hep-th/9906205 26 Jun 1999

IFUP-TH 25/99

Bosonization at Finite Temperature and Anyon Condensation

Antonio Liguori

Dipartimento di Fisica dell’Università di Pisa, Via Buonarroti 2, 56127 Pisa, Italy

Mihail Mintchev

Istituto Nazionale di Fisica Nucleare, Sezione di Pisa Dipartimento di Fisica dell’Università di Pisa, Via Buonarroti 2, 56127 Pisa, Italy

Luigi Pilo

Scuola Normale Superiore, Piazza dei Cavalieri 7, 56126 Pisa, Italy

Abstract

An operator formalism for bosonization at finite temperature and density is developed. We treat the general case of anyon statistics. The exact n-point correlation functions, satisfying the Kubo-Martin-Schwinger condition, are explicitly constructed. The invariance under both vector and chiral transformations allows to introduce two chemical potentials. Investigating the exact momentum distribution, we discover anyon condensation in certain range of the statistical parameter. Another interesting feature is the occurrence of a non-vanishing persistent current. As an application of the general formalism, we solve the massless Thirring model at finite temperature, deriving the charge density and the persistent current.

PACS numbers: 11.10Wx, 05.30Pr

Keywords: finite temperature field theory, anyons, condensation

May 1999

1 Introduction

Bosonization has become over the years an important tool for studying various two dimensional field theory phenomena. It has been successfully applied to the Tomonaga-Luttinger liquid model [1], to quantum impurity problems [2] as well as in the theory of quantum Hall edge states [3], [4]. The possibility of describing in this framework also anyonic type excitations, attracts recently much attention. Apart from a few considerations [5], [6], generalized statistics were not very popular in the past. The discovery of the quantum Hall effect however, drastically changed the status of the subject, promoting it into a fundamental concept of modern condensed matter theory.

In the physical applications of bosonization, one has to deal essentially with systems at finite temperature and density. This problem has been usually studied by means of functional integration in the real or imaginary time formalism of thermal field theory (see for instance [7]). In spite of the progress reached along this way however, some relevant structural questions (e.g. the treatment of generalized statistics) are still open. There exist also some controversies, presumably related with genuine subtleties which appear in handling time-ordered paths in the complex time-plane. For all these reasons, we find important at this stage to test at work an alternative approach to bosonization at finite temperature and density - the real time operator formalism. This is precisely the goal of the present paper. We will work directly in infinite volume, thus avoiding some delicate problems related with the thermodynamic limit, especially in the presence of generalized statistics. The strategy will be to construct explicitly the thermal correlation functions of anyons, vector and chiral currents and to extract information about some physical quantities like the momentum distribution, the density and the persistent current. Our framework sheds new light on the role of the vector and chiral symmetries, which allow to introduce two independent chemical potentials. We expect the validity of our results to be quite general. Indeed, there are several indications ([8], [9], [10]) that the correlation functions we derive, capture the main universal features of one-dimensional gap-less quantum liquids, which support anyonic statistics and generalize the Tomonaga- Luttinger one [11], [12].

The paper is organized as follows. In Section 2 we collect some general algebraic properties of the free boson field and its dual, describing also the corresponding thermal representation. We also construct a set of anyon fields and establish their general properties. Section 3 is devoted to the derivation of the anyonic correlation functions at finite temperature and density. The symmetry content of these correlators, which satisfy the Kubo-Martin-Schwinger condition, is investigated. The momentum distribution of the left- and right-moving anyonic modes is determined and a remarkable condensation-like phenomenon is detected. In Section 4 we consider the bosonization of fermion fields. A general family of solutions of the massless Thirring model, comprising also anyonic solutions, is considered in Section 5. We determine both the density and the persistent current of the model at finite temperature. Our derivation is free from any ambiguity and resolves the existing discrepancies in the literature about the coupling constant dependence of the density. The last section summarizes the main results and contains our conclusions.

2 From bosons to anyons

The fundamental building blocks for bosonization in 1+1 dimensions are the free massless scalar field φ and its dual ~φ. These fields are required to satisfy the equations of motion

g^{μν} ∂_μ∂_ν φ(x) = g^{μν} ∂_μ∂_ν ~φ(x) = 0 , g = diag (1, −1) , (1)

the relations

∂_μ ~φ(x) = ε_{μν} ∂^νφ(x) , ε_{01} = 1 , (2)

and the equal-time canonical commutators

[φ(x) , φ(y)]|_x0_{=y}0 = [ ~φ(x) , ~φ(y)]|_x0_{=y}0 = 0 , (3)

[∂_0φ(x) , φ(y)]|_x0_{=y}0 = [∂_0 ~φ(x) , ~φ(y)]|_x0_{=y}0 = −iδ(x^1 − y^1) . (4)

Before constructing the finite temperature representation of φ and ~φ, it is useful to recall some of their basic features which are representation independent (see also [13], [14] and [15]).

2.1 General algebraic aspects

One easily verifies that φ(x) = 1 √ 2 ∫ dk 2π [ a^∗(k)e^{i|k|x0−ikx1} + a(k)e^{−i|k|x0+ikx1} ] ; (5) ~φ(x) = 1 √ 2 ∫ dk 2π ε(k) [ a^∗(k)e^{i|k|x0−ikx1} + a(k)e^{−i|k|x0+ikx1} ] , (6)

obey Eqs. (1,2). Here {a^∗(k), a(k)} are the generators of an associative algebra A_− with involution^∗ and identity element 1. The fields (5-6) satisfy the commutation relations (3-4) provided that

[a(k) , a(p)] = [a^∗(k) , a^∗(p)] = 0 , (7) [a(k) , a^∗(p)] = Δ(k) 2πδ(k − p) 1 , (8)

Δ(k) being a solution of

|k|Δ(k) = 1 . (9)

There exists [16] a one-parameter family of distributions {|k|^{−1}_λ : λ > 0}, which obey Eq. (9). A convenient representation is ∫ dk|k|^{−1}_λ f(k) ≡ lim_{η↓0} d dη η ( e^{γE} λ )_η ∫ dk|k|^{η−1}f(k) , (10) where f is a test function of rapid decrease and γ_E is Euler’s constant. The infrared origin of the mass parameter λ is clear and well understood [17].

A direct consequence of Eqs. (5-9) are the commutation relations

[φ(x_1) , φ(x_2)] = [ ~φ(x_1) , ~φ(x_2)] = iD(x_1 − x_2) 1 , (11) [φ(x_1) , ~φ(x_2)] = i ~D(x_1 − x_2) 1 , (12)

where D(x) = − 1 2 ε(x^0) θ(x^2) , (13) ~D(x) = 1 2 ε(x^1) θ(−x^2) , (14)

are λ-independent. Eqs. (11,13) imply that φ and ~φ are local fields. According to eqs. (12,14), φ and ~φ are however not relatively local. It is worth stressing that this fact, known to be crucial for bosonization, generalized (anyon) statistics, duality and chiral super-selected sectors, is universal and does not depend on the representation of A_−. This observation is essential for finite temperature field theory, where instead of the standard Fock representation F of A_−, one adopts a thermal representation T_− (see sect. 2.2), induced by a Kubo-Martin-Schwinger (KMS) state [18] over A_−.

In what follows we will frequently use the basis of chiral right and left fields. In this basis locality is less transparent, but one gains nice factorization properties. Introducing the light-cone coordinates

x^± = x^0 ± x^1 , (15)

the chiral fields are defined by

φ_R (x^−) ≡ √ 2 ∫_∞ 0 dk 2π [ a^∗(k)e^{ikx} � + a(k)e^{−ikx} �] = φ(x) + ~φ(x) , (16)

φ_L (x^+) ≡ √ 2 ∫_0 −∞ dk 2π [ a^∗(k)e^{−ikx+} + a(k)e^{ikx+} ] = φ(x) − ~φ(x) . (17)

Combining eqs. (11-14,16,17), one finds

[φ_{Z1} (ζ_1) , φ_{Z2} (ζ_2)] = −i ε(ζ_{12}) δ_{Z1 Z2} 1 , ζ_{12} ≡ ζ_1 − ζ_2 , (18)

where Z = L, R and

δ_{Z1 Z2} = { 1 if Z_1 = Z_2 0 if Z_1 ≠ Z_2

(19)

Let us denote by A_Z the associative algebra generated by φ_Z . Given any smooth real valued function f_Z , it is easily checked that the shift transformation

α_{fZ} : φ_Z (ζ) −→ φ_Z (ζ) + f_Z (ζ) 1 , (20)

leaves invariant both eqs. (1,2) and the commutation relations (18). Therefore, α_{fZ} is an automorphism of A_Z . It can be given the form

α_{fZ} [φ_Z (ζ)] = e^{iQZ (fZ )} φ_Z (ζ) e^{−iQZ (fZ )} , (21)

where the charges Q_Z (f_Z ) satisfy

[Q_{Z1} (f_{Z1} ) , φ_{Z1} (ζ)] = −if_{Z1} (ζ) δ_{Z1 Z2} 1 , (22) [Q_{Z1} (f_{Z1} ) , Q_{Z2} (f_{Z2} )] = 0 . (23)

The automorphism (20) turns out to be essential for bosonization with non-vanishing chemical potential.

We now turn to generalized statistics, which can be discussed at purely algebraic level. In fact, let us concentrate on the set of fields parametrized by ξ = (σ, τ ) ∈ R^2 and defined by A(x; ξ) ≡ z(λ; ξ) exp [ iπ 2 (τ q_R − σq_L) ] : exp { i √ π [ σφ_R (x^−) + τ φ_L (x^+) ]} : , (24)

where q_Z ≡ 1 √ π Q_Z (1) , (25)

and the normal ordering : : is taken with respect to the creators a^∗(k) and annihilators a(k). The normalization z(λ; ξ) will be fixed in what follows. Let us observe that due to eqs. (22,23), the relative position of the two exponential factors in (24) is irrelevant. Notice also that under ∗-conjugation,

A^∗(x; ξ) = z(λ; ξ) z(λ; −ξ) A(x; −ξ) . (26) Although one may consider expressions more general then (24), the field A(x; ζ) will be enough for our purposes.

Using eqs. (18,22,23), we derive the exchange relation

A(x_1; ξ_1)A(x_2; ξ_2) = R(x_{12}; ξ_1, ξ_2) A(x_2; ξ_2)A(x_1; ξ_1) . (27)

The exchange factor R reads

R(x_{12}; ξ_1, ξ_2) = exp { −iπ [ 2(σ_1σ_2 + τ_1τ_2)D(x_{12}) + 2(σ_1σ_2 − τ_1τ_2) ~D(x_{12}) + (σ_1τ_2 − σ_2τ_1) ]} . (28)

The statistics of the field (24) is governed by the behavior of (28) for ξ_1 = ξ_2 = ξ and space-like separated points x^2_{12} < 0. By means of eqs. (13,14), one gets in this domain

A(x_1; ξ)A(x_2; ξ) = exp[−iπ(σ^2 − τ^2)ε(x^1 − x^1_2)] A(x_2; ξ)A(x_1; ξ) . (29)

Therefore, A(x; ξ) is an anyon field whose statistics parameter is

ϑ(ξ) = σ^2 − τ^2 . (30)

Bose or Fermi statistics are recovered when ϑ is an even or odd integer respectively. The remaining values of ϑ lead to Abelian braid statistics. The basic fact behind this implementation of generalized statistics, is clearly the relative non-locality of φ and ~φ.

In our discussion below we frequently use the chiral currents j_Z (ζ) ≡ 1 √ π ∂φ_Z (ζ) . (31)

A straightforward computation, based on eq. (18), gives

[j_Z (ζ) , A(x; ξ)] = 2ξ^Z δ(ζ − x^Z)A(x; ξ) , (32)

where

ξ^Z = { σ if Z = R τ if Z = L x^Z = { x^− if Z = R x^+ if Z = L

(33)

Moreover, differentiating (24) with respect to x^Z, one finds ∂ ∂x^Z A(x; ξ) = iπξ^Z : j_Z (x^Z) A(x; ξ) : . (34)

The energy-momentum tensor of the fields φ and ~φ has two independent components, which read in the chiral basis

Θ_Z (ζ) = 1 4 : ∂φ_Z (ζ) ∂φ_Z (ζ) := π 4 : j_Z (ζ) j_Z (ζ) : . (35)

Indeed, one can directly verify that

[Θ_Z (ζ_1) , φ_Z (ζ_2)] = −i∂φ_Z (ζ_2) δ(ζ_{12}) . (36)

Finally, we would like to point out that the short distance expansion of the product A^∗(t, x_1; ξ)A(t, x_2; ξ) involves the chiral currents. In fact, normal ordering this product, one finds

A^∗(x_1; ξ) A(x_2; ξ) = |z(λ; ξ)|^2 exp [ πσ^2u(λx^−_{12}) + πτ^2u(λx^+_{12}) ] · : exp { i √ π [ σφ_R (x^−_2 ) − σφ_R(x^−_1 ) + τ φ_L(x^+_2 ) − τ φ_L(x^+_1 ) ]} : , (37)

where u(ζ) = − 1 π ln(iζ + ϵ) = − 1 π ln |ζ| − i 2 ε(ζ) , (38)

the presence of the parameter ϵ > 0 implies as usual the weak limit ϵ → 0. From (37) one derives the expansion C(x, η; ξ) ≡ 1 2 [A^∗(x + η; ξ) A(x; ξ) − A(x; ξ) A^∗(x − η; ξ)] = iπ|z(λ; ξ)|^2 e^{π[σ2u(λη} �_{)+τ} 2_{u(λη}+_{)]} [ ση^−j_R (x^−) + τ η^+j_L (x^+) + O(η^+) + O(η^−) ] . (39)

Eqs. (32,34,36) are useful for analyzing the symmetry content and the dynamics of A(x; ξ), whereas (39) is convenient in the study of the short distance behavior.

Summarizing, we have introduced the basic algebraic tools for bosonization - the oscillator algebra A_− and the related field algebras A_R and A_L . We have established also some identities needed in the construction of fermions and, more generally, anyons. Since A_− and A_Z are infinite algebras, some of our manipulations above were formal. In what follows however, we shall deal with operator representations of A_− and A_Z , in which the just mentioned identities hold at least in mean value on a suitable domain of the state space.

2.2 Thermal representations

We start this section by constructing a thermal representation T_− of A_−, whose cyclic vector is the Gibbs (grand canonical) equilibrium state associated with K_B ≡ H_B − μ_B N_B , μ_B < 0 . (40) Here H_B = ∫ dk 2π k^2 a^∗(k)a(k) , N_B = ∫ dk 2π |k| a^∗(k)a(k) , (41) are the Hamiltonian and the number operator respectively, and μ_B is the chemical potential. The non-vanishing two-point correlation functions in this state are given by ⟨a^∗(p)a(q)⟩^β_{μB} = e^{−β(|p|−μB)} 1 − e^{−β(|p|−μB)} |p|^{−1}_λ 2πδ(p − q) , (42) ⟨a(q)a^∗(p)⟩^β_{μB} = 1 1 − e^{−β(|p|−μB)} |p|^{−1}_λ 2πδ(p − q) , (43) β being the inverse temperature. Notice that the Bose-Einstein distribution appears as a factor in the right hand side of (42,43). The parameter μ_B < 0 allows to work with well defined bosonic correlators. Dealing with the physical anyon fields, introduced in the next section, we will take the limit μ_B → 0. Let us also recall for comparison that ⟨a^∗(p)a(q)⟩_F = 0 , ⟨a(q)a^∗(p)⟩_F = |p|^{−1}_λ 2πδ(p − q) . (44) in the Fock representation F of A_−.

Referring to [18] for the rigorous argument, it is useful to sketch here a heuristic derivation of the expectation values (42,43). Since they are constrained by the commutator (8), it is enough to concentrate for instance on eq. (42). Setting ⟨a^∗(p)a(q)⟩^β_{μB} ≡ Tr [ e^{−βKB} a^∗(p)a(q) ] Tr e^{−βK}B , (45) one finds ⟨a^∗(p)a(q)⟩^β_{μB} = Tr [ e^{−βK}B a^∗(p)a(q) ] Tr e^{−βKB} = e^{−β(|p|−μB )} Tr [ a^∗(p)e^{−βKB} a(q) ] Tr e^{−βK}B = e^{−β(|p|−μB )} Tr [ e^{−βKB} a(q)a^∗(p) ] Tr e^{−βK}B = e^{−β(|p|−μB )} |p|^{−1}_λ 2πδ(p − q) + e^{−β(|p|−μB )}⟨a^∗(p)a(q)⟩^β_{μB} , (46) where eq.(8) and the cyclicity of the trace have been used. Eq. (46) can be solved for ⟨a^∗(p)a(q)⟩^β_{μB} and gives precisely (42).

Using the commutation relation (8), a generic correlation function can be reduced to ⟨ m∏ i=1 a^∗(p_i) n∏ j=1 a(q_j)⟩^β_{μB} , (47)

which can be evaluated by iteration from (see e.g. [18]) ⟨ m∏ i=1 a^∗(p_i) n∏ j=1 a(q_j)⟩^β_{μB} = δ_{mn} m∑ k=1 ⟨a^∗(p_1)a(q_k)⟩^β_{μB} ⟨ m∏ i=2 a^∗(p_i) n∏ j=1 j≠k a(q_j)⟩^β_{μB} , (48)

and the normalization condition

⟨1⟩^β_{μB} = 1 . (49)

As it should be expected, the correlators derived in this way satisfy the KMS condition corresponding to the automorphism of A_− α_s a^∗(k) = a^∗(k)e^{is(|k|−μB )} , α_s a(k) = a(k)e^{−is(|k|−μB )} , (50) generated by K_B . One easily checks for example that ⟨[α_sa(q)] a^∗(p)⟩^β_{μB} = ⟨a^∗(p) [α_{s+iβ} a(q)]⟩^β_{μB} . (51) Summarizing, eqs. (42,43,48,49) completely determine the thermal representation T_− of A_−. Since the distribution |k|^{−1}_λ is not positive definite, T_− has indefinite metric. This property is peculiar of the two-dimensional world and it is also present in the Fock representation [19] defined by eq. (44). We will address some of its aspects later on, when discussing the physical representation of the anyon field (24).

It is straightforward at this point to compute the correlation functions of φ_R and φ_L . The mixed correlators vanish and we are left with ⟨φ_Z (ζ_1) · · · φ_Z (ζ_m)⟩^β_{μB} , which define a thermal representation T_Z of the algebra A_Z . One finds,

⟨φ_Z (ζ_1) · · · φ_Z (ζ_{2n+1})⟩^β_{μB} = 0 , (52)

⟨φ_Z (ζ_1) · · · φ_Z (ζ_{2n})⟩^β_{μB} = ∑ ⟨φ_Z (ζ_{k1} )φ_Z (ζ_{k2} )⟩^β_{μB} · · · ⟨φ_Z (ζ_{k2n}�_1 )φ_Z (ζ_{k2n} )⟩^β_{μB} , (53) where the summation runs over all permutations of the integers {1, ..., 2n}, such that k_1 < k_3 < ... < k_{2n−1} and k_{2j−1} < k_{2j} for j = 1, ..., n. The two-point function, which is the fundamental building block, reads

⟨φ_Z (ζ_1)φ_Z (ζ_2)⟩^β_{μB} ≡ w(ζ_{12}; β, μ_B ) = 2 ∫_∞ 0 dk 2π |k|^{−1}_λ [ e^{−β(|k|−μB )} 1 − e^{−β(|k|−μB )} e^{ik(ζ12−iϵ)} + 1 1 − e^{−β(|k|−μB )} e^{−ik(ζ12−iϵ)} ] . (54)

Since λ > 0 and |μ_B | > 0, eq. (54) provides a well defined integral representation of w(ζ; β, μ_B ). The full λ-dependence and the singularity in μ_B = 0 are captured by w(ζ; β, μ_B ) = 1 π { 2 β|μ_B | ln |μ_B |e^γE λ − ln [ 2i sinh ( π β ζ − iϵ )]} + O(μ_B ) , (55)

where O(μ_B ) stands for λ-independent terms vanishing in the limit μ_B → 0.

As already mentioned, the parameter μ_B has been introduced exclusively for technical reasons. It has nothing to do with the chemical potentials for fermions and anyons. In order to recover the latter, we need the automorphism α_{μZ} : φ_Z (ζ) −→ φ_Z (ζ) − μ_Z √ π ζ μ_Z ∈ R , (56)

of A_Z , obtained by setting

f_Z (ζ) = − μ_Z √ π ζ , (57)

in eq. (20). By inspection, α_{μZ} can not be implemented unitarily in T_Z . In fact,

⟨α_{μZ} [φ_Z (ζ_1)φ_Z (ζ_2)]⟩^β_{μB} = ⟨φ_Z (ζ_1)φ_Z (ζ_2)⟩^β_{μB} + μ^2_Z π ζ_1ζ_2 . (58)

Therefore, by applying α_{μZ} one generates from T_Z a new representation T_Z (μ_Z ) of A_Z , associated with the correlation functions ⟨α_{μZ} [φ_Z (ζ_1) · · · φ_Z (ζ_n)]⟩^β_{μB} , which can be obtained directly from eqs. (52-54) by the shift (56).

Concerning the correlators ⟨α_{μZ} [j_Z (ζ_1) · · · j_Z (ζ_n)]⟩^β_{μB} of the chiral currents (31) in T_Z (μ_Z ), it follows from eqs. (52-55) that they are both λ-independent and regular in the limit μ_B → 0. Defining

⟨j_Z (ζ_1) · · · j_Z (ζ_m)⟩^β_{μZ} ≡ lim_{μB ↑0} ⟨α_{μZ} [j_Z (ζ_1) · · · j_Z (ζ_m)]⟩^β_{μB} , (59) one has for instance ⟨j_Z (ζ)⟩^β_{μZ} = − μ_Z π , (60)

⟨j_Z (ζ_1)j_Z (ζ_2)⟩^β_{μZ} = μ^2_Z π^2 − 1 β^2 sinh^{−2} ( π β ζ_{12} − iϵ ) . (61)

At this point, one can derive the correlation functions of Θ_Z (ζ) from those of the currents, using the following weak limit representation

Θ_Z (ζ) = 1 4 lim_ζ0_{→ζ} : ∂φ_Z(ζ^′)∂φ_Z(ζ) : = 1 4 lim_ζ0_{→ζ} [ πj_Z (ζ^′)j_Z (ζ) + 1 π(ζ^′ − ζ − iϵ)^2 ] , (62)

valid in T_Z (μ_Z ). Combining (61) and (62), one finds

⟨Θ_Z (ζ)⟩^β_{μZ} = μ^2_Z 4π + π 12β^2

. (63)

In conclusion, starting with the thermal representation T_− of A_−, we have constructed the representation T_Z (μ_Z ) of A_Z . We will show in what follows that T_R (μ_R ) and T_L (μ_L ) provide the basis for bosonization at finite temperature.

3 Anyons at finite temperature and density

In this section we adopt the tensor product T_L (μ_L )⊗T_R(μ_R ) for the construction of anyonic fields.

3.1 The physical representation - basic properties and correlation functions

By analogy with the zero temperature case, we concentrate on the q_Z -symmetric anyon correlation functions. Because of eq. (32), they are characterized by two selection rules, namely n∑ i=1 σ_i = 0 , n∑ i=1 τ_i = 0 . (64)

Using (64), after some algebra one finds

⟨α_{μZ} [A(x_1; ξ_1) · · · A(x_n; ξ_n)]⟩^β_{μB} = [_n ∏ i=1 z(λ; ξ_i) exp(−iμ_R σ_ix^−_i − iμ_L τ_ix^+_i ) ] exp [ −π v(β, μ_B ) n∑ i=1 (σ^2_i + τ^2_i ) ] ·

exp −π n∑ i,j=1 i<j [ σ_iσ_jw(x^−_{ij}; β, μ_B ) + τ_iτ_jw(x^+_{ij}; β, μ_B ) − i 2 (τ_iσ_j − τ_jσ_i) ] , (65)

where v(β, μ_B ) ≡ 2 ∫_∞ 0 dk 2π |k|^{−1}_λ e^{−β(|k|−μB )} 1 − e^{−β(|k|−μB )} = 1 π ( 1 β|μ_B | ln |μ_B | e^{γE} λ + 1 2 ln βλ 2π ) + O(μ_B ) .

(66)

As in eq. (55), O(μ_B ) denotes λ-independent terms which vanish for μ_B → 0. Conditions (64) immediately imply translation invariance of (65). A closer inspection reveals also that the right hand side of eq. (65) is:

• (i) λ-independent;

• (ii) well defined in the limit μ_B → 0 ,

provided that z(λ; ξ) = ( λ 2π ) 1_{2 (σ}2_{+τ} 2_) . (67)

These features are shared also by the correlation functions ⟨α_{μZ} [ j_{Z1} (ζ_1) · · · j_{Zm} (ζ_m)A(x_1; ξ_1) · · · A(x_n; ξ_n) ] ⟩^β_{μB} , (68)

involving the chiral current (31). Therefore, from now on, we impose both (64) and (67) and define

⟨j_{Z1} (ζ_1) · · · j_{Zm} (ζ_m)A(x_1; ξ_1) · · · A(x_n; ξ_n)⟩^β_{μL , μR} ≡ lim_{μB ↑0} ⟨α_{μZ} [ j_{Z1} (ζ_1) · · · j_{Zm} (ζ_m)A(x_1; ξ_1) · · · A(x_n; ξ_n) ] ⟩^β_{μB} . (69)

Eq. (65) implies

⟨A(x_1; ξ_1) · · · A(x_n; ξ_n)⟩^β_{μL, μR} = exp iπ 2 n∑ i,j=1 i<j (τ_iσ_j − τ_jσ_i) − iμ_R n∑ i=1 σ_ix^−_i − iμ_L n∑ i=1 τ_ix^+_i ( 1 2π ) 1_2 Pn_{i=1(σ}2_{i +τ} 2_{i )}

· n∏ i,j=1 i<j [ iβ π sinh ( π β x^−_{ij} − iϵ )]_{σiσj} [ iβ π sinh ( π β x^+_{ij} − iϵ )]_{τiτj} (70)

Then, a generic correlator of the type (69) can be obtained by iteration via

⟨j_{Z1} (ζ_1)j_{Z2} (ζ_2) · · · j_{Zm} (ζ_m)A(x_1; ξ_1) · · · A(x_n; ξ_n)⟩^β_{μL , μR} = − { μ_{Z1} π + i β n∑ j=1 ξ^{Zj}_j coth [ π β (ζ_1 − x^{Z1}_j ) − iϵ ]}

· ⟨j_{Z2} (ζ_2) · · · j_{Zm} (ζ_m)A(x_1; ξ_1) · · · A(x_n; ξ_n)⟩^β_{μL , μR} − 1 β^2 m∑ j=2 δ_{Z1 Z2} sinh^{−2} ( π β ζ_{1j} − iϵ )

·⟨j_{Z2} (ζ_2) · · · ^j_{Zj} (ζ_j) · · · j_{Zm} (ζ_m)A(x_1; ξ_1) · · · A(x_n; ξ_n)⟩^β_{μL , μR} , (71)

the hat in the right hand side of (71) denotes that the corresponding current is omitted. One has for instance,

⟨j_R (ζ_1)j_R (ζ_2)A(x_1; ξ_1) · · · A(x_n; ξ_n)⟩^β_{μL , μR} = ⟨A(x_1; ξ_1) · · · A(x_n; ξ_n)⟩^β_{μL, μR} · { μ^2_R π^2 − 1 β^2 sinh^{−2} ( π β ζ_{12} − iϵ ) + i μ_R πβ n∑ j=1 σ_j 2∑ k=1 coth [ π β (ζ_k − x^−_j ) − iϵ ]

− 1 β^2 n∑ j,k=1 σ_jσ_k coth [ π β (ζ_1 − x^−_j ) − iϵ ] coth [ π β (ζ_2 − x^−_k ) − iϵ ]} . (72)

Coming back to the points (i-ii) above, we observe that the property (i) is essential for our construction. Like at zero temperature, the λ-independence of (70) signals positivity. In fact, repeating with some obvious modifications the argument of reference [20], one can prove that the correlation functions (69) are positive definite, which is crucial for the physical interpretation. Point (ii) in turn, allows to eliminate μ_B from the q_Z -symmetric correlators, in agreement with the fact that the relevant chemical potentials at anyonic level are μ_Z . This issue is discussed few lines below.

We are now in a position to perform an important step - the definition of the physical quantum fields {A^{ph}(x; ξ), j^{ph}_Z (ζ)}. Let us introduce for this purpose the set Ξ = {ξ_1, −ξ_1, ..., ξ_n, −ξ_n} and let us consider the family {A(x; ξ) : ξ ∈ Ξ}. We define

⟨j^{ph}_{Z1} (ζ_1) · · · j^{ph}_{Zm} (ζ_m)A^{ph}(x_1; ξ_1) · · · A^{ph}(x_n; ξ_n)⟩^{ph, β}_{μL , μR} ≡ { ⟨j_{Z1} (ζ_1) · · · j_{Zm} (ζ_m)A(x_1; ξ_1) · · · A(x_n; ξ_n)⟩^β_{μL , μR} if (64) holds; 0 otherwise.

(73)

Being positive definite by construction, the functions (73) determine, via the reconstruction theorem [14], the fields {A^{ph}(x; ξ) , j^{ph}_Z (ζ) : ξ ∈ Ξ}. The explicit form of the physical correlators (73) is quite remarkable and deserves a comment. Without current insertions, the equal-time n-point function is a finite temperature and density generalization of the Jastrow-Laughlin wave function [3]. We recall that the latter describes the n-particle ground state in several one-dimensional models, showing a Tomonaga-Luttinger liquid structure. In that context, the current insertions in (73) are associated with the charged excitations of the liquid. Let us mention also that (73) admits a well defined continuation to imaginary time, which still represents finite temperature and density version of the Jastrow-Laughlin wave function, though in two spatial dimensions.

The expectation values (73) are invariant under the transformations:

A^{ph}(x; ξ) −→ A^{ph}((x^0 + t, x^1); ξ) , j^{ph}_Z (ζ) −→ j^{ph}_Z (ζ + t) , t ∈ R ; (74) A^{ph}(x; ξ) −→ e^{−isR σ} A^{ph}(x; ξ) , j^{ph}_Z (ζ) −→ j^{ph}_Z (ζ) , s_R ∈ R ; (75) A^{ph}(x; ξ) −→ e^{−isL τ} A^{ph}(x; ξ) , j^{ph}_Z (ζ) −→ j^{ph}_Z (ζ) , s_L ∈ R . (76)

We denote the corresponding conserved charges by H and Q_Z and we consider the automorphism α_s generated by

K ≡ H − μ_L Q_L − μ_R Q_R . (77)

Using that α_s [ j^{ph}_Z (ζ) ] = j^{ph}_Z (ζ + s) , α_s [ A^{ph}(x; ξ) ] = e^{is(μR σ+μL τ )} A^{ph}((x^0 + s, x^1); ξ) , (78)

one can verify that the physical correlation functions (73) obey the KMS condition relative to α_s with (inverse) temperature β. In particular,

⟨A^{ph}(x_1; ξ_1) · · · A^{ph}(x_m; ξ_m)α_{s+iβ} [ A^{ph}(x_{m+1}; ξ_{m+1}) · · · A^{ph}(x_n; ξ_n) ] ⟩^{ph, β}_{μL , μR} = ⟨α_s [ A^{ph}(x_{m+1}; ξ_{m+1}) · · · A^{ph}(x_n; ξ_n) ] A^{ph}(x_1; ξ_1) · · · A^{ph}(x_m; ξ_m)⟩^{ph, β}_{μL , μR} , (79) for any 1 ≤ m ≤ n. This result is fundamental for the physical interpretation of our construction.

At zero temperature (i. e. in the limit β → ∞), the anyon correlation functions are in addition invariant with respect to dilatations

A^{ph}(x; ξ) −→ ϱ^{12 (σ2+τ 2)} A^{ph}(x; ξ) , ϱ > 0 , (80)

and Lorentz transformations

A^{ph}(x; ξ) −→ e^{12 (σ2−τ 2)χ} A^{ph}(Λ(χ)x; ξ) , χ ∈ R , (81)

where Λ(χ) is the 1+1 dimensional Lorentz boost with parameter χ. From (80,81) we deduce the dimension d(ξ) ≡ 1 2 (σ^2 + τ^2) , (82)

and the Lorentz spin l(ξ) ≡ 1 2 (σ^2 − τ^2) = 1 2 ϑ(ξ) (83)

of A^{ph}(x; ξ). In spite of the fact that transformations (80,81) do not define exact symmetries at finite temperature, we would like to mention that there exist an alternative conformal field theory approach to bosonization (see e.g. [21] and references therein).

Let us collect now some of the basic properties of {A^{ph}(x; ξ) , j^{ph}_Z (ζ) : ξ ∈ Ξ}, which follow from their correlation functions. Combining (26) and (67), one gets

A^{ph ∗}(x; ξ) = A^{ph}(x; −ξ) . (84)

The exchange matrix and the statistical parameter of the physical anyon fields are given by (28) and (30) respectively, whereas (71) implies

[j^{ph}_Z (ζ) , A^{ph}(x; ξ)] = 2ξ^Z δ(ζ − x^Z)A^{ph}(x; ξ) , (85)

where the notation (33) has been used. The translation of eq. (34) in terms of physical fields reads iπξ^Z . . j^{ph}_Z (x^Z)A^{ph}(x; ξ) . . = ∂ ∂x^Z A^{ph}(x; ξ) . (86) where the normal product . . · · · . . is defined by . . j^{ph}_Z (x^Z)A^{ph}(x; ξ) . . ≡ lim_{y→x} { j^{ph}_Z (y^Z)A^{ph}(x; ξ) + iξ^Z β coth [ π β (y − x)^Z − iϵ ] A^{ph}(x; ξ) } . (87)

The counterpart of eq. (62) is

Θ^{ph}_Z (ζ) = 1 4 lim_ζ0_{→ζ} [ πj^{ph}_Z (ζ^′)j^{ph}_Z (ζ) + 1 π(ζ^′ − ζ − iϵ)^2 ] , (88)

and using the physical correlation functions one finds:

[Θ^{ph}_Z (ζ) , A^{ph}(x; ξ)] = −iδ(ζ − x^Z) ∂ ∂x^Z A^{ph}(x; ξ) , (89)

[Θ^{ph}_Z (ζ_1) , Θ^{ph}_Z (ζ_2)] = δ^′(ζ_{12})[Θ^{ph}_Z (ζ_1) + Θ^{ph}_Z (ζ_2)] − i 1 24π δ^{′′′}(ζ_{12}) . (90)

Eqs. (89,90) provide a consistency check on the physical correlation functions (73) and (88). Moreover, the δ^{′′′} -contribution in the right hand side of eq. (90) fixes the value of the central charge. As it should be expected on general grounds, the latter is β- and μ_Z -independent.

Finally, from eq. (39) one gets

C^{ph}(x, η; ξ) ≡ 1 2 [ A^{ph ∗}(x + η; ξ) A^{ph}(x; ξ) − A^{ph}(x; ξ) A^{ph ∗}(x − η; ξ) ] = iπ (2π)^{−d(ξ)} e^{π[σ2u(η} �_{)+τ} 2_{u(η}+_{)]} [ ση^−j^{ph}_R (x^−) + τ η^+j^{ph}_L (x^+) + O(η^+) + O(η^−) ] . (91)

This identity suggests that A^{ph} and j^{ph}_Z are not independent and that one can recover j^{ph}_Z from A^{ph} by point-splitting. For this purpose we assume that η is a space-like vector (η^2 = η^+η^− < 0) and observe that the behavior of C^{ph}(x, η; ξ) when η → 0 is direction dependent. Setting

Z_Z (η; ξ) =

(2π)^{d(ξ)} iπη^Z e^{−π[σ2u(η} �_{)+τ} 2_{u(η}+_{)]}

, (92)

one gets from (91)

σj_R (x^−) = lim_{η1↓0} [ lim η^0↓−η^1 Z_R (η; ξ) C^{ph}(x, η; ξ) ] , (93)

τ j_L (x^+) = lim_{η1↓0} [ lim_{η0↑η1} Z_L (η; ξ) C^{ph}(x, η; ξ) ] . (94)

We stress that the two limits in the right hand side of (93) and (94) do not commute and must be taken in the prescribed order. One constructs in this way j^{ph}_R (j^{ph}_L ) from A^{ph}(x; ξ), provided that σ ≠ 0 (τ ≠ 0). We would like to mention that the inverse operation is also possible. A^{ph}(x; ξ) can be expressed in terms of j_Z , which allows to develop a framework for bosonization, totally based on the algebra of chiral currents. We refer for the zero temperature case to [13] and [22].

Summarizing, with any set Ξ a thermal anyon representation T (Ξ; μ_L, μ_R ) is associated, which is defined by the expectation values (73). Let us consider the set Ξ = {ξ, −ξ, ξ^′, −ξ^′} with ξ = (σ, τ ) , ξ^′ = (τ, σ) , ϑ(ξ) = σ^2 − τ^2 ≠ 0 . (95)

The corresponding representation will be denoted by T (σ, τ ; μ_L, μ_R ) and is essential in the bosonization of fermions.

In what follows, we will use exclusively the physical anyon representations constructed above, omitting for sake of notation simplicity the apex “ph”. One should always keep in mind however that {A(x; ξ) , j_Z (ζ) : ξ ∈ Ξ} and {A^{ph}(x; ξ) , j^{ph}_Z (ζ) : ξ ∈ Ξ} are different quantum fields.

3.2 Momentum distribution and anyon condensation

In order to get a deeper insight into the physical properties of the field A(x; ξ), it is instructive to derive the relative momentum distribution. For this purpose we consider the Fourier transform ^W^β(ω, k; ξ) = ∫_∞ −∞ d^2x e^{iωx0−ikx1} W^β(x; ξ) (96)

of the two-point function

W^β(x_{12}; ξ) ≡ ⟨A^∗(x_1; ξ)A(x_2; ξ)⟩^β_{μL , μR} . (97)

Employing eqs. (70,73) one easily derives ^W^β(ω, k; ξ) = 1 2 ϱ ( ω 2 + k 2 + μ_R σ; σ^2, β ) ϱ ( ω 2 − k 2 + μ_L τ ; τ^2, β ) , (98)

where ϱ(k; α, β) = ∫_∞ −∞ dζ e^{ikζ} [ 2iβ sinh ( π β ζ − iϵ )]_{−α} , α ≥ 0 . (99) α

Figure 1: The momentum distribution ϱ(k; α, β = 1)

The evaluation of the integral (99) gives ϱ(k; α, β) = { (β)^{1−α} e^12^{βk} | | |Γ (_1 2 α +^i_{2π} βk ) | |^2[2πΓ(α)]^{−1} for α > 0 , 2π δ(k) for α = 0 .

(100)

Since the contributions of the left- and right-moving modes factorize, it is convenient to consider first the particular cases ^W^β(ω, k; (σ, 0)) = 2πδ(ω − k)ϱ (k + μ_R σ; σ^2, β) , (101) and ^W^β(ω, k; (0, τ )) = 2πδ(ω + k)ϱ (−k + μ_L τ ; τ^2, β) . (102)

Eqs. (101,102) have a simple physical interpretation: the δ-factors fix the dispersion relations, whereas the ϱ-factors give the momentum distributions. Eq. (101) for σ = ±1 and eq. (102) for τ = ±1 provide useful checks. From the exchange relation (29) we already know that the fields A(x; (±1, 0)) and A(x; (0, ±1)) have Fermi statistics. In the next section we will show that they are actually canonical right and left chiral fermions. In agreement with this fact, setting α = 1 in eq. (100), we get from (101,102) ^W^β(ω, k; (±1, 0)) = 2πδ(ω − k) 1 1 + e^{−β(k ± μ}R^)

, (103)

^W^β(ω, k; (0, ±1)) = 2πδ(ω + k) 1 1 + e^{β(k ∓ μL )}

. (104)

As expected, the familiar Fermi distribution at finite temperature and chemical potential is recovered. The corresponding Fermi momenta are

k_F = ∓ μ_R , k_F = ± μ_L . (105)

k Figure 2: Condensation-like behavior of ϱ(k; α = 10^{−1}, β = 1) k Figure 3: The momentum distribution ϱ(k; α = 10^{−2}, β = 10^{−1})

Turning back to the general expression (100), we see that for α > 0 the distribution ϱ is a smooth positive function, whose asymptotic behavior is encoded in ϱ(k; α, β) ∼ 1 Γ(α) ( k 2π )_{α−1} , k → ∞ , (106) ϱ(k; α, β) ∼ e^{βk} Γ(α) ( − k 2π )_{α−1} , k → −∞ . (107) One can get a general idea about ϱ from 3D plot in figure 1. In the range α ≥ 1, ϱ is monotonically increasing on the whole line k ∈ R. When 0 < α < 1, ϱ increases monotonically for k ≤ 0 and, according to eqs. (106,107), admits at least one local maximum for k > 0. Let us denote the position of the first one (when k moves from 0 to ∞) by k_C (α, β). We have numerical evidence that this maximum is unique, but we have not an analytic proof of this statement. The plots of ϱ (see figs. 1-2) indicate an interesting condensation-like behavior around k_C . The phenomenon is clearly marked for small values of the temperature and/or of the parameter α in the domain 0 < α < 1. We find it quite remarkable that for any fixed temperature, one can achieve an arbitrary sharp anyon condensation, taking a sufficiently small α. See in this respect figure 3, where the momentum distribution is plotted for β = 10^{−1}.

Concerning the behavior of ^W^β(ω, k; ξ) (see eq. (98)) when both σ ≠ 0 and τ ≠ 0, the above analysis implies condensation at

ω = k_C (σ^2, β) + k_C (τ^2, β) − μ_R σ − μ_L τ , (108)

k = k_C (σ^2, β) − k_C (τ^2, β) − μ_R σ + μ_L τ , (109)

provided that 0 < σ^2 < 1 and 0 < τ^2 < 1

It is worth mentioning that the condensation effect we discovered, does not contradict the Hohenberg-Mermin-Wagner (HMW) theorem about the absence of condensation in one space dimension. The point is that under very general conditions, any anyonic statistics can be equivalently described by a suitable exchange interaction with two- and three-body potentials, determined [23] by the exchange factor (28). When these potentials are confining, some assumptions of the HMW theorem are violated and condensation may occur [24], [25] even in one dimension.

In conclusion, we have shown that the right (left) moving modes of the anyon field A(x; ξ) condensate in the range 0 < σ^2 < 1 (0 < τ^2 < 1). Some applications of this phenomenon are currently under investigation [26].

4 A particular case - fermions

An useful testing ground for the bosonization scheme proposed above is provided by the free fermion field. The possibility to express the latter in terms of bosonic fields, was discovered long ago by Jordan and Wigner [27]. Using the general results of the previous section, we will discuss below some aspects of this phenomenon at finite temperature and density. Let us start by the 1+1 dimensional massless free Dirac equation

γ^ν ∂_ν ψ(x) = 0 , (110)

where ψ(x) = ( ψ_1(x) ψ_2(x) ) , γ^0 = ( 0 1 1 0 ) , γ^1 = ( 0 −1 1 0 ) . (111)

One easily verifies that

ψ_1(x) = ∫_∞ 0 dk 2π [ d^∗(k) e^{ikx} � + b(k) e^{−ikx} �] ≡ ψ_R (x^−) , (112) ψ_2(x) =

∫_0 −∞ dk 2π [ b(k) e^{ikx+} − d^∗(k) e^{−ikx+} ] ≡ ψ_L (x^+) , (113)

obey eq. (110). Here {b^∗(k), b(k), d^∗(k), d(k)} are the generators of an associative algebra A_+ (with involution^∗ and identity element 1), which are assumed to satisfy the anticommutation relations {b(k) , b(p)} = {b^∗(k) , b^∗(p)} = {d(k) , d(p)} = {d^∗(k) , d^∗(p)} = 0 , {b(k) , b^∗(p)} = {d(k) , d^∗(p)} = 2πδ(k − p) 1 . (114) Combining eqs. (112-113) and (114), one finds

{ψ(x_1) , ψ(x_2)} = 0 , {ψ(x_1) , ψ^∗(x_2)} = ( δ(x^−_{12}) 0

0 δ(x^+_{12}) ) , (115)

which in particular imply the equal time canonical anti-commutation relations.

As a consequence of (110), both the vector and the axial currents

j_μ(x) = : ψγ_μψ : (x) , j^5_μ(x) = : ψγ_μγ^5ψ : (x) , γ^5 ≡ γ^0γ^1 , (116) are conserved. Here ψ ≡ ψ^∗γ^0 and the normal product is relative to the creators {b^∗(k), d^∗(k)} and the annihilators {b(k), d(k)}. The duality relation j^5_μ(x) = ε_{μν} j^ν(x) , (117) holds because of the identity γ_μγ^5 = ε_{μν}γ^ν . One has [j_0(x) , ψ(y)]|_x0_{=y}0 = −δ(x^1 − y^1)ψ(y) , (118) [j^5_0 (x) , ψ(y)]|_x0_{=y}0 = −δ(x^1 − y^1)γ^5 ψ(y) . (119) The conserved charges relative to j_μ and j^5_μ read Q = ∫_∞ −∞ dk 2π [b^∗(k)b(k) − d^∗(k)d(k)] , Q_5 = ∫_∞ −∞ dk 2π ε(k)[b^∗(k)b(k) − d^∗(k)d(k)] . (120) Let us consider now the thermal representation T_+ of A_+, whose cyclic vector is the Gibbs equilibrium state associated with K_F = H_F − μQ − μ_5 Q_5 μ, μ_5 ∈ R (121) where H_F = ∫_∞ −∞ dk 2π |k| [b^∗(k)b(k) + d^∗(k)d(k)] , (122)

is the Hamiltonian of the free Dirac field. We stress the presence of the chemical potential μ_5 , associated with the chiral symmetry. The non-vanishing two-point expectation values in this equilibrium state are: ⟨b^∗(p)b(q)⟩^β_{μ, μ5} = e^{−β[|p|−μ−ε(p)μ5 ]} 1 + e^{−β[|p|−μ−ε(p)μ5 ]} 2πδ(p − q) , (123)

⟨b(p)b^∗(q)⟩^β_{μ, μ5} = 1 1 + e^{−β[|p|−μ−ε(p)μ5 ]} 2πδ(p − q) , (124)

⟨d^∗(p)d(q)⟩^β_{μ, μ5} = e^{−β[|p|+μ+ε(p)μ5 ]} 1 + e^{−β[|p|+μ+ε(p)μ5 ]} 2πδ(p − q) , (125)

⟨d(p)d^∗(q)⟩^β_{μ, μ5} = 1 1 + e^{−β[|p|+μ+ε(p)μ}5^] 2πδ(p − q) . (126) Like in the bosonic case, by using ⟨1⟩^β_{μ, μ5} = 1 a generic n-point function can be expressed in terms of (123-126). The correlation functions of ψ are therefore fully determined. The ones involving ψ^∗_a and ψ_a with the same value of the index a, can be reduced by means of eqs. (115) to

⟨ψ^∗_1 (x_1) · · · ψ^∗_1(x_m)ψ_1(y_n) · · · ψ_1(y_1)⟩^β_{μ, μ5} = δ_{mn} det⟨ψ^∗_1 (x_i)ψ_1(y_j)⟩^β_{μ, μ5} =

δ_{mn} exp [ i(μ + μ_5 ) n∑ i,j=1 (x_i − y_j)^− ] det 1 2iβ sinh [_π β (x_i − y_j)^− − iϵ ] , (127)

⟨ψ^∗_2 (x_1) · · · ψ^∗_2(x_m)ψ_2(y_1) · · · ψ_2(y_n)⟩^β_{μ, μ5} = δ_{mn} det⟨ψ^∗_2 (x_i)ψ_2(y_j)⟩^β_{μ, μ5} =

δ_{mn} exp [ i(μ − μ_5 ) n∑ i,j=1 (x_i − y_j)^+ ] det 1 2iβ sinh [_π β (x_i − y_j)^+ − iϵ

] . (128)

The expectation values involving both ψ_1 and ψ_2 factorize in the product of two correlators depending only on ψ_1 and ψ_2 respectively. For the currents (116), one gets ⟨j_0(x)⟩^β_{μ, μ5} = μ π , ⟨j^5_0 (x)⟩^β_{μ, μ5} = μ_5 π . (129)

It follows from eq. (117) ⟨j_1(x)⟩^β_{μ, μ5} = − μ_5 π , (130)

which clarifies the physical meaning of the chemical potential μ_5 . It gives rise to a persistent current at finite temperature. We will discuss later on this interesting phenomenon in the context of the Thirring model.

Let us show now that the free fermion field considered above, has an equivalent bosonized description. For this purpose we take the representation T (σ, 0; μ_L , μ_R ) and set Ψ(x; σ) = ( Ψ_1(x; σ) Ψ_2(x; σ) ) ≡ ( A(x; (σ, 0)) A(x; (0, σ)) ) . (131)

Since Ψ_1 and Ψ_2 depend on x^− and x^+ respectively, the field Ψ obviously satisfies eq. (110). According to eq. (30), the corresponding statistical parameter is

ϑ = σ^2 , σ ≠ 0 , (132)

showing that, in general, Ψ obeys anyon statistics. The existence of anyonic solutions of the free Dirac equation (110) is not surprising. Let us recall in this respect that there is no genuine notion of spin in 1+1 dimensions, because the rotation group is trivial. Being associated with the one-parameter group of boost transformations, which is non-compact, the Lorentz spin l(ξ) (see eq. (83)) may take any real value.

At this point we need the correlation functions of Ψ. From eqs.(70,73), one gets

⟨Ψ^∗_1(x_1; σ) · · · Ψ^∗_1(x_m; σ)Ψ_1(y_n; σ) · · · Ψ_1(y_1; σ)⟩^β_{μL , μR} = δ_{mn} exp [ iμ_R σ n∑ i,j=1 (x_i − y_j)^− ]

∏_n i,j=1 i<j [ 2iβ sinh (_π β x^−_{ij} − iϵ )]_σ2 ∏_n i,j=1 i>j [ 2iβ sinh (_π β y^−_{ij} − iϵ )]_σ2 ∏_n i,j=1 { 2iβ sinh [_π β (x_i − y_j)^− − iϵ ]}_σ2 , (133)

⟨Ψ^∗_2(x_1; σ) · · · Ψ^∗_2(x_m; σ)Ψ_2(y_n; σ) · · · Ψ_2(y_1; σ)⟩^β_{μL , μR} = δ_{mn} exp [ iμ_L σ n∑ i,j=1 (x_i − y_j)^+ ]

∏_n i,j=1 i<j [ 2iβ sinh (_π β x^+_{ij} − iϵ )]_σ2 ∏_n i,j=1 i>j [ 2iβ sinh (_π β y^+_{ij} − iϵ )]_σ2 ∏_n i,j=1 { 2iβ sinh [_π β (x_i − y_j)^+ − iϵ

]}_σ2 . (134)

Since the mixed Ψ-correlators factorize like in the ψ-case, it is enough to compare eqs. (133,134) with eqs. (127,128). For this purpose we observe that the iϵ-prescription in the numerator of (133) and (134) is actually superfluous and the identity

det 1 2iβ sinh [_π β (x_i − y_j) − iϵ ] = ∏_n i,j=1 i<j 2iβ sinh (_π β x_{ij} ) ∏_n i,j=1 i>j 2iβ sinh (_π β y_{ij} ) ∏_n i,j=1 2iβ sinh [_π β (x_i − y_j) − iϵ ] . (135)

holds. The proof of Eq. (135) is given in the appendix. Eq. (135) generalizes

det 1 (x_i − y_j − iϵ) = ∏_n i,j=1 i<j (x_{ij}) ∏_n i,j=1 i>j (y_{ij}) ∏_n i,j=1 (xi − yj − iϵ) , (136)

which makes possible the bosonization at zero temperature.

In view of (135), we conclude that the correlation functions of ψ(x) and Ψ(x; σ) coincide, provided that

σ^2 = 1 , (137) and μ_R = 1 σ (μ + μ_5 ) , μ_L = 1 σ (μ − μ_5 ) . (138)

In other words, the representations T (1, 0; μ + μ_5 , μ − μ_5 ) and T (−1, 0; −μ − μ_5 , −μ + μ_5 ) are equivalent and yield the bosonized version of the field ψ. For

σ^2 = 2n + 1 , n ≥ 1 (139)

Ψ(x; σ) still possess Fermi statistics, but is not canonical. According to the results of the previous section, the momentum distributions of both Ψ_1(x; σ) and Ψ_2(x; σ) signal condensation in the range 0 < σ^2 < 1.

For completing the Fermi-Bose correspondence, we have to find in T (σ, 0; μ_L , μ_R ) the counterparts J_μ and J^5_μ of the fermionic currents (116). Let us define

J_0(x) = −J^5_1 (x) = − 1 2σ [j_R(x^−) + j_L (x^+)] , (140)

J_1(x) = −J^5_0 (x) = 1 2σ [j_R(x^−) − j_L (x^+)] . (141)

These currents are conserved by construction. Moreover, eq. (71) implies [J_0(x) , Ψ(y)]|_x0_{=y}0 = −δ(x^1 − y^1)Ψ(y) , (142) [J^5_0 (x) , Ψ(y)]|_x0_{=y}0 = −δ(x^1 − y^1)γ^5 Ψ(y) , (143) which precisely reproduce eqs. (118,119). Notice that the normalization in (140,141) is uniquely fixed by requiring (142,143). Using (60), one finds ⟨J_0(x)⟩^β_{μL , μR} = 1 2πσ (μ_R + μ_L ) , ⟨J^5_0 (x)⟩^β_{μL , μR} = 1 2πσ (μ_R − μ_L ) . (144) As it should be expected, (129) and (144) are equivalent, if (137,138) are satisfied.

5 The Thirring model

The Thirring model [28] has been extensively studied in the past. The classical equation of motion is iγ^ν∂_νΨ(x) = gπ [Ψ(x)γ_νΨ(x)]γ^νΨ(x) , (145) where g ∈ R is the coupling constant and the factor π has been introduced for further convenience. Both vector and chiral currents, J_ν(x) = Ψ(x)γ_νΨ(x) , J^5_ν (x) = Ψ(x)γ_νγ^5Ψ(x) , (146) are conserved, satisfy the duality relation J^5_ν (x) = ε_{νμ}J^μ(x) , (147) and have the following equal time Poisson brackets {J_0(0, x^1) , Ψ(0, y^1)}_{P.B.} = −δ(x^1 − y^1)Ψ(0, y^1) , (148) {J^5_0 (0, x^1) , Ψ(0, y^1)}_{P.B.} = −δ(x^1 − y^1)γ^5Ψ(0, y^1) . (149) Introducing J_+(x) = J_0(x) + J_1(x) , J_−(x) = J_0(x) − J_1(x) , (150) eq. (145) can be rewritten in the form 2i∂_+Ψ_1(x) = gπ J_+(x)Ψ_1(x) , 2i∂_−Ψ_2(x) = gπ J_−(x)Ψ_2(x) . (151) Our problem is now to quantize this system at finite temperature and chemical potentials μ and μ^5, associated with the charges Q and Q^5 generated by the currents (146). More precisely, we look for operators {Ψ, J_+, J_−} acting on a Hilbert space and satisfying the requirements:

• (a) there exist suitable normal products N[J_+Ψ_1](x) and N[J_−Ψ_2](x), such that the quantum versions

2i∂_+Ψ_1(x) = gπ N[J_+Ψ_1](x) , 2i∂_−Ψ_2(x) = gπ N[J_−Ψ_2](x) , (152) of (151) hold;

• (b) the operators J_0(x) = 1 2 [J_+(x) + J_−(x)] , J_1(x) = 1 2 [J_+(x) − J_−(x)] , (153) are the components of a conserved current J_ν(x) and [J_0(x) , Ψ(y)]|_x0_{=y}0 = −δ(x^1 − y^1)Ψ(y) ; (154) • (c) the axial current J^5_ν (x) is related to J_ν(x) via the duality relation (147) and it is also conserved;

• (d) the correlation functions of {Ψ, J_+, J_−} obey the KMS condition relative to the automorphism

α_s Ψ_1(x) = e^{is(μ+μ5 )}Ψ_1(x^0 + s, x^1) , α_s Ψ_2(x) = e^{is(μ−μ5 )}Ψ_1(x^0 + s, x^1) , α_sJ_±(x) = J_±(x^0 + s, x^1) , s ∈ R , (155) with (inverse) temperature β.

In the previous section we have actually solved the problem defined by (a-d) in the case g = 0. This solution suggests considering the representation T (σ, τ ; μ_L , μ_R ) (see eq. (95)) and setting Ψ_1(x) ≡ A(x; ξ) , Ψ_2(x) ≡ A(x; ξ^′) , (156) which generalizes eq. (131). The next step is to identify the normal product N we are looking for, with . . · · · . .. Then, defining J_+(x) ≡ − 1 σ + τ j_L (x^+) , J_−(x) ≡ − 1 σ + τ j_R (x^−) , (157) we see that (86) implies (152), provided that 2τ (σ + τ ) = g . (158)

In addition, inserting (157) in (153), we find that the requirements of point (b) above are satisfied. Let us focus on (c). The duality relation (147) defines a conserved chiral current J^5_ν (x) in terms of J_ν (x). A simple computation gives

[J^5_0 (x) , Ψ(y)]|_x0_{=y}0 = − σ − τ σ + τ δ(x^1 − y^1)γ^5Ψ(y) . (159)

Because of eq. (158), for g ≠ 0 one has

σ − τ ≠ σ + τ , (160)

which shows the presence of a quantum correction in the right hand side of (159) with respect to (149). This is a known unavoidable feature [29], following from (a-b).

Finally, let us consider condition (d). From the results of Sect. 3.1 we deduce that it is satisfied, if the parameters μ_Z of T (σ, τ ; μ_L , μ_R ) are fixed according to

μ_R = 1 σ + τ μ + 1 σ − τ μ_5 , μ_L = 1 σ + τ μ − 1 σ − τ μ_5 . (161)

Using eqs. (95) and (158) one can express (σ, τ ) in terms of (g, ϑ). Two solutions are found: σ = g + 2ϑ 2 √ g + ϑ , τ = g 2 √ g + ϑ , (162)

σ^′ = − g + 2ϑ 2 √ g + ϑ , τ^′ = − g 2 √ g + ϑ . (163)

Since (σ, τ ) ∈ R^2, the coupling constant g and the statistical parameter ϑ are constrained by ϑ > −g . (164) Anyonic solutions of the Thirring model have been proposed and investigated recently also in [30].

The correlation functions of the Thirring field Ψ follow directly from eq. (70) and coincide for both solutions (162) and (163). From eqs. (60,157,161-163) one can derive the expectation value of the Thirring current J_ν(x) in the Gibbs state:

⟨J_0(x)⟩^β_{μ, μ5} = μ π(g + ϑ) , ⟨J_1(x)⟩^β_{μ, μ5} = − μ_5 πϑ . (165)

Comparing eq. (165) to the free case (129,130), one observes nontrivial corrections induced by the interaction and the anyon statistic. Previous investigations ([31], [32], [33]) of the charge density ⟨J_0(x)⟩^β_{μ, μ5} in the case ϑ = 1, have given contradictory results. We confirm the result of [32] and [33] and extend it to the general class of anyon solutions with ϑ ≠ 1. In the functional integral framework of [32] and [33], the g-dependence of the charge density stems from topological contributions. It is worth stressing that our operator approach reproduces the same g-dependence in a flat 1+1 dimensional Minkowski spacetime.

To our knowledge, the appearance of a persistent current ⟨J_1(x)⟩^β_{μ, μ5} in the finite temperature Thirring model represents a novel feature. We would like to recall in this respect that persistent currents of quantum origin have been experimentally observed ([34], [35]) in mesoscopic rings placed in an external magnetic field. Such fields are absent in the two-dimensional world, but chiral symmetry, combined with duality still allow for a non-vanishing ⟨J_1(x)⟩^β_{μ, μ5} . Notice that the persistent current (165) grows for small values of ϑ, diverging in the limit ϑ → 0.

Concerning the energy-momentum tensor T_{μν}(x) of the model, by means of eq. (89) we find that

T_{00}(x) = T_{11}(x) ≡ Θ_L (x^+) + Θ_R (x^−) , T_{01}(x) = T_{10}(x) ≡ Θ_L (x^+) − Θ_R (x^−) , (166)

generate on the Thirring field Ψ the right transformations

[T_{0ν}(x_1) , Ψ(x_2)]|_x0_{1=x}0_2 = −i∂_νΨ(x_2) δ(x^1_2) . (167)

Employing eqs. (72,88,161,165) one derives the following energy and momentum densities:

⟨T_{00}(x)⟩^β_{μ, μ5} = π 6β^2 + μ^2_L + μ^2_R 4π = π 6β^2 + π 2 (g + ϑ) [( ⟨J_0(x)⟩^β_{μ, μ5} )_2 + ( ⟨J_1(x)⟩^β_{μ, μ5} )_2] , (168)

⟨T_{01}(x)⟩^β_{μ, μ5} = μ^2_L − μ^2_R 4π = π(g + ϑ)⟨J_0(x)⟩^β_{μ, μ5} ⟨J_1(x)⟩^β_{μ, μ5} . (169)

When ⟨J_1(x)⟩^β_{μ, μ5} = 0, the energy density coincides with the pressure and (168) gives rise to an equation of state, relating temperature, pressure and density.

6 Conclusions

In the present paper we have developed an operator formalism for bosonization at finite temperature and density, which applies not only to fermions, but covers the case of generalized statistics as well. The approach is systematic, works directly in infinite volume and produces an explicit solution. Starting from the conventional chiral field algebras {A_Z : Z = R, L}, naturally associated with the free massless scalar field φ and its dual ~φ, we have constructed a set of fields A(x, ξ), parametrized by ξ = (σ, τ ) ∈ R^2. For generic values of ξ, A(x, ξ) exhibits Abelian braid statistics. The basic tool in our framework is the thermal representation T_L (μ_L ) ⊗ T_R(μ_R ) of A_L ⊗ A_R, characterized by inverse temperature β and chemical potentials μ_L and μ_R . We derived explicitly all correlation functions of the field A(x, ξ) in the representation T_L (μ_L ) ⊗ T_R (μ_R ), verifying the KMS condition. The n-point function represents a generalization of the Jastrow-Laughlin wave function. The exact momentum distributions of the left- and right-moving modes, following from the 2-point function, reveal in certain range of the variables (σ, τ ) a clear condensationlike behavior. The parameters μ_L and μ_R are related to special shift authomorphisms of A_L and A_R. Suitable combinations of μ_L and μ_R define the physical chemical potentials μ and μ_5 , which are proportional to the vector- and chiral-charge densities. By duality, μ_5 ≠ 0 implies a non-vanishing persistent current.

The characteristic features of our finite temperature and density bosonization procedure have been illustrated on the example of the massless Thirring model. We established a general class of anyonic solutions, providing an unambiguous derivation of the charge density and demonstrating the presence of a persistent current.

The general framework proposed in the paper is mathematically self-consistent and is interesting not only from a purely theoretical point of view. It is widely accepted by now, that the excitations described by the anyon field A(x, ξ) are relevant for a class of low dimensional condensed matter systems in which the one-dimensional Luttinger liquid plays an important role. It is claimed for instance that the edge currents in the fractional quantum Hall effect can be described by a Luttinger liquid [4]. Anderson’s [36] proposal for explaining high temperature superconductivity is based on the two-dimensional Hubbard model, whose ground state and low-energy excitations are also interpreted in terms of a Luttinger liquid. In this context, the phenomenon of anyon condensation and the appearance of a persistent current, discovered in this paper, deserve further attention. For application to quantum impurity problems, it will be interesting to extend to finite temperature and density the bosonization procedure on the half line, developed in [37]. We hope to report on this subject in the near future.

Appendix

In this appendix we prove the determinant formulae (135,136). It is obvious that det 1 (x_i − y_j) = P (x, y) ∏_n i,j=1 (xi − yj) , (170)

where P is a polynomial of degree n^2 − n, n being the order of the determinant. Because of translation invariance, P depends only on the differences x_{ij}, y_{ij} and x_i − y_j. Moreover, if x_i = x_j the determinant has two identical rows and vanishes, so P must be divisible by x_{ij}; in the same way if y_i = y_j the determinant has two identical columns, so P must be divisible by y_{ij}. We can write then P (x, y) = C n∏ i,j=1 i<j (x_{ij}) n∏ i,j=1 i>j (y_{ij}) (171)

where C is a constant, potentially depending on n. Considering the particular case x_i = y_i + ϵ_i and expanding in ϵ_i one immediately checks that C = 1. Formula (136) is a direct consequence of eqs. (170,171).

Concerning the determinant formula (135), put z_i = e^{xi} , w_i = e^{yi} . We have det 1 sinh(x_i − y_j)

= det 2z_iw_j z^2_i − w^2_j = ∏_n i=1 (2z_iw_i) ∏_n i,j=1 i<j (z^2_i − z^2_j ) ∏_n i,j=1 i>j (w^2_i − w^2_j ) ∏_n i,j=1 (z 2 i − w^2_j )

, (172)

where the previous determinant formula has been used. Now

z^2_i − z^2_j = 2z_iz_j sinh(x_{ij}) , w^2_i − w^2_j = 2w_iw_j sinh(y_{ij}) , z^2_i − w^2_j = 2z_iw_j sinh(x_i − y_j) , (173)

and we get ∏_n i=1 (2z_iw_i) ∏_n i,j=1 i<j (2z_iz_j) ∏_n i,j=1 i>j (2w_iw_j) ∏_n i,j=1 (2ziwj)

∏_n i,j=1 i<j sinh(x_{ij}) ∏_n i,j=1 i>j sinh(y_{ij}) ∏_n i,j=1 sinh(xi − yj) . (174)

A trivial calculation shows that the first fraction equals 1 identically, so we finally obtain det 1 sinh(x_i − y_j) = ∏_n i,j=1 i<j sinh(x_{ij}) ∏_n i,j=1 i>j sinh(y_{ij}) ∏_n i,j=1 sinh(xi − yj) . (175)

Eq. (135) is a straightforward consequence of this identity.

References

[1] D. C. Mattis and E. H. Lieb, J. Math. Phys. 6 (1963) 1154.

[2] H. Saleur, Lectures on non perturbative field theory and quantum impurity problems, cond-mat/8912110.

[3] R. B. Laughlin, Phys. Rev. Lett. 50 (1983) 1395.

[4] X.G. Wen, Phys. Rev. B 41 (1990) 12838;Int. J. Mod. Phys. B 6 (1992) 1711. [5] M. G. G. Laidlaw and C. M. DeWitt, Phys. Rev. D 3 (1971) 1375. [6] J. M. Leinaas and J. Myrheim, Nuovo Cimento B 37 (1977). [7] A. Das, Finite Temperature Field Theory (World Scientific, Singapore, 1997). [8] J. Voit, Rep. Prog. Phys. 57 (1994) 977. [9] Y-S. Wu and Y. Yu, Phys. Rev. Lett. 75 (1995) 890.

[10] Z. Ha, Quantum Many-Body Systems in One Dimensions (World Scientific, Singapore, 1996).

[11] S. Tomonaga, Progr. Theor. Phys. 5 (1950) 544. [12] J. M. Luttinger, J. Math. Phys. 4 (1965) 304.

[13] R. F. Streater, in Physical Reality and Mathematical Description (Reidel, Dordrecht, 1974).

[14] N. N. Bogolubov, A. A. Logunov, A. I. Oksak and I. T. Todorov, General Principles of Quantum Field Theory (Kluwer Academic Publishers, Dordrecht, 1990).

[15] F. Acerbi, G. Morchio and F. Strocchi, Lett. Math. Phys.26 (1992) 13; ibid 27 (1993) 1. [16] I. M. Gel’fand and G. E. Shilov, Generalized Functions, Vol. 1 (Academic Press, New York, 1964).

[17] A. S. Wightman, in Cargèse Lectures in Theoretical Physics (Gordon and Breach, New York, 1964).

[18] O Bratelli and D. W. Robinson, Operator Algebras and Quantum Statistical Mechanics, Vol. 2 (Springer, Berlin, 1996).

[19] M. Mintchev, J. Phys. A 13 (1980) 1841.

[20] A. L. Carey, S. N. M. Ruijsenaars and J. D. Wright, Commun. Math. Phys. 99 (1985) 347.

[21] P. Degiovanni, C. Chaubet and R. Mélin, Theor. Math. Phys. 117 (1998) 1113. [22] G. F. Dell’Antonio, Y. Frishman and D. Zwanziger, Phys. Rev. D 6 (1972) 988. [23] A. Liguori and M. Mintchev, Commun. Math. Phys. 169 (1995) 635. [24] V. Bagnato and D. Kleppner, Phys. Rev. A 44 (1991) 7439.

[25] P. Nozières, in Bose-Einstein Condensation (Cambridge University Press, Cambridge, 1995).

[26] A. Ligouri, M. Mintchev and L. Pilo, work in progress. [27] P. Jordan and E. P. Wigner, Z. Phys. 47 (1928) 631. [28] W. Thirring, Ann. of Phys. 3 (1961) 91. [29] J. A. Swieca, Fortschr. der Physik 25 (1977) 303.

[30] N. Ilieva and W. Thirring, The Thirring model 40 years later, hep-th/9808118. [31] H. Yokota, Progr. Theor. Phys. 77 (1987) 1450. [32] I. Sachs and A. Wipf, Ann. Phys. 249 (1996) 380.

[33] R. F. Alvarez-Estrada and A. Gómez Nicola, Phys. Ref. D 57 (1998) 3618. [34] L. P. Levy, G. Dolan, J. Dunsmuir and H. Bouchiat, Phys. Rev. Lett. 64 (1990) 2074. [35] D. Mailly, C. Chapelier and A. Benoît, Phys. Rev. Lett. 70 (1993) 2020. [36] P. W. Anderson, Phys. Rev. Lett. 64 (1990) 1839. [37] A. Liguori and M. Mintchev, Nucl. Phys. B 522 (1998) 345.