hep-th/9907113 14 Jul 1999

HUB-EP-99/32, TUW/99-15, MPI-PhT99/28 hep-th/99mmnnn

OSp supergroup manifolds, superparticles and supertwistors

Igor Bandos^∗

Institute for Theoretical Physics, Technical University of Vienna Wiedner Haupstrasse 8-10, A-1040 Wien, Austria e-mail: bandos@tph32.tuwien.ac.at

Jerzy Lukierski^†

Institute for Theoretical Physics University of Wroclaw, 50-204 Wroclaw, Poland e-mail: lukier@proton.ift.uni.wroc.pl and Max Plank Institut für Physik (Werner-Heisenberg-Institute) Fohringer Ring 6, D-80805 München, Germany

Christian Preitschopf and Dmitri Sorokin^‡

Humboldt-Universität zu Berlin, Institut für Physik, Invalidenstrasse 110, D-10115 Berlin, Germany e-mail: preitsch,sorokin@physik.hu-berlin.de

∗Lise Meitner Fellow. On leave of absence from Institute for Theoretical Physics NSC Kharkov Institute of Physics and Technology 310108 Kharkov, Ukraine †Supported in part by KBN grant 2P03B13012 ‡A. von Humboldt Fellow. On leave of absence from Institute for Theoretical Physics, NSC Kharkov Institute of Physics and Technology, 310108 Kharkov, Ukraine

Abstract

We construct simple twistor–like actions describing superparticles propagating on a coset superspace OSp(1|4)/SO(1, 3) (containing the D = 4 anti–de–Sitter space as a bosonic subspace), on a supergroup manifold OSp(1|4) and, generically, on OSp(1|2n). Making two different contractions of the superparticle model on the OSp(1|4) supermanifold we get massless superparticles in Minkowski superspace without and with tensorial central charges.

Using a suitable parametrization of OSp(1|2n) we obtain even Sp(2n)–valued Cartan forms which are quadratic in Grassmann coordinates of OSp(1|2n). This result may simplify the structure of brane actions in super–AdS backgrounds. For instance, the twistor–like actions constructed with the use of the even OSp(1|2n) Cartan forms as supervielbeins are quadratic in fermionic variables.

We also show that the free bosonic twistor particle action describes massless particles propagating in arbitrary space-times with a conformally flat metric, in particular, in Minkowski space and AdS space. Applications of these results to the theory of higher spin fields and to superbranes in AdS superbackgrounds are mentioned.

1 Introduction

Conformal (super)symmetry plays an important role in the theory of fundamental interactions based on field–theoretical models as well as on the theory of fundamental extended objects (strings etc.). Conformal geometrical structure allows one to replace space–time geometry by twistor geometry, where twistors are fundamental conformal spinors (SU(2, 2) spinors for D = 4) and space–time variables become twistor composites [1]. Such a construction allows for a supersymmetric extension [2] where superspace variables are replaced by primary supertwistor coordinates (SU(2, 2|N) supertwistors in D = 4 case).

In this paper we shall discuss twistors describing anti–de–Sitter (AdS) geometry. The isometry of the AdS (super)spaces acts on the (super)AdS boundary as the group of (super)conformal transformations, and, therefore, provides the group–theoretical basis for the AdS/CFT (conformal field theory) correspondence conjecture [3] which attracted great deal of attention during the last two years (see [4] for an exhaustive list of references). On the other hand the AdS space is the one where higher spin fields may nontrivially interact with each other [5]. In some aspects the technique developed for the description of the theory of higher spin fields in Minkowski [6] and AdS spaces [7] resembles the (super)twistor approach [8].

In this respect it is tempting to look for possible links between these different manifestations of conformal symmetry, AdS spaces, twistors and their supersymmetric generalizations.

Motivated by the problem of finding a simple form of the action for a superstring propagating in the AdS_5 ×S^5 superbackground [9], in recent papers [10] a massive bosonic twistor particle model in an AdS_5 space has been proposed and its classical and quantum conformal symmetry properties have been considered.

In [11, 12] an OSp(1|8) supertwistor model has been proposed for the description of a D = 4 massless superparticle with the infinite spectrum of quantum states being described by fields of arbitrary integer and half integer spins. The spin degrees of freedom of the superparticle have been found to be associated with six tensorial central charges which can extend the N = 1, D = 4 super–Poincare algebra. It is natural to assume that the superparticle with tensorial central charges and the particle on the AdS space are different truncations of the dynamics of a superparticle propagating in the supergroup manifold of the isometries of the corresponding AdS superspace [12].

An aim of this paper is to construct such a model in the supergroup manifold OSp(1|4) and demonstrate how it is related to the D = 4 twistor superparticle model of higher spins [11, 12], and to a superparticle on the AdS_4 superspace OSp(1|4)/SO(1, 3).

Another motivation of this study is to find a way of constructing simple worldvolume actions describing the dynamics of superbranes propagating in AdS superbackgrounds, i.e. to make a progress in solving a vital AdS/CFT correspondence problem [13]–[19].

Using a suitable parametrization of OSp(1|2n) (where n is a natural number) we have found a simple form of the even OSp(1|2n) Cartan forms. They are only quadratic in Grassmann coordinates. This has allowed us to construct simple actions quadratic in fermions for superparticles propagating on OSp(1|4)/SO(1, 3), OSp(1|4) and, generically, on OSp(1|2n). The most interesting examples of the OSp(1|2n) supergroups seem to be OSp(1|32) and OSp(1|64). In [21, 22, 23]^4 it has been shown that OSp(1|32) and OSp(1|64) contain the supergroup structures of D = 11 M–theory and D = 10 superstrings. In particular, OSp(1|32) and OSp(1|64) are extensions of the supergroups SU(2, 2|4), OSp(8|4) and OSp(2, 6|4)^5 which are isometries of, respectively, AdS_5 × S^5, AdS_4 × S^7 and AdS_7 × S^5 superspaces. Reducing OSp(1|32) and OSp(1|64) down to the AdS–supergroups one may hope to get simpler expressions for the Cartan forms of the latter, which might simplify the structure of actions for branes in corresponding AdS superbackgrounds [13]–[19]^6.

The plan of the paper is the following.

In Section 2 we review properties of the twistor formulation of bosonic particle mechanics and demonstrate that the single twistor particle action generically describes particles propagating in arbitrary space–times which admit a conformally flat metric, such as flat Minkowski space and the AdS space.

In Subsection 3.1 we consider the supertwistor description of a massless superparticle in flat N = 1, D = 4 superspace, and in Subsection 3.2 we construct a twistor–like action for the description of the dynamics of a superparticle in the super–AdS space OSp(1|4)/SO(1, 3). The action has a simple quadratic form in fermions and, hence, it should not be hard to perform its quantization. However, in contrast to the bosonic AdS_4 superparticle we have not managed to find a complete supertwistor version of this model.

In Section 4 we construct a twistor–like action for a superparticle on the supergroup manifold OSp(1|4). This action is also quadratic in fermions, and upon an appropriate truncation it reduces to the models of Section 3.

In Section 5 we describe a superparticle propagating on OSp(1|2n) and show that it preserves 2n − 1 supersymmetries associated with Grassmann generators of OSp(1|2n).

The OSp(1|4) superalgebra and its Cartan forms required for the construction of the actions are given in Appendix 1. In particular, we present a simple form of the super–

4 An OSp(1j64){invariant superparticle{like model has been discussed in [23] (see also [24] and references therein).

5We should remark that the notation OSp(6, 2j4) is a somewhat confusing name for the AdS_7 quaternionic supergroup described, in a complex parametrization, by the intersection of two complex supergroups SU (4, 4j4) and OSp(8j4; C), with bosonic sectors being, respectively, the spinorial covering of O(6, 2) (space{time) and the spinorial covering Sp(2; H) = U Sp(4; C) of O(5) (the internal sector).

6The Cartan forms on supercosets of SU (2, 2jN ) relevant to the construction of brane actions on AdS superbackgrounds were calculated in early 80-ths [20].

AdS_4 supervielbeins and spin connection which are polynomials of only the second down in Grassmann coordinates.

In Appendix 2 we present Cartan forms of the supergroup OSp(1|2n) which can be made quadratic in Grassmann variables by an appropriate rescaling of the latter.

2 Twistor{like bosonic particles

We start by recalling the form of an action for massless D = 4 particles which serves as a dynamical basis for the transform from the space–time to the twistor description. The action is S = ∫ dτ λ^A(σ_m)_A˙_Aλ̄^Ȧ d dτ x^m(τ ) = ∫ λσ_mλ̄dx^m(τ ), (1) where x^m(τ ) (m = 0, 1, 2, 3) is a particle trajectory in D = 4 Minkowski space, λ^A(τ ) is a commuting two–component Weyl spinor and σ^m_{AȦ} = σ̄^m_{ȦA} are the Pauli matrices.

From (1) we derive that the canonical conjugate momentum of x^m(τ ) is

p_m = λσ_mλ̄ ⇒ p_{AȦ} = 1 2 p_mσ^m_{AȦ} = λ_Aλ̄˙_A, (2)

whose square is identically zero since λ^Aλ^Aϵ_{AB} ≡ 0^7, i.e.

p_mp^m = 0. (3)

We therefore conclude that the particle is massless.

In the action (1) we can make the change of variables by introducing the second commuting spinor μ̄˙_A = iλ^A(σ_m)_A˙_Bx^m ≡ iλ^Ax_A˙_A (4) and its complex conjugate μ_A = −ix_A˙_Bλ̄^Ḃ. (5) The four–component spinors

Z_α = (λ_A, μ̄^Ȧ), Z̄^α = (μ^A, λ̄˙_A) (6)

are called twistors.

In terms of (6) the action (1) takes the form S = i ∫ dτ [Z̄^αdZ_α + l(τ )Z̄^αZ_α], (7)

where we have added the second term with the Lagrange multiplier l(τ ) which produces the constraint Z̄^αZ_α = 0. (8)

7The two{component spinor indices are raised and lowered by the unit antisymmetric matrices ϵAB =

ϵAB, ϵ^˙A^˙B = ϵȦḂ.

This constraint implies that μ_A and μ̄˙_A are determined by eqs. (4) and (5). But, as we shall see below, this flat space solution of the twistor constraint (8) is not the unique one. The AdS_4 space is also admissible, as well as any space with a conformally flat metric.

Passing from the action (1) to (7) we have performed the twistor transform, eqs. (2), (4) and (5) being the basic twistor relations [1].

The action (7) is invariant under the conformal SU(2, 2) ∼ SO(2, 4) transformations, since the twistors are in the fundamental representation of the conformal group. The choice of twistor variables demonstrates how conformal symmetry appears in the theory of free massless particles.

We can generalize the action (1) to describe a massless particle propagating in a curved (gravitational) background. For this purpose we introduce the vierbein one–form e^a(x) = dx^me^a_m(x) with the index a = 0, 1, 2, 3 corresponding to local SO(1, 3) transformations in the tangent space of the background. Eq. (1) takes the form S = ∫ dτ λσ_aλ̄e^a_m∂_τ x^m = ∫ λσ_aλ̄e^a. (9) Note that λ still transforms under a spinor representation of SO(1, 3) ∼ SL(2, C).

In particular, one can consider an AdS_4 space as a background where the particle propagates.

Let us mention that a different formulation of massive particle mechanics on AdS_4 has been considered in [25].

2.1 The AdS_4 particle

To consider a particle in the AdS_4 background we should specify the form of e^a_m(x). A convenient choice of local coordinates and of the form of the metric on AdS_4 is ds^2 = dx^mdx^ne^a_me^b_nη_{ab} = ( r R )_2 dx^iη_{ij}dx^j + (R r )_2

dr^2, (10)

where x^m = (x^i, r) (i = 0, 1, 2) are coordinates of the AdS_4, and R is the AdS_4 radius, whose inverse square is the constant AdS_4 curvature (or the cosmological constant). The coordinates x^i are associated with the three–dimensional boundary of AdS_4 when the radial coordinate r tends to infinity.

From (10) we find that the components of the vierbein one–form e^a = dx^me^a_m are

e^a = dx^me^a_m = ( r R ) δ^a_i dx^i + (R r ) δ^a_3 dr. (11)

Note that the coordinates x^i, r transform nonlinearly under the action of the AdS_4 isometry group SO(2, 3) which is the conformal symmetry of the boundary x^i

δx^i = a^i_Π + a^{ij}_M x_j + a_Dx^i + a^i_Kx^jx_j − 2(x_j a^j_K)x^i + R^2 a^i_K r^2

, (12) δr = (2x_ia^i_K − a_D)r, where a^i_Π, a^{ij}_M , a_D and a^j_K are parameters of, respectively, D = 3 translations, Lorentz rotations, dilatation and conformal boosts, with Π_i, M_{ij} , D and K_j being the corresponding generators of the SO(2, 3) algebra (i,j=0,1,2) (see Appendix 1).

We can now substitute (11) into (9). The action takes the form S = ∫ dτ [( r R ) λσ_iλ̄ẋ^i + (R r ) λσ_3λ̄ṙ ] . (13)

Let us try to carry out the twistor transform of this action in a way similar to that considered above for the flat target space. To this end we redefine λ as

λ̂_A = ( r R ) 1_2

λ_A. (14)

The action (13) takes the form S = ∫ dτ [ λ̂σ_i^̄λ∂_τ x^i + (R r )_2 λ̂σ_3^̄λ∂_τ r ] . (15)

In the limit r → ∞ one obtains the twistor–like massless particle in three–dimensional Minkowski space, i.e. on the boundary of AdS_4. The complex Weyl spinor λ describes a pair of two–component real D=3 spinors which turn out to be proportional to each other on the mass shell. In the limit r → ∞ the action (15) is still invariant under the D = 3 conformal group Sp(4) = O(3, 2)/Z_2 supplemented by 0(2) rotations corresponding to the phase transformations of λ.

In what follows we shall, however, keep r finite and make the change of variable

x̂^3 = −

R^2 r . (16)

Then the action (15) formally becomes the same as eq. (1) in the flat case S = ∫ dτ [ λ̂σ_i^̄λ∂_τ x^i + λ̂σ_3^̄λ∂_τ x̂^3 ] = ∫ dτ λ̂σ_m^̄λ∂_τ x̂^m, (17) where x̂^m = (x^i, x̂^3). The essential difference is that upon the redefinition (14) the SL(2, C) spinors λ̂ transform nonlinearly under the action of the isometry group SO(2, 3) via the radial coordinate r.

We can now make the twistor transform of the action (17) by introducing

^̄μ_Ȧ = iλ̂^Ax̂_{AȦ} (18)

and combining λ̂ and ^̄μ into the twistor

Z_α = (λ̂_A, ^̄μ^Ȧ). (19)

The pure twistor form of the action (17) is the same as eq. (9), and, hence, it is invariant under the group SU(2, 2) ∼ SO(2, 4) of the conformal transformations acting linearly on the twistor (19). The twistor Z_α is in the fundamental representation of SU(2, 2).

As it has been explained in detail in [10] for the particle in AdS_5, the linear conformal SU(2, 2) transformations of Z_α induce nonlinear transformations of the AdS coordinates x^i and r when the twistor components are related to x^i and r through eqs. (14), (16) and (18) Z_α = ( r R ) 1_2 ( λ_A, −ix^iσ^{ȦB}_i λ_B + i R^2 r σ^{ȦB}_3 λ_B ) . (20)

In the case under consideration we thus find the nonlinear conformal SO(2, 4) transformations of the AdS_4 space coordinates, with the isometry group SO(2, 3) ( see eq. (12)) a subgroup of the conformal group. The conformal transformations of x̂^m = x^i, x̂^3 (where x̂^3 was defined in (16)) are similar to the conformal transformations of the Minkowski space coordinates. They are

δx̂^m = a^m_Π + a^{mn}_M x̂_n + a_Dx̂^m + a^m_Kx̂^nx̂_n − 2(x̂_na^n_K)x̂^m, (21)

where a^m_Π , a^{mn}_M , a_D and a^m_K are parameters of, respectively, D = 4 translations, Lorentz rotations, dilatation and conformal boosts, with Π_m, M_{mn}, D and K_m the corresponding generators of the SO(2, 4) algebra (m, n = 0, 1, 2, 3) (see Appendix 1).

Substituting the expression (16) for x̂^3 into (21), one can deduce the explicit form of the conformal transformations of the coordinate r. Then the SO(2, 3) isometry transformations (12) of the AdS_4 coordinates are obtained by putting to zero all parameters in (21) which carry the index 3, the remaining ones being a_D and all those with three– dimensional indices i, j = 0, 1, 2.

The observation that the AdS spaces allow to be conformally transformed is implied by the fact that these manifolds are conformally flat. For instance, the AdS_4 metric (10) becomes conformally flat upon the redefinition of the coordinate r just as in eq. (16) (which we made to perform the twistor transform)

ds^2 = ( R x̂^3

)_2

[dx^iη_{ij}dx^j + (dx̂^3)^2] = ( R x̂^3

)_2 dx̂^mdx̂^nη_{mn}. (22) We have thus shown that the twistor constraint (8) has two solutions which correspond to the twistor transform of the flat D = 4 Minkowski space and of AdS_4, both spaces being conformally flat. This observation allows us to conclude that any other space whose metric is conformally flat should also arise as a corresponding solution of the twistor constraint (8).

We now turn to the supersymmetrization of the action (9).

3 Twistor{like N = 1, D = 4 superparticles

The form of the action (9) is suitable for a straightforward supersymmetric generalization. To this end we should consider e^a as a vector component of the supervielbein one form

e^I (z) = dz^M e^I_M = (e^a, e^A, ē^Ȧ), (23) where z^M = (x^m, θ^A, θ̄^Ȧ) are coordinates which parametrize a target superspace in which the particle propagates. θ^A and its complex conjugate θ̄^Ȧ are Grassmann–odd Weyl spinor coordinates.

3.1 A superparticle in flat superspace

In the case of flat target superspace e^a = dx^a − iθσ^adθ̄ + idθσ^aθ̄, e^A = dθ^A, ē^Ȧ = dθ̄^Ȧ. (24) Substituting e^a from (24) into the action (9) we can transform it into the pure supertwistor action by introducing the supertwistor [2]

Z_A = (λ_A, μ̄^Ȧ, χ) (25)

and its conjugate Z̄^A = (μ^A, λ̄_Ȧ, χ̄), (26)

where now μ̄˙_A = iλ^A(x_A˙_A − iθ_Aθ̄˙_A) (27) and χ = θ^Aλ_A, χ̄ = θ̄^Ȧλ̄˙_A. (28)

Upon the supertwistorization the action (9) with the supervielbein (24) takes the form similar to eq. (7) where the twistor constraint (8) is replaced by the supertwistor constraint Z̄^AZ_A = μ^Aλ_A − μ̄_Ȧλ̄^Ȧ + 2χ̄χ = 0. (29)

For further details on twistor superparticles in flat superspace we refer the reader to the papers [2, 26]–[32] and proceed with constructing an action for a superparticle propagating in the coset superspace^{OSp(1|4)}_{SO(1,3)} whose bosonic subspace is AdS_4.

3.2 The superparticle on^{OSp(1j4)}_{SO(1,3)}

To get an explicit form of the particle action on^{OSp(1|4)}_{SO(1,3)} we should know an explicit form of the supervielbein (23), which is part of the Cartan forms on OSp(1|4). The components of the latter can be computed using the method of nonlinear realizations [33]–[36].

The Cartan forms of the supergroup OSp(1|4) and corresponding Cartan forms for the supercoset^{OSp(1|4)}_{SO(1,3)} were calculated in [37]–[40]. Below we present simpler expressions for the Cartan forms which allow to write down a simple form of the AdS superparticle action, since our choice of the parametrization of the supercoset differs from that used in [38, 40].

To derive the Cartan forms on^{OSp(1|4)}_{SO(1,3)} we take the supercoset element in the form K(z^M ) = B(x)F (θ) = B(x^m)e^{i(θAQA+θ̄ȦQ̄Ȧ)}, (30) where B(x^m) is the purely bosonic matrix taking its values in the coset^{SO(2,3)}_{SO(1,3)}, i.e. it is associated with the bosonic AdS_4 space locally parametrized by coordinates x^m. The Grassmann coordinates θ^A and θ̄^Ȧ extend AdS_4 to the coset superspace, and Q_A and Q̄˙_A are the odd generators of OSp(1|4) (see Appendix 1).

The Cartan form on^{OSp(1|4)}_{SO(1,3)} is 1 i K^{−1}dK = E^a(z)P_a + E^A(z)Q_A + Q˙_AĒ^Ȧ(z) + Ω^{ab}(z)M_{ab}. (31)

It takes values in the OSp(1|4) superalgebra.

The one–forms E^I = (E^a, E^A, Ē^Ȧ) are the supervielbeins and Ω^{ab} is the SO(1, 3) connection on the coset superspace.

In the representation (30) the Cartan form (31) is

K^{−1}dK = F^{−1} ( B^{−1}dB ) F + F^{−1}dF, (32)

where the purely bosonic Cartan form B^{−1}dB takes values in the SO(2, 3) algebra and describes a vierbein e^a(x) and a spin connection ω^{ab}(x) on the bosonic AdS_4 space 1 i B^{−1}dB = e^aP_a + ω^{ab}M_{ab}. (33)

Depending on the choice of B(x) one can get different forms of e^a(x) and ω^{ab}(x). For instance, the coset element B(x) can be chosen in such a way that e^a(x) in (33) is the same as in (11) and the connection ω^{ab}(x) is

ω^{i3} = 1 R e^i, ω^{ij} = 0, (34)

(remember that the index 3 corresponds to the radial coordinate r of AdS_4).

We can now substitute (33) into (32) and calculate the explicit form of the supervielbeins E^I and the superconnection Ω^{ab}, using a trick, described, for example, in [13], or by the method presented in Appendix 2. In the Majorana spinor representation the expressions for the Cartan forms are given in Appendix 1. In the two–component spinor formalism the supervielbein form (A.15) or (A.18) of Appendix 1 can be written as follows

E^a = P (θ^2, θ̄^2) [ e^a(x) − iΘσ^aDΘ̄ + iDΘσ^aΘ̄ ] , (35)

where

P (θ^2, θ̄^2) = 1 − i 2R (θ^2 − θ̄^2) + 1 3!R^2 θ^2θ̄^2, θ^2 ≡ θ^Aθ_A, θ̄^2 ≡ θ̄˙_Aθ̄^Ȧ, (36)

Θ = ( 1 +^i_{3!R}(θ^2 − θ̄^2) P (θ^2, θ̄^2)

) 1_2

θ, (37) D = d + ω^{bc}σ_{bc}, σ^{ab} = 1 4 (σ^aσ̄^b − σ^bσ̄^a).

To get the action for the superparticle in the super–AdS background we should simply substitute (35) into (9). S = ∫ λσ_aλ̄P (θ^2, θ̄^2) [ e^a − iΘσ^aDΘ̄ + iDΘσ^aΘ̄ ] (38)

The polynomial P (θ^2, θ̄^2) can be absorbed by properly rescaled λ and λ̄, namely, Λ = √ P (θ^2, θ̄^2)λ. Then the action takes an even simpler form which is quadratic in fermions S = ∫ Λσ_aΛ̄ [ e^a − iΘσ^aDΘ̄ + iDΘσ^aΘ̄ ] (39) = ∫ Λσ_aΛ̄ [ e^a − iΘσ^adΘ̄ + idΘσ^aΘ̄ + 2iω^{bc}(x)Θσ^aσ̄_{bc}Θ̄ ] . If in (39) there were no term containing the spin connection ω^{bc} the action (39) could be completely supertwistorized in the same way as we have done in the case of the AdS_4 particle and of the superparticle in flat superspace. However, the term with ω^{bc} does not allow one to perform the complete supertwistorization of (39) in terms of free supertwistors, at least in a straightforward way.

Using the notion of Killing spinors on AdS spaces one can replace in (39) the covariant differential D with the ordinary one. To this end it is convenient to switch to the four– component Majorana spinor formalism

Λ^α = (λ_A, λ̄^Ȧ), Θ^α = (Θ_A, Θ̄^Ȧ).

By definition (see, for instance, [41]) AdS Killing spinors satisfy the condition

DK^α_βC^β = (DK^α_β + 1 2R (e^aγ_a)^α_γ K^γ_β)C^β

= (dK^α_β + 1 2 (ω^{ab}γ_{ab})^α_γK^γ_β + 1 2R (e^aγ_a)^α_γ K^γ_β)C^β = 0, (40)

where K^α_β(x) is a bosonic Killing spinor matrix and C^β is an arbitrary constant spinor. If in (41) we replace Θ with Θ = K(x)Θ_K (where Θ_K ≡ K^{−1}Θ) [14] the action (39) takes the form S = ∫ Λ̄γ_aΛ [ e^a(1 + i 2R Θ̄Θ) − iΘ̄γ^aKdΘ_K ] , or (upon an appropriate rescaling of Λ and Θ) S = ∫ Λ̄γ_aΛ [ e^a − iΘ̄γ^aKdΘ_K ] . (41)

Note that in (41) the variable Θ_K is regarded as independent, while Θ = K(x)Θ_K is composed from Θ_K and the Killing matrix K(x) whose exact dependence on the AdS_4 coordinates x^m can be found by solving the Killing spinor equation (40) [41]. Taking this into account, the term iΘ̄γ^aKdΘ_K in (38) can be rewritten as iΘ̄_Kγ^{b̂ĉ}dΘ_K K^a_{b̂ĉ}(x), where K^a_{b̂ĉ}(x) are SO(2, 3) Killing vectors on AdS_4 (b̂, ĉ = 0, 1, 2, 3, 4, γ^4 =1). Then the supervielbein E^a = e^a − iΘ̄_Kγ^{b̂ĉ}dΘ_KK^a_{b̂ĉ}

takes the form similar to one of the parametrizations considered in [38].

It would be interesting to understand whether the AdS superparticle action in any of its forms can be completely supertwistorized. If it is possible, the AdS superparticle model would acquire the manifest superconformal SU(2, 2|1) symmetry. In any case, the use of commuting spinors whose bilinears replace the conventional particle momentum and the suitable choice of the parametrization of the supercoset space^{OSp(1|4)}_{SO(1,3)} allow one to get a simple form of the action for a superparticle propagating in the AdS superbackground, which is bilinear in fermionic variables.

4 The superparticle on OSp(1j4)

We now turn to the construction of the action for a superparticle propagating on the supergroup manifold OSp(1|4) locally parametrized by the supercoset^{OSp(1|4)}_{SO(1,3)} coordinates x^m and θ, and by six SO(1, 3) group coordinates y^{mn} = −y^{mn}. This model is intended to produce, upon an appropriate contraction, the superparticles in flat superspace and on super–AdS_4 considered above, as well as the superparticle with tensorial central charges [11, 12].

By analogy with eqs. (9) and (38), to construct the OSp(1|4) superparticle Lagrangian we take the pullback onto the particle worldline of the even Cartan superforms E^a_{OSp} and Ω^{ab}_{OSp} given in Appendix 1 (eq. (A.7)). These forms comprise the bosonic SO(2, 3) part of the supervielbein on OSp(1|4). We contract them with commuting spinor bilinears λ̄γ_aλ and^1_2λ̄γ_{ab}λ. The OSp(1|4) superparticle action is S_{OSp} = 1 2 ∫ [ E^b(x, θ)u^a_b (y)λ̄γ_aλ + 1 2 ( Ω^{cd}(x, θ)u^a_c u^a_d + (u^{−1}du)^{ab} ) λ̄γ_{ab}λ ] . (42)

Using the defining relations for the SO(1, 3) matrices u^a_b and v^α_β (A.9) we can make the redefinition u^a_b (y)λ̄γ_aλ = ^̄λγ_bλ̂, where λ̂^α = λ^βv^α_β . (43)

Then u^a_b (y) remains only in one term of the action (42), and the latter takes the form S_{OSp} = 1 2 ∫ E^a(x, θ)^̄λγ_aλ̂ + 1 4 ∫ [Ω^{ab}(x, θ) + (duu^{−1})^{ab}]^̄λγ_{ab}λ̂. (44)

We observe that the first integral in (44) is nothing but the action (38) for the superparticle on the coset superspace^{OSp(1|4)}_{SO(1,3)} , and the second term contains the spin connection of

OSp(1|4) SO(1,3) extended by the SO(1, 3) Cartan form duu

−1. In eq. (42) the dependence of the action on the SO(1, 3) group manifold coordinates y^{mn} remains only in duu^{−1}.

Since by an appropriate choice of Grassmann coordinates the Cartan forms E^a(x, θ) and Ω^{ab}(x, θ) can be made quadratic in θ (see eqs. (A.18) and (A.19) of Appendix 1) we see that the OSp(1|4) action (44) is quadratic in fermions.

If we drop the second integral of (44) we get the action for the superparticle considered in Subsection 3.2, and if we then take the limit when the AdS_4 radius goes to infinity, the action further reduces to the superparticle action in flat N = 1, D = 4 superspace.

Another way of truncating the action (44) is to perform the following contraction of the OSp(1|4) superalgebra (A.1). Let us in (A.1) rescale the generators M_{ab} of SO(1, 3) as follows M_{ab} = RZ_{ab}, (45) and consider the limit when R → ∞. Then the generators Z_{ab} become tensorial central charges which commute with all other generators, and the anticommutator of the supercharges becomes {Q_α, Q_β} = −2(Cγ^a)_{αβ}P_a + ( Cγ^{ab} ) αβ Z_{ab}. (46) The SO(1, 3) coordinates y^{mn} become central charge coordinates.

In the limit R → ∞ the supervielbein E^a(x, θ) reduces to the ‘flat’ one–form (24) E^a_Z = dx^a − iθ̄γ^adθ (47) and the superconnection Ω^{ab}_Z = R(Ω^{ab} + (duu^{−1})^{ab}) becomes

Ω^{ab}_Z = dy^{ab} + i 2 θ̄γ^{ab}dθ. (48) Substituting (47) and (48) into (44) we get the action for a particle with tensorial central charges [11, 12]. The quantization of this superparticle model has shown to produce a infinite tower of free massless states with arbitrary integer and half integer spin, with the spin degrees of freedom associated with the central charge coordinates y^{mn}. For a detailed analysis of the model we refer the reader to [11, 12].

Since the higher–spin fields can interact if they live not in Minkowski space but in an anti–de–Sitter space [5], it seems of interest to study the possibility of generalizing the OSp(1|4) superparticle model based on the action (44) to include interactions, and then to perform its quantization to check whether such a model can be considered as a classical counterpart of the theory of interacting higher–spin fields.

To conclude this section we demonstrate that OSp(1|4) covariant momenta associated with the OSp(1|4) coordinates x^m, y^{mn} and θ^α generate the OSp(1|4) superalgebra^8.

8In [44] similar covariant momenta were used to make the Hamiltonian analysis and the quantization of superparticles propagating in harmonic superspaces.

Let us rewrite the action (44) as follows S = ∫ dτ Λ_I E^I_M (x, θ, z)∂_τ X^M , (49)

where Λ_I stand for the bilinear combinations of the spinor λ̂

Λ_I = (1 2 λ̂γ_aλ̂, 1 4 λ̂γ_{ab}λ̂ ) , (50)

the index I stands for vector a and tensor ab indices, and X^M ≡ (x^m, z^{mn}, θ^α). E^I_M (x, θ, z) are the OSp(1|4) Cartan form components E^a and Ω^{ab}, which correspond to the bosonic generators P_a and M_{ab} of OSp(1|4) (see Appendix 1).

From (49) we get the canonical momenta conjugate to X^M ≡ (x^m, z^{mn}, θ^α) as δS δ(∂_τ X^M )

= P_M = Λ_I E^I_M . (51)

Multiplying (51) by the matrix E^M_Î inverse to E^Î_M (where Î = (I, α)) we obtain OSp(1|4) covariant momenta P_Î = E^M_Î P_M = (P_I , P_α) such that

Λ_I = P_I ≡ E^M_I (X)P_M , P_α = E^M_α (X)P_M = 0. (52)

Eqs. (50) and (52) imply that the expressions for the momenta are constraints on the superparticle phase space variables. For instance, the momentum components P_α of the Grassmann variable θ^α are zero. These are Grassmann constraints on the dynamics of the OSp(1|4) superparticle, which include first–class constraints generating the κ–symmetry of the OSp(1|4) superparticle.

It is well known that, as N = 1, D = 4 superparticles in an arbitrary supergravity background do, the AdS superparticle possesses two–parameter local fermionic κ–symmetry, which means that such superparticles preserve half the supersymmetry of a target–space vacuum.

In contrast to this, as we shall prove in the next section, the OSp(1|4) superparticle possesses 3 κ–symmetries and, in general, the superparticle propagating on the OSp(1|2n) supergroup manifold has (2n − 1) κ-symmetries and thus describes BPS states with only one broken supersymmetry.

In [11] the superparticle models with such a symmetry property have been obtained in flat superspaces with additional tensorial central charge coordinates. Here we observe that this unusual feature is also inherent to superparticles propagating in more complicated superspaces.

Because of the Maurer–Cartan equations (dE − iE ∧ E = 0) for the Cartan forms E^Î_M the generalized momenta form, under the Poisson brackets, the OSp(1|4) superalgebra, which can be quantized by taking an appropriate ordering of X and P in the definition of (52):

[P_Î , P_Ĵ } = C^{K̂}_{ÎĴ} P_{K̂}, (53) where C^{K̂}_{ÎĴ} are OSp(1|4) superalgebra structure constants (see eq. (A.1) of Appendix 1). From (52) and (53) we see that upon the transition to Dirac brackets the spinor bilinears Λ_I (50) become generators of the Sp(4) ∼ SO(2, 3) subalgebra of OSp(1|4).

From this analysis we conclude that the commutation properties of the superparticle covariant momenta reflect the structure of the global symmetries of the OSp(1|4) superparticle action. To quantize the model one should consider the OSp(1|4) coordinates and momenta as ‘generalized’ canonical variables, with commutation relations defind by the graded OSp(1|4) superalgebra (53).

The detailed study of the model based on the action (44) is in progress.

5 The superparticle on OSp(1j2n) as a dynamical model for unusual BPS states

We now generalize the OSp(1|4) superparticle action (42), (44) or (49) to the case of the supermanifold OSp(1|2n) whose parametrization we choose to be of the form (see Appendix 2 for the details on the OSp(1|2n) superalgebra) G(y, θ) = B(y)F (θ) = B(y)e^{iθαQα} , (54) where y^{αβ} = y^{βα} are coordinates of the Sp(2n) subgroup generated by symmetric operators M_{αβ} = M_{βα}, and whose element is denoted as B(y); θ^α are Grassmann coordinates and Q_α are Grassmann generators of OSp(1|2n) transforming under the fundamental representation of Sp(2n), which we call the spinor representation, (α, β = 1, ..., 2n).

The OSp(1|2n) Cartan forms are 1 i G^{−1}(y, θ)dG(y, θ) ≡ 1 i [ F^{−1}(B^{−1}dB)F + F^{−1}dF ] = E^αQ_α + 1 2 Ω^{αβ}M_{αβ}. (55)

To have the connection with the OSp(1|4) case discussed in Section 4 and Appendix 1 we note that for n = 2 M_{αβ} can be written in terms of SO(1, 3) covariant generators P_a and M_{ab} as follows

M_{αβ} = −2(Cγ^a)_{αβ}P_a + 1 R (Cγ^{ab})_{αβ}M_{ab}. (56) Then the OSp(1|4) Cartan forms presented in (A.7) are related to Ω^{αβ} in (55) in the following way E^a_{OSp} = −(Cγ^a)_{αβ}Ω^{αβ}, Ω^{ab}_{OSp} = 1 2R (Cγ^{ab})_{αβ}Ω^{αβ}. (57) The matrix C_{αβ} plays the role of the OSp(1|2n) invariant metric.

The OSp(1|2n) Cartan forms (55) computed in Appendix 2 have the form

E^α = Dθ^α + iDθ^{(α}θ^{β)}θ_βP_1(θθ), (58)

Ω^{αβ} = ω^{αβ}(y) + iθ^{(α}Dθ^{β)}P_2(θθ), (59)

where ω^{αβ}(y) are Sp(2n) Cartan forms, P_1(θθ) and P_2(θθ) are polynomials in θ^αC_{αβ}θ^β (see (A.37) and (A.38) of Appendix 2), and D is the Sp(2n) covariant derivative

Dθ^α = dθ^α + α 2 ω^α_β(y)θ^β, (60)

where α is a dimensional constant factor in the OSp(1|2n) superalgebra (A.20), which in the OSp(1|4) case (A.1) is α =^4_R .

The form of eq. (59) prompts us that the polynomial P_2 can be hidden into rescaled Θ = √ P_2θ, then for Ω^{αβ} we get the simple expression

Ω^{αβ} = ω^{αβ}(y) + iΘ^{(α}DΘ^{β)}. (61)

The action for a superparticle moving on OSp(1|2n), which generalizes (44), has the form S = 1 2 ∫ λ_αλ_βΩ^{αβ} ≡ 1 2 ∫ dτ λ_αλ_βΩ^{αβ}_τ (62)

where λ_α is an auxiliary bosonic Sp(2n) ‘spinor’ variable, and Ω^{αβ} = dτ Ω^{αβ}_τ is the pullback of the even Cartan form (59) or (61) on the superparticle worldline.

Let us now analyse the κ–symmetry properties of the action (62) by considering its general variation. A simple way to vary the action (62) with respect to OSp(1|2n) coordinates X^M = (y^{αβ}, θ^α) and the auxiliary variable λ, is to use Maurer–Cartan equations (integrability conditions for Eq. (55)) d(G^{−1}dG) = G^{−1}dG ∧ G^{−1}dG which imply dE^α + α 2 E^β ∧ Ω^α_β = 0, (63)

dΩ^{αβ} + α 2 Ω^{αγ} ∧ Ω^β_γ = −iE^α ∧ E^β, (64)

and the expression for the X^M –variation of the differential forms

δΩ = i_δdΩ + di_δΩ i_δΩ ≡ δX^M Ω_M . (65)

Modulo a boundary term the variation of the action (62) obtained in this way takes the form S = ∫ δλ_αΩ^{αβ}λ_β − ∫ M1 Dλ_α i_δΩ^{αβ}λ_β − i 2 ∫ (E^αλ_α)(i_δE^β)λ_β, (66)

where the basis in the space of variations is choosen to be i_δΩ^{αβ} and i_δE^α instead of more conventional δy^{αβ} and δθ^α.

Note that i_δE^α corresponds to the variation of the action with respect to Grassmann coordinates θ^α. Putting δλ_α = 0, i_δΩ^{αβ} = 0 we thus observe that only one of the 2n independent fermionic variations, namely i_δE^αλ_α, effects the variation of the action. This implies that other 2n−1 fermionic variations are fermionic κ–symmetries of the dynamical system described by the action (62). The κ–symmetry transformations are defined in such a way that i_δE^αλ_α vanishes (cf. [11, 12])

i_δΩ^{αβ} = 0, δλ_α = 0, i_δE^α = κ^I μ^α_I , I = 1, . . . (2n − 1) (67)

where the μ^α_I are 2n − 1 Sp(2n) spinors orthogonal to λ_α

μ^α_I λ_α = 0, I = 1, . . . (2n − 1). (68)

Thus, we conclude that an unusual property of a twistor–like superparticle with tensorial central charge coordinates [11] to preserve all but one target–space supersymmetries is inherent to the superparticle model on the OSp(1|2n) supergroup manifold as well.

When the explicit expressions (58) and (59) for the Cartan forms on OSp(1|2n) are obtained, one straightforwardly gets the explicit expressions also for the Cartan forms on any coset superspace OSp(1|2n)/H, where H is a bosonic subgroup of OSp(1|2n). These expressions are the same as (58) and (59) but with ω^{αβ} depending only on the bosonic coordinates of the supercoset (see also eqs. (A.40) and (A.41) of Appendix 2).

Using the OSp(1|2n)/H Cartan forms one can construct various types of actions for superparticles and superbranes propagating on the corresponding coset supermanifolds.

6 Conclusion

By taking a suitable parametrization of the supergroup manifold OSp(1|2n) we have found a simple form of the OSp(1|2n) Cartan superforms such that the ones which take values in the bosonic subalgebra Sp(2n) of OSp(1|2n) are quadratic in Grassmann coordinates.

We have used these Cartan forms to construct simple twistor–like actions (which are quadratic in fermions) for describing superparticles propagating on the coset superspace OSp(1|4)/SO(1, 3), on the supergroup manifold OSp(1|4), and, in general, on OSp(1|2n) supermanifolds.

The OSp(1|4) superparticle model has been shown to produce (upon a truncation) either the standard massless D=4 superparticle or the generalized massless D=4 superparticle with tensorial central charges [11, 12] whose quantization gives rise to massless free fields of arbitrary (half)integer spin.

We have also shown that the massless particle on AdS_4 = SO(2, 3)/SO(1, 3) can be described (with a particular choice of twistor variables) as a free D = 4 twistor particle.

A direction of further study can be to analyse the OSp(1|4) superparticle model in detail and to look for its role as a classical counterpart in the theory of interacting higher– spin fields [5]–[8] requiring a finite AdS radius.

Another interesting problem is to generalize the results of this paper to the case of superstrings and superbranes propagating in AdS superbackgrounds with the aim to find a simple form of superbrane actions on AdS. The simple fermionic structure of OSp(1|32) and OSp(1|64) Cartan forms, which we obtained, may be helpful in making a progress in this direction.

Acknowledgements I.B. acknowledges the financial support from the Austrian Science Foundation under the project M472-TPH, and D.S. acknowledges the financial support from the Alexander von Humboldt Foundation. Work of I.B. and D.S. was also partially supported by the INTAS Grant N96–308. I.B. is grateful to Prof. M. Virasoro and Prof. S. Ranjbar-Daemi for the hospitality at the ICTP on the final stage of this work. J. L. would like to thank Prof. J. Wess and Max–Planck–Institute für Physik in Munich for hospitality and financial support.

Appendix 1

We use the ‘almost plus’ signature (−, +, · · · , +) of the Minkowski metric η^{ab} (a, b = 0, 1, 2, 3).

The OSp(1j4) superalgebra − i[M_{ab}, M_{cd}] = η_{ad}M_{bc} + η_{bc}M_{ad} − η_{ac}M_{bd} − η_{bd}M_{ac} (A.1) −i[M_{ab}, P_c] = η_{bc}P_a − η_{ac}P_b (A.2) [P_a, P_b] = i R^2

M_{ab} (A.3) {Q_α, Q_β} = −2(Cγ^a)_{αβ}P_a + 1 R ( Cγ^{ab} ) αβ M_{ab} [M_{ab}, Q_α] = − i 2 Q_β (γ_{ab})^β_α γ_{ab} = 1 2 (γ_aγ_b − γ_bγ_a), (A.4)

[P_a, Q_α] = − i 2R Q_β (γ_a)^β_α (A.5)

The generators M_{ab} form the SO(1, 3) subalgebra (A.1), and M_{ab} and P_a form the SO(2, 3) subalgebra of OSp(1|4). Q_α are four Majorana spinor generators of OSp(1|4). The parameter R is the AdS_4 radius, and C_{αβ} is the charge conjugation matrix such that γ^a_{αβ} = γ^a_{βα} ≡ C_{αγ}(γ^a)^γ_β. The parameters a^i_Π, a^{ij}_M , a_D and a^i_K (12) of SO(2, 3) acting as the conformal transformations on the boundary of AdS_4 (associated with the coordinates x^i) correspond to the following linear combinations of M_{ab} and P_a: three–dimensional translations a^i_Π → Π_i = P_i − M_{i3} i = 0, 1, 2 ; [Π_i, Π_j] = 0 SO(1, 2)–rotations a^{ij}_M → M_{ij}, dilatation a_D → D = P_3, special conformal transformations (conformal boosts) a^i_K → K_i = P_i + M_{i3}.

Note that the SO(2, 4) algebra has the same structure as SO(2, 3) in (A.1)–(A.3) but with indices a, b, · · · running from 0 till 4.

The OSp(1j4) Cartan forms

We choose the parametrization of an OSp(1|4) group element G(x, θ, y) as follows G = K(x, θ)U(y), K(x, θ) = B(x)e^{iθQ}, (A.6) where K(x, θ) = B(x)e^{iθQ} is a group element corresponding to the coset superspace OSp(1|4) SO(1,3) , B(x) is a group element corresponding to the bosonic AdS4 = SO(2,3) SO(1,3) and U(y) is

an element of SO(1, 3) generated by M_{ab} with the antisymmetric y^{ab} being six parameters of the SO(1, 3) transformations. We do not need to specify the representation of B(x) and U(y).

The OSp(1|4) Cartan forms G^{−1}dG = E^a_{OSp}P_a + Ω^{ab}_{OSp}M_{ab} + E^α_{OSp}Q_α are E^a_{OSp} = E^b(x, θ)u^a_b (y), Ω^{ab}_{OSp} = Ω^{cd}(x, θ)u^a_c u^a_d + (u^{−1}du)^{ab}, E^α_{OSp} = E^β(x, θ)v^α_β (y), (A.7) where u^a_b (y) and v^α_β (y) are matrices of, respectively, the vector and the spinor representation of SO(1, 3). They are defined by the relations u^a_b (y)P_a = U^{−1}P_bU(y), v^α_β (y)Q_α = U^{−1}Q_βU(y), (A.8) and are related to each other by the standard expression γ_au^a_b (y) = v(y)γ_bv(y). (A.9) E^a(x, θ), Ω^{ab}(x, θ) and E^α(x, θ) are Cartan forms K^{−1}dK corresponding to the coset superspace^{OSp(1|4)}_{SO(1,3)} .

The^{OSp(1j4)}

SO(1,3) supervielbeins and spin connection

The spinorial supervielbein is E^α = Dθ^α − i 3!R θ̄γ^aDθ(γ_aθ)^α + i 2 · 3!R θ̄γ^{ab}Dθ(γ_{ab}θ)^α − 2 5!R^2

Dθ^α(θ̄θ)^2, (A.10)

or, by using the Fierz identity C_{α(β}C_{γ)δ} = 1 4 γ^a_{βγ}(γ_a)_{αδ} − 1 8 γ^{ab}_{βγ}(γ_{ab})_{αδ}, (A.11)

E^α = Dθ^α(1 + i 3R θ̄θ − 2 5!R^2

(θ̄θ)^2) − i 3R θ̄Dθθ^α. (A.12) where D is a covariant differential on the bosonic AdS_4 space defined as

D = d + 1 2 ω^{ab}(x)γ_{ab} + 1 2R e^a(x)γ_a ≡ D + 1 2R e^aγ_a. (A.13)

Note that the AdS_4 Killing spinors (40) are defined to be covariantly constant with respect to D, i.e. DK = 0.

The vector supervielbein is E^a = e^a(x) − iθ̄γ^aDθ − 1 2 · 3!R θ̄γ^aDθ(θ̄θ) + 1 4!R θ̄γ^{bc}Dθ(θ̄γ^aγ_{bc}θ), or (upon applying the Fierz identity (A.11)) E^a = e^a(x) − iθγ^aDθ(1 + i 3!R θ̄θ). (A.14)

Eq. (A.14) can be further rewritten as

E^a = e^a(x) ( 1 − i 2R θ̄θ − 1 2 · 3!R^2

(θ̄θ)^2 ) − iθγ^aDθ ( 1 + i 3!R θ̄θ ) , (A.15)

where D = d +^1_2 ω^{ab}(x)γ_{ab}.

And the SO(1, 3) connection is

Ω^{ab} = ω^{ab}(x) + i 2R θ̄γ^{ab}Dθ + 1 4!R^2 (θ̄γ^cDθ)(θ̄γ^{ab}γ_cθ) − 1 2 · 4!R^2 (θ̄γ^{cd}Dθ)(θ̄γ^{ab}γ_{cd}θ) = ω^{ab}(x) + i 2R θ̄γ^{ab}Dθ ( 1 + i 3!R θ̄θ ) , (A.16)

where e^a(x) and ω^{ab}(x) are the vierbein and the spin connection on AdS_4.

Note that in (A.14) and (A.16) we can make the following change of the Grassmann coordinates Θ^α = (1 + i 3!R θ̄θ)^1_2 θ^α. (A.17)

Then, because of the symmetry properties of the Dirac matrices γ^a and γ^{ab}, the Cartan forms become bilinear in Θ E^a = e^a(x) − iΘγ^aDΘ, (A.18)

Ω^{ab} = ω^{ab}(x) + i 2R Θ̄γ^{ab}DΘ. (A.19)

Appendix 2

The OSp(1j2n) superalgebra and OSp(1j2n) Cartan forms

The generators of the OSp(1|2n) superalgebra are a symmetric bosonic (spin)tensor M_{αβ} = M_{βα} (α = 1, ..., 2n) and a 2n–component Grassmann spinor Q_α, which satisfy the following(anti)commutation relations

[M_{αβ}, M_{γδ}] = −iα[C_{γ(α}M_{β)δ} + C_{δ(α}M_{β)γ}], [M_{αβ}, Q_γ] = −iαC_{γ(α}Q_{β)}, (A.20) {Q_α, Q_β} = M_{αβ}, where C_{αβ} = −C_{βα} is a constant 2n × 2n antisymmetric matrix (symplectic metric). Note that to have the correspondence with the form of OSp(1|4) superalgebra (A.1) the factor α should be chosen to be α =^4_R .

When n = 2^{k2} , C can be regarded as a charge conjugation matrix and Q_α as a spinor representation of a D–dimensional pseudo-rotation group SO(t, D − t) with an appropriately chosen number of dimensions D and time–like dimensions t of space–time.

For instance, when n = 16 the generators Q_α of OSp(1, 32) can be associated with SO(1, 10) Majorana spinors in D = 11 or two SO(1, 9) Majorana–Weyl spinors of the same or opposite chiralities in D = 10. This makes the OSp(1, 32) supergroup to be related to M–theory and superstring theories. OSp(1, 32) is a subgroup of OSp(1|64), and the two supergroups are extensions of the isometry supergroups SU(2, 2|4), OSp(8|4) and OSp(2, 6|4) of D = 10 and D = 11 AdS superspaces [21, 22, 23].

From a perspective of D = 11 supergravity and M–theory the OSp(1|32) superalgebra contains the SO(1, 10) covariant bosonic generators P_a, M_{ab} = −M_{ba} and M_{a1...a5} = M_{[a1...a5]}. A contraction of OSp(1|32) produces the M–algebra [42, 43] with M_{ab} and M_{a1...a5} becoming tensorial central charges.

To compute the OSp(1|2n) Cartan forms we choose the following parametrization of the OSp(1|2n) supergroup element G(y, θ) = B(y)F (θ) = B(y)e^{iθαQα} , (A.21) where remember that y^{αβ} = y^{βα} are Sp(2n) coordinates.

The OSp(1|2n) Cartan forms are 1 i G^{−1}(y, θ)dG(y, θ) ≡ 1 i [ F^{−1}(B^{−1}dB)F + F^{−1}dF ] = E^αQ_α + 1 2 Ω^{αβ}M_{αβ}. (A.22)

Let us start with computing the F^{−1}dF term of (A.22). 1 i F^{−1}(θ)dF (θ) = Σ^∞_{n=0} i^n (n + 1)! Ad^n_{θQ}(dθQ) ≡ E^αQ_α + 1 2 Ω^{αβ}_1 M_{αβ}, (A.23) where Ad_BA ≡ [A, B] (A.24) To calculate the forms Ω^{αβ}_1 and E^α (A.23), note that Ad_{θQ}(dθQ) ≡ [dθQ, θQ] = −dθ^{(α}θ^{β)}M_{αβ} (A.25) Ad^2_{θQ}dθQ ≡ [[dθQ, θQ], θQ] = −iαdθ^{(β}θ^{α)}θ_βQ_α (A.26) Ad^3_{θQ}(dθQ) ≡ [[[dθQ, θQ], θQ], θQ] = − (iα 2 θ^γθ_γ ) [dθQ, θQ] = − (iα 2 θ^γθ_γ ) Ad_{θQ}(dθQ), Ad^4_{θQ}(dθQ) ≡ [[[[dθQ, θQ], θQ], θQ], θQ] = − (iα 2 θ^γθ_γ ) [[dθQ, θQ], θQ] = − (iα 2 θ^γ θ_γ ) Ad^2_{θQ}(dθQ). Thus we arrive at the recursion relation Ad^{l+2}_{θQ} (dθQ) = − (iα 2 θ^γθ_γ ) Ad^l_{θQ}(dθQ) for l ≥ 1 (A.27) and can express all higher commutators through either (A.25) or (A.26) multiplied by a corresponding power of ( iα 2 θ^γθ_γ ) . In such a way we arrive at the generic expression for the forms (A.23)

E^α = dθ^α + idθ^{(α}θ^{β)}θ_β Σ^{n−1}_{l=0} α (2l + 3)! (iα 2 θ^γθ_γ )l (A.28)

Ω^{αβ}_1 = −idθ^{(α}θ^{β)}Σ^{n−1}_{λ=1} 1 (2l + 2)! (iα 2 θ^γθ_γ )l (A.29)

To calculate the first term in (A.22) 1 i F^{−1}(B^{−1}dB)F = F^{−1}( 1 2 ω^{αβ}M_{αβ})F ≡ E^α_0 + 1 2 Ω^{αβ}_0 M_{αβ} (A.30)

we note that because ω^{αβ}(y) is symmetric the following relation holds

θ_βθ^γω^{(α}_γ θ^{β)} = 1 2 θ^γ θ_γ (θω)^α. (A.31)

Then one finds Ad^{l+2}_{θQ} 1 2 (ωM) = − (iα 2 θ^γθ_γ ) Ad^l_{θQ} 1 2 (ωM) for l ≥ 1 (A.32) Using (A.32) we get the following expressions for the forms (A.30)

E^α_0 = α 2 (θω)^αΣ^{n−1}_{l=0} 1 (2l + 1)! (iα 2 θ^γθ_γ )l (A.33)

Ω^{αβ}_0 = ω^{αβ}(y) − iα 2 (θω)^{(α}θ^{β)}Σ^{n−1}_{l=0} 1 (2l + 2)! (iα 2 θ^γθ_γ )l (A.34)

Note that in (A.33) and (A.34) the polynomials in θ^γ θ_γ are the same as in (A.28) and (A.29). Thus, incerting (A.28), (A.29), (A.33) and (A.34) into (A.22) we get the following expressions for the OSp(1|2n) Cartan forms.

E^α = Dθ^α + iDθ^{(α}θ^{β)}θ_βP_1(θθ), (A.35)

Ω^{αβ} = ω^{αβ}(y) + iθ^{(α}Dθ^{β)}P_2(θθ), (A.36) where P_1(θθ) = Σ^n_{l=0} α (2l + 3)! (iα 2 θ^γθ_γ )l (A.37)

P_2(θθ) = Σ^n_{l=0} 1 (2l + 2)! (iα 2 θ^γθ_γ )l , (A.38) and Dθ^α = dθ^α + α 2 ω^α_β(y)θ^β. (A.39)

The polynomial P_2 (A.38) can be hidden into rescaled Θ = √ P_2θ, so that Ω^{αβ} become bilinear in Grassmann variables

Ω^{αβ} = ω^{αβ}(y) + iΘ^{(α}DΘ^{β)}. (A.40)

It is then not hard to varify (using the Maurer–Cartan equations (63) and (64)) that the odd Cartan forms (A.35) take the form

E^α = P (Θ^2)DΘ^α − Θ^αDP (Θ^2), where P (Θ^2) = √ 1 + iα 8 Θ^βΘ_β. (A.41)

Having in hand the OSp(1|2n) Cartan forms it is straightforward to get the Cartan forms corresponding to any coset superspace OSp(1|2n)/H with H being a bosonic subgroup of OSp(1|2n). To this end in (A.40) and (A.41) one should simply put to zero all parameters y^{αβ} corresponding to the subgroup H. Then ω^{αβ} will depend only on the bosonic coordinates of the supercoset OSp(1|2n)/H, and (A.40) will contain the even supervielbeins and the spin connection of OSp(1|2n)/H.

References

[1] R. Penrose, J. Math. Phys. 8 (1967) 345; Rep. Math. Phys. 12 (1977) 65;

R. Penrose and M.A.H. MacCallum, Phys.Rep. 6 (1972) 241;

R. Penrose and W. Rindler, Spinors and Space{Time, V.1,2. Cambridge Univ. Press, 1986.

[2] A. Ferber, Nucl. Phys. B132 (1977) 55.

[3] J. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231;

S. S Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B428 (1998) 105; E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253.

[4] O. Aharony, S. S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, Large N Field Theories, String Theory and Gravity, hep-th/9905111.

[5] E. S. Fradkin and M. A. Vasiliev, Phys. Lett. B189 (1987) 89; Nucl. Phys. B291 (1987) 141.

[6] M. A. Vasiliev, Sov. J. Nucl. Phys. 32 (1980) 855.

[7] M. A. Vasiliev, Fortschr. Phys. 35 (1987) 741;

M. A. Vasiliev, Phys. Lett. B243 (1992) 378; Class. Quant. Grav. 8 (1991) 1387; Phys. Lett. B285 (1992) 225.

[8] M. A. Vasiliev, Fortschr. Phys. 36 (1988) 33.

[9] P. Claus, M. Gunaydin, R. Kallosh, J. Rahmfeld and Y. Zunger, Supertwistors as Quarks of SU(2, 2|4), hep-th/9905112.

[10] P. Claus, J. Rahmfeld and Y. Zunger, A Simple Particle Action from a Twistor Parametrization of AdS_5, hep-th/9906118;

P. Claus, R. Kallosh and J. Rahmfeld, BRST Quantization of a Particle in AdS_5, hep-th/9906195.

[11] I. Bandos and J. Lukierski, hep-th/9811022, Mod. Phys. Lett. A14 (1999) 1257.

[12] I. Bandos, J. Lukierski and D. Sorokin, Superparticle Models with Tensorial Central Charges, hep-th/9904109.

[13] R. R. Metsaev and A. A. Tseytlin, Nucl. Phys. B533 (1998) 109.

[14] R. Kallosh, J. Rahmfeld and A. Rajaraman, JHEP 9809 (1998) 002.

[15] I. Pesando, JHEP 9811 (1998) 002; Mod. Phys. Lett. A14 (1999) 343; JHEP 9902 (1999) 007;

R. Kallosh and J. Rahmfeld, Phys. Lett. B443 (1998) 143;

R. Kallosh and A. A. Tseytlin, JHEP 9810 (1998) 016. I. Oda, Phys. Lett. B444 (1998) 127; JHEP 9810 (1998) 015.

[16] R. R. Metsaev and A. A. Tseytlin, Phys. Lett. B436 (1998) 281;

[17] B. de Wit, K. Peeters, J. Plefka and A. Sevrin, Phys. Lett. B443 (1998) 153;

G. Dall’Agata, D. Fabbri, C. Fraser, P. Fré, P. Termonia and M. Trigiante, Nucl. Phys. B542 (1999) 157.

[18] P. Pasti, D. Sorokin and M. Tonin, Phys. Lett. B447 (1999) 251. [19] J.-Ge Zhou, Super 0-brane and GS Superstring Actions on AdS_2 × S^2, hepth/9906013.

[20] V.P. Akulov, I.A. Bandos, V.G. Zima, Theor. Math. Phys. 56 (1983) 635. [21] B. Craps, J. Gomis, D. Mateos and A. Van Proeyen, JHEP 9904 (1999) 004. [22] S. Ferrara and M. Porrati, AdS Superalgebras with Brane Charges, hep-th/9903241. [23] I. Bars, C. Deliduman and D. Minic, Lifting M-theory to Two–Time Physics, hepth/9904063.

[24] I. Bars, C. Deliduman and D. Minic, Strings, Branes and Two–Time Physics, hepth/9906223.

[25] S. M. Kuzenko, S. L. Lyakhovich, A. Yu. Segal and A. A. Sharapov, Int. J.Mod.

Phys. A11 (1996) 3307.

[26] T. Shirafuji, Progr. Theor. Phys. 70 (1983) 18.

[27] A. K. H. Bengtsson, I. Bengtsson, M. Cederwall and N. Linden, Phys. Rev. D36 (1987) 1766;

I. Bengtsson and M. Cederwall, Nucl. Phys. B302 (1988) 104.

[28] Y. Eisenberg and S. Solomon, Nucl. Phys. B309 (1988) 709; Phys. Lett. B220, 562 (1989).

[29] D. Sorokin, V. Tkach and D. V. Volkov, Mod. Phys. Lett. A4 (1989) 901. [30] A. Gumenchuk and D. Sorokin, Sov. J. Nucl. Phys. 51 (1990) 350;

D. Sorokin, Fortshr. Phys. 38 (1990) 923.

[31] I. A. Bandos, Sov. J. Nucl. Phys. 51 (1990) 906; JETP .Lett. 52 (1990) 205 [837]. [32] M. S. Plyushchay, Phys.Lett. B240 (1990) 133.

[33] S. Coleman, J. Wess and B. Zumino, Phys. Rev. 177 (1969) 2239;

S. Callan, S. Coleman, J. Wess and B. Zumino, Phys. Rev. 177 (1969) 2247. [34] D. V. Volkov, Phenomenological Lagrangians for Goldstone Particle interaction.

Preprint ITP-69-75, Kiev, 1969 (unpublished). D. V. Volkov, Sov. J. Part. Nucl. 4 (1973) 3.

[35] D. V. Volkov and V. P. Akulov, JETP Letters 16 (1972) 438; Phys. Lett. B46 (1973) 109.

[36] D. V. Volkov and V. A. Soroka, JETP Letters 18 (1973) 312. [37] W. Keck, Journ. Phys. A8 (1975) 1819. [38] B. Zumino, Nucl. Phys. B127 (1977) 189.

[39] F. Gürsey and L. Marchildon, Phys. Rev. D17 (1978) 2038. [40] E. A. Ivanov and A. S. Sorin, J. Phys. A.: Math. Gen. 13 (1980) 1159. [41] H. Lü, C. N. Pope and P. K. Townsend, Phys. Lett. B391 (1997) 39. [42] J.W. van Holten and A. Van Proeyen, J. Phys. A: Math Gen. 15 (1982) 3763. [43] P.K. Townsend, p-brane democracy, hep-th/9507048.

[44] V. Akulov, I. Bandos and D. Sorokin, Mod. Phys. Lett. A3 (1988) 1633.