hep-th/9904109 15 Apr 1999

FTUV/99-07, IFIC/99-07 TUW-99-06 HUB-EP-99/15 hep-th/9904109 April 14, 1999

Superparticle Models with Tensorial Central Charges

Igor Bandos^{2)∗}, Jerzy Lukierski^{1),3)†} and Dmitri Sorokin^{4)‡},

1) Dpto. de Fisica Teorica and IFIC (CSIC), Facultad de Fisica E-46100-Burjassot (Valencia), Spain 2) Institute for Theoretical Physics, Technical University of Vienna Wiedner Haupstrasse 8-10, A-1040 Wien, Austria e-mail: bandos@tph32.tuwien.ac.at 3)Institute for Theoretical Physics University of Wroclaw, 50-204 Wroclaw, Poland e-mail: lukier@proton.ift.uni.wroc.pl 4)Humboldt-Universität zu Berlin Mathematisch-Naturwissenshaftliche Fakultat, Institut für Physik, Invalidenstrasse 110, D-10115 Berlin, Germany e-mail: sorokin@physik.hu-berlin.de

Abstract

A generalization of the Ferber–Shirafuji formulation of superparticle mechanics is considered. The generalized model describes the dynamics of a superparticle in a superspace extended by tensorial central charge coordinates and commuting twistor–like spinor variables. The D = 4 model contains a continuous real parameter a ˘ 0 and at a = 0 reduces to the SU (2, 2j1) supertwistor Ferber–Shirafuji model, while at a = 1 one gets an OSp(1j8) supertwistor model of ref. [1] which describes BPS states with all but one unbroken target space supersymmetries. When 0 < a < 1 the model admits an OSp(2j8) supertwistor description, and when a > 1 the supertwistor group becomes OSp(1, 1j8). We quantize the model and find that its quantum spectrum consists of massless states of an arbitrary (half)integer helicity. The independent discrete central charge coordinate describes the helicity spectrum.

We also outline the generalization of the a = 1 model to higher space–time dimensions and demonstrate that in D = 3, 4, 6 and 10, where the quantum states are massless, the extra degrees of freedom (with respect to those of the standard superparticle) parametrize compact manifolds. These compact manifolds can be associated with higher–dimensional helicity states. In particular, in D = 10 the additional “helicity” manifold is isomorphic to the sphere S^7.

∗ Lise Meitner Fellow. On leave of absence from Institute for Theoretical Physics, NSC Kharkov Institute of Physics and Technology, 310108 Kharkov, Ukraine †Supported in part by KBN grant 2P03B13012 ‡A. von Humboldt Fellow. On leave of absence from Institute for Theoretical Physics, NSC Kharkov Institute of Physics and Technology, 310108 Kharkov, Ukraine

1 Introduction

In a recent paper [1] two of the present authors proposed a new superparticle model with tensorial central charges [2]–[8] and auxiliary fundamental spinor variables. An interesting peculiar feature of this model is that it describes a superparticle whose presence breaks only one of target–space supersymmetries. In all previously known cases superparticles and (in general) superbranes break half or more supersymmetries of a target superspace vacuum.

As we shall show in this paper the model of [1] describes an infinite tower of massless particles of arbitrary (half)integer helicities.

The model can be regarded as an extension of a Ferber–Shirafuji formulation [9, 10] of D = 4 superparticle mechanics. In the framework of the N = 1 Ferber–Shirafuji model one performs, at the classical level, the twistor transform [9, 10] from the N = 1, D = 4 superspace description of massless superfields to their description in terms of supertwistors forming a fundamental representation of a superconformal group SU(2, 2|1).

In an analogous way the superparticle model of [1] admits the description in terms of OSp(1|8) supertwistors [11, 12].

The supergroups SU(2, 2|1) and OSp(1|8) are not subgroups of each other, but they are different subgroups of the supergroup OSp(2|8). Hence, one can assume that the Ferber–Shirafuji model and the model [1] are different reductions of an OSp(2|8) supertwistor model.

In this paper we construct such a generic N = 1, D = 4 superparticle action which depends on a numerical non–negative real parameter a. When the value of a varies within the interval 0 < a < 1 the model admits an OSp(2|8) supertwistor description, while a = 0 and a = 1 are two critical points. At a = 0 the model reduces to the Ferber–Shirafuji superparticle. And at a = 1 one arrives at the OSp(1|8) supertwistor model of ref. [1].

For all values of a except for a = 1 the superparticle breaks half of the target–space supersymmetries, while at a = 1 only one supersymmetry is broken.

When a > 1 the supertwistor group becomes OSp(1, 1|8) which contains a noncompact group SO(1, 1) as a subgroup instead of SO(2) in the case of OSp(2|8).

The (super)twistor formulation of relativistic (super)particle dynamics is useful in many aspects. Let us recall that, since the relativistic (super)particle is a constrained dynamical system not all its dynamical variables are independent. By performing (super)twistor transform we deal directly with independent physical degrees of freedom of the (super)particle in a covariant way. This, for instance, simplifies the quantization procedure and the analysis of the spectrum of quantum states of the model.

We perform the quantization of the generic superparticle model for arbitrary values of the parameter a and find that in D = 4 first–quantized states of the superparticle form an infinite tower of massless states of a (half)integer helicity. We thus demonstrate that an extra dynamical (central charge) coordinate in the model under consideration has the physical meaning of a spin variable. This allows one to admit that the model considered might be related to the higher–spin field theory of Vasiliev [13] (see also relevant papers [14]).

We first quantize the superparticle in the supertwistor formulation where the quantization is almost straightforward since at a ≠ 0 the supertwistor model is unconstrained and at a = 0 there is only one first–class constraint.

We then quantize the model in the N = 1, D = 4 superspace extended with the tensorial central charge coordinates, and show that the resulting spectrum of the quantum physical states coincides with that of the supertwistor formulation.

Since in this formulation the model contains second class constraints our main tool in carrying out the quantization procedure will be the extension of the model in such a way that all the constraints of the initial model become first class constraints. This method, which can be traced back to the papers by Faddeev & Shatashvili [15, 16], Batalin, Fradkin & Fradkina [17, 18] and

Egorian & Manvelian [19] has already been applied to the quantization of ‘standard’ massless superparticles by Moshe [20] and Eisenberg & Solomon [21, 22, 23]. The main advantage of this method is that it allows one to avoid problems with covariant splitting fermionic constraints into first and second class ones. The initial formulation of the model is recovered when we gauge fix additional gauge symmetries (associated with new first–class constraints) by putting the conversion variables to zero. In its nature the conversion method is related to an old Stueckelberg formalism [24] which extends the theory of massive vector fields with an auxiliary scalar gauge degree of freedom.

The quantization of the model at a = 1 has additional peculiarities. In this case superparticle dynamics is subject to only one second–class constraint, which is quite unusual. Dynamical systems with the odd number of fermionic second class constraints are rather rare. One of few known examples is a superparticle in D = 2 superspace with a single chiral fermion direction [27]. So the quantization of such systems is an interesting exercise by itself which requires one to deal with a single Clifford–like variable. In the case under consideration we shall use an auxiliary Clifford variable of Grassmann–odd parity to convert the single second class fermionic constraint into the one of a first class. Further we present two methods for quantizing the model with the single Clifford variable, both producing the same spectrum of first–quantized physical states.

The paper is organized as follows.

In Section 2 we consider the one-parameter family of actions describing the generalized D = 4 superparticle models labelled by the real positive parameter a ≥ 0 where the case a = 0 corresponds to the Ferber–Shirafuji model, while at a = 1 the action describes the superparticle model of [1]. We demonstrate that in the target space with four supersymmetries the a ≠ 1 models possess two fermionic κ-symmetries and, hence, corresponding superparticle configurations preserve 1/2 of the supersymmetries, while the a = 1 generalized superparticle has three κ–symmetries and, hence, preserves^3_4 of the supersymmetries. We also find that the U(1) symmetry is inherent to the a = 0 case only.

In Section 3 we describe the transform to a supertwistor form of the action. We show that 0 < a < 1 models are described by a free OSp(2|8) supertwistor action and thus link the Ferber- Shirafuji SU(2, 2|1) supertwistor model and the free OSp(1|8) supertwistor model of [1]. The model with a > 1 is transformed into a free OSp(1, 1|8) supertwistor action. We perform the quantization of the supertwistor models and find that the ‘supertwistor’ wave function describes an infinite tower of short supersymmetric multiplets of massless fields of all possible helicities.

In Section 4 we extend the initial phase space of the superparticle model with auxiliary variables and perform the conversion of the initial set of first and second class constraints into the first–class constraints generating new gauge symmetries. We then carry out the quantization of the extended model and find that the dependence of the wave functions on Grassmann–odd conversion variables is inessential and can be ignored. We show that the wave function of the first–quantized model of Section 2 can be identified with the supertwistor wave function of Section 3 if Cartan–Penrose twistor formulae relating superspace and supertwistor coordinates are imposed. Thus, we find that the infinite spectrum of the first–quantized states of the superparticle consists of massless fields of an arbitrary (half)integer helicity.

In Section 5 we consider a multidimensional generalization of the a = 1 model and its quantization. It appears that after quantization the superwave function depends on only one Grassmann variable, and all other fermionic degrees of freedom can be eliminated by N − 1 κ–transformations, where N is the total number of supersymmetries. Thus, the corresponding superparticle configuration preserves the (N − 1)/N fraction of target–space supersymmetry.

In the Appendix we analyze in detail the quantization of a supersymmetric system with one real Grassmann variable, which after quantization becomes a single Clifford variable.

2 D = 4 model with fundamental spinor and tensorial central charge coordinates

Let us consider the following D = 4 superparticle action S = ∫ dτ ( λ_Aλ̄_ḂΠ^{AḂ}_τ + aλ_Aλ_BΠ^{AB}_τ + āλ̄_Ȧλ̄_Ḃ Π^{ȦḂ}_τ ) , (2.1)

where Π^{AḂ} ≡ dτΠ^{AḂ}_τ = dx^{AḂ} + i ( dΘ^AΘ̄^Ḃ − Θ^AdΘ̄^Ḃ ) , Π^{AB} ≡ dτΠ^{AB}_τ = dy^{AB} − i Θ^{(A} dΘ^{B)} , Π̄^{ȦḂ} ≡ dτΠ̄^{ȦḂ}_τ = dȳ^{ȦḂ} − i Θ̄^{(Ȧ} dΘ̄^{Ḃ)} ,

(2.2)

A, B = 1, 2, Ȧ, Ḃ = 1, 2 are Weyl spinor indices, and the spin–tensors x^{AḂ} and y^{AB} are related to D = 4 vector coordinates x^m and antisymmetric tensorial coordinates y^{mn} through the Pauli matrices x^{AḂ} = x^mσ^{AḂ}_m , y^{AB} = 1 2 y^{mn}(σ_{[m}σ̃_{n]})^{AB} = (ȳ^{ȦḂ})^∗ (2.3)

a is a numerical parameter which, without the loss of generality, can be taken to be real and positive definite a = ā ∈ [0, ∞). Indeed, if a is complex its phase can always be absorbed by the bosonic spinor λ_A redefined in an appropriate way (λ_A → (ā/|a|)^{1/2}λ_A).

The action (2.1) describes a superparticle propagating in the extended superspace

M^{(4+6|4)} = {Y^M } ≡ {(x^{AȦ}, y^{AB}, ȳ^{ȦḂ}; Θ^A, Θ̄^Ȧ)} (2.4)

with tensorial central charge coordinates y^{AB}, ȳ^{ȦḂ 1}. The configuration space of the system

M^{(4+6+4|4)} = {q^M} ≡ {(Y^M ; λ^A, λ̄^Ȧ)} = {(x^{AȦ}, y^{AB}, ȳ^{ȦḂ}; λ^A, λ̄^Ȧ; Θ^A, Θ̄^Ȧ)} (2.5)

contains in addition four bosonic spinor coordinates λ^A, λ̄^Ȧ.

The presence of the parameter a in the action (2.1) reflects the property that each of its three terms is separately invariant under global supersymmetry transformations acting on M^{(4+6|4)} as follows δΘ^A = ϵ^A, δΘ̄^Ḃ = ϵ̄^Ḃ,

δx^{AḂ} = iϵ^AΘ̄^Ḃ − iΘ^Aϵ̄^Ḃ, δy^{AB} = i ϵ^{(A} Θ^{B)}, dȳ^{ȦḂ} = i ϵ̄^{(Ȧ} Θ̄^{Ḃ)}, (2.6) δλ_A = 0, δλ̄_Ȧ = 0.

The generators of the transformations (2.6)

δY^M = i(ϵ^AQ_A + Q̄_Ȧϵ̄^Ȧ)Y^M

satisfy the supersymmetry algebra with central charges {Q_A, Q_B} = Z_{AB}, {Q_A, Q̄_Ḃ} = −2P_{AḂ}, {Q̄_Ȧ, Q̄_Ḃ} = Z̄_{ȦḂ}, (2.7) and all other commutators of the generators vanish.

The superalgebra (2.7) has the following realization in the superspace (2.4)

Q_A = i∂_A − ∂_{AḂ}Θ̄^Ḃ − 1 2 Θ^B∂_{AB}, Q̄_Ȧ = −i ¯∂_Ȧ + ∂_{ȦB}Θ^B + 1 2 ¯∂_{ȦḂ}Θ̄^Ḃ, (2.8)

1For previous consideration of different models of superparticles and p-branes in superspaces with tensorial central charges see [22, 32, 8].

P_{AḂ} = −i∂_{AḂ}, Z_{AB} = −i∂_{AB}, Z̄_{ȦḂ} = −i ¯∂_{ȦḂ} (2.9) ∂_{AḂ} ≡ ∂ ∂x^{AḂ} , ∂_{AB} ≡ ∂ ∂y^{AB} , ¯∂_{ȦḂ} ≡ ∂ ∂ȳ^{ȦḂ} , ∂_A ≡ ∂ ∂Θ^A , ¯∂_Ȧ ≡ ∂ ∂Θ̄^Ȧ . If a = 0 the action (2.1) reduces to the Ferber–Shirafuji action [9, 10], and if a = 1 the action becomes the one considered in [1]. We shall see that a = 0 and a = 1 are ‘critical’ values of the parameter where symmetries of the action (2.1) as well as the physical content of the model are modified.

2.1 Critical points a = 0 and a = 1

In order to analyze symmetry properties of the action (2.1) at different values of a we consider the general variation of (2.1) which (modulo boundary terms) has the form δS = ∫ [ δλ_A ( λ̄_ḂΠ^{AḂ} + 2aλ_BΠ^{AB} ) + δλ̄_Ȧ ( Π^{BȦ}λ_B + 2aλ̄_ḂΠ^{ȦḂ} )] − (2.10) − ∫ [ d ( λ_Aλ̄_Ḃ ) i_δΠ^{AḂ} + a d ( λ_Aλ_B ) i_δΠ^{AB} + a d ( λ̄_Ȧλ̄_Ḃ ) i_δΠ^{ȦḂ} ] + + ∫ [ 2i ( dΘ̄^Ḃλ̄_Ḃ + adΘ^Bλ_B ) δΘ^Aλ_A + 2i ( dΘ^Bλ_B + adΘ̄^Ḃλ̄_Ḃ ) δΘ̄^Ḃλ̄_Ḃ ] , where the basis in the space of variations of x and y is chosen in the form i_δΠ^{AḂ} ≡ δx^{AḂ} + i ( δΘ^AΘ̄^Ḃ − Θ^AδΘ̄^Ḃ ) , i_δΠ^{AB} ≡ δy^{AB} − i Θ^{(A} δΘ^{B)} , i_δΠ̄^{ȦḂ} ≡ δȳ^{ȦḂ} − i Θ̄^{(Ȧ} dΘ̄^{Ḃ)} .

(2.11)

2.1.1 U(1) gauge symmetry of a = 0 model

Let us consider the variation of the action when the variations of all fields except for λ_A, λ̄_Ȧ are zero δS = ∫ [ δλ_A ( λ̄_ḂΠ^{AḂ} + 2aλ_BΠ^{AB} ) + δλ̄_Ȧ ( Π^{BȦ}λ_B + 2aλ̄_ḂΠ^{ȦḂ} )] . (2.12)

If the variation of λ corresponds to local infinitesimal U(1) rotations

λ^′_A(τ) = λ_Ae^{iα(τ )}, λ̄^′_Ȧ = λ̄_Ȧe^{−iα(τ )} (2.13)

the Eq. (2.12) takes the form δS = ∫ [ iα(τ)λ_A ( λ̄_ḂΠ^{AḂ} + 2aλ_BΠ^{AB} ) − iα(τ)λ̄_Ȧ ( Π^{BȦ}λ_B + 2aλ̄_ḂΠ^{ȦḂ} )] . Such a variation vanishes at a = 0. Hence at this value of a the U(1) transformations (2.13) describe local symmetry of the model which is inherent to the Ferber-Shirafuji formulation [9, 10] of the massless superparticle.

Note that for all values of the parameter a the spinors λ are constants on the mass shell. Indeed, the equations of motion δS δx^{AḂ} = 0, δS δy^{AB} = 0, δS δȳ^{ȦḂ} = 0 which follow from (2.10) have the form

d(λ_Aλ̄_Ḃ) = 0, a d(λ_Aλ_B) = 0, a d(λ̄_Ȧλ̄_Ḃ) = 0. (2.14)

In the framework of any twistor or twistor-like approach [33] one assumes that the bosonic spinors parametrize a projective space. This requirement does not allow λ to have all its components equal to zero simultaneously.

Then in the generic case a ≠ 0 eqs. (2.14) imply

d(λ_A) = 0, d(λ̄_Ȧ) = 0, (2.15)

i.e. the bosonic spinor is constant on the mass shell

λ_A(τ) = λ^0_A = const, λ̄_Ȧ = λ̄^0_Ȧ = const. (2.16)

When a = 0 only one equation is left in (2.14)

a = 0 : d(λ_Aλ̄_Ḃ) = 0. (2.17)

The general solution of (2.17) is

λ_A(τ) = λ^0_Ae^{iα̃(τ )}, λ̄_Ȧ = λ̄^0_Ȧe^{−iα̃(τ )}. (2.18)

The arbitrary function α̃(τ) (whose presence in (2.18) reflects the U(1) gauge symmetry of the a = 1 model) can be gauged away by the local U(1) transformation (2.13), and we are again left with constant λ on the mass shell.

2.1.2 Fermionic variations and κ–symmetry

Let us consider now the formula (2.10) with the variations of fermionic coordinates accompanied by the following variations of x and y δx^{AḂ} = −i ( δΘ^AΘ̄^Ḃ − Θ^AδΘ̄^Ḃ ) ⇒ i_δΠ^{AḂ} = 0,

δy^{AB} = i Θ^{(A} δΘ^{B)} ⇒ i_δΠ^{AB} = 0, (2.19) δȳ^{ȦḂ} = i Θ̄^{(Ȧ} dΘ̄^{Ḃ)} ⇒ i_δΠ̄^{ȦḂ} = 0.

The bosonic spinor λ_α remains unchanged. In such a case eq. (2.10) takes the form δS = ∫ [ 2idΘ^Aλ_A ( δΘ̄^Ḃλ̄_Ḃ + aδΘ^Bλ_B ) + 2idΘ̄^Ḃλ̄_Ḃ ( δΘ^Bλ_B + aδΘ̄^Ḃλ̄_Ḃ )] . (2.20)

We see that for a ≠ 1 only two out of four variations of the fermionic coordinates δΘ^A, δΘ̄^Ȧ are effectively involved into the variation (2.20) of the action (2.1). This reflects the presence of local fermionic κ– symmetry [25] with two independent parameters κ = (κ_1 +iκ_2), κ̄ = (κ_1 −iκ_2). The κ–transformations of the coordinates are given by eq. (2.19) and

δΘ^A = κλ^A = (κ_1 + iκ_2)λ^A, δΘ̄^Ḃ = κ̄λ̄^Ḃ = (κ_1 − iκ_2)λ̄^Ḃ. (2.21)

At the critical point a = 1 the number of independent κ–symmetries increases from two to three, since in this case only one linear combination (δΘ^Bλ_B + δΘ̄^Ḃλ̄_Ḃ) of four real fermionic variations enters into the variation of the action

a = 1 : δS = ∫ 2i ( dΘ^Aλ_A + dΘ̄^Ȧλ̄_Ȧ ) ( δΘ^Bλ_B + dΘ̄^Ḃλ̄_Ḃ ) . (2.22)

Thus remaining three fermionic variations correspond to the local fermionic symmetries of the a = 1 model [1].

In order to present an explicit form of these three κ symmetries we should introduce an additional bosonic spinor u_A such that

λ^Au_A = λ̄^Ȧū_Ȧ = 1. (2.23)

Then one can perform the decomposition of the unit matrix in the spinor space^2

δ^A_B = λ^Au_B − u^Aλ_B, δ^Ȧ_Ḃ = λ̄^Ȧū_Ḃ − ū^Ȧλ̄_Ḃ (2.24)

and use it to decompose the fermionic variation of Θ.

As a result we find that the κ–symmetry transformations of the a = 1 model are given by eqs. (2.19) and

δΘ^A = (κ_1 + iκ_2)λ^A + iκ_3u^A, δΘ̄^Ḃ = (κ_1 − iκ_2)λ̄^Ḃ − iκ_3ū^Ȧ. (2.25)

2.2 Hamiltonian analysis We now turn to the Hamiltonian analysis of the model with the purpose of getting all the constraints on the dynamics of the system, classifying them a la Dirac and thus identifying all local symmetries of the model.

For the case a = 1 the analysis has been performed in [1]. The generic model (a ≠ 0) has the same total number of constraints as the a = 1 model, the only difference being that when the parameter a takes the value a = 1 one of the fermionic second–class constraints becomes the first–class constraint generating the third κ–symmetry. So what we should do is just to adapt the results of the Hamiltonian analysis of [1] to the generic case.

The constraints corresponding to the case a = 0 of the Ferber–Shirafuji superparticle are obtained from the generic set of constraints by putting the canonical momenta for the central charge coordinates identically equal to zero.

The canonical momenta of the generic system are

P_M = ∂L ∂q̇^M = (P_{AȦ}, Z_{AB}, Z̄_{ȦḂ}; P^A, P̄^Ȧ; π_A, π̄_Ȧ), (2.26)

[P_M, q^N }_P = −(−1)^{MN} [q^N , P_M}_P = δ^N_M : (2.27)

[P_{AȦ}, x^{BḂ}]_P = δ^B_A δ^Ḃ_Ȧ , [Z_{AB}, y^{CD}]_P = 2δ^C_{[A}δ^D_{B]}, [Z̄_{ȦḂ}, ȳ^{ĊḊ}]_P = 2δ^Ċ_{[Ȧ}δ^Ḋ_{Ḃ]},

[P^A, λ_B]_P = δ^A_B, [P̄^Ȧ, λ̄_Ḃ]_P = δ^Ȧ_Ḃ,

{π_A, Θ^B}_P = δ^B_A , {π̄_Ȧ, Θ̄^Ḃ}_P = δ^Ḃ_Ȧ . They satisfy the following set of constraints

Φ_{AḂ} ≡ P_{AḂ} − λ_Aλ̄_Ḃ = 0, (2.28)

Φ_{AB} ≡ Z_{AB} − aλ_Aλ_B = 0, (2.29) Φ̄_{ȦḂ} ≡ Z̄_{ȦḂ} − aλ̄_Ȧλ̄_Ḃ = 0, (2.30)

P_A = 0, P̄_Ȧ = 0, (2.31)

2The pair of Weyl spinors λ^A, uA is analogous to the Newman–Penrose dyad [34] widely used in General Relativity.

D_A ≡ −π_A + iP_{AḂ}Θ̄^Ḃ + iZ_{AB}Θ^B = 0, (2.32) D̄_Ȧ ≡ π̄_Ȧ − iΘ^BP_{BȦ} − iZ̄_{ȦḂ}Θ̄^Ḃ = 0. (2.33) To separate the constraints (2.28)–(2.33) into the first and second class let us project them on the bosonic spinors λ and u (Eqs. (2.23), (2.24)). We get B_1 = λ^Aλ̄^ḂP_{AḂ} = 0, (2.34) B_2 = λ^Aū^ḂP_{AḂ} − λ^Au^BZ_{AB} = 0, (2.35) B_3 ≡ (B_2)^∗ = u^Aλ̄^ḂP_{AḂ} − λ̄^Ȧū^ḂZ̄_{ȦḂ} = 0, (2.36) B_4 = 2u^Aû^ḂP_{AḂ} − 1 a u^Au^BZ_{AB} − 1 a ū^Ȧū^ḂZ̄_{ȦḂ} = 0, (2.37) B_5 = λ^Aλ̄^BZ_{AB} = 0, (2.38) B_6 ≡ (B_5)^∗ = λ̄^Ȧλ̄^ḂZ̄_{ȦḂ} = 0, (2.39) B_7 ≡ λ^Aū^ḂP_{AḂ} + λ^Au^BZ_{AB} = 0, B_8 ≡ u^Aλ̄^ḂP_{AḂ} + λ̄^Ȧū^ḂZ̄_{ȦḂ} = 0, (2.40) B_9 ≡ u^Au^BZ_{AB} − a = 0, B_{10} ≡ ū^Ȧū^ḂZ̄_{ȦḂ} − a = 0, (2.41) B_{11} ≡ i(λ^AP_A − λ̄^ȦP̄_Ȧ) = 0, (2.42) B_{12} ≡ λ^AP_A + λ̄^ȦP̄_Ȧ = 0, (2.43) B_{13} ≡ u^AP_A = 0, B_{14} ≡ ū^ȦP̄_Ȧ = 0.

F_1 = λ^AD_A = 0, (2.44) F_2 ≡ (F_1)^∗ = λ̄^ȦD̄_Ȧ = 0, (2.45) F_3 = u^AD_A + ū^ȦD̄_Ȧ = 0, (2.46) F_4 ≡ u^AD_A − ū^ȦD̄_Ȧ = 0. (2.47) For arbitrary a ≠ 0, 1 it can be checked that the bosonic constraints (2.34)–(2.39) and the fermionic constraints (2.44) and (2.45) belong to the first class, i.e. their Poisson brackets with all constraints vanish on the constraint surface, and the constraints (2.40)–(2.43), (2.46) and (2.47) are second–class. When computing the Poisson brackets of the constraints one should take into account that, because of the normalization condition (2.23), the spinor u^A should be regarded as a variable depending on λ_A. The simplest way of taking this into account is to assume the following Poisson (actually Dirac) brackets of u^A with the λ–momentum P_A^3 [P_A, u^B]_P = −u^Bu_A.

Thus in the case a ≠ 0, 1 among 14 bosonic and 4 fermionic constraints 6 bosonic and 2 fermionic constraints are of the first class and 8 bosonic and 2 fermionic constraints are of the second class.

3These brackets appear as Dirac brackets with respect to the pair of the second class constraints (2.23) and u^AP^{(u)}_A = 0, (and their complex conjugate pair), when the bosonic spinor u is considered as an independent variable whose momentum is constrained to be zero P^{(u)}_A = 0. Then it is not hard to verify that the new phase space variables u^A, P^{(u)}_A do not introduce new redundant degrees of freedom into the system under consideration.

The first class constraints generate local symmetries of the dynamical system. For instance, the constraints (2.34), and (B_5 + B_6) of (2.38), (2.39) generate worldline reparametrizations of the coordinates x and y. The fermionic constraints (2.44) and (2.45) generate the κ–symmetry transformations (2.19) and (2.21).

Each first class constraint reduces the number of independent phase space variables by two, while each second class constraint eliminates only one degree of freedom. Hence, in the case a ≠ 0, 1 the phase space of 2 × (4 + 6 + 4) = 28 bosonic and 2 × 4 = 8 fermionic canonical variables of the system is reduced to a ≠ 0, 1 : n_{ph} = 8_b + 2_f (2.48) i.e. we get eight bosonic and two fermionic physical degrees of freedom.

In order to see how at a = 1 the fermionic second–class constraint (2.46) transforms into the first–class constraint generating the third κ–symmetry (2.25) let us consider the Poisson bracket of the constraint (2.46) with itself {F_3, F_3}_P = 2(a − 1). (2.49) When a ≠ 1 the r.h.s. of (2.49) is nonzero and hence this constraint is second class, but at a = 1 the r.h.s. of (2.49) vanishes. Since F_3 weakly commutes with all other constraints, at this critical value of a we obtain one more fermionic first class constraint, and we achieve the reduction of the number of independent fermionic physical degrees of freedom from two to one a = 1 : n_{ph} = 8_b + 1_f . (2.50) Finally, when a = 0 the tensorial coordinates y disappear from the action (2.1), and in Eqs. (2.34)–(2.47) we must put to zero their canonical momenta Z. The remaining set of the constraints takes the following form B_1 = λ^Aλ̄^ḂP_{AḂ} = 0, (2.51)

B_2 = λ^Aū^ḂP_{AḂ} = 0, (2.52) B_3 ≡ (B_2)^∗ = u^Aλ̄^ḂP_{AḂ} = 0, (2.53) B_4 = u^Aû^ḂP_{AḂ} − 2 = 0, (2.54) B_5 ≡ i(λ^AP_A − λ̄^ȦP̄_Ȧ) = 0, (2.55) B_6 ≡ λ^AP_A + λ̄^ȦP̄_Ȧ = 0, (2.56) B_7 ≡ u^AP_A = 0, B_8 ≡ ū^ȦP̄_Ȧ = 0.

F_1 = λ^AD_A = 0, (2.57) F_2 ≡ (F_1)^∗ = λ̄^ȦD̄_Ȧ = 0, (2.58) F_3 = u^AD_A + ū^ȦD̄_Ȧ = 0, (2.59) F_4 ≡ u^AD_A − ū^ȦD̄_Ȧ = 0. (2.60) These are the constraints of the Ferber–Shirafuji formulation of the superparticle which has been analyzed in detail in a number of papers [10, 20, 21, 22, 23]. Now two bosonic constraints (2.51) and (2.55) are first–class and other six are second–class, while, as in the generic case a ≠ 1, two of the fermionic constraints are first–class (2.57), (2.58) and two are second–class (2.59), (2.60).

Therefore, the number of independent phase–space physical degrees of freedom of the standard N = 1, D = 4 superparticle consists of six bosonic and two fermionic variables

a = 0 : n_{ph} = 6_b + 2_f . (2.61)

In the next section we shall show that the independent phase–space physical degrees of freedom (2.48), (2.50) and (2.61) of the generic superparticle model can be covariantly described by OSp(2|8) (or OSp(1, 1|8)), OSp(1|8) and SU(2, 2|1) supertwistors, respectively.

3 Supertwistor transform. OSp(2j8), OSp(1j8) and SU(2, 2j1) supertwistors

Let us integrate the action (2.1) by parts and neglect the boundary term. The result is S = − ∫ ( μ^Adλ_A + μ̄^Ȧdλ̄_Ȧ ) − i ∫ (χdχ̄ + χ̄dχ + aχdχ + aχ̄dχ̄) (3.1) or S = − ∫ ( μ^Adλ_A + μ̄^Ȧdλ̄_Ȧ ) − 2i ∫ ((1 + a)χ_1dχ_1 + (1 − a)χ_2dχ_2) = − ∫ ( μ^Adλ_A + μ̄^Ȧdλ̄_Ȧ ) − 2i ∫ χ̄(a)dχ(a), (3.2) where

μ^A = x^{AḂ}λ̄_Ḃ + 2ay^{AB}λ_B + iΘ^A[(Θ̄λ̄) + a(Θλ)], (3.3)

μ̄^Ȧ = λ_Bx^{BȦ} + 2āȳ^{ȦḂ}λ̄_Ḃ + iΘ̄^Ȧ[(Θλ) + ā(Θ̄λ̄)],

χ = (Θλ) ≡ Θ^Aλ_A, χ̄ = (Θ̄λ̄) ≡ Θ̄^Ȧλ̄_Ȧ, (3.4)

χ_1 = 1 2 (χ + χ̄), χ_2 = i 2 (χ̄ − χ). (3.5) χ(a) = √ (1 + a)χ_1 + i √ (1 − a)χ_2, χ̄(a) = √ (1 + a)χ_1 − i √ (1 − a)χ_2. (3.6)

(Note that χ(a) and χ̄(a) are complex conjugate to each other only for a < 1, while for a ≥ 1 they are real spinors).

Thus, in the generic case a ≠ 0, 1 one can reformulate the dynamical system in terms of 8 bosonic variables λ_A, μ^A; λ̄_Ḃ, μ̄^Ḃ and two real fermionic variables χ_1, χ_2. These variables can be regarded as components of a real (8, 2) component supertwistor (cf. with [1])

Y_A = (y_1, . . ., y_8; χ_1, χ_2) = (λ^α, μ^α, χ_1, χ_2) (3.7)

where λ^α and μ^α are real Majorana spinors formed of the Weyl spinors λ^α ⇔ ( λ_A λ̄^˙A ) , μ^α ⇔ ( μ_A μ̄^Ȧ )

One can write the action (3.2) in the form S = − 1 2 ∫ dτY_AG^{AB}Ẏ_B (3.8) where

G^{AB} = ( ω^{(8)} 0 0 iω^{(2)} ) = 0_2 I_2 0_2 0_2 −I_2 0_2 0_2 0_2 0_2 0_2 0_2 I_2 0_2 0_2 −I_2 0_2 0

0 i ( 2(1 + a) 0

0 2(1 − a) ) . (3.9)

ω^{(8)} is the Sp(8) invariant simplectic metric.

When a ≠ 1 we can rescale the fermionic variables χ_1 and χ_2, i.e. multiply them, respectively, by √ 1 + a and √ |1 − a|. This results in the following form of the metric ω^{(2)} in (3.9)

ω^{(2)} → ω^{(2)} = 2 ( 1 0 0 1 ) for a < 1 (3.10) or ω^{(2)} → ω^{(2)} = 2 ( 1 0 0 −1 ) for a > 1. (3.11) We see that the symmetry group of the fermionic sector of the metric (3.9) is SO(2) = U(1) when a < 1 and SO(1, 1) when a > 1.

Hence, when a < 1 the complete symmetry group of the metric (3.9) is the supergroup OSp(2|8), while in the case a > 1 the symmetry group becomes OSp(1, 1|8). The supertwistors (3.7) transform under the fundamental representations of these supergroups.

When a = 1 the metric becomes degenerate

ω^{(2)} → ω^{(2)}_{a=1} = 2 ( 1 0 0 0 ) . (3.12)

This reflects the absence of the second fermionic variable χ_2 from the action (3.2). Thus at a = 1 the supergroups OSp(2|8) and OSp(1, 1|8) reduce to OSp(1|8) with the corresponding supertwistor representation having one real fermionic component (cf. with [1])

Y_A = (y_1, . . ., y_8; χ_1). (3.13)

Consider now the case a = 0. At a = 0 the action has the same form as for a < 1 and hence is formally OSp(2|8) invariant. But, as we have seen in the previous section, at this critical point the model acquires additional local U(1) symmetry, which must have its counterpart in the supertwistor description, i.e. there should appear a first–class constraint on the supertwistor variables which generates this symmetry. In order to identify this constraint we use the defining relations (3.3) and consider the following bilinear combination of supertwistor components for an arbitrary value of a μ^A(a)λ_A − μ̄^Ȧ(a)λ̄_Ȧ + 2iχ̄χ = 2aλyλ − 2āλ̄ȳλ̄. (3.14) At a = 0 eq. (3.14) does not involve central charge coordinates y and thus we obtain the pure supertwistor constraint μ^A(0)λ_A − μ̄^Ȧ(0)λ̄_Ȧ + 2iχ̄χ = 0. (3.15)

Hence, at a = 0 for the action (3.1) to be equivalent to (2.1) it must be supplemented with the (first–class) constraint (3.15) introduced through a Lagrange multiplier term

a = 0 : S = − ∫ ( μ^Adλ_A + μ̄^Ȧdλ̄_Ȧ ) − i ∫ (χdχ̄ + χ̄dχ) + i ∫ dτΛ(μλ − μ̄λ̄ + 2iχ̄χ) (3.16)

The constraint (3.15) generates the U(1) gauge symmetry appearing only in the a = 0 case. This constraint introduces the complex structure and thus breaks the OSp(2|8) symmetry of the a < 1 model down to SU(2, 2|1). As a result one gets the Ferber-Shirafuji formulation [9, 10] of a conventional massless superparticle [41, 42, 43] in terms of SU(2, 2|1) supertwistors

Z_A = (λ_A, μ̄^Ȧ, χ), Z̄^A = (μ^A, λ̄_Ȧ, χ̄),

a = 0 : S = − ∫ ( Z̄^AdZ_A ) + i ∫ dτΛ(Z̄^AZ_A − s), (3.17)

where the constant s has been introduced in order to have the possibility of describing massless superparticles with nonzero (super)helicity [33] (see [22, 35] and references therein for details).

3.1 Quantization of the supertwistor model 3.1.1 Canonical supertwistor quantization

The quantization of the dynamical system (3.2) with a ≠ 0, 1 is quite straightforward. The action is of the first order form, therefore μ, μ̄ should be identified with the canonical momenta conjugate to λ_A, λ̄_Ȧ, and 2iχ̄(a) is the momentum conjugate to χ(a) (remember that χ(a) and χ̄(a) are defined by (3.6)). The canonical Poisson brackets are

[μ_A, λ^B]_P = δ^B_A , [μ̄_Ȧ, λ̄^Ḃ]_P = δ^Ḃ_Ȧ , {χ̄(a), χ(a)}_P = − i 2 . (3.18)

At the quantum level the dynamical variables become operators, and the Poisson brackets are replaced by (anti)commutators ([..., ...]_P → i[..., ...], {, }_P → −i{, }).). For instance, in the ‘coordinate’ representation the momenta are the derivatives of corresponding coordinates

μ^A = i ∂ ∂λ_A , μ̄^Ȧ = i ∂ ∂λ̄_Ȧ , χ̄(a) = − 1 2 ∂ ∂χ(a) . (3.19)

The canonical Hamiltonian of the system vanishes identically. The wave function of the system in the supertwistor ‘coordinate’ representation is

a ≠ 1 : Φ(λ_A, λ_Ȧ, χ(a)) = ϕ(λ_A, λ_Ȧ) + iχ(a)ψ(λ_A, λ_Ȧ) (3.20)

and the spectrum of quantum states is described by one bosonic and one fermionic function depending on Weyl spinor variables.

At a = 1 χ(1) becomes a real Clifford variable and the field (3.20) becomes a Clifford algebra valued function. We shall discuss this case in detail in Subsections 3.1.4, 5.2. and Appendix.

To understand what kind of physical states are described by the function (3.20) in the case a ≠ 0, 1 we shall first consider the well known case a = 0.

3.1.2 a = 0

At a = 0 the dynamics of the system is subject to the first–class constraint (3.15) which at the quantum level is imposed on the wave function (3.20)^4

(D^{(0)} + χ ∂ ∂χ − s)Φ(λ_A, λ̄_Ȧ; χ) = 0, (3.21)

4In this section we basically follow the quantization procedure of references [21]. The operator D = D^{(0)} +χ^∂_{∂χ} is the superhelicity operator.

where D^{(0)} = λ_A ∂ ∂λ_A − λ̄_Ȧ ∂ ∂λ̄_Ȧ is the supertwistor representation of the bosonic part of the U(1) generator, χ = χ(0) (see Eqs. (3.4)–(3.6)) and s is an integer constant which appears due to the ambiguity in ordering the operators in (3.21) (see [33, 22, 35] and refs. therein for details, here we only note that the quantization of s follows from the requirement for the wave function to be single valued). The (half)integer values of s/2 describe helicities of massless quantum states.

Let us consider first the case s = 0. Eq. (3.21) requires the bosonic and fermionic components of the superfield (3.20) to be homogeneous functions of λ, λ̄ of the degree 0 and −1, respectively,

D^{(0)}ϕ(λ_A, λ_Ȧ) = 0, D^{(0)}ψ(λ_A, λ_Ȧ) = −ψ(λ_A, λ_Ȧ) (3.22)

The solution is^5

ϕ = ϕ_0(p_m), ψ = λ̄^Ȧψ̄_Ȧ(p_m) (3.23)

where, by definition, p_m is a light-like vector composed of λ and λ̄ (see also (2.28))

p_{AȦ} = p_mσ^m_{AȦ} = λ_Aλ̄_Ȧ. (3.24)

We see that the spectrum of the Ferber–Shirafuji model at s = 0 consists of a massless N = 1, D = 4 (anti)chiral supermultiplet containing a complex scalar field of zero helicity and a Weyl fermion field of helicity −^1_2 . This supermultiplet can be described either by the set of bosonic and fermionic wave functions depending on the bosonic Weyl spinor variables λ_A, λ_Ȧ in accordance with the formula (3.23)-(3.24), or as a set of the unrestricted bosonic scalar function ϕ_0(p_m) and the fermionic spinor function ψ̄_Ȧ(p_m) depending on the light-like vector p_mp^m = 0 which we identify with the momentum of the massless superparticle. In such a way we establish the relation of the supertwistor formulation with the space–time description of the massless superparticle, and this dual description can be extended to the case of more general model with nonvanishing central charge coordinates.

Finally, let us consider the case of the nonvanishing operator ordering constant s in (3.21) which we shall call the superhelicity parameter, characterizing the helicity properties of the superfield solutions.

The component form of the constraint (3.21) now reads

D^{(0)}ϕ(λ_A, λ_Ȧ) = sϕ(λ_A, λ_Ȧ), D^{(0)}ψ(λ_A, λ_Ȧ) = (s − 1)ψ(λ_A, λ_Ȧ) (3.25)

For integer s > 0 the solution of (3.25) is ϕ = λ^{A1} . . .λ^{As} ϕ_{A1 ...As} (p_m), ψ = λ^{A1} . . .λ^{As−1} ψ_{A1...As−1} (p_m) (3.26) 5 A rigorous approach [35, 36] consists in the consideration of the decomposition of the wave function ϕ(λA, λ̄˙_A) in the basis of the functions on C^2 − {0} formed by homogeneous infinite-differentiable functions ϕν_1,ν_2 (zλA, z̄λ̄˙_A) = z^{ν1}z̄^{ν2} ϕν_1,ν_2 (λA, λ̄˙_A) of a homogeneity index χ = (ν1, ν2 ) [37]. The homogeneous functions are defined by the Mellin transformation

ϕν_1,ν_2 (λA, λ̄˙_A) = i 2 ∫ dzdz̄ z^{ν1+1}z̄^{ν2+1}ϕ(zλA, z̄λ̄˙_A). The decomposition

ϕ(λA, λ̄˙_A) = Σ^+1�1 +∞∫ −∞ dρϕ_{(n+iρ)/2,(−n+iρ)/2} (λA, λ̄˙_A) can be substituted into Eq. (3.22) instead of the power series in λA, λ˙_A to obtain the general solution. We refer the reader to [35, 36] for further details and to [37] for an excellent presentation of related mathematics, and, for simplicity, use a physical ’shortcut’ of the rigorous approach.

We thus obtain supermultiplets whose components have the helicities s/2 and s/2 − 1/2, respectively. The choice of the statistics of the superfields (3.26) should be made in accordance with the general spin–statistics theorem, such that for the even values of s (integer superhelicities) the superfields (3.26) are bosonic and for odd s (half-integer superhelicities) they are fermionic.

Notice that the Grassmann parity of the superfield Φ (3.21) (and its components ϕ and ψ) is related to the parity of Φ(λ, λ̄, χ) under the change λ → − λ (λ–parity) which implies χ → − χ. If Φ(−λ, −λ̄, −χ) = Φ(λ, λ̄, χ) then from (3.26) follows that s is even (integer superhelicities) and such a superfield is Grassmann–even (ϕ is bosonic and ψ is fermionic). Analogously if the superfield Φ(λ, λ̄, χ) changes the sign under the λ–parity, then s is odd (halfinteger superhelicities) and the superfield is Grassmann–odd (ϕ is fermionic, and ψ is bosonic).

For integer s < 0 the solution of (3.25) is ϕ = λ^{Ȧ1} . . . λ^{Ȧ−s}ϕ̄_{Ȧ1 ...Ȧ−s} ψ = λ^{Ȧ1} . . . λ^{Ȧ−s+1}ψ̄_{Ȧ1...Ȧ−s+1} (3.27) and thus the spectrum of the quantum states of the model is represented by a supermultiplet of helicity (−s/2, (−s + 1)/2).

3.1.3 a ≠ 0, 1

Let us return to the generic a ≠ 0, 1 models. Their spectrum is defined by arbitrary scalar bosonic and fermionic functions of the Weyl bosonic spinors ϕ(λ_A, λ_Ȧ) and ψ(λ_A, λ_Ȧ) which, in contrast to the a = 0 case, are not subject to any constraints. The bosonic spinor components can be regarded to be defined through the components of the light-like vector p_mp^m = 0 (3.24) up to the phase transformations

λ_A → e^{iα(τ )}λ_A, λ_Ȧ → e^{−iα(τ )}λ_Ȧ. (3.28)

Thus for a ≠ 0 we can consider the bosonic and fermionic wave functions to depend on the light-like vector and a U(1) angle variable α ∼ α + 2πk

ϕ(λ_A, λ_Ȧ) = ϕ(p_m, α), ψ(λ_A, λ_Ȧ) = ψ(p_m, α). (3.29)

Hence, in contrast to the Ferber–Shirafuji model, the wave function of the generic dynamical system (3.1) with a ≠ 0 depends on one additional variable which parametrizes a compact manifold U(1) = S^1. This means that the functions ϕ and ψ, as the single valued functions, can be expanded in the Fourier series

ϕ(p_m, α) = Σ_{k∈}Ze^{ikα}ϕ_k(p_m), ψ(p_m, α) = Σ_{k∈}Ze^{ikα}ψ_k(p_m). (3.30)

The meaning of this series expansion becomes clear if we use the Lorentz–covariant representation of ϕ and ψ as single valued functions of λ_A (3.20) where λ_Aλ̄_Ȧ are replaced by p_m. Then the series (3.30) acquires the form

ϕ(λ, λ̄) = ϕ^0(p_m) + Σ_{k∈}Z_+ ( λ^{A1} . . . λ^{Ak} ϕ_{A1 ...Ak} (p_m) + λ̄^{Ȧ1} . . .λ̄^{Ȧk}ϕ̄_{Ȧ1 ...Ȧk} (p_m) ) , (3.31)

ψ(λ, λ̄) = ψ^0(p_m) + Σ_{k∈}Z_+ ( λ^{A1} . . . λ^{Ak} ψ_{A1...Ak} (p_m) + λ̄^{Ȧ1} . . . λ̄^{Ȧk}ψ̄_{Ȧ1...Ȧk} (p_m) ) . We therefore conclude that the most general solution of the model with a ≠ 0 describes an infinite doubly degenerate spectrum of massless fields of an arbitrary helicity, with the additional compact S^1–coordinate in the momentum space conjugate to the discrete helicity variable.

If we assume the validity of spin–statistics theorem the bosonic fields should have positive λ–parity, and fermionic fields should have odd λ–parity. Thus, the λ-even part Φ_+(λ, λ̄, χ) ≡

Φ_+(−λ, −λ̄, −χ) = ϕ_+(λ, λ̄)+iχψ_−(λ, λ̄) of the general superfield solution Φ(λ, λ̄, χ) = ϕ(λ, λ̄)+ iχψ(λ, λ̄) (see (3.20) and (3.31)) should be regarded as bosonic (i.e. Grassmann–even). Consequently this implies that the wave function ϕ_+(λ, λ̄) has positive λ–parity (even powers of λ) i.e. it is bosonic, and the fermionic wave function ψ_−(λ, λ̄) has negative λ–parity (odd powers of λ). Another sector of the full quantum state spectrum is described by the fermionic λ–odd superfield Φ_−(λ, λ̄, χ) ≡ −Φ_−(−λ, −λ̄, −χ) = ϕ_−(λ, λ̄) + χψ_+(λ, λ̄) which is composed of the fermionic λ-odd field ϕ_−(λ, λ̄) and the bosonic λ–even field ψ_+(λ, λ̄).

We, therefore, see that in order to obtain physically meaningful solutions described by the superfields Φ_+(λ, λ̄, χ) and Φ_−(λ, λ̄, χ) with definite Grassmann parity one should divide the general solution (3.20) into two parts with even and odd λ–parity. Note that the superfield solutions with definite even/odd λ–parity have the even/odd superhelicities, but each of them contains a complete nondegenerate spectrum of states with both even and odd helicities.

It is instructive to compare the consequences of the presence of the “internal” compact coordinate in our case and in Kaluza–Klein theories. In the Kaluza–Klein theories the compact variables arise in an extension of space–time with extra directions and lead to the quantization of corresponding “internal” momenta in the extended momentum space. The “internal” quantized momenta describe masses and gauge charges of Kaluza–Klein fields in the dimensionally reduced theory^6. In our case the compactification is achieved by expressing the generalized momenta in terms of bosonic spinor (twistor) componenta. Thus, we have the opposite situation: the compact “internal” manifold is in the extended momentum (twistor) space and a quantized (discrete) central charge coordinate is in the extended coordinate space (space–time + central charge coordinates). The Fourier transform of the compact “internal” momentum results in the discrete values of the conjugate coordinate, which are described by an integer s. From the physical point of view the (half)integer number s/2 describes the possible helicities of the massless quantum states.

The quantum states of our model form a reducible (infinite–dimensional) representation of target space supersymmetry. Indeed, as the bosonic spinor is inert under global supersymmetry, the fields (3.31) can be collected into the superfield series expansion with each term having definite superhelicity

Φ(λ^A, λ̄^Ȧ, χ(a)) = Φ^0(p_m, χ(a)) + Σ_{k∈}Z_+ λ^{A1} . . . λ^{Ak} Φ_{A1...Ak} (p_m, χ(a))+ (3.32)

+Σ_{k∈}Z_+λ̄^{Ȧ1} . . .λ̄^{Ȧk} Φ̄_{Ȧ1...Ȧk} (p_m, χ(a)).

It is easy to see that each term is separately invariant under supersymmetry^7.

In the case a = 0 the additional U(1) constraint (3.21) appears. It singles out one irreducible superfield with a definite superhelicity out of the infinite series (3.32).

3.1.4 a = 1

Consider now a peculiarity of the model at a = 1. In this case the action (3.1), (3.2) contains only one real fermionic variable χ_1. The corresponding term in the action is S_χ = −4i ∫ χ_1dχ_1 χ_1 = 1 2 (Θλ + Θ̄λ̄). (3.33)

From (3.33) we conclude that the odd momentum of χ is proportional to χ itself

S_χ = π_{χ1} − 4iχ_1 = 0. (3.34)

6It is worth mentioning that ‘usual’ Lorentz–scalar central charges can be interpreted as Kaluza-Klein momenta [38]_7

Remember that the supersymmetry transformations of the superfield (3.32) are generated by the transformations of χ as functions of Θ (eqs. (3.4)).

Eq. (3.34) is the second–class constraint being typical of any free fermion theory

{S_χ, S_χ}_P = −8i. (3.35)

It can be regarded to be satisfied in the strong sense [30] after we pass from the Poisson brackets to the Dirac brackets [f, g}_D = [f, g}_P − i 8 [f, S_χ}_P [S_χ, g}_P (3.36)

which imply {χ_1, χ_1}_D = 2i. (3.37)

Hence, upon quantization ξ becomes a Clifford variable of odd Grassmann parity

(χ̂_1)^2 = 1. (3.38)

The Clifford algebra generated by this variable consists of two elements, the unit element and χ̂_1. Hence, all functions of χ̂_1 can be written as a ‘Clifford algebra valued superfield’ having two components [27] Φ(ξ̂) = ϕ + iχ̂_1ψ, (3.39)

where ϕ and ψ do not depend on χ̂_1.

We conclude that at a = 1 the wave functions (3.20), (3.32) become Clifford ‘superfields’ whose components again (as in the case a ≠ 0, 1) describe an infinite tower of fields of all possible helicities.

We can decompose the superfields (3.39) into the even and odd parts with respect to λparity and thus have the wave functions with definite Grassmann parity (bosonic and fermionic superfields).

We see that at a = 1 the model has the same spectrum of quantum physical states as in the generic case. The difference with the generic case (a ≠ 1) is only in the transformation properties of the field components with respect to target space supersymmetry – the a = 1 supersymmetry multiplets are shortened (see [1], Section 2). Note also that in the models with a ≥ 1 one can impose additional reality condition on the quantum wave functions.

In the Appendix we shall present another way of quantizing a single classical fermionic variable χ_1 (see (3.33)) which allows to treat it as a usual Grassmann variable and quantum superwave functions as standard superfields.

4 Quantization by using the conversion method

In order to justify the results of the supertwistor quantization of the model presented in Sect. 3 and to clarify the space–time structure of the quantum wave functions, in this section we shall perform the quantization directly in the coordinate representation.

Because of the appearance of a particular mixture of fermionic first and second class constraints there appears a problem of quantizing the system covariantly. However, there exists a powerful method to handle this problem [19, 17, 18], which is based on the conversion of the second class constraints into the first class ones.

The quantization of the Ferber-Shirafuji model by the conversion method was considered in [20, 21, 22, 23]. In [22] a D = 10 supersymmetric particle with extra tensorial coordinates has been also discussed. In the present paper, however, the relation between spinor variables and the tensorial central charges, as well as their physical interpretation, goes far beyond the results presented in [22].

4.1 Conversion degrees of freedom

To convert the second class constraints into the first class ones we introduce additional (conversion) phase space degrees of freedom, whose number is equal to the the number of the second class constraints.

Thus, for the a ≠ 0, 1 models we need 8_b + 2_f conversion degrees of freedom. For this purpose we introduce bosonic spinors ρ_A, ρ̄_Ȧ plus its canonical momenta P^A_{(ρ)}, P̄^Ȧ_{¯(ρ)}

[P^A_{(ρ)}, ρ_B]_P = δ^A_B , [P̄^Ȧ_{ρ̄} , ρ̄_Ḃ]_P = δ^Ȧ_Ḃ , (4.1)

and two real fermionic variables f_1 and f_2 whose Poisson brackets form a Clifford algebra

{f_1, f_1}_P = −i(1 − a), {f_1, f_2}_P = 0, {f_2, f_2}_P = −i(1 + a). (4.2)

Instead of f_1 and f_2 we shall also use two conjugate fermionic variables S = √ (1 + a)f_1 − i √ (1 − a)f_2, S̄ = √ (1 + a)f_1 + i √ (1 − a)f_2, (4.3) {S, S}_P = 0, {S̄, S̄}_P = 0, {S, S̄}_P = −2i(1 − a^2). (4.4) Note, that S̄ is complex conjugate of S only for the case 0 < a < 1, while for a > 1, where √ (1 − a) = i √ |1 − a| is imaginary, both S and S̄ are independent real variables.

For a ≠ 1 S̄ can be regarded as the momentum conjugate to S.

4.2 Conversion of the constraints

We use the additional degrees of freedom (4.1) and (4.2) in order to convert the mixture of first and second class constraints (2.28)–(2.33) into the first class ones.

As it was shown in [26], in twistor-like formulations of particle mechanics it is convenient to perform conversion of the whole set of primary constraints, without dividing them into the sets of first and second class constraints.

For any a the first class constraints obtained as the result of conversion are^8

Φ_{AḂ} ≡ P_{AḂ} − (λ_A + ρ_A)(λ̄_Ḃ + ρ̄_Ḃ) = 0, (4.5)

Φ_{AB} ≡ Z_{AB} − a(λ_A + ρ_A)(λ_B + ρ_B) = 0, (4.6) Φ̄_{ȦḂ} ≡ Z̄_{ȦḂ} − a(λ̄_Ȧ + ρ̄_Ȧ)(λ̄_Ḃ + ρ̄_Ḃ) = 0, (4.7)

Φ_A ≡ P^A_{(λ)} + P^A_{(ρ)} = 0, Φ̄_Ȧ ≡ P̄^Ȧ_{(λ̄)} + P̄^Ȧ_{(ρ̄)} = 0, (4.8)

P^A_{(λ)} − P^A_{(ρ)} = 0, P̄^Ȧ_{(λ̄)} − P̄^Ȧ_{(ρ̄)} = 0, (4.9)

D_A ≡ −π_A + iP_{AḂ}Θ̄^Ḃ + iZ_{AB}Θ^B + (f_1 + if_2) (λ_A + ρ_A) = 0, (4.10)

D̄_Ȧ ≡ π̄_Ȧ − iΘ^BP_{BȦ} − iZ̄_{ȦḂ}Θ̄^Ḃ + (f_1 − if_2) (λ̄_Ȧ + ρ̄_Ȧ) = 0. (4.11)

The algebra of the first class constraints (4.5)–(4.11) is quite simple. The only nonvanishing brackets (in the strong sense) appear in the fermionic sector and have the form D_{αβ} ≡ ( {D_A, D_B}_P {D_A, D̄_Ḃ}_P {D̄_Ȧ, D_B}_P {D̄_Ȧ, D̄_Ḃ}_P ) = 2i ( −Φ_{AB} Φ_{AḂ} Φ_{BȦ} −Φ̄_{ȦḂ} ) . (4.12)

8We denote the converted constraints with the same letters as the original ones.

The r.h.s. of (4.12) vanishes weakly, i.e. on the constraint surface (4.5)–(4.7).

Note that the expressions (4.5)–(4.7), (4.10) and (4.11) contain only the combination (λ + ρ) of the commuting spinors. We denote this combination by λ̃

λ̃_A = λ_A + ρ_A, ~λ̄_Ȧ = λ̄_Ȧ + ρ̄_Ȧ, (4.13)

while the linearly independent variables

ρ̃_A = λ_A − ρ_A, ~ρ̄_Ȧ = λ̄_Ȧ − ρ̄_Ȧ (4.14)

completely decouple and have vanishing canonical momenta (4.9). Hence, the variables (4.14) can be excluded from the consideration, since the wave functions will not depend on these variables.

4.3 Quantization of the converted system: equations for the wave function Now it is straightforward to quantize the system by using the Dirac method [30]. For this purpose let us choose the (super-)Shrödinger representation for the superspace coordinates and the bosonic spinor variables P̂_{AḂ} = −i ∂ ∂X^{AḂ} , Ẑ_{AB} = −i ∂ ∂y^{AB} , ^̄Z_{ȦḂ} = −i ∂ ∂ȳ^{ȦḂ} , (4.15)

P̂^A_{λ̃} = −i ∂ ∂λ̃^A , ^̄P^Ȧ~¯_λ = −i ∂ ∂~λ̄^Ȧ ,

π̂_A = +i ∂ ∂Θ^A , ^̄π_Ȧ = +i ∂ ∂Θ̄^Ȧ

. (4.16)

The fermionic variables f_1 and f_2 become Clifford algebra operators

(f̂_1)^2 = 1 2 (1 − a), (f̂_2)^2 = 1 2 (1 + a), {f̂_1, f̂_2} = 0. (4.17)

The Grassmann parity of f_1 and f_2 must be odd because the constraints (4.10) and (4.11) should have definite parity.

Note that the linear combinations (4.3) of fermionic quantum variables f_1 and f_2 satisfy the commutation relations {Ŝ, Ŝ} = 0, {^̄S, ^̄S} = 0, {Ŝ, ^̄S} = 2(1 − a^2). (4.18) So one can choose S as an odd coordinate and ^̄S as its momentum operator

^̄S = 2(1 − a2) ∂ ∂S , Ŝ = S Despite of the fact that such a representation makes hermiticity condition nonmanifest, it is convenient since it simplifies the calculations and provides the possibility of treating the cases 0 < a < 1 and a > 1 on an equal footing.

After quantization the first–class constraints (4.5)-(4.8), (4.10) and (4.11) are imposed on the wave function Ψ = Ψ(x^{AȦ}; y^{AB}, ȳ^{ȦḂ}; λ̃^A, ~λ̄^Ȧ; Θ^A, Θ̄^Ȧ, S) (4.19) (we recall that we have consistently removed the variables (4.14) from the consideration).

Thus, the wave function of the system satisfies the first order differential equations ( ∂ ∂x^{AḂ} − iλ̃_A~λ̄_Ḃ)Ψ = 0, (4.20) ( 1 2 ∂ ∂y^{AB} − iaλ̃_Aλ̃_B)Ψ = 0, (4.21) ( 1 2 ∂ ∂ȳ^{ȦḂ} − ia~λ̄_Ȧ ~λ̄_Ḃ)Ψ = 0, (4.22) ( ∂ ∂Θ^A + i ∂ ∂x^{AḂ} Θ̄^Ḃ + i 2 a ∂ ∂y^{AB} Θ^B − i(f_1 + if_2)λ̃_A ) Ψ = 0, (4.23) ( ∂ ∂Θ̄^Ȧ + i ∂ ∂x^{BȦ} Θ^B + i 2 a ∂ ∂ȳ^{ȦḂ} Θ̄^Ḃ + i(f_1 − if_2)λ̄_Ȧ ) Ψ = 0, (4.24)

The solution of eqs. (4.20)–(4.22) is Ψ = e^{iλAλ̄ȦxAȦ+iaλAλByAB +iaλ̄Ȧλ̄ḂȳȦḂ} g(λ̃^A, ~λ̄^Ȧ; Θ^A, Θ̄^Ȧ, S). (4.25) Because of the constraints (4.23) and (4.24) the function g (4.25) satisfies the conditions ( ∂ ∂Θ^A − λ̃_A[(Θ̄λ̄) − a(Θλ) − i(f_1 + if_2)] ) g = 0, (4.26) ( ∂ ∂Θ̄^Ȧ

− λ̄_Ȧ[(Θλ) − a(Θ̄λ̄) + i(f_1 − if_2)] ) g = 0, (4.27)

An evident consequence of eqs. (4.26) and (4.27) is that g depends only on the composite Grassmann variables χ = Θ^Bλ_B and χ̄ = Θ̄^Ḃλ̄_Ḃ introduced in (3.4)

g(λ̃^A, ~λ̄^Ȧ; Θ^A, Θ̄^Ȧ, S) = g(λ̃^A, ~λ̄^Ȧ; Θ^Bλ_B, Θ̄^Ḃλ̄_Ḃ, S). (4.28)

Then the eqs. (4.26) and (4.27) reduce to ( ∂ ∂χ − χ̄ − aχ − i(f_1 + if_2) ) g(λ_A, λ̄_Ȧ; χ, χ̄, S) = 0, (4.29) ( ∂ ∂χ̄ − χ − aχ̄ + i(f_1 − if_2) ) g(λ_A, λ̄_Ȧ; χ, χ̄; S) = 0. (4.30)

4.4 Quantization of the converted system: dependence on the fermionic variables To find the solution of equations (4.29) and (4.30) we take their linear combinations and rewrite them in the following form [√ 1 − a^2( ∂ ∂χ̄(a) − χ(a)) − S ] g = 0, (4.31) [√ 1 − a^2( ∂ ∂χ(a) − χ̄(a)) − 2(1 − a^2) ∂ ∂S ] g = 0, (4.32)

where χ(a) were introduced in (3.5), (3.6) and S are defined in (4.3).

The equations (4.31) and (4.32) are easily solved in terms of the components of the superfunction g(S) g(S) = g_0(χ, χ̄) + iSg_1(χ, χ̄) (4.33) which satisfies the conditions ( ∂ ∂χ̄(a) − χ(a))g_0 = 0 ⇒ g_0(χ, χ̄) = e^{−χ̄(a)χ(a)}Φ(λ_A, λ̄_Ȧ; χ(a)), (4.34)

2 √ 1 − a^2g_1(χ, χ̄) = −i( ∂ ∂χ(a) − χ̄(a))g_0. (4.35)

We see that when a ≠ 1 the component g_1 of the superfunction (4.33) is expressed in terms of g_0 which is specified by the condition (4.34) in terms of a single independent superfield Φ(λ_A, λ̄_Ȧ; χ(a)).

Hence, the independent wave function (4.19) which describes the general solution of the equations (4.20)–(4.24) is Ψ = e^{iλAλ̄ȦxAȦ+iaλAλByAB +iaλ̄Ȧλ̄ḂȳȦḂ −χ̄(a)χ(a)} Φ(λ̃^A, ~λ̄^Ȧ; χ(a)). (4.36) At the critical value a = 1 the result is the same though the proof is slightly changed since in such a case (as in Subsection 3.1.4) we should deal with a single conversion Clifford variable f instead of f_1 and f_2 (and/or S and S̄). More precisely, in eqs. (4.29) and (4.30) one should put a=1, χ̄ = χ and f_1 = S = 0, and then follow the quantization prescription described in the Appendix.

One should notice that the wave function Φ(λ̃^A, ~λ̄^Ȧ; χ(a)) in (4.36) has exactly the same structure as in the supertwistor case (3.20), but where now χ(a) are the composite Grassmann coordinates defined by eqs. (3.5), (3.6). We therefore conclude that the direct supertwistor quantization and the quantization with the use of conversion of the superparticle model based on the generic action (2.1) result in the same supersymmetric spectrum of the quantum states.

The supersymmetry transformations of the components of Φ(λ̃^A, ~λ̄^Ȧ; χ(a)) are easily derived from (4.36) using the supersymmetric variations (2.6) of the coordinates.

The higher dimensional generalization of the a = 1 model and its quantization will be the subject of the next section.

5 The a = 1 model in higher dimensions and internal degrees of freedom

A generalization of the D = 4, a = 1 superparticle model has been proposed in [1]. In higher space–time dimensions D we consider an extension of an N = 1 supersymmetry algebra by tensorial central charges {Q_α, Q_β} = P_{αβ}, [P_{αβ}, Q_γ] = 0, (5.1)

where, depending on space–time dimension D, the supercharges Q_α (α = 1, . . .2^k) are real Majorana, or Majorana–Weyl spinors^9 and P_{αβ} is a symmetric generalized ‘momentum’ generator conjugate to 2^k(2^k +1) symmetric spin-tensor coordinates X^{αβ}, which can be split into the usual space–time coordinates and tensorial central charge coordinates, as we shall demonstrate below.

We assume that P_{αβ} is defined by the Cartan–Penrose relation

P_{αβ} = λ_αλ_β, (5.2)

where the real bosonic spinor λ_α has the same spinor properties as the supercharge Q_α.

9 In the general case one can also consider the cases of pseudo–Majorana, simplectic–Majorana and Dirac (complex) supercharges [39]. Technical details of the extension of the results of Section 5 to arbitrary type of supercharges will be considered in another publication.

The expression (5.2) implies the BPS condition detP_{αβ} = 0 and can be obtained as a primary constraint from the action functional [1] S = ∫ M^1

λ_αλ_βΠ^{αβ} (5.3)

Π^{αβ} = dX^{αβ} − idΘ^{(α}Θ^{β)} = dτΠ^{αβ}_τ , α = 1, ..., 2^k. For any value of k the model possesses 2^k global target space supersymmetries generated by (5.1) δ_{susy} X^{αβ} = iΘ^{(α}ϵ^{β)}, δ_{susy} Θ^α = ϵ^α, δ_{susy} λ_α = 0, as well as 2^k − 1 κ–symmetries.

To show the presence of the 2^k − 1 κ–symmetries let us write the variation of the action (5.3) δS = ∫ M^1 ( 2δλ_α λ_βΠ^{αβ} + d(λ_αλ_β)i_δΠ^{αβ} − 2idΘ^αλ_αλ_βδΘ^β ) + ( λ_αλ_βi_δΠ^{αβ} ) |^{τf}τ_i , (5.4)

where i_δΠ^{αβ} = δX^{αβ} − iδΘ^{(α}Θ^{β)}.

One can see that only one linear combination λ_βδΘ^β of 2^k independent variations of Grassmann coordinates δΘ^β is effectively involved into the variation of the action.

Hence, other 2^k − 1 Grassmann coordinate variations (which do not appear in (5.4)) can be identified with the parameters of local fermionic κ–symmetry. They can be written in the form

κ^I = u^I_βδΘ^β,

where u^I_β (I = 1, . . ., 2^k − 1) and λ_β form a set of 2^k linearly independent bosonic spinors.

Identifying the κ symmetry with the part of target space supersymmetry which is preserved by the particle or brane configuration, we claim that the model (5.3) describes the dynamics of BPS states preserving all but one target space supersymmetries in space–time of a dimension D. Examples.

In D = 3 (where k = 1) the action (5.3) describes the standard massless superparticle

k = 1 ↔ D = 3 : X^{αβ} = X^mγ^{αβ}_m , P^{αβ} = P^mγ^{αβ}_m .

On the other hand the case k = 1 can be regarded as a model in a ‘minimal’ D = 2+2 superspace with self-dual tensorial central charge coordinates X^{αβ} = y^{mn}σ^{αβ}_{mn}, y^{mn} =^1_2 ϵ^{mnkl}y_{kl}.

The case of k = 2 corresponds to the D = 4, a = 1 model considered in Sections 2–4 but written in the Majorana representation.

The construction also holds in D = 6 where k = 3, but here we should use the (SU(2)– Majorana–Weyl) ‘reality’ conditions. In addition to the 4–dimensional spinor index α the complex 8–component spinors Q^i_α and λ^i_α carry the SU(2) index i = 1, 2 and they are the SU(2) Majorana–Weyl spinors (see for details [39]). The number of tensorial central charges in this model is 30.

The case k = 4 can be regarded as describing a D = 10 massless superparticle with 126 composite (self–dual) tensorial central charges Z_{m1...m5} [1] (cf. with [2, 22]). The real supercharges Q_α satisfy the Majorana–Weyl reality condition.

The action (5.3) with k = 5 corresponds to a 0–superbrane model in D = 11 superspace with 517 tensorial central charges composed from 32 components of one real bosonic Majorana spinor. In contrast to the cases of D = 3, 4, 6 and 10, in such a model the superparticle is not massless, the mass of the 0-brane being generated dynamically in a way similar to the mechanism generating the tension of superstrings and superbranes [44] (see [1] for some details).

On the other hand it is possible to use the twelve dimensional D = 2 + 10 32 × 32 gamma matrices to treat the k = 5 model from the point of view of two–time physics [4]. The bosonic coordinates X^{αβ} are decomposed into two–index and self–dual 6–index central charge coordinates y^{mn}, y^{m1...m6} = 1/6!ϵ^{m1...m6 n1...n6} y_{n1 ...n6} .

5.1 OSp(1j2^k ) supertwistor representation of the D-dimensional model

Performing the integration by parts we can rewrite the action (5.3) in the OSp(1|2^k) invariant form (i.e. OSp(1|16) for D = 10 and OSp(1|32) for D = 11) in terms of a supertwistor Y^A = (μ^α, ζ) S = − ∫ (μ^αdλ_α + idζ ζ), α = 1, . . ., 2^k. (5.5) The generalized Penrose–Ferber correspondence between the supertwistors and the generalized superspace looks as follows

P_{αβ} = λ_αλ_β, μ^α = X^{αβ}λ_β − iΘ^α(Θ^βλ_β), ζ = Θ^αλ_α. (5.6)

and does not imply other constraints.

5.2 Quantization of the higher dimensional model with the use of conversion

The quantization of the supertwistor formulation (5.3) is straightforward and is completely analogous to the quantization of the D = 4 model considered in Subsection 3.1.4 and Appendix.

The spectrum of quantum states is described by the superfield

Φ = Φ(λ_α, ζ) = ϕ(λ_α) + iζψ(λ_α) (5.7)

depending on the bosonic spinor λ_α and one Grassmann (or, equivalently, Clifford) variable ζ.

For completeness we briefly describe the quantization of the higher dimensional model (5.3) with the use of conversion.

The primary constraints of the model (5.3) are

Φ_{αβ} ≡ P_{αβ} − λ_αλ_β = 0 (5.8)

D_α ≡ π_α + iΘ^βP_{βα} = 0 (5.9)

P^α_{(λ)} = 0 (5.10)

where the momenta are defined in such a way that the nonvanishing Poisson brackets have the following form

[P_{αβ}, X^{γδ}]_P = 2δ^{(γ}_{(α}δ^{δ)}_{β)}, {π_α, Θ^β}_P = δ^β_α, [P^α_{(λ)}, λ_β]_P = δ^α_β . (5.11)

This set of 2^k(2^k + 1)/2 bosonic and 2^k fermionic constraints obeys the algebra

[Φ_{αβ}, P^γ_{(λ)}]_P = 2λ_{(α}δ^δ_{β)}, {D_α, D_β}_P = 2iP_{αβ} ≡ 2i(Φ_{αβ} + λ_αλ_β), (5.12) all other brackets = 0, and thus contains 2^k bosonic and 1 fermionic second class constraints. Therefore, our system with 2^k(2^k + 1)/2 bosonic and 2^k fermionic configuration space variables contain 2^k bosonic and 1 fermionic physical degrees of freedom which can be identified with the components of OSp(1|2^k) supertwistor.

Exactly as in the D = 4 case, to perform the conversion (see [15]–[18]) of the second class constraints into the first class ones we introduce additional ’conversion’ degrees of freedom (two for each pair of the bosonic second class constraints and one self–conjugate fermionic variable for each fermionic second class constraint) [P^α_{(ρ)}, ρ_β]_P = δ^α_β, {ξ, ξ} = − i 2 , (5.13)

and transform the second–class constraints into first–class ones extending the former with the new coordinates and momenta Φ̃_{αβ} ≡ P_{αβ} − λ̃_αλ̃_β = 0, (5.14)

D̃_α ≡ D_α + 2λ̃_αξ ≡ π_α + iΘ^βP_{βα} + 2λ̃_αξ = 0, (5.15)

P^α_{ρ̃} = 0. (5.16)

where λ̃_α = λ_α + ρ_α, ρ̃_α = λ_α − ρ_α. (5.17)

Following the Appendix we obtain the superwave function describing the first–quantized states of the model determined by the single superfield (5.7) depending on λ̃_α and one Grassmann variable χ = (Θλ). We have Ψ(λ̃_a, (Θλ̃)) = e^{i2 λ̃αλ̃β Xαβ} [ ϕ(λ̃_a) + i(Θλ̃) ψ(λ̃_a) ] . (5.18)

In the sector with even λ–parity of the wave function (Ψ = Ψ_+) the spectrum of the quantum states of the model (5.3) is described by one bosonic ϕ_+(λ̃_a) and one fermionic ψ_−(λ̃_a) function, while in the λ–odd sector (Ψ = Ψ_−) we have the fermionic field ϕ_−(λ̃_a) and the bosonic field ψ_+(λ̃_a). This is in complete correspondence with the result of the quantization of the free supertwistor model (5.5).

5.3 Properties of the wave function with arbitrary helicity spectrum

To clarify the meaning of the wave function (5.7) (or (5.18)), let us consider its bosonic limit at Θ^α = 0 Ψ = e^{i2 λ̃αλ̃βXαβ} ϕ(λ̃_α), α = 1, . . ., 2^k, (5.19) and use the decomposition of the product of the spinor representations in the basis of Ddimensional gamma-matrices.

For the simplest case k = 1 (α = 1, 2), where our model coincides with a D = 3 counterpart of the usual (Ferber-Shirafuji) model [9, 10], the Fierz identity reads^{10}

D = 3 : λ_αλ_β = 1 2 γ^a_{αβ}(λγ_aλ) = 1 2 γ^a_{αβ}P_a, 10 We use the matrices γ^a_{αβ} which are symmetric and obtained from standard Dirac matrices (γ^a)^β_α by lowering one of the indices with the charge conjugation matrix C = γ0 = iτ2.

and we can identify the matrix coordinates X^{αβ} and their momenta P_{αβ} with the usual vector coordinates and momenta

D = 3 : X^a = 1 2 γ^a_{αβ}X^{αβ}, X^{αβ} = X^aγ_{aαβ}; P^a = 1 2 γ^a_{αβ}P^{αβ}, P_{αβ} = P^aγ_{aαβ}. Thus, in D = 3 eq. (5.19) describes a plane wave solution^{11}

D = 3 : Ψ = e^{ipmXm} ϕ(p_m). (5.20)

The case k = 2, D = 4 has been analized in detail in Sections 2–4. To transform the wave function (5.19) to the wave function (4.36) (at a = 1, and Θ = 0) one should perform the similarity transformation from the real Majorana to the complex Weyl representation of the D = 4 gamma–matrices and replace the Majorana spinor by the pair of complex conjugate Weyl spinors λ̃_α ↔ (~ λ_A ¯λ̃_Ȧ ) . (5.21)

In the momentum representation the wave function ϕ(λ_α) differs from the usual one given by ϕ_0(p_m) by the presence of additional dependence on the angle variable α which describes the common phase factor of the Weyl spinor λ_A (λ_1 = e^{i(α+β)}|λ_1|, λ_2 = e^{i(α−β)}|λ_2|) and parametrizes the 1-dimensional sphere S^1

D = 4 : ϕ(λ_a) = ϕ(λ_A, λ̄_Ḃ) = ϕ(p_m, α), α ∈ [0, 2π)

where p_m =^1_4 λγ_mλ =^1_2 λ^Aσ_{AȦ}λ̄^Ȧ (see also^{10}). The additional internal momentum variable α is the only independent degree of freedom contained in the D = 4 tensorial central charges composed of the bosonic spinor α ∈ [0, 2π) ⇔ Z_{mn} = 1 4 λγ_{mn}λ It describes the D = 4 helicity spectrum of the quantum states.

In the general case of k > 2 with 2^k equal to the dimension of an irreducible spinor representation of SO(1, D − 1) in D = 3, 4, 6, 10 (mod 8) (i.e. k = 3, 4, . . .) the discussion is similar. For example, in the case k = 4, D = 10 we can use the basis of symmetric σ matrices σ_m, σ_{m1...m5} to make the decomposition λ_αλ_β ≡ P_{αβ} = P_mσ^m_{αβ} + Z_{m1...m5} σ^{m1 ...m5}_{αβ} , (5.22) where P_m = 1 16 λ_ασ^{αβ}_m λ_β ⇒ P_mP^m = 0 (5.23)

is an ordinary light–like momentum vector in D = 10 and Z_{m1...m5} = 1 16 · 5! λ_ασ^{αβ}_{m1...m5} λ_β (5.24) is the momenta canonically conjugate to the 126 tensorial central charge coordinates y^{m1...m5} .

It was demonstrated that the D = 10 model contains the local symmetries (first class constraints) and second–class constraints which reduce the number of the classical bosonic degrees of freedom to the ones described by the 16–component bosonic spinor λ_α and its momentum plus

11More precisely, in D = 3 ϕ(λa) = ψ(pm, sign(λ)), where sign(λ) denotes the sign factor (±1) of the bosonic spinor. This is a ‘parameter’ of the residual Z2 symmetry, whose action on λ does not change pm.

one Grassmann degree of freedom. In the quantum theory this is reflected in the dependence of the ‘momentum space representation’ of the wave function on 16 bosonic spinor variables and one Grassmann variable only.

Due to the identities (σ_m)_{(αβ}(σ^m)_{γ)δ} = 0 the D = 10 momentum (5.23) is light–like. Hence, the tensorial central charge momenta Z_{m1...m5} contain 16 − 9 = 7 additional degrees of freedom which are not determined by the light-like momentum.

We now show that these additional internal degrees of freedom parametrize an S^7 sphere. For this purpose we perform a Lorentz transformation to a frame where the light–like momentum (5.23) acquires the form P_m = (p, 0, 0, 0, 0, 0, 0, 0, 0, p). (5.25)

Then in this frame we make an SO(8) invariant split of the bosonic spinor λ̃_α

λ̃_α = ( Λ_q Σ_{q̇} ) , q = 1, . . .8, q̇ = 1, . . .8 (5.26)

and choose the SO(8) × SO(1, 1) covariant representation for the D=10 σ-matrices

σ^0_{αβ} = diag(δ_{qp}, δ_{q̇ṗ}) = σ̃^{0 αβ}, σ^9_{αβ} = diag(δ_{qp}, −δ_{q̇ṗ}) = −σ̃^{9 αβ}, σ^i_{αβ} = ( 0 γ^i_{qṗ} γ̃^i_{q̇p} 0 ) = −σ̃^{i αβ}, (5.27)

σ^{++}_{αβ} ≡ (σ^0 + σ^9)_{αβ} = diag( 2δ_{qp}, 0) = −(σ̃^0 − σ̃^9)^{αβ} = σ̃^{−− αβ},

σ^{−−}_{αβ} ≡ (σ^0 − Γ^9)_{αβ} = diag( 0, 2δ_{q̇ṗ}) = (σ̃^0 + σ̃^9)^{αβ} = σ̃^{++ αβ}.

In the frame (5.25) the Cartan-Penrose representation (5.23) looks as follows

Λ_q Λ_q = p, 2Σ_{q̇}Σ_{q̇} = 0, Λ_qγ^i_{qṗ}Σ_ṗ = 0 (5.28)

The general solution of eqs. (5.28) is

Σ_{q̇} = 0, ⇒ λ̃_α = ( Λ_q 0 ) , (5.29)

and the only nonvanishing component of the momentum (5.25) is given by the norm of the SO(8) spinor Λ_q p = Λ_q Λ_q. (5.30)

The expression (5.30) is invariant under the SO(8) rotations

Λ_q → Λ_pS_{pq}, S S^T = I.

But not all SO(8) transformations act on Λ_q effectively. Indeed, if one fixes the SO(8) gauge

Λ_q = ± √ p 0 . . . . . . . . . 0 (5.31)

one finds that i) this gauge is invariant under the SO(7) transformations, ii) any form of the spinor Λ_q can be obtained from (5.31) by a transformation from the coset space SO(8)/SO(7) isomorphic to the sphere S^7.

Thus, the 16 components of the bosonic spinor λ_α in D = 10 can be split into (double covering (λ ≃ −λ)) i) degrees of freedom which characterize the light-like momentum P_m, ii) 7 coordinates of the sphere S^7.

The variables parametrizing the sphere S^7 correspond to ‘helicity’ degrees of freedom of the quantum states of the massless D = 10 superparticle.

It is worth mentioning that the appearance of extra compact dimensions in the momentum spaces of the superparticle models considered above is related to the well known fact that in D = 3, 4, 6 and 10 the commuting spinors (twistors) with n = 2(D − 2) = 2, 4, 8 and 16 components parametrize, modulo scale transformations, S^1, S^3, S^7 and S^{15} spheres, respectively. These spheres are Hopf fibrations (fiber bundles) which are associated with the division algebras R, C, H and O. Their bases are the spheres S^1, S^2, S^4 and S^8, and the fibers are Z^2, S^1 = U(1), S^3 = SU(2) and S^7, respectively. The base spheres are parametrized (up to a scaling factor which, due to the Cartan-Penrose representation, is identified with the square of spinor components) by the light–like vectors (massless particle momenta) in D = 3, 4, 6 and 10, respectively. We see that the fibers are extra “momentum dimensions” which we have in our models with central charges (at a ≠ 0). This is the geometrical ground for the appearance of S^1 in D = 4 and S^7 in D = 10.

6 Conclusion and discussion

We have performed the detailed analysis and quantization of the massless superparticle model with tensorial central charges associated with twistor–like commuting spinors in space–times of dimension D = 3, 4, 6 and 10. The physical phase space degrees of freedom of this model have a natural description in terms of supertwistors which form a fundamental representation of a corresponding maximal supergroup of conformal type underlying the dynamics of the superparticle.

A peculiarity of the a = 1 model is that it possesses n = 2^{[ D}2^] − 1 κ–symmetries, while the standard massless superparticles have n = 2^{[ D}2^{]−1} κ–symmetries. The presence of such a large number of κ–symmetries in the a = 1 models means that the superparticle breaks only one of the 2^{[ D}2^] supersymmetries of the target space vacuum. This results in very short two– component supermultiplets describing the quantum states of the a = 1 superparticle, since the corresponding target space superfields depend only on one Grassmann coordinate. The existence of these short Lorentz–covariant superfields is made possible because the target superspace has been enlarged by commuting spinor coordinates, whose role is in singling out a ‘small’ covariant subsuperspace in the extended target superspace. Let us compare this situation with well known cases.

In the case of the ordinary massless superparticle in N=1, D=4 superspace the quantum states of the superparticle are described by a chiral scalar superfield [45]. The chirality constraint is a consequence of first–class fermionic constraints generating κ–symmetries. Consequently the chiral superfield effectively depends on only two Grassmann coordinates, which reflects the fact that the ordinary superparticle preserves half (i.e. two out of four) supersymmetries of N = 1, D = 4 superspace.

In the case of an N = 2, D = 4 superparticle in harmonic superspace [46] which also breaks half of the target space supersymmetries, SU(2)–harmonic variables allow one to pick a harmonic analytic subsuperspace out of the general N = 2, D = 4 superspace [47], and quantum states of the superparticle are described by analytic superfields which depend on four Grassmann coordinates singled out from the original eight Grassmann coordinates by the use of the harmonic variables.

In the analogous way, in the case of the generalized superparticle model (2.1), (5.3) at a = 1, when only one target space supersymmetry is broken, one finds a Lorentz covariant subsuperspace of the target superspace, which has only one Grassmann direction parametrized by the Lorentz scalar θ^αλ_α. The “short” superfields (4.36), (5.18), which exist only due to the presence of the auxiliary spinor variable, describe the quantum states of the generalized superparticle.

We have shown that in contrast to standard superparticles the considered model possesses additional compact phase–space variables which describe helicity degrees of freedom of the superparticle and which upon quantization parametrize infinite tower of free states with arbitrary (half)integer helicities. Due to this property it would be interesting to consider the possibility of treating our generalized superparticle model as a classical mechanics counterpart of the theory of higher–spin fields developed by M. Vasiliev [13]. Since the nontrivially interacting higher spin fields should live in a space–time of (anti)-de–Sitter geometry a natural generalization of the results of this paper would be to consider a superparticle model on supergroup manifolds describing isometries of corresponding AdS superspaces. For D = 4 the supergroup OSp(1|4) is the isometry of a D = 4 AdS superspace^{OSp(1|4)}_{SO(1,3)} which in addition to 4 bosonic directions has 4 Grassmann fermionic directions. Six bosonic coordinates corresponding to the group SO(1, 3) (which extends the coset superspace^{OSp(1|4)}_{SO(1,3)} to the supergroup manifold OSp(1|4)) are a non– Abelian generalization of the central charge coordinates of the D = 4 model considered above. It appears that our model with central charges can be regarded as an appropriate truncation of the OSp(1|4) model. Work in this direction is now in progress.

We should also remark that tensorial central charges are usually associated with brane charges, which are topological and take discrete (quantum) values. In contrast, in the superparticle models considered in this paper the central charges take continuous values and parametrize compact manifolds, while their Fourier conjugate coordinates are quantized.

Acknowledgements. The authors would like to thank J. de Azcarraga, K. Landsteiner, C. Preitschopf and M. Tonin for interest to this work and valuable discussions. Work of I.B. and D.S. was partially supported by the INTAS Grants N96–308 and N 93–493–ext.

APPENDIX

A1. Quantization of one fermionic degree of freedom by a ‘half-conversion’ prescription Here we shall present a method of quantizing a single fermionic variable alternative to that used in Subsection 3.1.4, but which leads to the same spectrum of quantum states.

Let us convert the second–class constraint (3.34) into the first–class constraint by introducing one more Clifford-like variable ξ^′ {ξ^′, ξ^′}_P = − i 2 . (6.1)

Using ξ^′ we replace (3.34) by the first class constraint

A ≡ ξ − iπ_{(ξ)} + 2ξ^′ = 0, {A, A}_P = 0, (6.2)

where instead of χ_1 of Eq. (3.34) we have introduced ξ = 2χ_1.

Let us quantize the model using the coordinate representation for the original Grassmann variable ξ ξ̂ = ξ, π̂_ξ = i ∂ ∂ξ and a real 2 × 2 matrix representation

ξ̂′ = 1 2 τ = 1 2 ( ∗ ∗ ∗ ∗ ) τ^2 = I (6.3)

for the new Clifford algebra valued variable ξ̂^′

ξ̂′^2 = 1/4.

Then the wave function is regarded as a column

Ψ_a = ( ϕ(ξ) ψ(ξ) ) (6.4)

and the quantum counterpart of the first class constraint (6.2) Â ≡ (ξ − ∂ ∂ξ )τ^′ + τ (6.5)

should be imposed on the wave function Â_{ab}Ψ_b ≡ [(ξ − ∂ ∂ξ ) τ^′_{ab} + τ_{ab}]Φ_b(ξ) = 0. (6.6)

In (6.5) and (6.6) the second 2 × 2 matrix

τ^′_{ab} = ( ∗ ∗ ∗ ∗ ) , (τ^′)^2 = I (6.7)

was introduced. It is required to ensure the anticommutativity of the Grassmann and Clifford part of the first class constraint (6.6). Indeed, let us calculate the square of the quantum constraint (6.5)

Â^2 ≡ 1 2 {Â, Â} = τ^2 + (ξ − ∂ ∂ξ )^2(τ^′)^2 + (ξ − ∂ ∂ξ ){τ^′, τ}. (6.8)

Since (ξ − ∂ ∂ξ )^2 = 1 2 {(ξ − ∂ ∂ξ ), (ξ − ∂ ∂ξ )} = −1 (6.9) and τ^2 = I = (τ^′)^2, one easily finds that the first two terms in (6.8) cancel and arrives at

Â^2 = (ξ − ∂ ∂ξ ) 1 2 {τ^′, τ}. (6.10) The last input vanishes if and only if {τ^′, τ} = 0. This result can not be reached if one chose τ^′ to be the unit matrix. τ and τ^′ can be chosen to be two Pauli matrices.

Let us stress that the necessity to introduce the second matrix τ^′ is a peculiarity of the quantization of the odd number of Clifford variables. τ^′ can be the unit matrix in the case of even number of Clifford variables (see e.g. [48] and references therein).

To fix the representation for the matrices τ and τ^′ one has to note that the conservation of the Grassmann parity in the form of the first class constraint (6.6) requires that • The components ϕ(ξ) and ψ(ξ) of (6.3) must have different Grassmann parity. For instance, if we choose ϕ(ξ) to be bosonic superfield then ψ(ξ) is fermionic.

• If the diagonal representation is chosen for one of the matrices, say τ^′, then another matrix τ is antidiagonal.

Taking these in mind we choose

τ^′ = τ_3 ≡ ( 1 0 0 −1 ) , τ = τ_1 ≡ ( 0 1 1 0 ) . (6.11)

Then the quantum constraints (6.6) acquire the form

Â_{ab}Ψ_b ≡ ( (ξ −^∂_{∂ξ} ) 1 1 −(ξ −^∂_{∂ξ} ) ) ( ϕ(ξ) ψ(ξ) ) b = ( (ξ −^∂_{∂ξ} )ϕ(ξ) + ψ(ξ) ϕ(ξ) − (ξ −^∂_{∂ξ} )ψ(ξ) ) = 0, (6.12)

which splits into two equations (ξ − ∂ ∂ξ )ϕ(ξ) = −ψ(ξ), (6.13) ϕ(ξ) = (ξ − ∂ ∂ξ )ψ(ξ) Using (6.9), we notice that the second equation is a consequence of the first one. The first equation (ξ − ∂ ∂ξ )ϕ(ξ) = −ψ(ξ) (6.14)

expresses the fermionic superfield through the bosonic one. I.e. if we write ϕ(ξ) in components ϕ(ξ) = ϕ_0 + iξψ_1, then from eq. (6.14) it follows that ψ(ξ) = iψ_1 − ξϕ_0.

Thus, we can represent the spectrum of states carrying one Clifford degree of freedom by one (either bosonic or fermionic) superfield ϕ(ξ) depending on the single Grassmann variable ξ ξ^∗ = ξ, ξ^2 = 0.

This result is in accordance with that of Subsection 3.1.4 (see also [27]), and both methods of quantizing a single fermionic variable result in the same field content of quantum states (one boson and one fermion).

A2. Quantization of the high-dimensional model with the use of conversion

Here we present some details of getting the wave function (5.18) from the converted system of constraints (5.14), (5.15) and (5.16) describing the high-dimensional generalization of the first–quantized a = 1 model.

Let us choose the (super)coordinate representation for supercoordinates and bosonic spinors P̂_{αβ} = −i ∂ ∂X^{αβ} , P̂^α_{(λ̃)} = −i ∂ ∂λ̃^α , (6.15)

π̂_α = i ∂ ∂Θ^α (6.16)

and use the 2 × 2 matrix representation

ξ̂ = 1 2 τ_2 = ( 0 1 1 0 ) , {ξ̂, ξ̂} = 1 2 . (6.17)

for the Clifford variable ξ.

Then the the wave function is a column

Ψ_a = Ψ_a(X^{αβ}, λ̃_β) = ( ϕ(X^{αβ}, λ̃_β, ρ̃_γ) ψ(X^{αβ}, λ̃_β) ) (6.18)

with the elements carrying opposite Grassmann parity (e.g. ϕ is bosonic and ψ is fermionic) and the quantum first class constraints (5.14), (5.15), (5.16) should be taken in the form

^̃Φ_{αβ} = −i(∂_{βα} − iλ̃_αλ̃_β) I (6.19)

^̃D_α = D̂_α + λ̃_αξ̂ = i(∂_α − iΘβ∂_{βα})τ_3 + λ̃_ατ_2). (6.20)

The incorporation of the τ_3 matrix is necessary to provide the properties of the first class constraints to form the closed algebra

{ ^̃D_α, ^̃D_β} = −2i^̃Φ_{αβ}. (6.21)

This is a peculiarity of the quantization of the models with odd number of phase space Grassmann variables (see section A1. of this Appendix).

The further steps of the quantization procedure exactly repeat the steps of the D = 4 case (see Section 4). The wave function describing the spectrum of the quantum states is

Ψ̃_a = e^i_2^{λ̃}α^{λ̃}β^{Xαβ} ( Ψ(λ̃_a, Θλ) −i (∂_χ + χ) Ψ(λ̃_a, Θλ). ) (6.22)

As the second element in the column is expressed through the first one, we can describe the spectrum of the quantum states by the single superfield (5.18) depending on bosonic λ̃_α and fermionic χ = (Θλ).

References

[1] I. Bandos, J. Lukierski, Tensorial central charges and new superparticle models with fundamental spinor coordinates, hep-th/9811022, Mod. Phys. Lett. A, in press New Superparticle Models Outside the HLS Supersymmetry Scheme, hep-th/9812074, To be published in the Proceedings of 12-th Max Born Symposium: Theoretical Physics - Fin de Siecle, held 24-27.09.1998 in Wroclaw (Poland), ed. by A. Borowiec, B. Jancewicz, W. Karwowski and W. Cegla, Springer Verlag, in press.

[2] J. van Holten and A. van Proyen, J.Phys. A15 (1982) 3763.

[3] P.K. Townsend, P-brane democracy, hep-th/9507048; Four lectures on M–theory, hepth/9612121; M-theory from its superalgebra, hep-th/9712004. D. Sorokin and P.K. Townsend, Phys. Lett. B412 (1997) 265.

[4] I. Bars, Phys. Lett. B373, 68 (1996); Phys.Rev. D54 (1996) 5203;

I. Bars, C. Deliduman, D. Minic, Supersymmetric Two-Time Physics, hep-th/9812161. [5] S.F. Hewson and M.J. Perry, Nucl.Phys. B492 (1997) 249;

S.F. Hewson, Nucl.Phys. B501 (1997) 445; An approach to F–theory, hep-th/9712017. [6] P. d‘Auria and P. Fré, Nucl.Phys. B201 (1982) 101. [7] E. Sezgin, Phys.Lett. B392 (1997) 323.

[8] I. Rudychev and E. Sezgin, Phys.Lett. B415 (1997) 363-370; Addendum-ibid. B424 (1998) 411-412, hep-th/9711128.

[9] A. Ferber, Nucl.Phys. B132 (1978) 55. [10] T. Shirafuji, Progr.Theor.Phys. 70 (1983) 18. [11] J. Lukierski, Lett.Nuov.Cim. 24 (1979) 309;

W. Heidenreich and J. Lukierski, Mod.Phys.Lett. A5 (1990) 439.

[12] C.Fronsdal in ”Essays on Supersymmetry”, ed. C.Fronsdal, Reidel Publ. Comp., Math.

physics Studiesa Vol.8, 1986, p.164.

[13] M. A. Vasiliev, Phys. Lett. B243 (1990) 378; Class. Quantum Grav. 8 (1991) 1387; Phys.

Lett. B285 (1992) 225. Int. J. Mod. Phys. D5 (1996) 763.

[14] S.J. Gates, S.M. Kuzenko and A.G. Sibiryakov, Phys. Lett. B 394 (1997) 343, A. Pashnev and M. Tsulaya, Mod. Phys. Lett. A12 (1997) 861.

[15] L. Faddeev, Phys. Lett. B145 (1984) 81 [16] L. Faddeev and S. Shatashvili, Phys. Lett. B167 (1986) 225. [17] I.A. Batalin and F.S. Fradkin, Nucl. Phys. B279 (1987) 514.

[18] I. A. Batalin, E. S. Fradkin and T. E. Fradkina, Nucl. Phys. B314 (1989) 158-174. [19] E.Sh. Egorian and R. P. Manvelian, BRST quantization of hamiltonian systems with second class constraints Preprint YERPHI-1056-19-88, Feb 1988. 11pp., BRST quantization of hamiltonian systems with first and second class constraints, YERPHI-1160-37-89, May 1989. 18pp. Theor.Math.Phys. 94 (1993) 173-181.

[20] M. Moshe, in “Frontiers in Particle Physics”, Proc. of John Hopkins Workshop in Particle Theoory, Lanczou, June 1987, ed. Yi-Shi Duan, G. Domokos and S.Kovesi-Domokos, World Scientific, Singapore, 1987 [21] Y. Eisenberg and S. Solomon, Nucl. Phys. B309 (1988) 709. [22] Y. Eisenberg and S. Solomon, Phys. Lett. B220 (1989) 562. [23] Y. Eisenberg, Mod. Phys. Lett. 4A (1989) 195.

[24] E.G. Stueckelberg, Helv. Phys. Acta 30 (1957) 209.

[25] J.A. de Azcarraga and J. Lukierski, Zeitschr. Phys. C: Particle and Fields 30 221 (1986) 170;

W. Siegel, Phys.Lett. B128 (1983) 397.

[26] I. Bandos, A. Maznytsia, I. Rudychev and D. Sorokin, Int. J. Mod. Phys. A12 (1997) 3259. [27] D. Sorokin, Preprint ITP-159, Kiev, 1988 (unpublished). [28] P.K. Townsend, Phys.Lett. B261 (1991) 65.

[29] M. Green, J. Schwarz and E. Witten, Superstring Theory, V.1,2, Cambridge University Press, 1987.

[30] P.A.M. Dirac, Lectures on Quantum Mechanics, Academic Press, NY 1967. [31] J.A. de Azcarraga and J. Lukierski, Phys. Rev. D28 (1983) 1337. [32] T. Curtright, Phys. Rev. Lett. 60 (1988) 393. [33] R. Penrose, M.A.H. MacCallum, Phys.Rept. 6 (1972) 241–316 [34] E. Newman and R. Penrose, J.Math.Phys. 3 (1962) 56.

[35] I. A. Bandos, Sov. J. Nucl. Phys. 51 (1990) 906; JETP. Lett. 52 (1990) 205;

I.A. Bandos, A.A. Zheltukhin, Fortschr. Phys. 41 (1993) 619.

[36] S.O. Fedoruk, V.G. Zima, Covariant Quantization of d=4 Brink-Schwarz Superparticle with Lorentz Harmonics, hep-th/9409117, Theor.Math.Phys. 102 (1995) 305.

[37] I.M. Gelfand, M.I. Graev and N. Ya. Vilenkin, Generalized Functions, Vol. 5 (Academic Press. NY. 1966).

[38] J.A. de Azcarraga and J. Lukierski, Phys. Rev. D28 (1983) 1337. [39] P. C. West, Supergravity, Brane Dynamics and String Duality, hep-th/9811101. [40] P.K. Townsend, Phys.Lett. B261 (1991) 65. [41] R. Casalbuoni, Nuovo Cim. 33A (1976) 389.

[42] A. I. Pashnev and D. V. Volkov, Theor. Math. Phys. 44 (1980) 321. [43] L. Brink and J. Schwarz, Phys. Lett. 100B (1981) 310. [44] P.K. Townsend, Phys.Lett. B277 (1992) 285;

E. Bergshoeff, J.A.J. London, P.K. Townsend, Class.Quantum Grav. 9 (1992) 2545; E. Bergshoeff and P. K. Townsend, Nucl. Phys. B531 (1998) 226.

[45] L. Lusanna, Relativistic mechanics with constraints and pseudoclassical models for supersymmetry. Supersymmetry and supergravity 1983: proceedings. Edited by B. Milewski. World Scientific, 1983 p.485.

[46] V. P. Akulov, I. A. Bandos and D. P. Sorokin, Mod. Phys. Lett. A3 (1988) 1633. [47] A. Galperin, E. Ivanov, S. Kalitzin, V. Ogievetsky and E. Sokatchev, Class. Quantum Grav.

1, 498 (1984); Class. Quantum Grav. 2, 155 (1985). [48] V. D. Gershun and V. I. Tkach, JETP Letters 29 (1979) 320.