arXiv:hep-th/9905229 v15 31 Jul 2000

Fractons and Fractal Statistics

Wellington da Cruz^∗ Departamento de Física, Universidade Estadual de Londrina, Caixa Postal 6001, Cep 86051-990 Londrina, PR, Brazil (July 31, 2000)

Abstract

Fractons are anyons classified into equivalence classes and they obey a specific fractal statistics. The equivalence classes are labeled by a fractal parameter or Hausdorff dimension h. We consider this approach in the context of the Fractional Quantum Hall Effect ( FQHE ) and the concept of duality between such classes, defined by h̃ = 3 � h shows us that the filling factors for which the FQHE were observed just appear into these classes. A connection between equivalence classes h and the modular group for the quantum phase transitions of the FQHE is also obtained. A β�function is defined for a complex conductivity which embodies the classes h. The thermodynamics is also considered for a gas of fractons (h, ν) with a constant density of states and an exact equation of state is obtained at low-temperature and low-density limits. We also prove that the Farey sequences for rational numbers can be expressed in terms of the equivalence classes h.

PACS numbers: 03.65Db, 71.10.Pm, 05.30.-d, 73.40.Hm Keywords: Anyons; Propagator; Hausdorff dimension; Statistics; FQHE; Duality; Modular group

Typeset using REVTEX

∗E-mail: wdacruz@exatas.uel.br

I. INTRODUCTION

We obtain from a continuous family of Lagrangians for fractional spin particles a path integral representation for the propagator and its representation in momentum space. In continuing, we consider the trajectories swept out by scalar and spinning particles which are characterized by the fractal parameter h ( or the Hausdorff dimension ). We have that L, the length of closed trajectory with size R has its fractal properties described by L ∼ R^h, so for scalar particle h = 2 and for spinning particle h = 1. From the form of anyonic propagator obtained, with the spin defined into the interval 0 ≤ s ≤^1_2 , we have extracted that the Hausdorff dimension h and the spin s of the particle are related by h = 2 − 2s. Thus, for anyonic particle, h takes values within the interval 1 < h < 2 and the fractional spin particles or anyonic excitations are classified in terms of equivalence classes labeled by h. Therefore, such particles in a specific class can be considered on equal footing.

On the other hand, in the context of FQHE systems, the filling factor, a parameter which characterizes that phenomenon, can be classified in this terms too. We have, therefore, a new hierarchy scheme for the filling factors, which is extracted from the relation between h and the statistics ν ( or the filling factors ). Our approach, contrary to literature does not have an empirical character and we can predict for which values of ν FQHE can be observed. A braid group structure behind this classification is also obtained, such that the anyonic model, a charge-flux system, constitutes a topological obstruction in this description and the elements of the braid group are equivalent trajectories.

Furthermore, we obtain a fractal statistics ( the distributions have properties of fractal functions ) for fractional spin particles termed fractons (h, ν)^1 , i.e. anyons classified into universal class h of particles. As a result, the Fermi-Dirac and Bose-Einstein statistics are generalized naturally. A connection with FQHE is then done and the filling factors observed for such phenomenon appear into these equivalence classes h. The concept of duality between equivalence classes introduces the idea of supersymmetry in this context in a manner it looks like very interesting. This way, we have proved that the constraints that the filling factors obey for the quantum phase transitions between Hall plateaus takes place are satisfied by the classes h. Thus, we know all possible transitions since we have a fractal spectrum relating h and ν, i.e. h classifies the universality class of the quantum Hall transitions. The fractal parameter h works in this way as a critical exponent to the correlation lenght and our theoretical values coincide with the experimental ones. As a consequence, a β-function for a complex conductivity is obtained in terms of h. The termodynamics for a free gas of fractons (h, ν) is obtained at low-temperature and low-density limits for a constant density of states.

Finally, a connection between number theory and Hausdorff dimension is established from our considerations about FQHE. The Farey sequences of rational numbers can be expressed in terms of the fractal parameter h. We close this paper with a summary, enphasizing crucial theoretical points. All necessary background is posed along of our topic expositions.

1Be aware, the word fractons was used before in the literature denoting distinct things, see references [33] and Plyushchay in [20]. In particular, the last one consider anyonic theory, however it has nothing to do with our definition.

II. ANYONIC PROPAGATOR

There are various actions in the literature [1] for particles with fractional spins, called anyons, that can be present in nature and explain phenomena such as the fractional quantum Hall effect and high temperature superconductivity [2]. Such models have been constructed in at least two ways: one is coupling to some matter field a statistical field of the Chern- Simons type that changes the statistics; and the other is the group-theoretical method that implies a classical mechanical model with a Poincaré invariant Lagrangian which is quantized [3,4]. We consider a simple action obtained by the latter approach with minimal extension of the phase space that preserves all canonical structure of the space-time and spin algebra. Thus, we propose a path integral representation for the propagator in a convenient gauge. In [3], the following continuous family of Lagrangians for free anyons was obtained

L_s = 1 2e ( ẋ_μ − s q̇ f^′_μ m f. ẋ )_2 + e m^2 2 − α m e q̇ f. ẋ , (1)

where m and α are respectively the mass and the helicity of the anyon, and s is an arbitrary constant deduced from the Casimir of the spin algebra, S^2 = −s^2. The functions f_μ satisfy the non-linear differential equation

f_μ = ϵ_{μαβ}f^{′α}f^β (2)

and we obtain the relations

f^2 = 0, f^{′2} = −1, f^{′′}. f = 1, (3)

with f^′ =^{df}_{dq} . On the other hand, we have that S_μ = π f_μ + s f^′_μ, so we get, S_μ f^{′μ} = −s, S_μ f^μ = 0, S^′_μ f^μ = s, S^′_μ f^{′μ} = −π. The equation ḟ − q̇f^′ = 0 is equivalent to eq.(2) and ḟ^′ − ∂q̇ ∂q f^′ − q̇ ∂f^′ ∂q = 0,

and for f_μ = a_μq^2 + b_μq + c_μ, we have a_μ = (1, 0, −1), b_μ = (−1, 1, 1), c_μ =^1_2 (1, −1, 0). This way, we extract for q not constant, the condition^{∂q̇}_{∂q} = 0. The Lagrangian is subject to the constraint, σ (f. ẋ) = e q̇, and with ẋ_μ = e p_μ + σ S_μ, we obtain q̇ = σ (f . p) which satisfies and gives us that f^′ . p = 0. Then, ẋ . f^′ = −σ s and π (f . p) = −α m, i.e. S_μ p^μ + αm = 0 and ẋ . f = e f^μ p_μ, and in the gauge σ̇ = 0, ė = 0, we have q̇ = m f. ẋ, so σ = e m and p^2 − m^2 = 0.

Now, we consider the path integral representation for the anyonic propagator with the action, A =

∫_1

0 L_s dτ . In that gauge, we verify that the continuous family of Lagrangians reads

L_s = ẋ^2 2e + s^2 2e + e 2 (m^2 − 2m^2α). (4)

This way, we propose the path integral representation for the free fractional spin particle as

F(x_{out}, x_{in}) = ı 2 ∫_∞ 0 de_0 ∫ x_{out} x_{in} Dx De M(e) δ(ė) (5) × exp { − i 2 ∫_1 0 [ ẋ^2 e + eM^2 + s^2 e ] dτ } , where M^2 = m^2 − 2m^2α and the delta functional takes into account the gauge ė = 0. We define the measure M(e) = ∫ Dp exp { ı 2 ∫_1 0 e p^2 dτ } , (6)

such that, making the substitution √ ep → p, x − x_{in} − τ Δx √ e → x, Δx = x_{out} − x_{in}, we obtain the new boundary conditions x(0) = 0 = x(1). So, in eq.(5), we have the factor I = ı 2 ∫_0 0 Dx Dp exp { ı 2 ∫_1 0 (p^2 − ẋ^2)dτ }

= √ ı 4(2π)^3

. (7)

Given that ∫ De δ (ė) G(e) = G(e_0), we arrive at the path integral representation for the propagator F(x_{out}, x_{in}) = √ ı 4(2π)^3 ∫_∞ 0 de_0 √ e^3_0 exp { − ı 2 [ e_0M^2 +

Δx^2 e_0 − s^2 e_0 ]} (8)

and s^2 > 0 for the causal propagator. This expression was obtained along the same lines as those used elsewhere for the scalar particle [5]. On the other hand, in momentum space, the anyonic propagator has the form ( da Cruz in [6] )

F̃(p) = 1 (p_μ − mS_μ)^2 − m^2

. (9)

III. HAUSDORFF DIMENSION AND ANYONIC EXCITATIONS

The trajectories swept out by scalar and spinning particles can be characterized by the fractal parameter h ( or the Hausdorff dimension ). We have that L, the length of closed trajectory with size R has its fractal properties described by L ∼ R^h ( see Polyakov; Kröger in [6] ), so for scalar particle L ∼^1_{p2} , R^2 ∼ L and h = 2 ; for spinning particle, L ∼^1_p, R^1 ∼ L and h = 1. Thus, for anyonic particle, h takes values within the interval 1 < h < 2 and the fractional spin particles or anyonic excitations are classified in terms of equivalence classes labeled by h. From the form of anyonic propagator given in eq.(9), with the spin defined into the interval 0 ≤ s ≤^1_2 , we extract the following formula h = 2 − 2s, which relates the Hausdorff dimension h and the spin s of the particle. This formula can be generalized and considering ab initio the spin-statistics relation ν = 2s, we obtain the fractal spectrum

h − 1 = 1 − ν, 0 < ν < 1; h − 1 = ν − 1, 1 < ν < 2; h − 1 = 3 − ν, 2 < ν < 3; h − 1 = ν − 3, 3 < ν < 4; h − 1 = 5 − ν, 4 < ν < 5; h − 1 = ν − 5, 5 < ν < 6; (10) h − 1 = 7 − ν, 6 < ν < 7; h − 1 = ν − 7, 7 < ν < 8; h − 1 = 9 − ν, 8 < ν < 9; h − 1 = ν − 9, 9 < ν < 10; etc, and so, we have a mirror symmetry for all spectrum of ν.

IV. HAUSDORFF DIMENSION AND FILLING FACTORS

We can establish a connection between the fractal parameter h and the filling factor ν, a parameter that appears in the context of the FQHE and for them we have experimental values [7]. This connection can be done once the anyonic model has been considered to explain that phenomenon [8].

The FQHE is associated with a planar charged system in a perpendicular magnetic field and as a result a new type of correlated ground state occurs. The Hall resistance develops plateaus at quantized values in the vicinity of the filling factor or statistics ν, which is related to the fraction of electrons that forms collective excitations as quasiholes or quasiparticles. Excitations above the Laughlin ground state are characterized, therefore, by ν and so we propose a new hierarchy scheme for the FQHE which gives us the possibility of predicting for which values of ν FQHE can be observed ( see below, section VI.A, the concept of duality between equivalence classes ).

Our scheme is based on the intervals of definition of spin s, for fractional spin particles which are related to the Hausdorff dimension h. We verify that for some experimental values of ν for which the FQHE were observed the Hausdorff dimension is a rational number with an odd denominator ( like the filling factor ). Thus, bearing in mind the condition, 1 < h < 2, we can determine for which values of h, the statistics takes a specific value in eq.(10). For example, this hierarchy scheme gives us for some experimental values of ν the respective values of h,

(h , 0 < ν < 1) : (11) ( 9 5 , 1 5 ) , (12 7 , 2 7 ) , (5 3 , 1 3 ) , (8 5 , 2 5 ) , ( 11 7 , 3 7 ) , ( 14 9 , 4 9 ) , ( 13 9 , 5 9 ) , ( 10 7 , 4 7 ) , ( 7 5 , 3 5 ) , (4 3 , 2 3 ) , (6 5 , 4 5 ) ; (h , 1 < ν < 2) : (12)

( 5 3 , 5 3 ) , (13 7 , 13 7 ) , ( 13 9 , 13 9 ) , ( 10 7 , 10 7 ) , (7 5 , 7 5 ) , ( 4 3 , 4 3 ) ; (h , 2 < ν < 3) : (13) ( 4 3 , 8 3 ) , (5 3 , 7 3 ) . We can see another interesting point from these pairs of numbers: Some collective excitations with different spins have the same value of h, i.e. the nature of the occurrence of FQHE for that values of ν can be classified in terms of h, so we can say that this number classifies the collective excitations in terms of its homotopy class [8].

V. FILLING FACTORS AND BRAID GROUP

As we pointed out the Hausdorff dimension h, can be considered as a parameter which classifies the equivalence classes of the collective excitations which occurs in the context of the FQHE. The elements of each equivalence class are the filling factors or statistics ν, which characterize the collective excitations manifested as quasiholes or quasiparticles. Now, we propose rules of composition for these elements and we extract a braid group structure from this new hierarchy scheme for the filling factors.

We know that for path integration on multiply connected spaces [9], we need to assign different weights χ, to homotopically disconnected paths. So, in terms of our scheme, as we just said, h_i ( i means a specific interval ), labels these classes, which form a group, the fundamental group Π_1(P), with elements χ = exp {ıνφ}. We also have that, for the abelian representation of the group, the weights satisfy the constraints [9] |χ {ν_i}_{hi} | = 1, (14) χ {ν_i}_{hi} χ {ν_j}_{hj} = χ {ν_i ∘ ν_j }_{hiffij} . The weights χ represent a phase which we assign to the paths that contribute to the propagator K(q^′, t^′; q, t) = ∑ {ν}h χ {ν}_h K^{{ν}h} (q^′, t^′; q, t). (15) We observe that, for the composition law, for example, with ν_1 + ν_2, we do not consider integers since ν can only be a rational number with odd denominator ( see again the intervals of ν ). On the other hand, we verify that some compositions with elements of the same class give another element either in or out of the class and the same occurs for the distinct classes. But this does not matter, because we only consider paths within the same class for the path integration. For example, consider the classes { 2 3 , 8 3 , · · · } h=^4_3 ; { 3 5 , 7 5 , · · · } h=^7_5

. (16)

If we compose,

{_2 3 } h=^4_3 with

{_3 5 } h=^7_5 we get

{_{19} 15 } h=^{19}_{15} ; if we compose

{_2 3 } h=^4_3 with

{_8 3 } h=^4_3

we get

{_{10} 3 } h=^4_3 ; if we compose

{_3 5 } h=^7_5 with

{_7 5 } h=^7_5 we get {2} which is not defined, etc.

VI. FRACTAL STATISTICS

In the literature, the fractional spin particles are a subject of attention by now for a long date. Anyons [10] are kinds of particles, that live in two dimensions, where wavefunctions acquire an arbitrary phase when two of them are braided. A fractional exclusion statistics was proposed in [11] for arbitrary dimensions, which interpolates between bosonic and fermionic statistics. In [12] was showed that anyons also satisfy an exclusion principle when Haldane statistics are generalised to infinite dimensional Hilbert spaces. The statistics parameter g was introduced for particles with finite dimensional Hilbert spaces and defined as g = −^{ΔD}_{ΔN} , and if we add ΔN particles into the system, the number of single-particles states D available for further particles is altered by ΔD. This expresses a reduction of single-particle Hilbert space by the exclusion statistics parameter g. In [13] a distribution function for particles obeying a generalised exclusion principle was introduced, and the statistical mechanics and thermodynamics considered. Also in [14], some physical properties considering exclusion statistics for identical particles called g-ons was obtained.

On the other hand, in the context of Fractional Quantum Hall Effect wavefunctions were obtained for the lowest Landau level ( LLL) [15] and FQHE quasiparticles as anyons confined in the LLL were discussed in terms of exclusion statistics in [16].

In this paper, we propose another way to consider anyons. As we have pointed out above they can be classified in terms of a fractal parameter or Hausdorff dimension h, and so these particles appear into the equivalence classes labeled by h. Contrary to literature [13] we show that different particles with distinct values of fractional spin s within the equivalence class h satisfy a specific fractal statistics. This constitutes in some sense a more suitable approach to fractional spin particles, since unify them naturally. A connection with FQHE systems can be done, and the filling factors for which FQHE were observed just appear into these classes and the ocurrence of FQHE are considered in terms of duality between equivalence classes. A supersymmetric character between fermions and bosons ( dual objects by definition ) in the extremes of the range of h is a special result advanced by this formulation.

The manifest symmetry of the relation between h and ν ( see eq.(10) ) and the ways of distributing N_j identical particles among G_j states, besides the constraints given by the extremes of the interval of definition of h, i.e. h = 2 for bosons and h = 1 for fermions or in another way how distributing fermions and bosons bring us to propose a statistical weight for the anyonic excitations in terms of h, as follows:

ω_j =

[G_j + (N_j − 1)(h − 1)]!

N_j! [G_j + (N_j − 1)(h − 1) − N_j ]!

. (17)

For 1 < h < 2, we have anyonic excitations which interpolates between these two extremes. Consider now the classes h =^5_3 and h =^4_3 , then we obtain

{_1

3 ,^5_3 ,^7_3 ,^{11}_3 ,^{13}_3 ,^{17}_3 , · · · } h=^5_3 and

{_2

3 ,^4_3 ,^8_3 ,^{10}_3 ,^{14}_3 ,^{16}_3 , · · · } h=^4_3 .

These particles or excitations, in the class, share some common characteristics, according to our interpretation, in the same way that bosons and fermions. We observe again that each interval contributes with one and only one particle to the class and the statistics and the spin, are related by ν = 2s.

We stress that, our expression for statistical weight eq.(17), is more general than an expression given in [13], once if we consider the relation between h and ν, we just obtain that first result and extend it for the complete spectrum of statistics ν, for example:

ω_j =

[G_j + (N_j − 1)(1 − ν)]!

N_j! [G_j + (N_j − 1)(1 − ν) − N_j]! , 0 < ν < 1; ω_j =

[G_j + (N_j − 1)(ν − 1)]!

N_j! [G_j + (N_j − 1)(ν − 1) − N_j]!

, 1 < ν < 2; (18)

ω_j =

[G_j + (N_j − 1)(3 − ν)]!

N_j! [G_j + (N_j − 1)(3 − ν) − N_j]! , 2 < ν < 3; ω_j =

[G_j + (N_j − 1)(ν − 3)]!

N_j! [G_j + (N_j − 1)(ν − 3) − N_j]! , 3 < ν < 4; etc. The expressions eq.(18) were possible because of the mirror symmetry in eq.(10). But, our approach in terms of Hausdorff dimension h, have an advantage, because we collect into equivalence class the anyonic excitations and so, we consider on equal footing the excitations in the class. We have, therefore, a new approach for fractional spin particles. For different species of particles, the statistical weight take the form Γ = ∏ j ω_j = ∏ j [G_j + (N_j − 1)(h − 1)]!

N_j ! [G_j + (N_j − 1)(h − 1) − N_j]!

, (19)

which reduces to eq.(17) for only one species. Now, we can consider the entropy for a given class h. Taking the logarithm of eq.(19), with the condition that, N_j and G_j are vary large numbers and defining the average occupation numbers, n_j =^{Nj}_{Gj} , we obtain for a gas not in equilibrium, an expression for the entropy S = ∑ j G_j { [1 + n_j(h − 1)] ln ( 1 + n_j(h − 1) 1 + n_j(h − 1) − n_j ) (20)

− n_j ln ( n_j 1 + n_j (h − 1) − n_j )} , and for h = 2 and h = 1, we obtain the expressions for a Bose and Fermi gases not in equilibrium [17], S = ∑ j G_j {(1 + n_j) ln (1 + n_j) − n_j ln n_j} ; (21) S = − ∑ j G_j {n_j ln n_j + (1 − n_j) ln (1 − n_j )} , (22)

respectively.

The distribution function for a gas of the class h can be obtained from the condition of the entropy be a maximum. Thus, we have

n_j ξ = {1 + n_j(h − 1)}^{h−1} {1 + n_j (h − 2)}^{2−h} (23) or n_j = 1 Y[ξ] − h , (24)

where the function Y[ξ] satisfies ξ = {Y[ξ] − 1}^{h−1} {Y[ξ] − 2}^{2−h} , (25) and ξ = exp {(ϵ_j − μ)/KT }, has the usual definition. The Bose and Fermi distributions are obtained for values of h = 2, 1 respectively. At this point, we observe that the condition of periodicity on the statistics ν, in our approach, is expressed as

n_j(ν) = n_j(ν + 2), (26)

and the equivalence classes h always respect this condition naturally. On the other hand, this also means that, as ν = 2s, particles with distinct values of spin s into the class h obey a specific fractal statistics eq.(24).^2 If the temperature is sufficiently low and ϵ_j < μ, we can check that the mean ocuppation number is given by n =^1_{2−h} , and so the fractal parameter h regulates the number of particles in each quantum state, i.e. for h = 1, n = 1; h = 2, n = ∞; h =^3_2 , n = 2; etc. At T = 0 and ϵ_j > μ, n = 0 if ϵ_j > ϵ_F and n =^1_{2−h} if ϵ_j < ϵ_F , hence we get a step distribution, taking into account the Fermi energy ϵ_F and h ≠ 2.

A. Fractional quantum Hall effect

In the context of the Fractional Quantum Hall Effect, as we have pointed out above, the filling factor ( rational number with an odd denominator ), can be also classified in terms of h. We have that the anyonic excitations are collective excitations manifested as quasiparticles or quasiholes in FQHE systems. Thus, for example, we have the collective excitations as given in the beginning for h =^5_3 and h =^4_3 . Now, we have noted that these collections contain filling fractions, in particular, ν =^1_3 and ν =^2_3 , that experimentally were observed [7] and so we are able to estimate for which values of ν the largest charge gaps occurs, or alternatively, we can predict FQHE. As was observed before this is a new hierarchy scheme for the filling factors, that expresses the occurrence of the FQHE in more fundamental terms, i.e. relating the fractal parameter h and the filling factors ν^3. Of course, in our approach we do not have empirical expressions like this one [18], ν =^n_{2pn±1} , for the experimental occurrence of FQHE. After all, for anyonic excitations in a stronger magnetic field at low temperature, our results eq.(18) obtained via an approach completely distinct of [13] can be considered.

In another way, we introduce the concept of duality between equivalence classes, defined by

2 We observe here that these distributions just as defined are fractal functions which satisfy the necessary conditions as discussed, for example, by Rocco and West in [6].

3The quantum number ν gets its topological character from h.

h̃ = 3 − h, (27)

such that for h = 1, h̃ = 2 and for h = 2, h̃ = 1, so fermions and bosons are dual objects. This means that they can be considered supersymmetric particles^4.

For a set of values of the filling factors ν experimentally observed [7], according to our relations (eqs.(27) and (10)), we get the classes, h and h̃: { 1 3 , 5 3 , 7 3 , 11 3 , · · · } h=^5_3 , { 2 3 , 4 3 , 8 3 , 10 3 , · · · } h̃=^4_3 ; { 1 5 , 9 5 , 11 5 , 19 5 , · · · } h=^9_5 , { 4 5 , 6 5 , 14 5 , 16 5 , · · · } h̃=^6_5 ; { 2 7 , 12 7 , 16 7 , 26 7 , · · · } h=^{12}_7 , { 5 7 , 9 7 , 19 7 , 23 7 , · · · } h̃=^9_7 ; { 2 9 , 16 9 , 20 9 , 34 9 , · · · } h=^{16}_9 , { 7 9 , 11 9 , 25 9 , 29 9 , · · · } h̃=^{11}_9 ; { 2 5 , 8 5 , 12 5 , 18 5 , · · · } h=^8_5 , { 3 5 , 7 5 , 13 5 , 17 5 , · · · } h̃=^7_5

; (28) { 3 7 , 11 7 , 17 7 , 25 7 , · · · } h=^{11}_7 , { 4 7 , 10 7 , 18 7 , 24 7 , · · · } h̃=^{10}_7 ; { 4 9 , 14 9 , 22 9 , 32 9 , · · · } h=^{14}_9 , { 5 9 , 13 9 , 23 9 , 31 9 , · · · } h̃=^{13}_9 ; { 6 13 , 20 13 , 32 13 , 46 13 , · · · } h=^{20}_{13} , { 7 13 , 19 13 , 33 13 , 45 13 , · · · } h̃=^{19}_{13} ; { 5 11 , 17 11 , 27 11 , 39 11 , · · · } h=^{17}_{11} , { 6 11 , 16 11 , 28 11 , 38 11 , · · · } h̃=^{16}_{11} ; { 7 15 , 23 15 , 37 15 , 53 15 , · · · } h=^{23}_{15} , { 8 15 , 22 15 , 38 15 , 52 15 , · · · } h̃=^{22}_{15} . We emphasize that in each class, some filling factors are just the experimental values observed, i.e. the Hall resistance develops plateaus in these quantized values, which are related to the fraction of electrons that form collective excitations as quasiholes or quasiparticles in FQHE systems. The relation of duality between equivalence classes labeled by h can, therefore, indicates a way as determine the dual of a specific value of ν ( or ν̃ ) observed. Note also that the class {1, 3, 5, 7, · · ·}_{h=1} gives us the odd filling factors for the integer quantum Hall effect. An interpretation of the fractal parameter h as some kind of order parameter which characterizes the ocurrence of FQHE is enough attractive. We can say that the concept of duality connects a quasi-bosonic regime h ∼ 2 to a quasi-fermionic regime h ∼ 1, as (h, ν) = (^5_3 ,^1_3 ) to (^4_3 ,^2_3 ). This observation overlapping with some ideas in the literature for considering supersymmetric anyon theories in condensed matter systems [20]. As a check we can verify that the supersymmetric pairs for energy states of spin ( s, s ±^1_2 ) pointed out

4There are in the literature different formulations relating duality and FQHE [19].

by Spector, and Witten^5 [20] have a realization through duality concept introduced here^6 . Therefore, the FQHE is a natural scenario for fractal supersymmetry to be explored ( see Traubenberg and Spulinski, and more in [20] ).

Another view is the relation L ∼ R^h, which shows us a scaling law behind this characterization of the FQHE [6]. We also observe that our approach, in terms of equivalence classes for the filling factors, embodies the structure of the modular group as discussed in [19,21]. For that, we consider the sequences given by Dolan [21] as (h, ν) = (5 3 , 1 3 ) → (8 5 , 2 5 ) → ( 11 7 , 3 7 ) → (14 9 , 4 9 ) → ( 17 11 , 5 11 ) → ( 20 13 , 6 13 ) → · · · ; (h, ν) = (19 13 , 7 13 ) → (16 11 , 6 11 ) → (13 9 , 5 9 ) → ( 10 7 , 4 7 ) → (7 5 , 3 5 ) → (4 3 , 2 3 ) → (1, 1); (29) (h, ν) = (4 3 , 2 3 ) → (9 7 , 5 7 ) → ( 14 11 , 8 11 ) → (19 15 , 11 15 ) → · · · ; (h, ν) = (7 5 , 3 5 ) → (4 3 , 2 3 ) → ( 9 7 , 5 7 ) → · · · ; and we can verify that the other sequences follow according h increases or decreases within the interval 1 < h < 2, respecting ν entries in each class. The transitions allowed are those generated by the condition | p_2q_1 − p_1q_2 |= 1, with h_1 =^{p1}_{q1} and h_2 =^{p2}_{q2} . Thus our formulation satisfies in the same way the constraints given for the filling factors ν [21].

We have that the transition between two Hall plateaus is a quantum phase transition generated by quantum fluctuations when the external magnetic field is varied, thus we have a correlation length ( remember L ∼ R^h ) given by ζ ∼ 1 | l − l_c |^h , (30)

where l is the magnetic length which depends on magnetic field and temperature^7. We take h = 2, because we consider the Hall fluid as a bosonic fluid^8in according to diverse fieldtheoretical models in the literature for FQHE [19] and better, experimentally the exponent of Δl = l − l_c is equal to 2.02. Also the dimensionless parameter u =^{n e Δh}_{T μ} ( Δh = h_1 − h_2, n is the density of particles with charge e ) can be used to describe the crossover between two Hall plateaus , with the critical exponent μ =^1_h = 0.5 ( assumed universal ), in according to the experimental value 0.45 ± 0.05 [23]. On the other hand, an analysis by Dolan, consider

5 Here, in particular, we are suggesting a connection with fractal superstrings, see Tye in [20].

6For another discussion about deformed Lie algebras and anyonic supersymmetry, where systems of two states have spins shifted in one-half, see Plyushchay in [20].

7The idea of the Hausdorff dimension as a critical exponent was discussed earlier in another context [22].

8 Observe that the experimental values of the filling factors most remarkable are just those into the classes h between the bosonic line , h = 2 and the self-dual line, h =^3_2 .

the critical exponent h = 2 convenient for considerations about analiticity of the β-function, so the renormalization group parameter u in this case would be inversely proportional to the correlation length. Thus, we can theoretically justify the experimental regularity of the transverse component of the conductivity at the critical point [21].

The possible differences between the theoretical and experimental values for the critical exponents can be related with the disorder phenomenon and the electron-electron interactions, so we can consider some corrections for them. This way, we define β−function which describes just the crossover between two Hall plateaus as a complex analytic function of the complex conductivity β(σ) = d σ d v , (31)

where σ is the complex conductivity and v is a real analytic monotonic function of u.

Following Dolan [21], we can define

σ(Δh) = p_2q_2 {K^′(w)}^2 + p_1q_1 {K(w)}^2 + ıK^′(w)K(w) q^2_1 {K(w)}^2 + q^2 {K^′(w)}^2

, (32)

where K^′(w) and K(w) are complete elliptic integrals of the second kind, with

w^2 = 1 2 1 + sign(Δh) √ 1 − e^−(^{AΔhη(Δh)T μ} )^2 , (33) with the complementary modulus w^′ defined as w^{′2} = 1 − w^2, K^′(w) = K(w^′) and μ =^1_h = 0.5 ( Hall fluid is bosonic ), A is a positive real constant ( which can depend on electron and impurity density, or other parameters ) and the linear function η(Δh) = α {(q_1 − q_2)Δh + α}, α = p_2 − p_1 − (q_2 − q_1)h_c and h_c = h_2 is the class of the filling factor ν_c = ν_2 at the critical value of the magnetic field.

Now, in another way, we give more arguments in favour of our approach. We have that for excitations above the Laughlin ground state, the exchange of two quasiholes [8] with coordinates z_α and z_β produces the condition on the phase

exp {ıπν_1} = exp { ıπ 1 m } , (34)

with ν_1=^1_m +2p_1; and for a second generation of quasihole excitations, the effective wavefunction carries the factor (z_α − z_β)^{ν2} , with ν_2=^1_{ν1} + 2p_2; m = 3, 5, 7, · · · and p_1, p_2 are positive integers. We observe that these conditions over the filling factor ν confirm our classification of the collective excitations in terms of h. Another interesting point is that in each class, we have more filling factors which those generates by eq.(34), i.e. our classification covers a more complete spectrum of states. Now, we can see that the duality between equivalence classes also means duality between quasiholes and quasiparticles. There are internal and external dualities. This means that for charges Q = ±νe, we have an internal duality in each equivalence class h or h̃. External duality stands for dual classes, h and h̃. Therefore, h tells us about the nature of the anyonic excitations.

On one hand, we note that the anyonic exchanges of dual get a phase difference, modulo constant,

|ν − ν̃| = |Δν| = | | |h − h̃ | | | = const, (35) suggesting an invariance, conformal symmetry. We also have for the elements of h and h̃, the following relations ν_{i+1} − ν_i ν̃_{j+1} − ν̃_j

= 1; (36) ν_{j+1} − ν_j ν̃_{i+1} − ν̃_i

= 1,

with i = 1, 3, 5, etc. and j = 2, 4, 6, etc.; plus the pairs (i, j) = (1, 2) , (3, 4) , etc. satisfy the expressions in eq.(36).

VII. THERMODYNAMICS FOR FRACTAL STATISTICS

The thermodynamics for fractal statistics is now considered and a free gas of anyons are termed fractons (h, ν). In particular, at low temperature and in the low density, for a gas with a constant density of states in energy, equations of state for such systems are obtained exactly. In particular, for particles in the self-dual class

{_1

2 ,^3_2 ,^5_2 ,^7_2 , · · · } h=h̃=^3_2 , we obtain the

distribution n = 1 √_1

4 + ξ^2

, (37)

and we observe that this expression was just obtained in the literature for the statistics parameter g =^1_2 [13], but according to our approach it is valid for all values of ν within the class h =^3_2 . It is noteworthy that for some of these special values of ν ( with even denominators ) FQHE were observed [24].

The thermodynamic properties for a given class h can be now obtained. In two dimensions, the particle number in a volume element d^2p dV in phase space is given by dN = G d^2p dV (2πh̄)^2 1 Y(ξ) − h , (38)

with G = ν + 1 and ν = 2s. Integrating over V (area), we obtain dN_p = G V 2πh̄^2 p dp Y(ξ) − h , (39)

and for the dispersion ϵ(p) =^{p2}_{2m} dN_ϵ = m G V 2πh̄^2 dϵ Y[ξ(ϵ)] − h . (40)

The total energy is given by

E = ∫_∞ 0 ϵ dN_ϵ = m G V 2πh̄^2 ∫_∞ 0 ϵ dϵ Y[ξ(ϵ)] − h (41) and P V = E = m G V 2πh̄^2 ∫_∞ 0 ϵ dϵ Y[ξ(ϵ)] − h . (42)

For the thermodynamic potential we obtain Ω = −P V = − m G V 2πh̄^2 ∫_∞ 0 ϵ dϵ Y[ξ(ϵ)] − h (43)

and for the class h =^3_2 and ν =^1_2 , the pressure is given by P = 3 2 m 2πh̄^2 ∫_∞ 0 ϵ dϵ √_1

4 + exp 2(ϵ − μ)/KT

; ˇ (44)

defining the variable z =^ϵ_{KT} , we written down P KT = 3 2 m K T 2πh̄^2 ∫_∞ 0 2 z dz √ 1 + 4 exp 2(z − μ/KT )

, ˇ (45)

which combined with the particle density N V = 3 2 m K T 2πh̄^2 ∫_∞ 0 2 dz √ 1 + 4 exp 2(z − μ/KT )

, ˇ (46)

determines the relation between P, V and T , the equation of state for a gas of free particles termed fracton (h, ν) =

(_3

2 ,^1_2 ) . From the eq.(25) we see that the function Y(ξ) get its degree from h denominator and so for calculate the roots of Y in terms of the parameter ξ can be a formidable mathematical task. Otherwise, we can solve Y(ξ) numerically. For example, the classes h =^4_3 ,^5_3 have a third degree algebraic equation

Y^3 + a_1Y^2 + a_2Y + a_3 = 0, (47)

which has real solution ( Cardano formula ) Y(ξ) = s + t − a_1 3 , (48)

where s = {√ r + √ q^3 + r^2

}_3 , t = {√ r − √ q^3 + r^2

}_3

and q = 3a_2 − a_1^2 9 , r = 9a_1a_2 − 27a_3 − 2a_1^3 54 . For the class h =^4_3 we obtain Y^3 − 5Y^2 + 8Y − (4 + ξ^3) = 0, (49) and for h =^5_3 Y^3 − 4Y^2 + 5Y − (2 + ξ^3) = 0. (50) The average ocuppation number is given by n = 1 s + t −^1_3 a_1 − h

(51)

and the thermodynamic properties for the fractons (h, ν) =

(_4

3 ,^2_3 ) ; (_5

3 ,^1_3 ) , can be considered.

However, we can follow another way. The distribution function can be written in terms of the single-state grand partition function Θ_j, as n_j = ξ_j

∂ ln Θ_j ∂ξ_j , (52)

where Θ_j =^{Yj−2}_{Yj−1} . Thus, we can expand Θ_j in powers of ξ_j,

Θ_j =

Y_j − 2 Y_j − 1 = ∞∑ l=0 V_l ξ^l_j (53) and n_j = ∞∑ l=1 U_l ξ^l_j , (54) where V_l = l∏ k=2 { 1 + (h − 2) l k } ; U_l = l−1∏ k=1 { 1 + (h − 2) l k } . These coefficients are obtained in the same way as discussed in [25]. They do not depend on G states number and are calculated from the combinatorial formula w = G [G + (h − 1)N − 1]! N! [G + (h − 2)N]!

, (55) taking into account the grand partition function Z(G, ξ) = ∞∑ N =0

w(G, N) ξ^N (56) = ( ∑ l V_l ξ^l )G , as G-th power of the single-state partition function Θ.

The eq.(55) gives the same statistical mechanics as that introduced earlier in eq.(17). Now, we can consider at low temperature Sommerfeld expansions [26]. This way, we handle integrals of the type J [f] = KT ∫_∞ 1 dY (Y − 1) (Y − 2) f { μ + KT [ h ln { Y − 1 Y − 2 } − ln { Y − 1 (Y − 2)^2 }]} , (57)

and after expansion we have

J [f] = h^{−1} ∫ μ 0 f(ϵ) dϵ + ∞∑ l=0 (KT )^{l+1} l! C_l(h)f^{(l)}(μ), (58)

C_l(h) = l−1∑ k=0 C_{l,k} h^k, (59) with C_{l,k} = (−)^{l−k} ( l k ) ∫_∞ 1 dY (Y − 1) (Y − 2) ln^{l−k} { Y − 1 Y − 2 } ln^k { Y − 1 (Y − 2)^2 } . (60)

We can obtain now some thermodynamic quantities. Let us consider, the dispersion as ϵ(p) = ap^σ, and in D-dimension we get for a few terms of C_l, the expressions E γ V = μ^{Dσ +1} h ( D σ + 1

) + KT C_0(h)μ^{Dσ} + 1 2 (KT )^2C_1(h) ( D σ ) μ^{Dσ −1} + · · · , (61)

N γ V = μ^Dσ h ( D σ ) + KT C_0(h)μ^{Dσ −1} + 1 2 (KT )^2C_1(h) ( D σ − 1 ) μ^{Dσ −2} + · · · , (62)

for the energy and the particle number, where γ =^{m G}_{4πh̄2} , for D = σ = 2. The coefficients C_0(h),C_1(h) are given by

C_0(h) = C_{0,0} = ∫_∞ 1 dY (Y − 1)(Y − 2)

; (63)

C_1(h) = C_{1,0} = − ∫_∞ 1 dY (Y − 1)(Y − 2) ln { Y − 1 Y − 2 } .

We can show that to second order T

E = E_0 { 1 + h KT μ_0

C_0(h) + 2h

(KT )^2

μ^2_0

C_1(h) ( D σ ) − h C^2_0 (h)

(KT )^2

μ^2_0 ( D σ ) ( D σ + 1 )} , (64)

μ = μ_0 { 1 − h KT μ_0 (D σ ) C_0(h) − h

(KT )^2 μ^2_0

C_1(h) ( D σ ) ( D σ − 1 )} , (65)

for the energy and chemical potential, respectively; and to order T

C(h) = h E_0 K μ_0

C_0(h) + 2h E_0

K^2T μ^2_0

C_1(h) ( D σ ) − h E_0 K^2T μ^2_0

C^2_0 (h) ( D σ ) (D σ + 1 ) , (66)

for the specific heat, where μ_0 and E_0 are the zero-temperature chemical potential and energy.

For a dilute gas or high-temperature regime, we can investigate the thermodynamic properties of a free gas using virial expansion. The equation of state relates P , T and ρ ( pressure, temperature and density respectively ) as follows [27] P = ρ K T { 1 + a_2ρ + a_2ρ^2 + · · · } , (67)

where a_2,a_3, etc are the virial cofficients. The grand potential is the sum over the singleparticle states Ω = −KT ∑ j ln Θ_j, (68)

and as Ω = −P V , we have P KT = ∑ j 1 V ln Θ_j, (69)

and expanding in terms of ξ_j after summation over j, we get the cluster expansion P = KT ∞∑ l=1 b_l z^l, (70)

and for density ρ = ∞∑ l=1 l b_l z^l, (71)

where b_l = ∏l_{−1} k=1 { 1 + (h − 2)^l_k }_{Z1( Tl )} l , z = exp^μ_{KT} is the fugacity and Z_1(T ) = V γ(KT )^Dσ is the one-particle partition function ∑ j exp { −^{ϵj}_{KT} } . This way, we can show that

a_2 = 2^{− Dσ} ( h − 3 2 ) V Z_1(T )

, (72)

a_3 = { (5 − 3h) (3h − 4) 3^{−( Dσ +1)} + 2^{−2( Dσ )} (2h − 3)^2 } [ V Z_1(T )

]_2

, (73) with a_l = ã_lV^{l−1}, b̃_l =^{bl}_{bl1} , ã_2 = −b̃_2, ã_3 = −2b̃_3 + 4b̃^2, etc.

For a gas with a constant density of states in energy, with D = σ = 2, we have

Y(0) − 1 Y(0) − 2 = e^{− μhKT} = e^{− ργ KT} (74) and from the eq.(25) we obtain μ(ρ, T ) = (h − 1)ρ γ + KT ln { e^{− ργ KT} − 1 } (75)

and in the low density, the pressure is a finite expression

P = (h + 1) ρ^2 2γ (76)

and at low temperature, we obtain P = hρ^2 2γ + γ(KT )^2C_1(h). (77)

As a consequence, the specific heat depends on h and ν.

VIII. FAREY SEQUENCES AND HAUSDORFF DIMENSION

From our considerations about Fractional Quantum Hall Effect we can show now a connection between the fractal parameter h and the Farey series for rational numbers [28]. Thus, we have the following theorem:

The elements of the Farey series belong to distinct equivalence classes labeled by a fractal parameter h defined into the interval 1 < h < 2, and these classes satisfy the same properties observed for those fractions. Also, for each value of h there exists an algebraic equation .

As we have pointed out above the fractal parameter h is related to ν ( an irreducible number^p_q , with p and q integers, see eq.(10) ) and we can extract, for example, the classes { 1 3 , 5 3 , 7 3 , 11 3 , · · · } h=^5_3 , { 5 14 , 23 14 , 33 14 , 51 14 , · · · } h=^{23}_{14} , { 4 11 , 18 11 , 26 11 , 40 11 , · · · } h=^{18}_{11} , { 7 19 , 31 19 , 45 19 , 69 19 , · · · } h=^{31}_{19} , { 10 27 , 44 27 , 64 27 , 98 27 , · · · } h=^{44}_{27} , { 3 8 , 13 8 , 19 8 , 29 8 , · · · } h=^{13}_8

, (78) { 3 7 , 11 7 , 17 7 , 25 7 , · · · } h=^{11}_7 , { 4 9 , 14 9 , 22 9 , 32 9 , · · · } h=^{14}_9 , { 5 11 , 17 11 , 27 11 , 39 11 , · · · } h=^{17}_{11} , { 6 13 , 20 13 , 32 13 , 46 13 , · · · } h=^{20}_{13} , { 2 5 , 8 5 , 12 5 , 18 5 , · · · } h=^8_5

and for that we can consider the serie (h, ν) (5 3 , 1 3 ) → ( 18 11 , 4 11 ) → (13 8 , 3 8 ) → ( 8 5 , 2 5 ) → (79) (11 7 , 3 7 ) → ( 14 9 , 4 9 ) → (17 11 , 5 11 ) → (20 13 , 6 13 ) → · · · The classes h satisfy all properties of the Farey series:

P1. If h_1 =^{p1}_{q1} and h_2 =^{p2}_{q2} are two consecutive fractions^{p1}_{q1} >^{p2}_{q2} , then |p_2q_1 − q_2p_1| = 1. P2. If^{p1}_{q1} ,^{p2}_{q2} ,^{p3}_{q3} are three consecutive fractions^{p1}_{q1} >^{p2}_{q2} >^{p3}_{q3} , then^{p2}_{q2} =^{p1+p3}_{q1+q3} . P3. If^{p1}_{q1} and^{p2}_{q2} are consecutive fractions in the same sequence, then among all fractions between the two,^{p1+p2}_{q1+q2} is the unique reduced fraction with the smallest denominator.

For more details about Farey series see [28]. All these properties can be verified for the classes considered above as an example. Another one is (h, ν) = ( 11 6 , 1 6 ) → (9 5 , 1 5 ) → ( 7 4 , 1 4 ) → ( 5 3 , 1 3 ) → (80) ( 8 5 , 2 5 ) → (3 2 , 1 2 ) → (7 5 , 3 5 ) → (4 3 , 2 3 ) → ( 5 4 , 3 4 ) → (6 5 , 4 5 ) → (7 6 , 5 6 ) → · · · , where the ν sequence is the Farey series of order 6. Thus, we observe that because of the fractal spectrum in eq.(10), we can write down any Farey series of rational numbers. Therefore, in this way, we established a beautiful connection between number theory and physics. We have shown that the Farey series can be arranged into equivalence classes labeled by a fractal parameter h which looks like a Hausdorff dimension. For each value of h we have an algebraic equation derived of the eq.(25). Then, there exists a relation between algebraic equation and Farey series. The connection between a geometric parameter related to the paths of particles and rational numbers is for itself an interesting result.

IX. SUMMARY AND DISCUSSION

In summary, we have obtained a path integral representation for the propagator of free anyons eq.(8) and its representation in momentum space eq.(9) taking into account a continuous family of Lagrangians eq.(4). These ones were obtained by a group-theoretical approach with minimal extension that preserves all canonical structure of the space-time and spin algebra [3]. To obtain the propagator, a convenient gauge σ̇=0, ė=0 was considered. We have furthermore obtained distribution functions eq.(24) for anyonic excitations in terms of the Hausdorff dimension h, which classifies the anyonic excitations into equivalence classes ( or universal classes of particles, because we have fractons (h, ν)) and reduces to fermionic and bosonic distributions, when h = 1 and h = 2, respectively. This constitutes a new approach for such systems of fractional spin particles. This way, we have extended eq.(18) results of the literature [13] for the complete spectrum of statistics ν.

A connection with the FQHE, considering the filling factors into equivalence classes labeled by h was also considered and an estimate for occurrence of FQHE made. A relation between equivalence classes h and the modular group for the quantum phase transitions ( meaning that h classifies the universality class of these transitions ) of the FQHE was also noted. A β−function is written down [21] which embodies the classes h and the concept of duality between equivalence classes confirms that all this works.

We have also considered a free gas of fractons (h, ν) and an exact equation of state was obtained at low-temperature and low-density limits. In particular, for a gas in the lowdensity regime the equation of state shows us only interaction between pairs of group of two clusters of fractons (h, ν). A connection between Farey sequences and Hausdorff dimension have been proven. We have shown that the idea of supersymmetry appears naturally in solid state physics, throughout our approach to FQHE [20]. This was possible with the introduction of the concept of duality between equivalence classes defined by h̃ − 1 = 2 − h or h − 1 = 2 − h̃. These coefficients take part in eq.(25) as exponents. It is worth noting that the fractal parameter h can be any number within the interval of definition and so we have other possibilities for the spin values to the particles in two space dimensions. Another important theoretical point is that we considered ab initio the spin-statistics relation ν = 2s. Observe that our results are supported by the symmetries which pervade all the formulation propose by us.

Now, a note of caution: The filling factor is defined by f = N^{ϕ0}_ϕ ( where N is the number of electrons, ϕ_0 is the quantum unit of magnetic flux and ϕ is the external magnetic flux through the sample material ) and the spin-statistics relation is given by ν = 2s = 2^{ϕ′}_{ϕ0} ( where ϕ′ is the magnetic flux associated to the charge-flux system ). According to our approach there is a correspondence between f and ν, numerically f = ν. Thus, the quantum Hall states with f taking odd, even integer and rational values would be described, respectively by fermions (h = 1), bosons (h = 2) and fractons (1 < h < 2)^9. This way, we have a more general setting for particles or quasiparticles termed fractons (h, ν), with 1 ≤ h ≤ 2. As a result, we get some information about the microscopic nature of both phenomena: The integer and fractional quantum Hall effect. Another interesting conceptual possibility is the pairing of fractons (h, ν), resulting in fermions, bosons or fractons. A target of these ideas can be, for example, the high-T_c superconductivity [30].

Finally, we would like to emphasize that in our approach to fractional spin particles we do not have any statistical interaction matrix which describes correlation effects among particles according to the generalized Pauli exclusion principle by Haldane [11]. However, as we have seen the fractal parameter h gives us distributions which coincide with Haldane analysis, but contrary to him and previous authors [12–14,29] our interpretation is that such distributions are valid for all particles in a specific class h. In this way, we generalize the Fermi-Dirac and Bose-Einstein statistics, taking into account a unique expression eq.(24) for each universal class h of particles. This is the difference. From a mathematical viewpoint we have also discovered all a class of fractal functions, i.e. just our fractal statistics ( see Rocco and West in [6] ). This one captures the observation that the path of a quantum-mechanical particle is continuous and nondifferentiable, i.e. a fractal curve. Hence, our formulation can be understood as a quantum-geometrical description of the statiscal laws of Nature. It is noteworthy that this result is a physical realization of mathematical ideas about fractal

9Keep in mind the dual character of our approach, h̃ = 3 � h.

geometry. An extension of this abelian fractal statistics to nonabelian fractal statistics, the case for the higher dimensional irreducible unitary representations of the braid group is a matter of future work. Also the study of some connection between effective conformal field theories for quasiparticles and these statistics deserves attention [31,32]. Much of the results of this paper appeared in a series of unpublished works by the author.

REFERENCES

[1] J. F. Schonfeld, Nucl. Phys. B185 (1981) 157;

R. Jackiw and V. P. Nair, Phys. Rev. D43 (1991) 1933; C. Chou, V. P. Nair and P. Polychronakos, Phys. Lett. B304 (1993) 105; S. Gosh, Phys. Lett. B338 (1994) 235;

D. Dalmazi and A. de Souza Dutra, Phys. Lett. B343 (1995) 225; J. L. Cortés and M. S. Plyushchay, Int. J. Mod. Phys. A11 (1996) 3331, and references therein.

[2] F. Wilczek, in Fractional Statistics and Anyon Superconductivity ( World Scientific, 1990).

[3] D. Dalmazi and A. de Souza Dutra, Phys. Lett. B414 (1997) 315 and references therein. [4] I. V. Gorbunov, S. M. Kuzenko and S. L. Lyakhovich, Int. J. Mod. Phys. A12 (1997) 4199 and references therein.

[5] E. S. Fradkin and D. M. Gitman, Phys. Rev. D44 (1991) 3230.

[6] A. M. Polyakov, in Proc. Les Houches Summer School vol. IL, ed. E. Brézin and J.

Zinn-Justin (North Holland, 1990) 305; H. Kröger, Phys. Lett. A213 (1996) 211; see [22];

A. Rocco and B. J. West, Physica A265 (1999) 535 and references therein; W. da Cruz, Mod. Phys. Lett. A14 (1999) 1933.

[7] A. H. MacDonald, cond-mat/9410047; C. Gros and A. H. MacDonald, Phys. Rev. B42 (1990) 10811 and references therein;

A. M. Chang, in The Quantum Hall Effect ( Springer Verlag, 1990 ), Ed. by R. E. Prange and S. M. Girvin and references therein; Perspectives in Quantum Hall Effects, Ed. by Sankar Das Sarma and Aron Pinczuk ( Wiley, New York, 1997 ); T. Chakraborty and P. Pietiäinen, The Fractional Quantum Hall Effect: Perspectives of an incompressible quantum fluid ( Springer-Verlag, New York, 1988 ), Springer Series in Solid State Sciences, 85; Quantum Hall Effect: A Perspective , Ed. by A. H. MacDonald ( Kluwer, Boston, 1989 ); S. M. Girvin, cond-mat/9907002.

[8] A. Lerda, Anyons, Lectures Notes in Physics ( Springer Verlag, 1992 ) and references therein;

G. V. Dunne, hep-th/9902115; A. Khare, hep-th/9908027.

[9] S. Forte, Rev. Mod. Phys. 64 (1992) 193 and references therein. [10] J. Leinaas and J. Myrheim, Nuovo Cimento 37 (1977) 1;

F. Wilczek, Phys. Rev. Lett. 48 (1982) 1144; 49 (1982) 957;

G. A. Goldin, R. Menikoff and D. H. Sharp, J. Math. Phys. 21 (1980) 650; 22 (1981) 1664; Phys. Rev. D28 (1982) 957; see also [2].

[11] F. D. M. Haldane, Phys. Rev. Lett. 67 (1991) 937. [12] M. V. N. Murthy and R. Shankar, Phys. Rev. Lett. 94 (1994) 3331. [13] Y. S. Wu, Phys. Rev. Lett. 73 (1994) 922;

S. B. Isakov, Mod. Phys. Lett. B8 (1994) 319; Int. J. Mod. Phys. A9 (1994) 2563; Phys. Rev. Lett. 73 (1994) 2150;

A. K. Rajagopal, Phys. Rev. Lett. 74 (1995) 1048; A. D. de Veigy and S. Ouvry, Phys. Rev. Lett. 72 (1994) 600.

[14] C. Nayak and F. Wilczek, Phys. Rev. Lett. 73 (1994) 2740. [15] R. Laughlin, Phys. Rev. Lett. 50 (1983) 1395; Phys. Rev. B23 (1983) 3383. [16] see Wu in [13]; see [12];

A. D. de Veigy and S. Ouvry, Mod. Phys. Lett. B9 (1995) 271; G. S. Canright and M. D. Johnson, J. Phys. A27 (1994) 3579; M. V. N. Murthy and R. Shankar, Phys. Rev. Lett. 72 (1994) 3629.

[17] E. M. Lifshitz and L. P. Pitaevskii, Statistical Physics, Part 1, 3rd. edition ( Pergamon Press, Oxford, 1980 ).

[18] J. K. Jain and R. K. Kamilla, cond-mat/9704031;

F. D. Haldane, Phys. Rev. Lett. 51 (1983) 605; B. I. Halperin, Phys. Rev. Lett. 52 (1989) 1583; J. K. Jain, Phys. Rev. Lett. 63 (1989) 199;

S. He, X. C. Xie and F. C. Zhang, Phys. Rev. Lett. 68 (1992) 3460. [19] S. Kivelson, D-H. Lee and S-C. Zhang, Phys. Rev. B46 (1992) 2223 ;

A. P. Balachandran, L. Chandar and B. Sathiapalan, Nucl. Phys. B443 (1995) 465; E. Shimshoni, S. L. Sondhi and D. Shahar, cond-mat/9610102; E. Fradkin and S. A. Kivelson, Nucl. Phys. B474 (1996) 543; A. Cappelli and G. R. Zemba, Nucl. Phys. B490 (1997) 595; T. Gannon, Nucl. Phys. B491 (1997) 659;

C. P. Burgess and C. A. Lütken, Nucl. Phys. B500 (1997) 367; P. Degiovanni, C. Chaubet and R. Melin, Theor. Math. Phys. 117 (1998) 1113; S. Skoulakis and S. Thomas, Nucl. Phys. B538 (1999) 659, and references therein.

[20] D. Spector, Phys. Lett. B442 (1998) 159 and references therein;

E. Witten, hep-th/9903005;

S.-H. H. Tye, in Proceedings of Strings 93, eds. M. B. Halpern, G. Rivlis and A. Servin, p. 364 ( World Scientific, 1995), hep-th/9311021;

H. Ahmedov and O. F. Dayi, math.QA/9905164, math.QA/9903093; M. Rausch de Traubenberg and M. J. Slupinski, Mod. Phys. Lett. A12 (1997) 3051; hep-th/9904126; M. Rausch de Traubenberg and P. Simon, Nucl. Phys. B517 (1998) 485; Nucl. Phys. B482 (1996) 325;

R. D. Dunne, J. Math. Phys. 40 (1999) 1180; R. D. Dunne et al., Int. J. Mod. Phys. A12 (1997) 3275; R. D. Dunne et al., Phys. Lett. B387 (1996) 294; J. A. de Azcárraga and A. J. Macfarlane, J. Math. Phys. 37 (1996) 1115, and references therein;

A. Lerda and S. Sciuto, Nucl. Phys. B401 (1993) 613; hep-th/9407161, and references therein;

R. Caracciolo and M. A. R. Monteiro, Phys. Lett. B308 (1993) 58; M. Frau, M. A. R. Monteiro and S. Sciuto, J. Phys. A27 (1994) 801; M. Chaichian, R. Gonzalez Felipe and C. Montonen, J. Phys. A26 (1993) 4017; J. Phys. A26 (1993) L1117;

J. M. Leinaas, hep-th/9611167;

I. V. Gorbunov, S. M. Kuzenko and S. L. Lyakhovich, Phys. Rev. D56 (1997) 3744; D. P. Sorokin and D. V. Volkov, Nucl. Phys. B409 (1993) 547; D. P. Sorokin and D. V. Volkov, Int. J. Mod. Phys. A9 (1994) 1555; N. Mohammedi, Mod. Phys. Lett. A10 (1995) 1287;

M. S. Plyushchay, Mod. Phys. Lett. A12 (1997) 1153; hep-th/9705043; Nucl. Phys. B491 (1997) 619; Mod. Phys. Lett. A11 (1996) 2953; Ann. Phys. 245 (1996) 339, and references therein.

[21] B. P. Dolan, cond-mat/9805171; Nucl. Phys. B554 (1999) 487; hep-th/9811218. [22] J. Ambjorn and Y. Watabiki, Nucl. Phys. B445 (1995) 129 and references therein. See also Kröger in [6].

[23] D. Shahar et al., Phys. Rev. Lett. 79 (1997) 479;

R. T. F. van Schaijk et al., cond-mat/9812035. [24] R. Willet et al., Phys. Rev. Lett. 59 (1987) 1776;

W. Pan et al., cond-mat/9907356; W. Pan et al., Phys. Rev. Lett. 83 (1999) 820 and references therein;

R. R. Du et al., Solid State Comm. 109 (1999) 389; M. P. Lilly et al., Phys. Rev. Lett. 82 (1999) 394; R. H. Morf, Phys. Rev. Lett. 80 (1998) 1505.

[25] A. P. Polychronakos, Phys. Lett. B365 (1996) 202;

S. B. Isakov, Phys. Rev. B53 (1996) 6585; S. B. Isakov and S. Mashkevich, Nucl. Phys. B504 (1997) 701 and references therein; A. P. Polychronakos, het-th/9902157.

[26] S. B. Isakov, D. P. Arovas, J. Myrheim and A. P. Polychronakos, Phys. Lett. A212 (1996) 299; see [14,17].

[27] K. Huang, Statistical Mechanics ( John Wiley, N. York, 1987 ).

[28] M. Schroeder, Number Theory in Science and Communication (Springer Verlag, 1997);

J. Zang and J. L. Birman, Phys. Rev. B47 (1993) 16305; see [21].

[29] K. Iguchi, Phys. Rev. Lett. 78 (1996) 3233;

A. V. Ilinskaia, K. N. Ilinski and J. M. F. Gunn, Nucl. Phys. B458 (1996) 562; W. Chen, Y. Jack Ng and H. van Dam, Mod. Phys. Lett. A11 (1996) 795; S. Chaturvedi and V. Srinivasan, Phys. Rev. Lett. 78 (1997) 4316; M. V. N. Murthy and R. Shankar, cond-mat/9903278.

[30] W. da Cruz and M. P. Carneiro, cond-mat/9912459.

[31] T. Einarsson, Phys. Rev. Lett. 64 (1990) 1995; Mod. Phys. Lett. B5 (1991) 675;

T. D. Imbo and J. March-Russell, Phys. Lett. B252 (1990) 84; X. G. Wen, E. Dagotto and E. Fradkin, Phys. Rev. B42 (1990) 6110; G. Moore and N. Read, Nucl. Phys. B360 (1991) 362; G. Moore and N. Read, hepth/9202001;

B. Block and X. G. Wen, Nucl. Phys. B374 (1992) 615; T. Fukui, N. Kawakami and S. K. Yang, cond-mat/9507143; K. Hikami, Phys. Lett. B205 (1995) 364;

K. Schoutens, Phys. Rev. Lett. 79 (1997) 2608; Phys. Rev. Lett. 81 (1998) 15704; J. M. Leinaas, cond-mat/9903329;

R. A. J. van Elburg and K. Schoutens, Phys. Rev. B58 (1998) 15704; P. Bouwknegt and K. Schoutens, Nucl. Phys. B547 (1999) 501; S. Guruswamy and K. Schoutens, Nucl. Phys. B556 (1999) 530 ; J. Gaite, Nucl. Phys. B525 (1998) 627;

A. G. Bytsko and A. Fring, Nucl. Phys. B532 (1998) 588; P. Bouwknegt, L. Chim and D. Ridout, hep-th/9903176;

S. Isakov, G. Lozano and S. Ouvry, Nucl. Phys. B552 (1999) 677, and references therein. [32] W. da Cruz and R. de Oliveira, hep-th/0002181.

[33] S. Alexander and R. Orbach, J. de Physique Lett. 43 (1982) L625;

R. Orbach, Science 231 (1986) 814;

T. Nakayama, K. Yakubo and R. L. Orbach, Rev. Mod. Phys. 66, (1994) 381; and references therein.