hep-th/9905187 25 May 1999

Non-static Dimensional Reduction of QED_3 at Finite Temperature

Ashok Das Department of Physics and Astronomy, University of Rochester, Rochester, NY 14627

Gerald Dunne Department of Physics, University of Connecticut, Storrs, CT 06269

Abstract

We study an extreme non-static limit of 2+1-dimensional QED obtained by making a dimensional reduction so that all fields are spatially uniform but time dependent. This dimensional reduction leads to a 0+1-dimensional field theory that inherits many of the features of the 2+1-dimensional model, such as Chern-Simons terms, time-reversal violation, an analogue of parity violation, and global U(2) flavor symmetry. At one-loop level, interactions induce a Chern-Simons term at finite T with coefficient tanh(^{βm}F_2 ), where m_F is the fermion mass. The finite temperature two loop self-energies are also computed, and are non-zero for all temperatures.

Typeset using REVTEX

I. INTRODUCTION

The study of induced Chern-Simons terms in 2 + 1-dimensional field theory at finite temperature has produced some interesting new insights [1–9] into the relationships between large gauge invariance, effective actions and induced charges at finite temperature. The simplest example of an induced Chern-Simons term arises in the computation of the onefermion-loop gauge self-energy in QED_3. The Chern-Simons coefficient is extracted from the zero-momentum limit of the parity violating part of this self-energy [10]. At finite T, this procedure is not unique [11] since Feynman diagrams are not analytic in external momenta at finite temperature [12]. This is because the thermal heat bath breaks Lorentz invariance, so that diagrams depend separately on the energy p^0 and the spatial momentum ⃗p. In a static limit, with p^0 = 0 and |⃗p| → 0, an induced Chern-Simons term is found with a temperature dependent coefficient [13–15]. As first pointed out in [16], this result appears (when carried over to a nonabelian theory) to violate large gauge invariance since the coefficient of the induced Chern-Simons term in a nonabelian theory should take discrete values [17]. This puzzle has been resolved for the cases when the background has the character of a static magnetic field with integer flux Φ (as is appropriate for comparison with the static limit), because in this case the problem factorizes into Φ copies of an exactly solvable 0 + 1- dimensional model [1–3]. Then one finds that the finite temperature effective action has an infinite series of parity-violating terms (of which the Chern-Simons term is only the first), each of which has a T dependent coefficient at finite T. Nevertheless, the series is such that the full effective action changes under a large gauge transformation in a manner that is independent of T. These new parity-violating terms are non-extensive (i.e., they are not integrals of a density) and they explicitly vanish at zero temperature (as they must since the zero T effective action should be extensive). This issue is considerably more difficult to resolve in genuinely time-dependent backgrounds, although presumably it should be true that the full finite T effective action is invariant under large gauge transformations that have non-zero winding number.^1

With this as motivation, we propose here to study an extreme non-static limit of 2 + 1- dimensional QED obtained by making a dimensional reduction so that all fields are spatially uniform (i.e. ⃗p = 0), but time dependent (p^0 ≠ 0). This dimensional reduction leads to a 0+ 1-dimensional field theory (i.e. quantum mechanics) that inherits many of the features of the 2+1-dimensional model, such as Chern-Simons terms, time-reversal violation, an analogue of parity violation, and global U(2) flavor symmetry [18]. However, this dimensionally reduced 0 + 1-dimensional model is very different from the 0 + 1 model considered in [1]. Rather, our dimensionally reduced model is very similar to Chern-Simons quantum mechanics [19], but now coupled to spinor fields. Surprisingly, we find that the interactions induce a Chern- Simons terms at finite T, and from the self-energy diagram we find a coefficient tanh(^{βm}F_2 ), where m_F is the fermion mass, just as in 2 + 1 dimensions. Moreover, the scalar fields are now dynamical and so it is possible to go beyond the one-loop level. However, the analogy with QED_3 is not perfect; for example, by suppressing all spatial fluctuation degrees of freedom we have lost local gauge invariance - instead we are left with a type of Yukawa model. Nevertheless, the model displays a remarkably rich renormalization structure, at both zero and non-zero temperature.

In Section II we introduce the dimensionally reduced model and its symmetry properties. In Section III we calculate the exact one-fermion-loop scalar effective action for the special case where there are no T violating bare masses. Section IV introduces the finite temperature propagators, and in Sections V and VI we compute the one-loop scalar self-energy and multi-leg diagrams contributing to the effective action. In Section VII we calculate the one-

1Note that the large gauge transformations considered in the static cases have zero winding number; they shift the Chern-Simons action by a constant because of the total derivative term in the change of the Chern-Simons Lagrange density, not because of the winding number density term [21].

loop fermion self-energy, and in Section VIII we present some two-loop results. Section IX contains some concluding remarks.

II. DIMENSIONALLY REDUCED MODEL

Consider the 2 + 1 dimensional Lagrange density for quantum electrodynamics together with a Chern-Simons term:

L_{2+1}(⃗x, t) = 1 2 ⃗E^2 − 1 2 B^2 + κ 2 ϵ^{μνρ}A_μ∂_ν A_ρ + iψ̄γ^μ∂_μψ − m_F ψ̄ψ + eψ̄γ^μψA_μ (1) Here, the electric and magnetic fields are E_i = F_{i0} = ∂_iA_0 − Ȧ_i, and B = F_{12} = ϵ^{ij}∂_iA_j, respectively, and ψ = ψ_1 ψ_2 is a two-component complex spinor field. The Dirac matrices are chosen to be

γ^0 = 1 0 0 −1

, γ^1 = 0 i i 0 , γ^2 = 0 1 −1 0 (2) which satisfy γ^μγ^ν = η^{μν} − iϵ^{μνρ}γ_ρ, where η is the Minkowski metric η^{μν} = diag(1, −1, −1). Note that both the fermion mass term m_F ψ̄ψ and the Chern-Simons term^κ_2 ϵ^{μνρ}A_μ∂_νA_ρ break the discrete symmetries of parity P and time reversal T in 2 + 1 dimensions [17,20,21]. Furthermore, as is well known, a Chern-Simons term for the gauge field can be induced radiatively at zero temperature, as the one-fermion loop gauge self-energy acquires a P-odd and T -odd contribution [10]. At finite temperature this calculation is more complicated, as was discussed in the introduction.

Now consider a dimensional reduction of the model described by the Lagrange density (1), defined by taking all fields to be spatially constant. In other words, all momenta ⃗p are set equal to zero. This reduces to a Lagrangian for a 0 + 1 dimensional model : L(t) = 1 2 Ȧ^2_i + κ 2 ϵ^{ij}Ȧ_iA_j + iψ̄γ^0∂_0ψ − m_F ψ̄ψ + μψ^†ψ + eψ̄γ^iψA_i (3)

In this spatially constant limit, the non-dynamical field eA_0 reduces to a constant chemical potential μ. The vector potential ⃗A becomes a pair of scalar fields A_i = A_i(t), with a

Lorentz-force term^κ_2 ϵ^{ij}Ȧ_iA_j inherited from the Chern-Simons mass term, and a Yukawa interaction eψ̄γ^iψA_i with the two-component spinor ψ = ψ(t).

The dimensionally reduced system with Lagrangian (3) retains some interesting symmetry properties. The first is a global rotational invariance, with infinitesimal transformations A_i → A_i + λϵ_{ij} A_j, ψ → (1 + i λ 2 γ^0)ψ (4) where λ is constant. This clearly leaves each term in the Lagrangian (3) invariant.

The 0 + 1-dimensional model in (3) possesses remnants of the behavior of the QED_3 Lagrangian (1) under discrete symmetries [20,21]. Time reversal acts as T : ψ → γ^2ψ, T : A_i → −A_i (5) This leaves invariant the chemical potential term ψ^†ψ, but changes the sign of the mass term ψ̄ψ. Similarly, the Chern-Simons term ϵ^{ij}Ȧ_iA_j changes sign under T . The Yukawa interaction term remains invariant (recall that T is an antiunitary operation, for which i → −i). All these properties mirror exactly the behavior of the 2 + 1 model.

The 0 + 1 model also inherits a charge conjugation symmetry from the 2 + 1 model: C : ψ → ψ_c = −γ^2γ^0ψ^∗ = ψ^∗_2 ψ^∗_1 , C : A_i → −A_i (6) Under this generalized charge conjugation operation C, the chemical potential term ψ^†ψ changes sign, while the mass term ψ̄ψ is invariant (recall that the ψ are anticommuting Fermi fields). Finally, this model also inherits another discrete symmetry, which we still call “parity” (although there is no spatial reflection involved), from the parity symmetry of the 2 + 1 model:

P : ψ → γ^1ψ, P : A_1 → −A_1, P : A_2 → A_2 (7) This symmetry is broken by the fermion mass term ψ̄ψ and the Chern-Simons term ϵ^{ij}Ȧ_iA_j, but not by the chemical potential term ψ^†ψ.

We can also identify a global U(2) flavor symmetry of the model (3), in analogy to the situation in 2 + 1 dimensions [20,22]. The irreducible Dirac matrix in 0 + 1 dimensions is just a number: γ^0 = 1. But by reducing from 2 + 1 we have effectively doubled the fermionic degrees of freedom (so that we can interpret ψ_1 and ψ_2 as two flavors) and defined a reducible Dirac matrix γ^0 = 1 0 0 −1

. There then exist two other 2 × 2 matrices that anticommute with γ^0, and taken together the set {γ^0, iγ^1, iγ^2, 1} generates a global U(2) flavor symmetry. This is exactly analogous to the situation in 2 + 1 dimensions where we can double the degrees of freedom taking reducible 4 × 4 Dirac matrices and two fermion flavors [20].

This global flavor symmetry acts on the fields as (infinitesimally) ψ → (1 + ⃗α · ⃗γ)ψ, A_i → A_i + ϵ_{ij}α^j (8) This flavor symmetry is broken U(2) → U(1) × U(1) by the fermion mass term ψ̄ψ, but is preserved by the chemical potential term ψ^†ψ. Once again, this mimics the behavior of the 2 + 1 dimensional model.

III. EXACT ONE-LOOP EFFECTIVE ACTION

In the absence of the bare T -violating mass terms ψ̄ψ and ϵ^{ij}Ȧ_iA_j, it is possible to compute the exact finite temperature one-fermion-loop effective action for the scalar fields A_i(t). Note that the background A_i(t) is manifestly non-static. In this section we consider the bare Lagrangian (obtained from (3) by setting m_F = 0 and κ = 0)

L_0 = 1 2 Ȧ^2_i + iψ̄γ^0∂_0ψ + μψ^†ψ + eψ̄γ^iψA_i (9)

Integrating out the fermion fields, the one-loop effective action is

Γ[A_i] = −i log [ det(i∂_0 + μ + eγ^0γ^iA_i)

det(i∂_0 + μ) ] (10)

We can simplify the evaluation of Γ[A_i] by the following nonlinear field redefinition:

ψ → ψ̃ = exp ( −ie ∫ t dt^′γ^0γ^iA_i ) ψ (11)

Then the Lagrangian simplifies to a free Lagrangian L =^1_2Ȧ^2_i + ¯ψ̃γ^0(i∂_0 + μ)ψ̃. At finite

temperature, if we work in the imaginary time formalism, the original fermion fields satisfy

antiperiodic boundary conditions: ψ(β) = −ψ(0), where β =^1_T is the inverse temperature.

Therefore, the transformed fields ψ̃ have boundary conditions:

ψ̃(β) = − exp ( −ie ∫ β 0 dtγ^0γ^iA_i ) ψ̃(0) (12)

This boundary condition may be imposed, for a given background A_i(t), by using a “chemical

potential” μ̃ = i^e_β γ^0γ^ia_i where

a_i = ∫ β 0 dtA_i(t) (13)

Thus, the evaluation of the effective action (10) reduces to the evaluation of the logarithm

of the determinant of the operator

i∂_0 + μ + μ̃ = i∂_0 + μ −^e_β a_− e β a_+ i∂_0 + μ

(14)

with anti-periodic boundary conditions. Here we have introduced a convenient shorthand

notation a_± = a_1 ± ia_2. It is a straightforward matter to diagonalize this operator by a

unitary transformation U:

i∂_0 + μ + μ̃ → U^† i∂_0 + μ − i^e_β (a_+a_−)^{1/2} 0

0 i∂_0 + μ + i^e_β (a_+a_−)^{1/2} U (15) Having the operator in this simple diagonal form, we can now use the results of [1] to evaluate

Γ[A_i]:

Γ[A_i] = −i log det(i∂_0 + μ − i^e_β (a_+a_−)^{1/2}) det(i∂_0 + μ)

+ log det(i∂_0 + μ + i^e_β (a_+a_−)^{1/2}) det(i∂_0 + μ) = −i ( log [ cos( e 2 (a_+a_−)^{1/2}) − i tanh( βμ 2 ) sin( e 2 (a_+a_−)^{1/2}) ]

+ log [ cos( e 2 (a_+a_−)^{1/2}) + i tanh( βμ 2 ) sin( e 2 (a_+a_−)^{1/2}) ])

= −i log [ cos^2 ( e 2 | | | | | ∫ β 0 dtA_i(t) | | | | | ) + tanh^2( βμ 2 ) sin^2 ( e 2 | | | | | ∫ β 0 dtA_i(t) | | | | | )] (16)

where | | | ∫ β 0 dtA_i(t) | | | = √a_+a_− = √ a_ia_i.

Several comments are in order concerning the result (16). First, notice that there is no sign of any T -violating terms being generated. This is not surprising, since the bare Lagrangian (9) considered in this section contains neither a fermion mass term nor a Chern- Simons term. Second, this finite temperature effective action involves non-extensive terms, as had also been found in the finite temperature static limit [1,6]. In fact, the result (16) can be expanded as a series in even powers of the integral ∫ β 0 dtA_i(t). At zero temperature, where the effective action must be extensive, the effective action vanishes, by a cancellation of extensive terms ∫ β 0 dtA_i(t) with opposite signs.

IV. FINITE TEMPERATURE PERTURBATION THEORY

While it is interesting to observe the presence of non-extensive terms in the finite temperature effective action for the T -preserving Lagrangian (9), it is more interesting to consider the possibility of the radiative generation of T -violating terms at finite temperature. We expect that this phenomenon may occur if we include the T -violating bare masses m_F and/or κ that appear in the Lagrangian (3). But the effective action for this system is not exactly solvable. Thus we must resort to finite temperature perturbation theory [23]. Since we are considering non-static backgrounds A_i = A_i(t) it is more direct to use the real-time formalism. We will present the calculations in both coordinate space and in momentum space.

The finite T propagators simplify considerably in 0 + 1 dimensions, due to the simplicity of the dispersion relation. For the fermion fields, the quadratic Lagrangian

L^F_{quad} = iψ̄γ^0∂_0ψ − m_F ψ̄ψ (17)

leads to the following thermal real-time propagators (we are using the closed time path formalism [23]):

S_{++}(p, m_F ) = i p−mF^{+iϵ} − 2πn^F (m^F )δ(p − m^F ) 0 0^{−i}_{p+m}F_{−iϵ} − 2πn_F (m_F )δ(p + m_F )

S_{+−} (p, m_F ) =

−2πn_F (m_F )δ(p − m_F ) 0 0 2π(1 − n_F (m_F ))δ(p + m_F )

S_{−+}(p, m_F ) =

2π(1 − n_F (m_F ))δ(p − m_F ) 0 0 −2πn_F (m_F )δ(p + m_F )

S_{−−} (p, m_F ) = −i p−mF^{−iϵ} − 2πn^F (m^F )δ(p − m^F ) 0 0^i_{p+m}F_{+iϵ} − 2πn_F (m_F )δ(p + m_F )

(18)

Here, n_F (m_F ) is the standard Fermi distribution function

n_F (m_F ) = 1 e^{βm}F + 1

(19)

In coordinate space, the corresponding propagators S(t, m) = ∫ dp 2π e^{−ipt}S(p, m) are:

S_{++}(t, m_F ) =

(θ(t) − n_F (m_F ))e^{−im}F^t 0 0 (θ(−t) − n_F (m_F ))e^{im}F^t

S_{+−} (t, m_F ) =

−n_F (m_F )e^{−im}F^t 0

0 (1 − n_F (m_F ))e^{im}F^t

S_{−+}(t, m_F ) =

(1 − n_F (m_F ))e^{−im}F^t 0

0 −n_F (m_F )e^{im}F^t

S_{−−} (t, m_F ) =

(θ(−t) − n_F (m_F ))e^{−im}F^t 0 0 (θ(t) − n_F (m_F ))e^{im}F^t

(20)

For the scalar fields, we introduce a mass m_B as an infrared regulator, so that the quadratic Lagrangian

L^B_{quad} = 1 2 Ȧ^2_i − 1 2 m^2_BA^2_i (21)

leads to the following real-time thermal propagators G^{ij}_{ab}(p, m_B) = δ_{ij}G_{ab}(p, m_B), where a, b refer to the thermal indices ±:

G_{++}(p, m_B) = i p^2 − m^2_B + iϵ

+ 2πn_B(m_B)δ(p^2 − m^2_B) G_{+−} (p, m_B) = 2π[θ(−p) + n_B(m_B)]δ(p^2 − m^2_B)

G_{−+}(p, m_B) = 2π[θ(p) + n_B(m_B)]δ(p^2 − m^2_B) G_{−−} (p, m_B) = −i p^2 − m^2_B − iϵ

+ 2πn_B(m_B)δ(p^2 − m^2_B) (22)

Here, n_B(m_B) is the standard Bose distribution function

n_B(m_B) = 1 e^{βm}B − 1 (23)

In coordinate space the corresponding propagators are

G_{++}(t, m_B) = 1 2m_B ( [θ(t) + n_B(m_B)]e^{−im}B^t + [θ(−t) + n_B(m_B)]e^{im}B^t )

G_{+−} (t, m_B) = 1 2m_B ( n_B(m_B)e^{−im}B^t + [1 + n_B(m_B)]e^{im}B^t )

G_{−+}(t, m_B) = 1 2m_B ( [1 + n_B(m_B)]e^{−im}B^t + n_B(m_B)e^{im}B^t )

G_{−−} (t, m_B) = 1 2m_B ( [θ(−t) + n_B(m_B)]e^{−im}B^t + [θ(t) + n_B(m_B)]e^{im}B^t ) (24)

V. ONE-FERMION-LOOP SCALAR SELF-ENERGY

Given the finite T propagators from the previous section, we now compute the onefermion-loop self-energy for the scalar fields A_i. We present the calculation both in momentum space and in coordinate space.

A. Momentum Space Calculation

The momentum space scalar self-energy with thermal indices a, b (each taking possible values ±) in Figure 1 is (this definition includes a negative sign inherent in the definition of Π_{±∓} in the closed time path formalism [23]) Π^{ij}_{ab}(p) = −(−ie)^2 ∫ dq 2π Tr ( γ^iS_{ab}(q, m_F )γ^jS_{ba}(p + q, m_F ) ) (25)

The Dirac trace may be simplified with the useful algebraic identity γ^i c 0 0 d γ^j = − (δ^{ij} + iϵ^{ij})d 0 0 (δ^{ij} − iϵ^{ij})c (26)

Thus we see that the self-energy naturally separates into a piece proportional to δ^{ij} and a piece proportional to ϵ^{ij}. We first consider the ++ thermal self-energy:

Π^{ij}_{++}(p) = −e^2 { δ^{ij} ∫ dq 2π S^{11}_{++}(q, m_F ) [ S^{22}_{++}(q + p, m_F ) + S^{22}_{++}(q − p, m_F ) ]

−iϵ^{ij} ∫ dq 2π S^{11}_{++}(q, m_F ) [ S^{22}_{++}(q + p, m_F ) − S^{22}_{++}(q − p, m_F ) ]} (27)

Here the upper indices 11 and 22 refer to the diagonal components of the Dirac matrix structure of the fermionic propagators in (18), and we have used the fact that S^{22}_{++}(−q, m_F ) = S^{11}_{++}(q, m_F ). Notice that the part of Π^{ij}_{++}(p) that is proportional to δ^{ij} is manifestly even in p, while the part proportional to ϵ^{ij} is odd in p. The loop momentum integrals are straightforward contour integrals, and we find the remarkably simple structure for the selfenergy

Π^{ij}_{++}(p) = −e^2 tanh( βm_F 2 ) [ 4m_F δ^{ij} − 2ipϵ^{ij} ] ( i p^2 − 4m^2_F + iϵ

+ 2πn_B(2m_F )δ(p^2 − 4m^2_F ) )

= −e^2 tanh( βm_F 2 ) [ 4m_F δ^{ij} − 2ipϵ^{ij} ] G_{++}(p, 2m_F ) (28)

To obtain this result we have used the identities:

δ(p − 2m_F ) + δ(p + 2m_F ) = 4m_F δ(p^2 − 4m^2_F ) δ(p − 2m_F ) − δ(p + 2m_F ) = 2pδ(p^2 − 4m^2_F ) (29)

Furthermore, the tanh(^{βm}F_2 ) factor arises because of the identity

[n_F (m_F )]^2 = tanh( βm_F 2 ) n_B(2m_F ) (30)

The result (28) is interesting for a number of reasons. First, notice the appearance of a Chern-Simons-like ϵ^{ij} part to the scalar self-energy. Furthermore, notice that the overall factor tanh(^{βm}F_2 ) that is familiar from the computation of induced Chern-Simons terms at finite temperature in 2 + 1 dimensional theories in the static limit [13,14]. Indeed, in the small p limit,

Π^{ij}_{++}(p → 0) ∼ tanh( βm_F 2 ) [ i e^2 m_F δ^{ij} + e^2 2m^2_F pϵ^{ij} ] (31) which shows that at one-loop order we induce both an even and odd mass term for the scalars A_i.

It is also interesting to note that the full p dependence of the self-energy combines into a bosonic propagator, for a bosonic field of mass 2m_F , even though the actual calculation of the fermion loop only involves fermionic propagators. We also comment that if this calculation is repeated including also a chemical potential term μψ^†ψ for the fermions, then the only difference in the final result is that

tanh( βm_F 2 ) becomes sinh(βm_F ) cosh(βm_F ) + cosh(βμ)

(32)

which arises because of the identity

n_F (m_F + μ)n_F (m_F − μ) = ( sinh(βm_F ) cosh(βm_F ) + cosh(βμ) ) n_B(2m_F ) (33)

This modified prefactor is precisely the Chern-Simons prefactor found in the static limit finite temperature calculation in 2 + 1 dimensions with both a fermion mass m_F and a chemical potential μ [15].

This momentum space calculation can be done similarly for the other thermal components of the self-energy, with the general result that

Π^{ij}_{ab}(p) = −e^2 tanh( βm_F 2 ) [ 4m_F δ^{ij} − 2ipϵ^{ij} ] G_{ab}(p, 2m_F ) (34)

where, as stated before, this definition includes a negative sign inherent in the definition of Π_{±∓} in the closed time path formalism [23].

B. Coordinate Space Calculation

The one-fermion-loop scalar self-energy is even easier to compute in coordinate space (see Figure 2) as no integration is involved - it is simply a matter of multiplying out the various coordinate space propagators. Thus, for the ++ thermal component one finds

Π^{ij}_{++}(t_1 − t_2) = −(ie)^2Tr ( γ^iS_{++}(t_1 − t_2, m_F )γ^jS_{++}(t_2 − t_1, m_F ) )

= −e^2 { δ^{ij} [ (θ(t_2 − t_1) − n_F (m_F ))^2e^{2im}F^{(t1−t2)} + (θ(t_1 − t_2) − n_F (m_F ))^2e^{−2im}F^{(t1−t2)} ]

+iϵ^{ij} [ (θ(t_2 − t_1) − n_F (m_F ))^2e^{2im}F^{(t1−t2)} − (θ(t_1 − t_2) − n_F (m_F ))^2e^{−2im}F^{(t1−t2)} ]} (35)

As before, we recognize a term proportional to δ^{ij} and a term proportional to ϵ^{ij}. The former is even under the interchange of t_1 and t_2, while the latter is odd under this interchange. The products of propagators may be expanded using the identity

(θ(t) − n_F (m_F ))^2 = tanh( βm_F 2 ) (θ(t) + n_B(2m_F )) (36)

Thus, we see immediately that

Π^{ij}_{++}(t_1 − t_2) = −e^2 tanh( βm_F 2 ) [ 4m_F δ^{ij} + 2ϵ^{ij} ∂ ∂t_1 ] G_{++} (t_1 − t_2, 2m_F ) (37)

which is simply the coordinate space version of the result (28). The other thermal components are computed similarly, so that

Π^{ij}_{ab}(t_1 − t_2) = −e^2 tanh( βm_F 2 ) [ 4m_F δ^{ij} + 2ϵ^{ij} ∂ ∂t_1 ] G_{ab}(t_1 − t_2, 2m_F ) (38)

in agreement with the momentum space result (34).

VI. ONE-LOOP EFFECTIVE ACTION

For the model with a fermion mass term m_F ψ̄ψ, it is not possible to compute the oneloop effective action in closed form. Nevertheless, a perturbative analysis is possible. The effective action has the standard diagrammatic expansion shown in Figure 3. It is clear that the tadpole term vanishes because of the trace property Tr(γ^iS(q, m_F )) = 0, since γ^i is off-diagonal and S is diagonal. For this same reason, each diagram with an odd number of external scalar lines vanishes identically. (This is analogous to Furry’s theorem). Beyond the self-energy diagram, which was computed in the previous section, the next is the fourleg diagram. As noted for the self-energy, it is easiest to do these one-loop calculations in coordinate space since there are no integrations involved. For example, the 4-leg diagram in Figure 4 yields Γ^{ijkl}_{++++} (t_1, t_2, t_3, t_4) = −(ie)^4Tr ( γ^iS_{++}(t_1 − t_4)γ^lS_{++}(t_4 − t_3)γ^kS_{++}(t_3 − t_2)γ^jS_{++}(t_2 − t_1) )

= −e^4 [ (δ^{il} + iϵ^{il})(δ^{kj} + iϵ^{kj})S^{11}_{++}(t_4 − t_1)S^{11}_{++}(t_4 − t_3)S^{11}_{++}(t_2 − t_3)S^{11}_{++}(t_2 − t_1) + (δ^{il} − iϵ^{il})(δ^{kj} − iϵ^{kj})S^{11}_{++}(t_1 − t_4)S^{11}_{++}(t_3 − t_4)S^{11}_{++}(t_3 − t_2)S^{11}_{++}(t_1 − t_2) ] (39) Adding the other permutations of the external coordinates, the quartic contribution to the effective action can be written as S_{quartic} = ∫ dt_1dt_2dt_3dt_4G^{(4)}(t_1, t_2, t_3, t_4) where G^{(4)} = ie^4 2(4!) [ Ā(t_1)A(t_2)Ā(t_3)A(t_4)S^{11}_{++}(t_4 − t_1)S^{11}_{++}(t_4 − t_3)S^{11}_{++}(t_2 − t_3)S^{11}_{++}(t_2 − t_1) + Ā(t_1)A(t_3)Ā(t_4)A(t_2)S^{11}_{++}(t_2 − t_1)S^{11}_{++}(t_2 − t_4)S^{11}_{++}(t_3 − t_1)S^{11}_{++}(t_3 − t_4) + Ā(t_1)A(t_4)Ā(t_2)A(t_3)S^{11}_{++}(t_3 − t_1)S^{11}_{++}(t_3 − t_2)S^{11}_{++}(t_4 − t_1)S^{11}_{++}(t_4 − t_2) + A(t_1)Ā(t_2)A(t_3)Ā(t_4)S^{11}_{++}(t_1 − t_4)S^{11}_{++}(t_1 − t_2)S^{11}_{++}(t_3 − t_4)S^{11}_{++}(t_3 − t_2) + A(t_1)Ā(t_3)A(t_4)Ā(t_2)S^{11}_{++}(t_1 − t_2)S^{11}_{++}(t_1 − t_3)S^{11}_{++}(t_4 − t_2)S^{11}_{++}(t_4 − t_3) + A(t_1)Ā(t_4)A(t_2)Ā(t_3)S^{11}_{++}(t_1 − t_3)S^{11}_{++}(t_1 − t_4)S^{11}_{++}(t_2 − t_3)S^{11}_{++}(t_2 − t_4) ] (40) where we have defined A = A_1 + iA_2 and Ā = A_1 − iA_2.

The structure is similar for the 2N-point function, for which we find G^{(2N )}(t_1, . . . , t_{2N} ) = ie^{2N} 2^{N −1}(2N)! [ N ∏ i=1 ( Ā(t_{2i−1})A(t_{2i})S^{11}_{++}(t_{2i} − t_{2i−1})S^{11}_{++}(t_{2i} − t_{2i+1}) )

+ N∏ i=1 ( A(t_{2i−1})Ā(t_{2i})S^{11}_{++}(t_{2i−1} − t_{2i})S^{11}_{++}(t_{2i+1} − t_{2i}) )

+ cyclic in t_2, t_3, . . . t_{2N} ] (41) Here we have identified t_{2N +1} ≡ t_1.

Notice that this contribution to the effective action involves non-extensive terms, although the zero T limit is extensive as the 2N-point function reduces to products of theta functions. Also, it is interesting to note that this finite T effective action is considerably more complicated than the situation with a static background, for which it is possible to find the exact P-odd part of the effective action [1–3]. Here, in a non-static limit, it does not appear possible to find such an exact closed-form expression.

VII. ONE-LOOP FERMION SELF-ENERGY

A. Momentum Space Calculation

The one-loop fermion self-energy in Figure 5 takes an interesting simple form at finite temperature. In momentum space it is straightforward to perform the single loop integral to show that

Σ_{ab}(q) = (ie)^2 ∫ dk 2π γ^iS_{ab}(q − k, m_F )γ^j G^{ij}_{ab}(k, m_B) = − e^2 m_B [1 + n_B(m_B) − n_F (m_F )]

S^{22}_{ab} (q, m_F + m_B) 0 0 S^{11}_{ab} (q, m_F + m_B) + [n_B(m_B) + n_F (m_F )]

S^{22}_{ab} (q, m_F − m_B) 0 0 S^{11}_{ab} (q, m_F − m_B)

(42) Here we have used the identities (we assume the scalar regulator mass m_B is smaller than the fermionic mass m_F ) n_F (m_F )n_B(m_B) n_F (m_F + m_B)

= [1 + n_B(m_B) − n_F (m_F )] = 1 2 ( coth( βm_B 2 ) + tanh( βm_F 2 ) )

n_F (m_F )[1 + n_B(m_B)] n_F (m_F − m_B)

= [n_B(m_B) + n_F (m_F )] = 1 2 ( coth( βm_B 2 ) − tanh( βm_F 2 ) ) (43) It is interesting to notice that the result (42) says that the effect of the scalar loop is essentially to split the bare fermion (of mass m_F ) into two fermions, of masses m_F ± m_B, with weighting factors^1_2 ( coth(^{βm}B_2 ) ± tanh(^{βm}F_2 ) ) respectively. This, in turn, makes higherloop calculations easier, since a self-energy insertion is simply like an insertion of a modified propagator.

B. Coordinate Space Calculation

The same result is found in coordinate space. For example, the ++ thermal component of the fermion self-energy is simply found by multiplying out the following propagators

Σ_{++}(t_1 − t_2) = (ie)^2 γ^iS_{++}(t_1 − t_2, m_F )γ^jG^{ij}_{++} (t_1 − t_2, m_B) = e^2 m_B [θ(t_2 − t_1) − n_F (m_F )]e^{im}F^{(t1−t2)} 0 0 [θ(t_1 − t_2) − n_F (m_F )]e^{−im}F^{(t1−t2)} × { [θ(t_1 − t_2) + n_B(m_B)]e^{−im}B^{(t1−t2)} + [θ(t_2 − t_1) + n_B(m_B)]e^{im}B^{(t1−t2)} }

= −e^2 m_B [1 + n_B(m_B) − n_F (m_F )]

S^{22}_{++}(t_1 − t_2, m_F + m_B) 0 0 S^{11}_{++}(t_1 − t_2, m_F + m_B) + [n_B(m_B) + n_F (m_F )]

S^{22}_{++}(t_1 − t_2, m_F − m_B) 0 0 S^{11}_{++}(t_1 − t_2, m_F − m_B)

(44) Here we have used the identities

(θ(t) − n_F (m_F ))(θ(t) + n_B(m_B)) = (1 + n_B(m_B) − n_F (m_F ))(θ(t) − n_F (m_F + m_B)) (θ(t) − n_F (m_F ))(θ(−t) + n_B(m_B))= (n_B(m_B) + n_F (m_F ))(θ(t) − n_F (m_F − m_B)) (45) The analogous results hold for the other thermal indices of the fermion self-energy.

VIII. TWO-LOOP RESULTS

The simple structure of the finite temperature one-loop scalar and fermion self-energies found in the preceding sections suggests that higher loop calculations should be relatively straightforward also. As an example of the continued simplicity, consider the one-loop vertex correction in Figure 7. This one-loop vertex correction vanishes identically due to Dirac matrix algebra since it involves the matrix structure γ^i 0 c d 0 γ^i = 0 (46) This has the immediate consequence that the crossed two-loop scalar self-energy diagram in Figure 8(b) vanishes, and so we only need to consider the diagram in Figure 8(a). To compute the contribution for the external ++ thermal indices, we need four such diagrams, as shown in Figure 9, since the internal vertices can each have one of two thermal indices a = ±. So

Π^{ij}_{++}(t_1 − t_2) = −(ie)^4 ∑ a,b ∫ dt_3 ∫ dt_4 tr [ γ^iS_{+a}(t_1 − t_3)γ^kS_{ab}(t_3 − t_4)γ^lS_{b+}(t_4 − t_2)γ^jS_{++}(t_2 − t_1) ] G^{ab}_{kl} (t_3 − t_4) (47)

But we have already computed part of this, in evaluating the one-loop fermion self-energy Σ in the previous section. From the result (44) we see that Σ splits into a contribution proportional to (1 + n_B(m_B) − n_F (m_F )) and a contribution proportional to (n_B(m_B) + n_F (m_F )). Therefore, the combination SΣS, which appears in the two-loop calculation, also splits in this manner. These two contributions are simply related by taking (m_F + m_B) to (m_F − m_B). Furthermore, the product SΣS is diagonal in the Dirac matrix sense, and the two diagonal entries are simply related by interchanging the coordinate labels. So it is sufficient to look first at the piece of the (11) Dirac matrix component that is multiplied by (1 + n_B(m_B) − n_F (m_F )): − (ie)^2 ∑ a,b (S_{+a}(t_1 − t_3)Σ_{ab}(t_3 − t_4)S_{b+}(t_4 − t_2))^{(11)} =

e^4 m_B (1 + n_B(m_B) − n_F (m_F ))e^{−im}F^{(t1−t3)+i(m}F^{+m}B^{)(t3−t4)−im}F^{(t4−t2)} [(θ(t_1 − t_3) − n_F (m_F )) {(θ(t_4 − t_3) − n_F (m_F + m_B)) (θ(t_4 − t_2) − n_F (m_F )) − (1 − n_F (m_F + m_B)) (1 − n_F (m_F ))} +n_F (m_F ) {(−n_F (m_F + m_B)) (θ(t_4 − t_2) − n_F (m_F )) − (θ(t_3 − t_4) − n_F (m_F + m_B)) (1 − n_F (m_F ))}] (48)

After some straightforward algebra, this reduces to e^4 m_B (1 + n_B(m_B) − n_F (m_F ))e^{−im}F^{(t1−t2)}e^{i(m}B^{+2m}F^{)(t3−t4)} · [θ(t_2 − t_4)θ(t_4 − t_3)θ(t_3 − t_1) + n_F (m_F + m_B)θ(t_1 − t_3)θ(t_2 − t_4) −(1 − n_F (m_F )) (θ(t_1 − t_3)θ(t_3 − t_4) + θ(t_2 − t_4)θ(t_4 − t_3))] (49)

Inserting this into the two-loop self-energy (47) requires performing the integrals over the internal vertex coordinates t_3 and t_4. As can be seen from (49), there are three types of integrals, and they require some care since they involve products of theta functions. Using the representation θ(t) = ∫ dk −2πi e^{−ikt} k + iϵ (50) together with careful regularization of delta functions, we find ∫ dt_3 ∫ dt_4e^{i(m}B^{+2m}F^{)(t3−t4)}θ(t_2 − t_4)θ(t_4 − t_3)θ(t_3 − t_1)

= θ(t_2 − t_1) [ 1 − e^{i(m}B^{+2m}F^{)(t1−t2)} (m_B + 2m_F )^2 + i(t_1 − t_2) (m_B + 2m_F ) ] (51) ∫ dt_3 ∫ dt_4e^{i(m}B^{+2m}F^{)(t3−t4)} (θ(t_1 − t_3)θ(t_3 − t_4) + θ(t_2 − t_4)θ(t_4 − t_3)) = 2 (m_B + 2m_F )^2 + i(t_1 − t_2) (m_B + 2m_F )

(52) ∫ dt_3 ∫ dt_4e^{i(m}B^{+2m}F^{)(t3−t4)}θ(t_1 − t_3)θ(t_2 − t_4) = 1 (m_B + 2m_F )^2 + e^{i(m}B^{+2m}F^{)(t1−t2)} (m_B + 2m_F )^2

(53)

This completes the calculation of all the parts contributing to the (1 + n_B(m_B) − n_F (m_F ))

part of − (ie)^2 ∑ a,b ∫ dt_3 ∫ dt_4 (S_{+a}(t_1 − t_3)Σ_{ab}(t_3 − t_4)S_{b+}(t_4 − t_2))^{(11)} (54)

The analogous term proprtional to (n_B(m_B) + n_F (m_F )) is obtained by replacing m_F + m_B

with m_F − m_B. And then the (22) Dirac matrix components are obtained by interchanging

t_1 and t_2.

Finally, to evaluate the two-loop scalar self-energy (47), we insert the remaining gamma

matrices and the propagator S_{++}(t_2 − t_1), and perform the Dirac trace. The net result is

Π^{ij}_{++}(t_1 − t_2) = e^4 m_B [ (1 − 2n_F (m_F )) ( (1 + n_B(m_B) − n_F (m_F ))

(m_B + 2m_F )^2 + (n_B(m_B) + n_F (m_F )) (m_B − 2m_F )^2 ) · ·(δ^{ij} + 1 2m_F ϵ^{ij} ∂ ∂t_1 )G_{++} (t_1 − t_2, 2m_F )

−(1 − 2n_F (m_F )) ( (1 + n_B(m_B) − n_F (m_F )) (m_B + 2m_F ) − (n_B(m_B) + n_F (m_F )) (m_B − 2m_F ) ) · ·(t_1 − t_2)( 1 2m_F δ^{ij} ∂ ∂t_1 − ϵ^{ij})G_{++}(t_1 − t_2, 2m_F )

+n_F (m_F )(1 − n_F (m_F )) ( 1 (m_B + 2m_F )^2 + 1 (m_B − 2m_F )^2 ) · ·(δ^{ij} − 1 m_B ϵ^{ij} ∂ ∂t_1 )G_{++}(t_1 − t_2, m_B)

+ ( (1 − n_F (m_F ) − n_F (m_F + m_B))(1 + n_B(m_B) − n_F (m_F )) (m_B + 2m_F )^2 + (1 − n_F (m_F ) − n_F (m_F − m_B))(n_B(m_B) + n_F (m_F )) (m_B − 2m_F )^2 ) · ·(δ^{ij} + 1 2m_F ϵ^{ij} ∂ ∂t_1 ) ( (θ(t_1 − t_2) − n_F (m_F ))e^{−2im}F^{(t1−t2)} + (t_1 ↔ t_2) ) ] (55) Note the appearance of terms proportional to δ^{ij} that are even under the interchange t_1 ↔ t_2, as well as the “Chern-Simons” terms proportional to ϵ^{ij} that are odd under the interchange t_1 ↔ t_2. It is also interesting to observe the new structure involving factors of (t_1 − t_2) multiplying propagators. The result (55) is non-zero even at zero temperature. This should be compared and contrasted to the case in 2 + 1 dimensional QED at zero temperature, where the parity-odd two-loop contribution to the gauge self-energy vanishes [24,25]. Here this is not the case, a reflection of the fact that our dimensionally reduced model does not have local gauge invariance.

We have also computed the two-loop fermion self-energy, but the final expression is long and we do not present it here. Note that because of the vanishing of the one-loop vertex correction, the overlapping diagram in Figure 10(b) is identically zero. The remaining two diagrams in Figure 10 are straightforward to evaluate given the one-loop results already presented.

Finally we mention that while the one-loop vertex correction (see Figure 7) is zero, at the two-loop level there is in fact one non-zero vertex diagram, shown in Figure 11. All other two-loop vertex diagrams vanish.

IX. CONCLUSIONS

In this paper we have studied an extreme non-static limit of 2 + 1-dimensional QED obtained by making a dimensional reduction so that all fields are spatially uniform (i.e. ⃗p = 0), but time dependent (p^0 ≠ 0). The resulting 0 + 1-dimensional field theory inherits many of the features of QED_3, such as Chern-Simons terms, time-reversal violation, an analogue of parity violation, and global U(2) flavor symmetry. We found that at finite temperature the interactions induce a radiative Chern-Simons mass as well as a T -even mass, and from the self-energy diagram we find that each is proportional to tanh(^{βm}F_2 ), where m_F is the fermion mass. Multi-leg diagrams contain non-extensive contributions at finite T, but it does not appear possible to re-sum exactly the effective action, except in the special case in which there are no bare T -violating masses to begin with. This is indicative of the difficulty of analyzing the finite temperature 2 + 1 model in non-static backgrounds. We have computed the two loop scalar and fermion self-energies, and we find that these are non-zero. Indeed, they are even non-zero at zero temperature. This does not violate the Coleman-Hill theorem [25] since in our non-static limit we have suppressed local gauge invariance. It would be interesting to study supersymmetry breaking due to temperature effects in this model - the model itself is not supersymmetric, but could be made so by the suitable inclusion of additional fields.

Acknowledgements

This work was supported in part by US Department of Energy Grant No. DE-FG-02- 91ER40685 (AD) and Grant No. DE-FG-02-92ER40716 (GD). GD thanks V. Miransky for interesting discussions.

FIGURES

i,p j,p q

p+q a b

FIG. 1. The scalar self energy Π^{ij}_{ab}(p) in momentum space. The external momentum is p, the external field indices are i and j, and the thermal indices are a and b.

i j a t_1 t_2 b

FIG. 2. The scalar self energy Π^{ij}_{ab}(t_1 � t_2) in coordinate space. The vertices are at coordinates t_1 and t_2, the external field indices are i and j, and the thermal indices are a and b.

Γ_F [A_i] = + + . . .

FIG. 3. Perturbative expansion of the effective action.

+ + +

+ t_1 t_2 t_3 t_4

i

j k l

FIG. 4. The four-point function in coordinate space q-k

k b a

FIG. 5. The fermion self energy Σ_{ab}(q) in momentum space. The external momentum is q, and the thermal indices are a and b.

t_1 t_2 b a

FIG. 6. The fermion self energy Σ_{ab}(t_1 �t_2) in coordinate space. The vertices are at coordinates t_1 and t_2, and the thermal indices are a and b.

FIG. 7. The one-loop vertex function. This vertex correction vanishes due to Dirac matrix structure.

(a) (b)

FIG. 8. Two-loop contributions to the scalar self energy. The crossed diagram in (b) vanishes due to Dirac gamma matrix identities (in fact, the 1-loop vertex correction itself vanishes - see caption to Figure 7).

+ t_1 i t2 j + +,t_4

+,t_3

(a)

+ t_1 t_2 + −,t_4 +,t_3 i j (b)

+ t_1 t_2 + +,t_4 −,t_3 i j (c)

+ t_1 t_2 + −,t_4 −,t_3 i j (d)

FIG. 9. The two-loop contributions to the scalar self energy Π^{ij}_{++}(t_1 � t_2) in coordinate space. Note that the diagrams (b) and (c) have a single – vertex and so contribute with the opposite sign compared to diagrams (a) and (d).

(a) (b) (c) FIG. 10. The diagrams contributing to the two-loop fermion self-energy. The diagram in (b) vanishes due to gamma matrix properties (in fact, the 1-loop vertex correction itself vanishes - see caption to Figure 7).

FIG. 11. The only non-vanishing diagram contributing to the two-loop vertex.

REFERENCES

[1] G. Dunne, K. Lee, C. Lu, “Finite temperature Chern-Simons Coefficient”, Phys. Rev.

Lett. 78 (1997) 3434.

[2] S. Deser, L. Griguolo and D. Seminara, “Gauge Invariance, Finite Temperature and Parity Anomaly in D=3”, Phys. Rev. Lett. 79 (1997) 1976; S. Deser, L. Griguolo and D. Seminara, “Effective QED Actions: Representations, Gauge Invariance, Anomalies and Mass Expansions”, Phys. Rev. D 57 (1998) 7444; S. Deser, L. Griguolo and D. Seminara, “Definition of Chern-Simons Terms in Thermal QED in Three-dimensions Revisited”, Commun. Math. Phys. 197 (1998) 443.

[3] C. Fosco, G. Rossini and F. Schaposnik, “Induced Parity Breaking Term at Finite Temperature”, Phys. Rev. Lett. 79 (1997) 1980, (Erratum), ibid 79 (1997) 4296; C. Fosco, G. Rossini and F. Schaposnik, “Abelian and Nonabelian Induced Parity Breaking Terms at Finite Temperature”, Phys. Rev. D 56 (1997) 6547; C. Fosco, G. Rossini and F. Schaposnik, “Induced Parity Breaking Term in Arbitrary Odd Dimensions at Finite Temperature”, Phys. Rev. D 59 (1999) 085012.

[4] I. Aitchison and C. Fosco, “Gauge Invariance and Effective Actions in D=3 at Finite Temperature”, Phys. Rev. D 57 (1998) 1171.

[5] R. González-Felipe, “On the Chern-Simons Topological Term at Finite Temperature”, Phys. Lett. B 417 (1998) 114.

[6] A. Das and G. Dunne, “Finite Temperature Perturbation Theory and Large Gauge Invariance”, Phys. Rev. D 57 (1998) 5023.

[7] J. Barcelos-Neto and A. Das, “Derivative Expansion and Large Gauge Invariance at Finite Temperature”, Phys. Rev. D 58 (1998) 085022.

[8] L.L. Salcedo, “Parity Breaking in (2+1)-dimensions and Finite Temperature”, hepth/9802071.

[9] M. Hott and G. Metikas, “Effective action for QED in (2+1)-dimensions at finite temperature”, hep-ph/9812386.

[10] A. N. Redlich, “Gauge Noninvariance and Parity Violation of Three-Dimensional Fermions”, Phys. Rev. Lett. 52 (1984) 18, “Parity Violation and Gauge Noninvariance of the Effective Gauge Field Action in Three Dimensions”, Phys. Rev. D 29 (1984) 2366.

[11] Y-C. Kao and M-F. Yang, “Radiatively Induced Chern-Simons Terms at Finite Temperature”, Phys. Rev. D 47 (1993) 730.

[12] H. A. Weldon, “Mishaps with Feynman Parametrization at Finite Temperature”, Phys.

Rev. D 47 (1993) 594; P. Bedaque and A. Das, “Feynman Parametrization and the Degenerate Electron Gas”, Phys. Rev. D 47 (1993) 601; A. Das and M. Hott, “Derivative Expansion at Finite Temperature”, Phys. Rev. D 50 (1994) 6655.

[13] K. Babu, A. Das and P. Panigrahi, “Derivative Expansion and the induced Chern- Simons term at finite temperature in 2 + 1 dimensions”, Phys. Rev. D 36 (1987) 3725.

[14] I. Aitchison, C. Fosco and J. Zuk, “On the temperature dependence of the induced Chern-Simons term in (2+1) dimensions”, Phys. Rev. D 48 (1993) 5895; I. Aitchison and J. Zuk, “The nonlocal odd parity O(e^2) effective action of QED_3 at finite temperature”, Ann. Phys. 242 (1995) 77.

[15] E. Poppitz, “Induced Chern-Simons terms at finite density”, Phys. Lett. B 252 (1990) 417.

[16] R. Pisarski, “Topologically massive chromodynamics at finite temperature”, Phys. Rev.

D 35 (1987) 664.

[17] S. Deser, R. Jackiw and S. Templeton, “Topologically massive gauge theories”, Ann.

Phys. 140 (1982) 372.

[18] We note that there have been other recent studies of dimensional reductions of Chern- Simons theories: see for example: R. Jackiw, S.-Y. Pi, “Reducing the Chern-Simons term by a symmetry”, Phys. Lett. B 423 (1998) 364.

[19] G. Dunne, R. Jackiw and C. Trugenberger, “ ‘Topological’ (Chern-Simons) Quantum Mechanics”, Phys. Rev. D 41 (1990) 661.

[20] R. Pisarski, “Chiral-symmetry breaking in three-dimensional electrodynamics”, Phys.

Rev. D 29 (1984) 2423; T. Appelquist, M. J. Bowick, D. Karabali and L.C.R. Wijewardhana, “Spontaneous chiral-symmetry breaking in three-dimensional QED”, Phys. Rev. D 33 (1986) 3704, “Spontaneous breaking of parity in (2+1)-dimensional QED”, Phys. Rev. D 33 (1986) 3774.

[21] G. Dunne, “Aspects of Chern-Simons Theory”, 1998 Les Houches Lectures, to appear in the Proceedings, hep-th/9902115.

[22] V. Gusynin, V. Miransky and I. Shovkovy, “Dynamical flavor symmetry breaking by a magnetic field in 2+1 dimensions”, Phys. Rev. D 52 (1995) 4718.

[23] A. Das, Finite Temperature Field Theory (World Scientific, 1997). [24] Y-C. Kao and M. Suzuki, “Radiatively Induced Topological Mass Term in (2+1) Dimensional Gauge Theories”, Phys. Rev. D 31 (1985) 2137; M. Bernstein and T. Lee, “Radiative corrections to the topological mass in (2+1)-dimensional electrodynamics”, Phys. Rev. D 32 (1985) 1020.

[25] S. Coleman and B. Hill, “No more corrections to the topological mass term in QED in three dimensions”, Phys. Lett. B 159 (1985) 184.