hep-th/9907111 14 Jul 1999

IFUP–TH 39/99 LPTENS–99/24

ADM approach to 2+1 dimensional gravity coupled to particles^1.

Pietro Menotti Dipartimento di Fisica dell’Università, Pisa 56100, Italy and INFN, Sezione di Pisa

Domenico Seminara^2 Laboratoire de Physique Théorique, École Normale Supérieure^3. F-75231, Paris CEDEX 05, France

July 1999

1This work is supported in part by M.U.R.S.T. 2CEE Post-doctoral Fellow under contract FMRX CT96-0045 3Unité Mixte associee au Centre de la Recherche Scientifique et á l’ École Normale Supérieure.

Abstract We develop the canonical ADM approach to 2+1 dimensional gravity in presence of point particles. The instantaneous York gauge can be applied for open universes or universes with the topology of the sphere. The sequence of canonical ADM equations is solved in terms of the conformal factor. A simple derivation is given for the solution of the two body problem. A geometrical characterization is given for the apparent singularities occurring in the N-body problem and it is shown how the Garnier hamiltonian system arises in the ADM treatment by considering the time development of the conformal factor at the locations where the extrinsic curvature tensor vanishes.

1 Introduction

After the seminal paper by Deser Jackiw and ’t Hooft [1] the problem of supplying a solution to 2+1 dimensional gravity has been approached from different viewpoints and with different techniques. Moncrief [2] and Hosoya and Nakao [3] gave the hamiltonian treatment in absence of particles. In [2, 3] the complete reduction of the hamiltonian to the physical parameters i.e. the moduli of the time slices was obtained in the York (minimal surface) gauge; the problem can be dealt with explicitly for the torus while for higher genus, even if well defined, is far from trivial. The solution of [2] and [3] were exploited in [4] and [5] for the quantization of the theory.

In presence of particles progress was made in the papers by Bellini, Ciafaloni and Valtancoli [6] and by Welling [7] in the first order formalism by going over to the instantaneous gauge; in these papers it was shown that the problem is equivalent to the solution of a Riemann- Hilbert problem. It can be solved explicitly for the case of two particles, in terms of hypergeometric functions. For three or more particles one encounters a feature known in the mathematical literature as apparent singularities. Such apparent singularities evolve according to a hamiltonian system of equations known as the Garnier system [8] which is derived in the mathematical literature from the isomonodromicity condition.

A different approach was put forward by ’t Hooft [9] by describing the evolving Cauchy surfaces in terms of polygonal tiles which join along segments where the extrinsic curvature is singular. The dynamics of the system is codified in transition rules which intervene when e.g. the length of a side of a polygon goes to zero or when a particle collides with the side of a polygon. A similar but different approach was given by Waelbroek [10]. Quantization schemes were given in [11, 12, 13].

In this paper we shall consider 2 + 1 dimensional gravity in presence of massive particles by exploiting the hamiltonian formulation. Most techniques apply to massless particles as well, but here we shall not be concerned with this case. Thus our setting is a second order formalism and the basic equations are those derived systematically from the variation of the ADM action. The reason for such a development is to give a treatment which resides completely within the canonical framework. We shall see that all results obtained in [6] [7] come out in simple fashion from such an approach; moreover we shall prove that the Garnier hamiltonian system is a direct outcome of the canonical ADM formalism. Again the exploitation of the instantaneous York gauge plays a major role; the technical advantage of such a gauge is to reduce an equation of sinh-Gordon to one of Liouville type to which powerful methods of complex analysis apply. Unfortunately the applicability of such a gauge is restricted to universes of spherical topology or to open ones.

We shall see that such an approach provides an elementary way to solve the two body problem: the exact solution of the motion can be derived even before the explicit computation of the metric, which combined with the qualitative knowledge to the asymptotic metric gives a complete description of the scattering. The exact metric is obtained by solving a Liouville equation, leading of course to the same results obtained in [6] and [7].

One of the aims of presenting a canonical solution of the problem is to provide a framework for the quantization of the theory but here we shall be concerned solely with the classical theory.

The plan of the paper is the following: After recalling in sect.2 the ADM canonical formulation of gravity coupled with point particles we proceed in sect.3 to the solution of the canonical equations. These will be solved in the following order: First one computes the momenta canonically conjugate to the space metric; they turn out to be rational analytic or antianalytic functions of the complex coordinates of the plane. The knowledge of such canonical momenta allows one to write down the partial differential equation for the conformal factor or better for a more fundamental quantity which we shall call the reduced conformal factor. This is a Liouville equation whose sources are located at the particle position; in addition when the number of particles N is greater than 2 new sources appear. These are located at the points where the extrinsic curvature tensor vanishes and are identified as the position of the apparent singularities of the fuchsian differential equation which underlies the expression of the conformal factor. In the ADM equation for the conformal factor σ the sources appear as function of the conformal factor itself. On the other hand it is shown in the text that due to the vanishing of the inverse g^{ij} of the spacial metric on the particles, the sources simplify and are just given by the particle masses. The Liouville equation admits a whole family of solutions parametrized by a number M whose values runs from zero to 4π and it is related to the asymptotic behavior of the conformal factor; it is nothing else than the total energy of the system in adimensional units. A byproduct of the ADM equation for the time derivative of σ is that such parameter M is constant i.e. the energy is conserved.

The Lagrange multiplier N which appears in the ADM metric in the combination −N^2dt^2 satisfies a differential equation, which again due to the vanishing of g^{ij} on the particles reduces to a homogeneous linear differential equation. This is shown to be simply solved by the derivative of the conformal factor with respect to the parameter M. An elementary theorem proves that such a solution is unique. The final ingredient of the ADM metric i.e. the shift functions N^i are expressed in terms of the spacial derivative of N.

In sect.4 we write the Hamilton equation for the time variation of the particle positions and momenta. These are explicited for the general N -body problem in terms of the coefficient of the fuchsian equation which underly the conformal factor. In the two body case, which is dealt with in sect.5, they give rise to an elementary system of two differential equations for the particle positions and momenta, which solved provides the particle trajectories. The exact metric can be given in term of the classical solution of the Liouville equation. In sect.6 we give the general form of the asymptotic metric in the York instantaneous gauge.

In sect.7 we give the treatment of the problem for N > 2. It is shown how the fuchsian nature of the differential equation is related to the conservation of momenta and to a generalized conservation law which appears related to the transformation of the action under space dilatations.

As mentioned above, with more than two particles there are apparent singularities and one has to provide evolution equations for their positions and residues. We show that all this information in contained in the ADM equation for the the time derivative of the conformal factor. In fact by exploiting Schwarz’s relation between the coefficient of the fuchsian differential equation and the reduced conformal factor one obtains the Garnier equation by equating the residues at the polar singularities at the position of the apparent singularities.

2 The action

The action for the gravitational field in any dimension, including the boundary terms is given by [14] S_{Grav} = c^3 16πG_N ∫ M d^{(D+1)}x √ g R + c^3 8πG_N ∫_{Σ1} Σ0 d^Dx √ g K+

+ c^3 8πG_N ∫ B d^Dx √ −γ Θ + c^3 8πG_N ∫_{B1} B_0 d^{D−1}x √ σ η (1)

where g_{μν} , R are the D + 1 dimensional metric and curvature, g_{ij} the D-dimensional metric of the constant time slices Σ_t; Σ_0 and Σ_1 the initial and final time slices; K_{ij} the second fundamental form of the time slices Σ_t and Θ_{ij} the second fundamental form of the lateral boundary B whose volume form is √ −γ; n^μ is the future pointing unit normal to the time slices and u^μ the outward pointing unit normal to B; B_t = Σ_t ∩ B, √ σ is the volume form induced on B_t and sinh η = n_μu^μ. In presence of particles we must add to the gravitational action the matter term

S_m = − ∫ dt ∑ n m_nc √ −g_{μν} (q_n)q̇^μnq̇^ν_n (2) where we have chosen the gauge q^0_n = t. At the classical level it is convenient to multiply the action by^{16πGN}_{c3} ; the matter action e.g. becomes

S_m = − ∫ dt ∑ n m_n √ −g_{μν} (q_n)q̇^μnq̇^ν_n (3)

with m_n =^{16πGN mn}_{c2} ; it is a real number 0 < m_n < 4π. In the ADM notation where the metric is written as [15]

ds^2 = −N^2dt^2 + g_{ij} (dx^i + N^idt)(dx^j + N^j dt) (4)

the volume term can be rewritten as [15]

S_H = ∫ M d^Dxdt N √ g [ R + K_{ij} K^{ij} − K^2 + 2(n^μK − a^μ)_{; μ} ] , (5)

where R is the D dimensional curvature related to g_{ij} and a^μ is the acceleration vector a^μ = n^ν n^μ_{;ν}. Going over to the canonical variables P_{ni} = ∂L ∂q̇^i_n = m_n g_{iν} (q_n)q̇^ν_n √ −g_{ρσ}(q_n)q̇^ρnq̇^σ_n = m_n g_{ij} (q_n)(q̇^j_n + N^j ) √ N^2 − g_{ij} (q̇^i_n + N^i)(q̇^jn + N^j) (6)

the matter action can be rewritten as

S_m = ∫ dt ∑ n ( P_{ni} q̇^i_n + N^i(q_n)P_{ni} − N(q_n) √ P_{ni}P_{nj} g^{ij} (q_n) + m^2_n ) . (7)

On the other hand the gravitational action expressed in terms of the canonical variables becomes [14, 16, 17] S_{Grav} = ∫ M dtd^Dx [ π^{ij}ġ_{ij} − N^iH_i − NH ] + + 2 ∫ dt ∫ Bt d^{(D−1)}x √ σN ( K_{Bt} + η cosh η ∇_αv^α ) − 2 ∫ dt ∫ Bt d^{(D−1)}x r_απ^{αβ}_{(σ)}N_β. (8)

The symbol K_{Bt} stands for the extrinsic curvature of B_t as a surface embedded in Σ_t, v^α ≡ 1 cosh η

(n^α − sinh η u^α) and r_α is the versor normal to B_t in Σ_t. The subscript σ in π^{αβ}_{(σ)} is a reminder that it has to be considered a tensor density with respect to the measure √ σ.

3 The field equations

3.1 The conjugate momenta

Variation of the action with respect to N^i gives

H_i = −2 √ g∇_j π^j_i √ g − ∑ n δ^2(x − q_n)P_{ni} = 0 (9)

where ∇ is the covariant derivative with respect to the induced metric g_{ij} . In a York K = const. gauge we have 2 √ g∇_j π^{T j}_i √ g = − ∑ n δ^2(x − q_n)P_{ni} (10)

where π^T is the traceless part of π^{ij}. When K vanishes, π^{ij} becomes traceless since in 2 + 1 dimensions π^{ij} ≡ √ g(K^{ij} − g^{ij} K) (11) and thus π^i_j has only two independent components. Using the complex coordinates z = x+iy and z̄ = x − iy, eq.(10) reduces to

∂_{z̄}π^{z̄}_z = − 1 2 ∑ n P_{nz} δ^2(z − z_n) (12)

∂_zπ^z_{z̄} = − 1 2 ∑ n P_{nz̄} δ^2(z − z_n) (13)

with π^{z̄}_z = π^x_x − i π^x_y and ∫ δ^2(z)dxdy = 1. They are solved by

π^{z̄}_z = − 1 2π ∑ n P_{nz} z − z_n (14)

π^z_{z̄} = − 1 2π ∑ n P_{nz̄} z̄ − z̄_n . (15)

We shall work in the c.m. frame i.e. with ∑ n P_n = 0. With such a restriction π^{z̄}_z and π^z_{z̄} decrease at infinity at least like 1/|z|^2. In principle one could add to the solution (14) (and (15)) and arbitrary analytic (antianalytic) function. Our choice to maintain the behavior π^a_b = O(1/|z|^2) will give rise, as discussed in sect.3.3 to a well defined asymptotic behavior of the conformal factor e^{2σ} ∼ (zz̄)^{−μ} and N ∼ ln(zz̄). Thus the choice of solutions (14,15) is a way to impose the form of the asymptotic metric.

As we already mentioned in the introduction and will be shown below, one can apply the instantaneous York gauge K = 0 only to the topology of the plane (open universes) or the topology of the sphere. The sphere can be described by the metric g_{ij} = 8e^{2σ} (1 + zz̄)^2

(16)

where σ is a conformal factor regular at infinity. The equations for the π^a_b are still provided by eq.(9,10) and their solution by eq.(14,15). On the other hand for the sphere the point z = ∞ is a regular point. Imposition of the regularity of the tensor g^{−1/2}π^a_b at infinity, obtained through the transformation z^′ = 1/z imposes for π^{z̄}_z the behavior π^{z̄}_z ≈ z^{−n} with n ≥ 4. This is reflected on the following sum rules on the momenta ∑ n P_{nz} = 0, ∑ n P_{nz} z_n = 0, ∑ n P_{nz} z^2_n = 0. Thus except for the static case in which all momenta vanish we need at least four particles on the sphere. In the following we shall be mainly interested in the plane topology.

The tracelessness of the momenta π^{ij} in the K = 0 gauge entails some conservation laws which relate combinations of particle positions and momenta with no reference to the field variables. We shall see in sect.7 that such relations can be derived directly form the equations of motions.

We want to examine here the expression of the conservation of angular momentum in the K = 0 gauge in the context of the hamiltonian formalism. Under a rotation

q^i_n → q^i_n + εq^j_nϵ^i_j ; P_{ni} → P_{ni} − εϵ^j_i P_{nj} ;

g_{ij} (x^k) → g_{ij} (x^k − εx^lϵ^k_l ) − εϵ^i 0_i g_i0_j(x) − εϵ^j 0 j g_{ij}0(x) (17) and similar transformations on the remaining field variables, the volume hamiltonian extended to a disk of radius r and the boundary hamiltonian computed on a circle of radius r are left invariant. The term ∑ n P_{ni}q̇^i_n is also left invariant while the term π^{ij}ġ_{ij} is left identically zero. As a consequence the quantity ∑ n x^i_nϵ^j_i P_{nj} (18)

is a constant of motion. This is the expression of the conservation of angular momentum in the K = 0 gauge.

3.2 The conformal factor

The variation of the action under N gives the hamiltonian constraint [16, 17] H = 1 √ g [ π^a_bπ^b_a − (π^c_c)^2 ] − √ gR + ∑ n δ^2(z − z_n) √ m^2_n + P_{ni} g^{ij} P_{nj} = 0. (19)

which in the instantaneous York gauge, i.e. K = 0 becomes the non linear equation 2Δσ = −π^a_bπ^b_ae^{−2σ} − ∑ n δ^2(z − z_n) √ m^2_n + 4P_{nz} P_{nz̄} e^{−2σ}. (20)

Integrating eq.(19) over all space and using the Gauss-Bonnet theorem we see that, due to the positivity of π^a_bπ^b_a the K = 0 gauge is applicable only to closed surfaces of genus 0 or to open universes [7]. We shall be concerned in the following with open universes.

The term π^a_bπ^b_a = 2π^{z̄}_zπ^z_{z̄} is the product of an analytic π^{z̄}_z(z), and an antianalytic function and as such the laplacian of its logarithm is zero except on the singularities. The structure of π^{z̄}_z, in the c.m. frame where ∑ n P_n = 0, is

π^{z̄}_z = p_{N −2}(z) ∏ n(z − z_n) (21)

with p_{N −2}(z) a polynomial of degree N − 2, being N the number of particles. It will possess N −2 zeros in the complex plane and this is the origin in the present approach of the so called apparent singularities. Thus in the ADM approach the apparent singularities are given by the zeros of the extrinsic curvature tensor K_{ij} because we have the general relation eq.(11) and in our gauge K = 0. Due to the Gauss– Codazzi relations they are also the points where the intrinsic curvature of the two dimensional time slice vanish. We shall denote by z_A the location of the apparent singularities. We shall now go over to the function

2σ̃ = 2σ − ln(2π^{z̄}_zπ^z_{z̄}) (22)

and thus we have

2Δσ̃ = −e^{−2σ̃} − ∑ n δ^2(z − z_n)( √ m^2_n + 4P_{nz} P_{nz̄} e^{−2σ} − 4π) − ∑ A 4πδ^2(z − z_A) (23)

which we want now to discuss near the particle singularities.

Near the n particle, which to simplify the notation we suppose to be placed at z = 0, eq.(23) reduces to

2Δσ̃ = −e^{−2σ̃} − 4π(a_n − 1)δ^2(z) (24)

with

4πa_n = √ m^2_n + 4 C_nP_{nz} P_{nz̄} (25)

and C_n = e^{−2σ(0)}. C_n cannot be infinity otherwise σ̃ is not a solution of eq.(24). Eq.(24) can be solved exactly [19] by performing the transformation w = (z/Λ)^{an} on the solution of the Liouville equation 2Δσ̃ = −e^{−2σ̃} representing the Poincaré pseudosphere, to obtain

e^{−2σ̃} =

8a^2_n Λ^2 (zz̄/Λ^2)^{an−1} (1 − (zz̄/Λ^2)^{an} )^2

(26)

with arbitrary Λ. In particular, for |z| → 0 we have e^{−2σ̃} ∼ 8a^2_n Λ^2 ( zz̄ Λ^2 )_{an−1} . (27)

Combining such a behavior with the factor π^a_bπ^b_a and keeping in mind that m_n/4π > 0 we have that the factor e^{−2σ} vanishes on the sources, which implies 4πa_n = m_n. This simplifies the source term in eq.(23). We have e^{−2σ̃} ∼ 8a^2_n Λ^2 ( zz̄ Λ^2 )_{μn−1} with μ_n = m_n 4π . (28)

The analogous calculation on the apparent singularites gives a e^{−2σ} regular at those points as expected from eq.(20) and the equation for 2σ̃ takes the simpler form

2Δσ̃ = −e^{−2σ̃} − 4π ∑ n δ^2(z − z_n)(μ_n − 1) − 4π ∑ A δ^2(z − z_A). (29)

3.3 The lapse function

The variation of the action with respect to g_{ij} [16, 17] gives ∂π^{ij} ∂t = Ng^{ij} 2 √ g (π^a_bπ^b_a − (π^a_a)^2) − 2N √ g (π^{im}π^j_m − π^{ij}π^a_a) + √ g(∇^i∇^jN − g^{ij}∇^m∇_mN)+

+∇_m(π^{ij}N^m) − π^{jm}∇_mN^i − π^{im}∇_mN^j + N ∑ n δ^2(x − q_n) P_{na}P_{nb}g^{ai}g^{bj} 2 √ m^2_n + P_{na}P_{nb}g^{ab} (30)

where we took into account that in two dimensions R^{ij} − g^{ij}R/2 = 0, and the variation of the action with respect to π^{ij} gives

ġ_{ij} = 2N √ g (π_{ij} − g_{ij} π^a_a) + ∇_jN_i + ∇_iN_j . (31)

Using the time evolution given by the above two equations, the relation K = const = 0 becomes ΔN = π^a_bπ^b_ae^{−2σ}N + Ne^{−2σ} ∑ n 4P_{nz} P_{nz̄} 2m_n δ^2(z − z_n) (32)

where we took into account that on the particles e^{−2σ} vanishes. This is a linear partial differential equation for N. We are interested in the behavior of N near the particle singularity. Near the particle n the equation takes the form

ΔN = P_{nz} P_{nz̄} 2π^2zz̄ e^{−2σ}N + 4P_{nz} P_{nz̄} 2m_n e^{−2σ}Nδ^2(z). (33)

A solution to eq.(33) must be such c = lim_{r→0} Ne^{−2σ} is finite. Moreover it is not difficult to prove that c = 0. In fact by integrating twice eq.(33) in |z| we find N ≈ cP_{nz}P_{nz̄} 4π^2 ln^2 |z| + c_1 ln |z| + c_0, (34) which substituted in the definition of c gives c = 0. Moreover as for c = 0 the δ contribution in eq.(33) is absent we have also c_1 = 0. The conclusion is that N is finite at the particles and the δ term in eq.(32) is absent due to the vanishing of Ne^{−2σ} on the particles and N satisfies the linear homogeneous equation ΔN = e^{−2σ̃}N. (35) Now we analyze the equation ΔN = P_{nz}P_{nz̄} 2π^2zz̄ e^{−2σ}N (36) for small z. Substituting the behavior of e^{−2σ} we have ΔN =

8μ^2_n Λ^2 ( zz̄ Λ^2 )_{μn−1} N. (37) Going over to the variable r = |z|/Λ and integrating twice we have for the s-wave around the singularity 1 r d dr r d dr N = 8μ^2_n(r^2)^{μn−1}N (38) and we find N = const. [1 + 2(zz̄/Λ^2)^{μn} + O(z) + O(z̄)]. (39) We examine now the large distance behavior of the conformal factor. Integrating Δ(2σ) = −π^a_bπ^b_ae^{−2σ} − ∑ n δ^2(z − z_n)m_n, (40) we obtain lim_{R→∞} 2 ∮ R ∇σ · ⃗n dl = −M ≡ −4πμ, (41) where M = ∑ n m_n + ∫ π^a_bπ^b_ae^{−2σ} d^2z . (42) which gives for σ the asymptotic behavior 2σ ∼ − M 4π ln(zz̄) + ln s. (43)

This result holds if the integral appearing in eq.(42) converges. As ∑ n P_n = 0 we have π^a_bπ^b_a ≈^1_{r4} and the integral converges provided −1 + μ < 0, which means that the opening of the cone at infinity cannot be negative. (We notice that with a choice ∑ n P_{nz} ≠ 0 the integral in eq.(42) would be divergent). Actually one has infinite solutions to eq.(40) depending on the total energy M of the system which has to be specified in solving it. We shall see at the end of this section that M cannot depend on time.

Similarly applying Gauss theorem to

ΔN = e^{−2σ̃}N = π^a_bπ^b_ae^{−2σ}N (44)

we obtain N ∼ n 4π ln(zz̄) (45)

with n = ∫ d^2zπ^a_bπ^b_ae^{−2σ}N. (46)

The behavior eq.(43) is consistent with the convergence of the integral eq.(46) provided M/4π ≡ μ < 1 which is the condition we already met. On the other hand it is easily seen that a behavior N ∼ |z|^β which makes the integral (46) divergent at infinity is inconsistent with the differential equation (44).

We want now to connect the solution 2σ̃ of eq.(29) with the solutions N of eq.(35). We already noticed that 2σ̃ depends on the free parameter M, which is the total energy of the system, and such a parameter does not appear in eq.(29). Then it is immediately seen that N = ∂(−2σ̃) ∂M (47)

is a solution to eq.(35). The equation for N being homogeneous, its normalization is conventional and could also be taken time dependent. With our choice eq.(47), the behavior of

N at infinity is, from eq.(43) N ≈^1_{4π} ln(zz̄). On the other hand it is very simple to prove the following uniqueness theorem: If N behaves at infinity like N ≈ c_0 + c_1r^{−a}, a > 0 and on the particle singularities as in eq.(39), then N ≡ 0.

In fact multiplying by N eq.(35) ∫ A d^2z ∇(N∇N) = ∫ A d^2z ∇N · ∇N + ∫ A d^2z e^{−2σ̃}N^2. (48) But for r → ∞ ∫ Cr N ∇N · ⃗n dl ≈ 2π(−a)r^{−a} → 0 (49) and on the particle singularity for r →0 ∫ Cr N ∇N · ⃗n dl ≈ 2πr[c_0 + c_1(r^2)^{μn} ][2c_1rμ_n(r^2)^{μn−1}] → 0 (50) which proves our assertion.

3.4 The shift functions

The traceless part of eq.(31) gives ∂_{z̄}N^z = −π^z_{z̄} e^{−2σ}N (51)

∂_zN^{z̄} = −π^{z̄}_z e^{−2σ}N. (52) Use eq.(44) on the r.h.s. of the first. Then we have 2π^{z̄}_z(z)∂_{z̄}N^z = −4∂_{z̄}∂_zN (53) whose general solution is N^z = − 2 π^{z̄}_z(z)

∂_zN + g(z) (54) where g(z) is an analytic function of z. A similar solution holds for N^{z̄}. The analytic function g(z) must be chosen as to kill the poles generated by the zeros of π^{z̄}_z(z), which occur only in presence of three or more particles, and if we are interested in describing a reference system which does not rotate at infinity g(z) has to be chosen as to give N^z < |z| at infinity. We shall see in sect.7 that, due to ∑ n P_{nz} = 0, such a function can diverge at infinity at most linearly. As we shall see g(z) encodes the time evolution of all the quantities of the problem.

The trace part of eq.(31) gives

2σ̇ = N^z∂_z(2σ) + ∂_zN^z + c.c. (55)

By substituting the asymptotic behavior for 2σ eq.(43) into eqs.(54,55) we see that Ṁ = 0 as the logarithmic term Ṁ ln(zz̄)/4π on the l.h.s. is not matched on the r.h.s..

4 The particle equations of motion

In the present section we shall derive the general expression for the time derivative of the particle position z_n and of the particle conjugate momenta P_n. Variation of the action with respect to P_{nz} gives

ż_n = −N^i(z_n, t) = −g(z_n). (56)

The equation for Ṗ_n

Ṗ_{ni} = ∂ ( P_{na}N^a − N √ P_{na}P_{nb}g^{ab} + m^2_n ) ∂x^i (z_n) (57)

requires a little attention because in general the metric is divergent at the particle position. Let us consider the expression of P_n P_{ni} = m_n g_{ij} (z_n)(ż^j_n + N^j ) √ N^2 − g_{ij} (ż^i_n + N^i)(ż^jn + N^j)

. (58)

At the point z = z_n we have ż^j_n + N^j = 0 but it does not mean that P_{ni} = 0 as g_{ij} = ĝ_{ij} e^{2σ} is divergent at that point. We have to compute the behavior of N^z (z) − N^z(z_n) for z → z_n.

From eq.(54) we have

N^z (z) − N^z(z_n) ≈

2m_nN(z_n) P_{nz} ( (z − z_n)(z̄ − z̄_n) Λ^2 )_{μn} + O(z − z_n) + O(z̄ − z̄_n) (59) and e^{2σ} ≈ P_{nz} P_{nz̄} m^2_n ( Λ^2 (z − z_n)(z̄ − z̄_n) )_{−μn} + O(z − z_n) + O(z̄ − z̄_n). (60)

The square root in the denominator goes over to N(z_n) and thus in the limit z → z_n we have m_n g_{z̄j}(z_n)(ż^j_n + N^j) √ N^2 − g_{ij} (ż^i_n + N^i)(ż^j_n + N^j )

→ P_{nz̄} . (61)

With regard to the convergence of the numerator we notice that it is of the type

((z − z_n)(z̄ − z̄_n))^{−μn} |((z − z_n)(z̄ − z̄_n))^{μn} + O(z − z_n) + O(z̄ − z̄_n)| (62)

which converges absolutely to 1 only for μ_n < 1/2 i.e. for not too heavy particle. On the other hand if we average the l.h.s. of eq.(61) on a circle around z_n and then take the limit for zero radius it always converges to P_{nz̄}. We find a similar problem in writing the equation for Ṗ_{nz} . Taking into account the behavior eqs.(39,59) of the functions N and N^z for z → z_n, eq.(57) becomes Ṗ_{nz} = P_{na} ∂N^a ∂z − m_n ∂N ∂z (63)

and a similar equation for Ṗ_{nz̄} . Eq.(63) has to be understood as taking the average over a circle around z_n and then taking the limit for zero radius. The procedure is similar to the one adopted in [18]. The situation is analogous to the one which occurs in electrostatics in presence of point charges. The electric field is infinite or better not defined on the particle, but the average of the electric field on a small sphere surrounding the particle gives the effective field which acts on the particle as in such a process the field generated by the particle itself averages to zero and what survives is the external field. We shall see several application of such equations in the following.

5 The two body problem

5.1 The conformal factor

In the two particle case the equation for σ̃ has only two sources. Δ(2σ̃) = −e^{−2σ̃} + 4π(1 − μ_1)δ^2(z − z_1) + 4π(1 − μ_2)δ^2(z − z_2) (64) and we have no apparent singularities as π^{z̄}_z(z) has no zeros in the complex plane. The procedure for solving such equation is well known [19] e^{−2σ̃} =

8f^′(z)f̄^′(z̄) (1 − f(z)f̄(z̄))^2

(65) where the function f(z) is given by the ratio of two independent solutions of the second order fuchsian differential equation with two regular singularities in z_1 and z_2 and one at infinity [20] f(z) = ky_1(z) y_2(z)

. (66) In fact neglecting for the moment the sources one has simply to check that, being ln(f^′(z)f̄^′(z̄)) an harmonic function, 4∂_f ∂¯_f ln(1 − ff̄)^2 = − 8 (1 − ff̄)^2

. (67) On the singularities the difference of the indices given by [20] y_1 ≈ (z − z_n)^{αn} , y_2 ≈ (z − z_n)^{βn} (68) has to be such that on the singularity the term ln(f^′(z)f̄^′(z̄)) gives 4∂_z∂_{z̄}(α_n − β_n − 1) ln((z − z_n)(z̄ − z̄_n)) = −4π(1 − μ_n)δ^2(z − z_n) (69) i.e. α_n − β_n = μ_n. The differential equation for y is provided by y^{′′}(ζ) + Q(ζ)y(ζ) = 0 (70) with ζ = (z − z_1)/(z_2 − z_1) and Q(ζ) = 1 4 ( 1 − μ^2_1

ζ^2 + 1 − μ^2 (ζ − 1)^2 + 1 − μ^2_1 − μ^2 + μ^2_∞ ζ(1 − ζ) ) . (71)

In fact with two singularities at the finite and one at infinity the linear residues are fixed by the Fuchs relations in terms of the μ_1, μ_2 and μ_∞ (see also eq.(127)). To understand the behavior at infinity let us rewrite

e^{−2σ̃} =

8w_{12}w̄_{12} (y_2ȳ_2 − kk̄ y_1ȳ_1)^2

(72)

where w_{12} = k(y^′_1y_2 − y_1y^′_2) is the constant wronskian. From eq.(72) we see that at infinity

−2σ̃ ≈ −(1 + μ_∞) ln(ζζ̄) (73) or −2σ̃ = −2σ + ln(π^a_bπ^b_a) ≈ M 4π ln(ζζ̄) − 2 ln(ζζ̄) (74)

i.e. μ_∞ = 1 − M/4π ≡ 1 − μ.

A further requirement on the mapping function f is to give a well defined, i.e. monodromic σ̃ when one goes around the singularities 0, 1 and consequently ∞ in the variable ζ. From the general theory of fuchsian differential equations we know that the vector (ky_1, y_2) goes over to a SL(2, C) transformed vector (ay_1 + by_2, cy_1 + dy_2) due to the constancy of the wronskian. From eq.(72) we see that in order that e^{−2σ̃} be well defined we need ( a b c d ) ∈ SU(1, 1). (75)

The simplest way to realize this constraint is to choose f = ky_1/y_2 with y_1 and y_2 behaving as in eq.(68); then f satisfies the monodromicity condition around the point ζ = 0 for any k. The point now is to determine k such as the σ̃ is monodromic also around the point 1 and as a consequence at ∞. For completeness we give in the Appendix the expression of y_1, y_2 and the derivation of k.

The so determined value of k gives through eq.(72) and eq.(22) the conformal factor e^{2σ}. Then we obtain N from N = ∂(−2σ̃) ∂M (76) whose behavior for large |z| we already know to be N ≈^1_{4π} ln(zz̄).

5.2 Determination of the trajectory

It is interesting that in order to write down and solve the equations of motion of the particles we do not need to know the explicit form of 2σ and N. In fact from eq.(56) we see that what we need is N^z in z_1 and z_2. For two particles let 2P = P_1 − P_2; P = P_1 (77) from which π^{z̄} (z) = P_z 2π z_2 − z_1 (z − z_1)(z − z_2)

(78) and thus π^a_b π^b_a =

2P_z P_{z̄} 4π^2

(z_1 − z_2)(z̄_1 − z̄_2) (z − z_1)(z̄ − z̄_1)(z − z_2)(z̄ − z̄_2)

(79) and N^z = − 4π P_z (z − z_1)(z − z_2)

z_2 − z_1

∂_zN + g(z). (80) The first term at infinity behaves like − z P_z(z_2 − z_1)

(81) and in order to have a non rotating reference frame at infinity we must choose g(z) such as to remove this divergent behavior at infinity i.e. g(z) = z P_z (z_2 − z_1)

. (82)

As π^{z̄}_z has poles in z_1, z_2 we have

ż_1 = −N^z(z_1) = −g(z_1) = − z_1 P_z(z_2 − z_1)

; ż_2 = − z_2 P_z (z_2 − z_1)

(83)

and then defining l = z_1 − z_2 we have

l̇ = 1 P_z . (84)

We now turn to the equation for Ṗ_z . We show in general i.e. for any number of particles that Ṗ_z is given in terms of the residue of the simple poles at the point z_n of the function Q(z) which appears in the fuchsian differential equation.

Let the singularity at z_n be

Q(z) = 1 − μ^2_n 4z^2 + β_n 2z + Q_n(z) (85)

where for the time being z denotes the difference z − z_n. The expansion of the singular solution y_2 around the singularity is

y_2 = z^1 �μn_2 (1 + b_nz + O(z^2)) (86)

with

b_n = − β_n 2(1 − μ_n)

. (87)

Then substituting into eq.(63) we have in the limit z → z_n Ṗ_{nz} = P_{na} ∂N^a ∂z − m_n ∂N ∂z = 4π ∂β_n ∂M + P_{nz} g^′(z_n). (88)

As we already mentioned, such formulas hold in the general N -particle system. In our specific two particle case we have from eq.(71)

β_1 = −β_2 =

1 + μ^2_∞ − μ^2_1 − μ^2

2(z_2 − z_1)

(89) where working in the z variable the β’s get divided by z_2−z_1 with respect to the β’s appearing in eq.(71). Substituting into eq.(88) we have Ṗ_z = M 4π(z_2 − z_1) = μ z_2 − z_1

. (90)

Thus we have to solve the elementary system l̇ = 1 P_z ; Ṗ_z = − μ l . (91)

Taking the time derivative of the first equation and introducing the variable λ = ln(l) dt we reach dλ λ^2

= (μ − 1)dt (92)

which solved gives

l = const [(1 − μ)(t − t_0) − iL/2]^{11}�^μ (93)

which agrees with the solution given in [6].

It is interesting that the same solution can be obtained using simply the first of eq.(91) i.e. l̇ = 1/P_z and the general conservation laws we shall derive in sect.7. For two particles the conserved angular momentum is given by L = ∑ n=1,2 x^i_nϵ^j_i P_{nj} = i(lP_z − l̄P_{z̄}). (94)

On the other hand eq.(131) gives for two particles

lP_z + l̄P_{z̄} = 2(1 − μ)t + const (95)

which gives lP_z = (1 − μ)t − i L 2 + const. (96)

Using now l̇ = 1/P_z we reach immediately the solution eq.(93).

6 The asymptotic metric

In the previous section we gave the exact metric for the two particle case. In case of N particles again the solution of the Liouville equation is given by eq.(72) where y_1, y_2 are solution of a fuchsian differential equation with singularity at infinity of index μ_∞ = 1 − M/4π ≡ 1 − μ. Then the asymptotic behavior of σ̃ for large z is given by

2σ̃ = 2 ln(y_2ȳ_2 − k^2y_1ȳ_1) − ln |w_{12}|^2 ≈ (2 − μ) ln(zz̄) − k^2(zz̄)^{μ−1} + ... (97)

Thus

e^{2σ} ≈ const (zz̄)^{−μ}. (98)

It follows that the asymptotic behavior of N is N = ∂(−2σ̃) ∂M ≈ 1 4π ln(zz̄) + k^2 4π ln(zz̄)(zz̄)^{μ−1} + ... (99)

and then

N^z = const z ( 1 + k^2(μ − 1) ln(zz̄)(zz̄)^{μ−1} + .... ) + g(z). (100)

If g(z) is chosen as to remove the behavior proportional to z (non-rotating frame at infinity) the behavior of N^z becomes

N^z ≈ const z ln(zz̄)(zz̄)^{μ−1}. (101)

Formulas (98,99,101) provide the general asymptotic behavior of the metric.

In this formalism the appearance of a Gott pair is signalled by an oscillating behavior of f(z) as |z| → ∞ (the total mass is now an imaginary number)[6]. This pathological behavior is not surprising because both the formalism and the gauge used here assume the existence of a global time.

7 The N -particle case

We shall consider in this section the N -particle case with particular attention to N = 3. Again the key role is played by the conformal factor e^{2σ} or equivalently e^{2σ̃} which is given by eq.(65) where y_1, y_2 are solution of a fuchsian differential equation. It is interesting that N can be rewritten in the following form N = ∂G(f) ∂f + 2f̄ G(f) 1 − ff̄ + c.c. (102)

where G(f) = ∂f ∂M . (103)

In fact ∂(−2σ̃) ∂M = 1 f^′ ∂f^′ ∂M + 2f̄ G(f) 1 − ff̄ + c.c. (104)

and it is easily checked that 1 f^′ ∂f^′ ∂M = ∂ ∂f ( ∂f ∂M ) . (105)

With regard to the conjugate momenta we have

π^{z̄}_z(z) = p_{N −2}(z) ∏ n(z − z_n) (106)

where as ∑ n P_n = 0, p_{N −2}(z) is a polynomial of degree N − 2. In flat space the number of Lorentz invariants is easily seen to be 3N − 3 as for n > 3 the 2 + 1-vector P_n is determined by the scalar product of P_n with P_1, P_2, P_3. In curved space we have the same number of invariants. As it is well known here the invariants are replaced by the traces of the holonomies around the world lines of an arbitrary collection of particles [1, 21, 22]. The parallel transport monodromy matrices which belong to SO(2, 1) or in the fundamental representation to SU(1, 1) are defined up to a conjugation. Keeping in mind that every SU(1, 1) holonomy has three real degrees of freedom we have 3N degrees of freedom to which we have to subtract the three degrees of freedom of the SU(1, 1) conjugation thus reaching as expected the same number of invariants as in the flat case.

Given at the time t = 0 the position z_n and the momenta P_n of the particles we know from eq.(14) also the position of the apparent singularities z_A. Knowledge of the masses m_n fix also the second order residues of the poles in Q(z) at z_n to (1 − μ^2_n)/4 while the second order residue at the apparent singularities in fixed to −3/4 [8].

In order to understand the problem better let us consider the case N = 3. It is useful to go over from the equation in projectively canonical form

y^{′′} + Qy = 0 (107)

where the general form of Q(z) is [8, 20] Q(z) = ∑ n [ 1 − μ_n 4(z − z_n)^2 + β_n 2(z − z_n) ] + ∑ B [ − 3 4(z − z_B)^2 + β_B 2(z − z_B) ] , (108)

to the equivalent form [8]

y^{′′} + py^′ + qy = 0 (109)

with Q = q − p^′ 2 − p^2 4 . (110)

The transformation can be so chosen as to have the following Riemann scheme

0 1 z_3 z_A ∞ 0 0 0 0 ρ_∞ μ_1 μ_2 μ_3 2 ρ_∞ + μ_∞

(111)

where the Fuchs relation

μ_1 + μ_2 + μ_3 + μ_∞ + 2ρ_∞ = 1 (112)

fixes ρ_∞ in terms of the other parameters and p(z) = 1 − μ_1 z + 1 − μ_2 z − 1 + 1 − μ_3 z − z_3 − 1 z − z_A (113)

q(z) = κ z(z − 1) − z_3(z_3 − 1)H z(z − 1)(z − z_3) + z_A(z_A − 1)b_A z(z − 1)(z − z_A) (114) with κ = ρ_∞(ρ_∞ + μ_∞). Here we use the unconstrained parameterization of ref.[8]; the connection with the parameters μ_n and β_n can be easily obtained by comparing the residues in eq.(110).

The parameters μ_i and μ_∞ are free real parameters which give the trace of the holonomies around the particles and infinity (total energy). z_A is given in terms of the z_n and the P_n (n = 1, 2, 3) while H is given by the no-logarithm condition i.e. the requirement that the point z_A is a regular point for 2σ [8]. Such H is easily found

H = z_A(z_A − 1)(z_A − z_3) z_3(z_3 − 1) { b^2_A − ( μ_1 z_A + μ_2 z_A − 1 + μ_3 − 1 z_A − z_3

)b_A + κ z_A(z_A − 1) } . (115)

Thus we have the following free real parameters μ_1, μ_2, μ_3, μ_∞, Re(z_A), Im(z_A), Re(b_A), Im(b_A) which are eight real parameters, to be contrasted with the six real invariants we have enumerated at the beginning of this section. The reason is that the constraint that the holonomies described by eq.(109) belong to SU(1, 1), fixes the value of Re(b_A), Im(b_A) in terms of all other parameters. The explicit form of this relation has been investigated in the mathematical literature [24] but we are not aware of any explicit form of it. Adding a new particle introduces a new particle singularity with exponent μ_4 i.e. p(z) acquires a new term of the type 1 − μ_4 z − z_4 (116)

but in addition a new apparent singularity is generated say at z_B. The indices of this new singularity have to be integers, 0 and 2 while the new simple residue b_B has to be a function of all other parameters, and in particular of z_B, because the SU(1, 1) character of the holonomies allow only an increase of 3 in the number of free real parameters i.e. μ_4, Rez_B, Imz_B, but as we said above we do not know an explicit solution of this problem. Adding other particles does not alter the procedure.

We come now to the problem of determining the change in time of the position of the particles z_n and of the position of the apparent singularities z_B. If f(z) =^{ky1(z)}_{y2(z)} provides a monodromic 2σ̃, N is still given by eq.(47) as the sources are independent of M; the equation for N^z, N^{z̄} are solved as before by

N^z = − 2 π^{z̄}_z(z)

∂_zN + g(z). (117)

The new fact with respect to the two particle case is that now π^{z̄}_z(z) has N − 2 zeros in the complex plane which are the position of the apparent singularities. We write − π^{z̄}_z(z) 2 = 1 4π ∑ n P_{nz} z − z_n = ∏ B(z − z_B) P(z) . (118)

Taking the derivative of the previous equation with respect to z and then setting z = z_A we obtain a relation which will be useful in the following ∑ n P_{nz} (z_A − z_n)^2 = −4π ∏ B≠A(zA − zB) P(z_A) (119)

which for a single apparent singularity reduces to ∑ n P_{nz} (z_A − z_n)^2 = − 4π P(z_A) . (120)

The general expression of N^z is

N^z = P(z) ∏ B(z − z_B) ∂_zN + g(z) (121)

and thus to remove the poles from N^z we must have g(z) = ∑ B ∂β_B ∂M 1 z − z_B P(z_B) ∏ C≠B(zB − zC) + p_1(z), (122)

where p_1(z) is a polynomial, as

∂_zN(z_B) = − ∂β_B ∂M . (123)

In fact the expansion of the singular solution around the apparent singularity z_A is given by

y_2 = (z − z_A)^{− 12} (1 + β_A 2 (z − z_A) + O((z − z_A)^2)) (124) which substituted in 2σ̃ gives the above result. Recalling the equation of motion of z_n we have now

ż_n = −N^z(z_n) = −g(z_n) = − ∑ B ∂β_B ∂M 1 z_n − z_B P(z_B) ∏ C≠B(zB − zC) − p_1(z_n). (125)

Thus the time variation of z_n is given in terms of the momenta P_n which determine completely the polynomial P(z) and the derivative with respect to M of the residues β_A.

We come now to the equations for Ṗ_n. We already saw on general grounds that Ṗ_{nz} = 4π ∂β^n ∂M + P_{nz} g^′(z_n) =

= 4π ∂β_n ∂M − P_{nz} ∑ B ∂β_B ∂M P(z_B) (z_n − z_B)^2 ∏ C≠B(zB − zC) + P_{nz} p^′_1(z_n). (126)

From the fuchsianity of the differential equation in projectively canonical form we know that ∑ n β_n + ∑ b β_B = 0; 1 − μ^2_∞ = ∑ n (1 − μ^2_n + 2β_nz_n) + ∑ B (−3 + 2β_Bz_B) (127)

so that due to μ_∞ = 1 − M/4π, ∑ n ∂β_n ∂M + ∑ B ∂β_B ∂M = 0; 1 4π (1 − M 4π ) = ∑ n ∂β_n ∂M z_n + ∑ B ∂β_B ∂M z_B. (128)

We see that provided p_1(z) is a first degree polynomial, p(z) = c_0 + c_1z, the consistency of the equation ∑ n P_n = 0 is assured by the the first equation in (128). Similarly one easily checks that the second relation in eq.(128) provides the law d dt ∑ n z_nP_{nz} = d dt ∑ n z̄_nP̄_{nz} = (1 − M 4π ) (129)

where we have exploited eq.(119) and ∑ n P_{nz} /(z_B − z_n) = 0. Such equation gives both the law of conservation of angular momentum L̇ = d dt ∑ n i(z_nP_{nz} − z̄_nP̄_{nz} ) = 0 (130) which we derived in sect.3 and the “generalized conservation law” d dt ∑ n (z_nP_{nz} + z̄_nP̄_{nz} ) = 2(1 − M 4π ) (131)

which appears to be related to a dilatation transformation [23]. To complete the scheme we must provide the expression of the time derivative of the position of the apparent singularities z_A and the time derivatives of the simple residues at such singularities β_A. The equation for ż_A is easy to obtain. One takes the time derivative of 0 = ∑ n P_{nz} z_A − z_n (132)

which allows to express ż_A in terms of ż_n and Ṗ_{nz} which are already known. Using eq.(132) and eq.(119) we obtain 0 = ∏ C≠A(zA − zC) P(z_A) [ż_A + c_1z_A + c_0] + ∑ n ∂β_n ∂M 1 z_A − z_n +

+ ∑ B≠A ∂β_B ∂M 1 z_A − z_B [∏_{C≠A}(z_A − z_C) P(z_A) + ∏ C≠B (zB − zC ) P(z_B) ] . (133)

Using the no-log condition the second term in the above equation can be rewritten as −β_A ∂β_A ∂M − ∑ B≠A ∂β_B ∂M 1 z_A − z_B (134)

and thus we reach

ż_A = −c_0 − c_1z_A + β_A ∂β_A ∂M P(z_A) ∏ C≠A(zA − zC) − ∑ B≠A ∂β_B ∂M 1 z_A − z_B P(z_B) ∏ C≠B(zB − zC) . (135)

In the case of three particles i.e. one apparent singularity, the above equation reduces to

ż_A = −c_0 − c_1z_A + P(z_A)β_A ∂β_A ∂M . (136)

In order to connect with the mathematical literature we shall choose the meromorphic function g(z) such as to keep the position of particle 1 at 0 and of particle 2 at 1. For clarity we shall refer first to the case of three particles i.e. one apparent singularity, and then give the generalization to N particles. Thus

g(z) = P(z_A) ∂β_A ∂M z(z − 1) (z − z_A)z_A(z_A − 1)

= P(z_A) ∂β_A ∂M [ 1 z − z_A + 1 z_A + z z_A(z_A − 1)

]. (137)

Then substituting in eq.(136) we reach

ż_A = P(z_A) ∂β_A ∂M ( β_A − 1 z_A − 1 − 1 z_A ) . (138)

If we divide the previous expression by ż_3 which is simply given by −g(z_3) we obtain ∂z_A ∂z_3 = ∂H ∂b_A = z_A(z_A − 1)(z_A − z_3) z_3(z_3 − 1) [ 2b_A − μ_1 z_A − μ_2 z_A − 1 − μ_3 − 1 z_A − z_3 ] (139)

i.e. the first Garnier equation, with hamiltonian eq.(115) where we took into account that β_A 2 = b_A + 1 2 ( 1 − μ_1 z_A + 1 − μ_2 z_A − 1 + 1 − μ_3 z_A − z_3 ) . (140)

We come now to the more difficult task of finding the time variation of the simple residues β_B. To accomplish this we shall exploit the equation d(2σ) dt = N^z∂_z(2σ) + ∂_zN^z + N^{z̄}∂_{z̄}(2σ) + ∂_{z̄}N^{z̄} (141)

evaluated in the neighborhood of an apparent singularity. The above equation embodies part of the information carried by the dynamical equation for ġ_{ij} .

It is more useful to rewrite equation (141) in terms of the reduced conformal factor 2σ̃ = 2σ − ln(2π^z_{z̄}π^{z̄}_z). In order to accomplish this we need the evolution equation for π^{z̄}_z and π^z_{z̄} i.e. for the traceless part of π^a_b. These are given, outside the particle singularities by π̇^{z̄}_z = 2e^{2σ}∂_z(e^{−2σ}∂_zN) + 2π^{z̄}_z∂_zN^z + N^z ∂_zπ^{z̄}_z. (142)

Using eqs.(55,142) we reach

2 ˙σ̃ = g(z)∂_z(2σ̃) − g^′(z) + c.c. (143)

We now recall the fundamental relation of the theory of fuchsian differential equation [8, 19], which can be easily proved starting from eq.(65) which holds in the general N -particle case Q(z) = − 1 2 [∂^2_z (2σ̃) + 1 2 (∂_z(2σ̃))^2] (144)

where the r.h.s. plays the role of the analytic component of the energy momentum tensor in two dimensional conformal Liouville theories. Taking the time derivative of eq.(144) we have

Q̇(z) = 1 2 g^{′′′}(z) + 2g^′(z)Q(z) + g(z)Q^′(z). (145)

It is interesting that this equation contains the whole system of the Garnier equations for the time evolution of the apparent singularities. If we Laurent-expand g(z) about the apparent singularity z_A g(z) = g_{−1} z − z_A + g_0 + g_1(z − z_A) + g_2 2 (z − z_A)^2 + O((z − z_A)^2) (146) and Q(z) = − 3 4(z − z_A)^2 + β_A 2(z − z_A)

+ Q_A(z_A) + Q^′_A(z_A)(z − z_A) + O((z − z_A)^2) =

= − 3 4(z − z_A)^2 + β_A 2(z − z_A) − β^2_A 4 + Q^′_A(z_A)(z − z_A) + O((z − z_A)^2) (147)

The fourth order poles in eq.(145) cancel identically without producing any information; the matching of the residue of the third order pole gives

ż_A = g_{−1}β_A − g_0 (148)

while the matching of the first order pole gives

β̇_A = −2g_{−1}Q^′_A(z_A) + g_1β_A − 3 2 g_2. (149)

Eq.(148) reproduces the results obtained in eq.(135), as can be seen by computing g_{−1} and g_0 form eq.(122). As an example we can apply the above equations to the three particle case. If we keep particle 1 at 0 an particle 2 at 1, the g(z) function takes the form

g(z) = P(z_A) ∂β_A ∂M [ 1 z − z_A + z − z_A z_A(z_A − 1) + 1 z_A − 1 + 1 z_A ] . (150)

Then substituting into eq.(148) we have

ż_A = P(z_A) ∂β_A ∂M [ β_A − 1 z_A − 1 − 1 z_A ] = ż_3 ∂H ∂b_A (151) and β̇_A = P(z_A)∂β^A ∂M [ β_A 1 z_A − 1

− 2Q^′_A(z_A) ] = −ż_3 ∂H ∂z_A . (152)

These are the Garnier equations with hamiltonian eq.(115) once we keep in mind that according to the general equation eq.(125)

ż_3 = P(z_A) ∂β_A ∂M z_3(z_3 − 1) z_A(z_A − 1)(z_A − z_3)

. (153)

It is important to remark that the matching of the residues of eq.(145) on the particle singularities reproduce the equation of motion ż = −g(z_n).

8 Conclusions

It is useful to summarize here the basic features of our derivations which are rather straightforward. In the instantaneous York gauge K = 0 the momenta π^a_b conjugate to the space metric have only two independent components π^{z̄}_z (π^z_{z̄}) which are meromorphic (antimeromorphic) functions of z whose residues are the particle momenta P_n. Knowledge of such momenta π^a_b allows us to write a Liouville equation for the reduced conformal factor σ̃, in which the sources are the particle singularities i.e. the poles of π^{z̄}_z and the apparent singularities, i.e. the zeros of π^{z̄}_z. The function N is given by the derivative of σ̃ with respect to the total energy while N^z is given in terms of N by

N^z = − 2 π^{z̄}_z ∂_zN + g(z), (154) where g(z) is a meromorphic function which cancels the polar singularities of the first term and grows at infinity not faster than z. The linear term in g(z) is fixed if we want to deal with a reference frame which does not rotate at infinity.

The equation of motion for the particle position are ż_n = −N^z(z_n) = −g(z_n) while those for the particle momenta

Ṗ_{nz} = P_{na}∂_zN^a − m_n∂_zN. (155)

On the other hand the change in time of the position of the apparent singularities and their residues are given by the ADM equation for ˙σ̃ computed on the apparent singularities, thus providing the Garnier hamiltonian system.

In the solution for N and consequently in g(z) and Ṗ_n there appears the derivative with respect to the total energy M of the coefficients of the fuchsian differential equation which underlies the determination of σ̃. I.e. the change in the β’s has to be such as to remain in the SU(1, 1) class of differential equation. It has a very simple solution in the case of two particles while in general it is obviously related to the Riemann-Hilbert problem even if it is less specific.

9 Appendix

The two solutions of eq.(70) which near the origin are a power multiplied by an analytic function are given by [25]

y_i(ζ) = ζ^{1+μ12} (ζ − 1)^1

�μ_{22} u_i(ζ) (156)

where

u_1 = F (a, b; c; ζ); u_2 = ζ^{1−c}F (a − c + 1, b − c + 1; 2 − c; ζ) (157) and a = 1 2 (1 + μ_1 − μ_2 + μ_∞); b = 1 2 (1 + μ_1 − μ_2 − μ_∞); c = 1 + μ_1. (158)

Under a circuit around point 1 they mix as u_i → B_{i1}u_1 + B_{i2}u_2 and thus the demand that (ky_1, y_2) transforms under a representation of SU(1, 1) imposes |k^2| = | B_{21} B_{12}

| (159) We have [25] B_{12} = −2πi e^{iπ(c−a−b)} Γ(c)Γ(c − 1) Γ(c − a)Γ(c − b)Γ(b)Γ(a) (160)

B_{21} = 2πi e^{iπ(c−a−b)} Γ(2 − c)Γ(1 − c) Γ(1 − a)Γ(1 − b)Γ(1 + a − c)Γ(1 + b − c)

(161) which gives |k^2| = |Δ(a)Δ(b)Δ(1 − c)Δ(2 − c)Δ(c − a)Δ(c − b)| (162) where as usual Δ(x) ≡ Γ(x)/Γ(1 − x). (163)

10 Acknowledgments

We are grateful to Davide Fabbri for collaboration in the early stages of this work. We are also grateful to Marcello Ciafaloni and Stanley Deser for useful discussions.

References

[1] S. Deser, R. Jackiw and G. ’t Hooft, Ann. Phys. (NY) 152 (1984) 220; S. Deser and R.

Jackiw, Ann. Phys. 153 (1984) 405 [2] V. Moncrief, J.Math. Phys. 30 (1989) 2907 [3] A. Hosoya and K. Nakao, Class. Quantum Grav. 7 (1990) 163 [4] S. Carlip, Phys. Rev. D42 (1990) 2647 [5] A. Hosoya and K. Nakao, Progr. Theor. Phys. 84 (1990) 739 [6] A. Bellini, M. Ciafaloni, P. Valtancoli, Physics Lett. B 357 (1995) 532; Nucl. Phys. B 462 (1996) 453 [7] M. Welling, Class. Quantum Grav. 13 (1996) 653; Nucl. Phys. B 515 (1998) 436 [8] M. Yoshida, “Fuchsian differential equations”, Fried. Vieweg & Sohn, Braunschweig; K.

Okamoto, J. Fac. Sci. Tokio Univ. 33 (1986).

[9] G. ’t Hooft, Class. Quantum Grav. 9 (1992) 1335; Class. Quantum Grav. 10 (1993) 1023 [10] H. Waelbroeck, Class. Quantum Grav. 7 (1990) 751; Nucl. Phys. B364 (1991) 475; Phys.

Rev. D50 (1994) 4982 [11] G. ’t Hooft, Class. Quantum Grav. 13 (1996) 1023 [12] H. Waelbroeck, Phys. Rev. D50 (1994) 4982 [13] M. Welling, Class. Quant. Grav. 14 (1997) 3313; H-J. Matschull and M. Welling, Class.

Quantum Grav. 15 (1998) 2981 [14] S.W. Hawking and C. J. Hunter, Class. Quantum Grav. 13 (1996) 2735; G. Hayward, Phys. Rev. D 47 (1993) 3275

[15] R. Arnowitt, S. Deser and C.W. Misner, in “Gravitation: an introduction to current research” Edited by L.Witten, John Wiley & Sons New York, London 1962

[16] R. M. Wald, “General Relativity”, The University of Chicago Press, Chicago and Lon- don [17] C. W. Misner, K. S. Thorne and J. A. Wheeler, “Gravitation”, W. H. Freeman and Co., New York

[18] A. Einstein, L. Infeld and B. Hoffmann, Ann. Math. 39 (1938) 65; J. N. Goldberg, in “Gravitation: an introduction to current research” Edited by L.Witten, John Wiley & Sons New York, London 1962

[19] L. Liouville J. Math. Pures Appl. 18 (1853) 71; H. Poincaré, J. Math. Pures Appl.

5 ser.2 (1898) 157; P. Ginsparg and G. Moore, hep-th/9304011; L. Takhtajan, “Topics in quantum geometry of Riemann surfaces: two dimensional quantum gravity”, Como Quantum Groups (1994) 541, hep-th/9409088; I. Kra, “Automorphic forms and Kleinian groups” Benjamin, Reading Mass., 1972.

[20] E. G. C. Poole, “Introduction to the theory of linear differential equations” Oxford, Clarendon Press, 1936

[21] S. M. Carrol, E. Farhi, A. H. Guth and K. O. Olum, Phys. Rev. D 50 (1994) 6190

[22] P. Menotti and D. Seminara, Ann. Phys. (N.Y.) 240 (1995) 203

[23] P. Menotti and D. Seminara, work in progress

[24] L. Schlesinger “Vorlesungen über lineare Differentialgleichungen” and “Handbuch der Theorie der linearen Differentialgleichungen” Teubner Verlag, 1908, Berlin, Leipzig.

[25] “Higher transcendental functions” vol I, A. Erdelyi, Editor, McGraw– Hill Book Company, Inc. New York Toronto London