hep-th/9904188 v2 23 Jul 1999

CERN-TH/99-112 hep–th/9904188

Duality-invariant class of two-dimensional field theories

Konstadinos Sfetsos

Theory Division, CERN CH-1211 Geneva 23, Switzerland

sfetsos@mail.cern.ch

Abstract

We construct a new class of two-dimensional field theories with target spaces that are finite multiparameter deformations of the usual coset G/H-spaces. They arise naturally, when certain models, related by Poisson–Lie T-duality, develop a local gauge invariance at specific points of their classical moduli space. We show that canonical equivalences in this context can be formulated in loop space in terms of parafermionic-type algebras with a central extension. We find that the corresponding generating functionals are nonpolynomial in the derivatives of the fields with respect to the space-like variable. After constructing models with three- and two-dimensional targets, we study renormalization group flows in this context. In the ultraviolet, in some cases, the target space of the theory reduces to a coset space or there is a fixed point where the theory becomes free.

CERN-TH/99-112 April 1999

1 Introduction

Cosets G/H as target spaces in 2-dim field theories have been extensively studied in the literature, as they provide examples of spaces other than group manifolds, which give rise to integrable models.^1 It is always of interest to find integrable deformations [9]–[11] of such models and if possible classify them. In the ordinary (undeformed) coset models one starts with the usual Wess–Zumino action for a group, with Lagrangian density proportional to Tr(∂_ig�^1∂^ig), and then restricts the trace to the coset space only. Hence, this construction, but not the corresponding models, is quite trivial. Having in mind 2-dim field theories, with targets spaces representing continuous deformations of the latter coset spaces, we need models with non-trivial moduli as a starting point. Such an example was considered in [12]; we present in this paper the generalization of this to a class of theories.

We found natural to start, in section 2, with 2-dim models related by Poisson–Lie T-duality [13], since these have indeed a non-trivial moduli space and, moreover, their classical equivalence has been established [14, 15]. Also, in some examples, there are hints that point towards the classical equivalence promoted into a quantum one at 1-loop in perturbation theory [12, 16]. We will show that in some points in this moduli space a local (gauge-like) invariance is developing. Hence, at these points the configuration space is lower-dimensional and we discover in a unifying manner spaces that are deformations of the usual coset spaces. In addition, as a byproduct, we will obtain duals of these models that are classically canonically equivalent to them as 2-dim field theories. This equivalence is encoded in infinite-dimensional current algebras of the parafermionic type that we construct. We derive these from the infinite-dimensional algebras with a central extension, which were found in the proof of canonical equivalence of the Poisson–Lie T-duality-related models in [15]. The corresponding generating functionals have the new feature that they are not linear in the derivatives of the fields with respect to the space-like variable. This is in contrast with the cases of Abelian duality [17], non-Abelian duality in Principal Criral [18, 19] and more general [20] models, as well as for Poisson–Lie T-duality (and its possible generalizations) [15, 12]. They are, instead, non-polynomial functions of these derivatives. Many of these aspects are explicitly demonstrated in section 3, with a particular example. In section 4 we discuss the renormalization group (RG) flow in this context. As in [12], we emphasize that taking the classical limit that leads to the lower-dimensional models and then studying the RG flow does not necessarily imply that this limit would correspond to a fixed point of the RG flow, i.e. the two procedures do not commute. There is, however, a particular domain in parameter space, where for a wide

1Examples include the O(N ) [1], the principal chiral [2] and the Gross–Neveu models [3], for which the complete S-matrix was found through the existence of higher-spin-conserved currents that lead to its factorization property. Building on work in [4], comparison between the S-matrix results and those obtained by perturbative techniques in the ultraviolet (UV) regime was made for the O(N ) σ-model [5], the Principal Chiral models for SU (N ) [6], SO(N ) and Sp(N ) [7] and the O(N ) Gross–Neveu model [8], finding perfect agreement.

range of energies in the UV, the description is effectively perturbative with a UV-stable fixed point corresponding to the point where the gauge invariance develops. Then the model becomes effectively a two-dimensional one.

We end the paper with section 5, containing concluding remarks and a discussion on future directions of this research. We have also written an appendix, where some mathematical aspects of our proofs are worked out explicitly.

2 General formulation

In this section we first show how new 2-dim field theories, with target spaces representing deformed coset spaces, arise in the context of Poisson–Lie T-duality-related σ-models. We then present a duality-invariant formulation and show that canonical equivalences are encoded into algebras of the parafermionic-type in loop space.

2.1 Formulation using Poisson–Lie T-duality-related œ-models

The form of 2-dim σ-model actions related by Poisson–Lie T-duality (in the absence of spectator fields) is [13] S = 1 2λ ∫ E_{AB}L^A_M L^B_N ∂_+X^M ∂_−X^N , E = (E�^1_0 + Π)�^1 , (2.1) and S̃ = 1 2λ ∫ Ẽ^{AB}L̃_{AM} L̃_{BN} ∂_+X̃^M ∂_−X̃^N , Ẽ = (E_0 + Π̃)�^1 . (2.2)

The field variables in (2.1) are X^M , μ = 1, 2, . . . , d_G and parametrize an element g of a group G. We also introduce representation matrices {T_A}, with A = 1, 2, . . . , d_G and the components of the left-invariant Maurer–Cartan forms L^A_M . The light-cone coordinates on the 2-dim space-time are x^± =^1_2 (t ± x), whereas λ denotes the overall coupling constant, which is assumed to be positive. Similarly, for (2.2) the field variables are X̃^M , where X̃^μ, μ = 1, 2, . . . , d_G, parametrize a different group G̃, whose dimension is, however, equal to that of G. Accordingly, we introduce a different set of representation matrices {T̃^A}, with A = 1, 2, . . . , d_G, and the corresponding components of the left-invariant Maurer–Cartan forms L̃_{AM} . In (2.1) and (2.2), E_0 is a constant d_G × d_G matrix, whereas Π and Π̃ are antisymmetric matrices with the same dimension as E_0, but they depend on the variables X^M and X̃^M via the corresponding group elements g and g̃. They are defined as [13]

Π^{AB} = b^{CA}a_C^B , Π̃_{AB} = b̃_{CA}ã^C_B , (2.3)

where the matrices a(g), b(g) are constructed using

g�^1T_Ag = a_A^BT_B , g�^1T̃^Ag = b^{AB}T_B + (a�^1)_B^AT̃^B , (2.4)

and similarly for ã(g̃) and b̃(g̃). Consistency restricts these to obey

a(g�^1) = a�^1(g) , b^T (g) = b(g�^1) , Π^T (g) = −Π(g) , (2.5) and similarly for the tilded ones. There is also a bilinear invariant ⟨·|·⟩ with the various generators obeying

⟨T_A|T_B⟩ = ⟨T̃^A|T̃^B⟩ = 0 , ⟨T_A|T̃^B⟩ = δ_A^B . (2.6)

Finally, we note that the choice of possible groups G and G̃ is restricted by the fact that [13] their corresponding Lie algebras must form a pair of maximally isotropic subalgebras into which the Lie algebra of a larger group D, known as the Drinfeld double, can be decomposed [21].

Let us consider two subgroups H ∈ G and H̃ ∈ G̃ with d_H = d~_H . Accordingly we split the Lie-algebra indices as A = (a, α), where Latin and Greek indices refer to subgroup and coset spaces, respectively. Then we may separate the various matrices appearing in (2.1) and (2.2) into blocks as

(E�^1_0 )^{AB} = ( E^{ab}_0 E^{aβ}_2 E^{αb}_3 E^{αβ}_1 ) , (2.7) and Π^{AB} = ( Π^{ab}_0 Π^{aβ}_2 −Π^{bα}_2 Π^{αβ}_1 ) , Π̃_{AB} = ( (Π̃_0)_{ab} (Π̃_2)_{aβ} −(Π̃_2)_{bα} (Π̃_1)_{αβ} ) . (2.8)

We would like to take a limit in the model (2.1) and its dual (2.2) such that the number of fields X^M (and X̃^M ) is reduced by d_H . We would call the remaining variables by X^μ (and X̃^μ) with μ = 1, 2, . . . , d_{G/H} . Consider the limit

E^{ab}_0 → ∞ ⇐⇒ (E�^1_0 )_{ab} → 0 , (2.9)

in a uniform way for all matrix elements. This means that ratios of matrix elements remain constant in this limit. Using (2.7) we find that in the limit (2.9)

E_0 ≈ ( 0 0 0 E�^1_1 ) . (2.10)

Then, the actions (2.1) and (2.2) take the form S = 1 2λ ∫ Σ_{αβ}L^α_μL^β_ν ∂_+X^μ∂_−X^ν , Σ = (E_1 + Π_1)�^1 , (2.11) and S̃ = 1 2λ ∫ Σ̃^{AB}L̃_{Aμ}L̃_{Bν}∂_+X̃^μ∂_−X̃^ν , Σ̃ =

( Π̃_0 Π̃_2 −Π̃_2 E�^1_1 + Π̃_1 )�1 . (2.12)

Notice that in (2.11) Σ_{αβ} are elements of a d_{G/H} × d_{G/H} matrix, whereas in (2.12) Σ̃^{AB} are elements of a d_G ×d_G one. We have anticipated that the number of variables in (2.11) and (2.12) has been reduced to d_{G/H} upon taking the limit (2.9). However, this does not happen automatically, but depends on whether or not certain conditions, as we will next prove, are fulfilled. In order to reduce the dimensionality of (2.1) we should prove that, after taking the limit (2.9), a local gauge invariance develops, which suffices to gauge-fix d_H degrees of freedom in the actions (2.1) and similarly for (2.2). For (2.1) consider the transformation g → gh , h(x^+, x^−) ∈ H . (2.13) In its infinitesimal form it reads δg = igϵ_aT^a. We may show that this induces the following transformations:

δL^α_± = f_{bγ}^αϵ^bL^γ_± , δX^M = L^M_a ϵ^a . (2.14)

Using these and the relation (A.6) of [15], specialized for coset space indices^2

L^M_a ∂_M Π^{γδ}_1 = −f̃^{γδ}_a − f_{aβ}^{[γ}Π^{δ]β}_1 , (2.15)

we may prove that (2.11) is invariant under the gauge transformation (2.13), provided that the following condition holds:

f̃^{αβ}_c + f_{cγ}^αE^{γβ}_1 + f_{cγ}^βE^{αγ}_1 = 0 , (2.16)

or equivalently f_{cγ}^{(α}S^{β)γ} = 0 , f̃^{αβ}_c + f_{cγ}^{[β}A^{α]γ} = 0 , (2.17) where we have denoted by S^{αβ} and A^{αβ} the symmetric and antisymmetric parts of the matrix E^{αβ}_1 . When the conditions (2.16) are satisfied then we may gauge-fix d_H parameters in the group element g ∈ G. The most efficient way is to parametrize the group element g ∈ G as g = κh, where h ∈ H and κ ∈ G/H, and then set h = I. It can be easily seen that this completely fixes the gauge freedom.

There are d^2_{G/H} d_H algebraic conditions in (2.16) for the d^2_{G/H} elements of the matrix E_1. Hence, it is not at all obvious that they can be fulfilled for a general Drinfeld double and then for any arbitrary choice of the subgroup H ⊂ G. An obvious simplification occurs when G̃ is an Abelian group. Then Π^{AB} = 0, f̃^{AB}_C = 0 and eq. (2.16) is solved by E^{αβ}_1 ∼ δ^{αβ}. Then (2.11) with Σ_{αβ} ∼ δ_{αβ} takes the form of the usual σ-model action on the coset G/H space. Accordingly (2.12) represents its usual non-Abelian dual. Hence, when both groups G and G̃ are non-Abelian, the models (2.11) and (2.12) are deformations of the usual models on coset spaces G/H and of their non-Abelian duals.

2.2 Duality-invariant formulation

We would like to find a duality-invariant action, from which the σ-models (2.11) and (2.12) originate. It is natural to start with the manifestly Poisson–Lie T-duality-invariant action of [22] from which the σ-models (2.1) and (2.2) originate. This action is defined in the Drinfeld double as [22],

S(l) = I_0(l) + 1 2π ∫ dxdt⟨l�^1∂_xl|R|l�^1∂_xl⟩ , (2.18) 2Our symmetrization and antisymmetrization conventions are (ab) = ab + ba and [ab] = ab � ba.

where I_0(l) is the WZW action for a group element l ∈ D. The operator R is defined as [22] R = |R^+_A⟩η^{AB}⟨R^+_B| + |R^−_A⟩η^{AB}⟨R^−_B| , (2.19) with R^±_A = T_A ± (E^±_0 )_{AB}T̃^B , η_{AB} = (E^+_0 )_{AB} + (E^−_0 )_{AB} , (2.20) where we have used the notation E^+_0 = E_0 and E^−_0 = E^T_0 . In the limit (2.9) we have ( R^±_a R^±_α ) ≈ ( T_a T_α ± (E^±_1 )�^1_{αβ}T̃^β ) . (2.21)

Using this and the conditions (2.16), one can show that (2.18), in the limit (2.9), develops the gauge invariance l → lh , h(t, x) ∈ H , (2.22) provided that the following constraint is obeyed ⟨l�^1∂_xl|T_a⟩ = 0 , ∀ T_a . (2.23) In order to avoid introducing this constraint we may use gauge fields instead. Indeed, consider the action S(l, A_t) = I_0(l) + 1 2π ∫ ⟨l�^1∂_xl|R_{g/h}|l�^1∂_xl⟩ − 1 π ∫ ⟨l�^1∂_xl|A_t⟩ , (2.24)

where A_t takes values in the Lie algebra of H, i.e. A_t = A^a_t T_a. The operator R_{g/h} is defined as the restriction in G/H of the corresponding operator in (2.20)

R_{g/h} = |R^+_α ⟩η^{αβ}_1 ⟨R^+_β | + |R^−_α ⟩η^{αβ}_1 ⟨R^−_β | , (2.25) where R^±_α = T_α ± (E^±_1 )�^1_{αβ}T̃^β , (η_1)_{αβ} = (E^+_1 )�^1_{αβ} + (E^−_1 )�^1_{αβ} , (2.26) and η^{αβ}_1 is the inverse matrix of (η_1)_{αβ}. It can be shown that (2.24) is gauge-invariant under (2.22) and the corresponding transformation for the gauge field A_t → h�^1(A_t − ∂_t)h , (2.27) provided that R_{g/h} is invariant under the similarity transformation hR_{g/h}h�^1 = R_{g/h} . (2.28) In order to prove (2.28) we first show that

hR^±_α h�^1 = Δ^±_α^β(h)R^±_β , Δ^±_γ^α(h)Δ^±_δ^β(h)η^{γδ}_1 = η^{αβ}_1 , (2.29) for some h-dependent matrix Δ^±_α^β. After repeatedly using (2.4) and a lengthy computation we find that such a matrix exists and is given by Δ^±_α^β(h) = (E^±_1 )�^1_{αγ}(E^±_1 )^{δβ}a_δ^γ (h) , (2.30) provided that the following condition holds:^3 a_γ^α(h)α_δ^β(h)(E^±_1 )^{γδ} = (E^±_1 )^{αβ} ± Π^{αβ}(h) , (2.31) or equivalently, splitting into the symmetric and antisymmetric parts,

α_γ^α(h)α_δ^β(h)S^{γδ} = S^{αβ} , α_γ^α(h)α_δ^β(h)A^{γδ} = A^{αβ} + Π^{αβ}(h) . (2.32) At first sight it seems that (2.31) is more restrictive than the corresponding conditions in (2.16), since, unlike (2.16), they are valid for finite-gauge transformations. However, we show in the appendix that (2.16) actually implies (2.31).

In the remainder of this subsection, we consider the classical equations of motion for the (manifestly) duality and gauge-invariant action (2.24). Its variation with respect to all fields is δS(l, A_t) = − 1 π ∫ δ(l�^1∂_xl) ( l�^1∂_tl − R_{g/h}l�^1∂_xl + A_t ) + δA_tl�^1∂_xl . (2.33)

Specializing to subgroup and coset space indices, we find the equations of motion δ(l�^1∂_xl) : ⟨l�^1∂_±l|R^∓_α ⟩ = 0 , ⟨l�^1∂_tl|T_a⟩ = 0 , δA_t : ⟨l�^1∂_xl|T_a⟩ = 0 , (2.34) where we have used also the fact that, because of (2.6), ⟨A_t|T_a⟩ = 0. Hence, the constraint (2.23) follows as the equation of motion for A_t. Using (2.21), the equations of motion in (2.34) can be cast into the form ⟨l�^1∂_±l|R^∓_A⟩ = 0. These have the same form as the equations of motion for the action (2.18) [22].

We finally note that the action (2.18) is manifestly invariant under the transformation l → l_0(t)l for some t-dependent group element l_0 ∈ D [22]. By introducing gauge fields this symmetry can be promoted into a gauge symmetry with l_0 a function of t and x. This type of gauge invariance, though interesting enough in its own right to be further investigated, has no apparent relation to the one we have just discussed.

2.3 The canonical transformation

Poisson–Lie T-duality-related models are canonically equivalent under the transformation [14, 15] P̃^A = J^A , J̃_A = P_A , J^A = L^A_x + Π^{AB}P_B , J̃_A = L̃_{xA} + Π̃_{AB}P̃^B . (2.35)

3The various algebraic manipulations are facilitated by the fact that matrix elements a(h)_A^B and b(h)^{AB} vanish if their indices are not both Greek or Latin.

This transformation preserves the equal-time Poisson brackets of the conjugate pairs of variables (J^A, P_A) and (J̃_A, P̃^A) given by [15]^4 {J^A, J^B} = f̃^{AB}_C J^Cδ(x−y) , {P_A, P_B} = f_{AB}^C P_C δ(x−y) , (2.36) {J^A, P_B} = ( f_{BC}^AJ^C − f̃^{AC}_BP_C ) δ(x−y) + 1 λ δ_B^Aδ^′(x−y) , and {J̃_A, J̃_B} = f_{AB}^CJ̃_C δ(x−y) , {P̃^A, P̃^B} = f̃^{AB}_CP̃^C δ(x−y) , (2.37) {J̃_A, P̃^B} = ( f̃^{BC}_AJ̃_C − f_{AC}^BP̃^C ) δ(x−y) + 1 λ δ_A^Bδ^′(x−y) , where ϵ(x−y) is the antisymmetric step function that equals +1(−1) for x > y (x < 0). Notice that the above Poisson brackets are independent of the details of the σmodels related by Poisson–Lie T-duality. They are simply the central extensions, in loop space, of the usual Lie-(bi-)algebras defined in the Drinfeld double. One may also show that the Hamiltonians of the two dual actions (2.1) and (2.2) are equal [14] as required for canonical transformation with no explicit t-dependence. After some algebraic manipulations, these Hamiltonians can be written as H = λ 2 J^A(G_0 − B_0G�^1_0 B_0)_{AB}J^B + λ 2 P_A(G�^1_0 )^{AB}P_B − λJ^A(B_0G�^1_0 )_A^BP_B , (2.38) and H̃ = λ 2 J̃_A(G̃_0 − B̃_0G̃�^1_0 B̃_0)^{AB}J̃_B + λ 2 P̃^A(G̃�^1_0 )_{AB}P̃^B − λJ̃_A(B̃_0G̃�^1_0 )^A_BP̃^B , (2.39)

where G_0 and B_0 are the symmetric and antisymmetric parts of E^+_0 and similarly G̃_0 and B̃_0 are the symmetric and antisymmetric parts of (E^+_0 )�^1.^5 Notice that in the limit (2.9) the conjugate momenta P_a vanish. This is consistent with the development of a local gauge invariance (2.13). At the level of the Poisson brackets the vanishing of P_a, together with its conjugate J^a, has to be imposed as a constraint. In fact they form a set φ_a = (P_a, J^a) of second-class constraints. We may see that in the limit (2.9) and upon using (2.17), the Hamiltonians (2.38) and (2.39) reduce to H_{G/H} = λ 2 (S�^1)_{αβ}J^αJ^β + λ 2 S^{αβ}P_αP_β + λ(S�^1A)_α^βJ^αP_β , (2.41)

4We will not display explicitly the 2-dim space-time dependence of the phase-space variables involved in the various Poisson brackets. It is understood that the first one in the bracket is always evaluated at x and the second one at y, whereas the t-dependence is common. Also, compared with [15], we have restored in the various Poisson brackets the dependence on the scale λ.

5The proof that H̃ = H uses the fact that

G̃�^1_0 = G_0 � B_0G�^1_0 B_0 , B̃_0G̃�^1_0 = �G�^1_0 B_0 , (2.40)

as well as the similar expressions obtained by interchanging tilded and untilded symbols.

and H̃_{G/H} = λ 2 S^{αβ}J̃_αJ̃_β + λ 2 (S�^1)_{αβ}P̃^αP̃^β + λ(S�^1A)_α^βP̃^αJ̃_β . (2.42)

We may show, with the help of (2.36) and (2.37), that {H_{G/H} , P_a} = {H_{G/H} , J^a} ≃ 0 (weakly). Hence, no new constraints are generated by the time t-evolution.

In general (see, for instance, [23]), in the presence of a set of second-class constraints {φ_a}, one computes the antisymmetric matrix associated with their Poisson brackets D_{ab} = {φ_a, φ_b}. When D_{ab} is invertible one simply postulates that the usual Poisson brackets are replaced by Dirac brackets, defined as {A, B}_D = {A, B} − {A, φ_a}(D�^1)^{ab}{φ_b, B} , (2.43) for any two phase-space variables A and B. In our case we compute the (infinitedimensional) matrix D(x, y) = 1 λ ( 0 δ_a^b δ_a^b 0 ) δ^′(x−y) , (2.44)

with inverse D�^1(x, y) = λ 2 ( 0 δ_a^b δ_a^b 0 ) ϵ(x−y) . (2.45) Then the Dirac brackets can be computed using (2.43). We find (for notational convenience in the rest of the paper, we omit the subscript D from the Dirac brackets): {J^α, J^β} = f̃^{αβ}_γJ^γδ(x−y) − λ 2 ϵ(x−y)F^{αβ}_1 (x, y) , F^{αβ}_1 (x, y) ≡ (f_{cγ}^αf̃^{cβ}_δ + f_{cδ}^βf̃^{cα}_γ)J^γ(x)J^δ(y) (2.46) −f̃^{αγ}_cf̃^{cβ}_δP_γ (x)J^δ(y) − f̃^{βγ}_cf̃^{cα}_δP_γ(x)J^δ(x) ,

{P_α, P_β} = f_{αβ}^γP_γ δ(x−y) − λ 2 ϵ(x−y)(F_2)_{αβ}(x, y) , (F_2)_{αβ}(x, y) ≡ (f̃^{cγ}_αf_{cβ}^δ + f̃^{cδ}_βf_{cα}^γ)P_γ (x)P_δ(y) (2.47) −f_{αγ}^cf_{cβ}^δJ^γ(x)P_δ(y) − f_{βγ}^cf_{cα}^δJ^γ(y)P_δ(x) ,

{J^α, P_β} = ( f_{βγ}^αJ^γ − f̃^{αγ}_βP_γ ) δ(x−y) + 1 λ δ^α_βδ^′(x−y) − λ 2 ϵ(x−y)F^α_{3β}(x, y) , F^α_{3β}(x, y) ≡ ( f_{cγ}^αJ^γ(x) − f̃^{αγ}_cP_γ (x) ) ( f_{βδ}^cJ^δ(y) − f̃^{cδ}_βP_δ(y) ) (2.48) +f̃^{αc}_γf_{cβ}^δJ^γ(x)P_δ(y) . Notice the parafermionic character of this algebra,^6 which is encoded in the terms containing ϵ(x−y). The Dirac brackets for the pair (J̃_α, P̃^α) are obtained from (2.46)–(2.48)

6This is reminiscent of the parafermionic algebras that appeared [24] in the study of classical aspects of exact conformal field theories corresponding to gauged WZW models.

by replacing untilded symbols by tilded ones and vice versa. It is instructive to write down the Dirac brackets for the case that the group G̃ is Abelian, i.e. f̃^{AB}_C = 0. We find {J^α, J^β} = 0 , {P_α, P_β} = f_{αβ}^γP_γ δ(x−y) + λ 2 ϵ(x−y) ( f_{αγ}^cf_{cβ}^δJ^γ(x)P_δ(y) + f_{βγ}^cf_{cα}^δJ^γ(y)P_δ(x) ) , (2.49) {J^α, P_β} = f_{βγ}^αJ^γδ(x−y) + 1 λ δ^α_βδ^′(x−y) − λ 2 ϵ(x−y)f_{cγ}^αf_{βδ}^cJ^γ(x)J^δ(y) . The above Dirac brackets can also be obtained from the ones in (2.46)–(2.48) via a contraction that Abelianizes the group G̃, i.e. J^α →^1_ϵ J^α, λ → ϵλ, ϵ → 0.

3 An explicit example

In this section we explicitly demonstrate many of the general aspects developed in section 2, using 3- and 2-dim models related by Poisson–Lie T-duality. That includes the explicit construction of the metric and antisymmetric tensor fields, of the Dirac-bracket algebra for canonical equivalence, and also of the corresponding generating functional.

3.1 The Drinfeld double

Our example will be based on the 6-dim Drinfeld double considered in [12, 16, 25], which we first review by following [12].^7 It is just the non-compact group SO(3, 1) with G = SU(2) and dual G̃ = E_3 = solv(SO(3, 1)) given by the Iwasawa decomposition of SO(3, 1) [26]. The associated 3-dim algebras su(2) and e_3 have generators denoted by {T_A} and {T̃^A}, where A = 1, 2, 3. Leaving aside the details we only present the elements that are necessary in this paper. It is convenient to split the index A = (3, α), α = 1, 2. The non-vanishing structure constants for the algebras su(2) and e_3 are

f_{αβ}^3 = f_{3α}^β = ϵ_{αβ} , f̃^{3α}_β = δ_{αβ} , (3.1)

where our normalization is such that ϵ_{12} = δ_{11} = 1. We parametrize the SU(2) group element in terms of the three Euler angles ϕ, ψ and θ. It is represented by the 4 × 4 block-diagonal matrix g_{SU (2)} = diag(g, g) , (3.2) where g = e^{i2 ϕσ3} e^{i2 θσ2} e^{i2 ψσ3} = ( cos^θ_2 e^{i2 (ϕ+ψ)} sin^θ_2 e^{i2 (ϕ−ψ)} − sin^θ_2 e^{− i}2^{(ϕ−ψ)} cos^θ_2 e^{− i}2^{(ϕ+ψ)} ) . (3.3)

7Recently, a classification was made of all possible Drinfeld doubles based on the 3-dim real Lie algebras (Bianchi algebras) [27]. It will be interesting to use them for the construction of more examples that could be useful for the investigation of various issues presented in this and the following section.

Also the group element of E_3 is parametrized in terms of three variables y_1, y_2 and χ and represented by the following 4 × 4 block-diagonal matrix

g̃_{E3} = diag(g̃_+, g̃_−) , (3.4)

where

g̃_+ = ( e^{+ χ}2 χ_+ 0 e^{− χ}2 ) , g̃_− = ( e^{− χ}2 0 χ_− e^{+ χ}2 ) , χ_± = ±e^{− χ2} (y_1 ∓ iy_2) . (3.5)

The Maurer–Cartan forms in the parametrization of the SU(2) group element (3.3) are

L^1 = cos ψ sin θdϕ − sin ψdθ , L^2 = sin ψ sin θdϕ + cos ψdθ , (3.6)

L^3 = dψ + cos θdϕ .

Similarly, using the parametrization (3.4) for the E_3 group element we find L̃_1 = e^{−χ}dy_1 , L̃_2 = e^{−χ}dy_2 , L̃_3 = dχ . (3.7)

The antisymmetric matrices Π and Π̃ are

Π = 0 − sin ψ sin θ cos ψ sin θ sin ψ sin θ 0 1 − cos θ − cos ψ sin θ cos θ − 1 0

, (3.8)

and Π̃ =

0 −y_2e^{−χ} y_1e^{−χ} y_2e^{−χ} 0 −^1_2 (1 − (1 + y^2_1 + y^2)e^{−2χ}) −y_1e^{−χ 1}_2 (1 − (1 + y^2_1 + y^2 )e^{−2χ}) 0

. (3.9)

3.2 Explicit three- and two-dimensional models

Consider the σ-model action (2.1) for the case of our double based on SO(3, 1). Let us single-out the 1-dim subgroup H ≃ U(1) that is generated by T_3. For our purposes it will be sufficient to use the following form for the 3 × 3 matrix E�^1_0

E�^1_0 =

(1 + g)^{−1}a 0 0 0 a b − 1 0 1 − b a , (3.10)

where we have kept the conventions of (2.7) for the enumeration of the matrix elements. Using (3.6), (3.8) and (3.10), it is the easy to compute the metric and antisymmetric tensor fields corresponding to (2.1). We find a metric given by

ds^2 = a V ( (L^1)^2 + (L^2)^2 + (g + 1)(L^3)^2 +

1 + g a^2

((b cos θ − 1) dϕ + (b − cos θ) dψ)^2 ) , (3.11) and an antisymmetric tensor given by

B = 2 sin θ V dθ ∧ ( (g + 1)dψ + (b + g cos θ)dϕ ) , (3.12)

where V ≡ a^2 + (b − cos θ)^2 + (1 + g) sin^2 θ . (3.13)

Notice that the antisymmetric tensor can be (locally) gauged away since the corresponding 3-form field strength is zero. Also, for our purposes, we will not need the explicit expressions for the metric and antisymmetric tensor corresponding to the dual σ-model (2.2). For b = 1, but general a and g, the above example (with its dual) was considered in [12] (also in [16] for a = b = 1 and g = 0).

We would like to take the analogue of the limit (2.9). It is clear that in our case this corresponds to letting g → −1. Comparing (3.10) to (2.7) we see that the 2 × 2 matrix E_1 is E_1 = ( a b − 1 1 − b a ) . (3.14)

It is easily seen that this is the most general 2×2 matrix that solves (2.16), with structure constants given by (3.1). In agreement with our general discussion, the σ-model action with metric (3.11) and antisymmetric tensor (3.12) develops a local invariance under the transformation δψ = ϵ(t, x) . (3.15) This allows to gauge-fix the variable ψ = 0. Explicitly computing (2.11) we find that the metric and antisymmetric tensors are given by

ds^2 = a a^2 + (b − cos θ)^2 ( dθ^2 + sin^2 θdϕ^2 ) , B = 2 sin θ(b − cos θ) a^2 + (b − cos θ)^2 dθ ∧ dϕ . (3.16) Equivalently, the same result follows if we set g = −1 directly into the expressions for the metric (3.11) and antisymmetric (3.12) tensors. Similarly, the dual model action (2.12) is invariant under the local transformation δy_α = ϵ(t, x)ϵ_{αβ}y_β . (3.17) Hence, we may evaluate (2.12) in the gauge y_1 = 0. The corresponding metric (the antisymmetric tensor turns out to be zero) is found to be

ds^2 = a_1/2 1 + a_1z dz^2 ρ^2 + ( dρ + [ b − 1 a + z − a_1ρ^2/4

1 + a_1z ] dz ρ )_2 ,

a_1 ≡ 2a a^2 + (b − 1)^2

, (3.18) where we have changed variables as y^2 =^1_4 ρ^2a^2_1 and e^{2χ} = 1+a_1z. The metric^8 in (3.16) is free of singularities (since (3.15) has no fixed point) and represents a deformed 2-sphere. In contrast, (3.18) is singular for r = 0. This is related to the fact that y_1 = y_2 = 0 is a fixed point of the gauge transformation (3.17). The singularity at 1 + a_1z = 0 is only a coordinate singularity and can be removed by an appropriate change of variables.

It is worth while to consider some analytic continuations of the models (3.16) and its dual (3.18). If we let θ → ir, where r ∈ [0, ∞), and also we change the sign of the overall coupling constant λ, then (3.16) becomes

ds^2 = a a^2 + (b − cosh r)^2 ( dr^2 + sinh^2 rdϕ^2 ) , B = 2 sinh r(b − cosh r) a^2 + (b − cosh r)^2 dr ∧ dϕ . (3.19) The corresponding analytic continuation in the dual metric (3.18) should be ρ → iρ, with a parallel change of sign in the overall coupling constant. The metric in (3.19) is reduced to the Euclidean AdS_2 metric if we rescale the coupling constant λ → λ/a and then take the limit a → ∞ (keeping the new coupling finite). However, for generic values of the constant a, it represents a space that is topologically a cigar. Indeed, for r → 0 we get the 2-dim Euclidean space E^2 in polar coordinates, whereas for r → ∞ we get, after an appropriate change of variables, R^1 × S^1. For b > 0, the cigar-shaped space develops a “pump” corresponding to the maximum of the metric components G_{ϕϕ} at

cosh r = √ (1 + a^2 + b^2)^2 − 4b^2 + 1 + a^2 + b^2 2b . (3.20)

We note that the cigar-shape topology is also a characteristic of the Euclidean black hole corresponding to the coset SL(2, IR)/U(1) exact conformal field theory [28]. However, in our case the model (3.19) is not conformal. The Drinfeld double for (3.19) and its dual model is SO(2, 2), with G = SL(2, IR), instead of SU(2).

3.3 The Dirac brackets and the generating functional

The Dirac brackets for the conjugate variables in our example are most easily written down in the basis J^± = J^1 ± iJ^2 and P_± = P_1 ± iP_2, where the non-zero structure constants are f_{3±}^± = ±, f_{+−}^3 = 2 and f̃^{3±}_± = 1. Using (2.46)–(2.48) we obtain {J^±, J^±} = ∓λϵ(x−y)J^±(x)J^±(y) , {J^+, J^−} = 0 , (3.21)

8If we set b = 1 and redefine a ! 2/a and λ ! λa/2 the metric (3.16) and its dual (3.18) become those derived in [12] using a limiting procedure, equivalent to (2.9). The deeper reason that validates such a procedure is, as we have shown in the present paper, the development of a local gauge invariance in this limit.

{P_±, P_±} = +λϵ(x−y) ( ∓P_±(x)P_±(y) + J^∓(x)P_±(y) + P_±(x)J^∓(y) ) , {P_+, P_−} = −λϵ(x−y) ( J^−(x)P_−(y) + P_+(x)J^+(y) ) , (3.22)

{J^±, P_±} = 1 λ δ^′(x−y) − λϵ(x−y) ( J^±(x)J^∓(y) ∓ J^±(x)P_±(y) ) , {J^±, P_∓} = λϵ(x−y) ( J^±(x)J^±(y) ± J^±(x)P_∓(y) ) , (3.23)

where the underlined terms should be omitted in the Abelian limit of the dual group G̃ = E_3. In this case the above algebra provides a canonical equivalence between the σ-model for S^2 and its non-Abelian dual with respect to the left (or right) action of SU(2). Note also that the generators J^± form a subalgebra (3.21).

The generating functional that demonstrates the classical equivalence between σmodels related by Poisson–Lie T-duality based on our Drinfeld double was explicitly constructed in [12]. In a slightly different form than that in [12], it reads^9 F = ∫ dx ( A∂_xϕ + (ψ + α − ϕ)∂_xχ − 2ρ tan�^1 B √ 1 + ρ^2 cos^2(ψ + α)

∂_x(ρ cos(ψ + α)) ) ,

A ≡ − ln ( e^{2χ} cos^2 θ 2 + e^χρ sin θ sin(ψ + α) + (1 + ρ^2) sin^2 θ 2 ) , (3.24)

B ≡ e^χ cot^θ_2 + ρ sin(ψ + α) √ 1 + ρ^2 cos^2(ψ + α)

, (y_1, y_2) = ρ(sin α, cos α) .

Notice that the above generating functional depends only on the combination ψ + α; it is therefore invariant under the U(1) gauge transformation δψ = ϵ and δα = −ϵ. The generating functional for the deformed coset models (3.16) is obtained by solving the equation^{δF}_{δψ} = 0 (equivalently^{δF}_{δα} = 0) for ψ+α and inserting the result back into (3.24).^{10} The result is a generating functional, which is non-polynomial in derivatives with respect to x. The obtained expressions are quite complicated and not very illustrative, so that we decided to present the corresponding result for the σ-model for S^2 and its non-Abelian dual. We start with the generating functional corresponding to the 2-dim σ-models for S^3 and its non-Abelian dual with respect to the left (or right) action of SU(2) that was obtained in [18]. In our notation it is given by F = − ∫ dx(y_1L^1_x + y_2L^2_x + zL^3_x). This is easily modified to depend on the angles ψ and α only through the combination ψ + α, by adding the term − ∫ dxα∂_xz. Such a term, being dependent on the variables of only

9We also correct a misprint in eq. (26) of [12]. In the expression for B_ψ and in the argument for cot�^1, (y_1 cos ψ + y_2 sin ψ) should be replaced by (y_1 cos ψ + y_2 sin ψ) tan^θ_2.

10Such a procedure is motivated by the fact that the variations^{δF}_{δψ} and �^{δF}_{δα} , corresponding to the conjugate momenta P_ψ and P_α, are zero since the variables ψ and α have dropped out of the corresponding dual σ-models because of the gauge invariance. Also, thanks to the latter, only one of these variations is independent. This procedure has an obvious generalization for the more general coset models constructed in section 2. For some similar considerations, see [29] and more recently [30].

one of the dual models, can be absorbed as total derivative into the corresponding action and hence it does not affect the classical dynamics. Explicitly, the resulting generating functional is F = − ∫ dx ( (z cos θ + ρ sin θ sin(ψ + α))∂_xϕ + ρ cos(ψ + α)∂_xθ − (ψ + α)∂_xz ) . (3.25)

The variation of F with respect to ψ + α gives

tan(ψ + α) = ∂_xz √ ρ^2 ( (∂_xθ)^2 + sin^2 θ(∂_xϕ)^2 ) − (∂_xz)^2 − ρ^2 sin θ∂_xθ∂_xϕ (∂_xz)^2 − ρ^2(∂_xθ)^2

. (3.26)

Substituting back into (3.25) we obtain F = − ∫ dx (√ ρ^2 ( (∂_xθ)^2 + sin^2 θ(∂_xϕ)^2 ) − (∂_xz)^2 + z cos θ∂_xϕ − (ψ + α)∂_xz ) , (3.27) where ψ + α is given by (3.26). The generating functional (3.27) is non-polynomial in the derivatives of the fields with respect to x. In that sense it belongs to a new class of generating functionals, which depend not only on the fields of the two dual σmodels, but also on their first derivatives with respect to the space-like variable in a non-trivial way. For comparison, up to now, either in the case of non-Abelian duality [18, 19, 20] or for Poisson–Lie T-duality (and its possible generalizations) [14, 15], there was no dependence of the generating functional on more than the first power of these derivatives (see, for example (3.24)).^{11} Finally, we note that, according to the work in [31], generating functionals of the form (3.27), being non-linear, are expected to receive quantum corrections. Consequently, the corresponding duality rules relating the 2-dim field theories, as well as the algebra (2.46)–(2.48), are expected to be quantum-corrected.

4 Renormalization group flow

In this section we study the 1-loop RG equations corresponding to the three-dimensional model (3.11), (3.12). We will show that there are no fixed points in the flow and also that the correct description of the models is a non-perturbative one. However, for large domains in parameter space and for a wide range of energies in the UV, the description is effectively perturbative and the model becomes a two-dimensional one. Finally, by performing some analytic continuations we will find three- and two-dimensional models with fixed points under the RG flow, where the theory becomes free.

We begin this section with a short review of RG flow in 2-dim field theories with curved target spaces. and (3.16). The 2-dim σ-model corresponding to the metric (3.11)

11A generating functional of the type (3.27), containing first derivatives of the fields in a nonpolynomial way, has appeared in a study on the canonical equivalence between Liouville and free field theories [32] (also [33] as quoted in [32]).

and antisymmetric tensor (3.12) is of the form S = 1 2λ ∫ Q^+_{μν} ∂_+X^μ∂_−X^ν , Q^+_{μν} ≡ G_{μν} + B_{μν} . (4.1)

It will be renormalizable if the corresponding counter-terms, at a given order in a loop expansion, can be absorbed into a renormalization of the coupling constant λ and (or) of some parameters labelled collectively by a^i, i = 1, 2, . . . In addition, we allow for general field redefinitions of the X^μ’s, which are coordinate reparametrizations in the target space. This definition of renormalizability of σ-models is quite strict and similar to that for ordinary field theories. A natural extension of this is to allow for the manifold to vary with the mass scale and the RG to act in the infinite-dimensional space of all metrics and torsions [34]. Further discussion of this generalized renormalizability will not be needed for our purposes. Perturbatively, in powers of λ, we express the bare quantities, denoted by a zero as a subscript, as

λ_0 = μ^ϵλ ( 1 + J_1(a) πϵ λ + · · · ) ≡ μ^ϵλ ( 1 + y_λ ϵ + · · · ) ,

a^i_0 = a^i + a^i_1(a) πϵ λ + · · · ≡ a^i ( 1 + y_ai ϵ + · · · ) , (4.2)

X^μ_0 = X^μ +

X^μ_1 (X, a) πϵ λ + · · · . The ellipses stand for higher-order loop- and pole-terms in λ and ϵ respectively. Then, the beta-functions up to one loop are given by β_λ = λ^{2 ∂yλ}_{∂λ} =^{λ2}_π J_1 and β_ai = λa^{i ∂yai}_{∂λ} =^λ_π a^i_1, where, as usual, β_λ =^{dλ}_{dt} , β_ai =^{dai}_{dt} and t = ln μ. The equations to be satisfied by appropriately choosing J_1, a^i_1 and X^μ_1 are given by 1 2 R^−_{μν} = −J_1Q^+_{μν} + ∂_ai Q^+_{μν}a^i_1 + ∂_λQ^+_{μν} X^λ_1 + Q^+_{λν}∂_μX^λ_1 + Q^+_{μλ}∂_ν X^λ_1 , (4.3)

where R^−_{μν} are the components of the “generalized” Ricci tensor defined with a connection that includes the torsion, i.e. with Γ^μ_{νρ} −^1_2 H^μ_{νρ}. The corresponding counter-terms were computed in the dimensional regularization scheme (see, for instance, [35]).

4.1 Models with no fixed points

4.1.1 Three-dimensional models

In the metric (3.11) there are three parameters a, b and g and the three Euler angles θ, ψ and ϕ will be denoted by X^μ. Also for the antisymmetric tensor in (3.12) we have H^μ_{νρ} = 0. Examining (4.3) we find that the coupling λ and the coordinates (θ, ψ, ϕ) do not renormalize and therefore the corresponding beta-functions are zero.^{12} In contrast,

12We believe that the non-renormalization of the overall coupling constant λ will persist in general for all Poisson–Lie T-duality-related models with actions (2.1) and (2.2). On the other hand, models

for the parameters a, b and g we find

β_a = λ 4π 1 + a^2 − b^2 a^2 ( (g − 1)a^2 + (g + 1)(b^2 − 1) ) , β_b = λ 2π b a ( (g − 1)a^2 + (g + 1)(b^2 − 1) ) , (4.4)

β_g = λ 2π 1 + g a ( g(1 + a^2) + (g + 2)b^2 ) . This system of coupled non-linear equations^{13} can be considerably simplified. First, using (4.4), we may easily show that there is a RG-flow-invariant defined as

a^2 + b^2 + 1 b ≡ 2ν = const. , (4.5)

which implies that a = √ (b_+ − b)(b − b_−) ≥ 0 , b_± ≡ ν ± √ ν^2 − 1 , |ν| ≥ 1 . (4.6)

Without loss of generality we may assume that ν > 0 since (4.5) remains invariant under ν → −ν and b → −b. Then, using the last two equations in (4.4) we may derive an equation for b as a function of g whose solution is b = −g ( ν ± √ ν^2 − 1 + e^{−2C}(1 + 1/g)^2 ) , (4.7)

where C is a real constant, which is determined by the initial conditions for b and g. The sign in front of the square root in (4.7) is changed when g = 0, in order to ensure the continuity of b as a function of the energy scale t = ln μ. Hence, the only differential equation we still have to solve is the one for g, which, after using (4.5), takes the form

β_g = λ π b a (g + 1)(b + νg) , (4.8)

where a and b are determined by (4.6) and (4.7). Since the RG equations are real, a^2 will stay strictly non-negative and therefore b will oscillate with t = ln μ between its minimum and maximum values b_− and b_+, where a = 0. When a ≃ 0, for finite values of

corresponding to a limit of (3.11) and with target space S^3 or its deformation along a direction in the Cartan subalgebra of SU (2) [36] (see also the comments after (4.9) below), have an overall coupling constant that gets renormalized [36]. The reason for this apparent paradox is that, in these models, the overall coupling constant is related to our λ by rescalings, such as those described in footnote 8, with parameters that get renormalized.

13Presumably, the dual to the (3.11), (3.12) model will also have the same beta-functions (4.4). We also note that it is highly non-trivial that the change of the matrix (3.10) under the RG eqs. (4.4) preserves its form. For example, had we started, as in [16], with a matrix E�^1_0 proportional to the identity, then eqs. (4.4) would have generated off-diagonal elements. This is clearly seen by computing the right-hand sides of eqs. (4.4) for a = b = 1 and g = 0. By doing so we obtain the infinitesimal change of E�^1_0 = I (to lowest order) and eq. (102) of [16] (with c = 1).

the overall coupling constant λ, the curvature for the metric (3.11) approaches infinity and the perturbative expansion of the RG equations becomes meaningless.

We have seen that the correct description of the theory is a genuine non-perturbative one. Neverthelss, for ν ≫ 1 we will show that there exists a wide range of energies in the UV, where the description is effectively perturbative. Moreover, there exists a fixed point at g = −1 where the theory has effectively a 2-dim target space. Indeed, using (4.5), we have that a^2 ≃ 2νb ≫ 1 when ν ≫ 1. Hence, in that limit and after redefining λ → λ/a we may simplify the RG eqs. (4.4) as β_λ ≃ − λ^2 4π (1 − g) , β_g ≃ λ 2π g(1 + g) , (4.9) β_b ≃ − λ 2π (1 − g)b . Then the metric (3.11) becomes

ds^2 = (L^1)^2 + (L^2)^2 + (1 + g)(L^3)^2

= dθ^2 + sin^2 θdϕ^2 + (1 + g)(dψ + cos θdϕ)^2 , (4.10)

which is the deformed SU(2) Principal Chiral model considered in [36]. Also the first two of the above equations are those derived in [36] for the corresponding coupling λ and deformation parameter g. In the UV the solution of (4.9) is λ ≃ 2π t , g ≃ −1 + const. t , b ≃ const.

t^2

, as t → ∞ . (4.11)

Hence, in the UV a^2 ≃ 2νb ∼ 2ν/t^2. Therefore if the condition

1 ≪ t ≪ ν^{1/2} , (4.12)

is fulfilled, then a ≫ 1 and the model is indeed described perturbatively by (4.10). The point g = −1 is a UV-fixed point, where the metric (4.10) becomes S^2. However, outside the validity of (4.12) the correct description is non-perturbative.

4.1.2 Two-dimensional models

Let us now return to the 2-dim models (3.16) and (3.18). As before, there is no wavefunction renormalization for θ and ϕ, and the beta-function for the coupling λ is zero. For the couplings a and b the corresponding beta-functions can be obtained by simply setting g = −1 into (4.4). The reason why such a procedure is consistent seems to be intimately related to the local invariance that reduces the 3-dim models into 2-dim ones. Hence, we have

β_a = − λ 2π (1 + a^2 − b^2) ,

β_b = − λ π ab , (4.13) which are nothing but the beta-functions for the 2-dim model (3.16) as well as for its dual (3.18).^{14} This is a strong hint that their classical equivalence can be promoted into a quantum one as well. Having said that we note, once again, that g = −1 is not a fixed point of the (4.8) in the UV. Since (4.5) is still a RG invariant of (4.13), it is clear that one variable between a and b is an independent one. Eliminating a from (4.13) using (4.5), we obtain β_b = − λ π b √ (b_+ − b)(b − b_−) . (4.14)

Hence, the solution for b as a function of the energy scale t = ln μ oscillates between b_+ and b_− as 1 b(t) = ν + √ ν^2 − 1 sin λ π (t − t_0) , (4.15)

where t_0 is an arbitrary reference scale. This means that the corresponding σ-model actions do not define local field theories and can be considered at most as effective actions for scales such that b stays away from b_±.

The usual S^2 metric and its non-Abelian dual with respect to the right (or left) action of SU(2) are obtained from (3.16) and (3.18) if we rescale the coupling constant λ → λ/a and then take the limit a → ∞ (keeping the new coupling finite). However, this limit is problematic at the quantum level since the corresponding β-functions do not tend to the beta-function obtained by studying the 2-dim field theories based on S^2 (and its non-Abelian dual) by themselves [12]. The latter is, at one-loop, just β_λ = −^{λ2}_{2π} and is consistent with the fact that these models are asymptotically free. It is formally obtained by the first of (4.13) in the limit a → ∞ after we rescale λ → λ/a as described above. This limit does not correspond to any fixed point of (4.13). It is easily seen that, from a RG theory view point, these models offer an effective description of the more general models (3.16) and (3.18) in the case of α ≃ b ≃ ν ≫ 1, which, according to (4.15), occurs at scales^λ_π (t − t_0) ≃ −^π_2 +^1_ν mod(2π).

4.2 Models with fixed points

4.2.1 Three-dimensional models

We have seen that our model (3.11), (3.12) does not have a true fixed point under the 1-loop RG eqs. (4.8). Consider, however, the analytic continuation λ → −iλ and a → ia.

14In order to compare with β_a and β_λ as given by eq. (47) of [12], one should remember that these correspond to the model (3.19) with b = 1. Imposing that b = 1 and further requiring that β_b = 0 enforces a wave-function renormalization of the θ, i.e. in (4.2) we have θ_1 = �^1_a sin θ, in order for the model to be 1-loop-renormalizable. Then it turns out that β_a = �^λ_{2π} (4 + a^2). After taking into account the redefinitions of the various parameters, as described in footnote 8 of the present paper, this implies eq. (47) of [12].

Then the metric and antisymmetric tensors become

ds^2 = a V ( (L^1)^2 + (L^2)^2 + (g + 1)(L^3)^2 −

1 + g a^2

((b cos θ − 1) dϕ + (b − cos θ) dψ)^2 ) , (4.16) and B = 2i sin θ V dθ ∧ ( (g + 1) ∧ dψ + (b + g cos θ) ∧ dϕ ) , (4.17)

where instead of (3.13) the function V is given by

V ≡ a^2 − (b − cos θ)^2 − (1 + g) sin^2 θ . (4.18)

The fact that the antisymmetric tensor is imaginary is bothersome if we want to describe models in 2-dim Minkowskian space-times. However, for Euclidean ones, the (locally) exact 2-form measures the charge of non-trivial instanton-like configurations. The perturbative expansion is completely independent of the antisymmetric tensor, but this will definitely play a rôle in a, yet lacking, non-perturbative formulation of the model. The 1-loop RG equations for the metric (4.16) are obtained from (4.4) by the analytic continuation we have described above. Then the analogue of (4.8) is given by

β_g = − λ π b a (g + 1)(b + νg) , (4.19)

where now a = √ (b − b_+)(b − b_−) ≥ 0 , b_± ≡ ν ± √ ν^2 − 1 , (4.20)

and b is still given by (4.7). As before, we will assume that ν > 0 with no loss of generality. However, now ν does not have to be larger than or equal to 1, as in (4.6), in order to ensure reality for a. If ν < 1 then b_± are complex conjugate of each other and, unlike the case when they are real, b can take any real value without spoiling the reality of the parameter a. However, now the condition |1 + 1/g| ≥ e^C √ 1 − ν^2 has to be fulfilled in order for b to remain real. If on the other hand ν > 1, then b_± are both real and the reality condition for a requires that b ≥ b_+ > b_− or b ≤ b_− < b_+. Since 0 < b_− < b_+, it turns out that there are fixed points for initial conditions where b is less than b_−. Consider first the RG eq. (4.19) near the point with g = 1/(e^C − 1), b = 0 and a = 1. It can be written as (we take the lower sign in (4.7)): β_g ≃ λ π g^∗(g − g^∗) , g^∗ ≡ 1/(e^C − 1) . (4.21)

The same equation near the different point with g = −1/(e^C + 1), b = 0 and a = 1 takes the form β_g ≃ λ π g̃^∗(g − g̃^∗) , g̃^∗ ≡ −1/(e^C + 1) . (4.22)

For e^C > 1 we have −^1_2 < g̃^∗ < 0 < g^∗. Hence, for e^C > 1 we have an IR-stable point at g = g^∗ as well as a UV-stable point at g = g̃^∗. For 0 < e^C < 1, we have that g^∗ < −1 < g̃^∗ < −^1_2 . Therefore, for 0 < e^C < 1 there are two UV-stable points at g = g^∗ and at g = g̃^∗.

In all cases the background (4.16), (4.17) flows, either in the IR or in the UV, towards the background with

ds^2 = − 1 g_0 ( dθ^2 sin^2 θ

− g_0dϕ^2 + (g_0 + 1)dψ^2 ) , B = − 2i g_0 1 sin θ dθ ∧ ( (g_0 + 1)dψ + g_0 cos θdϕ ) , (4.23)

where g_0 represents any of the two fixed points g^∗ or g̃^∗. This represents a free theory, as can be seen by changing variables as sin θ =^1_{cosh y} . It is interesting to note that in the case e^C > 1 the signature of the metric in (4.23) is (− + −) in the IR fixed point g_0 = g^∗ and (+ + +) in the UV fixed point g_0 = g̃^∗. Also in the case of 0 < e^C < 1 the signature at the g_0 = g^∗ UV-stable point is (+ + −), but in the other UV-stable point at g_0 = g̃^∗ it is (+ + +). Hence, only at g = g̃^∗ the metric has Euclidean signature and we expect a well-defined field-theoretical description.

Let us also note that for ν ≫ 1 the RG flow is described, as before, by (4.9), (4.11) and the corresponding σ-model is again (4.10), provided (4.12) is satisfied.

4.2.2 Two-dimensional models

Now we turn to the 2-dim model (3.16) after the same analytic continuation as before, a → ia and λ → −iλ: ds^2 = a a^2 − (b − cos θ)^2 ( dθ^2 + sin^2 θdϕ^2 ) , B = 2i sin θ(b − cos θ) a^2 − (b − cos θ)^2 dθ ∧ dϕ . (4.24) The 1-loop RG equation corresponding to (4.14) is

β_b = − λ π b √ (b − b_+)(b − b_−) . (4.25)

The form of the solution for b as a function of the energy scale t = ln μ depends on whether or not ν is smaller or larger than 1. We find 1 b(t) = ν + √ 1 − ν^2 sinh λ π (t−t_0) , if ν < 1 , − π 2λ ln ( 1 + ν 1 − ν ) ≤ t−t_0 < ∞ , (4.26)

where t_0 denotes again an arbitrary reference scale. We see that in the UV there is a fixed point at b = 0 (and a = 1). The lower bound for t above is needed for b to stay positive, since only then is (4.26) a solution of (4.25). For the case of ν > 1, we have to distinguish the solutions between those with b ≤ b_− and those with b ≥ b_+. In the former case we obtain 1 b(t) = ν + √ ν^2 − 1 cosh λ π (t − t_0) , if ν > 1 , t ≥ t_0 , (4.27) and 1 b(t) = ν − √ ν^2 − 1 cosh λ π (t − t̃_0) , if ν > 1 , π 2λ ln ( ν + 1 ν − 1 ) ≤ t − t̃_0 < ∞ , (4.28)

where, as before, t_0 and t̃_0 are arbitrary reference scales. For the trajectory given by (4.27), b stays positive. It starts at b = b_− for t = t_0, and ends at b = 0 for t → ∞. For the trajectory given by (4.28), b is always negative and starts at b = −∞ for t − t̃_0 = π 2λ ln ( ν+1 ν−1 ) and ends at b = 0 for t → ∞. Hence, we see that b = 0 is a UV fixed point.

Also as we lower the scale t towards the IR, the solution becomes singular in both cases. In any case, we then run into non-perturbative regimes. For trajectories in the region b ≥ b_+, the solution is still given by (4.28), but with −^π_{2λ} ln ( ν+1 ν−1 ) ≤ t − t̃_0 ≤ 0. In the lower limit b → ∞ and in the upper limit b = b_+. Hence in that case we have a singular behaviour of the 1-loop RG equations towards the IR as well as the UV. As we have mentioned, in those cases the corresponding 2-dim field theory is not well defined at the quantum level and can be considered only as an effective field theory at scales away from the singularities.

The 2-dim model corresponding to the fixed point at b = 0 is obtained by setting g_0 = −1 in (4.23)

ds^2 = 1 sin^2 θ ( dθ^2 + sin^2 θdϕ^2 ) , B = −2i cot θ dθ ∧ dϕ . (4.29) The fact that (3.16) approaches a free-field conformal field theory at the fixed point is similar to the case of an integrable model (different from (3.16)), representing also a 1- parameter deformation of S^2, that was considered in [11]. It is interesting to investigate whether or not (3.16) represents also an integrable perturbation of S^2.

5 Concluding remarks

We have constructed a new class of 2-dim field theories with target spaces corresponding to deformations of coset spaces G/H. Our models correspond to special points of the classical moduli space of models related by Poisson–Lie T-duality, where a local invariance develops. A classification of all possible models that arise with such a procedure is an interesting open problem and can be done by analyzing the general conditions (2.16), or equivalently (2.31). By construction these models come in dual pairs. The corresponding generating functionals depend non-polynomially on the derivatives of the fields with respect to the space-like variable. The latter feature is also manifested in an underlying infinite-dimensional algebra with a central extension of the parafermionic type. It would also be interesting to uncover the relation of our models to those in [37].

We have also performed a quite general RG flow analysis using specific models with 3- and 2-dim target spaces. As in [12], we conclude that quantum aspects of the lower dimensional models do not necessarily follow by taking the same classical limit as that used to relate the corresponding 2-dim field-theoretical classical actions. Concretely, the beta-function equations for the lower-dimensional models follow from those of the original models by just setting some parameters to their prescribed values (see (4.4) and (4.13)). However, these values do not necessarily correspond to any fixed points of the solutions of these equations. Using our 3-dim example we saw that in a large domain in parameter space, and for a wide range of energies in the UV, the description is effectively perturbative with a UV-fixed point exactly where the local gauge invariance develops. We believe that this feature will persist for more general models related by Poisson–Lie T-duality. In that respect it would be very interesting to study the RG flow in general using (2.1) and (2.2) and possibly to formulate this flow in a duality-invariant way.

Acknowledgements I would like to thank P. Forgacs for interesting discussions related to renormalization group flow in 2-dim field theories and for bringing [11] into my attention. I also thank C. Zachos for an e-mail correspondence.

Note added I would like to thank C. Klimcik and the referee for informing me that the models constructed here have been studied before, at a purely classical level, in [37]. The present paper provides an alternative, more natural to physicists, complementary view point on the classical origin of these models. Moreover, we have further elucidated their structure by providing explicit examples and exploring quantum aspects of the renormalization group flow.

A Proof of (2.31)

In this appendix we prove that (2.32) (or equivalently (2.31)) follows from the conditions (2.17)) (or equivalently (2.16)). First we rewrite (2.32), using an obvious matrix notation, as Sα�^1 − α^T S = 0 , Aα�^1 − α^T A = −b^T . (A.1)

In [15] explicit expressions for the matrices a, b, Π were found in terms of normal coordinates parametrizing the group manifolds.^{15} In our case we have h = e^{ixaTa} ∈ H ⊂ G. Then defining two matrices f and f̃ with matrix elements

f_α^β = f_{αc}^βx^c , f̃^{αβ} = f̃^{αβ}_cx^c , (A.2)

15We also correct a misprint in the expression for the matrix b̃ as it appeared in [15]. In eq. (41), n! should be replaced by (n + 1)!.

we obtain α = (e^{−f} )_α^β , b = ∞∑ n=0 n∑ m=0 (−1)^m (n + 1)!

(f^T )^{n−m}f̃ f^m . (A.3) Using these expressions it is easy to show that proving (A.1) is equivalent to proving Sf^{n+1} + (−1)^n(f^T )^{n+1}S = 0 , n ≥ 0 , Af^{n+1} + (−1)^n(f^T )^{n+1}A = n∑ m=0 (−1)^m(f^T )^mf̃f^{n−m} , n ≥ 0 . (A.4) Their proof proceeds by induction. For n = 0, the above conditions reduce to Sf + f^T S = 0 , Af + f^T A = f̃ . (A.5) These are nothing but the conditions (2.17) (in a matrix notation after we contract by x^c appropriately) and by assumption they are satisfied. Asumming that (A.4) are valid for n = m for some m ≥ 1, we may easily show, with the aid of (A.5), that they also hold for n = m + 1. That proves (A.4) for all n ≥ 0.

References

[1] A.B. Zamolodchikov and Al.B. Zamolodchikov, Ann. Phys. 120 (1979) 253. [2] E. Ogievetsky, N. Reshetikhin and P. Wiegmann, Nucl. Phys. B280 (1987) 45. [3] B. Berg and P. Weisz, Nucl. Phys. B146 (1979) 205; V. Kurak and J.A. Swieca, Phys. Lett. B82 (1979) 289; M. Karowski and H.J. Thun, Nucl. Phys. B190 (1981) 61; N. Andrei and J.H. Lowenstein, Phys. Lett. B90 (1980) 106.

[4] A. Polyakov and P.B. Wiegmann, Phys. Lett. B131 (1983) 121; P.B. Wiegmann, Phys. Lett. B141 (1984) 217.

[5] P. Hasenfratz, M. Maggiore and F. Niedermayer, Phys. Lett. B245 (1990) 522;

P. Hasenfratz and F. Niedermayer, Phys. Lett. B245 (1990) 529. [6] J. Balog, S. Naik, F. Niedermayer and P. Weisz, Phys. Rev. Lett. 69 (1992) 873. [7] T.J. Hollowood, Phys. Lett. B329 (1994) 450.

[8] P. Forgacs, F. Niedermayer and P. Weisz, Nucl. Phys. B367 (1991) 123. [9] S. Rajeev, Phys. Lett. B217 (1989) 123.

[10] J. Balog, P. Forgacs, Z. Horvath and L. Palla, Phys. Lett. B324 (1994) 403;

J.M. Evans and T.J. Hollowood, Nucl. Phys. B438 (1995) 469, hep-th/9407113. [11] V.A. Fateev, E. Onofri and A.B. Zamolodchikov, Nucl. Phys. B406 (1993) 521.

[12] K. Sfetsos, Phys. Lett. B432 (1998) 365, hep-th/9803019.

[13] C. Klimcik and P. Severa, Phys. Lett. B351 (1995) 455, hep-th/9502122; C. Klimcik, Nucl. Phys. (Proc. Suppl.) B46 (1996) 116, hep-th/9509095.

[14] K. Sfetsos, Nucl. Phys. (Proc. Suppl.) 56B (1997) 302, hep-th/9611199. [15] K. Sfetsos, Nucl. Phys. B517 (1998) 549, hep-th/9710163.

[16] L.K. Balazs, J. Balog, P. Forgacs, N. Mohammedi, L. Palla and J. Schnittger, Nucl.

Phys. B535 (1998) 461, hep-th/9806068.

[17] A. Giveon, E. Rabinovici and G. Veneziano, Nucl. Phys. B322 (1989) 167;

E. Alvarez, L. Alvarez-Gaumé and Y. Lozano, Phys. Lett. B336 (1994) 183,

hep-th/9406206.

[18] T.L. Curtright and C.K. Zachos, Phys. Rev. D49 (1994) 5408, hep-th/9401006. [19] Y. Lozano, Phys. Lett. B355 (1995) 165, hep-th/9503045. [20] K. Sfetsos, Phys. Rev. D54 (1996) 1682, hep-th/9602179. [21] A.Yu. Alekseev and A.Z. Malkin, Commun. Math. Phys. 162 (1994) 147. [22] C. Klimcik and P. Severa, Phys. Lett. B372 (1996) 65, hep-th/9512040. [23] A. Hanson, T. Regge and C. Teitelboim, “Constrained Hamiltonian systems”, Accademia Nationale dei Lincei, Rome, 1976.

[24] K. Bardakci, M. Crescimanno and E. Rabinovici, Nucl. Phys. B344 (1990) 344;

K. Bardakci, M. Crescimanno and S.A. Hotes, Nucl. Phys. B349 (1991) 439. [25] M.A. Lledo and V.S. Varadarajan, Lett. Math. Phys. 45 (1998) 247,

hep-th/9803175.

[26] S. Helgason, Differential geometry, Lie groups and gymmetric spaces, New York, Academic Press, 1978.

[27] M.A. Jafarizadeh and A. Rezaei-Aghdam, Poisson–Lie T-duality and Bianchi-type algebras, hep-th/9903152.

[28] E. Witten, Phys. Rev. D44 (1991) 314.

[29] L.K. Balazs, J. Balog, P. Forgacs, N. Mohammedi, L. Palla and J. Schnittger, Phys.

Rev. D57 (1998) 3585, hep-th/9704137.

[30] A. Stern, Phys. Lett. B450 (1999) 141, hep-th/9811256 and T-Duality for coset models, hep-th/9903170.

[31] G. Ghandour, Phys. Rev. D35 (1987) 1289; T. Curtright and G. Ghandour, hep-th/9503080: Quantum Field Theory, Statistical Mechanics, Quantum Groups and Topology, edited by T. Curtright and L. Nepomechie (World Scientific Publ. Co., Singapore, 1992).

[32] C. Ford and I. Sachs, Phys. Lett. B418 (1998) 149, hep-th/9710229.

[33] G.P. Jordadze, Assymptotic variables for the Liouville equation, Bulletin of the Academy of Sciences of Georgia, vol. 115, no. 1, 1984 (in Russian).

[34] D. Friedan, Phys. Lett. 45 (1980) 1057; L. Alvarez-Gaumé, D.Z. Freedman and S. Mukhi, Ann. Phys. 134 (1981) 85; E. Braaten, T.L. Curtright and C.K. Zachos, Nucl. Phys. B260 (1985) 630.

[35] H. Osborn, Ann. Phys. 200 (1990) 1.

[36] J. Balog, P. Forgacs, Z. Horvath and L. Palla, Nucl. Phys. (Proc. Suppl.) B49 (1996) 16, hep-th/9601091 and Phys. Lett. B388 (1996) 121, hep-th/9606187.

[37] C. Klimcik and P. Severa, Phys. Lett. B381 (1996) 56, hep-th/9602162.