hep-th/9904108 v2 23 Sep 1999

Massless fields over R^1 � H^3 space-time and coherent states for the Lorentz group

S.A.Pol’shin^�

Department of Physics, Kharkov State University, Svobody Sq., 4, 310077, Kharkov, Ukraine

Abstract The solutions of the arbitrary-spin massless wave equations over R^1 �H^3 space are obtained using the generalized coherent states for the Lorentz group. The use of these solutions for the construction of invariant propagators of quantized massless fields with an arbitrary spin over the R^1 � H^3 space is considered. The expression for the scalar propagator is obtained in the explicit form.

The method of generalized coherent states (CS) successfully applied for various physical problems [1] is a natural way of describing the quantized fields over symmetric spaces too. In the previous paper[2] we applied this method for the description of quantum fields in the Sitter space. Here we wish to apply this method to the massless fields over the

R^1 × H^3 space.

To obtain the wave equations over this space in a convenient form, at first we write down the Bargmann-Wigner equations for an arbitrary-spin particle in the Minkowski space in the form of four equations for the 2s + 1-component spinor (or, equivalently, for some polynomial). We show that only two of these equations are mutually independent and their covariant generalization yields the consistent wave equations over the R^1 × H^3 space. To obtain the solutions of these wave equations, we introduce two CS systems for the Lorentz group. The first (scalar) system is determined by a spin zero infinitedimensional representations of the Lorentz group and corresponds to the coset space H^3. The second (spinor) system corresponds to finite-dimensional representations of the

�E-mail: itl593@online.kharkov.ua

Lorentz group and to the coset space SO(3, 1)/{the little Lorentz group of a light-like vector}. The scalar CS system multiplied by e^{iωt} gives the solution of the Klein-Gordon equation for the conformally-coupled massless scalar field over the R^1 ×H^3 space. In turn, the solutions of arbitrary-spin wave equations are presented by the product of the scalar CS with the imaginary shift of the mass and spinor CS multiplied by e^{iωt}. This allows us to construct the quantized fields over the R^1 × H^3 space with the propagators being invariant under the R^1 ⊗ SO(3, 1) group. Here we consider the spin zero case only and show that the corresponding propagator has a standard form containing the δ-function.

The three-dimensional hyperbolic space H^3 is the hyperboloid of a radius R in a fourdimensional Lorentzian space with the fictitious fourth coordinate equal to Rκ_x, where κ_x = (1 + x^2/R^2)^{1/2}. The symmetry group of the H^3 space is SO(3, 1) and its irreducible representations (j_+, j_−) are well-known [3]. They are determined by two complex numbers j_+ and j_− which correspond to the eigenvalues of Casimir operators of two so(3) subalgebras of the so(3, 1) algebra. For the case when j_+ and j_− are integer or half-integer the corresponding representation is finite-dimensional and non-unitary. In the opposite case it is infinite-dimensional and unitary and may be characterized by the spin s = 0, 1/2, . . . and the frequency ω ∈ R; then the weights are equal to

j_+ = − iωR + s + 1 2 , j_− = −iωR + s − 1 2 . (1)

Let us take x^i as a set of coordinates over the H^3 space; then the metric over R^1 × H^3 is g^{ij} = −δ^{ij} − x^ix^j R^2

, g^{00} = 1 , g^{0i} = 0.

The Klein-Gordon equation for the conformally coupled massless field with spin zero over

the R^1 × H^3 space has the form

(2 + R^{−2})ψ = 0 , 2 ≡ (− det gμν )^{−1/2}∂μ((− det gμν )^{1/2}g^{μν} ∂ν ). (2)

It is shown in [4] that at ψ ∼ e^{iωt} the above equation corresponds to the irreducible representation of the Lorentz group with the weights (1) for s = 0. The solutions of Eq. (2) may be presented in the form of ”plane waves” analogous to that in the de Sitter space considered in [2]:

ψ(x, t) = e^{iωt}ϕ_q(x; iωR − 1) , ϕ_q(x; σ) = ( κ_x − qx R )_σ , (3)

where q^2 = 1. According to [1] the functions ϕ_q(x; σ) are the CS for some representation of the Lorentz group. For the case σ = iωR − 1 it is irreducible representation for spin zero particles.

The wave equations for massless particles with an arbitrary spin over the Minkowski space have the form [5] (sη^{μν} + S^{μν} )∂_ν ψ = 0, (4) where S_{μν} are the generators of the corresponding finite-dimensional representation of the Lorentz group. According to [5], we consider the realization of the generators S_{μν} as the differential operators acting on the variables z, z̄. Then the wave function ψ should be a polynomial in z and z̄ of the power equal or less than 2j_+ and 2j_−, respectively. We restrict ourselves by the case of particles with the positive helicity; then the generators S_{μν} compose the representation (s, 0) and have the form S_{ik} = −iε_{ikl}J_l , S^{0i} = J_i, J_+ = − ∂ ∂z , J_− = z^2 ∂ ∂z − 2sz , J_3 = s − z ∂ ∂z . Here we introduce the indices +, − as a_± = a^1 ± ia^2 and J_i are the generators of the spin s representation of the SO(3) group. Putting μ = i, 0 in Eqs. (4) we obtain that they are equivalent to

(s∂_0 + J_i∂_i)ψ = 0, (5) V_{ik} ∂_kψ ≡ (sδ_{ik} − s^{−1}J_iJ_k + iε_{ikl}J_l)∂_kψ = 0. (6) It is easy to show that

V_{−i} = −z^2V_{+i} , V_{3i} = zV_{+i} , V_{++} = −s^{−1} d^2 dz^2 , (7)

V_{+−} = s^{−1}z^2 d^2 dz^2 + 4s − 2 s J_3 , V_{+3} = 2s − 1 s d dz − s^{−1}z d^2 dz^2 . As a result, only one equation of Eqs. (6) is independent; let us choose this equation as V_{+i}∂_iψ = 0. Computing the Weyl tensor of the R^1 ×H^3 space we can show that it vanishes and this space is conformally-flat. Then, by the virtue of the conformal invariance, the consistent R^1 × H^3 wave equations for the massless particle with an arbitrary spin may be obtained from Eqs. (4) by replacing ∂_μ by the covariant derivative

D_{(μ)} = e^ν_{(μ)}∂_ν − 1 2 S^{νρ}G_{νρμ} , G_{νρμ} = e^σ_{(ν);κ}e_{(ρ)σ}e^κ_{(μ)}, (8) where e^ν_{(μ)} is an orthonormal vierbein and the indices in the brackets belong to the local tangent plane. Let us choose the following representation for the complex vierbein

e^k_{(i)} = κ_xδ^k_i − iR^{−1}ε_{ikl}x^l , e^0_{(i)} = e^i_{(0)} = 0 , e^0_{(0)} = 1. (9)

Then, using the equality V_{ik} J_k = 0, the covariant generalization of Eqs. (5)-(6) takes the form ( ∂_t + s^{−1}J_ie^k_{(i)}∂_k − s + 1 R ) ψ = V_{+i}e^k_{(i)}∂_kψ = 0. (10)

It can be shown [4] that at ψ ∼ e^{iωt} and s = 1/2, s = 1 the above equations correspond to the irreducible representations of the Lorentz group with the weights (1).

In the Minkowski space the solutions of Eqs. (4) are the products of the plane waves e^{−ip·x} and so-called massless spinors for the finite-dimensional representations of the Lorentz group constructed in [6]. Let us denote the stability subgroup of the Minkowski light-like vector (1, 0, 0, 1) as H; this group is called the little Lorentz group of this vector. Let us consider the vector in the (j_+, j_−) representation invariant under H with respect to phase transformations. Let us act on this vector by the transformation which turns the vector (1, 0, 0, 1) into the light-like vector n^μ = (ω, ωq) , q^2 = 1. The vector from the space of the (j_+, j_−) representation corresponding to n^μ is just the spinor connected with the vector n^μ. The above scheme realizes the construction of CS for the SO(3, 1)/H space in accordance with the general method proposed for an arbitrary Lie group in [1]. One can obtain the polynomial form of the above mentioned spinors

|qω; j_+j_−⟩ = ( ω 1 + q^3 2 )_{j++j}�

(1 − zρ_q)^{2j+} (1 − z̄ρ̄_q)^{2j}�, (11)

where ρ_q =^{q1+iq2}_{1+q3} . The spinor constructed in [5] coincides with the above expression up to the factor ω^{j++j}�.

It is easy to show that the equalities

(s^{−1}q^iJ_i − 1)|qω; s0⟩ = V_{+i}q_i|qω; s0⟩ = 0, (12) (V_{+i} + iV_{+m}ε_{imn}q^n)|qω; s0⟩ = 0, (13) (iε_{imn}J_mq^n − sq^i + J^i)|qω; s0⟩ = 0 (14)

hold for any spin. Note that Eq. (14) follows from the equation (12) and decomposition (7).

To generalize the solutions (3) for arbitrary spin particles, let us construct the functions

f^{(s)}_{qω} (x) = ϕ_q(x; iωR − s − 1)|qω; s0⟩.

Using (12)-(14) we find that the functions

ψ(x, t) = e^{iωt}f^{(s)}_{qω} (x) (15)

obey Eqs. (10) for an arbitrary spin. Under R → ∞ the functions (15) pass into the usual plane waves in the Minkowski space considered in [5] up to the multiplier ω^s. The solutions (15) are much simpler than the ones obtained for particles of spin 0, 1/2 and 1 over R^1 × S^3 and S^1 × S^3 spaces by other methods [7].

Thus, like the case of de Sitter space [2], solutions of the spinor wave equations over H^3 space are the product of two CS systems with different stability subgroups. Then we can write down transformation properties of the f^{(s)}_{qω} (x)functions under the action of the Lorentz group and then construct the invariant two-point functions over the H^3 space. Also we can construct quantized massless fields over the R^1 × H^3 space using the functions (15) and the creation-annihilation operators with the canonical (anti)commutation relations. The propagators of these fields can be found using the above mentioned twopoint functions over the H^3 space. In the spin zero case the Lorentz-invariant scalar product of two CS is the two-point function [1] W^{(0)}(x, y; ω) = ∫ S2 d^2q f^{(0)}_{qω} (x)f^{(0)}_{q,−ω}(y),

where x and y arbitrary points of the H^3 space and d^2q = dq^1dq^2/q^3 is the rotationalinvariant measure over S^2. Using the integral representations of the hypergeometric function [8] we get

W^{(0)}(x, y; ω) = 4π_2F_1 (−iωR + 1 2 , iωR + 1 2 , 3 2 ; − sinh^2 α ) , (16) where α is the geodesic distance between the x, y points defined by the relation cosh α = κ_xκ_y − R^{−2}xy.

Now let us construct the quantized massless field

Ψ(x) = ∫_∞ 0 ωdω ∫ S2 d^2q ( e^{iωx0} f^{(0)}_{qω} (x)a(n; s) + e^{−iωx0} f^{(0)}_{q,−ω} (x)a^†(n; s) ) , where the bosonic creation-annihilation operators a(n) and a^†(n) obeying

[a(n), a^†(n^′)] = n^0δ^3(n − n^′)

are introduced and n^μ = (ω, qω). Then the corresponding propagator D(x, y) ≡ [Ψ(x), Ψ^†(y)] = ∫_∞ −∞ ωdωe^{iω(x0−y0)}W(x, y; ω) is invariant under the time translations and spatial SO(3, 1) transformations. Using formulas [8] for the hypergeometric function at the special values of parameters the expression ( 16) can be represented as

W(x, y; ω) = 4π sin ωRα ωR sinh α . (17)

The representation (17) coincides with the spherical function for the spin-zero infinitedimensional representations of the Lorentz group [3]. After simple manipulations with the δ-function we obtain

D(x, t_1; y, t_1 + t) = − 4πiαsinh αδ(t^2 − R^2α^2)ε(t).

The above expression coincides with the difference of the positive- and negative-frequency Wightmann functions, obtained previously by the standard methods [9], within the multiple (4π)^2.

I am grateful to Yu.P.Stepanovsky for helpful discussions and to O.B.Zaslavskii for useful notes.

References

[1] A.M.Perelomov. Generalized Coherent States and Their Applications (Springer, Berlin, 1986).

[2] S.A.Pol’shin// Phys. Lett. B 449 (1999) 56; S.A.Pol’shin. Generalized coherent states and quantized fields over de Sitter space, preprint hep-th/9903263

[3] M.A.Naimark. Linear representations of the Lorentz group (Pergamon, Oxford, 1964)

[4] S.A.Pol’shin. Group theoretical examination of the relativistic wave equations on curved spaces. III. Real reducible spaces, preprint gr-qc/9809011.

[5] Yu.P.Stepanovsky // Teor. Mat. Fiz. 47 (1981) 343

[6] S.Weinberg. // Phys. Rev. 134B (1964) 882

[7] V. M. Villalba //J. Math. Phys. 31 (1990) 1483; M.Carmeli and A.Malka // Found.Phys. 20 (1990) 71; J.Villaroel //Nuovo Cimento A 94 (1986) 405

[8] A.Erdélyi et al. Higher transcendental functions, vol.1. (Mc. Graw-Hill, N.Y., 1953)

[9] N.D.Birrell, P.C.W.Davies. Quantum fields in curved space (Cambridge university press, Cambridge, 1982)