arXiv:hep-th/9905228 v4 28 Jan 2000

UNB Technical Report 99-03

Boundary Dynamics of Higher Dimensional AdS Spacetime

J. Gegenberg † G. Kunstatter ♯

† Dept. of Mathematics and Statistics, University of New Brunswick Fredericton, New Brunswick, Canada E3B 5A3 [e-mail: lenin@math.unb.ca] ♯ Dept. of Physics and Winnipeg Institute of Theoretical Physics, University of Winnipeg Winnipeg, Manitoba, Canada R3B 2E9 [e-mail: gabor@theory.uwinnipeg.ca]

Abstract

We examine the dynamics induced on the four dimensional boundary of a five dimensional anti-deSitter spacetime by the five dimensional Chern-Simons theory with gauge group the direct product of SO(4, 2) with U(1). We show that, given boundary conditions compatible with the geometry of 5d AdS spacetime in the asymptotic region, the induced surface theory is the W ZW_4 model.

January, 2000

It may be possible to understand the physics of fields which propogate through space in terms of physics on the boundary of space [1]. For example, even though 3d Einstein gravity has no local dynamics, black holes possess thermodynamic properties. The resolution of this seeming paradox is that the dynamical processes responsible reside on the boundary of 3d spacetime. This idea was broached by Carlip [2] with the boundary dynamics occurring on the event horizon. Later Strominger [3], motivated by earlier work of Brown and Henneaux [4] and by string theory, showed that states on the boundary at infinity could also account for 3d black hole thermodynamics. This has been generalized in a variety of ways to different species of black holes in higher dimensions [5, 6, 7, 8].

What is a common element of all implementations of this program to date is the construction of integrable field theories on some boundary of spacetime. For instance, in 3d, the boundary theory is a version of the 2d WZW model [9]. Characteristically for integrable field theories, the WZW theories contain an infinite number of conserved charges, or equivalently, an infinite dimensional Kac-Moody algebra obeyed by the currents. The association of this algebra with conformal symmetry leads to the characterization of this phenomenon as an example of the AdS/CFT correspondence [10].

The starting point for the construction of the boundary theories is usually Einstein gravity or some generalization thereof. However, the initial work in 3d used the close correspondence of Einstein gravity in that dimensionality with Chern-Simons theory. The reason for this is the fact that in the latter it is comparatively straightforward to distangle gauge from dynamical degrees of freedom.

An important question to ask at this point is if this situation is a consequence of Einstein gravity in 2+1 dimensions, or is it more generic? Banados et. al[11] have analyzed higher dimensional Chern-Simons theories on manifolds with boundary and found evidence that the situation might be generic. In particular, they showed that the algebras (in diverse spacetime dimensions) of charges on the boundary are generalizations of the Kac-Moody algebra that they call W ZW_4 algebras. The latter are known in the mathematical literature as toroidal Lie algebras [12]. They generalize the Kac-Moody algebra in the sense that while the Kac-Moody algebra is the loop algebra with a central charge, the n-toroidal Lie algebras replace the loop with an n-torus.

The W ZW_4 theory (sometimes known as the Nair-Schiff or Kahler Chern- Simons theory) is a four dimensional non-linear field theory which is a natural generalization of the 2d WZW model. Some of its properties have been developed in the papers of Nair, Nair and Schiff, and Losev et. al. [13]. For example it is classically and perhaps quantum mechanically integrable and one-loop renormalizable. It was shown by Inami et. al.[14] that the associated current algebra is the 2-toroidal Lie algebra. The same authors have also formulated a 2n-dimensional generalization of the W ZW_4 theory [15].

Banados et. al.[11] do not explicitly derive the W ZW_4 boundary theory from 5d Chern-Simons. They construct the algebra of gauge charges on the boundary under the assumption that the gauge group is the direct product of some non-Abelian group G and the Abelian group U(1). The purpose of this Letter is to fill in this last important step: we will show that with boundary conditions compatible with the geometry of 5d AdS spacetime in the asymptotic region, the induced surface theory is precisely the W ZW_4 model.

We consider the Chern-Simons theory on a five dimensional manifold with boundary. It turns out that the best starting point is the six dimensional functional cubic in the curvature [11]:

S_6[Â] = ∫ M 6 ⟨ F (Â) ∧ F (Â) ∧ F (Â) ⟩ . (1)

In the above the integral is over a 6-manifold M^6, the inner product <> is an invariant trilinear form in the algebra of some group G and which satisfies the ‘cyclic property’ < ABC >=< CAB >. Finally, Â is the connection 1-form over M^6 with respect to the group G, with F (Â) := dÂ + Â ∧ Â = dÂ +^1_2 [Â, Â] the corresponding curvature. The integral S_6 is a topological invariant associated with the principal bundle with group G over M^6. In the following we assume that the wedge product ∧ of forms is understood and will not be explicitely written. One can show, see e.g. [11], that the 6-form in the integrand above is locally exact: it is the exterior derivative of a 5-form S_{CS} called the Chern-Simons form. The 2n + 1 dimensional generalization of this form was added as a topological mass term to the usual Yang-Mills lagrangian and analyzed by Mickelsson[16].

In this Letter, we restrict to the case where the gauge group G ∼= SO(4, 2)× U(1). In this we are following the lead of Banados et. al. [11].^1 The reason

1Interestingly, the group G ¸= SU (2) � U (1) was considered in the mid-1980’s by Mickelsson[17] in the context of topologically massive Yang-Mills theory.

for this is that supergravity in a five dimensional spacetime with a negative cosmological constant leads us to the super anti-deSitter group, whose bosonic sector is precicely SO(4, 2) × U(1). Moreover we consider the invariant trilinear form to be given by: ⟨J_aJ_bJ_c⟩ = T r(J_aJ_bJ_c); ⟨J_aJ_bJ_1⟩ = ⟨J_bJ_aJ_1⟩ = T r(J_aJ_b);

⟨J_aJ_1J_1⟩ = ⟨J_1J_1J_1⟩ = 0. (2)

In the above, the J_a are the generators of SO(4, 2), while J_1 is the generator of U(1). The connection 1-form decomposes as Â = A + a = A^aJ_a + a^1J_1.

Consider the following functional of A, a on a 5-manifold M^5:

S_{CS} [A, a] = S_{CS}[A] + 3 ∫ M 5 T r(AdA + 2 3 A^3)ω, (3)

where S_{CS} [A] := ∫ M 5 T r { A(dA)^2 + 3 5 A^5 + 3 2 A^3dA } . (4)

with ω = da the U(1) field strength. It is straightforward to show that the exterior derivative of the integrand in Eq.(3) is < (F (Â))^3 >, and hence that S_{CS} [A, a] is the Chern-Simons form for SO(4, 2) × U(1) for the postulated trilinear form.

Variation of the action Eq.(3) yields: δS_{CS}[A, a] = 3 ∫ M 5 T r(F^2δA) + 6 ∫ T r(F δA)ω + 3 ∫ T r(F^2)δa + δS_B, (5)

where F = dA + A^2 and the last term is a boundary variation: δS_B = − ∮ ∂M 5 [ T r(AdA + dAA + 3 2 A^3 + 3Aω)δA + 3(AdA + 2 3 A^3)δa ] . (6) If M^5 has a non-trivial boundary M^4 := ∂M^5, then we refer to fields defined on M^5 as bulk modes, and those on M^4 as boundary modes. The field equations for the bulk modes of the theory are: T r {(F ∧ F + 2F ∧ ω) J_a} = 0, (7) T r(F ∧ F ) = g_{ab}F^a ∧ F^b = 0. (8)

Unlike the three dimensional case, the above action describes a theory that does have dynamical degrees of freedom [11]. However there is a ‘generic’ sector of the phase space wherein there are no dynamical degrees of freedom in the bulk of the manifold, although there are propagating modes on the boundary [11]. This sector is described by solutions of the form F = 0 and det(ω_{μν} ) ≠ 0 but otherwise arbitrary. Such solutions are generic in the sense of [11]. Note that the presence of the boundary variation δS_B makes the variational principle of the action S_{CS} [A, a] ill defined as given. It is therefore necessary to add a compensating surface term to the action whose variation precisely cancels δS_B. This compensating surface term is determined by the choice of boundary conditions and plays a crucial role in determining the boundary dynamics.

Before deriving the boundary action, we outline the proof that the dynamics of the physical modes in the generic sector of the theory does indeed take place on M^4. What is required is to derive the symplectic form on the Hamiltonian constraint surface and show that it is a total divergence. Following the procedure in [11, 19], one first does a standard Hamiltonian decomposition of the fields into spatial and time components. In the Hamiltonian context, the generic sector consists of gauge fields such that the spatial components of the non-Abelian field strength are zero and the spatial part of the Abelian one form is non-degerate(i.e. invertible). The equations of motion then guarantee that the spacetime components of the field strength obey the generic conditions as well. The symplectic form is found by the varying the kinetic term in the action under arbitrary variations of the gauge potential in the generic sector of the constraint surface. Since the spatial part Ā of the connection is flat, we can write Ā = h�^1d̄h where h is an element of SO(4, 2). In terms of h we find: δS_{CS} = ∫ dt ∫ Σ ωT r [ D(h�^1ḣ)D(h�^1δh) ] . = − ∫ dt ∮ ∂Σ ωT r [ D̃(h�^1ḣ)(h�^1δh) ] , (9)

where D̃ denotes the covariant derivative along the boundary ∂Σ of the spatial slice Σ. The last line in the above was obtained by integrating by parts and using the fact that DD ∝ F̄ = 0. Eq.(9) defines the sympletic form and shows that the physical modes “live” on the boundary of Σ, in complete analogy with 3-D Chern-Simons gravity[19]. In terms of the Lie algebra valued charges:

Q := J_0 = 1 2 ϵ^{ijk}ω_{ij} h�^1∂_kh, (10) we get δS_{CS} = ∫ dt ∫ ∂Σ T r ( Q̇L̃�^1δQ ) , (11)

where L̃ =^1_2 ϵ^{ijk}ω_{ij}D̃_k, is assumed to be invertible (i.e. we exclude zero modes). Using Eq.(11) the Poisson bracket for these charges is : {Q^a(x), Q^b(y)} = 1 2 ω_{ij} (x)ϵ^{ijk}D̃^{ab}_k (x)δ^3(x − y) = 1 2 ( f^a_{cd}g^{bc}Q^d + ϵ^{ijk}ω_{ij}∂_kg^{ab} ) δ^3(x − y), (12)

where the f^a_{bc} are of the SO(4, 2) structure constants. The algebra Eq.(12) is the 2-toroidal Lie algebra, that is, the current algebra for the W ZW_4 theory [14]. It is a non-trivial central extension of the Lie algebra of SO(4,2). It generalizes the affine Kac-Moody algebra in that the latter is the centrally extended loop algebra with one central charge; while the 2-toroidal algebra is the centrally extended algebra of maps from a 2-torus to the (finite dimensional) Lie algebra in question. The current algebra Eq.(12) agrees with the one found by Mickelsson in the mid-1980’s in his analysis of topologically massive Yang-Mills theories in 2n + 1 dimensions [16, 17].

We will now determine the surface term whose variation cancels the unwanted boundary term δS_B in Eq.(6) for boundary conditions consistent with an asymptotic region of 5d AdS spacetime. In the case of 3d Chern-Simons theory, this procedure results in the WZW model on the 2d boundary [9]. We start by constructing the AdS_5 geometry following Witten [20]. Consider the quadratic form: f(u, v, x^i) := uv − η_{ij}x^ix^j, (13) where u, v, x^i with i, j, ... = 1, 2, 3, 4 are coordinates in IR^6 with the ultrarelativistic metric ds^2_6 = −dudv + η_{ij} dx^idx^j, (14) with η_{ij} the Minkowski metric with signature (−, +, +, +). Now consider the quadric given by the solution of f(u, v, x^i) = 1, with points with an overall sign change identified. In a coordinate patch with v > 0, we can solve for u = (1 + η_{ij} x^ix^j)/v and the metric Eq.(14) reduces, after completing the square, to the AdS_5 metric

ds^2_5 = 1 v^2 dv^2 + η_{ij} (dx^i − x^i v dv)(dx^j − x^j v dv). (15)

From the above, we see that in a region of large fixed v, the leading order terms in the frame and spin-connection fields are simply e^v = 0, e^i = dx^i, w^i_j = 0 and w^i_v = e^i. The corresponding SO(4,2) gauge potential defined in terms of the geometrical fields is therefore flat: A = [ w^a_b e^a −e_b 0 ] = 0 −dx_j 0 dx^i 0 dx^i 0 −dx_j 0 . (16) The first condition we impose on the boundary is that the connection A is flat. In this case we can simplify the boundary variation by replacing AdA by −A^3. Moreover, we have verified that T r(A^3δA) = 0 for all Lie algebra valued A and δA. The boundary variation reduces to: δS_B = −3 ∫ M 4 T r ( AδAω + (AdA + 2 3 A^3)δa ) . (17)

We also assume that ω is a fixed two-form on the boundary so that the variation δa of the U(1) gauge potential must be of the form δa = dλ, for some scalar λ. Integrating by parts and using the fact that F (A) = 0 we find that the second term in Eq.(17) vanishes.

Now we have assumed that M^5 admits a closed invertible 2-form ω and hence the restriction of ω to the boundary M^4 is closed. From the flat SO(4, 2) connection, one may construct a flat frame-field compatible with a (Lorentzian) spin-connection, which upon Wick rotation, provides a Euclidean structure. The flat Euclidean geometry enables the construction of a complex structure on M^4 [21]. Hence, using this complex structure, we can write: δS_B = −3 ∫ M 4 T r(A_iδA¯_j − A¯_jδA_i)ω¯_{ij} dz^i ∧ dz̄^j ∧ dz̄^i ∧ dz^j . (18) In the above the z^i, i, j, ... = 1, 2 are complex coordinates on M^4. The above expression cannot be integrated for arbitrary connection A on the boundary. One way to proceed is to assume further boundary conditions on the connection. If we assume, analogously to Carlip for the 2+1 dimensional case [22], that A_i is fixed on the boundary, then the second term in Eq.(18) vanishes identically and the first term can be trivially integrated. With these boundary conditions, the complete action, including required boundary term is: S = S_{CS} [A] + 3 ∫ M 5 T r(AdA + 2 3 A^3)ω + 3 ∮ M 4 T r(A_idz^i ∧ A¯_idz̄^i) ∧ ω . (19)

Recalling that on shell F [A] = 0, we can parametrize the gauge potential as A = h�^1dh. What we are left with is the gauge dependent part of the action, namely: S[h] = − ∫ M 5 T r(h�^1dh)^3ω + 3 ∫ M 4 T r[(h�^1∂h)(h�^1 ¯∂h)]ω, (20)

This is precisely the W ZW_4 action[23, 14].^2

To summarize, we have examined the 5d Chern-Simons theory with gauge group SO(4, 2) × U(1) on a manifold with boundary. We have looked at the sector of phase space wherein the SO(4, 2) connection is flat and the U(1) connection is fixed but not flat. These conditions are obeyed by a connection constructed from the frame-fields and spin-connection of antideSitter spacetime. We have shown that the procedure first applied by Carlip to 2+1 Chern-Simons theory can also be applied in the present case. The result is that non-trivial field theory induced on the boundary, namely the W ZW_4 theory, whose action is given in Eq.(20). This theory has the 2- toroidal Lie algebra (Eq.(12)) as the algebra of observables.

It seems likely that our analysis can be extended in a straightforward manner to the Chern-Simons action generalized to 2n + 1 dimensions. The algebra of boundary charges in the generalized case (the “WZW_{2n} algebra”) has already been constructed by Banados et al[11]. (See also Mickelsson[16, 17]). We are currently in the process of checking whether the boundary theory in this case is the corresponding “WZW_{2n} model” of [15].

Finally, we would like to mention that there exists a somewhat different and more natural way to arrive at the complete action, with boundary terms, in Eq.(19).^3 In particular, it is not necessary to impose the strong boundary condition that A_i be fixed on the boundary. Instead, one notes that the variation of Eq.(19) yields the equations of motion for the bulk with no boundary terms if and only if the connection on the boundary is flat and expressable locally as A = h�^1dh where the h obeys the WZW_4 field equations. In this view, one can think of the full action as containing both the 5-D Chern Simons theory for the bulk modes, and the WZW_4 theory for gauge modes on the boundary. It is important to note in this context that the gauge modes on the boundary are completely decoupled from the bulk

2The term (1/10) ∫ M5 T r(h�^1dh)^5 from S_{CS} in Eq.(4) is the winding number of maps from M^5 to 5-spheres in the group manifold SO(4,2). This can be easily shown to be identically zero for the group SO(4, 2) in five dimensions.

3We are grateful to S. Carlip for pointing this out to us.

modes. This alternative derivation of Eq.(19) and its consequences will be discussed in a future publication. Acknowledgments The authors would like to think Y. Billig, M. Paranjape and M. Visser for helpful comments. We also acknowledge the partial support of the Natural Sciences and Engineering Research Council of Canada.

References

[1] C.Thorn, Proc. Sakharov Conf.I, 447 (1991); C.R. Stephens, G. ’t Hooft and B.F. Whiting, Class. Quant. Grav. 11, 621 (1994); L. Susskind, J. Math. Phys. 36, 6377 (1995); L. Susskind and E. Witten, ‘The holographic bound in anti–deSitter space’, hep-th/9805114; See also V. Husain and S. Jaimungal, ‘Topological holography’, hep-th/9812162 for a clear discussion of various statements of the holographic principle.

[2] S. Carlip, Phys. Rev. D51, 632 (1995).

[3] A. Strominger, J. High Energy Phys. 02, 009 (1998).

[4] J.D. Brown and M. Henneaux, Comm. Math. Phys. 104, 207 (1986).

[5] R.J. Epp, ‘A statistical mechanical interpretation of black hole entropy based on an orthonormal frame action’, gr-qc/9808083.

[6] S. Carlip, Phys. Rev. Lett. 82 2828 (1999) hep-th/9812013.

[7] S.N. Solodukhin, ‘Conformal description of horizon’s states’, hepth/9812056.

[8] L. Smolin, ‘A holographic formulation of quantum general relativity’, hep-th/9808191; J. Math. Phys. 36, 6417 (1995).

[9] E. Witten, Comm. Math. Phys. 92, 455 (1984).

[10] J. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998).

[11] M. Banados, L.J. Garay and M. Henneaux, Nucl. Phys. B476, 611 (1996) hep-th/9605159.

[12] Y. Billig, J. Math. Phys. 39, 3844 (1998).

[13] V.P. Nair, hep-th/9110042; V.P. Nair and J. Schiff, Phys. Letts. B246, 423 (1990); Nucl. Phys. B371, 329 (1992); A. Losev et. al., Nuc. Phys. Proc. Suppl. 46, 130 (1996).

[14] T. Inami, et al, Phy. Lett. B399, 97 (1997). (hep-th/9610187) [15] T. Inami, H. Kanno and T. Ueno, Mod. Phys. Lett. A12, 2757 (1997). [16] J. Mickelsson, Comm. Math. Phys. 97, 361 (1985); Lett. Math. Phys.

7, 45 (1983).

[17] J. Mickelsson, Phys. Rev. D32, 436 (1985).

[18] M. Banados, R. Troncoso and J. Zanelli, Phys. Rev. D54, 2605 (1996) gr-qc/9601003.

[19] M. Banados, “Notes on black holes and three dimensional gravity” hepth/9903244.

[20] E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998) hep-th/9802150. [21] Y. Choquet-Bruhat, C. DeWitt-Morette and M. Dillard-Bleik, Analysis, Manifolds and Physics, North-Holland Pub. Co., Amsterdam (1977).

[22] S. Carlip, Phys. Rev. D55, 878 (1997) gr-qc/9606043. [23] A.H. Chamseddine, Phys. Lett. B233, 291 (1989).