hep-th/9907049 8 Jul 1999

A Universal Disentangling Formula for Coherent States of Perelomov’s Type

Kazuyuki FUJII^� and Tatsuo SUZUKI^y

Abstract

A universal disentangling formula (such as the Baker-Campbell- Hausdorff one) for coherent states of Perelomov’s type (|z⟩ = exp(zA^†−

z̄A)|0⟩) which are defined for generalized oscillator algebras is given.

0 Introduction

Coherent states play an important role in quantum physics, in particular quantum optics, see [1] and its references. They are very useful in performing stationary-phase approximations to path integral, see [1] or [2], [3], [4].

To begin with, let a and a^† be canonical annihilation and creation operators in the harmonic oscillator. We set |0⟩ a normalized vacuum (a|0⟩ = 0 and ⟨0|0⟩ = 1). The (normalized) coherent state |z⟩ is defined as an eigenfunction of a: a|z⟩ = z|z⟩ for z ∈ C. (0.1) This |z⟩ is written as |z⟩ = e^{− |z|22} e^{za†} |0⟩ = e^{za†−z̄a}|0⟩. In obtaining the last equality, we have used the fundamental Baker-Campbell- Hausdorff formula e^{A+B} = e^{− 12 [A,B]}e^Ae^B (0.2)

whenever [A, [A, B]] = [B, [A, B]] = 0. Maybe this is the first disentangling formula.

�Department of Mathematics, Yokohama City University, Yokohama 236, Japan, E-mail address: fujii@yokohama-cu.ac.jp yDepartment of Mathematics, Waseda University, Tokyo 169, Japan, E-mail address: suzukita@mse.waseda.ac.jp

Next, we denote by {K_+, K_−, K_3} operators expressing spin K (K ≥ 1/2) representation of su(1, 1). Then Perelomov defined the following coherent state |z⟩ = e^{zK+−z̄K−} |K, 0⟩ for z ∈ C, (0.3) see [5], [1]. To this system, we cannot apply the Baker-Campbell-Hausdorff formula (0.2), but have a disentangling formula of another type [5], [6]: For ζ = (z tanh |z|)/|z| (z ∈ C) e^{zK+−z̄K−} = e^{ζK+} e^{log(1−|ζ|2)K3} e^{−ζ̄K−} . (0.4)

From this we have |z⟩ = (1 − |ζ|^2)^Ke^{ζK+} |K, 0⟩. (0.5)

In view of these two cases, a following question arises. For a generalized oscillator algebra A = {1, A, A^†, N}, we can consider a coherent state of Perelomov’s type |z⟩ = e^{zA† −z̄A}|0⟩ for z ∈ C. (0.6) What kind of disentangling formulas apply to this system? Such a formula is not known as far as we know.

In this letter, we give a disentangling formula to this system and recover the two results stated above as particular case. Our formula is expressed as an infinite series, so it is not easy to find a function form such as e^{−|z|2} , tanh|z|, etc, except for some simple cases. Therefore our work is a first step to obtain the real universal disentangling formula. Further study will be expected. The details and further developments of this letter will be published elsewhere, [7].

1 Coherent States

Let us make a short review of coherent states, [1]. We set {1, a, a^†, N ≡ a^†a} the oscillator algebra,

[N, a^†] = a^†, [N, a] = −a, [a, a^†] = 1. (1.1)

The Fock space on which a and a^† act is H ≡ {|n⟩ |n ≥ 0} and whose actions are a^†|n⟩ = √ n + 1|n + 1⟩, a |n⟩ = √ n − 1|n − 1⟩, (1.2) N|n⟩ = n|n⟩, where |0⟩ is a normalized vacuum (a|0⟩ = 0 and ⟨0|0⟩ = 1). From (1.2), states |n⟩ are given by |n⟩ = (a^†)^n √ n! |0⟩. (1.3) These states satisfy the orthogonality and completeness conditions ⟨m|n⟩ = δ_{mn}, ∞∑ n=0 |n⟩⟨n| = 1. (1.4) An unnormalized coherent state |z) is defined as a|z) = z|z) for z ∈ C. (1.5) This equation is easily solved to be |z) = ∞∑ n=0 z^n √ n! |n⟩, (1.6) or from (1.3) |z) = ∞∑ n=0 (za^†)^n n! |0⟩ = e^{za†} |0⟩. (1.7) From (z|z) = e^{|z|2} , the normalized coherent state becomes |z⟩ ≡ 1 √ (z|z) e^{za†} |0⟩ = e^{− |z|22} e^{za†} |0⟩. (1.8)

Therefore |z⟩ is written as |z⟩ = e^{za†−z̄a}|0⟩. (1.9) Here we have used the fundamental Baker-Campbell-Hausdorff formula e^{A+B} = e^{− 12 [A,B]}e^Ae^B (1.10) whenever [A, [A, B]] = [B, [A, B]] = 0. (1.10) is a first disentangling formula (it is not easy to derive (1.9) from (1.8) without knowing this formula). In what follows we call coherent states (1.9) a Perelomov’s type and study in detail. On the other hand, we call (1.5) a Barut-Girardello’s one, but we are not concerned with it in this letter, see [8], [9], [10].

2 The Disentangling Formula for Perelomov’s Coherent States

Let {k_+, k_−, k_3} be a Weyl basis of Lie algebra su(1, 1) ⊂ sl(2, C), k_+ = ( 0 1 0 0 ) , k_− = ( 0 0 −1 0 ) , k_3 = 1 2 ( 1 0 0 −1 ) . Then we have [k_3, k_+] = k_+, [k_3, k_−] = −k_−, [k_−, k_+] = 2k_3. (2.1) Next we consider a spin K (≥ 1/2) representation of su(1, 1) ⊂ sl(2, C) and set its generators {K_+, K_−, K_3},

[K_3, K_+] = K_+, [K_3, K_−] = −K_−, [K_−, K_+] = 2K_3. (2.2) We note that this (unitary) representation is infinite dimensional. The Fock space on which {K_+, K_−, K_3} act is H_K ≡ {|K, n⟩ |n ≥ 0} and whose actions are K_+|K, n⟩ = √ (n + 1)(2K + n)|K, n + 1⟩, K_−|K, n⟩ = √ n(2K + n − 1)|K, n − 1⟩, (2.3) K_3|K, n⟩ = (K + n)|K, n⟩, where |K, 0⟩ is a normalized vacuum (K_−|K, 0⟩ = 0 and ⟨K, 0|K, 0⟩ = 1). We have written |K, 0⟩ instead of |0⟩ to emphasize the spin K representation, see [2]. From (2.3), states |K, n⟩ are given by |K, n⟩ = (K_+)^n √ n!(2K)_n |K, 0⟩, (2.4) where (a)_n is the Pochammer’s notation (a)_n ≡ a(a + 1) · · · (a + n − 1).

These states satisfy the orthogonality and completeness conditions ⟨K, m|K, n⟩ = δ_{mn}, ∞∑ n=0 |K, n⟩⟨K, n| = 1_K . (2.5) Now let us consider the coherent state of Perelomov’s type |z⟩ ≡ e^{zK+−z̄K−} |K, 0⟩ for z ∈ C. (2.6)

This is an extension of (1.9). We want to disentangle (2.6). But, since [K_+, [K_+, K_−]] = 2K_+ ≠ 0, [K_−, [K_+, K_−]] = −2K_− ≠ 0, we cannot use the Baker-Campbell-Hausdorff formula (1.10). In spite of this fact, we fortunately have an another disentangling formula, [5], [6]: Lemma 2.1 For ζ = (z tanh |z|)/|z| (z ∈ C) e^{zK+−z̄K−} = e^{ζK+} e^{log(1−|ζ|2)K3} e^{−ζ̄K−} . (2.7) Therefore we obtain from (2.3) |z⟩ = (1 − |ζ|^2)^Ke^{ζK+} |K, 0⟩. (2.8) A comment here is in order. In this lemma, ζ plays an essential role and, moreover, ζ is an element of Poincare disk; ζ ∈ D ≡ {z ∈ C| |z| < 1} in contrast to z ∈ C. This difference is important, see [5].

As a consequence of section 1 and 2, coherent states of Perelomov’s type have different disentangling formulas according to algebras.

Now we come to a natural question: Is there a universal disentangling formula which does not depend on characteristics of algebras? In the next section, we treat this question and give some answer.

3 A Universal Disentangling Formula

Let A ≡ {1, A, A^†, N} be a generalized oscillator algebra [11], [12], [N, A^†] = A^†, [N, A] = −A, [A, A^†] = F (N + 1) − F (N), (3.1) where F is an entire function satisfying F (0) = 0 and F (n) > 0. The Fock space on which A and A^† act is {|n⟩ |n ≥ 0} and whose actions are A^†|n⟩ = √ F (n + 1)|n + 1⟩, A|n⟩ = √ F (n)|n − 1⟩, (3.2) N|n⟩ = n|n⟩, where |0⟩ is a normalized vacuum. From (3.2), states |n⟩ are given by |n⟩ = (A^†)^n √∏ n j=1 F (j) |0⟩. (3.3)

These states satisfy the orthogonality and completeness conditions ⟨m|n⟩ = δ_{mn}, ∞∑ n=0 |n⟩⟨n| = 1. (3.4) Now we define a coherent state of Perelomov’s type as |z⟩ ≡ e^{zA† −z̄A}|0⟩ for z ∈ C. (3.5) Though we want to disentangle (3.5), useful formula such as (1.10) in section 1 or (2.7) in section 2 are not known for a general algebra A as far as we know. Therefore we must construct a disentangling formula for (3.5).

Let us describe our main result. Proposition 3.1 We have |z⟩ = ∞∑ n=0 ∞∑ j=0 n! (n + 2j)!

Δ(n + 1, j)(−|z|^2)^j (zA^†)^n n! |0⟩, (3.6)

where Δ(n + 1, j) is defined as Δ(n + 1, 0) = 1, Δ(n + 1, j) = n+1∑ k_1=1

F (k_1)

k_1+1∑

k_2=1

F (k_2) · · ·

kj_{−1}+1 ∑ kj =1

F (k_j). (3.7)

This is just what we call a universal disentangling formula in the title of this letter. We note that Δ(n + 1, j) satisfy the recurrence formula Δ(n + 1, j) = Δ(n, j) + F (n + 1)Δ(n + 2, j − 1). (3.8) It is interesting that (3.7) is a bit similar to a discrete form of path-ordered integral.

To start with, we treat the harmonic oscillator F (n) = n. In this case we show that (3.6) coincides with (1.8). Applying the well-known formula n∑ k=1 (k)_j =

(n)_{j+1} j + 1 , where (k)_j is the Pochammer notation, to (3.7) repeatedly, we have

Δ(n + 1, j) =

(n + 1)_{2j}

(2j)!! = (n + 2j)! n!2^j j!

, (3.9) so that ∞∑ j=0 n! (n + 2j)!

Δ(n + 1, j)(−|z|^2)^j = ∞∑ j=0 (−|z|^2)^j 2^jj!

= e^{− |z|22} . (3.10)

Because this quantity is independent of n, we obtain the following corollary.

Corollary 3.2 |z⟩ = e^{− |z|22} e^{za†} |0⟩. We could recover the result in section 1.

Next, we consider the spin K representations of su(1, 1). We show that (3.6) coincides with (2.8). In this case F (n) = n(2K + n − 1), (3.11) we have only to calculate Δ(n + 1, j). But

Δ(n + 1, 0) = 1,

Δ(n + 1, 1) = n+1∑ k=1 k(2K + k − 1) =

(n + 1)(n + 2)(n + 3K) 3 . The situation becomes difficult more and more for j ≥ 2. Problem 3.3 Is it possible to determine Δ(n + 1, j) completely? Here we change our strategy. In the following, we shall develop a general theory. e^{zA† −z̄A}|0⟩ = ∞∑ n=0 ∞∑ j=0 (−1)^j n! (n + 2j)! Δ(n + 1, j)|z|^{2j} (zA^†)^n n! |0⟩

= ∞∑ n=0 ∞∑ j=0 (−1)^j n! (n + 2j)! Δ(n + 1, j)|z|^{2j+n} 1 n! ( z |z| A^† )n |0⟩ ≡ ∞∑ n=0 I_n(|z|) 1 n! ( z |z| A^† )n |0⟩. (3.12)

Setting r = |z| for simplicity,

I_n(r) = ∞∑ j=0 (−1)^j n! (n + 2j)!

Δ(n + 1, j)r^{2j+n}. (3.13)

Here let us determine a differential equation which {I_n(r) |n ≥ 0} satisfy instead of determining themselves.

Proposition 3.4 For n ≥ 0, d dr I_n(r) = nI_{n−1}(r) − F (n + 1) n + 1

I_{n+1}(r) (3.14) and I_n(r) ∼ r^n for 0 < r ≪ 1. (3.15) From this proposition, if we can solve (3.14) with boundary conditions (3.15), then we can determine |z⟩ making use of (3.12).

Now we go back to the case (3.11); F (n) = n(2K + n − 1). In this case (3.14) becomes d dr I_n = nI_{n−1} − (2K + n)I_{n+1}. (3.16) Then the solution with (3.15) are known to be

I_n(r) = (cosh r)^{−2K−n}(sinh r)^n = (cosh r)^{−2K} (tanh r)^n = (1 − tanh^2 r)^K (tanh r)^n. (3.17) Therefore by (3.12)

|z⟩ = (1 − tanh^2 |z|)^K ∞∑ n=0 (tanh |z|)^n 1 n! ( z |z| K_+ )n |K, 0⟩ = (1 − tanh^2 |z|)^Ke^{tanh |z| z|z| K+} |K, 0⟩. (3.18) That is, setting ζ = (z tanh |z|)/|z|, Corollary 3.5 we have |z⟩ = (1 − |ζ|^2)^K e^{ζK+} |K, 0⟩. We could also recover the result in section 2.

4 An Application to Elementary Number The- ory In this section, we apply the result of section 3 to elementary number theory. For the case F (n) = n(2K + n − 1), we gave two different disentangling formulas to the coherent state |z⟩; (2.8) and Proposition 3.1. We in particular consider the case n = 0 in (3.13):

I_0(r) = ∞∑ j=0 (−1)^j Δ(1, j) r^{2j} (2j)!

by (3.13), (4.1)

I_0(r) = (cosh r)^{−2K} by (3.17). (4.2)

From these we have a simple formula (cosh r)^{−2K} = ∞∑ j=0 (−1)^j Δ(1, j) r^{2j} (2j)!

, (4.3)

where Δ(n, j) = n∑ k=1 F (k)Δ(k + 1, j − 1), (4.4) F (k) = k(2K + k − 1), K ≥ 1 2 . (4.5) We moreover set K = 1/2. 1 cosh r = ∞∑ j=0 (−1)^jΔ(1, j) r^{2j} (2j)!

, (4.6)

F (k) = k^2. (4.7) In this case, let us calculate Δ(1, 1) ∼ Δ(1, 3) explicitly.

Δ(1, 1) = F (1) = 1, Δ(1, 2) = F (1)(F (1) + F (2)) = 1 + 4 = 5, Δ(1, 3) = F (1)^2(F (1) + F (2)) + F (1)F (2)(F (1) + F (2) + F (3)) = 5 + 4 × 14 = 61. (4.8) On the other hand, the expression of 1/ cosh r is well-known to be 1 cosh r = ∞∑ j=0 (−1)^j E_j r^{2j} (2j)!

, (4.9)

where E_j are the Euler numbers and are given by the recurrence formula

E_0 = 1, n∑ k=0 (−1)^k ( 2n 2k ) E_{n−k} = 0. (4.10)

For example, we have E_1 = E_0 = 1, E_2 = ( 4 2 ) E_1 − E_0 = 6 − 1 = 5,

E_3 = ( 6 4 ) E_2 − ( 6 2 ) E_1 + E_0 = 15 × 5 − 15 × 1 + 1 = 61. (4.11) Comparing (4.6) with (4.9),

Lemma 4.1 we have Δ(1, j)|_{K=1/2} = E_j. (4.12)

But our Δ(1, j) and E_j are clearly distinct expressions (compare (4.8) with (4.11)). In fact, it is not easy to prove that {Δ(1, j)|_{K=1/2}} satisfy the equation (4.10) directly (Try a direct proof). Moreover, if we define generalized Euler numbers Ẽ_j by 1 (cosh r)^{2K} = ∞∑ j=0 (−1)^jẼ_j r^{2j} (2j)!

, (4.13)

then Δ(1, j) in (4.3) is an another expression of Ẽ_j .

In conclusion, our work could give an another expression to some facts in elementary number theory from a viewpoint of representation theory. We can expect more applications.

5 Discussion

In this letter, we defined coherent states of Perelomov’s type for a generalized oscillator algebra, and gave a disentangling formula to them. Since our formula is given by complicated infinite series, it is not easy to find a function form except for some simple cases. But our formula doesn’t depend on special skills of algebras, so it is universal !

We have not yet applied our formula to nonlinear algebras defined in [13], [14] (in which coherent states of Barut-Girardello’s type have been constructed). This is an interesting subject.

Our work is nothing but a first step to obtain the real universal disentangling formula for coherent states of Perelomov’s type. We hope that based on our work the ultimate disentangling formula will be obtained in the near future.

Acknowledgements

Kazuyuki Fujii would like to thank Prof. Georg Junker for sending their preprints to us. Their works are one of our motivation to extend the disentangling formula. Tatsuo Suzuki is very grateful to Saburo Kakei and Michitomo Nishizawa for valuable discussions.

K. F. was partially supported by Grant-in-Aid for Scientific Research (C) No. 10640210.

References

[1] J.R. Klauder and Bo-S. Skagerstam, Coherent States (World Scientific, Singapore, 1985).

[2] K. Funahashi, T. Kashiwa, S. Sakoda and K. Fujii, J. Math. Phys. 36 (1995) 3232.

[3] K. Funahashi, T. Kashiwa, S. Sakoda and K. Fujii, J. Math. Phys. 36 (1995) 4590.

[4] K. Fujii, T. Kashiwa and S. Sakoda, J. Math. Phys. 37 (1996) 567. [5] A. Perelomov, Generalized Coherent States and Their Applications (Springer-Verlag, Berlin, 1986).

[6] H-C. Hu and R. Sasaki, J. Math. Phys. 38 (1997) 3968. [7] K. Fujii and T. Suzuki, in preparation.

[8] A. O. Barut and L. Girardello, Commun. Math. Phys. 21 (1971) 41. [9] K. Fujii and K. Funahashi, J. Math. Phys. 38 (1997) 4422. [10] K. Fujii and K. Funahashi, Extension of the Barut-Girardello coherent state and path integral II, quant-ph/9708041.

[11] C. Quesne and N. Vansteenkiste, Phys. Lett. A. 240 (1998) 21. [12] S. Klishevich and M. Plyushchay, Supersymmetry of parafermions, hepth/9905149.

[13] F. Cannata, G. Junker and J. Trost, Solvable potentials, non-linear algebras, and associated coherent states, quant-ph/9806080.

[14] G. Junker and P. Roy, Non-linear coherent states associated with conditionary exactly solvable problems, quant-ph/9807081.