hep-th/9904090 13 Apr 1999

Asymptotic behaviour of total cross sections in quantum field theory

G. Delfino

Laboratoire de Physique Théorique et Hautes Energies Université Pierre et Marie Curie, Tour 16 1^{er} étage, 4 place Jussieu 75252 Paris cedex 05, France E-mail: aldo@lpthe.jussieu.fr

Abstract

We examine the issue of high energy scattering in generic d-dimensional quantum field theories admitting an ultraviolet fixed point. We find that the total cross section behaves asymptotically as s^{1−d/2}(a + b/s^δ), with δ ˘ (d � X)/2, X being the scaling dimension of the least relevant operator responsible for the renormalisation group flow.

PACS numbers: 11.10.Jj

The set of ideas which commonly goes under the name of renormalisation group (RG) provided us with a new global insight into quantum field theory. It shows that a quantum field theory is associated with a trajectory in a space of coupling constants, different points along the trajectory being related by a sequence of RG transformations and corresponding to the description of the theory at different distance scales [1]. In the extreme ultraviolet limit in which distances are infinitely smaller than any intrinsic length scale, the theory is expected to become scale invariant, and the corresponding trajectory in the coupling constant space to end into a fixed point of the RG. Quite generally, this description can be formalised by writing the action of the theory in d dimensions in the form A = A_{F P} + ∑ i g_i ∫ d^dx Φ_i(x) , (1)

where A_{F P} denotes the fixed point action and Φ_i are the scalar operators responsible for the RG flow. They are characterised by the scaling dimensions X_i defined by

lim_{x→0}⟨Φ_i(x)Φ_i(0)⟩ = 1 |x|^{2Xi} . (2)

The index i in the action above spans a set of scaling operators which is closed under RG transformations. Since A_{F P} describes an ultraviolet fixed point, the operators Φ_i must be relevant (X_i < d) or, at most, marginally relevant, in which case X_i = d but the power law behaviour in (2) is corrected by factors of ln |x| in the denominator. This condition ensures that the coupling constants g_i, which in the neighborhood of the fixed point have physical dimension mass^{d−Xi} , actually vanish in the ultraviolet limit. A specific theory is identified by assigning the value of the coupling constants at some fixed scale; with this initial condition, the corresponding trajectory in coupling space is uniquely determined by the RG equations.

It is the purpose of this note to point out some simple consequences for high energy scattering in quantum field theory which arise from the combination of the conceptual framework recalled above with the basic principles of relativistic scattering theory [2]. Our arguments are conveniently illustrated by considering a theory containing scalar particles of mass m. We denote by |p_1, . . . , p_n⟩_{in (out)} an asymptotic state containing n incoming (outgoing) particles with momenta p_1, . . . , p_n. A scattering process involving k particles in the initial state and j particles in the final state is described by the matrix element out⟨p_{k+1}, . . . , p_{k+j} |p_1, . . . , p_k⟩_{in} =_{in}⟨p_{k+1}, . . . , p_{k+j} |S|p_1, . . . , p_k⟩_{in} , (3) where S is the scattering operator. Denoting by H the hamiltonian density, it can be written as S = exp[−i ∫ d^dxH(x)].

Let us perform a RG trasformation which shifts the theory infinitesimally along the RG trajectory in coupling space. This involves the scale transformation x^μ → (1+λ)x^μ, |λ| << 1. The response of the theory under a general coordinate transformation x^μ → x^μ + δx^μ is specified by the relation δA = − ∫ d^dx T_{μν}(x) ∂^μδx^ν , (4) which defines the tensor T_{μν}. Since A = ∫ d^dx (2T − H) and the ‘kinetic’ term ∫ d^dx T is scale invariant, the variation of the scattering operator under the infinitesimal scale transformation is given by δ_λS ≃ −iS δ_λ ∫ d^dx H(§) = −iλS ∫ d^dx Θ(x) , (5)

with Θ ≡ T^μ_μ .

Consider the elastic two-particle scattering process

out⟨p_3, p_4|p_1, p_2⟩_{in} = (2π)^{2(d−1)}p^0_1p^0_2 δ^{d−1}(p_1 − p_3)δ^{d−1}(p_2 − p_4) + i(2π)^dδ^d(p_1 + p_2 − p_3 − p_4)M(s, t) , (6)

where s = (p_1 +p_2)^2 and t = (p_1 −p_3)^2. The ratio τ ≡ m^2/s measures the centre-of-mass energy in units of the physical mass scale, and can be taken as the coordinate along the RG trajectory. The ultraviolet fixed point corresponds to τ = 0. Under the distance rescaling associated to our RG transformation, the mass m (inverse correlation length) is sent into (1 − λ)m, so that the shift along the trajectory is δ_λτ ≃ −2λτ . We are interested in particular in the variation along the trajectory of the forward transition amplitude M_0(s) ≡ M(s, t = 0). Equation (5) gives 2τ dM_0 dτ = F^Θ_4 (p_1, p_2, −p_1, −p_2) , (7)

where we introduced the notation F^Φ_n (p_1, . . . , p_n) = ⟨0|Φ(0)|p_1, . . . , p_n⟩_{in} for the nparticle form factor of an operator Φ, and used crossing symmetry to bring the outgoing momenta into the in-state^1. Dimensional analysis and relativistic invariance require

F^Θ_4 (p_1, p_2, −p_1, −p_2) = s^{2−d/2}f(τ ) , (8)

with f(τ ) dimensionless. Since Θ = 0 at the fixed point, the function f(τ ) has to vanish when τ tends to zero. Let us characterise this ultraviolet behaviour by writing f(τ ) ∼ τ^δ, with δ > 0. Integration of (7) then gives

M_0(s) ≃ s^{2−d/2}(a_1 + a_2τ^δ) , τ → 0 . (9)

1 Equation (7) can be checked explicitely in the integrable models of two-dimensional quantum field theory [3].

Additional information about the exponent δ can be obtained by investigating the high energy behaviour of the form factors. Consider for this purpose a scalar operator Φ with scaling dimension X_Φ. We know from (2) that the integral I_q = ∫ d^dx|x|^q⟨Φ(x)Φ(0)⟩ is ultraviolet convergent as far as q > 2X_Φ − d. On the other hand, we can use the Lehmann representation for the correlator to obtain I_q ∝ ∑ n ∫ n∏ i=1 d^{d−1}p_i p^0_i

|F^Φ_n (p_1, . . . , p_n)|^2 ( n ∑ i=1 p^0_i )_−q_{−1} δ^{d−1} ( n ∑ i=1 p_i ) . (10)

The positivity of all the terms of the series requires that each integral has to be ultraviolet convergent as long as I_q is, and this clearly imposes an upper bound on the asymptotic behaviour of the form factors. For example, it is straightforward to see that F^Φ_2 (p_1, p_2) must behave at high energies as s^y� with y_Φ ≤ (X_Φ − d + 2)/2.

This result has a simple physical interpretation. Nearby the fixed point, F^Φ_2 (p_1, p_2) can be written as s^{(x}�^{−d+2)/2}h(τ ), h(τ ) being a dimensionless scaling function. Hence the constraint we found on y_Φ simply means that h(τ ) cannot diverge as τ → 0. In other words, there exists a finite (possibly vanishing) fixed point limit for the matrix elements. This requires in particular that F^Φ_4 (p_1, p_2, −p_1, −p_2) behaves asymptotically as s^z�, with z_Φ ≤ (X_Φ/2 − d + 2).

The operator Θ(x) is a linear combination of the operators Φ_i(x) appearing in (1) (see e.g. [4]). This follows by explicitely performing an infinitesimal scale tranformation (under which δ_λΦ_i ≃ −λX_iΦ_i) on the action, and then comparing with (4). In a neighborhood of the fixed point one finds Θ(x) ≃ − ∑ i g_i(d − X_i)Φ_i(x). Recalling (8), we conclude that 2 − d/2 − δ = z_Θ ≤ X/2 − d + 2, X being the largest among the X_i. As a consequence, δ ≥ d − X 2 , X ≡ max(X_i) . (11)

If Θ contains a marginally relevant operator Φ_j with X_j = d, the exponent δ is allowed to vanish. If this is the case, the parameterisation τ^δ for the ultraviolet behaviour of the scaling function f(τ ) is no longer suitable, and should be replaced by 1/ ln^α τ , α > 0. Accordingly, the term τ^δ in Eq. (9) is replaced by 1/ ln^{α−1} τ .

The total cross section σ(s) is related to the forward transition amplitude M_0 by the ‘optical theorem’ which is a consequence of unitarity, S^†S = 1. Denoting by |n⟩ the generic n-particle state, and defining S = 1 + iR, one has σ(s) ∝ ∑ n |⟨n|R|p_1, p_2⟩|^2 = ⟨p_1, p_2|R^†R|p_1, p_2⟩ = −i⟨p_1, p_2|R − R^†|p_1, p_2⟩ ∝ ImM_0(s) . (12)

Keeping into account the normalisations and the flux factor, one finds σ(s) = 2ImM_0(s) |p| √ s , (13)

where p is the centre-of-mass momentum of the colliding particles. At high energies (9) gives σ(s) ∼ ImM_0(s) s ∼ 1 s^{d/2−1} b_1 + b_2 ( m^2 s )δ . (14) This result shows in particular that the total cross section is subject to the asymptotic bound σ < constant s^{1−d/2} (possibly enhanced in the marginally relevant case by a factor ln^{1−α} s if α < 1). For d > 2, such a constraint is more stringent than the Froissart bound σ < constant ln^{d−2} s [5] which, physically, encodes the requirement of short range interactions only.

It is clear that considering particles with different masses does not affect the conclusions concerning the infinite energy limit. In the case of spinning particles, an average over polarisations at the level of Eq. (6) ensures that the subsequent arguments can be carried through substantially untouched leading to the result (14) for the total cross section of unpolarised particles.

References

[1] K.G. Wilson and J. Kogut, Phys. Rep. C 12 (1974), 75.

[2] R.J. Eden, P.V. Landshoff, D.I. Olive and J.C. Polkinghorne, The analytic Smatrix, Cambridge University Press, 1966.

[3] G. Delfino, G. Mussardo and P. Simonetti, Nucl. Phys. B 473 (1996), 469.

[4] A.B. Zamolodchikov, JETP Lett. 43 (1986), 730.

J.L. Cardy, Phys. Rev. Lett. 60 (1988), 2709.

[5] M. Froissart, Phys. Rev. 123 (1961), 1053.

A. Martin, Nuovo Cimento 42 (1966), 930; 44 (1966), 1219.