116a^2m^3, which means sharp first-order

transition in the full range of parameter space. This is in agreement with result of Ref. [16].

VII. CONCLUSION

In this paper we examine the winding number transition of the MW model with and

without Skyrem term. For MWS model we expand the field equation around sphaleron

solution, which yields the explicit form of the fluctuation operator. The spatial fluctuation

operator is proven to be a kind of modified Pöschl-Teller type and its number of discrete

modes is dependent on the value of λm^2. The increment of λm^2 gives rise to the increase of

the number of discrete modes, and eventually the infinite number of discrete modes arises

as λm^2 approaches infinity.

Following Gorokhov and Blatter we derive the sufficient condition for the sharp first-order transition in this model, which indicates that first-order transition occurs when 0 < λm^2 < 0.0399 and 2.148 < λm^2. Computing 2S_0/S_{sph}, we conjecture that the smooth second-order transition occurs in the intermediate region of λm^2.

For MW model the criterion for the sharp transition can be easily derived by taking a λ → 0 limit to that of MWS model. It is shown that the MW model always exhibits a first-order winding number transition regardless of the value of parameter.

MW model is frequently used as a toy model of sphaleron transition for the electroweak theory, and hence for the investigation of the baryon number violating processes. Recent study [23], however, on the sphaleron transition of SU(2)-Higgs theory [24] has shown that smooth second-order sphaleron transition occurs when 6.665 < M_H /M_W < 12.03 although first-order transition occurs when M_H /M_W < 6.665. Hence, MW model cannot play an important role as a toy model for the study of sphaleron transition of electroweak theory when Higgs are very massive than W particle. This means we need another toy model which exhibits a first-order and second-order sphaleron transition depending on the values of parameters involved in the model. Based on our study on the relation of number of negative modes and bifurcation point analyzed in Ref. [13], we have an opinion that this may be achieved by endowing a nontrivial topology to the space coordinate. This will be discussed elsewhere.

APPENDIX A: CALCULATION OF g_{v,1}(x) AND g_{v,2}(x)

In this appendix we will calculate g_{v,1}(x) and g_{v,2}(x) defined at Eq.(5.11). [1] g_{v,1}(x) Using complete condition for ĥ_v, it is easy to show

ĥ^{−1}_v sinh mx cosh^{2s0+2} mx = ∫ dk k^2 + m^2 | φ_k >< φ_k | sinh mx cosh^{2s0+2} mx

> (A1) where | φ_k > is defined at Table I. In Eq.(A1) < φ_k |^{sinh mx}_{cosh2s0+2 mx} > can be calculated by making use of integral formula

∫_∞ 0 dx cos ax cosh^ν βx = 2^{ν−2} βΓ(ν) Γ ( ν 2 + ai 2β ) Γ ( ν 2 − ai 2β ) . (A2)

Inserting the result of < φ_k |^{sinh mx}_{cosh2s0+2 mx} > into Eq.(A1) one can obtain

g_{v,1}(x) =

(2s_0 +^1_2 ) − λm^2(s^2_0 − 1)(2s_0 + 1) 4π(1 + s_0)Γ(s_0)Γ(1 + s_0)

(A3) × [ ∫ dk Γ ( s_0 +^1_2 +^{ik}_{2m} ) Γ ( s_0 +^1_2 −^{ik}_{2m} ) 1 + k^2/m^2 k m sin kx

+ tanh mx ∫ dk Γ ( s_0 +^1_2 +^{ik}_{2m} ) Γ ( s_0 +^1_2 −^{ik}_{2m} ) 1 + k^2/m^2 cos kx ] . [2] g_{v,2}(x)

Using complete condition for ĥ_v again one can show directly [ l(2Ω_{sph}) − ĥ_v ]_{−1} sinh mx

cosh^{2s0+2} mx

(A4) = − s^{2s0} 4π(1 + s_0)m^3Γ(1 + 2s_0) ∫ dk Γ ( s_0 +^1_2 +^{ik}_{2m} ) Γ ( s_0 +^1_2 −^{ik}_{2m} ) (4s^2_0 − 3) + k^2/m^2 ( k m sin kx + tanh mx cos kx ) . Inserting Eq.(A4) into Eq.(5.11) we obtain

g_{v,2}(x) =

(2s_0 +^1_2 ) + λm^2(s^2_0 − 1) 4π(1 + s_0)Γ(s_0)Γ(1 + s_0) [ ∫ dk Γ ( s_0 +^1_2 +^{ik}_{2m} ) Γ ( s_0 +^1_2 −^{ik}_{2m} ) (4s^2_0 − 3) + k^2/m^2 k m sin kx (A5)

+ tanh mx ∫ dk Γ ( s_0 +^1_2 +^{ik}_{2m} ) Γ ( s_0 +^1_2 −^{ik}_{2m} ) (4s^2_0 − 3) + k^2/m^2 cos kx ] . In MW model(λ → 0, s_0 → 2) g_{v,1}(x) and g_{v,2}(x) are simply expressed as follows:

g_{v,1}(x) = 3m 16 sinh mx cosh^4 mx

(1 + 2 cosh^2 mx) (A6)

g_{v,2}(x) = 3 256m^2 [ 1 m ∫ dk k(k^2 + m^2)(k^2 + 9m^2) (k^2 + 13m^2) cosh^{kπ}_{2m} sin kx + tanh mx ∫ dk (k^2 + m^2)(k^2 + 9m^2) (k^2 + 13m^2) cosh^{kπ}_{2m} cos kx ] .

REFERENCES

[1] S. Langer, Ann. Phys. 54, 258 (1969). [2] S. Coleman, Phys. Rev. D15, 2929 (1977).

[3] In fact, sphaleron is an Euclidean classical solution of electroweak theory, which is associated with a trivial solution sitting at the barrier top. See N. S. Manton, Phys. Rev. D28, 2019 (1983);

F. R. Klinkhamer and N. S. Manton, Phys. Rev. D30, 2212 (1984). [4] I. Affleck, Phys. Rev. Lett. 46, 388 (1981). [5] A. Linde, Nucl. Phys. B216, 421 (1983).

[6] S. Y. Khlebnikov, V. A. Rubakov, and P. Tinyakov, Nucl. Phys. B367, 334 (1991). [7] E. M. Chudnovsky, Phys. Rev. A46, 8011(1992).

[8] J.-Q. Liang, H. J. W. Müller-Kirsten, D. K. Park, and F. Zimmerschied, Phys. Rev.

Lett. 81, 216 (1998).

[9] D. A. Gorokhov and G. Blatter, Phys. Rev. B56, 3130 (1997).

[10] H. J. W. Müller-Kirsten, D. K. Park, and J. M. S. Rana, to appear in Phys. Rev. B. [11] D. A. Gorokhov and G. Blatter, Phys. Rev. B58, 5486 (1998).

[12] Hungsoo Kim, Soo-Young Lee, Sahng-Kyoon Yoo, D. K. Park, and Jae Kwan Kim, Phys. Lett. B453, 269 (1999).

[13] Soo-Young Lee, Hungsoo Kim, D. K. Park, and Jae Kwan Kim, hep-th/9903070. [14] E. Mottola and A. Wipf, Phys. Rev. D39, 588 (1989). [15] T. H. R. Skyrme, Proc. Roy. Soc. Lon. 260, 127 (1961). [16] S. Habib, E. Mottola, and P. Tinyakov, Phys. Rev. D54, 7774 (1996).

[17] , L. G. Yaffe, Phys. Rev. D40, 3463 (1989).

[18] R. Jackiw, in : Current Algebra and Anomalies, eds. S. B. Treiman, R. Jackiw, B.

Zumino, and E. Witten (World Scientific, Singapore, 1985) see part of anomalous divergence and axial current.

[19] B. M. A. G. Piette, H. J. W. Müller-Kirsten, D. H. Tchrakian, and W. J. Zakrzewski, Phys. Lett. B320, 294 (1994).

[20] A. N. Kuznetsov and P. G. Tinyakov, Phys. Lett. B406, 76 (1997). [21] R. Jackiw, Rev. Mod. Phys. 49, 681 (1977).

[22] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Product (Academic Press, New York, 1965).

[23] K. L. Frost and L. G. Yaffe, Phys. Rev. D59, 06513 (1999).

[24] SU(2)-Higgs theory is a bosonic sector of electroweak theory in the limit of vanishing weak mixing angle. See Ref. [17].

TABLES

ϵ^v_n φ_n(x)

n = 0 0 √ m 2 1 cosh mx

n = k m^2 + k^{2 1√}_{2π}^{eikx}_{1+ ikm} ( ik m � tanh mx^)

TABLE I. eigenvalues and eigenfunctions of ĥ_v

ϵ^u_n ψ_n(x)

n = 0 m^2(1 � s^2_0) √ mΓ(1+2s_0) Γ(s0)Γ(1+s0)

(_1

2 cosh mx )s_0

n = 1 0

√_3 m 2 sinh mx cosh2 mx

n = 2 m^2[1 � (s_2 � 2)^2] √ mΓ(2s_2−1) 2Γ(s2−1)Γ(s2−2)

(_1

2 cosh mx

)s_{2−2 (2}

s_2−1) tanh^2 mx−1 2(s2−1)

n = k m^2 + k^{2 1√}_{2π}^Γ(^{−sk − ikm} )^Γ(^{sk+1− ikm} ) Γ(−^{ik}_m )Γ(1−^{ik}_m ) e^{ikx 2}F^1 ( s_k + 1, �s_k; 1 �^{ik}_m ;^1_2 (1 � tanh mx) )

TABLE II. eigenvalues and eigenfunctions of ĥ_u when 0 < λm^2 <^3_2

FIGURES FIG. 1. Typical Action-vs-Period diagrams of first-order transition for (a) case I and (b) case II. Bold lines determine the winding number transitions.

FIG. 2. Discrete spectrum of ĥ_u. The number of discrete modes is dependent on the value of λm^2. In fact, there are n discrete modes when^{(n−1)2+(n−1)−6}_4 < λm^2 ˇ^{n2+n−6}_4 . FIG. 3. λm^2-dependence of l(Ω) � l(Ω_{sph}). This figure shows that MWS model exhibits sharp first-order transition when 0 < λm^2 < 0.0399 and 2.148 < λm^2.

FIG. 4. λm^2-dependence of 2S_0/S_{sph}. Combining this figure and Fig.3 we can conclude that MWS model exhibits weak first-order transition when 0.006 < λm^2 < 0.0399 and 2.148 < λm^2 < 2.52. From this fact one can conjecture MWS model exhibits smooth second-order transition when 0.0399 < λm^2 < 2.148.

FIG. 5. (a) Action-vs-Period diagram of MWS model when 0 < λm^2 < 0.006 and 2.52 < λm^2. In this regime MWS model exhibits strong first-order sphaleron transition. (b) Action-vs-Period diagram of MWS model when 0.006 < λm^2 < 0.0399 and 2.148 < λm^2 < 2.52. In this regime MWS model exhibits weak first-order sphaleron transition. (c) Action-vs-Period diagram of MWS model when 0.0399 < λm^2 < 2.148, which is drawn by conjecture from the fact that MWS model exhibits weak first-order transition when 0.006 < λm^2 < 0.0399 and 2.148 < λm^2 < 2.52.

24

25

26

27

28

29

30

31