hep-th/9904183 v2 7 Oct 1999

Topologically Massive Abelian Gauge Theory From BFT Hamiltonian Embedding of A First-order Theory

E. Harikumar and M. Sivakumar^{∗∗} School of Physics University of Hyderabad Hyderabad, Andhra Pradesh 500 046 INDIA.

Abstract

We start with a new first order gauge non-invariant formulation of massive spin-one theory and map it to a reducible gauge theory viz; abelian

B^F theory by the Hamiltonian embedding procedure of Batalin, Fradkin

and Tyutin(BFT). This equivalence is shown from the equations of motion of the embedded Hamiltonian. We also demonstrate that the original gauge non-invariant model and the topologically massive gauge theory can both be obtained by suitable choice of gauges, from the phase space partition function of the emebedded Hamiltonian, proving their equivalence. Comparison of the first order formulation with the other known massive spin-one theories is also discussed.

Typeset using REVTEX

∗∗ Electronic address: mssp@uohyd.ernet.in

I. Introduction

The construction and the study of massive spin-1 theories which are also gauge invariant has a long history [1], the well-known example being models with Higgs mechanism. Since the existence of Higgs particle has not yet been experimentally verified, it prompts a closer look at other models wherein mass and gauge invariance coexist. One such model which is currently being studied is the topological mechanism for gauge invariant mass for spin-one particle without a residual scalar field, wherein vector and tensor (2-form) fields are coupled in a gauge invariant way by a term known as B∧F term [2]. The Lagrangian for this model (for Abelian case) is given by L = − 1 4 F_{μν} F^{μν} + 1 2 · 3! H_{μνλ}H^{μνλ} + 1 4 ϵ_{μνλσ}B^{μν} F^{λσ}, (1) where H_{μνλ} = ∂_μB_{νλ} + cyclic terms. This Lagrangian is invariant under

A_μ → A_μ + ∂_μλ, (2) B_{μν} → B_{μν} + (∂_μλ_ν − ∂_ν λ_μ). (3)

A similar construction has also been made for non-Abelian theory [3].

The invariance of B_{μν} when λ_μ = ∂_μω, in (3) necessitates the introduction of ghost for ghost terms in BRST quantization of the B∧F theory [4]. It can also be seen in the constraint quantization where this invariance makes the generators of gauge transformation linearly dependent [5]. This theory shows a similar constraint structure as that of massless Kalb-Ramond theory in the existence of first stage reducible constraint [6].

The purpose of this paper is to construct a new first-order formulation of massive spin-one theory involving vector and 2-form fields (see eqn (8) below), which is gauge non-invariant and by following the idea of Hamiltonian embedding due to Batalin, Fradkin and Tyutin (BFT) [7], we show that the resulting theory is equivalent to B∧F theory

(1). Thus we have a novel representation of the abelian B∧F theory in terms of a gauge non-invariant first order formulation.

The motivation for this study is two fold. One is that the B∧F theory, in addition to being a candidate as an alternate for Higgs mechanism also appears in diverse areas like condensed matter physics [8] and black-holes [9]. Hence a model which is an equivalent realization of it has potential applications. The other is that the Hamiltionian emebedding procedure, employed here, by itself is of current interest. Several models like abelian and non-abelian self-dual model in 2+1 dimensions, abelian and non-abelian Proca theories have been studied in detail in recent times applying the BFT procedure [10]. Here we apply it, along the lines of [11] to demonstrate the equivalence between self-dual model and Maxwell-Chern-Simons theory, to establish the equivalence of this gauge non-invariant theory (8)to the reducible gauge theory (1). We work with g_{μν} = diag (1 − 1 − 1 − 1) and ϵ_{0123} = 1

In order to compare our formulation with the other known formulations of massive spin-1 theories, we first recollect them. The earliest formulation is in the form of a first order relativistic wave equation due to Duffin-Kemmer -Petiau(DKP) [12], which is given by

(iβ^μ∂_μ + m)ψ = 0 , (4)

where ψ is a 10 dimensional column vector and β_μ are 10×10 hermitian matrices obeying,

β_μβ_ν β_λ + β_λβ_ν β_μ = g_{μν} β_λ + g_{λν} β_μ. (5)

The other well-known theory is that of Proca Lagrangian, L = − 1 4 F_{μν} F^{μν} + m^2 2 A_μA^μ (6)

There is, another formulation involving 2-form field [13] given by

L = 1 12 H_{μνρ}H^{μνρ} + m^2 4 B_{μν} B^{μν} , (7) where H_{μνρ} = ∂_μB_{νρ} + cyclic terms.

Both these formulations (6, 7) can be made gauge invariant by adding suitable Stückelberg fields to compensate for the gauge variations of the mass terms, the compensating fields being scalar and vector fields for the Lagrangians (6 and 7) respectively [14]. It should be pointed out that the Stückelberg formulations of both these theories are equivalent by duality transformation to B∧F theory [15].

The new first order Lagrangian describing massive spin-1 theory involving a one form and a two form fields, which is proposed and studied in this paper, is given by L = − 1 4 H_{μν} H^{μν} + 1 2 G_μG^μ + 1 2m ϵ_{μνλσ}H^{μν} ∂^λG^σ . (8) This Lagrangian obviously has no gauge-invariance. The field equations following from this Lagrangian are − H_{μν} + 1 m ϵ_{μνλσ} ∂^λG^σ = 0, (9) and G_μ + 1 2m ϵ_{μνλσ} ∂^ν H^{λσ} = 0. (10)

From these equations, it follows that

∂_μH^{μν} = 0, (11) and ∂_μG^μ = 0. (12)

The fact that the above Lagrangian describes a massive spin−1 theory can be easly seen by rewriting the coupled equations of motion (using the conditions (11) and (12)) as

(2 + m^2)Hμν = 0, (13)

or alternatively

(2 + m^2)Gμ = 0. (14)

Since the equation of motion (14) along with the constraint (12) follows from Proca Lagrangian, we should expect the latter to emerge from the above Lagrangian (8). Indeed by integrating out H_{μν} from the Lagrangian (8), Proca Lagrangian (6) is obtained. Similarly, by eliminating G_μ from the Lagrangian (8) we arrive at the Lagrangian (7). It is natural to ask how this Lagrangain (8) is different from the first-order formulation of Lagrangians (6, 7).

The standard first-order form of Proca Lagrangian is given by L = 1 4 B_{μν} B^{μν} + 1 2 B_{μν} F^{μν} + m^2A_μA^μ. (15)

Here, by eliminating the linearzing field B_{μν} , we get back to the Proca Lagrangian (6). But eliminating A_μ will not lead to the Lagrangian (7) for 2-form fields. Similarly, the standard first order form corresponding to the Lagrangian (7) is L = − 1 2 · 3! C_{μνλ}C^{μνλ} − 1 3! C_{μνλ}H^{μνλ} + m^2B_{μν} B^{μν} . (16) Here, too, eliminating B_{μν} from the above Lagrangian will not lead to the Proca Lagrangian involving 1-form (6).

It should be stressed that (8) is different from the standard first-order formulations (15, 16), by being the first-order formulation for both (6) and (7).

The first order field equations (9) and (10) can be rewritten as

(β_μ∂^μ + m) ψ = 0 , (17)

where ψ is a 10 dimensional column vector whose elements are the independent components of G_μ and H_{μν} . But here the β_μ matrices are not found to obey the DKP algebra (5).

This paper is organised as follows: In section II, Hamiltonian embedding of the Lagrangian (8) is constructed along the lines of BFT and the embedded Hamiltonian is shown to be equivalent to that of B∧F theory. Section III shows the equivalence in phase space path integral approach using the embedded Hamiltonian. Finally we end up with conclusion.

II. Hamiltonian Embedding

We start with the Lagrangian (8), with the last term expresed in a symmetric form as L = − 1 4 H_{μν} H^{μν} + 1 2 G_μG^μ + 1 4m ϵ_{μνλσ}H^{μν} ∂^λG^σ − 1 4m ϵ_{μνλσ}∂^μH^{νλ}G^σ . (18) This Lagrangian can be re written as L = 1 4m ϵ_{0ijk}H^{ij} ∂^0G^k − 1 4m ϵ_{oijk}∂^0H^{ij} G^k − H_c (19) where H_c, the Hamiltonian density following from the above Lagrangian (19) is H_c = 1 4 H_{ij} H^{ij} − 1 2 G_iG^i + H_{0i} (1 2 H^{0i} − 1 m ϵ^{0ijk}∂_j G_k ) − 1 2 G_0 ( G^0 + 1 m ϵ^{0ijk}∂_iH_{jk} ) , (20) The primary constraints are Π_0 ≈ 0, (21) Π_{0i} ≈ 0, (22) Ω_i ≡ ( Π_i − 1 4m ϵ_{0ijk}H^{jk} ) ≈ 0, (23) Λ_{ij} ≡ ( Π_{ij} + 1 2m ϵ_{0ijk}G^k ) ≈ 0, (24) The persistence of the primary constraints leads to secondary constraints, Λ ≡ ( G_0 + 1 2m ϵ_{0ijk}∂^iH^{jk} ) ≈ 0, (25) Λ_i ≡ ( −H_{oi} + 1 m ϵ_{0ijk}∂^j G^k ) ≈ 0. (26)

The non-vanishing poisson brackets between these linearly independent constraints are {Π_0(⃗x), Λ(⃗y)} = −δ(⃗x − ⃗y), (27) { Π_{0i}(⃗x), Λ^j (⃗y) } = δ^j_i δ(⃗x − ⃗y), (28) {Ω_i(⃗x), Λ_j (⃗y)} = 1 m ϵ_{0ijk}∂^kδ(⃗x − ⃗y), (29) {Ω_i(⃗x), Λ_{jk}(⃗y)} = − 1 m ϵ_{oijk}δ(⃗x − ⃗y), (30) {Λ_{ij} (⃗x), Λ(⃗y)} = 1 m ϵ_{oijk}∂^kδ(⃗x − ⃗y). (31) Thus all the constraints are second class as expected of a theory without any gauge invariance. Note that the constraints Ω_i and Λ_{ij} are due to the symplectic structure of the Lagrangian (8). Following Fadeev and Jackiw [16], the symplectic conditions, which are not true constraints, are implemented strongly leading to the the modified bracket, {G_i(⃗x), H_{jk} (⃗y)} = −mϵ_{0ijk}δ(⃗x − ⃗y). (32) Consequently Ω_i and Λ_{ij} are implemented strongly.

Now we enlarge the phase space by introducing canonically conjugate auxiliary pairs (α, Π_α, p_i, and q_i) and modify the remaining second class constraints such that they are in strong involution, i.e., have vanishing Poisson brackets. To this end, we define the non-vanishing Poisson brackets among the new phase space variables to be {α(⃗x), Π_α(⃗y)} = δ(⃗x − ⃗y), (33) { q^j (⃗x), p_i(⃗y) } = δ^j_i δ(⃗x − ⃗y). (34) The modified constraints which are in strong involution read ω = Π_0 + α , (35) Λ^′ = Λ + π_α, (36) θ_i = Π_{0i} + q_i (37) Λ^′_i = Λ_i − p_i. (38)

Following the general BFT procedure we construct the Hamiltonion which is weakly gauge invariant and is given by H_{GI} = ∫ d^3x [ H_c + 1 2 Π_a^2 + α∂^iG_i − 1 2 (∂^iα)(∂_iα) − 1 2 p_ip^i − 1 2 q_{ij} H^{ij} + 1 4 q_{ij} q^{ij} ] , (39)

where q_{ij} = (∂_iq_j − ∂_j q_i). The Poisson brackets of modified constraints with H_{GI} are

{ω, H_{GI} } = Λ^′, (40) {Λ^′, H_{GI} } = 0, (41) {θ_i, H_{GI} } = Λ^′_i, (42) {Λ^′_i, H_{GI} } = 0. (43)

Thus all the modified constraints are in involution with the H_{GI} as one can easily see from their Poisson brackets. The gauge transformations generated by these first class constraints (35 to 38) are { G^0, ∫ d^3xωθ̃ } = θ̃, { Π_a, ∫ d^3xωθ̃ } = −θ̃, { H_{0i}, ∫ d^3xθ_iψ^i } = ψ_i, { p_i, ∫ d^3xθ_iψ^i } = −ψ_i, { G_i, ∫ d^3xΛ^′θ̃ } = −∂_iθ̃, { α, ∫ d^3xΛ^′θ̃ } = θ̃, { H_{ij} , ∫ d^3xΛ^′_iψ^i } = −(∂_iψ_j − ∂_j ψ_i), { q_i, ∫ d^3xΛ^′_j ψ^j } = −ψ_i. (44)

Thus the combinations

Ḡ_0 = G_0 + Π_a,

Ḡ_i = G_i + ∂_iα, H̄_{oi} = H_{oi} + p_i, H̄_{ij} = H_{ij} − q_{ij}. (45)

are gauge invariant under the transformation generated by the first class constraints (35 to 38). Next we re-express gauge invariant Hamiltonian density H_{GI} in terms of these gauge invariant combinations, H_{GI} = 1 4 H̄_{ij}H̄^{ij} − 1 2 H̄_{oi}H̄^{oi} − 1 2 Ḡ_iḠ^i + 1 2 Ḡ_0Ḡ^0 − G_0Λ̄^′ − H^{0i}Λ̄^′_i, (46)

where Λ̄^′ and Λ̄^′_i are the constraints Λ^′ and Λ^′_i expressed in terms of the gauge invariant combinations (45).

The equations of motion following from this Hamiltonian (46) are,

Ḡ_0 + 1 2m ϵ_{0ijk}∂^iH̄^{jk} = 0, Ḡ_i + 1 2m ϵ_{iμνλ}∂^μH̄^{νλ} = 0, (47) −H̄_{0i} + 1 m ϵ_{0ijk}∂^j G^k = 0, −H̄_{ij} + 1 m ϵ_{ijμν} ∂^μG^ν = 0. (48)

These equations can be expressed in a covariant way, i.e.,

Ḡ_μ + 1 2m ϵ_{μνλσ} ∂^νH̄^{λσ} = 0, (49) −H̄_{μν} + 1 m ϵ_{μνλσ}∂^λḠ^σ = 0. (50)

From these equations it follows that ∂^μḠ_μ = 0 and ∂^μH̄_{μν} = 0. These also follow as the Hamiltonian eqations of motion for Ḡ_0 and H̄_{0i}, respectively. The gauge invariant solution for these equations which also satisfy the divergenless condition for Ḡ_μand H̄_{μν} are

Ḡ_μ ≡ H̃_μ = 1 3! ϵ_{μνλσ}H^{νλσ} , H̄_{μν} ≡ F̃_{μν} = 1 2 ϵ_{μνλσ}F^{λσ}. (51) where H^{μνλ} = ∂^μB^{νλ} + cyclicterms and F_{μν} = (∂_μA_ν − ∂_ν A_μ).

Now, by substituting back the solutions for Ḡ_μ and H̄_{μν} in H_{GI} (46), the involutive Hamiltonian density becomes H_{GI} = 1 4 F_{ij} F^{ij} − 1 2 F_{0i}F^{0i} + 1 4 H_{0ij} H^{0ij} − 1 2 · 3!

H_{ijk} H^{ijk} + G_0Λ̃ − H_{0i}Λ̃^i (52) where Λ̃ = (^1_{3!} ϵ_{0ijk}H^{ijk} −^1_m ∂^iF_{0i}) and Λ̃^i = (−^1_2ϵ_{0ijk}F^{jk} +^1_4 ∂^jH_{0ij} ). With 1 2 ϵ_{0ijk}F^{jk} = B_i, F_{0i} = − E_i, 1 3! ϵ_{0ijk}H^{ijk} = B̄, and 1 2 ϵ_{0ijk}H^{0jk} = Ē_i, (53) H_{GI} becomes, H_{GI} = 1 2 ( E^2 + B^2 ) + 1 2 ( Ē^2 + B̄^2 ) + G_0Λ̃ − H_{0i}Λ̃^i (54) This is the Hamiltonian following from the B∧F Lagrangian (1). Note that Λ̃ and Λ̃^i are the Gauss law constraints for the B∧F theory. The latter, which was an irreducible constraint in terms of gauge invariant combination becomes a reducible constraint when expressed in terms of the solutions (51), obeying ∂^iΛ̃_i = 0. By substituting back the solutions for Ḡ_μ and H̄_{μν} into the equations of motion follwing from H_{GI} (49, 50), they become − ∂^ν F_{μν} + m 3! ϵ_{μνλσ} H^{νλσ} = 0, (55) ∂^λH_{μνλ} − m 2 ϵ_{μνλσ}F^{λσ} = 0, (56) which are the same equations as the one following from the B∧F theory. Thus under BFT embedding, the fields appearing in the original Hamiltonian (20) get mapped to gauge invariant combinations (45) of the embedded Hamiltonian-H_{GI} (46). The solutions to the equations of motion follwing from H_{GI} uniquely map the embedded Hamiltonian to that of B∧F theory. Also the irreducible constraints Λ_i and Λ in the original Hamiltonian (20) get mapped to the reducible constraint Λ̃_i and Λ̃ respectively.

III. Phase Space Path Integral Approach

The equivalence of the theory described by the Lagrangian (8) to B∧F theory can also be established using phase space path integral method. By suitable choice of gauge fixing conditions, the partition function of the embedded model can become that of original massive spin-1, gauge non-invariant theory or that of B∧F theory, proving their equivalence.

The partition function for the embedded model described by the Hamiltonian (39) is Z_{emb} = ∫ Dηδ(ω)δ(θ_i)δ(Λ^′)δ(Λ^′_i) δ(ψ_i) exp i ∫ d^4x L, (57) where we have omitted the trivial Fadeev-Popov determinant for the gauges chosen below. The measure is, Dη = DΠ_0DΠ_{oi}DΠ_αDαDp_i Dq_iDG_μDH_{μν} , and L = Π_0Ġ^0 + Π_{0i}Ḣ^{0i} + Π_αα̇ + p_iq̇^j + 1 4m ϵ_{0ijk}H^{ij} ∂^0G^k − 1 4m ϵ_{oijk}G^i∂^0H^{jk} − H_{GI} (58) where H_{GI} is the invariant Hamiltonian given in (39); δ(ψ_i) are the gauge fixing conditions coresponding to the first class constraints of the embedded model. Now we have twenty two independent phase space variables (remember Π_i, and Π_{ij} are not independent degrees of freedom) along with the eight first class constraints giving the correct degrees of freedom required for a massive spin-one theory.

Choosing the gauge fixing conditons δ(ψ_i) = δ(Π_0)δ(Π_{0i})δ(Λ)δ(Λ_i), (59)

and integrating out the canonical conjugate variables α, Π_α, q_i and p_i and momenta Π_0 and Π_{0i} from the partition function reduces Z_{emb} to Z = ∫ DG_μ DH_{μν} δ(Λ)δ(Λ_i)exp i ∫ d^4x L, (60) where L is the original first order Lagrangian (8), with the Gauss law constraints impossed through δ(Λ) and δ(Λ_i). Note that the original second class constraints are the gauge fixing conditions (59).

Next we choose the gauge fixing conditions as

δ(ψ_i) = δ(∂^iH_{0i})δ(∂^iq_i)δ(χ_i)δ(χ_{ij} ), (61) where

χ_i = (G_i − 1 m ϵ_{0ijk}∂^j H^{0k}) (62) χ_{ij} = (H_{ij} − 1 m ϵ_{0ijk}∂^kG^0), (63) to show the equivalence of the embedded model to the B∧F theory. Owing to the constraints ω and θ_i, the DΠ_0, DΠ_{0i}, integrations are trivial. The DΠ_α, and Dp_i integrations along with the constraints δ(Λ^′), and δ(Λ^′_i) lead to the terms −^1_{4m2} G_{ij} G^{ij} and^1_{2·3!}H_{ijk} H^{ijk} in the exponent. Using the fact that ∂^iG_i = 0 and ∂^iH_{ij} = 0 on the constraint surface of χ_i and χ_{ij} and the gauge fixing conditions δ(∂^iq_i) and δ(∂^iH_{0i}), we carry out the integrations over Dq_i and Dα, which are just Gaussian. Thus the Lagrangian in the partition function becomes, L = 1 2m ϵ_{0ijk}∂^0G^iH^{jk} − 1 4m^2 G_{ij} G^{ij} + 1 2 · 3!m^2 H_{ijk} H^{ijk} − 1 2m^2

G_{0i}G^{0i} + 1 4m^2 H_{0ij} H^{0ij} − 1 4 H_{ij} H^{ij} + 1 2 G_iG^i − 1 2m^2

H_{0i}∇^2H^{0i} + 1 2m^2

G_0∇^2G^0 . (64)

After using the constraints (62, 63) and the conditions ∇^2H_{0i} = −^m_2 ϵ_{0ijk}G^{jk} and ∇^2G_0 =^m_2 ϵ_{0ijk}∂^iH^{jk} implied by (62, 63), the partition function becomes, Z = ∫ DA_μDB_{μν} δ(χ_i)δ(χ_{ij}) exp i ∫ d^4x L (65)

where L, with the identifications 1 m G_μ = A_μ, (66) 1 m H_{μν} = B_{μν} (67)

is the Lagrangian of B∧F theory(18). The constraints χ_i and χ_{ij} , in terms of A_μ and B_{μν} become,

χ_i = (mA_i − ϵ_{0ijk}∂^jB^{0k}), (68) and χ_{ij} = (mB_{ij} − ϵ_{0ijk}∂^kA^0) (69)

χ_i and χ_{ij} which are the gauge fixing conditions for the linearly independent generators θ_i and Λ^′_i, now play the role of Gauss law constraints of the B∧F theory. Now

∇^2B_{0i} = − m 2 ϵ_{0ijk}F^{jk}, (70) and ∇^2A_0 = m 2 ϵ_{0ijk}∂^iB^{jk}, (71) (F_{jk} = ∂_j A_k − ∂_k A_j), are the Gauss law constraints in the gauge χ_i = 0 and χ_{ij} = 0. Since θ_i is not a reducible constraint, coresponding gauge fixing condition is also not reducible; but it implies the reducible Gauss law constraint (70) present in the B∧F theory. It is interesting to note the complimentary behavior of Gauss law constraints which comes as the gauge fixing conditions in the partition function for the embedded model.

Conclusion

In this paper we have started with a new first order formulation of massive spin-one theory which is gauge non-invariant and converted it to a theory with only first class constraints following the line of Hamiltonian embedding of BFT. We showed that the embedded Hamiltonian is equivalent to the Hamiltonian of B∧F theory. This was shown both from the solutions of equations of motion following from the embedded Hamiltonian and from the phase space path integral in a suitable gauge. We also point out how an irreducible constraint of the first order theory gets mapped to the reducible constraint of the B∧F theory. It should be pointed out that the first-order lagrangian (8) and its equivalence to topologically massive gauge theory are both new results.

A similar first order Lagrangian can be formulated for massive spin-zero particle, but now involving a 3-form and a scalar fields as L = − 1 2 · 3! C_{μνλ}C^{μνλ} − 1 2 ϕϕ + 1 4! m ϵ_{μνλσ} C^{μνλσ}ϕ, (72) where C_{μνλσ} = ∂_μC_{νλσ} + cyclic terms. Interestingly here the field content is the same as that of DKP formulation of spin-zero theory.

The equivalence demonstrated here is of the same nature as that between self-dual model [17] and Maxwell-Chern-Simmon theory in 2 + 1 dimensions, shown in [11]. The behavior of the fields of the embedded Hamiltonian here is the same as that of 2 + 1 dimension self-dual model; viz, the gauge variant fields of the embedded model can be mapped to the fundamental fields of the B∧F theory or that of the original model. Despite this similarity, model in (8) is different from the self-dual model. The latter describes only half the degrees of freedom compared to that of massive spin-one theory in 2+1 dimensions and consequently is equivalent to the parity violating Maxwell-Chern- Simmon theory. Also the self-duality condition is possible only in 4k − 1 dimensions. But the former describes all the three states of polarization needed for massive spin-one particle and also this construction is possible in all dimensions and has a even-parity mass term. Owing to the even-parity mass term described by this model, the 2 + 1 dimensional non-abelian generalization of (8) may be related to the recently constructed Jackiw-Pi model [18]. The self-dual model and Maxwell-Chern-Simmon correspondence has proved to be useful in Bosonization in 2 + 1 dimensions [19]. It should be interesting to see similarly if the equivalence proved here has a role in studying Bosonization in 3+1 dimensions. It is also interesting to study the Hamiltonian embedding of the non-abelian version of (8). Work along these lines are in progress.

We have exploited the gauge symmetry arising due to the Hamiltonian embedding procedure to prove the equivalence between two different formulations of massive spinone theory. There is a different procedure which also has the potential to establish equivalence among different formulations [20]. In this method, the new degrees of freedom are added by hand, which generates abelian gauge algebra and this is used to gauge fix suitably, to arrive at a different formulation of the original theory like for example Bosonisation [21]. It should be interesting to investigate if the quantum equivalence proved here survives the case of coupling with external fields like gravitation and electromagnetism also.

Acknowledgements: We are grateful to Prof. V. Srinivasan for pointing out an error in the earlier manuscript. We acknowledge Dr. R. Banerjee for useful corespondence. We thank the referee for bringing the reference [20] to our notice. EH thanks U.G.C., India for support through S.R.F scheme.

REFERENCES

[1] J. Schwinger, Phys. Rev. 125 (1962) 397; 128 (1962) 2425.

[2] A. Aurulia and Y. Takahashi, Prog. Theor. Phys. 66 (1981) 693; Phys. Rev. D23 (1981) 752; T. J. Allen, M. J. Bowick and A. Lahiri, Mod. Phys. Lett. A6 (1991) 559.

[3] A. Lahiri, ”Generating vector Boson masses” hep-th/9301060; D. S. Hwang and C-Y. Lee, J. Math. Phys. 38 (1997) 30.

[4] A. Lahiri, Phys. Rev. D55 (1997) 5045.

[5] J. Barcelos-Neto and M. B. D. Silva, Mod. Phys. Lett. A11 (1996) 515; R. Bannerjee, E. Harikumar and M. Sivakumar (in preparation).

[6] R. K. Kaul, Phys. Rev. D18 (1978) 1127; R. Banerjee and J. Barcelos-Neto, Ann.

Phys. 265 (1998) 134.

[7] I. A. Batalin and E. S. Fradkin, Nucl. Phys. B279 (1987) 514; I. A. Batalin and I.

V. Tyutin, Int. J. Mod. Phys. A6 (1991) 3255.

[8] A. P. Balachandran and P. Teotonio-Sobrinho, Int. J. Mod. Phys. A9 (1994) 1569;

M. C. Diamantini, P. Sodano and C. A. Trugenberger, Nucl. Phys. B448 (1995) 505; B474 (1996) 641.

[9] S. Coleman, J. Preskill and F. Wilczek, Mod. Phys. Lett. A6 (1991) 1631; F.

Wilczek, Int. J. Mod. Phys. A13 (1998) 5279.

[10] R. Banerjee, H. J. Rothe and K. D. Rothe, Phys. Rev. D55 (1997) 6339; R. Banerjee and J. Barcelos-Neto, Nucl. Phys. B499 (1997) 453; Y-W. Kim and K. D. Rothe, hep-th/9706018; Int. J. Mod. Phys. A13 (1998) 4183.

[11] R. Banerjee and H. J. Rothe, Nucl. Phys. B477 (1995) 183.

[12] Y. Takahashi, ”An Introduction to Field Quantisation” (Pergmon Press, Oxford, 1969) p54.

[13] Y. Takahashi and R. Palmer, Phys. Rev. D1 (1970) 2974; Y. Nambu, Phys. Rep.

23C (1976) 250.

[14] E. C. G. Stückelberg, Helv. Phys. Acta. 11 (1938) 225; S. D. Rindani and M.

Sivakumar, Phys. Rev. D32 (1985) 3238; T. R. Govindarajan, J. Phys. G8 (1982) 117.

[15] E. Harikumar and M. Sivakumar, Phys. Rev. D57 (1998) 3794. [16] L. Fadeev and R. Jackiw, Phys. Rev. Lett. 60 (1988) 1692.

[17] P. K. Townsend, K. Pilch and P. Van Nieuwenhuizen, Phys. Lett. 136B (1984) 38;

S. Deser and R. Jackiw, Phys. Lett. 139B (1984) 371. [18] R. Jackiw and S-Y. Pi, phys. Lett. B403 (1996) 297.

[19] E. Fradkin and F. Schaposnik, Phys. Lett. B338 (1994) 253; R. Banerjee, Phys.

Lett. B358 (1995) 297.

[20] J. Alfaro and P. H. Damgaard, Ann. Phys. 202 (1990) 398.

[21] P. H. Damgaard, H. B. Nielsen and R. Sollacher, Nucl. Phys. B385 (1992) 227, P.

H. Damgaard and R. Sollacher, Nucl.Phys. B433 (1995) 671.