arXiv:hep-th/9907123 v2 6 May 2000

US-FT/18-99 hep-th/9907123 Revised version May, 2000

Duality in Topological Quantum Field Theories1

Carlos Lozano^2

Departamento de Física de Partículas, Universidade de Santiago de Compostela, E-15706 Santiago de Compostela, Spain.

lozano@fpaxp1.usc.es

This thesis presents a thorough analysis of the links between the N = 4 supersymmetric gauge theory in four dimensions and its three topological twisted counterparts. Special emphasis is put in deriving explicit results in terms of the vacuum structure and lowenergy effective description of four-dimensional supersymmetric gauge theories. A key ingredient is the realization of the Montonen-Olive duality in the twisted theories, which is discussed in detail from different viewpoints.

1Doctoral Thesis, University of Santiago de Compostela, June 1999.

2Present address: Department of Physics, Brandeis University. Waltham, MA 02454. USA.

UNIVERSIDADE DE SANTIAGO DE COMPOSTELA

Departamento de Física de Partículas

Duality in Topological Quantum Field Theories

Carlos Lozano Rodríguez

June 11, 1999

Tiens! Un Donatello parmi des fauves! L. Vauxcelles

Acknowledgements

I would like to thank my advisor prof. José Labastida for his patience and understanding over the last four years. I am enormously indebted to him for sharing with me his wisdom and his insight, and for his permanent advice and encouragement.

Meeting Marcos Mariño has been a most exciting scientific and personal experience. He has been a permanent and patient source of inspiration, topological advice and weird discussions.

I am most grateful to prof. Alfonso V. Ramallo for many illuminating and enjoyable discussions.

I would like to thank the Theory Division at CERN, and specially Uli and Fabio, for hospitality during the months I spent in the “irrenhaus.”

Finally, I would like to thank almost everybody at the Departamento de Física de Partículas de la Universidad de Santiago de Compostela for making these years a hardly forgettable experience.

Contents

Introduction 9

1 Topological quantum field theory 13

2 The Mathai-Quillen formalism 21 2.1 Finite-dimensional case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 2.2 Infinite-dimensional case . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3 The N = 4 supersymmetric gauge theory in four dimensions 27 3.1 N = 4 supersymmetric gauge theory . . . . . . . . . . . . . . . . . . . . . 27 3.2 Electromagnetic duality in the N = 4 theory . . . . . . . . . . . . . . . . . 29 3.3 The Seiberg-Witten solution . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4 Twisting the N = 4 supersymmetric gauge theory 35 4.1 Twisted N = 4 supersymmetry and the Mathai-Quillen approach . . . . . 36 4.2 String theory and twisted N = 4 topological field theories . . . . . . . . . 39

5 The Vafa-Witten theory 41 5.1 The twisted theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 5.2 The topological action in the Mathai-Quillen approach . . . . . . . . . . . 49 5.2.1 The Vafa-Witten problem . . . . . . . . . . . . . . . . . . . . . . . 50 5.2.2 The topological framework . . . . . . . . . . . . . . . . . . . . . . . 50 5.2.3 The topological action . . . . . . . . . . . . . . . . . . . . . . . . . 52 5.3 Observables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 5.4 Mass perturbations and reduction to N = 1 . . . . . . . . . . . . . . . . . 56 5.4.1 The twist on Kähler manifolds . . . . . . . . . . . . . . . . . . . . . 58 5.4.2 Mass perturbations . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 5.4.3 Equivariant extension of the Thom form . . . . . . . . . . . . . . . 68 5.5 The partition function for G = SU(N) . . . . . . . . . . . . . . . . . . . . 71 5.5.1 The partition function on K3 . . . . . . . . . . . . . . . . . . . . . 72 5.5.2 More general Kähler manifolds . . . . . . . . . . . . . . . . . . . . 73 5.5.2.1 Behaviour under blow-ups . . . . . . . . . . . . . . . . . . 74 5.5.3 The formula for the partition function . . . . . . . . . . . . . . . . 74

8 Contents

5.5.3.1 Blow-ups . . . . . . . . . . . . . . . . . . . . . . . . . . . 78 5.5.3.2 Modular transformations . . . . . . . . . . . . . . . . . . . 79 5.5.3.3 The partition function on T^4 . . . . . . . . . . . . . . . . 80 5.6 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 5.6.1 Modular forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 5.6.2 Flux sums . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 5.6.3 SU(N) characters . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

6 Adjoint non-Abelian monopoles 85 6.1 The twisted theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85 6.1.1 The massive theory . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 6.2 The Mathai-Quillen approach . . . . . . . . . . . . . . . . . . . . . . . . . 92 6.2.1 The topological framework . . . . . . . . . . . . . . . . . . . . . . . 92 6.2.2 The topological action . . . . . . . . . . . . . . . . . . . . . . . . . 94 6.3 The observables for G = SU(2) . . . . . . . . . . . . . . . . . . . . . . . . 96 6.4 Integrating over the u-plane . . . . . . . . . . . . . . . . . . . . . . . . . . 98 6.4.1 The integral for N = 4 supersymmetry . . . . . . . . . . . . . . . . 100 6.4.2 Wall crossing at the singular points . . . . . . . . . . . . . . . . . . 103 6.4.3 Contributions from the singularities . . . . . . . . . . . . . . . . . . 105 6.4.4 The formula for the generating function . . . . . . . . . . . . . . . 109 6.5 Duality transformations of the generating function . . . . . . . . . . . . . . 112 6.6 More properties of the generating function . . . . . . . . . . . . . . . . . . 118 6.6.1 Massless limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118 6.6.2 The N = 2 limit and the Donaldson-Witten invariants . . . . . . . 119 6.6.3 The partition function on K3 . . . . . . . . . . . . . . . . . . . . . 120 6.7 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122 6.7.1 Modular forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122 6.7.2 Lattice sums . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

7 The amphicheiral theory 127 7.1 The twisted theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127 7.2 The theory in the Mathai-Quillen approach . . . . . . . . . . . . . . . . . . 136 7.2.1 The topological framework . . . . . . . . . . . . . . . . . . . . . . . 136 7.2.2 The topological action . . . . . . . . . . . . . . . . . . . . . . . . . 138 7.3 Observables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

Appendix 145

Bibliography 149

Introduction

Topological quantum field theory [104] has become a very fruitful link between physics and mathematics. In four dimensions, it provides an extremely powerful framework to apply and test different ideas emerged in the context of duality as a symmetry of extended supersymmetric gauge theories. Two salient examples are the introduction of the Seiberg- Witten invariants [72][110], and the strong coupling test of S-duality carried out by Vafa and Witten [100] from the analysis of a twisted version of the N = 4 supersymmetric gauge theory. Subsequent generalizations in the framework of the Seiberg-Witten invariants have enriched the physics [48][60][70][74][76][78][79][84] as well as the mathematical literature [85][89][97].

The origin of these connections can be traced back to the work of Donaldson in the early eighties. Donaldson addressed the problem of classifying differentiable structures on four-manifolds by studying classical non-Abelian gauge theory. He introduced the celebrated Donaldson invariants, which are invariants of the diffeomorphism type of smooth four-manifolds, and which are defined as cohomology classes on instanton moduli spaces [28][29].

In 1988, Edward Witten made a decisive contribution to the field with his work on Donaldson theory from the point of view of quantum field theory [104]. He showed that in a twisted version of the N = 2 supersymmetric gauge theory, now known as the Donaldson-Witten theory, one can define certain correlation functions which are equivalent to the Donaldson invariants. His formulation was later reinterpreted by Atiyah and Jeffrey [6] in a more geometrical setting, as the Mathai-Quillen representative [81] of the Thom class of a vector bundle associated to the moduli space of instantons.

The realization of the Donaldson invariants as correlation functions of a physical theory inmediately raises the question as to whether one can use physical methods to calculate them, and conversely, whether topological computations can be used to test assumed facts about the behaviour of physical models. This has been repeatedly shown to be the case in a series of works [79][84][100][109][110].

This thesis is intended to present a thorough analysis of the links between four dimensional N = 4 supersymmetric Yang-Mills theory and its topologically twisted counterparts. These theories appear as effective worldvolume theories on D3-branes and M5- branes wrapping supersymmetric cycles of higher dimensional exotic compactification manifolds [9][82], and provide a promising arena for testing key ideas as field-theory dualities, large N dynamics of supersymmetric gauge theories and, eventually, the recent

AdS-CFT conjecture [71].

For the N = 4 theory, the topological twist can be performed in three different ways [114], so one ends up with three different topological quantum field theories which, while living in arbitrary four-dimensional geometries, still retain some information about their physical origin. The way to unravel and at the same time take advantage of this connection between SYM theories and their twisted counterparts is as follows. The twisted theories are topological in the sense that the partition function as well as a selected set of correlation functions are independent of the metric which defines the background geometry. In the short distance regime, computations in the twisted theory are given exactly by a saddle-point calculation around a certain bosonic background or moduli space, and in fact the correlation funcions can be reinterpreted as describing intersection theory on this moduli space. This correspondence can be made more precise through the Mathai- Quillen construction [6][81], and this topic was addressed in full generality for the N = 4 theories in [56]. Unfortunately, it is not possible to perform explicit computations from this viewpoint: the moduli spaces one ends up with are generically non-compact, and no precise recipe is known to properly compactify them.

A complementary approach which sheds more light on the structure of the twisted theories and allows explicit computations involves the long-distance regime, where one expects that a good description should be provided by the degrees of freedom of the vacuum states of the physical theory on IR^4. If the physical theory admits an effective low-energy Seiberg-Witten description [92][93], it might appear that the answer for the twisted, topological theory should come by integration over the corresponding moduli space of vacua (the u-plane) of the physical model. This conjecture is indeed true, and has been recently put on a sound basis by Moore and Witten [84], who have given the precise recipe for integrating over the u-plane. In the case of the pure N = 2 theory with gauge group SU(2), they have been able to reproduce well-known results in Donaldson theory. This approach is at the heart of the successful reformulation of the Donaldson theory in terms of the Seiberg-Witten invariants proposed by Witten in [110]. The question immediately arises as to whether it is possible to carry out a similar computation for the twisted N = 4 theories.

While for the topological theories related to asymptotically free N = 2 theories the interest lies in their ability to define topological invariants for four-manifolds, for the twisted N = 4 theories the topological character is used as a tool to perform explicit computations which may shed light on the structure of the physical N = 4 theory. This theory is finite and conformally invariant [90], and is conjectured to have a symmetry exchanging strong and weak coupling and exchanging electric and magnetic fields [83], which extends to a full SL(2, ZZ) symmetry acting on the microscopic complexified coupling τ_0. It is natural to expect that this property should be shared by the twisted theories on arbitrary four-manifolds. This was checked by Vafa and Witten for one of the twisted theories and for gauge group SU(2) [100], and it was clearly most interesting to extend their computation to higher rank groups and to the other twisted theories. In this context, the u-plane approach has been applied to the twisted mass-deformed N = 4 SYM theory with gauge group SU(2) [59]. This theory is obtained by twisting the N = 4 SYM theory with bare masses for two of the chiral multiplets. The physical theory preserves N = 2 supersymmetry, and its low-energy effective description was given by Seiberg and Witten [93]. The answer for the twisted theory, which is a topological field theory with an arbitrary mass parameter, is given explicitly and completely in terms of the periods and the discriminant of the Seiberg-Witten solution of the physical model. The partition function of the twisted theory transforms as a modular form and, as in the theory considered by Vafa and Witten, it is possible to sharpen the computations by including non-Abelian electric and magnetic ’t Hooft fluxes [44] which are exchanged under duality in the expected fashion. It is also possible to compute correlation functions for a selected set of operators, and these turn out to transform covariantly under SL(2, ZZ), following a pattern which can be reproduced with a far more simple topological Abelian model. All these resuts will be reviewed in chapter 6.

It would be very interesting, in the light of the AdS/CFT correspondence, to generalize these results to SU(N) gauge groups, but the generalization involves many non-trivial constructions which are only available for the pure N = 2 SYM theory [76]. On the other hand, the Vafa-Witten twist seems to be a far more promising example. In this case, however, the approach based on the Seiberg-Witten effective description is not useful, but, as conjectured by Vafa and Witten, one can nevertheless compute in terms of the vacuum degrees of freedom of the N = 1 theory which results from giving bare masses to all the three chiral multiplets of the N = 4 theory. As analyzed in detail in [58], the twisted massive theory is topological on Kähler four-manifolds with h^{2,0} ≠ 0, and the partition function is invariant under the perturbation. Under certain general assumptions, the construction of Vafa and Witten can be generalized to SU(N) (at least when N is prime), and the resulting formula turns out to satisfy all the required constraints [61]. It is still not clear what the large N limit of this formula corresponds to on the gravity side, but the issue certainly deserves further study. These facts will be reviewed in great length in chapter 5.

As for the third twisted N = 4 theory, no explicit results have been obtained so far, but some general features are known which constrain the structure of its topological observables. The theory is believed to be a certain deformation of the four-dimensional BF theory, and as such it describes essentially intersection theory on the moduli space of complexified flat connections [14][73]. It has also been pointed out that the theory is amphicheiral, which means that it is invariant to a reversal of the orientation of the spacetime manifold. The terminology is borrowed from knot theory, where an oriented knot is said to be amphicheiral if, crudely speaking, it is equivalent to its mirror image [69]. From this property it can be shown [56] that the topological invariants of the theory are completely independent of the complexified coupling τ_0. All this will be reviewed in chapter 7.

The organization of the thesis is as follows. In chapter 1 we present a general introduction to topological quantum field theories from a functional integral perspective. In chapter 2 we briefly review the Mathai-Quillen formalism, with special emphasis on those aspects which are relevant to the work presented here. Several excellent reviews are available [10][13][20], to which we refer the reader for details. In chapter 3 we review the structure of the N = 4 theory and study its low-energy effective description for gauge group SU(2). We also comment on several aspects of electric-magnetic duality on arbitrary four-manifolds. In chapter 4 we review the twisting of the N = 4 theory and make several remarks about the structure of the twisted theories. We also discuss the connection between topological quantum field theories and string theory. Chapters 5, 6 and 7 deal with each of the twisted N = 4 theories, both from the viewpoint of the twist and the Mathai-Quillen approach. They also include a thorough description of exact results for these theories where available. Many technical details are deferred to apendices at the end of each chapter. Finally, an appendix contains the conventions used throughout this work.

Chapter 1

Topological quantum field theory

In this chapter we will study the general structure of topological quantum field theory (TQFT) from a functional integral point of view. The involved functional integration is not in general well defined but, as in ordinary quantum field theory, an axiomatic approach has been constructed [7], which we shall not attempt to review here. We will concentrate instead on a naive functional integral approach. Although not well defined in general, it is the approach which has shown to be more successful.

The basic framework will consist of an n-dimensional Riemannian manifold X endowed with a metric g_{μν} . On this manifold we will consider a set of fields {ϕ_i}, and a real functional of these fields S(ϕ_i), which will be regarded as the action of the theory. We will consider operators O_α(ϕ_i), which will in general be arbitrary functionals of the fields. In TQFT these functionals are labelled by some set of indices α carrying topological or group-theoretical data. The vacuum expectation value (vev) of a product of these operators is defined as the following functional integral: ⟨O_{α1} O_{α2} · · · O_{αp} ⟩ = ∫ [Dϕ_i]O_{α1}(ϕ_i)O_{α2} (ϕ_i) · · · O_{αp}(ϕ_i) exp ( − S(ϕ_i) ) . (1.1)

A quantum field theory is considered topological if it possesses the following property: δ δg^{μν} ⟨O_{α1} O_{α2} · · · O_{αp} ⟩ = 0, (1.2)

i.e. if the vacuum expectation values (vevs) of some set of selected operators remain invariant under variations of the metric g_{μν} on X. If such is the case, these operators are called observables.

There are two ways to guarantee, at least formally, that condition (1.2) is satisfied. The first one corresponds to the situation in which both the action S and the operators O_α, are metric-independent. These TQFTs are called of the Schwarz type [10]. In the case of Schwarz-type theories one must first construct an action which is independent of the metric g_{μν} . The method is best illustrated by considering an explicit example. Let us take into consideration the most interesting case of this type of theories: Chern-Simons gauge theory [105]. The data in the Chern-Simons gauge theory are the following: a differentiable compact three-manifold X, a gauge group G, which will be taken simple and compact, and an integer parameter k. The action is the integral of the Chern-Simons form associated to a gauge connection A corresponding to the group G:

S_{CS}(A) = ∫ X Tr ( A ∧ dA + 2 3 A ∧ A ∧ A ) . (1.3)

Observables are constructed out of operators which do not contain the metric g_{μν} . In gauge-invariant theories, as is the case here, one must also demand that these operators be invariant under gauge transformations. The basic set of observables in the Chern-Simons gauge theory is provided by the trace of the holonomy of the gauge connection A in some representation R along a 1-cycle γ in X, that is, the Wilson loop:

Tr_R ( Hol_γ (A) ) = Tr_RP exp ∫ γ A. (1.4)

The vevs are labelled by representations R_i and embeddings γ_i of S^1 into X:

⟨Tr_{R1} Pe ∫ γ1 A . . . Tr Rn Pe ∫ γn A⟩ = ∫ [DA]Tr_{R1} Pe ∫ γ1 A . . . Tr Rn Pe ∫ γn Ae^{ik}_{4π} S_{CS}(A). (1.5)

A non-perturbative analysis of the theory [105] shows that the invariants associated to the observables (1.5) are knot and link invariants as the Jones polynomial [51] and its generalizations. The perturbative analysis has confirmed this result and has shown to provide a very useful framework to study the Vassiliev invariants (see [55][67] for a brief review.)

Another important set of TQFT of the Schwarz type are the BF theories [45]. These can be formulated in any dimension and are believed to be, as the Chern-Simons gauge theory, exactly solvable quantum field theories. We will not describe them in this work. They have recently acquired importance since it has been pointed out that four-dimensional Yang-Mills theories could be regarded as a deformation of these theories [19].

The second way to guarantee (1.2) corresponds to the case in which there exists a symmetry, whose infinitesimal form will be denoted by δ, with the following properties:

δO_α(ϕ_i) = 0, T_{μν}(ϕ_i) = δG_{μν}(ϕ_i), (1.6)

where T_{μν}(ϕ_i) is the energy-momentum tensor of the theory, i.e.

T_{μν} (ϕ_i) = δ δg^{μν} S(ϕ_i), (1.7)

and G_{μν} (ϕ_i) is some functional of the fields ϕ_i.

The fact that δ in (1.6) is a symmetry of the theory means that the transformations δϕ_i of the fields are such that both δS(ϕ_i) = 0 and δO_α(ϕ_i) = 0. Conditions (1.6) lead, at least formally, to the following relation for vevs: δ δg^{μν} ⟨O_{α1} O_{α2} · · · O_{αp} ⟩ = − ∫ [Dϕ_i]O_{α1}(ϕ_i)O_{α2} (ϕ_i) · · · O_{αp} (ϕ_i)T_{μν} exp ( − S(ϕ_i) )

= − ∫ [Dϕ_i]δ ( O_{α1} (ϕ_i)O_{α2} (ϕ_i) · · · O_{αp} (ϕ_i)G_{μν} exp ( − S(ϕ_i) )) = 0, (1.8) which implies that the quantum field theory can be regarded as topological. In (1.8) it has been assumed that the action and the measure [Dϕ_i] are invariant under the symmetry δ. We have also assumed in (1.8) that the observables are metric-independent. This is a common situation in this type of theories, but it does not have to be so. In fact, in view of (1.8), it would be possible to consider a wider class of operators satisfying: δ δg_{μν} O_α(ϕ_i) = δO^{μν}_α (ϕ_i), (1.9)

with O^{μν}_α (ϕ_i) a certain functional of the fields of the theory.

This second class of TQFTs is called cohomological or of the Witten type [10][107]. Its most celebrated representatives are the four-dimensional Donaldson-Witten theory [104], which can be regarded as a certain twisted version of the N = 2 supersymmetric Yang-Mills theory, and the two-dimensional topological sigma models [106], which are also twisted versions of the conventional N = 2 sigma model. In fact, all the twisted supersymmetric quantum field theories are topological field theories of this type.

It is important to remark that the symmetry δ must be a scalar symmetry. The reason is that, being a global symmetry, the corresponding generator must be covariantly constant and for arbitrary manifolds this property, if satisfied at all, implies strong restrictions unless the generator is a singlet under the holonomy of the manifold.

Most of the TQFTs of cohomological type satisfy the relation:

S(ϕ_i) = δΛ(ϕ_i), (1.10)

for some functional Λ(ϕ_i). This has far-reaching consequences, for it means that the topological observables of the theory (in particular the partition function itself) are independent of the value of the coupling constant. Indeed, let us consider for example the vev: ⟨O_{α1} O_{α2} · · · O_{αp} ⟩ = ∫ [Dϕ_i]O_{α1}(ϕ_i)O_{α2} (ϕ_i) · · · O_{αp} (ϕ_i) exp ( − 1 e^2 S(ϕ_i) ) . (1.11)

Under a change in the coupling constant, 1/e^2 → 1/e^2 − Δ, one has (assuming that the observables do not depend on the coupling), up to first order in Δ: ⟨O_{α1} O_{α2} · · · O_{αp} ⟩ −→ ⟨O_{α1} O_{α2} · · · O_{αp}⟩ +Δ ∫ [Dϕ_i]δ [ O_{α1} (ϕ_i)O_{α2}(ϕ_i) · · · O_{αp} (ϕ_i)Λ(ϕ_i) exp ( − 1 e^2 S(ϕ_i) )]

= ⟨O_{α1} O_{α2} · · · O_{αp} ⟩. (1.12)

Hence, observables can be computed either in the weak coupling limit, e → 0, or in the strong coupling limit, e → ∞.

So far we have presented a rather general definition of TQFT and made a series of elementary remarks. Now we will analyse some aspects of its structure. We begin by pointing out that given a theory in which (1.6) holds, one can build correlators which correspond to topological invariants (in the sense that they are invariant under deformations of the metric g_{μν} ) just by considering the operators of the theory which are invariant under the symmetry. We will call these operators observables. Actually, to be more precise, we will call observables to certain classes of those operators. In virtue of eq. (1.8), if one of these operators can be written as a symmetry transformation of another operator, its presence in a correlation function will make it vanish. Thus we may identify operators satisfying (1.6), which differ by an operator which corresponds to a symmetry transformation of another operator. Let us denote the set of the resulting classes by {Φ}. Actually, in general, one could identify bigger sets of operators since two operators of which one does not satisfy (1.6) could lead to the same invariant if they differed by an operator which is a symmetry transformation of another operator. For example, consider O such that δO = 0 and O + δΓ. Certainly, both operators lead to the same observables. But it may well happen that δ^2Γ ≠ 0 and therefore we have operators, which do not satisfy (1.6), that must be identified. The natural way out is to work equivariantly, which in this context means that one must consider only operators which are invariant under both δ and δ^2. It turns out that in most of the cases (and in particular, in all the cases that we will be considering) δ^2 is a gauge transformation, so in the end all that has to be done is to restrict the analysis to gauge-invariant operators, a very natural requirement. Hence, by restricting the analysis to the appropriate set of operators, one has in fact,

δ^2 = 0. (1.13)

Property (1.13) has striking consequences on the features of TQFT. First, the symmetry must be odd, which implies the presence in the theory of commuting and anticommuting fields. For example, the tensor G_{μν} in (1.6) must be anticommuting. This is the first appearance of an odd non-spinorial field in TQFT. Those kinds of objects are standard features of cohomological TQFTs. Secondly, if we denote by Q the operator which implements this symmetry, the observables of the theory can be described as the cohomology classes of Q: {Φ} = ker Q im Q

, Q^2 = 0. (1.14)

Equation (1.6) means that in addition to the Poincaré group the theory possesses a symmetry generated by an odd version of the Poincaré group. The corresponding odd generators are constructed out of the tensor G_{μν} in much the same way as the ordinary Poincaré generators are built out of T_{μν} . For example, if P_μ represents the ordinary momentum operator, there exists a corresponding odd one G_μ such that

P_μ = {Q, G_μ}. (1.15)

Let us discuss the structure of the Hilbert space of the theory in virtue of the symmetries that we have just described. The states of this space must correspond to representations of the algebra generated by the operators in the Poincaré group and Q. Furthermore, as follows from the analysis leading to (1.14), if one is interested only in states |Ψ⟩ leading to topological invariants, one must consider states that satisfy

Q|Ψ⟩ = 0, (1.16)

and two states which differ by a Q-exact state must be identified. The odd Poincaré group can then be used to generate descendant states out of a state satisfying (1.16). The operators G_μ act non-trivially on the states and in fact, out of a state satisfying (1.16), we can build additional states using this generator. The simplest case consists of ∫ γ_1

G_μ|Ψ⟩, (1.17)

where γ_1 is a 1-cycle. One can easily verify using (1.6) that this new state satisfies (1.16): Q ∫ γ_1 G_μ|Ψ⟩ = ∫ γ_1 {Q, G_μ}|Ψ⟩ = ∫ γ_1

P_μ|Ψ⟩ = 0. (1.18)

Similarly, one may construct other invariants by tensoring n operators G_μ and integrating over n-cycles γ_n: ∫ γn G_{μ1} G_{μ2} ...G_{μn} |Ψ⟩. (1.19) Notice that since the operator G_μ is odd and its algebra is Poincaré-like the integrand in this expression is an n-form. It is straightforward to prove that these states also satisfy condition (1.16). Therefore, starting from a state |Ψ⟩ ∈ ker Q we have built a set of partners or descendants giving rise to a topological multiplet. The members of a multiplet have well defined ghost number. If one assigns ghost number −1 to the operator G_μ, the state in (1.19) has ghost number −n plus the ghost number of |Ψ⟩. Of course, n is bounded by the dimension of the manifold X. Among the states constructed in this way there may be many which are related via another state which is Q-exact, i.e.which can be written as Q acting on some other state. Let us try to single out representatives at each level of ghost number in a given topological multiplet.

Consider an (n − 1)-cycle which is the boundary of an n-dimensional surface, γ_{n−1} = ∂S_n. If one builds a state taking such a cycle one finds (P_μ = −i∂_μ) ∫ γ_{n−1} G_{μ1} G_{μ2} ...G_{μn−1} |Ψ⟩ = i ∫ Sn P_{[μ1} G_{μ2} G_{μ3} ...G_{μn]}|Ψ⟩ = iQ ∫ Sn G_{μ1} G_{μ2} ...G_{μn} |Ψ⟩, (1.20) i.e.it is Q-exact. The symbols [ ] in (1.20) denote that all indices between them must by antisymmetrized. In (1.20) use has been made of (1.15). This result tells us that the representatives we are looking for are built out of the homology cycles of the manifold X. Given a manifold X, the homology cycles are equivalence classes among cycles, the equivalence relation being that two n-cycles are equivalent if they differ by a cycle which is the boundary of an (n + 1)-dimensional surface. Thus, knowledge of the homology of the manifold on which the TQFT is defined allows us to classify the representatives among the operators (1.19). Let us assume that X has dimension d and that its homology cycles are γ_{in} , i_n = 1, ..., d_n, n = 0, ..., d, d_n being the dimension of the n-homology group, and d the dimension of X. Then, the non-trivial partners or descendants of a given highest-ghost-number state |Ψ⟩ are labelled in the following way: ∫ γ_{in} G_{μ1} G_{μ2} ...G_{μn} |Ψ⟩, i_n = 1, ..., d_n, n = 0, ..., d. (1.21) A construction similar to the one just described can be made for fields. Starting with a field ϕ(x) which satisfies

[Q, ϕ(x)] = 0, (1.22)

one can construct other fields using the operators G_μ. These fields, which we will call partners or descendants, are antisymmetric tensors defined as ϕ^{(n)}_{μ1μ2...μn} (x) = 1 n! [G_{μ1} , [G_{μ2} ...[G_{μn}, ϕ(x)}...}}, n = 1, ..., d. (1.23) Using (1.15) and (1.22) one finds that these fields satisfy the so-called topological descent equations:

dϕ^{(n)} = i[Q, ϕ^{(n+1)}}, (1.24)

where the subindices of the forms have been suppressed for simplicity, and the highestghost-number field ϕ(x) has been denoted as ϕ^{(0)}(x). These equations enclose all the relevant properties of the observables which are constructed out of them. They constitute a very useful tool to build the observables of the theory. Let us consider an n-cycle and the following quantity:

W^{(γn)}_ϕ = ∫ γn ϕ^{(n)}. (1.25)

The subindex of this quantity denotes the highest-ghost-number field out of which the form ϕ^{(n)} is generated. The superindex denotes the order of such a form as well as the cycle used in the integration. Using the topological descent equations (1.24) it is immediate to prove that W^{(γn)}_ϕ is indeed an observable: [Q, W^{(γn)}_ϕ } = ∫ γn [Q, ϕ^{(n)}} = −i ∫ γn dϕ^{(n−1)} = 0. (1.26)

Furthermore, if γ_n is a trivial homology cycle, γ_n = ∂S_{n+1}, one obtains that W^{(γn)}_ϕ is Q-exact:

W^{(γn)}_ϕ = ∫ γn ϕ^{(n)} = ∫ S_{n+1} dϕ^{(n)} = i ∫ S_{n+1} [Q, ϕ^{(n+1)}} = i [ Q, ∫ S_{n+1} ϕ^{(n+1)} } , (1.27) and therefore its presence in a vev makes it vanish. Thus, similarly to the previous analysis leading to (1.21), the observables of the theory are operators of the form (1.25): W^{(γin )}_ϕ , i_n = 1, ..., d_n, n = 0, ..., d, (1.28) where, as before, d_n denotes the dimension of the n-homology group. Of course, these observables are a basis of observables, but one can make arbitrary products of them, leading to new ones.

One may wonder at this point how it is possible that there may be observables which depend on the space-time position x and nevertheless lead to topological invariants. For example, an observable containing the zero form ϕ^{(0)}(x) seems to lead to vevs which depend on x, since the space-time position x is not integrated over. A closer analysis, however, shows that this is not the case. As follows from the topological descent equation (1.24), the derivative of ϕ^{(0)}(x) with respect to x is Q-exact and therefore such a vev is actually independent of the space-time position. This is completely analogous to the situation in conventional supersymmetric gauge theories, where it is well-known [2] that certain correlation functions (as the gaugino condensate) are independent of spatial separation and can be computed in either the short or long distance limits.

20 Topological quantum field theory

Chapter 2

The Mathai-Quillen formalism

TQFTs of the cohomological type are conventionally characterized by three basic data: fields, symmetries, and equations [10][20][107]. The starting point is a configuration space M, whose elements are fields ϕ_i defined on some Riemannian manifold X. These fields are generally acted on by some group G of local transformations (gauge symmetries, or a diffeomorphism group, among others), so that one is naturally led to consider the quotient space M/G. Within this quotient space, a certain subset of special configurations or moduli space, M_0, is singled out by a set of equations s(ϕ_i) = 0:

M_0 = {ϕ_i ∈ M|s(ϕ_i) = 0}/G. (2.1)

This moduli space is generically finite-dimensional. The crucial aspect of topological field theories is that the path integral localizes to these configurations Z = ∫ M Dϕ_i e^{−S(ϕi)} −→ ∫ M0 · · · , (2.2)

and this makes it possible to express partition and correlation functions as finite dimensional integrals over the moduli space.

In standard supersymmetric theories, this type of special configurations typically arise as supersymmetric or BPS configurations, which are characterized by the property that they preserve a certain fraction of the supersymmetries [87]. For example, in N = 2 supersymmetric gauge theories, the supersymmetry variation of the gaugino reads δψ = F_{μν} γ^{μν} ϵ, (2.3) so that for ϵ satisfying ϵ = γ_5ϵ we find that instanton configurations with F^+ = 0 are invariant under half of the supersymmetries, while the other half generate fermion zero modes in the instanton background. In cohomological field theories a similar mechanism works: the moduli space is defined as the fixed point set of the topological symmetry δ [108]. Within this framework, δ furnishes a representation of the G-equivariant cohomology on the field space. When G is the trivial group, δ is nothing but the de Rham (or exterior differential) operator on the field space.

The next step consists of building the topological theory associated to this moduli problem. We will do this within the framework of the Mathai-Quillen formalism [81]. This formalism is the most geometric of all the approaches leading to the construction of TQFTs. It can be applied to any Witten-type theory. It was first implemented in the context of TQFT by Atiyah and Jeffrey [6], and later further developed in two works [11][20]. The basic idea behind this formalism is the extension, to the infinite-dimensional case, of ordinary finite-dimensional geometric constructions. Soon after the formulation of the first TQFTs it became clear that the partition function of these theories was related to the Euler class of a certain bundle associated to the space of solutions of the basic equations of the theory. In the finite-dimensional case there are many different, though equivalent, forms of thinking on the Euler class, which we will recall bellow. The Mathai- Quillen formalism basically consists of generalizing one of these forms to the infinitedimensional case. In what follows we will give a brief account of the fundamentals of the construction. For further details, we refer the reader to [13][20][57], where comprehensive reviews on this approach are presented.

2.1 Finite-dimensional case

Let X be an orientable, boundaryless, compact n-dimensional manifold. Let us consider an orientable vector bundle E → X of rank rk(E) = 2m ≤ n over X. For completeness we recall that a vector bundle E, with a 2m-dimensional vector space F as fibre, over a base manifold X, is a topological space with a continuous projection, π : E → X, such that ∀x ∈ X, ∃ U_x ⊂ X, open set, x ∈ U_x, E is a product space, U_x × F , when restricted to U_x. This means that there exists a homeomorphism φ : U_x × F → π^{−1}(U) which preserves the fibres, i.e.π(φ(x, f)) = x, with f ∈ F .

There exist two complementary ways of defining the Euler class of E, e(E) ∈ H^{2m}(X):

1. In terms of sections. A section s of E is a map s : X → E such that π(s(x)) = x.

A generic section is one which is transverse to the zero section, and which therefore vanishes on a set of dimension n−2m. In this context e(E) shows up as the Poincaré dual (in X) of the homology class defined by the zero locus of a generic section of E. 2. In terms of characteristic classes. The approach makes use of the Chern-Weil theory, and gives a representative e_∇(E) of e(E) associated to a connection ∇ in E:

e_∇(E) = (2π)^{−m}Pf(Ω_∇), (2.4)

where Pf(Ω_∇) stands for the Pfaffian of the curvature Ω_∇, which is an antisymmetric matrix of two-forms. The representative e_∇(E) can be written in “field-theoretical” form:

e_∇(E) = (2π)^{−m} ∫ dχe^{12 χaΩab∇ χb} , (2.5) by means of a set of real Grassmann-odd variables χ_a, a = 1, . . . , 2m, satisfying the Berezin rules of integration: ∫ dχ_aχ_b = δ_{ab}. (2.6)

If rk(E) = 2m = n = dim(X), one can evaluate e(E) on X to obtain the Euler number of E in two different ways: χ(E) = ∑ x_k:s(x_k)=0 (±1),

χ(E) = ∫ X e_∇(E). (2.7)

In the first case, one counts signs at the zeroes of a generic section (notice that in this case a generic section has a zero locus s(x) = 0 consisting of a finite set of isolated points.) In the second case, one integrates the differential form (2.4) over X. Of course, both results coincide, and do not depend either on the section s (as long as it is generic) or on the connection ∇. When 2m < n one can evaluate e(E) on 2m-cycles or equivalently take the product with elements of H^{n−2m}(X) and evaluate it on X.

In the particular case that E ≡ T X the expression χ(E) = ∑ x_k:s(x_k)=0(±1), which gives

the Euler number of the base manifold X, can be generalized to a non-generic vector field V (which is a section of the tangent bundle)

χ(X) = χ(X_V ), (2.8)

where X_V is the zero locus of V , which is not necessarily zero-dimensional.

In this framework the Mathai-Quillen formalism gives a representative of the Euler class e_{s,∇}(E), which interpolates between the two approaches described above. It depends explicitly on both a section s and a connection ∇ on E: e_{s,∇}(E) ∈ [e(E)], χ(E) = ∫ X e_{s,∇}(E), (if 2m = n). (2.9)

The construction of e_{s,∇} is given by the formalism. First, it provides an explicit representative of the Thom class [16], Φ(E), of E. Let E → X be a vector bundle of rank 2m with fibre F , and let us consider the cohomology of forms with Gaussian decay along the fibre. By integrating the form along the fibre, one has an explicit isomorphism (the Thom isomorphism) between k forms over E and k − 2m forms over X. This isomorphism can be made explicit with the aid of the Thom class, whose representative Φ(E) is a closed 2m-form over E with Gaussian decay along the fibre such that its integral over the fibre is unity. In terms of this form, and given any arbitrary p-form ω over X, its image under the Thom isomorphism is the p + 2m form π^∗(ω) ∧ Φ(E), which by construction has Gaussian decay along the fibre. π^∗(ω) is the pull-back of ω by the projection π : E → X. If s is any section of E, the pull-back of the Thom form under s, s^∗Φ(E), is a closed form in the same cohomology class as the Euler class e(E). If s is a generic section, then s^∗Φ(E) is the Poincaré dual of the zero locus of s. Mathai and Quillen constructed an explicit representative, Φ_∇(E), of the Thom form in terms of a connection ∇ in E. Its pull-back by a section s, e_{s,∇}(E) = s^∗Φ_∇(E), is represented as a Grassmann integral: e_{s,∇}(E) = (2π)^{−m} ∫ dχe^{− 12 |s|2+ 12 χaΩab∇ χb+i∇saχa} . (2.10) As a consistency check, note that, as follows from (2.5), e_{s=0,∇}(E) = e_∇(E), i.e. the pull-back of the Mathai-Quillen representative by the zero section gives back the Euler class of E. e_{s,∇}(E) is a closed 2m-form. This can be verified after integrating over the Grassmann-odd variables χ_a. It is closed because the exponent is invariant under the transformations δs = ∇s, δχ_a = is_a(x). (2.11) These transformations square “on-shell” (that is, using the χ equation of motion i∇s^a = Ω^{ab}_∇ χ_b) to rotations by the curvature matrix Ω_∇,

δ^2s^a = Ω^{ab}_∇ s_b, δ^2χ^a = Ω^{ab}_∇ χ_b. (2.12)

The Mathai-Quillen representative (2.10) interpolates between the two different approaches to the Euler class of a vector bundle described above. This statement can be made more precise as follows. The construction of e_{s,∇}(E) is such that it is cohomologous to e_∇(E) for any choice of a generic section s. Take for example the case n = 2m, and rescale s → γs. Nothing should change, so in particular: χ(E) = ∫ X e_{γs,∇}(E). (2.13) We can now study (2.13) in two different limits:

1. Limit γ → 0: after using (2.5), χ(E) = (2π)^{−m} ∫ Pf(Ω_∇).

2. Limit γ → ∞: the curvature term in (2.10) can be neglected, and the integration in (2.10) localizes to a finite sum over the “moduli space” s(x) = 0, leading to χ(E) = ∑ x_k:s(x_k)=0(±1). These signs are generated by the ratio of the determinants

of ∇s and its modulus, which result from the Gaussian integrations after expanding around each zero x_k.

This localization property can be restated in terms of the Grassman odd scalar symmetry δ. Notice that the fixed point of the symmetry transformations (2.11) is the set s_a(x) = 0 = ∇s, which is precisely the moduli space to which the integration (2.13) localizes. This is a simple realization of the general result due to Witten [108] that we mentioned above.

2.2 Infinite-dimensional case

We now turn into the study of the infinite-dimensional case. The main complication that one finds in this case is that e(E) is not defined. By taking advantage of what we have learned so far, we could try to generalize the Mathai-Quillen formalism to define something analogous to an Euler class for E. It turns out that this is actually possible, and the outcome of the construction is what is called a regularized Euler number for the bundle E. Unfortunately, it depends explicitly on the section chosen for the construction, so it is important to make good selections.

The outline of the construction is as follows. First recall that, as stated in (2.8), in the finite-dimensional case χ(X) = χ(X_V ) when V is non-generic, i.e.when its zero locus, X_V , has dimension dim(X_V ) < 2m. For X infinite-dimensional the idea is to introduce a vector field V with finite-dimensional zero locus. The regularized Euler number of E would then be defined as:

χ_V (X) = χ(X_V ), (2.14)

which explicitly depends on V . By analogy with the finite-dimensional case one expects that:

χ_V (X) = ∫ X e_{V,∇}(T X), (2.15) as a functional integral, where e_{V,∇}(T X) is meant to be the Mathai-Quillen representative for the corresponding Euler class.

In general, the regularized Euler number χ_s(E) of an infinite-dimensional vector bundle E is given by:

χ_s(E) = ∫ X e_{s,∇}(E), (2.16)

where e_{s,∇}(E) is given by the Mathai-Quillen formalism. The construction follows the pattern of the finite-dimensional case. But it is important to remark that (2.16) makes sense only when the zero locus of s, X_s, is finite-dimensional. χ_s(E) is then the Euler number of some finite-dimensional vector bundle over X_s, and it corresponds to the regularized Euler number of the infinite-dimensional bundle E. Of course, χ_s(E) depends on s, but if s is naturally associated to E one expects to obtain interesting topological information. For topological quantum field theories, s is given by the fixed points of the fermionic symmetry δ, which in turn comes from the underlying supersymmetry of the theory. The expression in the exponential in (2.10) is the action of the topological model, and the first term, −^1_2 |s|^2, gives the purely bosonic terms in the action, while ∇s^aχ_a gives the kinetic energy of the fermions (notice that ∇s is a one-form on X, so one can see it as a fermion). The situation where there are local symmetries in the problem (such as conventional gauge symmetries) is more involved, but one can easily extend the formalism to cover these cases as explained in great detail in [20]. We will review the construction when we describe the twisted N = 4 theories below.

26 The Mathai-Quillen formalism

Chapter 3

The N = 4 supersymmetric gauge

theory in four dimensions

In this chapter we will review some aspects of the four-dimensional N = 4 supersymmetric gauge theory. We will describe the Seiberg-Witten solution for the low-energy effective description of the N = 4 theory with gauge group SU(2), and we will make several remarks concerning the Montonen-Olive strong/weak-coupling duality symmetry of the theory on arbitrary four-manifolds.

3.1 N = 4 supersymmetric gauge theory

We begin with the standard N = 4 supersymmetric gauge theory on flat IR^4. Our conventions regarding spinor notation are almost as in Wess and Bagger [103], with some differences that we conveniently compile in the final appendix.

The N = 4 supersymmetric Yang-Mills theory is unique once the gauge group G and the microscopic coupling τ_0 =^{θ0}_{2π} +^{4πi}_{e20} are fixed. The Lagrangian and supersymmetry transformations can be constructed from the N = 1 supersymmetric Yang-Mills theory in 10 dimensions by dimensional reduction on a six-torus [17]. The ten-dimensional Lorentz group SO(1, 9) splits as SO(1, 3)×SO(6)_I , where SO(1, 3) is the four-dimensional Lorentz group, while SO(6)_I ≃ SU(4)_I , which corresponds to the rotation group in the extra dimensions, appears in the four-dimensional theory as a global symmetry group (it is in fact the automorphism or R symmetry group of the N = 4 supersymmetry algebra). The field content of the model is the following: a gauge field A_{αα̇}, four Weyl gauginos λ_u^α and their complex conjugates λ̄^u_{α̇} (which come from the 10-dimensional Majorana-Weyl gaugino) transforming respectively in the representations 4 and ¯4 of SU(4)_I (u, v, w, . . . = 1, 2, 3, 4 are SU(4)_I indices), and six scalars ϕ_{uv} (which come from the 10-dimensional gauge field) in the 6 of SU(4)_I . All the fields above take values in the adjoint representation of some compact Lie group G. Being in the representation 6, the scalars ϕ_{uv} satisfy antisymmetry and self-conjugacy constraints: ϕ_{uv} = −ϕ_{vu}, ϕ^{uv} = (ϕ_{uv})^† = ϕ^∗_{vu} = − 1 2 ϵ^{uvwz}ϕ_{wz}; ϵ_{1234} = ϵ^{1234} = +1. (3.1)

The action for the model in Euclidean space is: S = 1 e^2_0 ∫ d^4x Tr { − 1 8 ∇_{αα̇}ϕ_{uv}∇^{α̇α}ϕ^{uv} − iλ_v^α∇_{αα̇}λ̄^{vα̇} − 1 4 F_{mn}F^{mn} − i √ 2 λ_u^α[λ_{vα}, ϕ^{uv}] + i √ 2 λ̄^u_{α̇}[λ̄^{vα̇}, ϕ_{uv}] + 1 16 [ϕ_{uv}, ϕ_{wz}][ϕ^{uv}, ϕ^{wz}] }

− iθ_0 32π^2 ∫ d^4x Tr { ∗F_{mn}F^{mn} } . (3.2)

We have introduced the covariant derivative ∇_{αα̇} = σ^m_{αα̇}(∂_m + i[A_m, ]) (together with its corresponding field strength F_{mn} = ∂_mA_n − ∂_nA_m + i[A_m, A_n]) and the trace Tr in the fundamental representation. The action (3.2) is invariant under the following four supersymmetries (in SU(4)_I covariant notation): δA_{αα̇} = −2iξ̄^u_{α̇}λ_{uα} + 2iλ̄^u_{α̇}ξ_{uα}, δλ_{uα} = −iF^+_α^βξ_{uβ} + i √ 2ξ̄^{vα̇}∇_{αα̇}ϕ_{vu} − iξ_{wα}[ϕ_{uv}, ϕ^{vw}], δϕ_{uv} = √ 2 { ξ_u^αλ_{vα} − ξ_v^αλ_{uα} + ϵ_{uvwz}ξ̄^w_{α̇}λ̄^{zα̇} } , (3.3)

where F^+_α^β = σ^{mn}_α^βF_{mn}. Notice that there are no auxiliary fields in the action (3.2). Correspondingly, the transformations (3.3) close the supersymmetry algebra on-shell.

In IR^4, the global symmetry group of N = 4 supersymmetric theories is H = SU(2)_L ⊗ SU(2)_R ⊗ SU(4)_I , where K = SU(2)_L ⊗ SU(2)_R is the rotation group SO(4). The supersymmetry generators responsible for the transformations (3.3) are Q^u_α and Q̄_{uα̇} They transform as (2, 1, ¯4) ⊕ (1, 2, 4) under H.

From the point of view of N = 1 superspace, the theory contains one N = 1 vector multiplet and three N = 1 chiral multiplets. These supermultiplets are represented in N = 1 superspace by superfields V and Φ_s (s = 1, 2, 3), which satisfy the constraints V = V^† and D̄_{α̇}Φ_s = 0, being D̄_{α̇} a superspace covariant derivative. The physical component fields of these superfields are: V −→ A_{αα̇}, λ_{4α}, λ̄^4_{α̇}, Φ_s, Φ^{†s} −→ B_s, λ_{sα}, B^{†s}, λ̄^s_{α̇}. (3.4)

In terms of these fields, the SU(4)_I tensors that we introduced above are defined as follows:

{4} → λ_u = {λ_1, λ_2, λ_3, λ_4}, {6} → ϕ_{uv} ∼ {B_s, B^{†s}}, {¯4} → λ̄^u = {λ̄^1, λ̄^2, λ̄^3, λ̄^4}, (3.5)

where by ∼ we mean precisely:

ϕ_{uv} = 0 −B^{†3} B^{†2} −B_1 B^{†3} 0 −B^{†1} −B_2 −B^{†2} B^{†1} 0 −B_3 B_1 B_2 B_3 0 , ϕ^{uv} = 0 B_3 −B_2 B^{†1} −B_3 0 B_1 B^{†2} B_2 −B_1 0 B^{†3} −B^{†1} −B^{†2} −B^{†3} 0

. (3.6)

The action (3.2) takes the following form in N = 1 superspace: S = − i 4π τ_0 ∫ d^4xd^2θ Tr(W^2) + i 4π τ̄_0 ∫ d^4xd^2θ̄ Tr(W^{†2}) + 1 e^2_0 3∑ s=1 ∫ d^4xd^2θd^2θ̄ Tr(Φ^{†s}e^V Φ_se^{−V} )

+ i √ 2 e^2_0 ∫ d^4xd^2θ Tr { Φ_1[Φ_2, Φ_3] } + i √ 2 e^2_0 ∫ d^4xd^2θ̄ Tr { Φ^{†1}[Φ^{†2}, Φ^{†3}] } , (3.7)

where W_α = −^1_{16}D̄^2e^{−V} D_αe^V is the supersymmetric field strength.

3.2 Electromagnetic duality in the N = 4 theory

Within the last five years, electromagnetic duality has become a powerful tool to unravel the structure of strongly coupled quantum gauge theories and string theory. In many theories with N = 1 [91] and N = 2 [92][93] supersymmetry, duality shows up as a symmetry of the effective low-energy description, and it plays a prominent role in disentangling the infrared dynamics – see [35] for a review. On the other hand, in the N = 4 theory and some special N = 2 theories, the duality is exact, in the sense that it is conjectured to hold valid at all energy scales.

The massless N = 4 supersymmetric theory has zero beta function, and it is believed to be exactly finite and conformally invariant, even non-perturbatively [90]. The full duality group is actually SL(2, ZZ), which includes a ZZ_2 corresponding to the interchange of electric and magnetic charges along with the interchange of strong and weak coupling as originally proposed some twenty years ago by Montonen and Olive [83][86].

The purpose of this section is to discuss some aspects of this duality. We will start by briefly reviewing the definition of the magnetic group H^v dual to a compact Lie group H

[34]. We follow the discussions in [41] and [30]. In a gauge theory with unbroken gauge group H one can consider two kinds of quantum numbers. Electric quantum numbers are fixed by the representations under which the fields transform, and take values in the weight lattice Λ^H_{weight} of H. Magnetic quantum numbers are topological in nature, and are related to gauge configurations over two-spheres. They are in fact the winding numbers of the equatorial transition functions f(ϕ) : S^2 −→ H, and the Dirac quantization condition, as generalized by Goddard, Nuyts and Olive [34], forces them to take values in the coweight lattice Λ^H_{coweight} of H, which is dual to Λ^H_{weight}.

The following step is to realize that the magnetic quantum numbers of H are the electric quantum numbers of another dual group H^v, whose weight lattice is dual to that of H, and whose root lattice Λ^{Hv}_{root} is the coroot lattice Λ^H_{coroot} of H spanned by the simple coroots ⃗α^v_i = 2^{⃗αi}_{⃗α2} which is dual to Λ^H_{root}. Therefore, the true symmetry group of the theory is actually H ⊗ H^v. Now, the Montonen-Olive duality conjecture [83] follows simply as the statement that the electric and magnetic factors are exchanged under an inversion of the coupling constant e_0 → 1/e_0.

Let us consider the example H = SU(N) in detail. Since SU(N) is simply laced, SU(N) and SU(N)^v have the same Lie algebra su(N). Also, we can identify the coweight lattice of SU(N) with the root lattice of su(N). Thus, Λ^{SU (N )v}_{weight} = Λ^{SU (N )}_{coweight} = Λ^{SU (N )}_{root} = Λ^{SU (N )v} root . But since Λ SU (N )^v weight = Λ SU (N )^v root , SU(N)

v has no center (Λ^H_{weight}/Λ^H_{root} ≃ Center(H)), and therefore SU(N)^v = SU(N)/ZZ_N .

Now we can wonder as to how we expect to see Montonen-Olive duality in the N = 4 theory. First of all, in presence of a non-zero θ_0 angle, the original ZZ_2 transformation e_0 → 1/e_0 is extended to a full SL(2, ZZ) symmetry acting on τ_0^1 τ_0 −→ aτ_0 + b cτ_0 + d , a, b, c, d ∈ ZZ, ad − bc = 1. (3.8) Then, under τ_0 → −1/τ_0 we expect G to be exchanged with its dual G^v. This SL(2, ZZ) duality imposes strong constraints on the spectrum of the theory, and those have led to a series of successful tests on the BPS part of spectrum [30][39][87][94].

In addition to this, in the N = 4 theory all the fields take values in the adjoint representation of G. Hence, as pointed out by ’t Hooft [44], if H^2(X, π_1(G)) ≠ 0 it is possible to consider non-trivial G/Center(G) gauge configurations with discrete magnetic ’t Hooft flux through the two-cycles of X. In fact, G/Center(G) bundles on X are classified by the instanton number and a characteristic class v ∈ H^2(X, π_1(G)). For example, if G = SU(2), we have SU(2)/ZZ_2 = SO(3) and v is the second Stiefel-Whitney class w_2(E) of the gauge bundle E. This Stiefel-Whitney class can be represented in De Rham cohomology by a cohomology class (a class of differential two-forms under the equivalence relation a_2 ∼ b_2 ⇔ a_2 = b_2 + dc_1, where a_2, b_2 are two-forms and c_1 is a oneform) in H^2(X, ZZ) defined modulo 2, i.e., w_2(E) and w_2(E) + 2ω, with ω ∈ H^2(X, ZZ),

1 On arbitary four-manifolds X, the symmetry group may be reduced to a subgroup of SL(2, ZZ) as shown in [100][101][111].

represent the same ’t Hooft flux, so if w_2(E) = 2λ, for some λ ∈ H^2(X, ZZ), then the gauge configuration is trivial in SO(3) (it has no ’t Hooft flux.)

Similarly, for G = SU(N) one can fix fluxes in H^2(X, ZZ_N ) (the corresponding Stiefel- Whitney class is defined modulo N.) One has therefore a family of partition functions Z_v(τ_0), one for each magnetic flux v. The SU(N) partition function is obtained by considering the zero flux partition function (up to a factor whose origin is explained in [100]), while the SU(N)/ZZ_N partition function is obtained by summing over all v, and both are to be exchanged under τ_0 → −1/τ_0. The action of SL(2, ZZ) on the Z_v should be compatible with this exchange, and according to [100][113], the τ_0 → −1/τ_0 operation mixes the Z_v by a discrete Fourier transform

Z_v(−1/τ_0) = N^{−b2/2} (τ_0 i )_{w/2} ( τ̄_0 −i )_{w̄/2} ∑ u∈H^2(X,ZZ) e^{2πiu·v/N} Z_u(τ_0). (3.9)

The modular weights w and w̄ are linear combinations of the Euler characteristic χ and the signature σ of X. This pattern has been checked for the physical N = 4 theory on T^4 in [33].

As for the twisted N = 4 theories to be described below, it would be natural to expect that they should behave in the same way under duality. In fact, for the twisted theories, and in generic circumstances, the partition function depends holomorphically on τ_0, so one would actually expect that they should obey (3.9) with w̄ = 0. This was checked by Vafa and Witten for one of the twisted theories and for gauge group SU(2) [100], and their result has been generalized to G = SU(N) (with N prime) in [61]. Similar results have been recently derived for another twisted version of the N =4 theory within the u-plane approach [59]. We will review these results in great detail in chapters 5 and 6 below.

3.3 The Seiberg-Witten solution

The massless N = 4 theory has a moduli space of vacua in the Coulomb phase consisting of several equivalent copies which are interchanged by the SU(4)_I symmetry. Each of these copies corresponds to one of the scalar fields ϕ_{uv} developing a non-zero vacuum expectation value. There is a classical singularity at the origin of the moduli space, which is very likely to survive even in the quantum regime.

Life gets more interesting if one deforms the N = 4 supersymmetric theory by giving bare masses, m ∫ d^4xd^2θTr(Φ_1Φ_2) + h.c. , to two of the chiral multiplets. This massdeformed theory still retains N = 2 supersymmetry: the massive superfields build up an N = 2 hypermultiplet, while the remaining chiral superfield, together with the vector superfield, build up an N = 2 vector multiplet. The low-energy effective description of this theory was worked out, for the SU(2) gauge group, by Seiberg and Witten in [93]. Their results were subsequently extended to SU(N) by Donagi and Witten in [27], where a link to the SU(N) Hitchin integrable system was established. D’Hoker and Phong have analyzed the SU(N) theory in terms of the elliptic Calogero-Moser integrable system [21], and have extended the computations to arbitrary gauge groups [22].

Some quantitative discrepancies between the proposed solution and explicit instanton calculations have been pointed out in [31]. The explicit structure of the effective theory for gauge group SU(2) has been much clarified by Ferrari [32], who has also given a detailed account of the BPS spectrum.

For gauge group SU(2) and for generic values of the mass parameter, the moduli space of physically inequivalent vacua forms a one complex-dimensional compact manifold (the u-plane). This manifold parametrizes a family of elliptic curves, which encodes all the relevant information about the low-energy effective description of the theory. The explicit solution is given by the curve:

Y^2 = 3∏ j=1 ( X − e_j(τ_0)z − 1 4 e^2_j (τ_0)m^2 ) , (3.10)

where

e_1(τ_0) = 1 3 (ϑ^4 + ϑ^4_3), e_2(τ_0) = − 1 3 (ϑ^4_2 + ϑ^4_3), e_3(τ_0) = 1 3 (ϑ^4_2 − ϑ^4), (3.11)

and ϑ_2, ϑ_3 and ϑ_4 are the Jacobi theta functions – see the appendix to chapter 6 below for more details. Notice that the curve (3.10) depends explicitly on τ_0 through the modular forms e_j, so SL(2, ZZ) duality is actually built in from the start.

The parameter z in (3.10) is a global gauge-invariant coordinate on the moduli space and it is a modular form of weight 2 under the microscopic duality group. It differs from the physical order parameter ⟨Tr ϕ^2⟩ by instanton corrections [31], which are not predicted by the Seiberg-Witten solution. The precise relation is given by:

z = ⟨Tr ϕ^2⟩ − 1 8 m^2e_1(τ_0) + m^2 ∞∑ n=1 c_nq^n_0 , q_0 = e^{2iπτ0} . (3.12)

Notice that the instanton corrections c_n are invisible in the double-scaling limit q_0 → 0, m → ∞, with 4m^4q_0 = Λ_0^4, under which the mass-deformed theory flows towards the pure N = 2 gauge theory and z → u = ⟨Tr ϕ^2⟩. Here Λ_0 is the dynamically generated scale of the N = 2, N_f = 0 theory.

The low-energy description breaks down at certain points z_i where the elliptic curve degenerates. This happens whenever any two of the roots of the cubic polynomial ∏_3 j=1 ( X − e_jz − (1/4)e^2_j m^2 ) coincide. These singularities, which from the physical point of view are interpreted as due to BPS-saturated multiplets becoming massless, are located at the points [93]:

z_i = m^2 4 e_i (3.13)

These BPS states are generically dyons carrying non-zero magnetic charge, and can be constructed in the semiclassical regime by quantizing the zero modes of the elementary fields of the theory in the background of the dyon [39]. For the massless N = 4 theory, these zero modes build up a short N = 4 vector multiplet with spins up to 1 [88], and this explains why the monopoles (with unit magnetic charge and no electric charge) can be dual, in the Montonen-Olive sense, to the elementary vector bosons. A non-zero value of the mass m lifts half of the zero modes, and the remaining ones build up the N = 2 hypermultiplets which produce the singularities.

Following Ferrari [32], we choose |q_0| small, m large, with m^4q_0 ∼ Λ_0^4. Under these circumstances, at strong (effective) coupling, there are two singularities at z_2, z_3, with |z_2 − z_3| ∼ Λ_0^2, which flow to the singularities of the pure gauge theory in the doublescaling limit. At weak (effective) coupling, there is a third singularity, located at z_1, due to an electrically charged (adjoint) quark becoming massless. For this choice of parameters, we have the explicit formulas:

k^2 = ϑ_2(τ )^4 ϑ_3(τ )^4 = ϑ_2(τ_0)^4 ϑ_3(τ_0)^4 z − z_1 z − z_3 , k^{′2} = 1 − k^2 = ϑ^4(τ )^4 ϑ_3(τ )^4 = ϑ_4(τ_0)^4 ϑ_3(τ_0)^4 z − z_2 z − z_3 , (3.14)

relating the coordinate z to the modulus k of the associated elliptic curve (3.10). Here τ = τ_0 −^{3im4}_{πa4} e^{2iπτ0} +· · · [31] is the complexified effective coupling of the low-energy theory, and enters the formalism as the ratio of the two basic periods of the elliptic curve. The first period of the curve is given by the formula: da dz = √ 2 π 1 ϑ_3(τ_0)^2 √ z − z_3 K(k), (3.15)

where K(k) = π 2 ϑ_3(τ )^2 (3.16)

is the complete elliptic integral of the first kind, and a is related to the vacuum expectation value of the Higgs field, ⟨ϕ⟩ = aσ_3/2. The second period can be computed from (3.15) as^{daD}_{dz} = τ^{da}_{dz} . Owing to the cuts and non-trivial monodromies present on the u-plane^2, da_D dz is not globally defined, and the actual formulas are somewhat more involved [32]. In any case, the final expression for the u-plane integral will be invariant under monodromy transformations, so the above naive expression is sufficient for our purposes.

Around each of the singularities we have the following series expansion:

z = z_j + κ_j q_j^{12} + · · · (3.17)

where q_j = e^{2πiτj} is the good local coordinate at each singularity: τ_1 = τ for the semiclassical singularity at z_1, τ_2 = τ_D = −1/τ for the monopole singularity at z_2, and τ_3 = τ_d = −1/(τ − 1) for the dyon singularity at z_3.

2“z-plane” would be more accurate here, but the former terminology is by now so widespread that we prefer to stick to it.

Using (3.14), one can readily compute:

κ_1(τ_0) = 4m^2 ( ϑ_3ϑ_4 ϑ_2

)_4 , κ_2(τ_0) = −4m^2 ( ϑ_2ϑ_3 ϑ_4

)_4

, κ_3(τ_0) = 4m^2 ( ϑ_2ϑ_4 ϑ_3

)_4 . (3.18)

At the singularities, each of the periods has a finite limit when expressed in terms of the appropriate local coordinate: ( da dz )_2 1 = 2 m^2 1 (ϑ_3(τ_0)ϑ_4(τ_0))^4 , ( da_D dz )_2 2 = 2 m^2 1 (ϑ_2(τ_0)ϑ_3(τ_0))^4 , ( d(a_D − a) dz )_2 3 = − 2 m^2 1 (ϑ_2(τ_0)ϑ_4(τ_0))^4 . (3.19)

Chapter 4

Twisting the N = 4 supersymmetric gauge theory

The twist in the context of supersymmetric four-dimensional gauge theories was introduced by Witten in [104], where he showed that a twisted version of the N = 2 supersymmetric gauge theory with gauge group SU(2) is a relativistic field-theory realization of the Donaldson theory of four-manifolds. Soon after Witten’s breakthrough, Yamron [114] generalized the construction to the N = 4 supersymmetric gauge theory and described the structure of two of the possible non-equivalent twists of these theories and pointed out the existence of a third one.

The purpose of this chapter is to describe the possible twists of the N = 4 supersymmetric gauge theory. It is intended to provide a general introduction to the next three chapters. We assume that the reader is familiar with the analogous (yet simpler) procedure in N = 2 theories [1][10][104][109].

In four dimensions, the global symmetry group of the extended supersymmetric gauge theories is of the form H = SU(2)_L ⊗ SU(2)_R ⊗ I, where K = SU(2)_L ⊗ SU(2)_R is the rotation group, and I is the chiral R-symmetry group. The supercharges Q^i_α, Q̄_{α̇j} transform under H as (2, 1, N) and (1, 2, N̄), where N is generically an N -dimensional representation of the R-symmetry group – N is the number of independent supersymmetries. The aim of the twist is to extract from these supercharges one (or several) global scalar fermionic symmetries – as described in chapter 1 – which always exist regardless of the space-time topology. Now to create a scalar supercharge out of spinor supercharges one has to modify somehow the action of the rotation group on the supercharges. The idea is to gauge a subgroup of the R-symmetry group with the spin connection in such a way that at least a linear combination of the original supercharges be a singlet under a combined Lorentz plus chiral rotation – see [66] for a review. Depending on how we choose this subgroup, we will obtain different theories after the twisting^1. While in N = 2

1Note than on a general four-manifold the holonomy group is SU (2)_L ⊗ SU (2)_R, so the twist will be an observable effect, that is, the twisted theory and the physical theory will be inequivalent. However, on a hyper-Kähler manifold the holonomy is simply SU (2)_R, so if one gauges the chiral current with

supersymmetric gauge theories the R-symmetry group is at most U(2) and thus the twist is essentially unique, in the N = 4 supersymmetric gauge theory the R-symmetry group is SU(4) and there are three different possibilities, depending on how we embedd the rotation group into the R-symmetry group [56][100][114].

The possible choices are found just by analyzing how the 4 of SU(4)_I splits in terms of representations of the rotation group K. There are just three possibilities which will give a topological symmetry for a given choice of the SU(2) component of K: (i) 4 → (2, 1)⊕(2, 1), (ii) 4 → (2, 1)⊕(1, 1)⊕(1, 1) and (iii) 4 → (2, 1)⊕(1, 2), each of which leads to a different topological quantum field theory. Choosing the other SU(2) component of K one would obtain the equivalent twists: 4 → (1, 2) ⊕ (1, 2), 4 → (1, 2) ⊕ (1, 1) ⊕ (1, 1) and 4 → (1, 2) ⊕ (2, 1). As described below these alternative twists are related to the previous ones by a reversal of the orientation of the four-manifold X.

Cases (i) and (iii) lead to topological field theories with two supercharges. One of these (i) was considered by Vafa and Witten [100] in order to carry out an explicit test of S-duality on several four-manifolds, and will be analyzed in full detail in chapter 5. It has the unusual feature that the virtual dimension of its moduli space is exactly zero. This feature was analysed from the perspective of balanced topological field theories in [25], while the underlying structure had already been anticipated within the framework of supersymmetric quantum mechanics in [12].

Case (iii) was first discussed in [73], where it was shown to correspond to a topological theory of complexified flat gauge connections. This idea was pursued further in [14], where a link to supersymmetric BF theories in four dimensions was established. We will study this theory in chapter 7, where it will be shown that the theory is amphicheiral, this meaning that the twist with either SU(2)_L or SU(2)_R leads essentially to the same theory.

The remaining possibility (ii) leads to the “half-twisted theory”, a topological theory with only one BRST supercharge [114]. This feature is reminiscent of the situation in twisted N = 2 supersymmetric gauge theories, and in fact [56], the theory is a close relative of the non-Abelian monopole theory [48][63][64][74], the non-Abelian generalization of Witten’s monopole theory [110], for the special case in which the matter fields are in the adjoint representation of the gauge group – see chapter 6 below.

4.1 Twisted N = 4 supersymmetry and the Mathai- Quillen approach

In the forthcoming chapters we will analyze to exhaustion the three cases described above, both from the viewpoint of the twisting of N = 4 supersymmetry and the Mathai-Quillen approach. It is well known that topological quantum field theories obtained after twisting

the SU (2)_L part of the holonomy only, the twisting is trivial, and the twisted and physical theories are equivalent.

N = 2 supersymmetric gauge theories can be formulated in the framework of the Mathai- Quillen formalism [6][20][74]. One would expect that a similar formulation should exist for the N = 4 case. Though it turns out that this is so, there is an important issue that has to be addressed to clarify what is meant by a Mathai-Quillen formulation in the latter case. Twisted N = 2 supersymmetric gauge theories have an off-shell formulation such that the topological quantum field theory action can be expressed as a Q-exact expression, where Q is the generator of the topological symmetry. Actually, this is true only up to a θ-term. However, the R-symmetry group of the N = 2 supersymmetric gauge theories contains a U(1) factor which becomes the ghost-number symmetry of the topological theory. But this chiral U(1) is anomalous, so one can actually get rid of the θ-term with a chiral rotation. As a result of this, the observables in the topological theory are unsensitive to θ-terms up to a rescaling. What remains is just the Q-exact part of the action which is precisely the one obtained in the Mathai-Quillen formalism.

On the other hand, in N = 4 supersymmetric gauge theories θ-terms are observable. There is no chiral anomaly and these terms can not be shifted away as in the N = 2 case. This means that in the twisted theories one might have a dependence on the coupling constants (in fact, this was one of the key observations in [100] to make a strong coupling test of S-duality.) This being so we first have to clarify what one expects to be the form of the twisted theories in the framework of the Mathai-Quillen formalism. To do this let us focus on the part of the action of a twisted theory (coming from any gauge theory with extended supersymmetry) involving the gauge field strength,

S_X = − 1 4e^2 ∫ X √ gd^4x Tr(F^{μν}F_{μν}) − iθ 16π^2 ∫ X Tr(F ∧ F ) + . . . , (4.1)

where X is an oriented Riemannian four-manifold endowed with a metric g_{μν} . We are using conventions such that, k = 1 16π^2 ∫ X Tr(F ∧ F ) = 1 32π^2 ∫ X √ gTr(∗F_{μν}F^{μν}) = 1 32π^2 ∫ X √ gTr { (F^+)^2 − (F^−)^2 } , (4.2)

is the instanton number of the gauge configuration. Decomposing the field strength F into its self-dual and anti-selfdual parts,

F^±_{μν} = 1 2 (F_{μν} ± 1 2 ϵ_{μνρσ}F^{ρσ}), (4.3) we see that (4.1) can be written in the following two forms:

S_X = − 1 2e^2 ∫ X √ gd^4x Tr(F^{+μν}F^+_{μν} ) − 2πiτ 1 16π^2 ∫ X Tr(F ∧ F ) + . . . = − 1 2e^2 ∫ X √ gd^4x Tr(F^{−μν}F^−_{μν} ) − 2πiτ̄ 1 16π^2 ∫ X Tr(F ∧ F ) + . . . , (4.4) where τ = θ 2π + 4πi e^2

. (4.5)

What we intend to discuss here is the difference between the two possible choices which are present when picking up one of the components of the rotation group. It turns out that choosing one of them, say, the left or twist T , one must consider the first form of the action in (4.4) since then, after working out its off-shell formulation, it can be written as

S^T_X = 1 2e^2 ∫ X √ gd^4x {Q, Λ} − 2πiτ 1 16π^2 ∫ X Tr(F ∧ F ), (4.6)

for some Λ, while it one chooses the other one, the right or twist T̃ , one finds,

S^{T̃}_X = 1 2e^2 ∫ X √ gd^4x {Q̃, Λ̃} − 2πiτ̄ 1 16π^2 ∫ X Tr(F ∧ F ), (4.7)

for some Λ̃ and some Q̃. These actions correspond to an orientable four-manifold X with a given orientation. The actions of the two twists are related in the following way:

S^T_X = S^{T̃}_{X̃} | | |_{τ →−τ̄} , (4.8)

where the four-manifolds X and X̃ are related by a reversal of orientation.

For twisted theories coming from (asymptotically free) N = 2 supersymmetric gauge theories, observables do not depend on the coupling constant e because it appears only in a term which is Q-exact. They do not depend on τ either, up to a rescaling, due to the chiral anomaly. In the case of twisted theories N = 4 theories, however, the partition function and the observables do depend on e and θ through τ . In both cases one needs to consider only one of the types of twist, say T , since, according to (4.8), the other just leads to the observables that one would obtain by working on X̃ instead of X. In the first case this statement is exact and in the second case one must supplement it with the replacement τ → −τ̄. Therefore one can say that up to a reversal of orientation there is only one possible twist from N = 2 supersymmetric gauge theories and three, as stated in [114] and described in detail above, from the N = 4 theory.

After these remarks on the twisting procedure we will state what is meant by a Mathai- Quillen formulation of topological quantum field theories resulting after twisting N = 4 supersymmetric gauge theories. The Mathai-Quillen formulation builds out of a moduli problem a representative of the Thom class associated to a certain vector bundle. This representative can always be written as an integral of the exponential of a Q-exact expression. The three twists of N = 4, after working out their off-shell formulation, can be written as in (4.6). We will present for each case the moduli problem which in the context of the Mathai-Quillen approach leads to the Q-exact part of the action. In other words, we will find out the geometrical content which is behind each of the three twists.

4.2 String theory and twisted N = 4 topological field theories

This section is intended to give and overview of the known relations between string theory and topological quantum field theories. Almost everything of what we will be saying is well-known and nothing is new.

Several isolated links between string theory and topological quantum field theories have been known for some time. In 1991, Harvey and Strominger pointed out that Smatrix elements describing zero momentum scattering of spacetime axions off fivebranes in heterotic string theory are proportional to the Donaldson polynomials [42]. Indeed, the set of ground states of N static fivebranes is precisely the moduli space of N-instanton configurations on the four-dimensional manifold transverse to the fivebranes [18], and the transitions between different ground states are governed by effective vertices which are formally identical to the topological observables which represent the Donaldson invariants in the twisted N = 2 supersymmetric gauge theory [104]. The effective theory describing the dynamics and interactions of the fivebranes is a six-dimensional sigma model with target the moduli space of instantons, but one could be tempted to conjecture that the twisted N = 2 theory could provide a dual effective description of the dynamics.

A second connection in the same direction stems from a result of Taubes [96] pointing out a relation between the Seiberg-Witten invariants [110], which capture the essential topological information of many twisted four-dimensional supersymmetric theories, and the Gromov invariants, which arise in the context of two-dimensional topological sigma models [106]. This relation has been discussed in [26] in connection with the Vafa-Witten theory for G = SU(2).

New, recent developments in string theory have unveiled more concrete and truly unexpected relations. Bershadsky, Sadov and Vafa [9], and Minahan, Nemschansky, Vafa and Warner [82], have pointed out that the three twisted N = 4 theories appear naturally in compactifications of string/M theory as world-volume effective theories of IIB D-threebranes or M-fivebranes wrapping supersymmetric cycles of the compactification space. The idea is as follows – see [14][99] for a review. Consider a certain compactification of type IIB theory on a d-dimensional compact manifold W_d, and a D3-brane with worldvolume X_4 wrapped around a supersymmetric 4-cycle of W_d (this is a 4-dimensional submanifold of W_d defined by the property that a D-brane wrapping around it preserves some supersymmetries [8].) The effective theory on the threebrane is generically an N = 4 supersymmetric gauge theory, with the six real scalars describing the position of the brane in the ambient space. Or more precisely, the scalars are sections of the normal bundle of X_4 in M_{10} (the 10-dimensional space where the full string theory lives), which is 6- dimensional. But since X_4 is embedded in W_d, d − 4 of the scalars will be twisted as they are actually sections of the normal bundle of X_4 relative to W_d. Now by supersymmetry, the rest of the fields in the N = 4 multiplet will be twisted as well, so the general result is that the effective theory is a certain twisted version of the N = 4 theory. Which twisted version one ends up with depends on the details of the compactification. Consider for example the Vafa-Witten theory. As we will see in the next chapter, the theory contains three real scalar fields, while the remaining three are twisted to a self-dual two-form. Thus the compact space W_d must be 7-dimensional. Likewise, as there are two independent twisted supersymmetries, and the D-brane generically preserves 1/2 of the supersymmetries left unbroken by the compactification, we need a 7 manifold preserving 1/8-th of the supersymmetry. This is a 7-manifold of G_2 holonomy, which indeed has supersymmetric 4-cycles whose normal bundle is precisely Ω^{2,+}(X) (the bundle of self-dual two-forms on X), as expected. A similar analysis [9] shows that the second twist arises in compactifications on an 8-dimensional Spin(7)-holonomy manifold, while the amphicheiral theory is realized on supersymmetric cycles of SU(4)-holonomy Calabi-Yau 4-folds. In all these cases the structure of the normal bundle and the number of unbroken supersymmetries agree with what is expected for each of the twisted theories.

As for the M5-brane, it is known that [24] the effective theory on a worldvolume of the form IR^4 × T^2 is again the N = 4 gauge theory (the gauge coupling constant is just the modular parameter of the torus, and the SL(2, ZZ)-duality of the N = 4 theory follows simply from the SL(2, ZZ) action on the modular parameter of T^2.) If we now consider more general worldvolumes of the form X × T^2, where X is a supersymmetric cycle of a given compactification manifold, the effective theory on X should be again a twisted N = 4 theory. This fact has been exploited in [82] to study certain sixdimensional tensionless strings. Actually, in all these cases the twisted N = 4 theories should correspond to the long-wavelength limit of the effective theory on the curved branes, whose correct description should involve a twisted version of the appropriate Born-Infeld theory on the branes [40][95].

All these connections seem to suggest a deep relation between string theory and topological field theories which would be worth to study in the future. The most promising avenue to explore and exploit these connections seems to be the recent AdS/CFT conjecture [38][71][112] – see [54] for a review. Gopakumar and Vafa [36][37] have recently shown that in the large N (’t Hooft) limit, the Chern-Simons theory is dual to a certain topological closed string theory. As for the twisted N = 4 theories, no real progress has been made so far (but see [47][113], where some interestings issues in this direction are addressed.)

Chapter 5

The Vafa-Witten theory

In this chapter we will concentrate on the first of the topological theories that can be constructed by twisting the N = 4 theory. The twisted theory, for gauge group SU(2), was considered by Vafa and Witten [100] to carry out an explicit test of S-duality on several four-manifolds. The partition function of this theory computes, under certain circumstances, the Euler characteristic of instanton moduli spaces, making it possible to fix, by comparing with known mathematical results, several unknown modular functions which can not be determined otherwise. The final computation requires the introduction of a clever mass perturbation which, while breaking down the N = 4 supersymmetry of the physical theory down to N = 1, still preserves one of the topological symmetries of the theory. A similar approach was introduced by Witten in [109] to obtain the first explicit results for the Donaldson-Witten theory just before the far more powerful Seiberg- Witten approach was available. However, this approach is restricted to Kähler manifolds with b^+_2 > 1. Vafa and Witten conjectured that, in the case of the theory at hand, the perturbation does not affect the final result for the partition function. We will carefully analyze and confirm their conjecture and extend their computation to gauge group SU(N), with N prime.

5.1 The twisted theory

After the twisting, the symmetry group of the theory becomes H^′ = SU(2)^′_L ⊗ SU(2)_R ⊗ SU(2)_F , where SU(2)_F is a subgroup of SU(4)_I that commutes with the branching 4 → (2, 1) ⊕ (2, 1) and remains in the theory as a residual isospin group. Under H^′, the supercharges split up as, Q^v_α → Q^i, Q^i_{αβ}, Q̄_{vα̇} → Q̄^i_{αα̇}, (5.1) where the index i labels the fundamental representation of SU(2)_F . The twist has produced two scalar supercharges, the SU(2)_F doublet Q^i. These scalar charges are defined in terms of the original supercharges as follows:

Q^{i=1} ≡ Q^{v=1}_{α=1} + Q^{v=2}_{α=2}, Q^{i=2} ≡ Q^{v=3}_{α=1} + Q^{v=4}_{α=2}. (5.2)

The fields of the N = 4 multiplet decompose under H^′ as follows: A_{αα̇} −→ A_{αα̇}, λ_{vα} −→ χ_{iβα}, η_i, λ̄^v_{α̇} −→ ψ^{iα}_{α̇}, ϕ_{uv} −→ φ_{ij}, G_{αβ}. (5.3)

Notice that the fields χ^i_{αβ} and G_{αβ} are symmetric in their spinor indices and therefore can be regarded as components of self-dual two-forms. φ_{ij} is also symmetric in its isospin indices and thus transforms in the representation 3 of SU(2)_F . Some of the definitions in (5.3) need clarification. Our choices for the anticommuting fields are,

χ_{i=1(αβ)} = χ_{i=1(11)} = λ_{v=1,α=1}, χ_{i=1(12)} =^1_2 (λ_{v=1,α=2} + λ_{v=2,α=1}), . . η_{i=1} = λ_{v=1,α=2} − λ_{v=2,α=1}, ψ^{i=1,α=1,2} α̇ = λ̄^{v=1,2}_{α̇} , (5.4)

while for the scalars ϕ_{uv}: φ_{ij} = ( ϕ_{12}^1_2 (ϕ_{14} − ϕ_{23}) 1 2 (ϕ_{14} − ϕ_{23}) ϕ_{34} ) , G_{αβ} = ( ϕ_{13}^1_2 (ϕ_{14} + ϕ_{23}) 1 2 (ϕ_{14} + ϕ_{23}) ϕ_{24} ) . (5.5)

In terms of the twisted fields, the N = 4 action (3.2) takes the form (remember that we are still on flat IR^4):

S^{(0)} = 1 e^2_0 ∫ d^4x Tr { 1 4 ∇_{αα̇}φ_{ij}∇^{α̇α}φ^{ij} − 1 4 ∇_{αα̇}G_{βγ}∇^{α̇α}G^{βγ} − iψ^{jβ}_{α̇}∇^{α̇α}χ_{jαβ} − i 2 ψ^j_{αα̇}∇^{α̇α}η_j − 1 4 F_{mn}F^{mn} − i √ 2 χ_i^{αβ}[χ_{jαβ}, φ^{ij}] + i √ 2 χ^{iα}_β[χ_{iαγ}, G^{βγ}]

− i √ 2 χ^i_{αβ}[η_i, G^{αβ}] − i 2 √ 2 η_i[η_j, φ^{ij}] + i √ 2 ψ^{iα}_{α̇}[ψ_{iβ}^{α̇}, G_α^β] − i √ 2 ψ^{iα}_{α̇}[ψ^j_α^{α̇}, φ_{ij} ] + 1 4 [φ_{ij}, φ_{kl}][φ^{ij}, φ^{kl}] − 1 2 [φ_{ij}, G_{αβ}][φ^{ij}, G^{αβ}] + 1 4 [G_{αβ}, G_{γδ}][G^{αβ}, G^{γδ}] } − iθ_0 32π^2 ∫ d^4x Tr { ∗F_{mn}F^{mn} } . (5.6)

The Q^i-transformations of the twisted theory can be readily obtained from the corresponding N = 4 supersymmetry transformations. These last transformations are generated by ξ_v^αQ^v_α +ξ̄^v_{α̇}Q̄_v^{α̇}. According to our conventions, to obtain the Q^i-transformations one must set ξ̄^v_{α̇} = 0 and make the replacement: ξ_{vα} = { ξ_{v=(1,2)α} → ϵ_{i=1}C_{β=(1,2)α}, ξ_{v=(3,4)α} → ϵ_{i=2}C_{β=(1,2)α},

(5.7)

where C_{βα} (or C˙_{βα̇}, C_{ij}) is the antisymmetric (invariant) tensor of SU(2) with the convention C_{21} = C^{12} = +1. The resulting transformations are: δA_{αα̇} = 2iϵ_jψ^j_{αα̇}, δF^+_{αβ} = 2ϵ_i∇_{(α}^{α̇}ψ^i_{β)α̇}, δψ^{iα}_{α̇} = −i √ 2ϵ_j∇^α_{α̇}φ^{ji} + i √ 2ϵ^i∇_{βα̇}G^{βα}, δχ_{iαβ} = −iϵ_iF^+_{αβ} − iϵ_i[G_{γα}, G^γ_β] − 2iϵ_j[G_{αβ}, φ^j_i], δη_i = 2iϵ_k[φ_{ij}, φ^{jk}], δφ_{ij} = √ 2ϵ_{(i}η_{j)}, δG_{αβ} = √ 2ϵ^iχ_{iαβ}, (5.8)

where, for example, ϵ_{(i}η_{j)} =^1_2 (ϵ_iη_j + ϵ_jη_i). The transformations (5.8) satisfy the on-shell algebra [δ_1, δ_2] = 0 modulo a non-Abelian gauge transformation generated by the scalars φ_{ij}. For example, [δ_1, δ_2]G_{αβ} = −4 √ 2iϵ_1^iϵ_2^j[φ_{ij}, G_{αβ}]. The algebra closes on-shell, and one has to impose the equations of motion for the anticommuting fields ψ^i_{αα̇} and χ^i_{αβ}. In terms of the generators Q^i, the algebra takes the form:

{Q^1, Q^1} = δ_g(φ_{22}), {Q^1, Q^2} = δ_g(φ_{12}), {Q^2, Q^2} = δ_g(φ_{11}), (5.9)

where by δ_g(φ_{22}) we denote the non-Abelian gauge transformation generated by φ_{22}. As explained in [114], it is possible to realize the algebra off-shell by inserting the auxiliary fields N_{αβ} (symmetric in its spinor indices) and M_{αα̇} in the transformations of ψ^i_{αα̇} and χ^i_{αβ}. This is the opposite to the situation one encounters in the associated physical N = 4 theory, where an off-shell formulation in terms of unconstrained fields is not possible. After some suitable manipulations, the off-shell formulation of the twisted theory takes the form:

S^{(1)} = 1 e^2_0 ∫ d^4x Tr { 1 4 ∇_{αα̇}φ_{ij} ∇^{α̇α}φ^{ij} + i √ 2 M^{α̇α}∇_{βα̇}G^β_α − iψ^{jβ}_{α̇}∇^{α̇α}χ_{jαβ} − i 2 ψ^j_{αα̇}∇^{α̇α}η_j + i 2 N^{αβ}F^+_{αβ} − i √ 2 χ_i^{αβ}[χ_{jαβ}, φ^{ij}] + i √ 2 χ^{jα}_β[χ_{jαγ}, G^{βγ}] − i √ 2 χ^j_{αβ}[η_j, G^{αβ}] − i 2 √ 2 η_i[η_j, φ^{ij}] + i √ 2 ψ^{jα}_{α̇}[ψ_{jβ}^{α̇}, G_α^β] − 1 4 M_{αα̇}M^{α̇α} − i √ 2 ψ^{iα}_{α̇}[ψ^j_α^{α̇}, φ_{ij}] + 1 4 [φ_{ij}, φ_{kl}][φ^{ij}, φ^{kl}] − 1 2 [φ_{ij}, G_{αβ}][φ^{ij}, G^{αβ}] + 1 4 N_{αβ}N^{αβ} + i 2 N_{αβ}[G_γ^α, G^{γβ}] } − 2πiτ_0 1 32π^2 ∫ d^4x Tr { ∗F_{mn}F^{mn} } . (5.10) The corresponding off-shell transformations are: δA_{αα̇} = 2iϵ_jψ^j_{αα̇}, δF^+_{αβ} = 2ϵ_i∇_{(α}^{α̇}ψ^i_{β)α̇}, δψ^i_{αα̇} = −i √ 2ϵ_j∇_{αα̇}φ^{ji} + ϵ^iM^′_{αα̇}, δχ_{iαβ} = −2iϵ_j[G_{αβ}, φ^j_i] + ϵ_iN^′_{αβ}, δη_i = 2iϵ_j[φ_{ik}, φ^{jk}], δφ_{ij} = √ 2ϵ_{(i}η_{j)}, δG_{αβ} = √ 2ϵ^jχ_{jαβ}, δM^′_{αα̇} = ϵ^i { −i∇_{αα̇}η_i + 2 √ 2i[ψ^j_{αα̇}, φ_{ij}] } , δN^′_{αβ} = ϵ^i { √ 2i[η_i, G_{αβ}] − 2 √ 2i[χ_{jαβ}, φ^j_i] } . (5.11) With the aid of the transformations (5.11) it is easy (but rather lengthy) to show that the action (5.10) can be written as a double Q-commutator plus a τ_0-dependent term, that is, ϵ^2S^{(1)} = δ^2F − ϵ^22πikτ_0 = − 1 2 ϵ^2{Q^i, [Q_i, F]} − ϵ^22πikτ_0, (5.12)

(here δ ≡ ϵ^i[Q_i, } and k is the instanton number), with F = 1 e^2_0 ∫ d^4x { i 2 √ 2 F^+_{αβ}G^{αβ} + 1 4 √ 2 N_{αβ}G^{αβ} + 1 8 ψ_{jαα̇}ψ^{jα̇α} + i 6 √ 2 G_{αβ}[G^β_γ, G^{γα}] − i 12 √ 2 φ_{ij}[φ^j_k, φ^{ik}] } . (5.13)

The next step is to couple the theory to an arbitrary background metric g_{μν} of Euclidean signature. This can be done as follows: first, covariantize the expression (5.13) and the transformations (5.11), and second, define the new action to be δ^2F_{cov}. The resulting action is:

S^{(1)}_c = 1 e^2_0 ∫ X d^4x √ gTr { 1 4 ∇_{αα̇}φ_{ij}∇^{α̇α}φ^{ij} + i √ 2 M^{α̇α}D_{βα̇}G^β_α − iψ^{jβ}_{α̇}D^{α̇α}χ_{jαβ} − i 2 ψ^j_{αα̇}∇^{α̇α}η_j + i 2 N^{αβ}F^+_{αβ} − i √ 2 χ_i^{αβ}[χ_{jαβ}, φ^{ij}] + i √ 2 χ^{jα}_β[χ_{jαγ}, G^{βγ}] − i √ 2 χ^j_{αβ}[η_j, G^{αβ}] − i 2 √ 2 η_i[η_j, φ^{ij}] + i √ 2 ψ^{jα}_{α̇}[ψ_{jβ}^{α̇}, G_α^β] − 1 4 M_{αα̇}M^{α̇α} − i √ 2 ψ^{iα}_{α̇}[ψ^j_α^{α̇}, φ_{ij}] + 1 4 [φ_{ij}, φ_{kl}][φ^{ij}, φ^{kl}] − 1 2 [φ_{ij}, G_{αβ}][φ^{ij}, G^{αβ}] + 1 4 N_{αβ}N^{αβ} + i 2 N_{αβ}[G_γ^α, G^{γβ}] } − 2πiτ_0 1 32π^2 ∫ X d^4x √ gTr { ∗F_{μν}F^{μν} } , (5.14)

where we have introduced the full covariant derivative D_{αα̇}. The action (5.14) is, by construction, invariant under the appropriate covariantized version of the transformations (5.11). However, it is not manifestly real because it contains fields in the fundamental representation of SU(2)_F , which are complex, and it is not possible to assign a non-trivial ghost number to the fields in (5.14). Now, the action of a topological cohomological field theory has to be real, since we will eventually interpret it as a real differential form defined on a certain moduli space. Likewise, it has to posses a non-trivial ghost-number symmetry which, from the geometrical viewpoint, corresponds to the de Rham grading on the moduli space.

To overcome these problems we break the SU(2)_F internal symmetry group of the theory down to its Cartan subgroup. This allows to introduce a non-anomalous ghost number in the theory (basically twice the corresponding charge under the diagonal generator T_3). With respect to this ghost number, the field content of the theory can be reorganized as follows (we follow the notation in [100]): with ghost number +2, we have the scalar field ϕ ≡ φ_{11}; with ghost number +1, the anticommuting fields ψ_{αα̇} ≡ iψ_{1αα̇}, ψ̃_{αβ} ≡ χ_{1αβ} and ζ ≡ iη_1; with ghost number 0, the gauge connection A_{αα̇}, the scalar field C ≡ iφ_{12}, the self-dual two-form B_{αβ} ≡ G_{αβ} and the auxiliary fields H_{αβ} ≡ iN_{αβ} and H̃_{αα̇} ≡ M_{αα̇}; with ghost number −1, the anticommuting fields χ_{αβ} ≡ iχ_{2αβ}, χ̃_{αα̇} ≡ ψ_{2αα̇} and η ≡ η_2; and finally, with ghost number −2, the scalar field ϕ̄ ≡ φ_{22}. These fields are related to those in the N = 4 theory as follows:

λ~_{11} = ψ̃^+_{11}, λ~_{31} = −iχ^+_{11}, λ̄^{~1}_{α̇} = χ̃_{2α̇},

λ~_{12} = ψ̃^+_{12} − i 2 ζ, λ~_{32} = 1 2 η − iχ^+_{12}, λ̄^{~2}_{α̇} = −χ̃_{1α̇},

λ~_{21} = ψ̃^+_{12} + i 2 ζ, λ~_{41} = − 1 2 η − iχ^+_{12}, λ̄^{~3}_{α̇} = iψ_{2α̇},

λ~_{22} = ψ̃^+_{22}, λ~_{42} = −iχ^+_{22}, λ̄^{~4}_{α̇} = −iψ_{1α̇}, B_1 = −B^+_{12} + iC, B_2 = −B^+_{22}, B_3 = −ϕ̄, B^†_1 = −B^+_{12} − iC, B^†_2 = B^+_{11}, B^†_3 = −ϕ. (5.15)

(~1, ~2, etc., are SU(4)_I indices).

Notice that now we can consistently assume that all the fields above are real, in order to guarantee the reality of the topological action.

In terms of these new fields, and after making the shifts:

H̃^′_{αα̇} = H̃_{αα̇} + √ 2 ∇_{αα̇}C, H^′_{αβ} = H_{αβ} + 2i[B_{αβ}, C], (5.16)

the action (5.14) takes the form:

S^{(2)}_c = 1 e^2_0 ∫ X d^4x √ g Tr { 1 2 D_{αα̇}ϕ̄D^{α̇α}ϕ − 1 4 H̃ ′^{α̇α}( H̃^′_{αα̇} − 2 √ 2D_{αα̇}C − 2 √ 2i D_{βα̇}B^β_α ) − 1 4 H^{′αβ} ( H^′_{αβ} − 2 F^+_{αβ} − 2 [B_{γα}, B_β^γ ] − 4i [B_{αβ}, C] ) − iψ^β_{α̇}D^{α̇α}χ_{αβ} − iχ̃^β_{α̇}D^{α̇α}ψ̃_{αβ} − 1 2 χ̃_{αα̇}D^{α̇α}ζ + 1 2 ψ_{αα̇}D^{α̇α}η − i √ 2 ψ̃^{αβ}[ψ̃_{αβ}, ϕ̄] + i √ 2 χ^{αβ}[χ_{αβ}, ϕ] − i √ 2 ψ̃^{αβ}[χ_{αβ}, C] − √ 2 ψ̃^α_β [χ_{αγ}, B^{βγ}] + i √ 2 χ_{αβ}[ ζ, B^{αβ}] + i √ 2 ψ̃_{αβ}[ η, B^{αβ}] + i 2 √ 2 ζ [ζ, ϕ̄] − i 2 √ 2 η [η, ϕ] − i √ 2 ζ [η, C] + √ 2 ψ_{αα̇}[χ̃_β^{α̇}, B^{αβ}] − i √ 2 χ̃^α_{α̇}[χ̃_α^{α̇}, ϕ] + i √ 2 ψ^α_{α̇}[ψ_α^{α̇}, ϕ̄] − i √ 2 ψ^α_{α̇}[χ̃_α^{α̇}, C] − 1 2 [ϕ, ϕ̄]^2 + 2[ϕ, C][ϕ̄, C] − [ϕ, B_{αβ}][ϕ̄, B^{αβ}] } − 2πiτ_0 1 32π^2 ∫ X d^4x √ gTr { ∗F_{μν} F^{μν} } . (5.17)

After integrating out the auxiliary fields in (5.17) we find for the bosonic part of the action not involving the scalars ϕ and ϕ̄ the following expression: ∫ X d^4x √ g Tr { 1 2 ( D_{αα̇}C + iD_{βα̇}B^β_α )_2

+ 1 4 ( F^+_{αβ} + [B_{γα}, B_β^γ] + 2i [B_{αβ}, C]

)_2 } . (5.18)

Expanding the squares in this expression one obtains, ∫ X d^4x √ g Tr { − 1 2 D_μCD^μC − 1 2 ( D_{βα̇}B^β_αD_γ^{α̇}B^{γα} − F^{+αβ}[B_{γα}, B_β^γ] ) − 1 2 F^+_{μν} F^{+μν} + [B^+_{μν}, B^+_{τλ}][B^{+μν}, B^{+τλ}] + 2[B^+_{μν}, C][B^{+μν}, C] } . (5.19)

where we have used D_{αα̇} = σ^m_{αα̇}D_m and F^+_{αβ} ≡ σ^{μν}_{αβ}F^+_{μν} , B_{αβ} ≡ σ^{μν}_{αβ}B^+_{μν} . Let us now focus on the expression within the parenthesis. Further expansion leads to the identity: ∫ X d^4x √ g Tr { − 1 2 D_{βα̇}B^β_αD_γ^{α̇}B^{γα} + 1 2 F^{+αβ}[B_{γα}, B_β^γ ] }

= ∫ X d^4x √ g Tr { −D_μB^+_{νλ}D^μB^{+νλ} − 1 2 RB^+_{μν} B^{+μν} + R_{μντλ}B^{+μν} B^{+τλ} } , (5.20)

(using again B_{αβ} ≡ σ^{μν}_{αβ}B^+_{μν} ). If we now express the Riemann tensor in (5.20) in terms of its irreducible components R_{μντλ} = 1 2 (g_{μτ} R_{νλ} − g_{μλ}R_{ντ} − g_{ντ} R_{μλ} + g_{νλ}R_{μτ} ) − R 6 (g_{μτ} g_{νλ} − g_{ντ} g_{μλ}) + C_{μντλ}, (5.21)

with C_{μντλ} the Weyl tensor, we finally obtain, ∫ X d^4x √ g Tr { − 1 2 D_{βα̇}B^β_αD_γ^{α̇}B^{γα} + 1 2 F^{+αβ}[B_{γα}, B_β^γ ] }

= ∫ X d^4x √ g Tr { −D_μB^+_{νλ}D^μB^{+νλ} − B^{+μν} ( 1 6 R (g_{μτ} g_{νλ} − g_{ντ} g_{μλ}) − C_{μντλ} ) B^{+τλ} } . (5.22)

Thus we see that when we put the twisted theory on general curved backgrounds we must include the non-minimal couplings in (5.22) to ensure that the naive action (5.6) be supersymmetric.

The associated fermionic symmetry splits up as well into BRST (Q^+ ≡ Q^1) and anti-

BRST (Q^− ≡ iQ^2) parts. The explicit formulas are:

[Q^+, A_{αα̇}] = −2ψ_{αα̇}, [Q^−, A_{αα̇}] = −2χ̃_{αα̇}, {Q^+, ψ_{αα̇}} = − √ 2D_{αα̇}ϕ, {Q^−, χ̃_{αα̇}} = √ 2D_{αα̇}ϕ̄, [ Q^+, ϕ ] = 0, [Q^−, ϕ̄ ] = 0, [ Q^+, B_{αβ} ] = √ 2ψ̃_{αβ}, [ Q^−, B_{αβ} ] = − √ 2 χ_{αβ}, {Q^+, ψ̃_{αβ}} = 2i [B_{αβ}, ϕ], {Q^−, χ_{αβ}} = 2i [B_{αβ}, ϕ̄], [ Q^+, C ] = 1 √ 2 ζ, [Q^−, C] = − 1 √ 2 η, {Q^+, ζ } = 4i [C, ϕ], {Q^−, η } = 4i [C, ϕ̄], [ Q^+, ϕ̄ ] = √ 2 η, [Q^−, ϕ] = √ 2 ζ, {Q^+, η } = 2i [ϕ̄, ϕ], {Q^−, ζ } = −2i [ϕ, ϕ̄], {Q^+, χ̃_{αα̇}} = H̃^′_{αα̇}, {Q^−, ψ_{αα̇}} = −H̃^′_{αα̇} + 2 √ 2 D_{αα̇}C, [ Q^+, H̃^′_{αα̇} ] = 2 √ 2i [χ̃_{αα̇}, ϕ], [Q^−, H̃^′_{αα̇}] = −2 D_{αα̇}η + 2 √ 2i [ψ_{αα̇}, ϕ̄ ] − 4 √ 2i [ χ̃_{αα̇}, C], {Q^+, χ_{αβ}} = H^′_{αβ}, {Q^−, ψ̃_{αβ}} = H^′_{αβ} − 4i [B_{αβ}, C ], [ Q^+, H^′_{αβ} ] = 2 √ 2i [χ_{αβ}, ϕ], [Q^−, H^′_{αβ}] = −2 √ 2i [ψ̃_{αβ}, ϕ̄] − 4 √ 2i [χ_{αβ}, C] − 2 √ 2i [B_{αβ}, η], (5.23)

satisfying the algebra,

{Q^+, Q^+} = δ_g(ϕ), {Q^−, Q^−} = δ_g(−ϕ̄), {Q^+, Q^−} = δ_g(C). (5.24)

The τ_0-independent part of the action (5.17) can be written either as a BRST (Q^+)

commutator or as an anti-BRST (Q^−) commutator. Let us focus on the former possibility.

The appropriate “gauge” fermion turns out to be: Ψ = 1 e^2_0 ∫ X d^4x √ g Tr { − 1 4 χ̃^{α̇α} (~ H^′_{αα̇} − 2 √ 2D_{αα̇}C − 2 √ 2i D_{βα̇}B^β_α )

− 1 4 χ^{αβ} ( H^′_{αβ} − 2 F^+_{αβ} − 2 [B_{γα}, B_β^γ] − 4i [B_{αβ}, C] ) } + 1 e^2_0 ∫ X d^4x √ g Tr { 1 2 √ 2 ϕ̄ ( D_{αα̇}ψ^{α̇α} + i √ 2 [ψ̃_{αβ}, B^{αβ}] − i √ 2 [ζ, C] ) }

− 1 e^2_0 ∫ X d^4x √ g Tr { i 4 η[ϕ, ϕ̄] } . (5.25)

For reasons of future convenience we will rewrite (5.25) in vector indices. With the definitions, X_{αα̇}^{def}= σ^μ_{αα̇}X_μ, and, Y_{αβ}^{def}= σ^{μν}_{αβ}Y_{μν} , for any two given fields X and Y , (5.25) takes the form: Ψ = 1 e^2_0 ∫ X d^4x √ g Tr { 1 2 χ̃^μ (~ H^′_μ − 2 √ 2D_μC + 4 √ 2 D^ν B^+_{νμ} )

+ 1 2 χ^{+μν} ( H^{′+}_{μν} − 2 F^+_{μν} − 4i [B^+_{μτ} , B^{+τ}_ν] − 4i[B^+_{μν}, C] ) } − 1 e^2_0 ∫ X d^4x √ g Tr { 1 2 √ 2 ϕ̄ ( 2D_μψ^μ + 2 √ 2i [ψ̃^+_{μν}, B^{+μν} ] + √ 2i [ζ, C] ) }

− 1 e^2_0 ∫ X d^4x √ g Tr { i 4 η[ϕ, ϕ̄] } . (5.26)

The gauge fermion, in turn, can itself be written as an anti-BRST commutator (5.12): Ψ = { Q^−, 1 e^2_0 ∫ X d^4x √ g Tr ( − 1 2 √ 2 B^{αβ} ( F^+_{αβ} − 1 2 H^′_{αβ} + 1 3 [ B_{αγ}, B_β^γ ] )

+ i 2 √ 2 C [ϕ, ϕ̄ ] + 1 4 ψ_{αα̇}χ̃^{α̇α} ) } . (5.27)

5.2 The topological action in the Mathai-Quillen approach

We have described so far the Vafa-Witten theory as a twisted version of the N = 4 theory. The twisting procedure has been repeatedly shown to be a very powerful technique for the construction of topological quantum field theories. However, it suffers from serious drawbacks, the main one being that it is not possible to identify from the very beginning the underlying geometrical structure that is involved. Rather, in most of the cases the underlying geometrical scenario is unveiled only after a careful analysis with techniques borrowed from conventional quantum field theory is carried out [104]. In what follows, we will change our scope and try to concentrate on the geometrical formulation of the theory. We will make use of the Mathai-Quillen formalism (see chapter 2), which is very well suited for our purposes. Let us recall briefly the fundamentals of this approach. In the framework of topological quantum field theories of cohomological type [107], one deals with a certain set of fields (the field space, M), on which the action of a symmetry group, G, which is usually a local symmetry group, is defined. An appropriate set of basic equations imposed on the fields singles out a certain subset (the moduli space) of M/G. The topological quantum field theory associated to this moduli problem studies intersection theory on the corresponding moduli space. In this context, the Mathai-Quillen formalism involves the following steps. Given the field space M, the basic equations of the problem are introduced as sections of an appropriate vector bundle V → M, in such a way that the zero locus of these sections, modded out by the gauge symmetry, is precisely the relevant moduli space. The Mathai-Quillen formalism allows the computation of a certain representative of the Thom class of the vector bundle E = V/G, which turns out to be the exponential of the action of the topological field theory under consideration. The integration on M of the pullback under the sections of the Thom class of V gives the Euler characteristic of the bundle, which is the basic topological invariant associated to the moduli problem.

5.2.1 The Vafa-Witten problem

The analysis starts from two basic equations involving the self-dual part of the gauge connection F^+, a certain scalar field C and a bosonic self-dual two-form B^+, all taking values in the adjoint representation of some compact finite-dimensional Lie group G. These equations are: { D_μC + √ 2D^ν B^+_{νμ} = 0, F^+_{μν} −^i_2 [B^+_{μτ} , B^{+τ}_ν ] −^{i√}_2 [B^+_{μν} , C] = 0.

(5.28)

One can consider the equations above as defining a certain moduli problem, and our aim is to construct the topological quantum field theory which corresponds to it within the framework of the Mathai-Quillen formalism. Our analysis will follow closely that in [62][63][74]. It should be pointed out that the Mathai-Quillen construction for this twist was already contained, yet not explicitly constructed, in [100], and was also studied in the context of “balanced” topological field theories by Dijkgraaf and Moore in [25], while the basic structure had already been discussed from the viewpoint of supersymmetric quantum mechanics by Blau and Thompson in [12].

Recently, the Mathai-Quillen formalism has been applied to the twist under consideration in [102]. The construction presented in that work differs from ours in the role assigned to the field C.

5.2.2 The topological framework

The geometrical setting is a certain oriented, compact Riemannian four-manifold X, and the field space is M = A×Ω^0(X, adP )×Ω^{2,+}(X, adP ), where A is the space of connections on a principal G-bundle P → X, and the second and third factors denote, respectively, the 0-forms and self-dual differential forms of degree two on X taking values in the Lie algebra of G. adP denotes the adjoint bundle of P , P ×ad g. The space of sections of this bundle, Ω^0(X, adP ), is the Lie algebra of the group G of gauge transformations (vertical automorphisms) of the bundle P , whose action on the field space is given locally by: g^∗(A) = i(dg)g^{−1} + gAg^{−1}, g^∗(C) = gCg^{−1}, g^∗(B^+) = gB^+g^{−1}, (5.29)

where C ∈ Ω^0(X, adP ) and B^+ ∈ Ω^{2,+}(X, adP ). In terms of the covariant derivative, d_A = d + i[A, ], the infinitesimal form of the transformations (5.29), with g = exp(−iϕ) and ϕ ∈ Ω^0(X, adP ), takes the form: δ_g(ϕ)A = d_Aϕ, δ_g(ϕ)C = i[C, ϕ], δ_g(ϕ)B^+ = i[B^+, ϕ]. (5.30)

The tangent space to the field space at the point (A, C, B^+) is the vector space T_{(A,C,B}+_)M = Ω^1(X, adP ) ⊕ Ω^0(X, adP ) ⊕ Ω^{2,+}(X, adP ). On T_{(A,C,B}+_)M we can define a gauge-invariant Riemannian metric (inherited from that on X) as follows: ⟨(ψ, ζ, ψ̃^+), (θ, ξ, ω̃^+)⟩ = ∫ X Tr(ψ ∧ ∗θ) + ∫ X Tr(ζ ∧ ∗ξ) + ∫ X Tr(ψ̃^+ ∧ ∗ω̃^+) (5.31)

where ψ, θ ∈ Ω^1(X, adP ), ζ, ξ ∈ Ω^0(X, adP ) and ψ̃^+, ω̃^+ ∈ Ω^{2,+}(X, adP ).

To introduce the basic equations (5.28) in this framework we proceed as follows. On the field space M we build a trivial vector bundle V = M × F, where the fibre is in this case F = Ω^1(X, adP ) ⊕ Ω^{2,+}(X, adP ). The basic equations (5.28) can then be identified to be a section s : M → V of the vector bundle V. In our case, the section reads, with a certain choice of normalization that makes easier the comparison with the results in the first part of the chapter: s(A, C, B^+) = (√ 2(D_μC + √ 2D^ν B^+_{νμ}), −2(F^+_{μν} − i 2 [B^+_{μτ} , B^{+τ}_ν] − i √ 2 [B^+_{μν}, C]) ) . (5.32)

Notice that this section is gauge ad-equivariant, and the zero locus of the associated section s̃ : M/G → V/G = E gives precisely the moduli space of the topological theory. It would be desirable to compute the dimension of this moduli space. The best we can do is to build the corresponding deformation complex whose index is known to compute, under certain assumptions, the dimension of the tangent space to the moduli space. This index provides what is called the virtual dimension of the moduli space. The deformation complex that corresponds to our moduli space is the following:

0 −→ Ω^0(X, adP )^C−→Ω^1(X, adP ) ⊕ Ω^0(X, adP ) ⊕ Ω^{2,+}(X, adP ) ds−→Ω^1(X, adP ) ⊕ Ω^{2,+}(X, adP ) −→ 0. (5.33)

The map C : Ω^0(X, adP ) −→ T M, given by (recall (5.30)):

C(ϕ) = (d_Aϕ, i[C, ϕ], i[B^+, ϕ]), ϕ ∈ Ω^0(X, adP ), (5.34)

defines the vertical tangent space (gauge orbits) to the principal G-bundle. The map ds : T_{(A,C,B}+_)M −→ F is given by the linearization of the basic equations (5.28) ds(ψ, ζ, ψ̃^+) = (√ 2(D_μζ + i[ψ_μ, C] + √ 2D^νψ̃^+_{νμ} + i √ 2[ψ^ν, B^+_{νμ}]), − 2 ( 2(D_{[μ}ψ_{ν]})^+ + i[ψ̃^+_{τ [μ}, B^{+τ}_{ν]}] − i √ 2 [ψ̃^+_{μν}, C] − i √ 2 [B^+_{μν} , ζ] ) ) . (5.35)

Under suitable conditions (which happen to be the same vanishing theorems discussed in [100]), the index of the complex (5.33) computes de dimension of Ker(ds)/Im(C), that is, the dimension of the moduli space under consideration. To calculate its index, the complex (5.33) can be split up into the Atiyah-Hitchin-Singer instanton deformation complex [4] for anti-self-dual (ASD) connections,

(1) 0 −→ Ω^0(X, adP )^{dA}−→Ω^1(X, adP )^{p+dA}−→Ω^{2,+}(X, adP ) −→ 0, (5.36)

and the complex associated to the operator,

(2) D = p^+d^∗_A + d_A : Ω^0(X, adP ) ⊕ Ω^{2,+}(X, adP ) −→ Ω^1(X, adP ), (5.37)

which is also the ASD instanton deformation complex. They contribute with opposite signs and therefore the net contribution to the index is zero, leaving us with the result that the virtual dimension of the moduli space is zero.

5.2.3 The topological action

We now proceed to construct the topological action associated to this moduli problem, and we will do it within the Mathai-Quillen formalism. The Mathai-Quillen form gives a representative of the Thom class of the bundle E = M ×_G F, and the integration over M/G of the pullback of this Thom class under the section s̃ : M/G → E = M ×_G F gives the (generalized) Euler characteristic of E, which is to be identified, from the fieldtheory point of view, with the partition function of the associated topological quantum field theory.

As a first step to construct the topological theory which corresponds to the moduli problem defined by the basic equations (5.28), we have to give explicitly the field content and the BRST symmetry of the theory. This will help to clarify the structure of the topological multiplet we introduced in sect. 2. In the field space M = A × Ω^0(X, adP ) ×

Ω^{2,+}(X, adP ) we have the gauge connection A_μ, the scalar field C and the self-dual twoform B^+_{μν} , all with ghost number 0. In the (co)tangent space T_{(A,C,B}+_)M = Ω^1(X, adP ) ⊕ Ω^0(X, adP )⊕Ω^{2,+}(X, adP ) we have the anticommuting fields ψ_μ, ζ and ψ̃^+_{μν}, all with ghost number 1 and which are to be interpreted as differential forms on the moduli space. In the fibre F = Ω^1(X, adP ) ⊕ Ω^{2,+}(X, adP ) we have anticommuting fields with the quantum numbers of the equations, namely a one-form χ̃_μ and a self-dual two-form χ^+_{μν}, both with ghost number −1, and their superpartners, a commuting one-form H̃_ν and a commuting self-dual two-form H^+_{μν} , both with ghost number 0 and which appear as auxiliary fields in the associated field theory. And finally, associated to the gauge symmetry, we have a commuting scalar field ϕ ∈ Ω^0(X, adP ) with ghost number +2 [107], and a multiplet of scalar fields ϕ̄ (commuting and with ghost number −2) and η (anticommuting and with ghost number −1), both also in Ω^0(X, adP ) and which enforce the horizontal projection M → M/G [20]. The BRST symmetry of the model is given by: [Q, A_μ] = ψ_μ, {Q, ψ_μ} = D_μϕ, [Q, C] = ζ, {Q, ζ } = i [C, ϕ], [Q, B^+_{μν}] = ψ̃^+_{μν}, {Q, ψ̃^+_{μν}} = i [B^+_{μν}, ϕ], [Q, ϕ] = 0, {Q, χ̃_μ} = H̃_μ, [Q, H̃_μ] = i [χ̃_μ, ϕ], {Q, χ^+_{μν}} = H^+_{μν} , [Q, H^+_{μν}] = i [χ^+_{μν}, ϕ], [Q, ϕ̄] = η, {Q, η } = i [ϕ̄, ϕ]. (5.38)

The BRST generator Q satisfies the algebra {Q, Q} = δ_g(ϕ), and can be seen to correspond to the Cartan model for the G-equivariant cohomology of M .

We are now ready to write the action for the topological field theory under consideration. Instead of writing the full expression for the Mathai-Quillen form, we define the action to be {Q, Ψ} for some appropriate gauge invariant gauge fermion Ψ [20]. The use of gauge fermions was introduced in the context of topological quantum field theory in [68] (see [10] for a review). As is explained in detail in [20], the gauge fermion consists of two basic pieces, a localization gauge fermion, which essentially involves the equations defining the moduli problem and which in our case takes the form:

Ψ_{loc} = ⟨(χ̃, χ^+), s(A, C, B^+)⟩ + ⟨(χ̃, χ^+), (H̃, H^+)⟩ = ∫ X √ g Tr { 1 2 χ^+_{μν} ( H^{+μν} − 2(F^{+μν} − i 2 [B^{+μτ} , B^+_τ^ν ] − i √ 2 [B^{+μν}, C]) ) + χ̃_μ (~ H^μ + √ 2 (D^μC + √ 2D_ν B^{+νμ}) ) } , (5.39)

and a projection gauge fermion, which enforces the horizontal projection, and which can be written as:

Ψ_{proj} = ⟨ϕ̄, C^†(ψ, ζ, ψ̃)⟩g, (5.40)

where ⟨, ⟩g denotes the gauge invariant metric in Ω^0(X, adP ), and the map C^† : T M → Ω^0(X, adP ) is the adjoint of the map C (5.34) with respect to the Riemannian metrics (5.31) in T M and Ω^0(X, adP ). The adjoint of C(ϕ) is readily computed to be: C^+(ψ, ζ, ψ̃) = −D_μψ^μ + i 2 [ψ̃^+_{μν}, B^{+μν} ] + i[ζ, C], (5.41)

where (ψ, ζ, ψ̃) ∈ T_{(A,C,B}+_)M. This leaves for the projection fermion (5.40) the expression:

Ψ_{proj} = ∫ X √ g Tr {¯ ϕ ( −D_μψ^μ + i 2 [ψ̃^+_{μν}, B^{+μν} ] + i[ζ, C] ) } . (5.42)

In the Mathai-Quillen formalism the action is built out of the terms (5.39) and (5.42). However, as in the case of the Mathai-Quillen formulation of Donaldson-Witten theory [6], one must add another piece to the gauge fermion to make full contact with the corresponding twisted supersymmetric theory. In our case, this extra term is:

Ψ_{extra} = − ∫ X √ g Tr { i 2 η[ϕ, ϕ̄] } . (5.43)

It is now straightforward to see that after the rescalings

A^′ = A, C^′ = − 1 √ 2 C, χ̃^′ = √ 2χ̃, ψ^′ = − 1 2 ψ, ζ^′ = −ζ, H̃^′ = √ 2H, ϕ^′ = 1 2 √ 2 ϕ, B^{+′} = 1 2 B^+, χ^{+′} = χ^+,

ϕ̄^′ = −2 √ 2ϕ̄, η^′ = −2η, ψ̃^{+′} = 1 2 √ 2 ψ̃^+,

H^{+′} = H^+, (5.44)

and with the identification Q ≡ Q^+ we recover, in terms of the primed fields, the twisted model we analyzed in the first part of the chapter and that is encoded in (5.23) and (5.26).

And what about Q^−? What is its role in this game? In fact, the theory admits two Mathai-Quillen descriptions, related to each other by the Weyl group of SU(2)_F , in such a way that the roles of Q^+ and Q^− are interchanged, as are the roles of ψ and χ̃, χ^+ and ψ̃+, ζ and η, and ϕ and ϕ̄. The corresponding moduli space is defined by eqs. (5.28) with the substitution C → −C, and the theory localizes – as was proved in [100] – actually on the intersection of both moduli spaces, which is defined by the equations { D_μC = 0, D^ν B^+_{νμ} = 0, F^+_{μν} −^i_2 [B^+_{μτ} , B^{+τ}_ν] = 0, [B^+_{μν} , C] = 0.

(5.45)

Alternatively, one can consider both Q^+ and Q^− at once within the framework of what Dijkgraaf and Moore [25] have called the equivariant cohomology of iterated superspaces. The resulting topological field theories have two BRST operators d_± and the virtual dimension of the corresponding moduli spaces is zero. The simplifying property of this type of theories is that the topological action can be derived (up to theta terms) from an action potential F

S = d_+d_−F, (5.46)

– this is just the content of eq. (5.12). F is a kind of Morse function on field space, and under certain assumptions the path integral can be seen to localize to the critical points of F [25].

5.3 Observables

In this section we will analyze the structure of the possible topological observables of the theory. Observables are operators which are Q-invariant but are not Q-exact. A quick look at either the Q^+ or Q^− transformations shows that the observables are basically the same as in the ordinary Donaldson-Witten theory. Indeed, from (5.23) or (5.38) one finds that the trio A_μ, ψ_μ and ϕ transforms such as to ensure that the operators

W_0 =Tr(ϕ^2), W_2 =Tr ( 1 2 ψ ∧ ψ + 1 √ 2 ϕ ∧ F ) , W_1 = − √ 2Tr(ϕ ∧ ψ), W_3 = − 1 2 Tr(ψ ∧ F ), (5.47)

satisfy the descent equations,

[Q^+, W_i} = dW_{i−1}, (5.48)

which as we know imply that,

O^{(γj)} = ∫ γ_j W_j, (5.49)

being γ_j homology cycles of X, are observables. Of course, as usual, this set can be enlarged for gauge groups possessing other independent Casimirs besides the quadratic one. We can also build a similar set of observables Õ^{(γj)} in the cohomology of Q^− by exchanging ϕ by ϕ̄ and ψ by χ̃. While the observables O^{(γj)} have positive ghost numbers given by 4 − j, the observables Õ^{(γj)} have negative ghost numbers j − 4. The unusual feature to the first twist is that the ghost number symmetry is non-anomalous. This means essentially that the only vacuum expectation values which are non-vanishing are those containing sets of observables with zero overall ghost number. Although very appealing, the idea of combining observables from the Q^+ and Q^− cohomologies with opposite ghost numbers to get non-zero vacuum expectation values is not useful. The reason is that, for these combined operators to be truly topological invariants, they must lie simultaneously in the cohomologies of both Q^+ and Q^−. The only possible candidate appears to be the theta-term, which does not lead to any new invariant. Hence, the only non-trivial observable is the partition function itself. Notice that the topological action splits as

S = {Q^+, Ψ} − 2πikτ_0, (5.50)

Now, owing to (5.50), the partition function depends on the microscopic couplings e_0 and θ_0 only through the combination 2πikτ_0, and in particular this dependence is a priori holomorphic (were the orientation of the manifold X reversed, the partition function would depend anti-holomorphically on τ_0). However there could be situations in which, because of some sort of holomorphic anomaly, the partition function would acquire an explicit anomalous dependence on τ̄_0. This seems to be the case, for example, for the theory defined on CIP^2 [100] and, more generally, on manifolds with b^+_2 = 1 [82]. Somewhat related results have been derived for the Donaldson-Witten theory in the context of the u-plane formalism [84].

But (5.50) has also far-reaching consequences on the structure of the partition function, which can be written as

Z(τ_0) = ∑ k Z_k e^{2πikτ0} , (5.51)

where Z_k is the partition function computed with action {Q^+, Ψ} at fixed instanton number k. Now since the Z_k do not depend on e_0, one can take the weak-coupling limit e_0 → 0 where the computations are given exactly by a saddle-point calculation around the bosonic background defined by the Vafa-Witten equations (5.28). Unfortunately, it is not possible to perform explicit computations from this viewpoint: the moduli space is non-compact, and no precise recipe is known to properly compactify it. The way out is to exploit the metric independence of the partition function to go to the long-distance limit and compute in terms of the low-energy degrees of freedom of the physical theory. For the Vafa-Witten theory this is the N = 1 theory which results from giving bare masses to the chiral multiplets of the N = 4 theory. In what follows we will review the construction thoroughly and apply it to the computation of the partition function for gauge group SU(N). 5.4 Mass perturbations and reduction to N = 1

It is a well-known fact that on complex manifolds the exterior differential d splits into the Dolbeaut operators ∂ and ¯∂, and that this splitting is completely effective on Kähler manifolds, where the de Rham cohomology is equivalent to the cohomology of ∂. In a similar way, as pointed out in [109], on a Kähler manifold the number of BRST charges of a twisted supersymmetric theory is doubled, in such a way that, for example, the Donaldson-Witten theory has an enhanced N_T = 2 topological symmetry, while the Vafa- Witten theory has a N_T = 4 topological symmetry. In each case, one of the BRST charges comes from the underlying N = 1 subalgebra which corresponds to the formulation of the physical theory in N = 1 superspace. By suitably adding mass terms for some of the chiral superfields in the theory, one can break the extended (N = 2 or N = 4) supersymmetry of the physical theory down to N = 1. For the reason sketched above, the corresponding twisted massive theory on Kähler manifolds should still retain at least one topological symmetry. One now exploits the metric independence of the topological theory. By scaling up the metric in the topological theory, g_{μν} → tg_{μν}, one can take the limit t → ∞. In this limit, the metric on X becomes nearly flat, and it is reasonable that the computations in the topological field theory can be performed in terms of the vacuum structure of the N = 1 theory.

One could wonder as to what the effect of the perturbation may be. The introduction of a mass perturbation may (and in general will) distort the original topological field theory. This poses no problem in the case of the Donaldson-Witten theory, as Witten was able to prove that the perturbation is topologically trivial, in the sense that it affects the theory in an important but controllable way [109]. As for the Vafa-Witten theory [26][58][100], we will see below that the twisted massive theory is topological on Kähler four-manifolds with h^{2,0} ≠ 0, and the partition function is actually invariant under the perturbation.

In what follows we will make use of the transformations generated by Q^+ only, which we rewrite as follows

[Q^+, A_{αα̇}] = −2ψ_{αα̇}, [Q^+, ϕ̄] = √ 2 η, {Q^+, ψ_{αα̇}} = − √ 2D_{αα̇}ϕ, {Q^+, η } = 2i [ϕ̄, ϕ], [ Q^+, ϕ ] = 0 {Q^+, χ̃_{αα̇}} = H̃_{αα̇} + √ 2s_{αα̇}, [ Q^+, B^+_{αβ} ] = √ 2ψ̃^+_{αβ}, [Q^+, H̃_{αα̇}] = 2 √ 2i [χ̃_{αα̇}, ϕ] − √ 2[Q^+, s_{αα̇}], {Q^+, ψ̃^+_{αβ}} = 2i [B^+_{αβ}, ϕ], {Q^+, χ^+_{αβ}} = H^+_{αβ} + s_{αβ}, [ Q^+, C ] = 1 √ 2 ζ, [Q^+, H^+_{αβ}] = 2 √ 2i [χ^+_{αβ}, ϕ] − [Q^+, s_{αβ}], {Q^+, ζ } = 4i [C, ϕ], (5.52)

where s_{αα̇} = D_{αα̇}C + iD_{βα̇}B^{+β}_α, s_{αβ} = F^+_{αβ} + [B^+_{γα}, B^+_β^γ] + 2i [B^+_{αβ}, C]. (5.53)

Written in this form (compare with (5.23)), the on-shell transformations are simply obtained by setting H^+_{αβ} = 0 = H̃_{αα̇} in (5.52).

Notice that s_{αα̇} and s_{αβ} are precisely the components of the section (5.32) which defines the Vafa-Witten theory in the Mathai-Quillen approach. Now it is easy to see why the theory localizes to field configurations satisfying (5.28). According to Witten’s fixed-point theorem, the contributions to the partition function of the theory, which is the only non-trivial observable owing to the vanishing of the ghost number anomaly, come from the fixed points of the BRST symmetry. But according to (5.52), the fixed points are precisely (with the auxiliary fields set to zero) s_{αα̇} = 0 = s_{αβ}.

One of the main ingredients in the analysis in [100] is the existence, on certain fourmanifolds (basically of the Kähler type), of a suitable vanishing theorem which guarantees that all the solutions to eqs. (5.28) are of the form:

F^+_{αβ} = 0, B^+_{αβ} = 0, C = 0, (5.54)

that is, that the moduli space reduces to the moduli space of ASD connections. In fact, under these circumstances, the partition function of the theory computes, for each value of the instanton number, the Euler characteristic of the corresponding instanton moduli space. Observe that the vanishing theorem allows only positive instanton numbers to contribute to the partition function; the presence of negative instanton number contributions would signal a failure of the vanishing theorem.

5.4.1 The twist on Kähler manifolds

On a four-dimensional Kähler manifold the holonomy group is contained in SU(2)_R ⊗ U(1)_L, where U(1)_L is a certain subgroup of SU(2)_L. Under this reduction of the holonomy, left-handed spinors ψ_α decompose into pieces ψ_1 and ψ_2 of opposite U(1)_L charges, in such a way that if the manifold is also spin, the spinor bundle S^+ has a decomposition S^+ ≃ K^{12} ⊕ K^{− 12} , where K^{12} is some square root of the canonical bundle of X, K = ⋀_2

C T^∗X. Following [109], we can pick a complex structure on X by taking the

1-forms (σ_μ)_{1α̇}dx^μ to be of type (1, 0), and the 1-forms (σ_μ)_{2α̇}dx^μ of type (0, 1). With this choice, the self-dual 2-form (σ_{μν} )_{αβ}dx^μ ∧ dx^ν can be regarded as a (2, 0)-form for α = β = 1, as a (0, 2)-form for α = β = 2, and as a (1, 1)-form for α = 1, β = 2. This decomposition corresponds to the splitting Ω^{2,+}(X) = Ω^{2,0}(X) ⊕ Ω^{0,2}(X) ⊕ ϖΩ^0(X), valid on any Kähler surface (ϖ stands for the Kähler form).

With respect to the complex structure of the manifold, the fields of the theory naturally split into objects that can be thought of as components of forms of type (p, q). For example, the connection 1-form A_{αα̇}(σ_μ)^{α̇α}dx^μ splits up into a (1, 0)-form A_{2α̇}(σ_μ)^{α̇}_1 dx^μ and a (0, 1)-form A_{1α̇}(σ_μ)^{α̇}_2 dx^μ. Likewise, the self-dual 2-form B^+_{αβ}(σ_{μν} )^{αβ}dx^μ ∧ dx^ν gives rise to a (2, 0)-form B^+_{22}(σ_{μν} )_{11}dx^μ ∧ dx^ν a (0, 2)-form B^+_{11}(σ_{μν} )_{22}dx^μ ∧ dx^ν and a (1, 1)- form for B^+_{12}(σ_{μν})_{12}dx^μ ∧ dx^ν = B^+_{12}ϖ. Notice that in our conventions the field B^+_{11} would correspond to the (0, 2)-form β̄, B^+_{22} to the (2, 0)-form β and B^+_{12} to the 0-form b in [100]. Note that the field B^+_{12} can be thought of as a scalar field on X. In fact, we shall see in a moment that it naturally combines with the scalar field C into two complex scalars B^+_{12} ± iC. Something similar happens with the other self-dual 2-forms χ^+ and ψ̃^+.

Let us recall that in our conventions the BRST operators Q^± are obtained from the N = 4 supercharges Q^v_α, with the recipe

Q^+ = Q^{~3}_1 + Q^{~4}_2, Q^− = i(Q^{~1}_1 + Q^{~2}_2). (5.55)

In the Kähler case, each of the individual components Q^{~1}_1, Q^{~2}_2, Q^{~3}_1 and Q^{~4}_2 is well-defined under the holonomy SU(2)_R ⊗ U(1)_L. It is therefore possible to define four charges, of which only Q^{~4}_2 is related to the underlying construction in N = 1 superspace. Hence, it is the only topological symmetry that should be expected to survive after the mass terms are plugged in.

In what follows, we will be interested only in Q^{~3}_1 and Q^{~4}_2. The corresponding transformation laws (with parameters ρ_2 and ρ_1 respectively) can be extracted from the N = 4 supersymmetry transformations (3.3) by setting:

ξ̄^{vα̇} = 0, ξ_{~1α} = ξ_{~2α} = 0, ξ_{~3α} = ρ_2C_{2α}, ξ_{~4α} = ρ_1C_{1α}, (5.56)

The corresponding BRST charges will be denoted by Q_1 = Q^{~4}_2 and Q_2 = Q^{~3}_1. The on-shell transformations turn out to be:

[Q_1, A_{1α̇}] = −2ψ_{1α̇}, [Q_1, A_{2α̇}] = 0, [ Q_1, F^+_{11} ] = −2iD_{1α̇}ψ_1^{α̇}, [ Q_1, F^+_{22} ] = 0, [ Q_1, F^+_{12} ] = −iD_{2α̇}ψ_1^{α̇}, { Q_1, 1 2 η − iχ^+_{12} } = 0,

{Q_1, ψ_{1α̇}} = 0, {Q_1, ψ_{2α̇}} = − √ 2D_{2α̇}ϕ, [ Q_1, ϕ ] = 0, [ Q_1, ϕ̄ ] = √ 2 ( 1 2 η − iχ^+_{12} ) , [ Q_1, B^+_{11} ] = 0, [ Q_1, B^+_{22} ] = √ 2ψ̃^+_{22}, [ Q_1, B^+_{12} + iC ] = 0, [ Q_1, B^+_{12} − iC ] = √ 2 ( ψ̃^+_{12} − i 2 ζ ) , {Q_1, ψ̃^+_{11}} = 2i[B^+_{11}, ϕ], {Q_1, ψ̃^+_{22}} = 0, { Q_1, ψ̃^+_{12} + i 2 ζ } = −2i[ϕ, B^+_{12} + iC], { Q_1, ψ̃^+_{12} − i 2 ζ } = 0,

{Q_1, χ^+_{11}} = −2[B^+_{12} + iC, B^+_{11}], {Q_1, χ^+_{22}} = F^+_{22}, {Q_1, χ̃_{1α̇}} = − √ 2iD_{2α̇}B^+_{11}, {Q_1, χ̃_{2α̇}} = − √ 2iD_{2α̇}(B^+_{12} + iC), { Q_1, 1 2 η + iχ^+_{12} } = −i[ϕ, ϕ̄] + iF^+_{12}

+ i[B^+_{12} − iC,B^+_{12} + iC] + i[B^+_{11}, B^+_{22}], (5.57) for Q_1. The Q_2 transformations are easily computed from (5.52) and (5.57) after using Q^+ = Q_1 + Q_2 and read:

[Q_2, A_{1α̇}] = 0, [Q_2, A_{2α̇}] = −2ψ_{2α̇}, [ Q_2, F^+_{11} ] = 0, [ Q_2, F^+_{22} ] = −2iD_{2α̇}ψ_2^{α̇}, [ Q_2, F^+_{12} ] = −iD_{1α̇}ψ_2^{α̇}, { Q_2, 1 2 η + iχ^+_{12} } = 0,

{Q_2, ψ_{1α̇}} = − √ 2D_{1α̇}ϕ, {Q_2, ψ_{2α̇}} = 0, [ Q_2, ϕ ] = 0, [ Q_2, ϕ̄ ] = √ 2 ( 1 2 η + iχ^+_{12} ) , [ Q_2, B^+_{11} ] = √ 2ψ̃^+_{11}, [ Q_2, B^+_{22} ] = 0, [ Q_2, B^+_{12} − iC ] = 0, [ Q_2, B^+_{12} + iC ] = √ 2 ( ψ̃^+_{12} + i 2 ζ ) , {Q_2, ψ̃^+_{11}} = 0, {Q_2, ψ̃^+_{22}} = 2i[B^+_{22}, ϕ], { Q_2, ψ̃^+_{12} − i 2 ζ } = −2i[ϕ, B^+_{12} − iC], {Q_2, ψ̃^+_{12} + i 2 ζ} = 0, {Q_2, χ^+_{11}} = F^+_{11}, {Q_2, χ^+_{22}} = 2[B^+_{12} − iC, B^+_{22}], {Q_2, χ̃_{1α̇}} = √ 2iD_{1α̇}(B^+_{12} − iC), {Q_2, χ̃_{2α̇}} = √ 2iD_{1α̇}B^+_{22}, { Q_2, 1 2 η − iχ^+_{12} } = −i [ ϕ, ϕ̄ ] − iF^+_{12}

− i[B^+_{12} − iC,B^+_{12} + iC] − i[B^+_{11}, B^+_{22}]. (5.58)

It is straightforward to verify that (Q_1)^2 = (Q_2)^2 = 0 on-shell, while {Q_1, Q_2} gives a gauge transformation generated by ϕ.

Notice that these equations are compatible with the U(1) symmetry (which will be further exploited below)

B^+_{11} → e^{iα}B^+_{11}, B^+_{22} → e^{−iα}B^+_{22}, B^+_{12} ± iC → e^{∓iα}(B^+_{12} ± iC),

ψ̃^+_{11} → e^{iα}ψ̃^+_{11}, ψ̃^+_{22} → e^{−iα}ψ̃^+_{22}, ψ̃^+_{12} ± i 2 ζ → e^{∓iα}(ψ̃^+_{12} ± i 2 ζ), (5.59)

which does not act on the rest of the fields.

5.4.2 Mass perturbations

We now turn to the discussion of the possible ways of (softly) breaking N = 4 supersymmetry by suitably adding mass terms for the chiral multiplets. Let us consider first the situation that arises on a flat IR^4. By adding a bare mass term for just one of the chiral multiplets, say Φ_1,

ΔL^{(1)} = m ∫ d^4xd^2θTr(Φ_1)^2 + h.c., (5.60)

N = 4 supersymmetry is broken down to N = 1. The corresponding low-energy effective theory, at scales below m, is N = 1 supersymmetric QCD, with SU(2) as gauge group, coupled to two massless chiral superfields in the adjoint representation with a (tree-level) quartic superpotential induced by integrating out the massive superfield. As shown in [49], this theory has a moduli space of vacua where both a Coulomb and a Higgs phase coexist. On the other hand, equal bare mass terms for two of the chiral multiplets,

ΔL^{(2)} = m ∫ d^4xd^2θTr(Φ_1Φ_2) + h.c., (5.61)

preserve N = 2 supersymmetry, whereas if the mass terms are different:

Δ^′L^{(2)} = m_1 ∫ d^4xd^2θTr(Φ_1)^2 + m_2 ∫ d^4xd^2θTr(Φ_2)^2 + h.c., (5.62)

N = 4 supersymmetry is again broken down to N = 1. However, both theories flow in the infrared to a pure N = 2 supersymmetric gauge theory, which has a moduli space of vacua in the Coulomb phase. Finally, mass terms for the three chiral multiplets, no matter whether the mass parameters are equal or not, preserve only N = 1 supersymmetry. Of the three inequivalent ways of breaking N = 4 supersymmetry down to N = 1, we must choose the one in terms of which the analysis of the vacuum structure of the resultant N = 1 theory is simplest. The appropriate choice is [100]

ΔL^{(3)} = m ∫ d^4xd^2θTr ( (Φ_1)^2 + (Φ_2)^2 + (Φ_3)^2 ) + h.c., (5.63)

in terms of which the classical vacua of the resulting N = 1 theory can be classified by the complex conjugacy classes of homomorphisms of the SU(2) Lie algebra to that of G. In the case that G = SU(2), for example, there are three discrete vacua, corresponding to the three singularities of the mass-deformed N = 4 supersymmetric gauge theory with gauge group SU(2) [93].

On general curved manifolds the naive construction sketched above simply does not work. As explained in [100][109], superpotentials of a twisted theory on Kähler manifolds must transform as (2, 0)-forms. This comes about as follows. Let us consider the situation for N = 2 theories, as it turns out that all the other cases can be reduced to it. A general superpotential can be written in N = 1 superspace as ∫ d^4xd^2θ̄ W + h.c., (5.64)

where W is an anti-holomorphic function of the chiral superfields. Now, viewed as part of the N = 2 superspace (with coordinates θ^i_α and θ̄^{α̇}_i , i = 1, 2), the measure d^2θ̄ carries an

SU(2)_I index, d^2θ̄ = dθ̄_{2α̇}dθ̄_2^{α̇}, and therefore after the twist on a Kähler four-manifold it carries non-trivial charge under U(1)_L. In fact, after the twist d^2θ̄ becomes a (2, 0)-form according to the above conventions, so W must be a (0, 2)-form on X, and therefore W must be a (2, 0)-form as stated.

Now, according to our conventions, two of the chiral superfields, Φ_1 and Φ_3 (whose scalar components are B^+_{12} ± iC and ϕ, ϕ̄ resp.) are scalars in the twisted model, while the third one, Φ_2 (whose scalar components are B^+_{11} and B^+_{22}), is a (2, 0)-form. A suitable mass term for Φ_2 and one of the other scalar superfields, say Φ_1, can be readily written down and reads:

ΔL(m) = m ∫ X d^2θTr(Φ_1Φ_2) + h.c. (5.65)

In (5.65) m is just a (constant) mass parameter. A mass term for the remaining superfield Φ_3 requires the introduction of the (2, 0)-form^1 ω [109]:

ΔL(ω) = ∫ X ω ∧ d^2z̄d^2θTr(Φ_3)^2 + h.c. (5.66)

Therefore we now turn to studying the effect of the following mass terms for the chiral multiplets Φ_1, Φ_2 and Φ_3: ΔL(m, ω) = m ∫ X d^2θTr(Φ_1Φ_2) + m ∫ X d^2θ̄Tr(Φ^†_1Φ^†_2) + ∫ X d^2θωTr(Φ_3)^2 + ∫ X d^2θ̄ω̄Tr(Φ^†_3)^2,

(5.67)

where, for simplicity, ω = ω_{11} = (σ_{μν} )_{11}ω_{τλ}ϵ^{μντλ} stands for the only non-vanishing component of the (2, 0)-form ω, while ω̄ = ω̄_{22} = ω^∗_{11} stands for the only non-vanishing component of the (0, 2)-form ω̄ conjugate to ω.

After expanding the fields and integrating out the auxiliary fields one gets the contributions −2 √ 2iωB_3[B^†_1, B^†_2] − 2 √ 2iω̄B^†_3[B_1, B_2] − 4|ω|^2B_3B^†_3 −ωλ~_3^αλ~_{3α} − ω̄λ̄^{~3}_{α̇}λ̄^{~3α̇} −2 √ 2imB_2[B^†_2, B^†_3] − 2 √ 2imB^†_2[B_2, B_3] − m^2B_2B^†_2 −mλ~_1^αλ~_{2α} − mλ̄^{~1}_{α̇}λ̄^{~2α̇} −2 √ 2imB_1[B^†_3, B^†_1] − 2 √ 2imB^†_1[B_3, B_1] − m^2B_1B^†_1. (5.68)

1Of course, this sets on the manifold X the constraint h^{(2,0)}(X) ≠ 0, which for Kähler manifolds is equivalent to demanding b^+_2 > 1. This excludes, for example, the case of CIP^2.

The N = 1 transformations for the fermions get modified as follows: δλ~_{1α} = . . . − √ 2 ξ~_{4α}mB^†_2, δλ~_{2α} = . . . − √ 2 ξ~_{4α}mB^†_1, δλ~_{3α} = . . . − 2 √ 2 ξ~_{4α}ω̄B^†_3 (5.69)

(and their corresponding complex conjugates). In terms of the twisted fields the mass contributions are – see (5.1):

Tr { −2 √ 2iωϕ̄[B^+_{12} + iC, B^+_{11}] + 2 √ 2iω̄ϕ[B^+_{12} − iC, B^+_{22}] − 4|ω|^2ϕϕ̄ −2iωχ^+_{11} ( 1 2 η − iχ^+_{12} ) + ω̄ψ_{2α̇}ψ_2^{α̇} − 2 √ 2imB^+_{22}[B^+_{11}, ϕ] −2 √ 2imB^+_{11}[B^+_{22}, ϕ̄] + m^2B^+_{11}B^+_{22} + m ( ψ̃^+_{12} + i 2 ζ ) ( ψ̃^+_{12} − i 2 ζ )

+mψ̃^+_{11}ψ̃^+_{22} + mχ̃_{2α̇}χ̃_1^{α̇} + √ 2imϕ[B^+_{12} + iC, B^+_{12} − iC] − √ 2imϕ̄[B^+_{12} + iC, B^+_{12} − iC] − m^2|B^+_{12} + iC|^2 } . (5.70)

Notice that the mass terms (5.70) explicitly break the ghost number symmetry, but they preserve the U(1) symmetry (5.59).

The Q_1 transformations (5.57), which are the only ones to survive the perturbation a priori, also get modified in a way that is dictated by the underlying N = 1 structure, so that in view of (5.69) they become:

{Q^{(m,ω)}_1 , ψ̃^+_{11}} = 2i[B^+_{11}, ϕ] − √ 2mB^+_{11}, { Q^{(m,ω)}_1 , ψ̃^+_{12} + i 2 ζ } = −2i[ϕ, B^+_{12} + iC] + √ 2m(B^+_{12} + iC),

{Q^{(m,ω)}_1 , χ^+_{11}} = −2[B^+_{12} + iC, B^+_{11}] + 2 √ 2iω̄ϕ. (5.71)

(The rest of the transformations remain the same.) Notice that the fixed-point equations which stem from (5.71) are precisely the F -flatness conditions as derived from the superpotential i √ 2Tr (Φ_1[Φ_2, Φ_3]) + mTr (Φ_1Φ_2) + ωTr(Φ_3)^2. (5.72)

We can analyse eqs. (5.71) following [100]. They admit a trivial solution B^+_{11} = B^+_{12} = C = ϕ = 0, where the gauge group is unbroken and which reduces at low energies to the

N = 1 pure SU(N) gauge theory (which has N discrete vacua). In addition to this trivial vacuum, eqs. (5.71) admit a non-trivial fixed point (the irreducible embedding in [100]) in which ϕ, and therefore B^+_{11}, B^+_{12} and C, are not zero. On flat space-time this solution corresponds to a Higgs vacuum in which the gauge group is completely broken. All these vacua have a mass gap: the irreducible embedding is a Higgs vacuum, while the presence of a mass gap in the trivial vacua is a well-known feature of the N = 1 SYM theory. When N is prime, these are the only relevant vacua of the N = 1 theory. There are other, more general, solutions to (5.71) which leave different subgroups of G unbroken. However, in all these solutions the unbroken gauge group contains U(1) factors and one expects on general grounds that they should not contribute to the partition function [100]. On the other hand, when N is not prime, there are additional contributions coming from embeddings for which the unbroken gauge group is SU(d), where d is a positive divisor of d. The low-energy theory is again an N = 1 SU(d) gauge theory wihout matter with d massive discrete vacua. Now in the long-distance limit, the partition function is given as a finite sum over the contributions of the discrete massive vacua of the resulting N = 1 theory. For G = SU(N) the number of such vacua is given by the sum of the positive divisors of N [27]. The contribution of each vacuum is universal (because of the mass gap), and can be fixed by comparing to known mathematical results [100].

This analysis is valid only on hyper-Kähler manifolds, as in this situation one can pick a section of H^{(2,0)} which vanishes nowhere. On more general Kähler manifolds, this picture must be corrected near the zeroes of the two-form ω along the lines proposed in [100][109].

With the mass terms added, the action S + ΔL(m, ω) is only invariant under Q^{(m,ω)}_1 . To deal with the mass terms proportional to m, we shall proceed as follows. We will modify the Q_2 transformations by appropriately introducing mass terms (proportional to m), in such a way that Q^+(m) = Q^{(m)}_1 + Q^{(m)}_2 (with mass m, and ω = 0 at this stage) be a symmetry of the original action plus mass perturbations. We will show this by proving that L + ΔL(m, ω = 0) is actually Q^+(m)-exact. To this end we make the replacements:

{Q_2, ψ̃^+_{22}} = 2i[B^+_{22}, ϕ] −→ {Q^{(m)}_2 , ψ̃^+_{22}} = 2i[B^+_{22}, ϕ] + √ 2mB^+_{22}, { Q_2, ψ̃^+_{12} − i 2 ζ } = −2i[ϕ, B^+_{12} − iC] −→ { Q^{(m)}_2 , ψ̃^+_{12} − i 2 ζ }

= −2i[ϕ, B^+_{12} − iC] − 2 √ 2m(B^+_{12} − iC) (5.73)

(the rest of the transformations remain the same). Notice that still (Q^{(m)}_2 )^2 = 0. Next we spell out the Q^+(m) = Q^{(m)}_1 + Q^{(m)}_2 -transformations:

[Q^+(m), B^+_{11} ] = √ 2 ψ̃^+_{11}, [Q^+(m), B^+_{22} ] = √ 2 ψ̃^+_{22},

[Q^+(m), B^+_{12} ± iC] = √ 2 ( ψ̃^+_{12} ± i 2 ζ ) , {Q^+(m), ψ̃^+_{11}} = 2i[B^+_{11}, ϕ] − √ 2 mB^+_{11}, {Q^+(m), ψ̃^+_{22}} = 2i[B^+_{22}, ϕ] + √ 2 mB^+_{22}, { Q^+(m), ψ̃^+_{12} ± i 2 ζ } = 2i[B^+_{12} ± iC, ϕ ] ± √ 2 m(B^+_{12} ± iC).

(5.74)

On any of these fields (which we denote generically by X) the charge Q^+(m) satisfies the algebra:

(Q^+(m))^2X = 2 √ 2 i [X, ϕ ] + 2mqX, (5.75)

where q = −1 for B^+_{11}, ψ̃^+_{11}, B^+_{12} − iC and ψ̃^+_{12} −^i_2 ζ, and q = +1 for B^+_{22}, ψ̃^+_{22}, B^+_{12} + iC and ψ̃^+_{12} +^i_2 ζ. Notice that these charge assingments are compatible with the U(1) symmetry that we discussed above, and in fact one can see the “central charge” δ_qX = 2mqX arising in the algebra (5.75) as an infinitesimal U(1) transformation with parameter m.

We also extend the Q^+(m) transformation off-shell by declaring its action on H̃_{αα̇} to be: [Q^+(m), H̃_{1α̇}] = . . . − 2mχ̃_{1α̇}, [Q^+(m), H̃_{2α̇}] = . . . + 2mχ̃_{2α̇}. (5.76)

In this way, Q^+(m) closes on H̃_{1α̇}, χ̃_{1α̇} with q = −1, and on H̃_{2α̇}, χ̃_{2α̇} with q = +1.

Let us now prove that the above modifications suffice to render the m mass terms Q^+(m)-exact: 1 2 √ 2 m(ψ̃^+_{22}B^+_{11} − ψ̃^+_{11}B^+_{22})^{Q+(m)}−→ m^2B^+_{11}B^+_{22} + mψ̃^+_{11}ψ̃^+_{22} − √ 2 imB^+_{22}[B^+_{11}, ϕ], (5.77) and − 1 2 √ 2 m { (B^+_{12} − iC) ( ψ̃^+_{12} + i 2 ζ ) − (B^+_{12} + iC) ( ψ̃^+_{12} − i 2 ζ )}_{Q+(m)} −→ −m^2|B^+_{12} + iC|^2 + √ 2imϕ[B^+_{12} + iC, B^+_{12} − iC] + m ( ψ̃^+_{12} + i 2 ζ ) ( ψ̃^+_{12} − i 2 ζ ) . (5.78)

Notice, moreover, that these terms are likewise Q^{(m,ω)}_1 -exact: − 1 √ 2 mψ̃^+_{11}B^+_{22}^Q (m,ω) 1−→ m^2B^+_{11}B^+_{22} + mψ̃^+_{11}ψ̃^+_{22} − √ 2imB^+_{22}[B^+_{11}, ϕ], (5.79) and − √ 2m { (B^+_{12} − iC)ψ̃^+_{12} }_Q(m,ω)_1 −→ −m^2|B^+_{12} + iC|^2 + √ 2imϕ[B^+_{12} + iC, B^+_{12} − iC] +m ( ψ̃^+_{12} + i 2 ζ ) ( ψ̃^+_{12} − i 2 ζ ) . (5.80)

But we have not yet reproduced the terms – see (5.70): − √ 2imϕ̄[B^+_{12} + iC, B^+_{12} − iC], −2 √ 2imB^+_{11}[B^+_{22}, ϕ̄] and mχ̃_{2α̇}χ̃_1^{α̇}. These come from pieces already present in the gauge fermion. Explicitly, Tr { − 1 4 χ̃^{α̇α}H̃_{αα̇} }_{Q+(m)} −→ mχ̃_{2α̇}χ̃_1^{α̇}, (5.81) and Tr { i 2 ϕ̄[ψ̃_{αβ}, B^{αβ}] + i 2 [ζ, C] }_{Q+(m)} −→ − √ 2imϕ̄[B^+_{12} + iC, B^+_{12} − iC] − 2 √ 2imB^+_{11}[B^+_{22}, ϕ̄].

(5.82)

The analysis of the terms containing the (2, 0)-form ω can be carried out essentialy as in the Donaldson-Witten theory. The perturbation breaks up into a Q^{(m,ω)}_1 -exact piece:

{Q^{(m,ω)}_1 ,Tr( √ 2iωϕ̄χ^+_{11})} = Tr { −2 √ 2iωϕ̄[B^+_{12} + iC, B^+_{11}] − 4|ω|^2ϕϕ̄ − 2iωχ^+_{11} ( 1 2 η − iχ^+_{12} )} , (5.83)

and an operator of ghost number +2:

J(ω̄) = ∫ X Tr ( 2 √ 2iω̄ϕ[B^+_{12} − iC, B^+_{22}] + ω̄ψ_{2α̇}ψ_2^{α̇} ) . (5.84)

Equation (5.84) is not very useful as it stands. To rewrite it in a more convenient form we note that from (5.52) it follows that: 2 √ 2iω̄Tr { ϕ[B^+_{12} − iC, B^+_{22}] } = √ 2iTr ( {Q^+, ω̄ϕχ^+_{22}} ) − √ 2iω̄Tr ( ϕF^+_{22} ) . (5.85)

Hence, J(ω̄) = {Q^+, · · · } + ∫ X ω̄Tr ( ψ_{2α̇}ψ_2^{α̇} − √ 2iϕF^+_{22} )

I(ω̄) , [Q^+, I(ω̄)] = 0. (5.86)

Moreover, as the m mass term does not enter in any of the above calculations, the results also hold for Q^+(m).

The preceding analysis implies that if we denote vacuum expectation values in the twisted theory (which has topological symmetry Q^+and action L) by ⟨. . . ⟩, in the completely perturbed theory (with action L + ΔL(m, ω) and symmetry Q^{(m,ω)}_1 ) by ⟨. . . ⟩_{m,ω}, and in the equivariantly extended theory (with action L + ΔL(m) and symmetry Q^+(m)) by ⟨. . . ⟩_m, the situation for the partition function is the following: ⟨1⟩_{m,ω} = ⟨ e^{−J(ω̄)}e^{−ΔL(m)} ⟩ = ⟨ e^{−J(ω̄)} ⟩ m . (5.87)

In the first equality we have discarded the Q^{(m,ω)}_1 -exact term (5.83). Notice that it is also possible, for the same reason, to discard the terms in (5.79) and (5.80). This leaves the Q^{(m,ω)}_1 -closed action L + Δ^{(1)} + J(ω̄), where Δ^{(1)} are the mass terms (5.81) and (5.82), i.e.

Δ^{(1)} = m ∫ X Tr ( χ̃_{2α̇}χ̃^{α̇}_1 − √ 2iϕ̄[B^+_{12} + iC, B^+_{12} − iC] − 2 √ 2iB^+_{11}[B^+_{22}, ϕ̄] ) . (5.88)

Notice that Δ^{(1)} has ghost number −2, while J(ω̄) has ghost number +2. Also L + Δ^{(1)} is Q^+(m)-closed (in fact it is Q^+(m)-exact up to a θ-term). Hence, we can trade J(ω̄) for {Q^+(m), · · · } + I(ω̄) and discard the Q^+(m)-exact piece in (5.85). We are left with the action

L + Δ^{(1)}

Q^+(m)−exact

+ I(ω̄)

Q^+(m)−closed

. (5.89)

Now, as noted in [109] in a closely related context, I(ω̄) (or rather J(ω̄)) is the F -term of the chiral superfield Φ_3; therefore, it cannot develop a vacuum expectation value if supersymmetry is to remain unbroken. Strictly speaking, this applies to ⟨ψ_2ψ_2⟩. As for the remaining term ϕ[B^+_{12} − iC, B^+_{22}], one can readily check that it vanishes on the moduli space. Hence, ⟨ e^{I(ω̄)} ⟩ m = ⟨1⟩_m = ⟨ e^{−Δ(1)} ⟩ . (5.90)

Finally, since Δ^{(1)} has ghost number −2, its vev in the original theory must vanish as well, if the ghost number symmetry is to remain unbroken. Hence, under these assumptions, the partition function is indeed invariant under the perturbation as stated in [100].

5.4.3 Equivariant extension of the Thom form

On Kähler manifolds there is a U(1) symmetry (5.59) acting on the moduli space. This symmetry was already noted in [100] within the discussion of the vanishing theorem, which guarantees localization on the moduli space of ASD connections, but not further use of it was made. We have discussed it in the previous section in connection with the mass perturbations. Its action on the different fields is the following:

B^+_{11} → e^{−it}B^+_{11}, B^+_{12} − iC → e^{−it}(B^+_{12} − iC), ψ̃^+_{11} → e−itψ̃^+_{11}, ψ̃^+_{12} −^i_2 ζ → e−it(ψ̃^+_{12} −^i_2 ζ),

χ̃_{1α̇} → e^{−it}χ̃_{1α̇}, H̃_{1α̇} → e^{−it}H̃_{1α̇},

B^+_{22} → e^{it}B^+_{22}, B^+_{12} + iC → e^{it}(B^+_{12} + iC), ψ̃^+_{22} → eitψ̃^+_{22}, ψ̃^+_{12} +^i_2 ζ → eit(ψ̃^+_{12} +^i_2 ζ),

χ̃_{2α̇} → e^{it}χ̃_{2α̇}, H̃_{2α̇} → e^{it}H̃_{2α̇}.

(5.91)

The gauge field A, the antighosts χ^+_{αβ} and η, and the scalar fields ϕ and ϕ̄, carry no charge under this U(1). These transformations can be thought of as defining the oneparameter flow associated to the action on the field space M of the following vector field X_M ∈ T_{(A,B}+_{,C)}M: X_M = ( 0, −iB^+_{11}, iB^+_{22}, −i(B^+_{12} − iC), i(B^+_{12} + iC) ) . (5.92)

From the viewpoint of the Mathai-Quillen formalism, the unperturbed twisted theory provides a representation of the G-equivariant de Rham cohomology (in the Cartan model) on the moduli space. However, the formulation is not equivariant with respect to the U(1) action. In other words, the perturbed action is not invariant (i.e. it is not equivariantly closed) under the unperturbed twisted supercharge. On the other hand, it is invariant under the perturbed twisted supercharge. In fact, the twisted supercharge Q^+(m) of the perturbed theory can be interpreted as the generator of the U(1)-equivariant extension of the G-equivariant de Rham cohomology on the moduli space. This connection between massive extensions of twisted supersymmetric theories and equivariant cohomology was exploited in [65], where the explicit construction leading to the idea of the equivariant extension was carried out in detail. In what follows, we will try to adapt the construction in [65] to our problem. We intend to be as sketchy as possible, and therefore refer the reader to the work cited above for the minute details of the construction.

The idea underlying the construction is the following. Prior to the perturbation, we have a topological field theory which admits a Mathai-Quillen description with BRST charge Q^+. This means, among other things, that the corresponding Lagrangian is a Q^+-commutator. After adding the mass terms proportional to m, it is possible to modify the Q^+ transformation laws so that the perturbed Lagrangian can be written as a Q^+(m)- commutator as well, where Q^+(m) are the modified topological transformations. In view of this, it would be tempting to assume that there has to be a standard Mathai-Quillen construction associated to the new topological theory. However, the perturbation has not changed the geometrical setting of the problem, so there is a priori no reason why the Mathai-Quillen formulation should change at all. In fact, it does not, and it turns out that the perturbed theory admits no standard Mathai-Quillen formulation. However, as pointed out in [65], the formalism allows a natural generalization in those situations in which there is an additional symmetry group acting on the moduli space. The geometrical construction involved is an equivariant extension [5] of the Thom form of E within the framework of the Mathai-Quillen formalism.

The Mathai-Quillen formalism provides an explicit representative of the Thom form of the oriented vector bundle E = M ×_G F. The bundle E is awkward to work with, and it is preferable to work equivariantly, i.e. to regard E explicitly as an associated vector bundle to the G-principal vector bundle M × F → E. The Mathai-Quillen representative of the Thom form of E is G-equivariantly closed and basic on M × F (and hence descends naturally to E). In the Weil model for the G-equivariant cohomology of E, the Mathai- Quillen form is an element in W(g) ⊗ Ω^∗(F ) (W(g) is the Weil algebra of G) given by [20]:

U = e^{−|x|2} ∫ Dχ exp ( 1 4 χ_iK_{ij} χ_j + iχ_i(dx_i + θ_{ij}x_j) ) . (5.93)

In (5.93) x_i are orthonormal coordinates on the fibre F, and dx_i are their corresponding differentials. The χ_i are Grassmann orthonormal coordinates for the fibre, while K and θ are the generators of W(g). The Chern-Weil homomorphism, which essentially substitutes the universal realizations K and θ by the actual curvature and connection in M×F, gives the link between the Universal representative U and the Thom form Φ(E). The important point is that while U is G-equivariantly closed by construction, it is not equivariantly closed with respect to the U(1) action. It seems natural to look for a redefinition of the representative (5.93), which is U(1)-equivariantly closed. The equivariant extension of U with respect to the U(1) action simply amounts to finding a suitable form p such that U + p is U(1)-equivariantly closed [5]. Within the framework of the Mathai-Quillen formalism this amounts to replacing the curvature K with a new equivariant curvature K_{U (1)} [65], which is just the original curvature 2-form K plus an operator L_Λ involving the infinitesimal U(1) action and the connection 1-form θ. In the Cartan model, which is the best suited to topological field theories, the connection form is set to zero, and hence the equivariant extension of the curvature is just the original one plus an operator implementing the infinitesimal U(1) action. This may sound rather abstract, so we now proceed to the actual construction. The main ingredients are a U(1) action defined on the moduli space and the fibre F, under which the metrics on both the moduli space and the fibre must be invariant, while the section s : M → V has to transform equivariantly; that is, if ϕ^M_t and ϕ^F_t denote the action of U(1) on M and F respectively, then

s · ϕ^M_t = ϕ^F_t · s (5.94)

This can be easily verified in the present problem in view of the form of s (5.53) and the U(1) actions (5.91). As for the metrics, it suffices to show that for two vector fields (0, X^+, x) and (0, Y^+, y), their scalar product is invariant under the U(1) action (5.91). According to our conventions, TrX^+_{αβ}Y^{+αβ} = −4TrX ∧ ∗Y , so a natural definition for the metric on the field space would be as follows (⟨|⟩ denotes the scalar product on T M): ⟨ (0, X^+, x)|(0, Y^+, y) ⟩ = − ∫ X Tr ( X^+_{αβ}Y^{+αβ} ) + 2 ∫ X Tr ∗ (xy) = − ∫ X Tr ( X^+_{11}Y^+_{22} + X^+_{22}Y^+_{11} ) + ∫ X Tr [ (X^+_{12} + ix)(Y^+_{12} − iy) + (X^+_{12} − ix)(Y^+_{12} + iy) ] , (5.95)

which is indeed invariant under the U(1) action.

To incorporate the U(1) action to the Mathai-Quillen construction for the theory, we modify the Q^+ transformations of the ghosts and the auxiliary fields charged under U(1) by replacing the curvature ϕ with its equivariant extension ϕ(t) = ϕ + L_t, where L_t generates on the fields an infinitesimal U(1) transformation. According to (5.91), this affects only ψ̃^+_{αβ}, ζ and H̃_{αα̇}. In view of (5.52), the new transformations read:

{Q^+(t), ψ̃^+_{11}} = 2i([B^+_{11}, ϕ] − itB^+_{11}), {Q^+(t), ψ̃^+_{22}} = 2i([B^+_{22}, ϕ] + itB^+_{22}), { Q^+(t), ψ̃^+_{12} ± i 2 ζ } = 2i ( [B^+_{12} ± iC, ϕ] ± it(B^+_{12} ± iC) ) , [ Q^+(t), H̃_{1α̇} ] = 2 √ 2i([χ̃_{1α̇}, ϕ] − itχ̃_{1α̇}) − √ 2[Q^+, s_{1α̇}], [ Q^+(t), H̃_{2α̇} ] = 2 √ 2i([χ̃_{2α̇}, ϕ] + itχ̃_{2α̇}) − √ 2[Q^+, s_{2α̇}], (5.96)

If we now set t = −m/ √ 2 we see that eqs. (5.96) reduce precisely to the Q^+(m) transformations (5.74) and (5.76). The transformations (5.96), when applied to the gauge fermion Ψ = 1 e^2_0 ∫ X d^4x √ g Tr { − 1 4 χ̃^{α̇α} (~ H^′_{αα̇} − √ 2s_{αα̇} ) − 1 4 χ^{αβ} ( H^′_{αβ} − s_{αβ} ) }

+ 1 e^2_0 ∫ X d^4x √ g Tr { 1 2 √ 2 ϕ̄ ( D_{αα̇}ψ^{α̇α} + i √ 2 [ψ̃_{αβ}, B^{αβ}] − i √ 2 [ζ, C] ) }

− 1 e^2_0 ∫ X d^4x √ g Tr { i 4 η[ϕ, ϕ̄] } , (5.97)

reproduce the original unperturbed action plus the mass terms (5.81) and (5.82). To obtain the remaining mass terms we note that, as is standard in topological (cohomological) field theories, there remains the possibility of adding to the action a Q^+(t)-exact piece without – hopefully – disturbing the theory. As discussed in [65], the requisite piece can be interpreted as the equivariantly-exact differential form which is conventionally added to prove localization in equivariant integration. It has the form {Q^+(t), ω_{XM} }, where ω_{XM} is the differential form given by ω_{XM} (Y ) = ⟨X_M|Y ⟩, Y being a vector field on M. In view of the form of the vector field X_M (5.92) and of the metric (5.95), and keeping in mind that the ghosts (ψ, ψ̃^+, ζ) provide a basis of differential forms on M, this form gives a contribution { Q^+(t), − it 2 ∫ X Tr ( ψ̃^+_{22}(−iB^+_{11}) + ψ̃^+_{11}(iB^+_{22}) ) + it 2 ∫ X Tr ( (−i)(B^+_{12} − iC) ( ψ̃^+_{12} + i 2 ζ )

+ i(B^+_{12} + iC) ( ψ̃^+_{12} − i 2 ζ ) )} . (5.98) But these are precisely the terms (5.77) and (5.78), which as we have seen give correctly the remaining mass terms.

5.5 The partition function for G = SU(N)

In this section we will consider the Vafa-Witten theory for gauge group SU(N). As all the fields are in the adjoint representation of the gauge group, it is possible to consider non-trivial gauge configurations in SU(N)/ZZ_N and compute the partition function for a fixed value of the ’t Hooft flux v ∈ H^2(X, ZZ_N ). We know that the twisted N = 4 supersymmetric action breaks up into a Q^+-exact piece plus a topological term proportional to the instanton number of the gauge configuration, S_{twisted} = {Q^+, Ψ} − 2πik_vτ_0, (5.99) with k_v the instanton number of a gauge bundle with ’t Hooft flux v. This is an integer for SU(N) bundles (v = 0), but for non-trivial SU(N)/ZZ_N bundles with v ≠ 0 one has

k_v = − N − 1 2N v · v mod ZZ, (5.100)

where v · v stands for ∫ X v ∧ v . Therefore, as pointed out in [100], one would expect the SU(N) partition function to be invariant to τ_0 → τ_0 + 1, while the SU(N)/ZZ_N theory should be only invariant under τ_0 → τ_0 + 2N on arbitrary four-manifolds, and under τ_0 → τ_0 + N on spin four-manifolds (where v · v is even.) In any case, for odd N, we have invariance under τ_0 → τ_0 + N on any four-manifold.

As we have argued above, one can compute the partition function in terms of the vacuum degrees of freedom of the N = 1 theory which results from giving bare masses to all the three chiral multiplets of the N = 4 theory. The partition functions on K3 for gauge group SU(N) and trivial ’t Hooft fluxes have been computed by Vafa and collaborators in [82]. We will extend their results to arbitrary ’t Hooft fluxes and compute the partition function on more general Kähler four-manifolds. These results have been presented in [60][61].

5.5.1 The partition function on K3

As a first step towards the derivation of the formula for the partition function we will consider the theory on K3, where some explicit results are already available. For X a K3 surface the canonical divisor is trivial, so there exists a nowhere vanishing section of the bundle of (2, 0) forms. Therefore, the mass perturbation ω does not vanish anywhere and the above analysis of the vacuum structure of the N = 1 theory carries over without change.

The structure of the partition function for trivial ’t Hooft flux was conjectured in [100]. This conjecture has been confirmed in [82] by studying the effective theory on N coincident M5-branes wrapping around K3 × T^2. The partition function for zero ’t Hooft flux is almost a Hecke transformation of order N [3] of G(τ ) = η(τ )^{−24}, with η(τ ) the Dedekind function – see eq. (3.7) in [82]:

Z_{v=0} ≡ Z_N = 1 N^2 ∑ 0≤a,b,d∈ZZ ad=N, b<d d G ( aτ_0 + b d ) . (5.101)

Notice that the number of terms in (5.101) equals the sum of the positive divisors of N as we mentioned above. When N is prime the formula is considerably simpler

Z_{v=0} = 1 N^2

G(Nτ_0) + 1 N N −1∑

m=0 G ( τ_0 + m N ) . (5.102)

There are N + 1 terms, the first one corresponding to the irreducible embedding, and the other N to the vacua of the N = 1 SU(N) SYM theory.

The SU(N) partition function is defined from (5.101) as Z_{SU (N )} =^1_N Z_{v=0}. From it, the SU(N)/ZZ_N partition function Z_{SU (N )/}ZZ_N = ∑ v Z_v can be obtained via a modular transformation [100] (see the appendix in sect. 5.6 for details)

Z_{SU (N )/}ZZ_N (τ_0) = N^{χ/2} (τ_0 i )_{χ/2} Z_{SU (N )}(−1/τ_0) = 1 N^2 ∑ a,b,d p=gcd (b,d) d^{12}p^{11}G ( aτ_0 + b d ) . (5.103)

Notice the first equality in (5.103), which is, up to some correction factors which vanish in flat space, the original Montonen-Olive conjecture.

To generalize (5.102) for gauge configurations with arbitrary ’t Hooft flux we proceed as in [100]. The N contributions coming from the N = 1 pure gauge theory vacua are related by an anomalous chiral symmetry which takes τ_0 → τ_0 + 1. The anomaly is 2Nk_v − (N^2 − 1) (_{χ+σ} 4 ) = −(N − 1)v · v + · · · , which is half the anomaly in Donaldson-Witten theory. Hence, the contributions from each vacuum pick anomalous phases e^{−iπmkv} = e^{iπ N−1N mv2} . As for the contribution coming from the irreducible embedding, modular invariance requires that it vanishes unless v = 0. Hence,

Z_v = 1 N^2

G(Nτ_0)δ_{v,0} + 1 N N −1∑

m=0 e^{iπ N−1N mv2} G ( τ_0 + m N ) . (5.104)

The Z_v transform into each other under the modular group as predicted in [100]

Z_v(τ_0 + 1) = e^{−iπ N−1N v2} Z_v(τ_0),

Z_v(−1/τ_0) = N^{−11} (τ_0 i )_{−12} ∑ u e^{2iπu·vN} Z_u(τ_0). (5.105)

To evaluate the sum over u we use formulas (5.139) and (5.140) in the appendix to this chapter^2.

By summing over v in (5.104) we can check (5.103)

Z_{SU (N )/}ZZ_N = ∑ v Z_v

= 1 N^2

G(Nτ_0) + N^{21}G(τ_0/N) + N^{10} N −1∑

m=1 G ( τ_0 + m N ) . (5.106)

The above results only hold for prime N. We have not been able to find the appropriate generalization for arbitrary N.

5.5.2 More general Kähler manifolds

On more general Kähler manifolds the spatially dependent mass term vanishes where ω does, and we will assume as in [100][109] that ω vanishes with multiplicity one on a union of disjoint, smooth complex curves C_j , j = 1, . . . n of genus g_j which represent the canonical divisor K of X. The vanishing of ω introduces corrections involving K and additional modular functions whose precise form is not known a priori. In the G = SU(2) case, each of the N = 1 vacua bifurcates along each of the components C_j of the canonical divisor into two strongly coupled massive vacua. This vacuum degeneracy is believed to stem [100][109] from the spontaneous breaking of a ZZ_2 chiral symmetry which is unbroken in bulk. This is exactly the same pattern that arises in all known examples of twisted N = 2 theories with gauge group SU(2) as the Donaldson-Witten theory and its generalizations [64][84][109]. This in turn seems to be related to the possibility of rewritting the corrections near the canonical divisor in terms of the Seiberg-Witten invariants [110]. In fact, it is known that the Vafa-Witten partition function for G = SU(2) can be rewritten in terms of the Seiberg-Witten invariants [26].

2Note that K3 has χ = 24, σ = −16, b_1 = 0 and b_2 = 22.

The form of the corrections for G = SU(N) is more involved. From related results on Donaldson-Witten theory [76] we know that the higher-rank case presents some new features. We have not been able to disentangle the structure of the vacua near the canonical divisor from first principles. Instead, we will exploit the expected behaviour of the partition function under blow-ups of X. This, together with the modular invariance of the partition function will suffice to completely determine the unknown functions.

5.5.2.1 Behaviour under blow-ups

Blowing up a point on a Kähler manifold X replaces it with a new Kähler manifold ^X whose second cohomology lattice is H^2( ^X, ZZ) = H^2(X, ZZ) ⊕ I^−, where I^− is the onedimensional lattice spanned by the Poincaré dual of the exceptional divisor B created by the blow-up. Any allowed ZZ_N flux ^v on ^X is of the form ^v = v ⊕ r, where v is a flux in X and r = λB, λ = 0, 1, . . . N − 1. The main result concerning the SU(2) partition function in [100] is that under blowing up a point on a Kähler four-manifold with canonical divisor as above, the partition functions for fixed ’t Hooft fluxes ^Z_{^X,^v} factorize as Z_{X,v} times a level 1 character of the SU(2) WZW model. It would be natural to expect that the same factorization holds for G = SU(N), but now with the level 1 SU(N) characters. In fact, the same behaviour under blow-ups has been proved by Yoshioka [115] for the generating function of Euler characteristics of SU(N) instanton moduli space on Kähler manifolds. This should not come out as a surprise since it is known that, on certain four-manifolds, the partition function of Vafa-Witten theory computes Euler characteristics of instanton moduli spaces [82][100]. This can be confirmed by realizing the Vafa-Witten theory as the low-energy theory of M5-branes wrapped on X × T^2 [24]. It seems therefore natural to assume that the same factorization holds for the partition function with G = SU(N). Explicitly, given a ’t Hooft flux ^v = v ⊕ λB, λ = 0, 1, . . . N − 1, on ^X, we assume the factorization [115]

Z_{^X,^v}(τ_0) = Z_{X,v}(τ_0) χ_λ(τ_0) η(τ_0)

, (5.107)

where χ_λ(τ_0) is the appropriate level 1 character of SU(N) – see the appendix to this chapter for details. This assumption fixes almost completely the form of the partition functions. Some loose ends can be tied up by demanding modular invariance of the resulting expression.

5.5.3 The formula for the partition function

Given the assumptions above, and taking into account the structure of the partition function on K3, we are in a position to write down the formula for Kähler four-folds X with h^{(2,0)} ≠ 0. We will first assume that the canonical divisor K is connected and with genus g − 1 = 2χ + 3σ. The formula is then

Z_v = (_{N −1} ∑ λ=0 ( χ_λ η )_{1−g} δ_{v,λ[K]N} ) ( 1 N^2

G(Nτ_0) )_{ν/2}

+N^{1−b1} N −1∑

m=0 (_{N −1} ∑ λ=0 ( χ_{m,λ} η )_{1−g} e^{2iπN λv·[K]N} ) e^{iπ N−1N mv2} ( 1 N^2 G ( τ_0 + m N ))_{ν/2} , (5.108)

where ν=^{χ+σ}_4 , G(τ )=η(τ )^{−24} (with η the Dedekind function) and [K]_N is the reduction modulo N of the Poincaré dual of K. In (5.108) χ_λ are the SU(N) characters at level 1 (see the appendix 5.6) and χ_{m,λ} are certain linear combinations thereof

χ_{m,λ}(τ_0) = 1 N N −1∑

λ^′=0 e^{− 2iπN λλ′}e^{iπ N−1N m(λ′)2} χ_λ′(τ_0), 0 ≤ m, λ ≤ N − 1. (5.109) The structure of the corrections near the canonical divisor in (5.108) suggests that the mechanism at work in this case is not chiral symmetry breaking. Indeed, near K there is an N-fold bifurcation of the vacuum, and the functions χ_λ, χ_{m,λ} (with m fixed) are not related by a shift in τ_0 as it would be the case were chiral symmetry breaking responsible for the bifurcation. A plausible explanation for this bifurcation could be found in the spontaneous breaking of the center of the gauge group (which for G = SU(N) is precisely

ZZN .) This could come about as follows. Let us focus on the irreducible embedding.

For trivial canonical divisor the gauge group is almost but not completely Higgsed in this vacuum. In fact, since the scalar fields transform in the adjoint representation of SU(N), the center ZZ_N ⊂ SU(N) remains unbroken. The SU(N) gauge threory has ZZ_N string-like solitons [44] which carry non-trivial ZZ_N -valued electric and magnetic quantum numbers. If these solitons condense, the center ZZ_N is completely broken giving rise to an N-fold degeneracy of the vacuum. Each vacuum is singled out by a different value of the ZZ_N -valued flux. Now for non-trivial canonical divisor K as above, the irreducible vacuum separates into N vacua with magnetic fluxes λ[K]_N ! One could be tempted to speculate further and identify the surface K (or the C_j below) with the world-sheet of the condensed string soliton.

As in [100] we can generalize the above formula for the case that the canonical divisor consists of n disjoint smooth components C_j, j = 1, . . . , n of genus g_j on which ω vanishes with multiplicity one. The resulting expression very similar to that in [100]

Z_v = ( ∑ ⃗ε δ_{v,wN (⃗ε )} n∏ j=1

N −1∏

λ=0 ( χ_λ η )_{(1−gj)δεj,λ} ) ( 1 N^2

G(Nτ_0) )_{ν/2}

+ N^{1−b1} N −1∑

m=0 [_n ∏ j=1 (_{N −1} ∑ λ=0 ( χ_{m,λ} η )_{1−gj} e^{2iπN λv·[Cj]N} )] e^{iπ N−1N mv2} ( 1 N^2 G (τ_0 + m N ))ν/2 , (5.110) where [C_j]_N is the reduction modulo N of the Poincaré dual of C_j, and

w_N (⃗ε) = ∑ j ε_j[C_j]_N , (5.111)

where ε_j = 0, 1, . . . N − 1 are chosen independently. Notice that (5.110) reduces to (5.108) when n = 1.

The above formulae for the partition function do not apply directly to the SU(2) case. For N = 2 there are some extra relative phases t_i – see equations (5.45) and (5.46) in [100] – that we have not considered here. Modulo these extra phases, (5.108) and (5.110) are a direct generalization of Vafa and Witten’s results. They reduce on K3 to the formula of Minahan, Nemeschansky, Vafa and Warner [82] and generalize their results to non-zero ’t Hooft fluxes. Moreover, as we will show momentarily, they transform as expected under duality and factorize appropriately under blow-ups. Therefore, the above results (5.108) and (5.110) can be seen as predictions for the Euler numbers of instanton moduli spaces on Kähler four-manifolds with b^+_2 > 1.

We can actually be more specific about the possibility of including relative phases between the contributions of the different vacua along the cosmic string. In [100] there is one such phase t_j, j = 1, . . . , n for each component of the canonical divisor. These phases reflect an anomaly in a ZZ_2 symmetry that permutes the bifurcated vacua along each C_i. In the present case there seems to be no such potentially anomalous symmetry permuting the N vacua along each C_j, so one could think that there is no reason to include any relative phase. But let us just ignore this for the time being and try to see whether eqns. (5.108) and (5.110) can be generalized to incorporate such phases while still preserving the required modular properties. The generalization we seek amounts to replacing (5.110) with:

Z_v = ( ∑ ⃗ε δ_{v,wN (⃗ε )} n∏ j=1

N −1∏

λ=0 (t_λ^j )^{δεj,λ} ( χ_λ η )_{(1−gj)δεj,λ} ) ( 1 N^2

G(Nτ_0) )_{ν/2}

+ N^{1−b1} N −1∑

m=0 [_n ∏ j=1 (_{N −1} ∑ λ=0 ( χ_{m,λ} η )_{1−gj} t_λ^j e^{2iπN λv·[Cj]N} )] e^{iπ N−1N mv2} ( 1 N^2 G( τ_0 + m N ) )_{ν/2} , (5.112)

where the nN quantities t_λ^j , with λ = 0, . . . , N − 1 and j = 1, . . . , n, are a priori arbitrary complex numbers. By rescaling the partition function we can always set t_0^j = 1, j = 1, . . . , n. Let us first consider factorization under blow-ups. Let B be the exceptional divisor created by the blow-up. The partition function on the blown-up manifold is exactly the same as above but with an extra term in the product over the components of the canonical divisor which accounts for B. This new term contains N complex numbers t^B_λ , with t^B_0 = 1 as above. Going through the details (see section 5.5.3.1 below) it follows that the partition function factorizes properly under the blow-up provided t^B_λ = 1 for all λ. In the SU(2) case a similar result holds which follows from the constraint ∏ j t_j = (−1)^ν. (ν doesn’t change under blow-ups, so on the blown-up manifold ( ∏ j t_j)t_B = (−1)^ν , which forces t_B = 1.) We don’t know if a similar constraint holds for N > 2, but the above result strongly suggests that it does.

The behaviour under τ_0 → −1/τ_0 imposes two strong constraints on the t_λ^j . Under τ_0 → −1/τ_0 the contribution from the irreducible embedding is mapped to the term with m = 0 in the contribution from the N = 1 vacua, and this holds true for (5.112) provided t_λ^j = t_{N −λ}^j for all j. In addition, the term with m = k > 0 is mapped to the term with m = h, where kh = −1 mod N, and this requires t_λ^j = t_{kλ}^j = t_{hλ}^j. By considering all possible values of k we find that t_λ^j = t_{kλ}^j for all k = 1, . . . , N − 1, which implies t_1^j = t_2^j = · · · = t_{N −1}^j. Hence, we end up with a single t^j for each component C_j of the canonical divisor. It is now clear that the above result is not consistent with having an anomalous symmetry permuting the vacua along each C_j, and not knowing of any other mechanism that could be responsible for having t^j ≠ 1, we will assume that the t^j = 1 for all j.

Finally, it could be interesting to investigate whether (5.108) and (5.110) can be rewritten in terms of the Seiberg-Witten invariants. We believe that this is not the case for the following reason. Let us suppose that it is actually possible to do so. Then one would expect, by analogy with the result for SU(2) [26], that the Donaldson-Witten partition function for SU(N) [76] should be recovered from the Vafa-Witten SU(N) partition function in the decoupling limit q_0 → 0, m → ∞ with m^{2N} q_0 fixed. In particular, one would expect that the structure of the corrections involving the canonical divisor should be preserved in this limit. Now in the DW partition function in [76], these corrections are written in terms of the Seiberg-Witten classes x [110]. For G = SU(N) these basic classes appear in the generic form ∑ x_1,... ,x_{N−1} nx1 · · · nxN−1 (nxl are the Seiberg-Witten invariants

[110]). Therefore, for G = SU(N) there are N − 1 independent basic classes contributing to the above sum. On a Kähler manifold with canonical divisor K = C_1 ∪ C_2 ∪ · · · ∪ C_n, with the C_j disjoint and with multiplicity one, each of these basic classes can be written as x_l = ∑ ρ^j_l ρ^j_l C_j, (5.113)

with each ρ^j_l = ±1 [110], and the sum over the basic classes can be traded for a sum over the ρ^j_l . This is analogous to the sum over the ε_j in (5.110), and both sums should contain the same number of terms were it possible to rewrite (5.110) in terms of the basic classes. However, while in the sum over the ρ^j_l there are 2^{n(N −1)} terms, the sum over the ε_j contains N^n terms. Notice that this two numbers do coincide when N = 2, as it should be, but for N ≠ 2 this is no longer the case.

It would certainly be most interesting to extend these results to all N (not necessarily prime), and to investigate what the large N limit of (5.108) and (5.110) correspond to on the gravity side in the light of the AdS/CFT correspondence. This remains as yet an open problem.

5.5.3.1 Blow-ups

Given (5.110), we can see explicitly how the factorization property (5.107) works. Let X be a Kähler four-fold with Euler characteristic χ = 2(1 − b_1) + b_2, signature σ = b^+_2 − b^−_2 and canonical divisor K = ∪^n_{j=1}C_j, and let ^X be its one blow-up at a smooth point. Then ^b_1 = b_1, ^b_2 = b_2 + 1, ^χ = χ + 1, ^σ = σ − 1 and ^K = K ∪ B, where B is the exceptional divisor, which satisfies B · C_j = 0 and B^2 = −1 = g_B − 1. Consider a ’t Hooft flux ^v = v ⊕ ^λB in ^X, where v is a flux in X and ^λ is an integer defined modulo N. Now ^ν = ν, ^v^2 = v^2 − ^λ^2, ^v · C_j = v · C_j , ^v · B = ^λB^2 = −^λ and ^w_N (⃗ϵ) = ∑_n j=1 ε_j[C_j]_N + ^ε B.

Thus, the partition function (5.110) takes the form

^Z_{^X,^v} = ∑ ⃗ε,^ε δ_{v,wN (⃗ε )}δ_{^λ,^ε} n∏ j=1

N −1∏

λ=0 ( χ_λ η )_{(1−gj)δεj,λ} ( χ_λ η )_{(1−gB)δbε,λ} ( 1 N^2

G(Nτ_0) )_{ν/2}

+ N^{1−b1} N −1∑

m=0 [_n ∏ j=1 (_{N −1} ∑ λ=0 ( χ_{m,λ} η )_{1−gj} e^{2iπN λv·[Cj]N} ) (_{N −1} ∑ λ=0 ( χ_{m,λ} η )_{1−gB} e^{− 2iπN λ^λ} )]

e^{iπ N−1N mv2} e^{−iπ N−1N m^λ2} ( 1 N^2 G ( τ_0 + m N ))ν/2 , and therefore ^Z_{^X,^v} = ( χ_{^λ} η ) (∑ ⃗ε δ_{v,wN (⃗ε )} n∏ j=1

N −1∏

λ=0 ( χ_λ η )_{(1−gj)δεj,λ} ) ( 1 N^2

G(Nτ_0) )_{ν/2}

+N^{1−b1} N −1∑

m=0 (_{N −1} ∑ λ=0 ( χ_{m,λ} η ) e^{− 2iπN λ^λ}e^{−iπ N−1N m^λ2} ) [_n ∏ j=1 (_{N −1} ∑ λ=0 ( χ_{m,λ} η )_{1−gj} e^{2iπN λv·[Cj]N} )]

e^{iπ N−1N mv2} ( 1 N^2 G (τ_0 + m N ))ν/2 . (5.114)

Now, from (5.109) it follows that N −1∑

λ=0 ( χ_{m,λ} η ) e^{− 2iπN λ^λ}e^{−iπ N−1N m^λ2} = 1 N ∑ λ,λ^′ e^{− 2iπN λ(λ′+^λ)}e^{iπ N−1N m((λ′)2−^λ2)} ( χ_λ′ η ) . (5.115)

Summing over λ and using (5.135) we get 1 N ∑ λ,λ^′ e^{− 2iπN λ(λ′+^λ)}e^{iπ N−1N m((λ′)2−^λ2)} ( χ_λ′ η )

= ∑ λ^′ δ_{λ′+^λ,0} e^{iπ N−1N m((λ′)2−^λ2)} ( χ_λ′ η )

= χ_{−^λ} η = χ_{N −^λ} η = χ_{^λ} η . (5.116)

Hence, ^Z_{^X,^v} = ( χ_{^λ} η ) (∑ ⃗ε δ_{v,wN (⃗ε )} n∏ j=1

N −1∏

λ=0 ( χ_λ η )_{(1−gj)δεj,λ} ) ( 1 N^2

G(Nτ_0) )_{ν/2}

+ N^{1−b1} N −1∑

m=0 ( χ_{^λ} η ) [_n∏ j=1 (_{N −1} ∑ λ=0 ( χ_{m,λ} η )_{1−gj} e^{2iπN λv·[Cj]N} )]

e^{iπ N−1N mv2} ( 1 N^2 G ( τ_0 + m N ))ν/2 = ( χ_{^λ} η ) Z_{X,v}, (5.117)

as expected.

5.5.3.2 Modular transformations

We will now study the modular properties of the partition functions (5.108) and (5.110). With the formulas in section 5.6 one can check that they have the expected modular behaviour^3

Z_v(τ_0 + 1) = e^{iπ12 N (2χ+3σ)}e^{−iπ N−1N v2} Z_v(τ_0),

Z_v(−1/τ_0) = N^{−b2/2} (τ_0 i )_{−χ/2} ∑ u e^{2iπu·vN} Z_u(τ_0), (5.118)

and also, with Z_{SU (N )} = N^{b1−1}Z_0 and Z_{SU (N )/}ZZ_N = ∑ v Z_v,

Z_{SU (N )}(τ_0 + 1) = e^{iπ12 N (2χ+3σ)}Z_{SU (N )}(τ_0), Z_{SU (N )/}ZZ_N (τ_0 + N) = e^{iπ12 N 2(2χ+3σ)}Z_{SU (N )/}ZZ_N (τ_0), (5.119) and Z_{SU (N )}(−1/τ_0) = N^{−χ/2} (τ_0 i )_{−χ/2} Z_{SU (N )/}ZZ_N (τ_0), (5.120)

3We assume as in [100] that there is no torsion in H_2(X, ZZ). Were this not case, Eqs. (5.120) and (5.110) above should be modified along the lines explained in [113].

which is the Montonen-Olive relation. Notice that since N is odd, the SU(N) (or SU(N)/ZZ_N ) partition function is modular (up to a phase) for Γ_0(N) on any four-manifold. On the other hand, for even N one would expect on general grounds [100] modularity for Γ_0(2N), or at most Γ_0(N) on spin manifolds.

5.5.3.3 The partition function on T^4

We will finish by considering the twisted theory on T^4, where an unexpected result emerges. As K3, T^4 is a compact hyper-Kähler manifold (hence with trivial canonical divisor). It has b_1 = 4, b_2 = 6 and χ = 0 = σ. On T^4 the partition function (5.108) reduces to its bare bones

Z_v = δ_{v,0} + 1 N^3 N −1∑

m=0 e^{iπ N−1N mv2} , (5.121)

and does not depend on τ_0! This should be compared with the formulas in [33]. The Z_v are self-dual in the following sense

Z_v = 1 N^3 ∑ u e^{2iπu·vN} Z_u. (5.122)

Notice that since T^4 is a spin manifold, v^2 ∈ 2ZZ, and therefore the sum over m in (5.121) vanishes unless v^2 = 0 (modulo N), so Z_v reduces to the rather simple form

Z_T 4_{,v} = δ_{v,0} + 1 N^2 δ_v2_{,0}, (5.123)

which gives the partition function for the physical N = 4 SU(N) theory in the sector of ’t Hooft flux v and in the limit τ̄_0 → ∞ (which would explain the discrepancy with the results in [33].)

5.6 Appendix

Here we collect some useful formulas which should help the reader follow the computations in the preceding section.

5.6.1 Modular forms

The function G is defined as

G(τ ) = 1 η(τ )^{24}

, (5.124)

and is a modular form of weight −12 G(τ )^{τ →τ +1}−→ G(τ ), G(τ )^{τ →−1/τ}−→ τ^{−12}G(τ ), (5.125)

From (5.125) we can determine the modular behaviour of the different modular forms in the K3 partition function

G(Nτ )^{τ →−1/τ}−→ τ^{−12}N^{12}G(τ /N),

G ( τ + m N )_{τ →−1/τ} −→ τ^{−12}G ( τ + h N ) , (5.126)

where 1 ≤ h ≤ N − 1, mh = −1 mod N and N prime.

For arbitrary N one has to consider the modular forms G (_{aτ +b} d ) , where ad = N and b < d [82]. These functions transform as follows G ( aτ + b d )_{τ →−1/τ} −→ τ^{−12} ( a p )_{12} G ( pτ + ab^′ ad̃ ) , (5.127)

where p = gcd (b, d), d̃ = d/p, b̃ = b/p, b^′b̃ = −1 mod d̃. If b = 0, then p = d and b^′ = 0 = b̃. Notice that for prime N (5.127) reduces to (5.126).

5.6.2 Flux sums

The basic sums we have to consider are of the form I(m, N) = N −1∑

λ=0 e^{iπmN λ(N −λ)} = N −1∑

λ=0 e^{iπ N−1N mλ2} , (5.128)

for 1 ≤ m ≤ N − 1, and discrete Fourier transformations thereof N −1∑

λ=0 e^{± 2iπN λλ′}e^{iπ N−1N mλ2} , (5.129) from which the sums over fluxes can be easily computed. The basic sum (5.128) is related to a standard Gauss sum G(m, N) = ∑ r mod N e

2iπmr2/N [46]. In fact, I(m, N) =

I(m + N, N) and, since N is odd, it suffices to consider the case where m is even. But in this case I(2a, N) = N −1∑

λ=0 e^{iπ N−1N 2aλ2} = ∑ λ e^{−2iπaλ2/N} = G(a, N). (5.130) Now, when a = 1, G(1, N) = √ N 2 (1 + i) ( 1 + e^{− iπN2} ) , (5.131)

([46], p. 165.) Moreover, for a > 1 and N and odd prime, G(a, N) = ( a N ) G(1, N), (5.132)

where (_a N ) is the Legendre symbol [46], which is +1 if a is a perfect square (mod N) and −1 otherwise. Hence, taking (5.130)-(5.132) into account we have the result N −1∑

λ=0 e^{iπ N−1N mλ2} = ϵ(m) √ Ne^{− iπ8 (N −1)2}, (5.133)

where

ϵ(m) = (_{m/2} N ) , m even, (_{(m+N )/2} N ) , m odd, (5.134)

If kh = −1 mod N, ϵ(k) = ϵ(h) for N = 5 mod 4, and ϵ(k) = −ϵ(h) for N = 3 mod 4. This property is essential in proving the second relation in (5.118).

We also have the identity N −1∑

λ=0 e^{± 2iπN λλ′} = Nδ_λ′_{,0}, (5.135)

and the fundamental result N −1∑

λ=0 e^{± 2iπN λλ′}e^{iπ N−1N mλ2} = ϵ(m) √ Ne^{− iπ8 (N −1)2} e^{iπ N−1N h(λ′)2} , (5.136)

with mh = −1 mod N and N an odd prime.

Now, given (5.133), the basic sum over fluxes ∑ v e^{iπ N−1}N^{mv2} can be computed in terms of (5.128) as follows – see [100], eq. (3.21)-(3.22): ∑ v∈H^2(X,ZZ_N )

e^{iπ N−1N mv2} = I(m, N)^{b+2} I(m, N)^{b−2} , (5.137)

so one has (for prime N) ∑ v∈H^2(X,ZZ_N ) e^{iπ N−1N mv2} = ( ϵ(m) )_{b2} N^{b2/2}e^{− iπ8 (N −1)2σ}, (5.138) and also, from (5.135) and (5.136) ∑ v∈H^2(X,ZZ_N )

e^{2iπN u·v} = N^{b2} δ_{u,0}, (5.139)

∑ v∈H^2(X,ZZ_N ) e^{2iπN u·v}e^{iπ N−1N mv2} = ( ϵ(m) )_{b2} N^{b2/2}e^{− iπ8 (N −1)2σ}e^{iπ N−1N hu2} , (5.140)

with mh = −1 mod N as above.

5.6.3 SU(N) characters

We have seen above that the corrections to the SU(N) partition function near the canonical divisor of the four-manifold X are given in terms of the level one characters χ_λ of the SU(N) WZW model. These are defined as [50]

χ_λ(τ ) = 1 η(τ )^{N −1} ∑ ⃗w∈[λ] e^{iπτ ⃗w2} , λ ∈ ZZ mod N, (5.141)

where [λ] is the λ-th conjugacy class of SU(N), and the identification χ_λ(τ ) = χ_{λ+N} (τ ) is understood. Also, from the symmetry properties of the inverse Cartan matrix (5.142) it follows that χ_λ = χ_{N −λ}. λ = 0 mod N corresponds to ⃗w in the root lattice, while for 1 ≤ λ ≤ N − 1, [λ] = { ⃗w ∈ Λ_{weight} : ⃗w = ⃗α^λ + ∑ n^{λ′} ∈ZZ n λ^′ ⃗α λ^′ }. ⃗αλ are the simple roots and

⃗α^λ the fundamental weights of SU(N), normalized in such a way that the inverse Cartan matrix A^{λλ′} has the standard form A^{λλ′} = ⃗α^λ · ⃗α^{λ′} = Inf {λ, λ^′} − λλ^′ N , 1 ≤ λ, λ^′ ≤ N − 1. (5.142)

The characters (5.141) have definite properties under the modular group [50]

χ_λ(τ + 1) = e^{− iπ12 (N −1)}e^{iπ N−1N λ2} χ_λ(τ ), χ_λ(−1/τ ) = 1 √ N N −1∑

λ^′=0 e^{− 2iπN λλ′}χ_λ′ (τ ). (5.143)

From the characters χ_λ we introduce the linear combinations (N > 2 and prime)

χ_{m,λ}(τ ) = 1 N N −1∑

λ^′=0 e^{− 2iπN λλ′}e^{iπ N−1N m(λ′)2} χ_λ′ (τ ), 0 ≤ m, λ ≤ N − 1, (5.144) which have the ciclicity property χ_{m+N,λ} = χ_{m,λ} = χ_{m,λ+N} since N is odd. Under the modular group one has χ_{m,λ}(τ + 1) = e^{− iπ12 (N −1)}χ_{m+1,λ}(τ ), χ_{0,λ}(−1/τ ) = 1 √ N χ_λ(τ ), χ_{m,λ}(−1/τ ) = ϵ(m) e^{− iπ8 (N −1)2}e^{iπ N−1N hλ2} χ_{m,hλ}(τ ), m > 0, (5.145) with mh = −1 mod N.

Chapter 6

Adjoint non-Abelian monopoles

In this chapter we will study the second possible twist of the N = 4 theory. The twisted theory is well-defined on spin four-manifolds, and can be deformed by giving masses to two of the chiral multiplets. The massive theory is still topological on arbitrary spin manifolds and is in fact the twisted counterpart of the mass deformed N = 4 theory. Using the low-energy effective description of the physical theory we compute, within the u-plane approach of Moore and Witten [84], the generating function of topological correlation functions for gauge group SU(2) and arbitrary values of the ’t Hooft fluxes, and analyze the duality properties of the resulting formulas.

6.1 The twisted theory

The theory is defined by the splitting 4 −→ (2, 1) ⊕ (1, 1) ⊕ (1, 1) of the fundamental representation of SU(4)_I in representations of SU(2)_L ⊗ SU(2)_R. As explained in [114], this amounts to breaking SU(4)_I down to a subgroup SU(2)_A ⊗ SU(2)_F ⊗ U(1), and then replacing SU(2)_L with the diagonal sum SU(2)^′_L of SU(2)_L and SU(2)_A. The subgroup SU(2)_F ⊗ U(1) remains in the theory as an internal symmetry group. Hence, we observe that, as a by-product of the twisting procedure, it remains in the theory a U(1) symmetry which was not present in the original N = 4 theory, and which becomes, as we shall see in a moment, the ghost number symmetry associated to the topological theory. With respect to the new symmetry group H^′ = SU(2)^′_L ⊗ SU(2)_R ⊗ SU(2)_F ⊗ U(1) the supercharges Q^v_α split up into three supercharges Q_{(βα)}, Q and Q^i_α, where the index i labels the representation 2 of SU(2)_F . In more detail,

Q^{v=1,2,3,4} α → Q^{v=1,2}_α → Q^β_α → { Q = −Q^α_α ≡ −Q^{v=2}_2 − Q^{v=1}_1, Q_{(βα)} = −C_{γ(β}Q^β_{α)}, Q^{v=3}_α → Q^{i=1}_α , Q^{v=4}_α → Q^{i=2}_α .

(6.1)

The conjugate supercharges Q̄_{vα̇} split up accordingly into a vector isosinglet and a righthanded spinor isodoublet supercharge, Q̄_{αα̇} and Q̄_{iα̇}.

The fields of the N = 4 multiplet give rise, after the twisting, to the following topological multiplet (in the notation of reference [114]):

A_{αα̇} −→ A^{(0)}_{αα̇} , λ_{vα} −→ χ^{(−1)}_{βα} , η^{(−1)}, λ^{(+1)}_{iα} , λ̄^v_{α̇} −→ ψ^{(+1)}_{αα̇} , ζ^{(−1)}_{iα̇} ,

ϕ_{uv} −→ B^{(−2)}, C^{(+2)}, G^{(0)}_{iα} , (6.2)

where we have indicated the ghost number carried by the fields after the twisting by a superscript. Notice that the twisted theory contains several spinor fields. This means that the theory is not well defined on those manifolds X that do not admit a spin structure. As explained in [48][63][66] – see [110] for a related discussion –, one could try to avoid this problem by coupling the spinor fields to a fixed (background) Spin_c structure. This is essentially a fixed Abelian gauge configuration with magnetic fluxes through the two-cycles of X quantized in ZZ/2 instead of in ZZ, which would be the standard Dirac quantization condition. Quantum mechanics of electric charges is not consistent in this background, but it turns out that the obstruction to defining consistent quantum propagation can be fixed to cancel the obstruction to defining spinors on X [43]. We will not follow this path here, and therefore we will take X to be an – otherwise arbitrary – spin four-manifold.

Some of the definitions in (6.2) need clarification. Our choices for the anticommuting fields are:

λ_{vα} = λ_{(v=1,2)α} → λ_{βα} → { χ_{βα} = λ_{(βα)}, η = 2λ_{[βα]}, λ_{(v=3,4)α} → λ_{iα}, λ̄^v_{α̇} = { λ̄v=1,2_{α̇} → ψα_{α̇}, λ̄v=3,4_{α̇} → ζi_{α̇}, (6.3)

whereas for the commuting ones we set:

B = ϕ_{12}, C = ϕ_{34}, G_{(i=1)1} = ϕ_{13}, G_{(i=2)1} = ϕ_{14}, G_{(i=1)2} = ϕ_{23}, G_{(i=2)2} = ϕ_{24}. (6.4)

In terms of the twisted fields, the action for the theory (on flat IR^4) takes the form:

S^{(0)} = 1 e^2_0 ∫ d^4x Tr { 1 2 ∇_{αα̇}B∇^{α̇α}C − 1 4 ∇_{αα̇}G_{iβ}∇^{α̇α}G^{iβ} − iψ^β_{α̇}∇^{α̇α}χ_{αβ} − i 2 ψ_{αα̇}∇^{α̇α}η − iζ^i_{α̇}∇^{α̇α}λ_{iα} − 1 4 F_{mn}F^{mn} − i √ 2 χ^{αβ}[χ_{αβ}, C] − i √ 2 λ^{iα}[λ_{iα}, B] + i √ 2 χ^{αβ}[λ_{iα}, G^i_β] + i √ 2 η[λ_i^α, G^i_α] − i 2 √ 2 η[η, C] + i √ 2 ψ_{αα̇}[ψ^{α̇α}, B] + i √ 2 ψ^α_{α̇}[ζ^{iα̇}, G_{iα}] + i √ 2 ζ_{iα̇}[ζ^{iα̇}, C] − 1 2 [B, C]^2 −[B, G_{iα}][C, G^{iα}] + 1 4 [G_{iα}, G_{jβ}][G^{iα}, G^{jβ}] } − iθ_0 32π^2 ∫ d^4x Tr { ∗F_{mn}F^{mn} } . (6.5)

To obtain the corresponding topological symmetry we proceed as follows. First of all, we recall that the N = 4 supersymmetry transformations (3.3) are generated by ξ_v^αQ^v_α + ξ̄^v_{α̇}Q̄_v^{α̇}. According to our conventions, to obtain the Q-transformations we must set ξ̄^v_{α̇} = 0 and make the replacement:

ξ_{vα} = { ξ_{(v=1,2)α} → ϵC_{βα}, ξ_{(v=3,4)α} → 0. (6.6)

The resulting transformations turn out to be:

δA_{αα̇} = 2iϵψ_{αα̇}, δG_{jα} = − √ 2ϵλ_{jα}, δψ_{αα̇} = −i √ 2ϵ∇_{αα̇}C, δλ_{jα} = −2iϵ[G_{jα}, C], δC = 0, δF^+_{αβ} = 2ϵ∇_{(α}^{α̇}ψ_{β)α̇}, δχ_{αβ} = −iϵF^+_{αβ} − iϵ[G_{iα}, G^i_β], δB = √ 2ϵη, δζ^j_{α̇} = −i √ 2ϵ∇_{αα̇}G^{jα}, δη = 2iϵ[B, C]. (6.7)

The generator Q of the transformations (6.7) satisfies the on-shell algebra {Q, Q} = δ_g(C) where by δ_g(C) we mean a non-Abelian gauge transformation generated by C. It is possible to realize this algebra off-shell, i.e., without the input of the equations of motion for some of the fields in the theory. A minimal off-shell formulation can be constructed by introducing in the theory the auxiliary fields N_{αβ} (symmetric in its spinor indices) and P^i_α, both with ghost number 0. The off-shell BRST transformations which correspond to the enlarged topological multiplet can be cast in the form: [Q, A_{αα̇}] = 2iψ_{αα̇}, {Q, ψ_{αα̇}} = −i √ 2∇_{αα̇}C, [Q, F^+_{αβ}] = 2∇_{(α}^{α̇}ψ_{β)α̇}, [Q, C] = 0, [Q, G_{jα}] = − √ 2λ_{jα}, {Q, λ_{jα}} = −2i[G_{jα}, C], {Q, χ_{αβ}} = N_{αβ}, [Q, N_{αβ}] = 2 √ 2i [χ_{αβ}, C], {Q, ζ^j_{α̇}} = P^j_{α̇}, [Q, P^i_{α̇}] = 2 √ 2i [ζ^i_{α̇}, C], [Q, B] = √ 2η, {Q, η } = 2i[B, C]. (6.8)

After some suitable manipulations, the off-shell action which corresponds to the topological symmetry (6.8) is:

S^{(1)} = 1 e^2_0 ∫ d^4x Tr { 1 2 ∇_{αα̇}B∇^{α̇α}C + 1 4 P_i^{α̇} ( P^i_{α̇} + 2 √ 2i ∇_{αα̇}G^{iα} ) − iψ^β_{α̇}∇^{α̇α}χ_{αβ} − i 2 ψ_{αα̇}∇^{α̇α}η − iζ^j_{α̇}∇^{α̇α}λ_{jα} + 1 4 N_{αβ} ( N^{αβ} + 2iF^{+αβ} + 2i[G_i^α, G^{iβ}] ) − i √ 2 χ^{αβ}[χ_{αβ}, C] − i √ 2 λ^{iα}[λ_{iα}, B] + i √ 2 χ^{αβ}[λ_{iα}, G^i_β] + i √ 2 ζ_{iα̇}[ζ^{iα̇}, C] + i √ 2 η[λ_i^α, G^i_α] − i 2 √ 2 η[η, C] + i √ 2 ψ_{αα̇}[ψ^{α̇α}, B] + i √ 2 ψ^α_{α̇}[ζ^{iα̇}, G_{iα}] − 1 2 [B, C]^2 − [B, G_{iα}][C, G^{iα}] } − 2πiτ_0 1 32π^2 ∫ d^4x Tr { ∗F_{mn}F^{mn} } . (6.9)

The τ_0-independent part of the topological action above is, as it could be expected, BRSTexact, that is, it can be written as {Q, Ψ }. The appropriate gauge fermion is easily seen to be: Ψ = 1 e^2_0 ∫ d^4x Tr { 1 4 ζ_i^{α̇} ( P^i_{α̇} + 2 √ 2i ∇_{αα̇}G^{iα} )

+ 1 4 χ_{αβ} ( N^{αβ} + 2iF^{+αβ} + 2i[G_i^α, G^{iβ}] ) } − 1 e^2_0 ∫ d^4x Tr { i 2 √ 2 B ( ∇_{αα̇}ψ^{α̇α} − √ 2 [G_{iα}, λ^{iα}] ) }

− 1 e^2_0 ∫ d^4x Tr { i 4 B[η, C] } . (6.10)

The next step will consist of the coupling the theory to an arbitrary background metric g_{μν} of Euclidean signature. To achieve this goal we make use of the covariantized version of the topological symmetry (6.8) (which is trivial to obtain), and of the gauge fermion Ψ, and then define the topological action to be S^{(1)}c = {Q, Ψ }_{cov} − 2πikτ_0. The resulting action is:

S^{(1)}_c = 1 e^2_0 ∫ X d^4x √ g Tr { 1 2 D_{αα̇}BD^{α̇α}C + 1 4 P_i^{α̇} ( P^i_{α̇} + 2 √ 2i D_{αα̇}G^{iα} ) − iψ^β_{α̇}D^{α̇α}χ_{αβ} − i 2 ψ_{αα̇}D^{α̇α}η − iζ^j_{α̇}D^{α̇α}λ_{jα} + 1 4 N_{αβ} ( N^{αβ} + 2iF^{+αβ} + 2i[G_i^α, G^{iβ}] ) − i √ 2 χ^{αβ}[χ_{αβ}, C] − i √ 2 λ^{iα}[λ_{iα}, B] + i √ 2 χ^{αβ}[λ_{iα}, G^i_β] + i √ 2 ζ_{iα̇}[ζ^{iα̇}, C] + i √ 2 η[λ_i^α, G^i_α] − i 2 √ 2 η[η, C] + i √ 2 ψ_{αα̇}[ψ^{α̇α}, B] + i √ 2 ψ^α_{α̇}[ζ^{iα̇}, G_{iα}] − 1 2 [B, C]^2 − [B, G_{iα}][C, G^{iα}] } − 2πiτ_0 1 32π^2 ∫ X d^4x Tr { ∗F_{μν} F^{μν} } . (6.11)

Eqs. (6.8) and (6.11) summarize what we could say was the “standard” formulation of the second twist as discussed by Yamron [114]. However, we think there are several subtleties that demand clarification. Since the twisted theory contains several spinor fields taking values in the fundamental representation of the internal SU(2)_F symmetry group, and these fields are necessarily complex, as they live in complex representations of the rotation group and of the isospin group, it can be seen that the action (6.11) is not real. Moreover, there are more fields in the twisted theory than in the physical theory. To see this, pick for example the scalar fields ϕ_{uv} in the physical N = 4 theory. They are 6 real fields that after the twisting become the scalar fields B and C (which can be safely taken to be real, thus making a total of 2 real fields) and the isospin doublet bosonic spinor field G_{iα}, which is necessarily complex and thus is built out of 2 × 2 × 2 = 8 real fields. Thus we see that 6 real fields in the N = 4 theory give rise to 10 real fields in the twisted theory. With the anticommuting fields this overcounting is even worse. In what follows we will break SU(2)_F explicitly and rearrange the resulting fields wisely so as to avoid these problems. The outcome of this reformulation is that we will make contact with the non-Abelian monopole theory formulated in [63][64][65] (see [74] for a review). As an aside we would like to comment on the reality conditions we have been forced to impose in this and the previous twist. It is well known that a similar problem arises in Donaldson-Witten theory. We are aware that it would be desirable to have at our disposal a systematic way of handling these issues. However, at present there is no such unified scheme – but see [15] for a concrete proposal in this direction. The best way to proceed in our opinion, is to consider the theory from the viewpoint of the Mathai-Quillen approach (whenever this is possible), where the geometrical content of the theory as well as the role played by each field are explicit.

We start with the fields G_{iα}, which we rearrange in a complex commuting twocomponent Weyl spinor M_α ≡ G_{2α} and its complex conjugate M^α ≡ G_1^α. The constraint G_1^α = (G_{2α})^∗ looks rather natural when considered from the viewpoint of the physical N = 4 theory, in terms of which – recall eqn. (3.6) and (6.4) –

G_{1α} = ( ϕ_{13} ϕ_{23} ) = ( B^{†2} −B^{†1} ) , G_{2α} = ( ϕ_{14} ϕ_{24} ) = ( −B_1 −B^2 ) . (6.12)

Similarly, for the other isodoublets in the theory we make the rearrangements:

λ_{1α} = μ̄_α, ζ_{1α̇} = ν̄_{α̇}, λ_{2α} = μ_α, ζ_{2α} = ν_{α̇}, P_{1α̇} = h̄_{α̇}, P_{2α̇} = h_{α̇}. (6.13)

Finally, after redefining ψ → −iψ, C → ϕ, B → λ and N_{αβ} → H_{αβ} (A and η remain the same), the action (6.11) becomes:

S^{(1)}_c = 1 e^2_0 ∫ X d^4x √ g Tr { 1 2 D_{αα̇}ϕD^{α̇α}λ + 1 4 h̄^{α̇}(h_{α̇} + 2 √ 2i D_{αα̇}M^α )

− 1 4 h^{α̇} (¯ h_{α̇} + 2 √ 2i D_{αα̇}M^α ) − ψ^β_{α̇}D^{α̇α}χ_{αβ} − 1 2 ψ_{αα̇}D^{α̇α}η − iν_{α̇}D^{α̇α}μ̄_α + iν̄_{α̇}D^{α̇α}μ_α + 1 4 H_{αβ} ( H^{αβ} + 2iF^{+αβ} + 4i[M^{(α}, M^{β)}] ) − i √ 2 χ^{αβ}[χ_{αβ}, ϕ] + i √ 2 μ̄^α[μ_α, λ] + i √ 2 χ^{αβ}[μ̄_α, M_β] − i √ 2 χ^{αβ}[μ_α, M_β] + i √ 2 ν̄_{α̇}[ν^{α̇}, ϕ] − i √ 2 η[μ̄_α, M^α] + i √ 2 η[μ_α, M^α] − i 2 √ 2 η[η, ϕ] − i √ 2 ψ_{αα̇}[ψ^{α̇α}, λ] + √ 2 ψ^α_{α̇}[ν^{α̇}, M_α] − √ 2 ψ^α_{α̇}[ν̄^{α̇}, M_α] − 1 2 [ϕ, λ]^2 − [λ, M_α][ϕ, M^α] + [λ, M_α][ϕ, M^α] } − 2πiτ_0 1 32π^2 ∫ X d^4x Tr √ g { ∗F_{μν} F^{μν} } . (6.14)

Let us now focus on the bosonic part of the action not containing the scalar fields ϕ and λ. After integrating out the auxiliary fields, this part reads: ∫ X d^4x √ g Tr { −D_{αα̇}M^αD_β^{α̇}M^β + 1 4 ( F^{+αβ} + 2[M_{(α}, M_{β)}] )^2 } . (6.15)

Expanding the squares we obtain the contributions: ∫ X d^4x √ g Tr { −g^{μν} D_μM^αD_ν M_α − 1 4 R M^αM_α − 1 2 F^+_{μν}F^{+μν} + [M_{(α}, M_{β)}][M^{(α}, M^{β)}] } , (6.16) where we discover a non-minimal coupling to the curvature scalar R of X. In the derivation of (6.16) we have used the Weitzenböck formula, D_{αα̇}D^{α̇β} = 1 2 δ_α^β D_{γα̇}D^{γα̇} + 1 4 δ_α^β R + F^{+aβ}_α T^a (6.17)

being R the scalar curvature and T^a, a = 1, . . . ,dim(G), the generators of the gauge group in the appropriate representation.

The corresponding BRST symmetry is readily obtained from (6.8): [Q, A_{αα̇}] = 2ψ_{αα̇}, {Q, ψ_{αα̇}} = √ 2D_{αα̇}ϕ, [Q, F^+_{αβ}] = 2D_{(α}^{α̇}ψ_{β)α̇}, [Q, ϕ] = 0, [Q, M_α] = − √ 2μ_α, {Q, μ_α} = −2i[M_α, ϕ], {Q, χ_{αβ}} = H_{αβ}, [Q, H_{αβ}] = 2 √ 2i [χ_{αβ}, ϕ], {Q, ν_{α̇}} = h_{α̇}, [Q, h_{α̇}] = 2 √ 2i [ν_{α̇}, ϕ], [Q, λ] = √ 2η, {Q, η } = 2i[λ, ϕ]. (6.18)

The covariantized gauge fermion (6.10) takes now the form: Ψ = 1 e^2_0 ∫ X d^4x √ g Tr { 1 4 ν̄^{α̇} ( h_{α̇} + 2 √ 2i D_{αα̇}M^α ) − 1 4 ν^{α̇} (¯ h_{α̇} + 2 √ 2i D_{αα̇}M^α )

+ 1 4 χ_{αβ} ( H^{αβ} + 2i(F^{+αβ} + 2[M^{(α}, M^{β)}]) ) } − 1 e^2_0 ∫ X d^4x Tr { 1 2 √ 2 λ ( D_{αα̇}ψ^{α̇α} + i √ 2 [M^α, μ_α] − i √ 2 [μ̄^α, M_α] ) }

− 1 e^2_0 ∫ X d^4x Tr { i 4 λ[η, ϕ] } . (6.19)

The resulting theory is equivalent to the theory of non-Abelian monopoles discussed in [1][48][63][64][65][74], but with the monopole multiplet in the adjoint representation of the gauge group. That theory in turn is a generalization of the Abelian monopole equations proposed in [110].

6.1.1 The massive theory

Let us now deform the N = 4 theory by turning on equal bare masses for two of the chiral multiplets. The mass terms break preserve two supersymmetries and break the SU(4)_I symmetry group down to SU(2)_I ⊗ U(1)_B. Of the four gauginos of the N = 4 theory, two remain massles and transform as a doublet under SU(2)_I and carry no U(1)_B charge, while the other two get a mass and transform as a singlet under SU(2)_I and are charged under U(1)_B, which is in fact the baryon number symmetry of the N = 2 theory. If we now twist SU(2)_I with SU(2)_L, say, the resulting theory is a non-Abelian monopole theory with massive monopoles in the adjoint representation of the gauge group. This theory has a well-defined scalar supersymmetry and is therefore topological for any value of the mass on any spin four-manifold. This was shown for the N = 2 supersymmetric theory with one hypermultiplet in the fundamental representation in [1], and it is straightforward to extend this result to the present situation. In fact, it was shown in [65] (again for the N = 2, N_f = 1 theory), that the twisted theory is the equivariant extension of the massless theory with respect to the U(1)_B symmetry. Notice that from the viewpoint of the twisting, the U(1)_B is the Cartan subgroup of SU(2)_F .

6.2 The Mathai-Quillen approach

As we saw before, the model arising from the second twist is equivalent to the theory of non-Abelian monopoles with the monopole fields in the adjoint representation of the gauge group. The relevant basic equations for this model involve the self-dual part of the gauge connection F^+ and a certain complex spinor field M taking values in the adjoint representation of some compact finite dimensional Lie group G: { F^+_{αβ} + [M_{(α}, M_{β)}] = 0, D_{αα̇}M^α = 0,

(6.20)

where M is the complex conjugate of M.

6.2.1 The topological framework

The geometrical setting is a certain oriented, closed Riemannian four-manifold X, that we will also assume to be spin. We will denote the positive and negative chirality spin bundles by S^+ and S^− respectively. The field space is M = A×Γ(X, S^+ ⊗adP ), where A is the space of connections on a principal G-bundle P → X, and the second factor denotes the space of sections of the product bundle S^+ ⊗ adP , that is, positive chirality spinors taking values in the Lie algebra of the gauge group. The group G of gauge transformations of the bundle P has an action on the field space which is given locally by:

g^∗(A) = i(dg)g^{−1} + gAg^{−1}, g^∗(M) = gMg^{−1}, (6.21)

where M ∈ Γ(X, S^+ ⊗ adP ) and A is the gauge connection. In terms of the covariant derivative d_A = d + i[A, ], the infinitesimal form of the transformations (6.21), with g = exp(−iϕ) and ϕ ∈ Ω^0(X, adP ), takes the form: δ_g(ϕ)A = d_Aϕ, δ_g(ϕ)M = i[M, ϕ]. (6.22)

The tangent space to the field space at the point (A, M) is the vector space T_{(A,M )}M = Ω^1(X, adP ) ⊕ Γ(X, S^+ ⊗ adP ). On T_{(A,M )}M we can define a gauge-invariant Riemannian metric given by: ⟨(ψ, μ), (θ, ω)⟩ = ∫ X Tr (ψ ∧ ∗θ) + 1 2 ∫ X Tr (μ̄^αω_α + ω̄^αμ_α), (6.23)

where ψ, θ ∈ Ω^1(X, adP ) and μ, ω ∈ Γ(X, S^+ ⊗ adP ).

The basic equations (6.20) are introduced in this framework as sections of the trivial vector bundle V = M × F, where the fibre is in this case F = Ω^{2,+}(X, adP ) ⊕ Γ(X, S^− ⊗ adP ). Taking into account the form of the basic equations, the section reads, up to some harmless normalization factors that we introduce for reasons that will become apparent soon: s(A, M) = ( −2(F^+_{αβ} + [M_{(α}, M_{β)}]), √ 2D_{αα̇}M^α ) . (6.24)

The section (6.24) can be alternatively seen as a gauge ad-equivariant map from the principal G-bundle M → M/G to the vector space F, and in this way it descends naturally to a section s̃ of the associated vector bundle M×_G F, whose zero locus gives precisely the moduli space of the topological theory. It would be desirable to compute the dimension of this moduli space. The relevant deformation complex (which allows one to compute, in a general situation, the virtual dimension of the moduli space) is the following:

0 −→ Ω^0(X, adP )^C−→Ω^1(X, adP ) ⊕ Γ(X, S^+ ⊗ adP ) ds−→Ω^{2,+}(X, adP ) ⊕ Γ(X, S^− ⊗ adP ). (6.25)

The map C : Ω^0(X, adP ) −→ T M is given by:

C(ϕ) = (d_Aϕ, i[M, ϕ]), ϕ ∈ Ω^0(X, adP ), (6.26)

while the map ds : T_{(A,M )}M −→ F is provided by the linearization of the basic equations (6.20): ds(ψ, μ) = ( −4σ^{μν}_{αβ} D_μψ_ν − 2[μ̄_{(α}, M_{β)}] − 2[M_{(α}, μ_{β)}], √ 2D_{αα̇}μ^α + √ 2[ψ_{αα̇}, M^α] ) . (6.27)

Under suitable conditions, the index of the complex (6.25) computes de dimension of Ker(ds)/Im(C). To calculate the index, the complex (6.25) can be split up into the ASDinstanton deformation complex:

(1) 0 −→ Ω^0(X, adP )^{dA}−→Ω^1(X, adP )^{p+dA}−→Ω^{2,+}(X, adP ) −→ 0, (6.28) whose index is p_1(adP ) + dim(G)(χ + σ)/2, being p_1(adP ) the first Pontryagin class of the adjoint bundle adP , and the complex associated to the twisted Dirac operator

(2) D : Γ(X, S^+ ⊗ adP ) −→ Γ(X, S^− ⊗ adP ), (6.29)

whose index is p_1(adP )/2−dim(G)σ/8. Thus, the index of the total complex (which gives minus the virtual dimension of the moduli space) is:

−dim(M) = ind(1) − 2 × ind(2) = dim(G)

(2χ + 3σ) 4 (6.30)

where χ is the Euler characteristic of the 4-manifold X and σ is its signature. The factor of two appears in (6.30) since we want to compute the real dimension of the moduli space.

6.2.2 The topological action

We now proceed as in the previous case. To build a topological theory out of the moduli problem defined by the equations (6.20) we need the following multiplet of fields. For the field space M = A × Γ(X, S^+ ⊗ adP ) we introduce commuting fields (A, M), both with ghost number 0, and their corresponding superpartners, the anticommuting fields ψ and μ, both with ghost number 1. For the fibre F = Ω^{2,+}(X, adP ) ⊕ Γ(X, S^− ⊗ adP ) we introduce anticommuting fields χ^+ and ν respectively, both with ghost number −1, and their superpartners, a commuting self-dual two-form H^+ and a commuting negative chirality spinor h, both with ghost number 0 and which appear as auxiliary fields in the associated field theory. And finally, associated to the gauge symmetry, we have a commuting scalar field ϕ ∈ Ω^0(X, adP ) with ghost number +2, and a multiplet of scalar fields λ (commuting and with ghost number −2) and η (anticommuting and with ghost number −1), both also in Ω^0(X, adP ) and which enforce the horizontal projection M → M/G. The BRST symmetry of the model is given by: [Q, A_μ] = ψ_μ, {Q, ψ_μ} = D_μϕ, [Q, M_α] = μ_α, {Q, μ_α } = i [M_α, ϕ], [Q, ϕ] = 0, {Q, χ^+_{αβ}} = H^+_{αβ}, [Q, H^+_{αβ}] = i [χ^+_{αβ}, ϕ], {Q, ν_{α̇}} = h_{α̇}, [Q, h_{α̇}] = i [ν_{α̇}, ϕ], [Q, λ] = η, {Q, η } = i [λ, ϕ]. (6.31)

This BRST algebra closes up to a gauge transformation generated by ϕ.

We have to give now the expressions for the different pieces of the gauge fermion. For the localization gauge fermion we have:

Ψ_{loc} = i⟨(χ^+, ν), s(A, M)⟩ − ⟨(χ^+, ν), (H^+, h)⟩ = ∫ X √ g Tr { 1 4 χ^+_{αβ} ( H^{+αβ} + 2i(F^{+αβ} + [M^{(α}, M^{β)}]) )

+ 1 2 ν̄^{α̇} ( h_{α̇} − i √ 2D_{αα̇}M^α ) − 1 2 ν^{α̇} (¯ h_{α̇} − i √ 2D_{αα̇}M^α ) } , (6.32)

and for the projection gauge fermion, which enforces the horizontal projection,

Ψ_{proj} = ⟨λ, C^†(ψ, μ)⟩g = ∫ X √ g Tr { λ ( −D_μψ^μ + i 2 [μ̄^α, M_α] − i 2 [M^α, μ_α] ) } . (6.33)

As in the previous case, it is necessary to add an extra piece to the gauge fermion to make full contact with the corresponding twisted supersymmetric theory. In this case, this extra term is:

Ψ_{extra} = − ∫ X √ g Tr { i 2 λ[η, ϕ] } . (6.34)

It is now straightforward to see that, after making the following redefinitions,

A^′ = A, M^′ = M, H^{′+} = H^+,

ψ^′ = 1 2 ψ, M^′ = 1 2 M, ν^′ = −2ν, ϕ^′ = 1 2 √ 2 ϕ, μ^′ = − 1 √ 2 μ, ν̄^′ = −ν̄, λ^′ = −2 √ 2λ, μ̄^′ = − 1 2 √ 2 μ̄, h^′ = 2h, η^′ = −2η, χ^{′+} = χ^+, h̄^′ = −h̄, (6.35)

one recovers, in terms of the primed fields, the twisted model summarized in (6.14) and (6.18).

6.3 The observables for G = SU(2)

Let us now focus on the twisted theory for gauge group SU(2). As discussed above, the twisted N = 4 action breaks up into a Q-exact piece plus a topological term proportional to the instanton number of the gauge configuration,

S_{twisted} = {Q, Ψ} − 2πikτ_0, (6.36)

with k = −ξ^2/4 mod ZZ the instanton number of the gauge configuration with ’t Hooft flux ξ ∈ H^2(X, ZZ_2) (in this chapter we change our notation to make contact with the results in [59]; thus, ξ will denote an SO(3) ’t Hooft flux). This is an integer for SU(2) bundles (which have ξ = 0), but a half-integer for non-trivial SO(3) bundles on spin four-manifolds. Therefore, as pointed out in [100], one would expect the SU(2) theory to be invariant under τ_0 → τ_0 + 1, while the SO(3) theory should be only invariant under τ_0 → τ_0 + 2 on spin manifolds. Notice that, owing to (6.36), the partition function depends on the microscopic couplings e_0 and θ_0 only through the combination 2πikτ_0, and in particular this dependence is a priori holomorphic (as usual, if we reversed the orientation of the manifold X, the partition function would depend anti-holomorphically on τ_0).

In the twisting procedure, one couples the twisted action (6.36) to arbitrary gravitational backgrounds, so as to deal with its formulation for a wide variety of manifolds. In general, the procedure involves the covariantization of the flat-space action, as well as the addition of curvature terms to render the new action as a Q-exact piece plus a topological term as in (6.36). Actually, on curved space one might think of additional topological terms – such as ∫ R ∧ R or ∫ R ∧ ∗R, with R the curvature two-form of the manifold – besides the one already present in (6.36). Thus, the action which comes out of the twisting procedure is not unique (even modulo Q-exact terms), since it is always possible to add c-number terms, which vanish on flat space but are nevertheless topological. In a topological field theory in four dimensions, those terms are proportional to the Euler number χ and the signature σ of the manifold X. In order to keep the holomorphicity in τ_0, the proportionality constants must be functions of τ_0. At this stage one does not know which particular functions to take, but clearly good transformation properties under duality could be spoiled if one does not make the right choice. It seems therefore that there exists a preferred choice of those terms, which is compatible with duality. This issue was treated in detail in [100], where it was shown that a c-number of the form −iπτ_0χ/6 was needed in the topological action in order to have a theory with good transformation properties under duality. In the case at hand, this c-number has the form −iπτ_0(χ + σ)/2 if 2χ + 3σ = 0 mod 32, and iπτ_0(2χ + 3σ)/8 otherwise. This will be shown in subsection 6.4.4 below.

Topological invariants are obtained by considering the vacuum expectation value of arbitrary products of observables, which are operators that are Q-invariant but not Qexact. As discussed in [56][64], the relevant observables for this theory and gauge group

SU(2) or SO(3), are precisely the same as in the Donaldson-Witten theory [104]:

W_0 = 1 8π^2

Tr(ϕ^2), W_1 = 1 4π^2 Tr(ϕψ), W_2 = 1 8π^2

Tr(2ϕF + ψ ∧ ψ), W_3 = 1 4π^2 Tr(ψ ∧ F ). (6.37)

The operators W_i have positive ghost numbers given by 4 − i and satisfy the descent equations

[Q, W_i} = dW_{i−1}, (6.38)

which imply that

O^{(γj)} = ∫ γ_j W_j, (6.39)

γ_j being homology cycles of X, are observables.

The vacuum expectation value of an arbitrary product of observables has the general form (modulo a term which involves the exponential of a linear combination of χ and σ), ⟨ ∏ γ_j O^{(γj )} ⟩ = ∑ k ⟨ ∏ γ_j O^{(γj )} ⟩ k e^{−2πikτ0} , (6.40)

where k is the instanton number and ⟨ ∏ γ_j O (γj )⟩ k is the vacuum expectation value computed at a fixed value of k. These quantities are independent of the coupling constant e_0. When analysed in the weak coupling limit, the contributions to the functional integral come from field configurations which are solutions to eqs. (6.20). All the dependence of the observables on τ_0 is contained in the phases exp(−2πikτ_0) in (6.40). The question therefore arises as to whether the vacuum expectation values of these observables have good modular properties under SL(2, ZZ) transformations acting on τ_0. Below it will be shown that this is indeed the case, at least for spin four-manifolds of simple type (although one could easily extend the arguments presented here to all simply-connected spin manifolds with b^+_2 > 1).

The ghost-number anomaly of the theory restricts the possible non-trivial topological invariants to be those for which the overall ghost number of the operator insertions matches the anomaly −(3/4)(2χ + 3σ). Notice that since any arbitrary product of observables has necessarily positive ghost number, there will be no non-trivial topological invariant for those manifolds for which 2χ + 3σ is strictly positive. On the other hand, if 2χ + 3σ < 0, there is only a finite number – if any – of non-trivial topological invariants. Finally, when 2χ + 3σ = 0, as is the case for K3, for example, the only non-trivial topological invariant is the partition function. Moreover, as the physical and twisted theories are actually the same on hyper-Kähler manifolds as K3, this partition function should coincide with the one computed by Vafa and Witten for another twist of the N = 4 supersymmetric theory in [100]. Below we will show that this is indeed the case. Notice that this assertion does not apply to the twist first considered by Marcus, as it actually involves two independent twists, one on each of the SU(2) factors of the holonomy group of the manifold [56][114]. The selection rule on the topological invariants that we have just discussed does not apply of course to the massive theory, as the mass terms explicitly break the ghost number symmetry. However, when the mass is turned on the partition function remaims invariant (one would expect on general grounds a dependence of the form Z ∼ m^s, where s is some number, but since the partition function is dimensionless, and there is no other dimensionful parameter in the theory, the only possibility is s = 0), but the observables do get an explicit dependence on m which can be fixed on dimensional grounds. Indeed, the operators W_0 and W_2 in (6.37), which will be the only ones that we will consider, have mass dimensions 2 and 1 respectively (notice that these coincide with half the ghost number of each operator), so for a vev ⟨O^{(1)} · · · O^{(r)}⟩ involving these operators we expect a mass dependence of the form ⟨O^{(1)} · · · O^{(r)}⟩ ∝ m^{∑rn=1 gn/2}. (6.41) 6.4 Integrating over the u-plane

The functional-integral (or microscopic) approach to twisted supersymmetric quantum field theories gives great insight into their geometric structure, but it is not useful to make explicit calculations. Once the relevant set of field configurations (moduli space) on which the functional-integral is supported has been identified, the computation of the partition function or, more generally, of the topological correlation functions, is reduced to a finite-dimensional integration over the quantum fluctuations (zero modes) tangent to the moduli space. For this to produce sensible topological information, it is necessary to give a suitable prescription for the integration, and a convenient compactification of the moduli space is usually needed as well. This requires an extra input of information which, in most of the cases is at the heart of the subtle topological information expected to capture with the invariants themselves.

The strategy to circumvent these problems and extract concrete predictions rests in taking advantage of the crucial fact that, by construction, the generating functional for topological correlation functions in a topological quantum field theory is independent of the metric on the manifold, at least for b^+_2 > 1. This implies that, in principle, these correlation functions can be computed in either the ultraviolet (short-distance) or infrared (long-distance) limits. The naive functional-integral approach focuses on the short-distance regime, while long-distance computations require a precise knowledge of the vacuum structure and low-energy dynamics of the physical theory.

Following this line of reasoning, it was proposed by Witten in [110] that the explicit solution for the low-energy effective descriptions for a family of four-dimensional N = 2 supersymmetric field theories presented in [92][93] could be used to perform an alternative long-distance computation of the topological correlators which relies completely on the properties of the physical theory. This idea is at the heart of the successful reformulation of the Donaldson invariants, for a certain subset of four-manifolds, in terms of the by now well-known Seiberg-Witten invariants, which are essentially the partition functions of the twisted effective Abelian theories at the singular points on the moduli space of vacua of the physical, N = 2 supersymmetric theories. The same idea has been subsequently applied to some other theories [52][64][70][75][84], thereby providing a whole set of predictions which should be tested against explicit mathematical results. The moral of these computations is that the duality structure of extended supersymmetric theories automatically incorporates, in an as yet not fully understood way, a consistent compactification scheme for the moduli space of their twisted counterparts.

The standard computation of this sort involves an integration over the moduli space of vacua (the u-plane) of the physical theory. The reason why one has to integrate over all the vacua of the physical theory rather than just consider the contribution from a given vacuum has to do with the compacteness of the spacetime manifold [23]. Indeed, on a non-compact manifold the constant values ϕ_0 of the scalar fields which define the vacuum state of the theory are not normalizable, so one does not integrate over them in the path integral. But if we consider the same theory on a compact manifold, these constant modes become normalizable (that is, they are true zero modes) and one has to integrate over them in the path integral. Alternatively, on a compact manifold there is tunneling between different vacua, so there is really no point in considering the contribution from a single vacuum. We thus have to consider the theory for all vacua. At a generic vacuum, the only contribution comes from a twisted N = 2 Abelian vector multiplet. The effect of the massive modes is contained in appropriate measure factors, which also incorporate the coupling to gravity – these measure factors were derived in [111] by demanding that they reproduce the gravitational anomalies of the massive fields –, and in contact terms among the observables – the contact term for the two-observable for the SU(2) theory was derived in [84] and was subsequently extended to more general observables and other gauge groups in [70][75][76].

The total contribution to the generating function thus consists of an integration over the moduli space with the singularities removed – which is non-vanishing for b^+_2 (X) = 1 [84] only – plus a discrete sum over the contributions of the twisted effective theories at each of the singularities. The effective theory at a given singularity should contain, together with the appropriate dual photon multiplet, several charged hypermultiplets, which correspond to the states becoming massless at the singularity. The complete effective action for these massless states contains as well certain measure factors and contact terms among the observables, which reproduce the effect of the massive states which have been integrated out. However, it is not possible to fix these a priori unknown functions by anomaly considerations only. As first proposed in [84] – see [75][76][77] for more details and further extensions –, the alternative strategy takes advantage of the wall-crossing properties of the u-plane integral. It is a well-known fact that Donaldson theory fails to produce topological invariants on four-manifolds with b^+_2 = 1. The field theory explanation of this failure is as follows. On manifolds X with b^+_2 = 1 the Donaldson invariants are given by the sum of the contributions from the singularities at u = ±Λ^2 of the N = 2 SYM theory plus the u-plane integral. Consider a one-parameter family of metrics g_θ = e^θg, where g is a reference metric on X, and let ω_θ be the corresponding period point (which gives a basis for H^{2,+}(X)) normalized as ω^2_θ = 1. It was shown in [84] that at those points on the u-plane where the (imaginary part of the) effective coupling diverges, the integral has a discontinuous variation at those values of θ where, for a fixed gauge configuration λ ∈ H^2(X; ZZ), the period ω_θ · λ changes sign. This is commonly referred to as “wall crossing” (with λ defining a wall on the Kähler cone.) This discontinuous variation of the integral as we change θ is precisely the proper physical explanation of the lack of topological invariance of the correlation functions of the twisted theories on manifolds with b^+_2 = 1. The points where wall crossing can take place are the singularities of the moduli space due to charged matter multiplets becoming massless – the appropriate local effective coupling τ diverges there – and, in the case of the asymptotically free theories, the point at infinity, u → ∞, where also the effective electric coupling diverges owing to asymptotic freedom.

On the other hand, the final expression for the invariants can exhibit a wall-crossing behaviour at most at u → ∞, so the contribution to wall crossing from the integral at the singularities at finite values of u must cancel against the contributions coming from the effective theories there, which also display wall-crossing discontinuities. As shown in [84], this cancellation fixes almost completely the unknown functions in the contributions to the topological correlation functions from the singularities.

6.4.1 The integral for N = 4 supersymmetry

The complete expression for the u-plane integral for the gauge group SU(2) and N_f ≤ 4 was worked out in [84]. The appropriate general formulas for the contact terms can be found in [70][75][76]. These formulas follow the conventions in [93], according to which, for N_f = 0, the u-plane is the modular curve of Γ^0(4). In this formalism, the monodromy associated to a single matter multiplet becoming massless is conjugated to T . As for the N = 4 supersymmetric theory, it is more convenient to use instead a formalism related to Γ(2), in which the basic monodromies are conjugated to T^2. Our formulas follow straightforwardly from those in [75][84], with some minor changes to conform to our conventions.

The integral in the N = 4 supersymmetric case, for gauge groups SU(2) or SO(3) and on simply-connected four-manifolds, and for ’t Hooft flux ξ, is given by the formula: ⟨ e^{pO+I(S)} ⟩ ξ | | | |_{u-plane} = Z^u(p, S, m, τ^0) = 2 i ∫ C dzdz̄ y^{1/2} μ(τ )e^{2pz+S2 ^T (z)}Ψ, (6.42) where y = Im τ . The expression (6.42) gives the generating function for the vacuum expectation values of two of the observables in (6.39): O = 1 8π^2

Tr(ϕ^2), I(S) = ∫ S 1 8π^2 Tr(2ϕF + ψ ∧ ψ). (6.43)

Here, S is a two-cycle on X given by the formal sum S = ∑ a α_aS_a, where {S_a}, a = 1, . . . , b_2(X) are two-cycles representing a basis of H_2(X), and S^2 ≡ ∑ a,b α_aα_b♯(S_a ∩ S_b), where ♯(S_a∩S_b) is the intersection number of S_a and S_b. Notice that since we are restricting ourselves to simply-connected four-manifolds, there is no non-trivial contribution from the one- and three-observables W_1 and W_3 in (6.39). The generalization to the non-simply-connected case was outlined in [84], and it has been recently put on a more rigorous basis in [77].

The measure factor μ(τ ) is given by the expression: μ(τ ) = f(m, χ, σ, τ_0) dτ̄ dz̄ ( da dz )_{1−} 1_{2 χ} Δ^{σ/8}, (6.44)

where Δ is the square root of the discriminant of the Seiberg-Witten curve (3.10):

Δ = η(τ_0)^{12}(z − z_1)(z − z_2)(z − z_3) = η(τ )^{12} 2^3(da/dz)^6 = − η(τ_D)^{12} 2^3(da_D/dz)^6 = η(τ_d)^{12} 2^3(d(a_D − a)/dz)^6 , (6.45)

where η(τ ) is the Dedekind function and f(m, χ, σ, τ_0) is a universal normalization factor which cannot be fixed a priori. It can be fixed in the N_f = 0 case by comparing with known results for the Donaldson invariants [84], but a first-principles derivation from the microscopic theory in the general case is still lacking – see however [79][111], where some steps in this direction have already been taken.

In eq. (6.42) ^T (z) is the monodromy-invariant combination: ^T (z) = T (z) + (dz/da)^2 4πIm τ , (6.46)

where the contact term T (z) is given by the general formula [75][76]:

T (z) = 4 πi ∂^2F ∂τ^2_0

. (6.47)

Here F is the prepotential governing the low-energy dynamics of the theory. For the asymptotically free theories, τ_0 is defined in terms of the dynamically generated scale Λ_{Nf} of the theory by [75]: (Λ_{Nf} )^{4−Nf} = e^{iπτ0} , while for the finite theories N_f = 4 and N = 4 it corresponds to the microscopic coupling. For the N = 4 theory one gets from (6.47) [75] – see also [80] for further details and extensions:

T (z) = − 1 12 E_2(τ ) ( dz da )_2

+ E_2(τ_0) z 6 + m^2 72 E_4(τ_0), (6.48)

where E_2 and E_4 are the Eisenstein functions of weight 2 and 4, respectively – see the appendix to this chapter for further details.

Under a monodromy transformation acting on τ (holding τ_0 fixed), τ → (aτ + b)/(cτ + d), the contact term (6.47) transforms into itself plus a shift: T (z) → T (z) + i 2π c cτ +d (dz/da) 2. Under a microscopic duality transformation τ_0 → (aτ_0 + b)/(cτ_0 + d), the situation is slightly more involved. As these duality transformations interchange the singularities, they induce a non-trivial monodromy transformation τ → (^aτ + ^b)/(^cτ + ^d) on the effective low-energy theory [32]. Under these combined duality transformations one has, for example, z → (cτ_0 + d)^2z, (dz/da) →^{(cτ0+d)2}_{^cτ + ^d} (dz/da), so that [80]:

T (z) → (cτ_0 + d)^4 ( T (z) + i 2π ^c ^cτ + ^d (dz/da)^2 ) − i π (cτ_0 + d)^3cz (6.49)

The factor Ψ in (6.42) is essentially the photon partition function, but it contains, apart from the sum over the Abelian line bundles of the effective low-energy theory, certain additional terms which carry information about the 2-observable insertions. In the electric frame it takes the form:

Ψ = exp ( − 1 4πy ( dz da )_2 S^2_− ) ∑ λ∈Γ [ λ · ω + i 4πy dz da S · ω ]

exp [ −2iπτ(λ_+)^2 − 2iπτ (λ_−)^2 − 2i dz da S · λ_− ] , (6.50)

where the lattice Γ is H^2(X, ZZ) shifted by a half-integral class^1_2 ξ =^1_2 w_2(E) representing a ’t Hooft flux for the SO(3) theory, that is, λ ∈ H^2(X, ZZ) +^1_2 w_2(E). As explained in detail in [111], this shift takes into account the fact that in the SO(3) theory, while the rank-3 SO(3) bundle E (which at a generic vacuum is broken down to E = (L ⊕ L^{−1})^{⊗2} = L^2 ⊕ O ⊕ L^{−2}, O being a trivial bundle) is always globally defined – and therefore L^2 is represented by an integral class c_1(L^2) = 2λ ∈ 2H^2(X, ZZ) + w_2(E) –, it is not necessarily true that the corresponding SU(2) bundle F (which we can somewhat loosely represent at low energies by F = L ⊕ L^{−1}) exists, the obstruction being precisely w_2(E): the line bundle L is represented by a class c_1(L) = λ ∈ H^2(X, ZZ) +^1_2 w_2(E), which is not integral unless w_2(E) = 0 (mod 2). If w_2(E) = 0 mod 2, the SO(3) bundle can be lifted to an SU(2) bundle and one has F ⊗ F = E ⊕ O, where now F is a globally defined rank-2 SU(2) bundle.

For a given metric in X, ω in (6.50) is the unique – up to sign – self-dual two-form satisfying – see for example [75][84]: ω · ω = 1 (recall that, as explained in [84], the integral vanishes unless b^+_2 = 1 due to fermion zero modes and topological invariance). Here · denotes the intersection pairing on X, ω · λ = ∫ X ω ∧ λ . Thanks to its properties, ω acts as a projector onto the self-dual and antiself-dual subspaces of the two-dimensional cohomology of X: λ_+ = (λ · ω)ω, λ_− = λ − λ_+.

From the above formulas it can be readily checked, along the lines explained in detail in [75][76][84], that the integral (6.42) is well defined and, in particular, is invariant under the monodromy group of the low-energy theory (for example, this can be seen almost immediately for the semiclassical monodromy, which at large z ≃ u takes z → e^{2πi}z and a → −a, a_D → −a_D, while leaving τ ≃ τ_0 unchanged.

6.4.2 Wall crossing at the singular points

At each of the three singularities, the corresponding local effective coupling diverges: y_j = Im τ_j → +∞, q_j → 0. The first step to analyse the behaviour of the integral around the singular points is to make a duality transformation (in τ ) to rewrite the integrand in terms of the appropriate variables: τ → −1/τ near the monopole point, etc. Due to the divergence of Im τ_j, one finds a discontinuity in Z_u when λ · ω changes sign. We begin by considering the behaviour near the semiclassical singularity at z_1. As the BPS state responsible for the singularity is electrically charged, it is not necessary to perform a duality transformation in this case: the theory is weakly coupled in terms of the original effective coupling τ . Let us consider the integral (6.42). Fix λ and define ℓ(q) as follows: ℓ(q) = f(m, χ, σ, τ_0) dz dτ ( da dz )_{1−} 1_{2 χ} Δ^{σ/8}e^{2pz+S2 T (z)−2i(dz/da)S·λ} = ∑ r c(r)q^r. (6.51)

Pick the n^{th} term in the above expansion. The piece of the integral relevant to wall crossing is [84]: ∫_∞ y_{min} dy y^{1/2} ∫_+ 1_2

− 12 dxc(n)e^{2πixn−2πyn}e^{−2πix(λ2++λ2−)}e^{−2πy(λ2+−λ2−)}λ_+. (6.52) The integration over x ≡ Re τ imposes n = λ^2; the remaining y integral can be easily evaluated with the result: ∫_∞ 0 dy y^{1/2} c(λ^2)e^{−4πyλ2+} λ_+ = |λ_+| λ_+ c(λ^2) 2 (6.53)

(we have set y_{min} = 0, as the discontinuity comes from the y → ∞ part of the integral). The result of the integral (6.53) is discontinuous as λ_+ = ω · λ → 0:

Z_u | |_{λ+→0+} − Z_u | |_{λ+→0−} = c(λ^2) = [q^{−λ2} ℓ(q)]_{q0} = Res_{q=0}[q^{−λ2−1}ℓ(q)]. (6.54)

Therefore, the wall-crossing discontinuity of Z_u at z_1 is:

ΔZ_u | |_{z=z1} = f(m, χ, σ, τ_0) [ q^{−λ2} dz dτ ( da dz )_{1−} 1_{2 χ} Δ^{σ/8}e^{2pz+S2T (z)−2i(dz/da)S·λ} ] q^0 =

Res_{q=0}f(m, χ, σ, τ_0) [ dq q q^{−λ2} dz dτ ( da dz )_{1−} 1_{2 χ} Δ^{σ/8}e^{2pz+S2T (z)−2i(dz/da)S·λ} ]

(6.55)

We have now to evaluate the wall-crossing discontinuities at the other two singularities. At the monopole point (z = z_2), we have to perform a duality transformation to express the integral in terms of τ_D = −1/τ , which is the appropriate variable there. This duality transformation involves a Poisson resummation in (6.50), which exchanges the electric class λ ∈ H^2(X, ZZ) +^1_2 w_2(E) with the magnetic class λ^∗ ∈ H^2(X, ZZ)^1, and inverts the coupling constant τ . The details are not terribly important, so we just give the final result for the integral:

Z_u = f(m, χ, σ, τ_0)2^{− b22} ∫ dx_Ddy_D y_D^{1/2} dz dτ_D ( da_D dz )_{1−} 1_{2 χ} Δ^{σ/8}e^{2pz+S2 ^TD− 14πy}D (_{dz} daD )_2 S^2_− ∑ λ^∗ ( λ^∗ · ω 2 + i 4πy_D dz da_D S · ω ) (−1)^{λ∗·ξ}e^{− 12 iπτ D(λ∗+)2− 12 iπτD(λ∗−)2−i dzda}D^{S·λ∗−}, (6.56)

where now

^T_D(z) = − 1 12 E_2(τ_D) ( dz da_D )_2

+ E_2(τ_0) z 6 + m^2 72 E_4(τ_0) + (dz/da_D)^2 4πIm τ_D . (6.57)

The functions Δ and z are exactly the same as before, but expressed in terms of τ_D. The crucial point here is that the modular weight of the lattice sum cancels against that of the measure.

From (6.56) we can easily derive the wall-crossing discontinuity at z_2 along the lines explained above – see eqs. (6.51)–(6.55). The final result differs from (6.55) in several extra numerical factors: ΔZ_u | |_{z=z2} = f(m, χ, σ, τ_0)2^{−b}2^{/2}(−1)^{λ∗·ξ} Res_{qD=0} ( dq_D q_D q^{−(λ∗)2/4} D dz dτ_D ( da_D dz )_{1−} χ_2 Δ^{σ/8}e^{2pz+S2 TD−i dzdaD S·λ∗} ) . (6.58)

1Notice that, as the manifold X is spin, the magnetic class is an integral class, not a Spin_c structure as in [110].

The corresponding expression at the dyon point z_3, is exactly the same as (6.58) (with q_d instead of q_D) but with an extra relative phase i^{−ξ2} [84][109][110], which follows from doing the duality transformation τ → τ_d = −1/(τ − 1) in the lattice sum (6.50).

6.4.3 Contributions from the singularities

At each of the singularities, the complete effective theory contains a dual Abelian vector multiplet^2 (weakly) coupled to a massless charged hypermultiplet representing the BPS configuration responsible for the singularity. This effective theory can be twisted in the standard way, and the resulting topological theory is the celebrated Witten’s Abelian monopole theory. Its moduli space is defined by the Abelianized version of eqs. (6.20). On spin four-manifolds, and for a given gauge configuration λ̃ ∈ H^2(X, ZZ), the virtual dimension of the moduli space can be seen to be

dim~_λ = −

(2χ + 3σ) 4 + (λ̃)^2. (6.59)

A class λ̃ for which dim~_λ = 0 is called a basic class. If we define x = −2λ̃, we see from (6.59) that for a basic class x · x = 2χ + 3σ. As dim_x = 0, the moduli space consists (generically) of a (finite) collection of isolated points. The partition function of the theory evaluated at each basic class gives the Seiberg-Witten invariant n_x. The complete partition function will therefore be a (finite) sum over the different basic classes: Z_{singularity} ∼ ∑ x n_x. If, on the other hand, the dimension of the moduli space of Abelian monopoles is strictly positive, one has to insert observables to obtain a non-trivial result. This leads to the definition of the generalized Seiberg-Witten invariants [84][96]: if dim~_λ = 2n (otherwise the invariant is automatically set to zero),

SW_n(λ̃) = ⟨ (ϕ̃)^n ⟩ λ̃ , (6.60)

where ϕ̃ is the (twisted) scalar field in the Abelian N = 2 vector multiplet. For a fourmanifold X with b^+_2 > 1, the u-plane integral vanishes and the only contributions to the topological correlation functions come from the effective theories at the singularities. Those manifolds with b^+_2 > 1 for which the only non-trivial contributions come from the zero-dimensional Abelian monopole moduli spaces are called of simple type. No fourmanifold with b^+_2 > 1 is known which is not of simple type. We will restrict ourselves to manifolds of simple type. The generalization to positive-dimensional monopole moduli spaces should be straightforward from the explicit formulas in [84] and our own results.

The general form of the contribution to the generating function ⟨ e^{pO+I(S)} ⟩ ξ from the twisted Abelian monopole theory at a given singularity was presented in [84]. It contains

2This is so for the monopole and dyon singularities; at the semiclassical singularity, the distinguished vector multiplet is the original electric one.

certain effective gravitational couplings as well as contact terms among the observables. We just adapt here eq. (7.12) of [84]:

⟨ e^{pO+I(S)} ⟩ λ̃j,zj ,ξ = SWn(λ̃) Res aj=0 { da_j (a_j)^{1+λ̃2j /2−(2χ+3σ)/8} (−1)^{λ̃j·ξ}

e^{2pz−i dzdaj λ̃j·S+S2Tj(z)}C_j(z)^{−λ̃2j} P_j (z)^{σ/8}L_j (z)^{χ/4} } . (6.61)

In (6.61), a_j is the distinguished (dual) coordinate at the singularity: a−a(z_1) ≃ a−m/ √ 2 at the semiclassical singularity, a_D − a_D(z_2) at the monopole point, and (a − a_D) − (a − a_D)(z_3) at the dyon point. C_j, P_j, L_j are a priori unknown functions, which can be determined by wall crossing as follows [84]. For b^+_2 = 1 and fixed λ̃_j , (6.61) exhibits a wall-crossing behaviour when ω · λ̃_j changes sign. At such points, the only discontinuity comes from SW_n(λ̃), which jumps by ±1. Therefore, the discontinuity in (6.61) is: Δ ⟨ e^{pO+I(S)} ⟩ λ̃j,zj,ξ = ±Res aj=0 { da_j (a_j)^{λ̃2j /2−σ/8} (−1)^{λ̃j·ξ}

e^{2pz−i dzdaj λ̃j·S+S2Tj(z)}C_j(z)^{−λ̃2j} P_j (z)^{σ/8}L_j (z)^{1−σ/4} } . (6.62)

(We have set χ + σ = 4, which is equivalent to b^+_2 = 1 for b_0(X) = 1, b_1(X) = 0.) The crucial point now is that the complete expression for the generating function cannot have wall-crossing discontinuities at finite values of z. This is not difficult to understand if one realizes that nothing physically (or mathematically) special occurs at the singular points: when expressed in terms of the appropriate variables, and once all the relevant degrees of freedom are taken into account, the low-energy effective description is perfectly smooth there. The conclusion is therefore that the discontinuity in the u-plane integral has to cancel against the discontinuity in the contribution from the effective theory at the singularity. As shown in [84], this suffices to fix the unknown functions C_j, P_j , L_j in (6.61).

At a generic vacuum, the SU(2) – or, more generally, the SO(3) – rank-3 bundle E is broken down to E = L^2 ⊗ O ⊗ L^{−2} by the Higgs mechanism, where O is the trivial line bundle (where the neutral N = 4 multiplet lives), while L^{±2} are globally defined line bundles where the charged massive W^± N = 4 multiplets live. With our conventions, c_1(L^2) = 2c_1(L) = 2λ ∈ 2H^2(X, ZZ) + w_2(E), which is indeed an integral class. The “monopole” becoming massless at the semiclassical singularity is just one of the original electrically charged (massive) quarks, which sits in an N = 4 Abelian multiplet together with the N = 2 vector multiplet of one of the massive W bosons. The corresponding basic classes are therefore of the form:

x = −2λ̃_1 = −2c_1(L^2) = −4λ ∈ 4H^2(X, ZZ) + 2w_2(E), (6.63)

which are even classes since the manifold X is spin^3. Notice that, because of (6.63), not all the basic classes of X will contribute to the computation at z_1. Rather, only those basic classes x satisfying x 2 + w_2(E) = 0 (mod 2) ⇔ [x 2 ] = w_2(E), (6.64)

with [_x 2 ] the mod 2 reduction of^x_2 , can give a non-zero contribution.

Taking this into account, we can rewrite (6.62) at z_1 as follows: Δ ⟨ e^{pO+I(S)} ⟩ 2λ,z1,ξ = ± 1 πi Res_{q=0} { dq q (a_1)^{−2λ2+σ/8} da dz dz dτ e^{2pz−2i dzda λ·S+S2T1(z)}C_1(z)^{−4λ2} P_1(z)^{σ/8}L_1(z)^{1−σ/4} }

(6.65)

(notice that the phase (−1)^{λ̃·ξ} does not appear here), where we have used

Res_{a=0} [daF (a)] = 2 Res_{q=0} [dq(da/dq)F (a)] , (6.66)

and we have taken into account that, near z = z_1, a_1 = a − a(z_1) = a_0q^{1/2} + · · · . By comparing (6.65) with the wall-crossing formula for the integral at z_1, (6.55), we can determine the unknown functions in (6.61). We find, for example,

T_1 = T, L_1 = ( dz da )_2 , (C_1)^4 = a_1^2 q , P_1 = Δ a_1 . (6.67)

Putting everything together, the final form for the contribution to the generating function at z_1 is given by the following formula: ⟨ e^{pO+I(S)} ⟩ λ,z_1,ξ = SWn( λ̃) 2πif(m, χ, σ, τ_0) Res_{q=0} [ dqq^{−λ2} dz dq ( da dz )_{1−} 1_{2 χ} a_1^{χ+σ4 −1}Δ^{σ/8}e^{2pz+S2 T (z)−2i(dz/da)S·λ} ] . (6.68)

3If the manifold is not spin, the basic classes are shifted from being even classes by the second Stiefel- Whitney class of the manifold, w_2(X) [110].

We can now specialize to the simple-type case, for which 4λ^2 = (2χ + 3σ)/4. We use the following series expansions around z_1:

z = z_1 + κ_1q^{12} + · · · , a_1 = (da/dz)_1(z − z_1) + · · · = (da/dz)_1κ_1q^{12} + · · · , da/dz = (da/dz)_1 + · · · , Δ = η(τ )^{12} 2^3(da/dz)^6

= 2^{−3}(dz/da)_1^6q^{12} + · · · .

(6.69)

The final formula is the following: ⟨ e^{pO+I(S)} ⟩ x,z_1,ξ = 2 − 3σ8 πif(m, χ, σ, τ 0) (κ_1)^ν ( da dz )_{−(ν+σ/4)} 1 e^{2pz1+S2T (z1)} δ[ x_2 ]_{,ξ} n_x e^{12 i(dz/da)1S·x},

(6.70)

where ν = (χ + σ)/4. The delta function δ[ x_2 ]_{,ξ} in (6.70) enforces the constraint (6.64), and T (z_1) is given by:

T (z_1) = − 1 12 (dz/da)_1^2 + E_2(τ_0) z_1 6 + m^2 72 E_4(τ_0). (6.71)

The corresponding expressions at the monopole and dyon singularities can be determined along the same lines. One has to take into account the relative factors in each case, and the fact that, at these singularities, the basic classes are given by x = −2λ̃ = −2λ^∗, where λ^∗ is the appropriate dual class. One finds in this way, for the monopole singularity at z_2, the following expression: ⟨ e^{pO+I(S)} ⟩ x,z_2,ξ = 2 − 3σ8 − b22 πif(m, χ, σ, τ 0) (κ_2)^ν ( da_D dz )_{−(ν+σ/4)} 2 e^{2pz2+S2T (z2)}(−1)^{x2 ·ξ} n_x e^{12 i(dz/daD)2S·x}, (6.72)

while for the dyon singularity at z_3 one finds: ⟨ e^{pO+I(S)} ⟩ x,z_3,ξ = 2 − 3σ8 − b22 πif(m, χ, σ, τ 0) i^{−ξ2} (κ_3)^ν ( d(a_D − a) dz )_{−(ν+σ/4)} 3 e^{2pz3+S2T (z3)}(−1)^{x2 ·ξ} n_x e^{12 i(dz/d(aD−a))3S·x}, (6.73) where T (z_2) and T (z_3) are given by expressions analogous to (6.71):

T (z_2) = − 1 12 (dz/da_D)_2^2 + E_2(τ_0) z_2 6 + m^2 72 E_4(τ_0),

T (z_3) = − 1 12 (dz/d(a_D − a))_3^2 + E_2(τ_0) z_3 6 + m^2 72 E_4(τ_0).

(6.74)

In (6.72) there is an extra phase (−1)^{σ/8} that we have supressed. The reason for this is that, as stated in a theorem by Rohlin [29], on smooth, compact, spin four-manifolds, σ ∈ 16ZZ. This is in contrast with the weaker arithmetic result σ ∈ 8ZZ which follows from the evenness of the intersection form. We will restrict ourselves to such four-manifolds and hence supress this phase in what follows.

6.4.4 The formula for the generating function

The complete formula for the generating function of the theory on simply-connected spin four-manifolds of simple type is given by the combination of (6.70), (6.72) and (6.73), summed over the basic classes (we do not sum over ’t Hooft fluxes, though). The contribution from the u-plane integral is absent, since it vanishes for manifolds with b^+_2 > 1. As for the as yet unknown function f(m, χ, σ, τ_0), it is not possible to determine it completely in the context of the u-plane approach. However, we will propose an ansatz for this function, which is motivated by a series of natural conditions that it has to satisfy. As we will show, with our ansatz the partition function is dimensionless and displays two properties of the partition function of the twisted N = 4 supersymmetric theory considered by Vafa and Witten [100]: it is a modular form of weight −χ/2 and contains the Donaldson invariants in the form shown in [26]. In addition, its final expression reduces to the Vafa-Witten partition function on K3.

Our ansatz for f(m, χ, σ, τ_0), which turns out to satisfy the properties stated above, is: f(m, χ, σ, τ_0) = − i π 2^{(3χ+7σ)/8} m^{−(3ν+7σ)/8}η(τ_0)^{−12ν}. (6.75)

In [59] a different choice for f was made f(m, χ, σ, τ_0) = − i π 2^{(3χ+7σ)/8} m^{σ/8}η(τ_0)^{−12ν}, (6.76)

the only difference being that the generating function therein contained an overall factor m^{3(2χ+3σ)/8}. If we insist that the generating function be adimensional – see [79] – the correct choice is of course (6.75).

Taking (6.70), (6.72) and (6.73), the formula that one obtains for the generating function of all the topological correlation functions for simply-connected spin manifolds is the following: ⟨ e^{pO+I(S)} ⟩ ξ = 2^{ν/2}2^{(2χ+3σ)/8}m^{−(3ν+7σ)/8}(η(τ_0))^{−12ν} {

(κ_1)^ν ( da dz )_{−(ν+} σ_{4 )} 1 e^{2pz1+S2T1} ∑ x δ[ x_2 ]_{,ξ} n_x e^{i2 (dz/da)1x·S}

+ 2^{− b22} (κ_2)^ν ( da_D dz )_{−(ν+} σ_{4 )} 2 e^{2pz2+S2T2} ∑ x (−1)^{ξ· x2} n_x e^{i2 (dz/daD)2x·S}

+ 2^{− b22} i^{−ξ2} (κ_3)^ν ( d(a_D − a) dz )_{−(ν+} σ_{4 )} 3 e^{2pz3+S2T3} ∑ x (−1)^{ξ· x2} n_x e^{i2 (dz/d(aD−a))3x·S} } , (6.77)

where the sum ∑ x is over all the Seiberg-Witten basic classes. This formula can be written in terms of modular forms by substituting the explicit expressions (3.18) for κ_j and (3.19) for the periods. Notice that there is no need to resolve the square roots in (3.19). Indeed, the periods in (6.77) are raised to the power −(ν + σ/4). Since the manifold X is spin, σ = 0 mod 16, so σ/4 is even. As for ν = (χ + σ)/4, it is only guaranteed^4 that ν ∈ ZZ. Nevertheless, as explained in sect. 11.5 of [84], one can take advantage of the following property of the Seiberg-Witten invariants n_x – see [110] for a quick proof:

n_{−x} = (−1)^ν n_x. (6.78)

Upon summing over x and −x using (6.78), the factors e^i2^{(dz/da)j x·S} average to a cosine when ν is even, and to a sine when ν is odd. Therefore, no odd powers of (dz/da)_j appear in (6.77). Note that as x is an even class on spin manifolds, ξ ·x/2 is always an integer, and therefore the phase (−1)^{ξ· x}2 does not spoil the argument. Likewise, if x + 2ξ = 0 mod 4, it is also true that −x + 2ξ = 0 mod 4 (x is an even class), so if a given basic class x contributes to the first term in (6.77) , so does −x.

We will now work out a more explicit formula for the partition function (setting p = 0 and S = 0 in (6.77)). Notice that, since the partition function does not care about whether the manifold is simply-connected or not, at least in the simple-type case (in any case, we are not computing correlation functions of observables), we can easily extend our result to the non simply-connected case. As in [100] this extension involves the introduction of a factor 2^{−b1} in two of the three contributions. Notice also that, because of (6.78), the partition function is zero when ν is odd, since n_x + n_{−x} = n_x(1 + (−1)^ν ). Therefore, in the following formula for the partition function we assume that ν is even. Upon substituting eqs. (3.18) and (3.19) in (6.77), and taking into account the identities

4 For x = −2λ̃ = −2c_1(L̃) a basic class, ν is the index of the corresponding Dirac operator D : Γ(X, S^+ ⊗ L̃) → Γ(X, S� ⊗ L̃), which is always an integer [110].

(6.132), the partition function for a fixed ’t Hooft flux ξ is given by:

Z_ξ = { ( G(q_0^2) 4 )_{ν/2} (ϑ_3ϑ_4)^{(2χ+3σ)/2} ∑ x δ_{ξ,}[x_2 ]n_x

+2^{1−b1+ 14 (7χ+11σ)} ( G(q_0^{1/2}) )_{ν/2} ( ϑ_2ϑ_3 2 )_{(2χ+3σ)/2} ∑ x (−1)^{x2 ·ξ} n_x

+2^{1−b1+ 14 (7χ+11σ)}i^{−ξ2} ( G(−q_0^{1/2}) )_{ν/2} ( ϑ_2ϑ_4 2 )_{(2χ+3σ)/2} ∑ x (−1)^{x2 ·ξ} n_x } . (6.79)

The partition function for gauge groups SU(2) and SO(3) is easily obtained from this expression. One finds:

Z_{SU (2)} = Z_{ξ=0}/2^{1−b1} = { 2^{b1−1} ( G(q_0^2) 4 )_{ν/2} (ϑ_3ϑ_4)^{(2χ+3σ)/2} ∑ x=4y n_x

+ 2^{14 (7χ+11σ)} ( G(q_0^{1/2}) )_{ν/2} ( ϑ_2ϑ_3 2 )_{(2χ+3σ)/2} ∑ x n_x

+ 2^{14 (7χ+11σ)} ( G(−q_0^{1/2}) )_{ν/2} ( ϑ_2ϑ_4 2 )_{(2χ+3σ)/2} ∑ x n_x } . (6.80)

The constraint x = 4y in the first term in (6.80) means that one has to consider only those basic classes x ∈ 4H^2(X, ZZ). Notice that this constraint implies that the corresponding contribution vanishes unless x^2 = 2χ + 3σ = 8ν + σ = 16y^2 = 0 mod 32. Notice that as ν is even and σ ∈ 16ZZ, it is only guaranteed that 2χ + 3σ = 0 mod 16. When 2χ + 3σ = 0 mod 32, the first singularity contributes to the SU(2) partition function, and the leading behaviour of the partition function is

Z_0 ∼ q_0^{−ν} + O(q_0^{−ν+1}). (6.81)

As in [100], the leading contribution could be interpreted as the contribution of the trivial connection, shifted from (q_0)^0 to q_0^{−ν} by the c-number we referred to above. But notice that the next power in the series expansion is q_0^{−ν+1}. The gap between the trivial connection contribution and the first non-trivial instanton contribution which was noted in [100] for the Vafa-Witten partition function is not present here: all instanton configurations contribute to Z_{SU (2)}.

On the other hand, when 2χ + 3σ = 16(2j + 1), j ∈ ZZ, the first singularity does not contribute to the partition function and the leading behaviour comes from the strong coupling singularities. Then Z_0 has an expansion:

Z_0 ∼ q_0^{2χ+3σ16} + O(q_0^{2χ+3σ16 +1}), (6.82) again with no gap between the contribution of the trivial connection (shifted from (q_0)^0 by the c-number q_0^{2χ+3σ}16 ) and higher-order instanton contributions.

As for the SO(3) partition function, one has to sum (6.79) over all allowed bundles, which means summing over all allowed ’t Hooft fluxes. One finds in this way:

Z_{SO(3)} = ∑ ξ Z_ξ

= { ( G(q_0^2) 4 )_{ν/2} (ϑ_3ϑ_4)^{(2χ+3σ)/2} ∑ x n_x

+ 2^{1−b1+b2+ 14 (7χ+11σ)} ( G(q_0^{1/2}) )_{ν/2} ( ϑ_2ϑ_3 2 )_{(2χ+3σ)/2} ∑ x=4y n_x

+ 2^{1−b1+b2/2+ 14 (7χ+11σ)} ( G(−q_0^{1/2}) )_{ν/2} ( ϑ_2ϑ_4 2 )_{(2χ+3σ)/2} ∑ x n_x } . (6.83) To perform the summation over fluxes in (6.83), one uses the following identities [100]: ∑ ξ ∑ x n_x δ[ x_2 ]_{,ξ} = ∑ x n_x, ∑ ξ ∑ x (−1)^{x2 ·ξ} n_x = 2^{b2} ∑ x=4y n_x, ∑ ξ i^{−ξ2} ∑ x (−1)^{x2 ·ξ} n_x = 2^{b2/2} ∑ x n_x, (6.84) where in the last identity we have supressed again the phase (−1)^{σ/8}.

6.5 Duality transformations of the generating function

In this section we will study the properties under duality transformations of the generating function (6.77). We will start by checking the modular properties of Z_ξ(τ_0) as given in (6.79). As explained in [100], one should expect the following behaviour under the modular group. Under a T transformation, taking τ_0 → τ_0 + 1, the partition function for fixed ξ must transform into itself with a possible anomalous ξ-dependent phase. Indeed, (6.79) behaves under T in the expected fashion:

Z_ξ(τ_0 + 1) = i^{−ξ2} Z_ξ(τ_0). (6.85) Checking (6.85) involves some tricky steps that we now explain. Let us rewrite (6.79) as:

Z_ξ = A_1(τ_0) ∑ x δ_{ξ,}[x_2 ]n_x + [ A_2(τ_0) + i^{−ξ2} A_3(τ_0) ] ∑ x (−1)^{x2 ·ξ}n_x. (6.86) where we have set A_1(τ_0) = ( G(q_0^2)/4 )_{ν/2} (ϑ_3ϑ_4)^{(2χ+3σ)/2} , A_2(τ_0) = 2^{1−b1+ 14 (7χ+11σ)} ( G(q_0^{1/2}) )_{ν/2} (ϑ_2ϑ_3/2)^{(2χ+3σ)/2} , (6.87) and so on. Under τ_0 → τ_0 + 1 we have:

A_1 → A_1, A_2 → e^{iπ8 (2χ+3σ)}A_3 = A_3, A_3 → e^{iπ8 (2χ+3σ)}A_2 = A_2, (6.88) and we have taken into account that ν ∈ 2ZZ throughout. In view of (6.88), the partition function in (6.86) transforms as follows:

Z_ξ −→ Z̃_ξ = A_1(τ_0) ∑ x δ_{ξ,}[ x_2 ]n_x + [ A_3(τ_0) + i^{−ξ2} A_2(τ_0) ] ∑ x (−1)^{x2 ·ξ}n_x, (6.89)

that is Z̃_ξ = i^{−ξ2} ( i^{ξ2} A_1 ∑ x δ_{ξ,}[ x_2 ]n_x + [ A_2 + i^{−ξ2} A_3 ] ∑ x (−1)^{x2 ·ξ}n_x ) . (6.90)

The phase i^{ξ2} in front of A_1 seems to spoil the invariance of Z_ξ under T . That this is not actually so is because of the constraint ξ+x/2 = 0 mod 2. Indeed, when ξ+x/2 = 0 mod 2 we have ξ^2 = x^2/4 mod 4, and therefore i^{ξ2} = i^{x2/4} = i^{(2χ+3σ)/4} = i^{2ν+σ/4} = 1, (6.91) which guarantees that Z_ξ is invariant (up to a phase) under τ_0 → τ_0 + 1.

Likewise, under an S transformation, taking τ_0 → −1/τ_0, one should expect the following behaviour: Z_ξ(−1/τ_0) ∝ ∑ ζ (−1)^{ζ·ξ}Z_ζ(τ_0). (6.92)

It turns out that the partition function (6.79) indeed satisfies (6.92). In fact, Z_ξ(−1/τ_0) = 2^{−b2 /2} (τ_0 i )_{−χ/2} ∑ ζ (−1)^{ζ·ξ}Z_ζ(τ_0). (6.93)

In order to check (6.93), one has to use the modular properties of the different functions in (6.79), which are compiled in the appendix in sect. 6.7, and handle with care the summation over fluxes in (6.93). The following identities are useful: ∑ ζ (−1)^{ζ·ξ} ∑ x n_x δ[ x_2 ]_{,ζ} = ∑ x (−1)^{x2 ·ξ} n_x, ∑ ζ (−1)^{ζ·ξ} ∑ x (−1)^{x2 ·ζ} n_x = 2^{b2} ∑ x n_x δ[ x_2 ]_{,ξ}, ∑ ζ (−1)^{ζ·ξ} i^{−ζ2} ∑ x (−1)^{x2 ·ζ} n_x = 2^{b2/2}i^{−ξ2} ∑ x (−1)^{x2 ·ξ} n_x.

(6.94)

To prove these identities, we borrow from eq. (5.40) of [100] the following formulas: ∑ z (−1)^{z·y}δ_{z,z}′ = (−1)^{y·z′} , ∑ z (−1)^{z·y} = 2^{b2} δ_{y,0}, ∑ z (−1)^{z·y}i^{−z2} = 2^{b2/2}i^{−σ/2+y2} . (6.95)

In addition to this, we have to take into account that, since the manifold is spin, σ = 0 mod 16, x ∈ 2H^2(X, ZZ), and x · ξ, ξ^2 ∈ 2ZZ. Similarly, one should not forget to impose the constraint ν ∈ 2ZZ.

Using (6.80) and (6.83), one finds the following duality transformation properties for the SU(2) and SO(3) partition functions:

Z_{SU (2)}(τ_0 + 1) = Z_{SU (2)}(τ_0),

Z_{SO(3)}(τ_0 + 2) = Z_{SO(3)}(τ_0),

Z_{SU (2)}(−1/τ_0) = 2^{−χ/2}τ_0^{−χ/2}Z_{SO(3)}(τ_0). (6.96)

As expected, the partition function for SO(3) does not transform properly under τ_0 → τ_0 + 1, but transforms into itself under τ_0 → τ_0 + 2. Hence, the SU(2) or SO(3) partition funcions are invariant under the subgroup Γ^0(2) ⊂ SL(2, ZZ).

We will now analyse the behaviour of the topological correlation functions under modular transformations. First, it is useful to work out how the different terms entering (6.77) transform. Under τ_0 → −1/τ_0 we have,

z_1 −→ τ_0^2z_2, T_1 −→ (τ_0 i )_4 ( T_2 − i πτ_0 z_2 ) , z_2 −→ τ_0^2z_1, T_2 −→ (τ_0 i )_4 ( T_1 − i πτ_0 z_1 ) , z_3 −→ τ_0^2z_3, T_3 −→ (τ_0 i )_4 ( T_3 − i πτ_0 z_3 ) . (6.97)

These formulas entail for the topological correlation functions the following behaviour under an S transformation: ⟨ 1 8π^2

Tr ϕ^2 ⟩_{SU (2)} τ_0

= ⟨O⟩^{SU (2)}_{τ0} = 1 τ_0^2 ⟨O⟩^{SO(3)}_{−1/τ0} , ⟨ 1 8π^2 ∫ S Tr (2ϕF + ψ ∧ ψ) ⟩_{SU (2)} τ_0

= ⟨I(S)⟩^{SU (2)}_{τ0} = 1 τ_0^2 ⟨I(S)⟩^{SO(3)}_{−1/τ0} , ⟨I(S)I(S)⟩^{SU (2)}_{τ0} = (τ_0 i )_{−4} ⟨I(S)I(S)⟩^{SO(3)}_{−1/τ0} + i 2π 1 τ_0^3 ⟨O⟩^{SO(3)}_{−1/τ0} ♯(S ∩ S). (6.98)

At first sight, the behaviour of ⟨I(S)⟩ under τ_0 → −1/τ_0 seems rather unnatural. Since I(S) is essentially the magnetic flux operator of the theory, one would expect that it should transform under S into the corresponding electric flux operator J(S) ∼ ∫ S Tr (ϕ ∗ F ) of the dual theory. However, this operator (or any appropriate generalization thereof) does not give rise to topological invariants, so one could question whether it should play any role at all. Likewise, one would like to understand the origin of the shift ⟨O⟩ ♯(S ∩ S) in the transformation of ⟨I(S)I(S)⟩.

These a priori puzzling behaviours are quite natural when analysed from the viewpoint of Abelian electric-magnetic duality^5. In fact, there exists a simple Abelian topological model whose correlation functions mimic the behaviour in (6.98) under electric-magnetic duality.

This model contains an Abelian gauge field A, whose field strength is defined as F = dA, two neutral scalar fields ϕ, λ, a Grassmann-odd neutral one-form ψ and a Grassmann-odd neutral two-form χ. The Lagrangian is simply the topological density i 4π τ_0F ∧ F = iτ_0 16π ϵ_{αβμν}F^{αβ}F^{μν}, (6.99) plus conventional kinetic terms for the rest of the fields:

L_0 = i 4π τ_0F ∧ F + Im τ_0 dϕ ∧ ∗dλ + Im τ_0 χ ∧ ∗dψ. (6.100)

This Lagrangian possesses the following BRST symmetry: [Q, A] = ψ, {Q, ψ} = dϕ, [Q, ϕ] = [Q, λ] = {Q, χ} = 0. (6.101) Notice that the non-holomorphic metric-dependent dependence on τ_0 in (6.100) is BRSTexact: Im τ_0 (dϕ ∧ ∗dλ + χ ∧ ∗dψ) = Im τ_0{Q, ψ ∧ ∗dλ − χ ∧ ∗F }. (6.102) Therefore, the partition function ∫ D[A, ϕ, λ, ϕ, χ, ]e^{∫ L0} is metric-independent and a priori holomorphic in τ_0.

5We thank J.L.F. Barbón for useful conversations on this point.

The presence of magnetic sources in the theory is mimicked by imposing the conditions: ∫ Sa F = 2πn^a, n^a ∈ ZZ, (6.103)

where the {S_a}_{a=1,···b2(X)} are two-cycles representing a basis of H_2(X, IR). Notice that indeed ∫ S F gives the magnetic flux of F through S. Owing to (6.103), F can be decomposed as F = da + 2π ∑ a n^a[S_a], where a is a one-form in X and [S_a] are closed two-forms representing a basis of H^2(X, IR) dual to {S_a}. With these conventions, the piece in ∫ L_0 containing the field strength is simply iπτ_0 ∑ a,b n^aQ_{ab}n^b, (6.104)

with Q_{ab} = ∫ X [S_a] ∧ [S_b] = ♯(S_a ∩ S_b) the intersection form of the manifold. The functional integral ∫ DA e^{L0} therefore involves a continuous integration over a plus a discrete summation over the magnetic fluxes n^a.

We wish to calculate the correlation functions ⟨ϕ^2⟩ and ⟨ ∫ S(2ϕF + ψ ∧ ψ)⟩, and analyse their behaviour under duality transformations. For this we consider the generating functional: ∫ DADϕDλDψDχ e^{∫X L(p,S)}, (6.105) where L(p, S) = i 4π τ_0F ∧ F + Im τ_0 dϕ ∧ ∗dλ + Im τ_0 χ ∧ ∗dψ + 1 8π^2 (2ϕF + ψ ∧ ψ) ∧ [S] + p 8π^2 ϕ^2.

(6.106)

Notice that the operators ϕ^2 and ∫ S(2ϕF +ψ∧ψ) are BRST-invariant. This guarantees, in the usual fashion, the topological invariance of the generating function (6.105).

It is possible to rewrite (6.105) in terms of an equivalent, dual theory, which is also a topological Abelian model of the same sort, but with an inverted coupling constant τ^D_0 = −1/τ_0. The details are similar to those in conventional electric-magnetic duality for Abelian gauge theories [98][101][111]: one introduces a Lagrange multiplier A_D to enforce the constraint F = dA in the functional integral. This A_D can be thought of as a connection on a dual magnetic line bundle. Its field strength F_D = dA_D is taken to have quantized fluxes through the cycles S_a: F_D = da_D + 2π ∑ a m^a[S_a]. To deal with the other fields, we augment the quintet {F, ψ, ϕ, λ, χ} with a dual Abelian field strength F_D, a dual neutral Grassmann-odd one-form ψ_D, dual neutral scalars ϕ_D, λ_D, a dual neutral Grassmann-odd two-form χ_D, bosonic four-form multipliers b, b̃, a Grassmann-odd threeform multiplier ρ and a Grassmann-odd two-form multiplier ω, and consider the extended

Lagrangian:

L̃(p, S) = i 4π τ_0F ∧ F +

Im τ_0 2τ_0 dϕ_D ∧ ∗dλ + Im τ_0 2τ̄_0 dϕ ∧ ∗dλ_D + Im τ_0 2τ_0 χ ∧ ∗dψ_D + Im τ_0 2τ̄_0 χ_D ∧ ∗dψ + 1 8π^2 ( 2ϕF + 1 τ_0 ψ ∧ ψ_D ) ∧ [S] + p 8π^2τ_0 ϕϕ_D − i 2π F ∧ F_D + b(ϕ_D − τ_0ϕ) + b̃(λ_D − τ̄_0λ) +ρ ∧ (ψ_D − τ_0ψ) + ω ∧ (χ_D − τ̄_0χ). (6.107)

By integrating out the dual fields F_D, ϕ_D, ψ_D, χ_D and λ_D, and the multipliers b, b̃, ρ, ω, it is straightforward to verify that the generating functional: ∫ D[F, ϕ, ψ, λ, χ, F_D, ϕ_D, ψ_D, λ_D, χ_D, b, b̃, ρ, ω] e^{∫X L̃(p,S)}, (6.108)

where now the integration over F is unrestricted, represents the same theory as (6.105). The dual formulation can be achieved by integrating out instead the original fields F , ϕ, λ, χ and ψ, together with the multipliers b, b̃, ρ and ω. One obtains in this way the dual Lagrangian:

L_D(p, S) = − i 4πτ_0 F_D ∧ F_D + Im τ^D_0 dϕ_D ∧ ∗dλ_D + Im τ^D_0 χ_D ∧ ∗dψ_D + 1 τ_0^2 1 8π^2 ( 2ϕ_DF_D + ψ_D ∧ ψ_D ) ∧ [S] + p 8π^2τ_0^2

(ϕ_D)^2 + i 2πτ_0^3

(ϕ_D)^2 8π^2 [S] ∧ [S]. (6.109)

Notice that this dual Lagrangian is invariant under the appropriate dualized version of (6.101):

[Q, A_D] = ψ_D, {Q, ψ_D} = dϕ_D, [Q, ϕ_D] = [Q, λ_D] = {Q, χ_D} = 0. (6.110)

From (6.109) we can immediately read off the behaviour of the correlation functions under τ_0 → −1/τ_0: ⟨ 1 8π^2 ϕ^2 ⟩ τ_0

= ⟨O⟩_{τ0} = 1 τ_0^2 ⟨ 1 8π^2

(ϕ_D)^2 ⟩ −1/τ0 = 1 τ_0^2 ⟨O⟩^D_{−1/τ0} , ⟨ 1 8π^2 ∫ S (2ϕF + ψ ∧ ψ) ⟩ τ_0

= ⟨I(S)⟩_{τ0} = 1 τ_0^2 ⟨ 1 8π^2 ∫ S (2ϕ_DF_D + ψ_D ∧ ψ_D) ⟩ −1/τ0 = 1 τ_0^2 ⟨I(S)⟩^D_{−1/τ0} ,

⟨I(S)I(S)⟩_{τ0} = 1 τ_0^4 ⟨I(S)I(S)⟩^D_{−1/τ0} + i 2πτ_0^3 ⟨O⟩^D_{−1/τ0} ♯(S ∩ S), (6.111)

which, as promised, faithfully reproduces the modular properties (6.98) of the corresponding topological correlation functions of the full, non-Abelian theory.

6.6 More properties of the generating function

In this section we will analyse more properties of the generating function (6.77). First, we will study its behaviour in the massless limit m → 0, then we will show that the Donaldson invariants are contained in the partition function by studying the N = 2 limit (m → ∞) and, finally, we will show that on K3 it reduces to the one obtained by Vafa and Witten for another twist of the N = 4 supersymmetric theory.

6.6.1 Massless limit

We wish to analyse the behaviour of (6.77) and (6.79) in the limit m → 0 holding τ_0 fixed. Since we have factorized out the overall dependence on m, the analysis here is much simpler than that in [59] but leads to a somewhat puzzling result. Notice that all the dependence on m in the generating function is contained in the observables. Consider a certain correlation function ⟨O^{(1)} · · · O^{(r)}⟩. The observable insertions carry an explicit mass dependence dictated by their ghost number (6.41), so we have

⟨O^{(1)} · · · O^{(r)}⟩ ∝ m^{∑rn=1 gn/2}, (6.112)

where g_n is the ghost number of the observable O^{(n)}. As the exponent in (6.112) is always positive, all the correlation functions vanish in the limit m → 0 whatever the values of χ and σ be. Notice that one would generically expect that the correlation functions should be non-zero unless 2χ + 3σ ≥ 0. However, on manifolds with b^+_2 > 1, the topological correlation functions are given by the contributions from the singularities in the moduli space of the physical theory. In the massless limit, the three singularities of the low-energy description of the physical N = 4 theory collapse to a unique singularity at u = 0. This is a superconformal point where we generically expect all the correlation functions other than the partition function (which is itself the vacuum expectation value of the identity operator) to vanish. Thus, the vanishing of the topological correlation functions could be thought of as an effect of the superconformal invariance of the undelying N = 4 theory. Anyhow, one should not take these results too seriously. The generating function was derived for generic values of the mass m (and in particular for non-zero values of the mass), so it is not clear that setting m = 0 is meaningful at all.

6.6.2 The N = 2 limit and the Donaldson-Witten invariants

We would like to analyse the fate of our formulas for the generating function under the decoupling limit m → ∞, q_0 → 0, holding Λ_0, the scale of the N_f = 0 theory, fixed: 4m^4q_0 = Λ_0^4. In this limit, the singularities at strong coupling evolve to the singularities of the N = 2, N_f = 0 SU(2) theory, while the semiclassical singularity goes to infinity and disappears. While this limit is perfectly well-defined for the Seiberg-Witten curve, it is not clear whether the corresponding explicit expressions for the prepotentials and the periods should remain non-singular as well. The question therefore arises as to whether taking this naive limit in the twisted theory could give a non-singular result, that is whether, starting from (6.77) or (6.79), one could recover the corresponding expressions for the twisted (pure) SU(2) N = 2 supersymmetric theory. This limit has been systematically studied for the twisted N = 2 gauge theory with N_f hypermultiplets in the fundamental representation (and N_f < 4) in [79]. Dijkgraaf et al. [26] considered the same limit for the Vafa-Witten partition function, and they were able to single out a piece which corresponds to the partition function of the twisted N = 2 supersymmetric theory as first computed by Witten [110]. We will go a step further and recover, in the same limit, the full generating function for the Donaldson-Witten invariants.

We will focus on the generating function (6.77). We will keep the leading terms in the series expansion of the different modular functions in powers of q_0. We will use the explicit formulas:

G(q_0^2) = 1/q_0^2 + · · · , ϑ_3(q_0)ϑ_4(q_0) = 1 + · · · , G(q_0^{1/2}) = 1/q_0^{1/2} + · · · , ϑ_2(q_0)ϑ_3(q_0)/2 = q_0^{1/8} + · · · , G(−q_0^{1/2}) = −1/q_0^{1/2} + · · · , ϑ_2(q_0)ϑ_4(q_0)/2 = q_0^{1/8} + · · · . (6.113)

As for the modular functions entering the observables, we have the following behaviour:

z_1 = 1 4 m^2e_1(τ_0) = 1 6 m^2 + O(Λ_0^4/m^2),

z_2 = 1 4 m^2e_2(τ_0) = − 1 12 m^2 − 4Λ_0^2 + O(Λ_0^4/m^2),

z_3 = 1 4 m^2e_3(τ_0) = − 1 12 m^2 + 4Λ_0^2 + O(Λ_0^4/m^2), (6.114) and (dz/da)_1^2 = 1 2 m^2(ϑ_3ϑ_4)^4 = 1 2 m^2 + O(Λ_0^4/m^2),

(dz/da_D)_2^2 = 1 2 m^2(ϑ_2ϑ_3)^4 = 16Λ_0^2 + O(Λ_0^4/m^2),

(dz/da_d)_3^2 = − 1 2 m^2(ϑ_2ϑ_4)^4 = −16Λ_0^2 + O(Λ_0^4/m^2), (6.115)

and, for the contact terms T_i (6.71), (6.74):

T_1 = O(Λ_0^4/m^2), T_2 = −2Λ_0^2 + O(Λ_0^4/m^2), T_3 = 2Λ_0^2 + O(Λ_0^4/m^2). (6.116)

While the contribution from the semiclassical singularity behaves as

2^{−ν} q_0^{−ν} e^{pm2/3} . . . , (6.117)

the contributions from the strong coupling singularities give the following result: 1 2^{b1} q_0^{−ν} q_0^{3ν/4}q_0^{(2χ+3σ)/16}e^{−pm2/6} { 2^{1+ 14 (7χ+11σ)} ( e^{2p+ S22} ∑ x (−1)^{x2 ·ξ}e^{S·x} n_x + i^{ν−ξ2} e^{−2p− S22} ∑ x (−1)^{x2 ·ξ}e^{−iS·x} n_x )} , (6.118)

(we have set Λ_0^2 = −1/4), where the quantity in brackets is precisely Witten’s generating function for the twisted N = 2 SO(3) gauge theory!

6.6.3 The partition function on K3

We now specialize to K3. This is a compact hyper-Kähler manifold, and as such one would expect [109] the physical and the twisted theories to coincide. Therefore, our formulas are to be considered as true predictions for the partition function and a selected set of correlation functions of the physical N = 4 SO(3) gauge theory on K3.

Only the zero class x = 0 contributes on K3, and n_{x=0} = 1. Moreover, χ = 24 and σ = −16, so ν = 2 and 2χ + 3σ = 0. The answer for K3 is therefore:

Z^{K3}_ξ = 1 4 G(q_0^2)δ_{ξ,0} + 1 2 G(q_0^{1/2}) + i^{−ξ2} 1 2 G(−q_0^{1/2}), (6.119)

which happily coincides with the formula given by Vafa and Witten [100]. We can go even further and present the full generating function on K3: ⟨ e^{pO+I(S)} ⟩_{K3} ξ = 1 4 G(q_0^2)e^{2pz1+S2T1} δ_{ξ,0} + 1 2 G(q_0^{1/2})e^{2pz2+S2T2} + i^{−ξ2} 1 2 G(−q_0^{1/2})e^{2pz3+S2T3} .

(6.120)

Notice that the correlation functions, which follow from (6.120), are proportional to the mass m, and therefore all vanish (except for the partition function) when m → 0, as expected.

The generating function for SU(2) is obtained from (6.120) by simply setting ξ = 0 and dividing by 2: ⟨ e^{pO+I(S)} ⟩_{K3} SU (2) = 1 8 G(q_0^2) e^{2pz1+S2T1} + 1 4 G(q_0^{1/2}) e^{2pz2+S2T2} + 1 4 G(−q_0^{1/2}) e^{2pz3+S2T3} . (6.121)

The corresponding expression for SO(3) bundles is given by the sum of (6.120) over all ’t Hooft fluxes. As explained in [100], the allowed ’t Hooft fluxes on K3 can be grouped into different diffeomorphism classes, which are classified by the value of ξ^2 modulo 4 (K3 is spin, so ξ^2 is always even). There are three different possibilities and, correspondingly, three different generating functions to be computed: ξ = 0, with multiplicity n_0 = 1, gives just the SU(2) partition function; ξ ≠ 0, ξ^2 ∈ 4ZZ, with multiplicity n_{even} = (2^{22} + 2^{11})/2 − 1; and ξ^2 = 2 mod 4, with multiplicity n_{odd} = (2^{22} − 2^{11})/2. The SO(3) answer is the sum of the three generating functions (with the appropriate multiplicities): ⟨ e^{pO+I(S)} ⟩_{K3} SO(3) = ⟨ e^{pO+I(S)} ⟩_{K3} ξ=0 + n_{even} ⟨ e^{pO+I(S)} ⟩_{K3} even + nodd ⟨ e^{pO+I(S)} ⟩_{K3} odd = 1 4 G(q_0^2) e^{2pz1+S2T1} + 2^{21}G(q_0^{1/2})e^{2pz2+S2T2} + 2^{10}G(−q_0^{1/2})e^{2pz3+S2T3} . (6.122)

All these generating functions behave under duality as dictated by (6.85), (6.92) and (6.98). In particular, the S transformation exchanges the SU(2) and SO(3) generating functions according to (6.96) and (6.98).

6.7 Appendix

Here we collect some useful formulas which should help the reader follow the computations in this chapter. A more detailed account can be found in appendices A and B of [84]. A very useful review containing definitions and properties of many modular forms can be found in appendices A and F of [53].

6.7.1 Modular forms

Our conventions for the Jacobi theta functions are:

ϑ_2(τ ) = ∞∑ n=−∞ q^{(n+1/2)2/2} = 2q^{1/8}(1 + q + q^3 + · · · ),

ϑ_3(τ ) = ∞∑ n=−∞ q^{n2/2} = 1 + 2q^{1/2} + 2q^2 + · · · ,

ϑ_4(τ ) = ∞∑ n=−∞ (−1)^nq^{n2/2} = 1 − 2q^{1/2} + 2q^2 + · · · ,

(6.123) where q = e^{2πiτ} . They satisfy the identity:

ϑ_3(τ )^4 = ϑ_2(τ )^4 + ϑ_4(τ )^4, (6.124) and they have the following properties under modular transformations: ϑ_2(−1/τ ) = √_τ i ϑ_4(τ ), ϑ_2(τ + 1) = e^{iπ/4}ϑ_2(τ ), ϑ_3(−1/τ ) = √_τ i ϑ_3(τ ), ϑ_3(τ + 1) = ϑ_4(τ ), ϑ_4(−1/τ ) = √_τ i ϑ_2(τ ), ϑ_4(τ + 1) = ϑ_3(τ ). (6.125) From these, the modular properties of the functions e_j (3.11) follow straightforwardly: e_1(−1/τ_0) = τ_0^2e_2(τ_0), e_1(τ_0 + 1) = e_1(τ_0), e_2(−1/τ_0) = τ_0^2e_1(τ_0), e_2(τ_0 + 1) = e_3(τ_0), e_3(−1/τ_0) = τ_0^2e_3(τ_0), e_3(τ_0 + 1) = e_2(τ_0). (6.126) Notice that, from their definition, e_1 + e_2 + e_3 = 0. Likewise, we can determine explicitly the behaviour of the functions κ_j (3.18) and of the periods (3.19) under modular transformations:

κ_1(−1/τ_0) = τ_0^2κ_2(τ_0), κ_1(τ_0 + 1) = −κ_1(τ_0), κ_2(−1/τ_0) = τ_0^2κ_1(τ_0), κ_2(τ_0 + 1) = κ_3(τ_0), κ_3(−1/τ_0) = −τ_0^2κ_3(τ_0), κ_3(τ_0 + 1) = κ_2(τ_0), (6.127) and (da/dz)_1^2|_− 1_{τ0} = τ_0^{−4}(da_D/dz)_2^2|_{τ0} , (da/dz)_1^2|_{τ0+1} = (da/dz)_1^2|_{τ0} , (da_D/dz)_2^2|_− 1_{τ0} = τ_0^{−4}(da/dz)_1^2|_{τ0} , (da_D/dz)_2^2|_{τ0+1} = (da_d/dz)_3^2|_{τ0} , (da_d/dz)_3^2|_− 1_{τ0} = τ_0^{−4}(da_d/dz)_3^2|_{τ0} , (da_d/dz)_3^2|_{τ0+1} = (da_D/dz)_2^2|_{τ0} , (6.128)

where we have set a_d ≡ a_D − a.

The Dedekind eta function is defined as follows:

η(τ ) = q^{1/24} ∞∏ n=1 (1 − q^n) = ∞∑ −∞ (−1)^nq^{32 (n−1/6)2} = q^{1/24}(1 − q − q^2 + · · · ), (6.129)

with q = exp(2iπτ ). Under the modular group: η(−1/τ ) = √ τ i η(τ ), η(τ + 1) = e^{iπ/12}η(τ ). (6.130)

The following identities are useful:

η(τ )^3 = 1 2 ϑ_2(τ )ϑ_3(τ )ϑ_4(τ ), ϑ_2(τ ) = 2 η(2τ )^2 η(τ ) , ϑ_3(τ ) = η(τ )^5 η(τ /2)^2η(2τ )^2

, ϑ_4(τ ) = η(τ /2)^2 η(τ ) . (6.131)

With these formulas we can rewrite the functions G(q) featuring in the Vafa-Witten formula in terms of standard modular forms: G(q) = 1 η(q)^{24}

, G(q^2) = 1 η(2τ )^{24} = ( 2 η(τ )ϑ_2(τ )

)_{12} , G(q^{1/2}) = 1 η(^τ_2 )^{24} = 1 ( η(τ )ϑ_4(τ )

)_{12} , G(−q^{1/2}) = 1 η(^{τ +1}_2 )^{24} = − 1 ( η(τ )ϑ_3(τ )

)_{12} .

(6.132)

These functions have the following modular properties [100]:

G(q^2)^{τ →τ +1}−→ G(q^2), G(q^2)^{τ →−1/τ}−→ 2^{12}τ^{−12}G(q^{1/2}), G(q^{1/2})^{τ →τ +1}−→ G(−q^{1/2}), G(q^{1/2})^{τ →−1/τ}−→ 2^{−12}τ^{−12}G(q^2), G(−q^{1/2})^{τ →τ +1}−→ G(q^{1/2}), G(−q^{1/2})^{τ →−1/τ}−→ τ^{−12}G(−q^{1/2}). (6.133)

The Eisenstein series of weights 2 and 4 are:

E_2 = 12 iπ ∂_τ log η = 1 − 24 ∞∑ n=1 nq^n 1 − q^n = 1 − 24q + · · · ,

E_4 = 1 2 ( ϑ^8_2 + ϑ^8_3 + ϑ^8_4 ) = 1 + 240 ∞∑ n=1 n^3q^n 1 − q^n . (6.134)

While E_4 is a modular form of weight 4 for Sl(2, ZZ), E_2 is not quite a modular form: under τ → (aτ + b)/(cτ + d) we have

E_2 ( aτ + b cτ + d ) = (cτ + d)^2E_2(τ ) − 6ic π (cτ + d). (6.135)

The non-holomorphic combination ^E_2 = E_2 − 3/(πIm τ ) is a modular form of weight 2, which enters in the definition of the contact term ^T in (6.46).

6.7.2 Lattice sums

Here we quote some of the results in appendix B of [84] to which we refer the reader for more details. These formulas are quite useful when performing the duality transformations among the different frames on the u-plane.

We introduce the following theta function: Θ_Γ(τ, α, β; P, γ) ≡ exp [ π 2y (γ^2_+ − γ^2_−) ] ∑ λ∈Γ exp { iπτ (λ + β)^2_+ + iπτ̄(λ + β)^2_− + 2πi(λ + β) · γ − 2πi ( λ + 1 2 β ) · α }

= e^{iπβ·α} exp [ π 2y (γ^2_+ − γ^2_−) ] ∑ λ∈Γ exp { iπτ (λ + β)^2_+ + iπτ̄(λ + β)^2_− + 2πi(λ + β) · γ − 2πi(λ + β) · α } , (6.136)

where Γ is a lattice of signature (b_+, b_−) on which an orthogonal projection P_±(λ) = λ_± and a pairing (α, β) → α · β ∈ IR are defined.

The main transformation law is:

Θ_Γ ( −1/τ, α, β; P, γ_+ τ + γ_− τ̄ ) = √ |Γ| |Γ^∗| (−iτ )^{b+/2}(iτ̄)^{b−/2}Θ_Γ∗ (τ, β, −α; P, γ), (6.137) where Γ^∗ is the dual lattice. Given a characteristic vector w_2 ∈ Γ, such that

λ · λ = λ · w_2 mod 2 (6.138) for all λ ∈ Γ, then we have:

Θ_Γ(τ + 1, α, β; P, γ) = e^{−iπβ·w2/2}Θ_Γ ( τ, α − β − 1 2 w_2, β; P, γ ) . (6.139)

126 Adjoint non-Abelian monopoles

Chapter 7

The amphicheiral theory

7.1 The twisted theory

The last theory we will consider was briefly introduced at the end of reference [114], and afterwards it was considered in detail in [14][56][73]. It corresponds to the decomposition (see chapter 4) 4 −→ (2, 1) ⊕ (1, 2), but it is easier (and equivalent) to start from the second twisted theory and replace SU(2)_R with the diagonal sum SU(2)^′_R of SU(2)_R itself and the remaining isospin group SU(2)_F (this is very much alike to a conventional N = 2 twisting). This introduces in the theory a second BRST-like symmetry, which comes from the N = 4 spinor supercharges Q̄_{vα̇}. As we pointed out at before, there are several unusual features to this theory that we think deserve a detailed analysis. We begin by recalling the fundamentals of the second twist. The symmetry group H = SU(2)_L ⊗ SU(2)_R ⊗ SU(4)_I of the original N = 4 supersymmetric gauge theory is twisted to give the symmetry group H^′ = SU(2)^′_L ⊗ SU(2)_R ⊗ SU(2)_F ⊗ U(1) (we will refer to this as the L twist) of the half-twisted theory. The supersymmetry charges Q^v_α and Q̄_{vα̇} decompose under H^′ as:

Q^v_α ⊕ Q̄_{vα̇} −→ Q^{(+1)} ⊕ Q^{(+1)}_{(αβ)} ⊕ Q^{(−1)}_{iα} ⊕ Q̄^{(−1)}_{αα̇} ⊕ Q̄^{(+1)}_{iα̇} . (7.1)

But one can also twist with SU(2)_R thus obtaining its corresponding “mirror” T̃ twist with symmetry group H̃^′ = SU(2)_L ⊗ SU(2)^′_R ⊗ SU(2)_F ⊗ U(1) (R twist). Both formulations are related (4.8) through an orientation reversal and a change of sign in θ_0. Now we can twist SU(2)_F away in four different ways. Two of these (LL and RR) take us back to the Vafa-Witten twists T and T̃ . The other two (LR and RL) should lead us to the twist considered in [14][73] and its corresponding T̃ twist. The non-trivial result is that either of these two different choices leads to the same topological theory. This can be seen as follows. Pick one of the possibilities, say, LR. After the first twist we have the half-twisted theory with symmetry group H^′ and supersymmetry charges (7.1). If we now twist SU(2)_F with SU(2)_R we obtain, from the last charge in (7.1), a second scalar charge Q̃ given by:

Q̄_{iα̇} → Q̄_{β̇α̇} → Q̃ = C^{β̇α̇}Q̄_{β̇α̇}. (7.2)

Notice that both the anticommuting symmetries, Q and Q̃, have the same ghost number, so they are both to be considered either as BRST or anti-BRST operators. This is in contrast with the situation we found in the Vafa-Wittten twist where, after explicitly breaking the isospin group SU(2)_F down to its T_3 subgroup, we ended up with two scalar charges Q^{(+)} and Q^{(−)} with opposite ghost numbers, which were then interpreted as a BRST-antiBRST system.

The fields of the new theory can be obtained from those in the half-twisted theory as follows:

A_{αα̇} λ_{vα} λ̄v_{α̇} ϕ_{uv}

−→ −→ −→ −→

A^{(0)}_{αα̇} χ^{(−1)}_{βα} , η^{(−1)}, λ^{(+1)}_{iα} ψ^{(+1)}_{αα̇} , ζ^{(−1)}_{iα̇} B^{(−2)}, C^{(+2)}, G^{(0)}_{iα}

−→ −→ −→ −→

A^{(0)}_{αα̇} χ^{(−1)}_{βα} , η^{(−1)}, ψ̃^{(+1)}_{αα̇} ψ^{(+1)}_{αα̇} , η̃^{(−1)}, χ̃^{(−1)}_{α̇β̇} B^{(−2)}, C^{(+2)}, V^{(0)}_{αα̇}

(7.3)

where we have included also the corresponding fields of the N = 4 theory and the ghost number carried by the twisted fields. The notation is similar to that in ref. [73]. Notice that if we exchange SU(2)_L by SU(2)_R the field content in (7.3) does not change. This in turn implies that the LR and RL twists are in fact the same,

S^{LR}_X = S^{RL}_X , (7.4)

or, in other words, the third twist leads to an amphicheiral topological quantum field theory. Since it is known that the two twists are related by S^{LR}_X = S^{RL}_{X̃} | |_{τ0→−τ̄0} (X̃ denotes the manifold X with the opposite orientation), it follows that by reversing the sign of the θ-angle one can jump from X to X̃:

S_X = S~_X | |_{τ0→−τ̄0} . (7.5)

We will see in a moment that this information is encoded in the discrete conjugation symmetry introduced in [73].

The definitions in (7.3) are almost self-evident. The only ones which need clarification are those corresponding to η̃ and χ̃_{α̇}˙_β. Our conventions are:

ζ^i_{α̇} → ζ^{β̇}_{α̇} → { η̃ = −ζ^{α̇}_{α̇}, χ̃_{α̇}˙_β = −C_{γ̇(}˙_βζ^{γ̇}_{α̇)}.

(7.6)

In terms of the fields in (7.3), the on-shell action (6.5) takes the form:

S^{(0)} = 1 e^2_0 ∫ d^4x Tr { 1 2 ∇_{αα̇}B∇^{α̇α}C − 1 4 ∇_β˙_βV_{αα̇}∇^{β̇β}V^{α̇α} − iψ^β_{α̇}∇^{α̇α}χ_{αβ} − i 2 ψ_{αα̇}∇^{α̇α}η + i 2 η̃∇^{α̇α}ψ̃_{αα̇} + iχ̃_{α̇}˙_β∇^{α̇α}ψ̃^{β̇}_α − 1 4 F_{mn}F^{mn} − i √ 2 χ^{αβ}[χ_{αβ}, C] − i √ 2 ψ̃^{α̇α}[ψ̃_{αα̇}, B] + i √ 2 χ^{αβ}[ψ̃_{αα̇}, V_β^{α̇}] + i √ 2 η[ψ̃^α_{α̇}, V_α^{α̇}] − i 2 √ 2 η[η, C] + i √ 2 ψ_{αα̇}[ψ^{α̇α}, B] − i √ 2 η̃[ψ^α_{α̇}, V_α^{α̇}] − i √ 2 χ̃^{α̇β̇}[ψ_{αα̇}, V^α˙_β] + i √ 2 χ̃_{α̇}˙_β[χ̃^{α̇β̇}, C] + i 2 √ 2 η̃[η̃, C] − 1 2 [B, C]^2 − [B, V_{αα̇}][C, V^{α̇α}] + 1 4 [V_{αα̇}, V_β˙_β][V^{α̇α}, V^{β̇β}] } − iθ_0 32π^2 ∫ d^4x Tr { ∗F_{mn}F^{mn} } . (7.7)

The next thing to do is to obtain the symmetry transformations which correspond to the new model. Recall that we have now two fermionic charges Q and Q̃. The transformations generated by Q are easily obtained from those in the previous twist (6.7). To obtain the transformations generated by Q̃ we must return to the N = 4 theory. Let us recall that the N = 4 supersymmetry transformations are generated by ξ_v^αQ^v_α + ξ̄^v_{α̇}Q̄_v^{α̇}. The transformations corresponding to Q̃ are readily extracted by setting ξ̄^1 = ξ̄^2 = 0 and making the replacement

ξ̄^{3,4}_{α̇} → ξ̄^i_{α̇} → ξ̄^{β̇}_{α̇} → ϵ̃ δ^{β̇}_{α̇}. (7.8)

In this way one gets the following set of transformations:

δA_{αα̇} = 2iϵψ_{αα̇}, δ̃A_{αα̇} = −2iϵ̃ψ̃_{αα̇}, δF^+_{αβ} = 2ϵ∇_{(α}^{α̇}ψ_{β)α̇}, δ̃F^+_{αβ} = −2ϵ̃∇_{(α}^{α̇}ψ̃_{β)α̇}, δψ_{αα̇} = −i √ 2ϵ∇_{αα̇}C, δ̃ψ_{αα̇} = −2iϵ̃[V_{αα̇}, C] δη̃ = i √ 2ϵ∇_{αα̇}V^{α̇α}, δ̃η̃ = 2iϵ̃[B, C], δχ̃_{α̇}˙_β = −i √ 2ϵ∇_{α(α̇}V^α˙_{β)}, δ̃χ̃_{α̇}˙_β = iϵ̃F^−_{α̇β̇} − iϵ̃[V_{αα̇}, V^α˙_β], δχ_{αβ} = −iϵF^+_{αβ} − iϵ[V_{αα̇}, V_β^{α̇}], δ̃χ_{αβ} = i √ 2 ϵ̃ ∇^{α̇}_{(α}V_{β)α̇}, δη = 2iϵ[B, C], δ̃η = i √ 2 ϵ̃ ∇_{αα̇}V^{α̇α}, δψ̃_{αα̇} = −2iϵ[V_{αα̇}, C], δ̃ψ̃_{αα̇} = −i √ 2ϵ̃∇_{αα̇}C, δB = √ 2ϵη, δ̃B = − √ 2ϵ̃η̃, δC = 0, δ̃C = 0, δV_{αα̇} = − √ 2ϵψ̃_{αα̇}, δ̃V_{αα̇} = √ 2ϵ̃ψ_{αα̇}. (7.9)

Since there are no half-integer spin fields in the theory it is preferable to convert the spinor indices into vector indices. To do this we make the following definitions: V ψ ψ̃ αα̇ ≡ σ^m_{αα̇} V ψ ψ̃ m , χ_{αβ} = σ^{mn}_{αβ}χ^+_{mn}, χ̃_{α̇}˙_β = σ̄^{mn}_{α̇}˙_βχ^−_{mn} (7.10)

where χ^±_{mn} = (1/2){χ_{mn} ± (1/2)ϵ_{mnpq}χ^{pq}}. In order to extract a manifestly real action we also make the replacements ψ → −iψ, χ^+ → iχ^+, η̃ → iη̃ and Q̃ → iQ̃. The resulting action is:

S^{(0)} = 1 e^2_0 ∫ d^4x Tr { −∇_mB∇^mC − ∇_mV_n∇^mV^n + 4ψ^m∇^nχ^+_{mn} + ψ^m∇_mη

+ ψ̃^m∇_mη̃ + 4ψ̃^m∇^nχ^−_{mn} − 1 4 F_{mn}F^{mn} − i √ 2 χ^{+mn}[χ^+_{mn}, C] + i √ 2 ψ̃^m[ψ̃_m, B] − 4i √ 2 χ^+_{mn}[ψ̃^m, V^n] + i √ 2 η[ψ̃_m, V^m] − i 2 √ 2 η[η, C] + i √ 2 ψ_m[ψ^m, B] − i √ 2 η̃[ψ_m, V^m] + 4 √ 2 iχ^−_{mn}[ψ^m, V^n] − i √ 2 χ^−_{mn}[χ^{−mn}, C] − i 2 √ 2 η̃[η̃, C] − 1 2 [B, C]^2 + 2[B, V_m][C, V^m] + [V_m, V_n][V^m, V^n] }

− iθ_0 32π^2 ∫ d^4x Tr { ∗F_{mn}F^{mn} } , (7.11)

and the corresponding transformations become: δA_m = 2ϵψ_m, δ̃A_m = −2ϵ̃ψ̃_m, δψ_m = √ 2ϵ∇_mC, δ̃ψ_m = −2iϵ̃[V_m, C] δη̃ = −2 √ 2ϵ∇_mV^m, δ̃η̃ = −2iϵ̃[B, C], δχ^−_{mn} = 2 √ 2ϵ(∇_{[m}V_{n]})^−, δ̃χ^−_{mn} = ϵ̃F^−_{mn} − 2iϵ̃([V_m, V_n])^−, δχ^+_{mn} = −ϵF^+_{mn} + 2iϵ([V_m, V_n])^+, δ̃χ^+_{mn} = 2 √ 2ϵ̃(∇_{[m}V_{n]})^+, δη = 2iϵ[B, C], δ̃η = −2 √ 2ϵ̃∇_mV^m, δψ̃_m = −2iϵ[V_m, C], δ̃ψ̃_m = − √ 2ϵ̃∇_mC, δB = √ 2ϵη, δ̃B = − √ 2ϵ̃η̃, δC = 0, δ̃C = 0, δV_m = − √ 2ϵψ̃_m, δ̃V_m = − √ 2ϵ̃ψ_m, (7.12)

where (X_{[mn]})^± ≡^1_2 (X_{[mn]} ± ∗X_{[mn]}), and X_{[mn]} ≡^1_2 (X_{mn} − X_{nm}). The generators Q and Q̃ satisfy the on-shell algebra: { Q, Q } = δ_g(C), { Q̃, Q̃ } = δ_g(C), { Q, Q̃ } = 0. (7.13)

Now consider the following discrete transformations acting on the fields of the theory: B −→ B, C −→ C, A −→ A, V −→ −V, η −→ −η̃, ψ −→ −ψ̃, η̃ −→ −η, ψ̃ −→ −ψ, χ^+ ←→ −χ^− ⇒ { χ → −χ, ∗χ → ∗χ, F^+ ←→ F^− ⇒ { F → F, ∗F → − ∗ F. (7.14)

Notice that these transformations involve the simultaneous replacement ϵ_{mnpq} → −ϵ_{mnpq} , which is equivalent to a reversal of the orientation of the four-manifold X. Because of this orientation reversal, the sign of the theta-term in (7.11) is also reversed. Thus the

ZZ2-like transformations (7.14) map the action on X to the same action on^~X but with

−θ_0. This is precisely the information encoded in (7.5).

It is also noteworthy that the transformations (7.14) exchange the BRST generators Q and Q̃ – one can see this by looking at (7.12). Indeed, had we not known about the existence of one of the topological symmetries, say Q̃, we would have discovered it immediately with the aid of the symmetry (7.14). In addition to this, one can readily see that the replacements dictated by (7.14) preserve the ghost number assignments of the fields. In what follows, we will usually refer to the transformations (7.14) by ZZ_2, but the reader must be aware of this abuse of notation.

Several things remain to be done. It would be desirable to obtain an off-shell formulation of the model. Besides, it would be interesting to find out whether the off-shell action (provided that it exists) can be written as a Q- (or Q̃, or both) commutator, and write down the explicit expression for the corresponding gauge fermion. And finally, the theory should be generalized to any arbitrary four-manifold of euclidean signature.

We have found a complete off-shell formulation involving both BRST symmetries simultaneously such that the action (7.11) is (up to appropriate theta-terms) Q and Q̃- exact.

Let us examine these results in more detail. The on-shell algebra (7.13) can be extended off-shell by introducing the auxiliary fields N^+_{mn}, N^−_{mn} and P , which have zero ghost number and are taken to transform under ZZ_2 as N^+ ↔ −N^−, P → −P . In terms of these fields, the transformations (7.12) are modified as follows: δη̃ = −2 √ 2ϵ∇_mV^m + ϵP, δP = −4ϵ∇_mψ̃^m + 4 √ 2iϵ[ψ^m, V_m] + 2 √ 2iϵ[η̃, C], δχ^−_{mn} = 2 √ 2ϵ(∇_{[m}V_{n]})^− + ϵN^−_{mn}, δN^−_{mn} = 4ϵ∇_{[m}ψ̃^−_{n]} − 4 √ 2iϵ[ψ_{[m}, V_{n]}]^− + 2 √ 2iϵ[χ^−_{mn}, C], δχ^+_{mn} = −ϵF^+_{mn} + 2iϵ([V_m, V_n])^+ + ϵN^+_{mn}, δN^+_{mn} = 4ϵ∇_{[m}ψ^+_{n]} + 4 √ 2iϵ[ψ̃_{[m}, V_{n]}]^+ + 2 √ 2iϵ[χ^+_{mn}, C]. (7.15) The other transformations in (7.12) remain the same. Equivalent formulas hold for Q̃ and are related to those in (7.15) through the ZZ_2 transformation. In this off-shell realization the auxiliary fields appear in the action only quadratically, that is,

S^{(1)} = S^{(0)} + ∫ Tr { 1 2 (N^+)^2 + 1 2 (N^−)^2 + 1 8 P^2 } . (7.16)

The action S^{(1)} can be written either as a Q commutator or as a Q̃ commutator and is invariant under both, Q and Q̃, that is,

S^{(1)} = {Q, ^Ψ^+} − 2πikτ_0 = {Q̃, ^Ψ^−} − 2πikτ̄_0 ; [Q, S^{(1)}] = 0 = [Q̃, S^{(1)}], (7.17) where the gauge fermions ^Ψ^± are not equal but are formally interchanged by the ZZ_2 transformation and k is the instanton number (4.2). It is possible to redefine the auxiliary fields to cast either the Q or the Q̃ transformations (but not both simultaneously) in the standard form, {Q, antighost} = auxiliary field, [Q, auxiliary field] = δ^{gauge}antighost, (7.18) which is essential to make contact with the Mathai-Quillen interpretation. Performing the shifts, P −→ P + 2 √ 2∇_mV^m, N^−_{mn} −→ N^−_{mn} − 2 √ 2(∇_{[m}V_{n]})^−, N^+_{mn} −→ N^+_{mn} + F^+_{mn} − 2i([V_m, V_n])^+, (7.19) which can be guessed from (7.15), the Q transformations take the simple form: δA_m = 2ϵψ_m, δψ_m = √ 2 ϵ∇_mC, δV_m = − √ 2ϵψ̃_m, δψ̃_m = −2iϵ[V_m, C], δC = 0, δη = 2iϵ[B, C], δB = √ 2ϵη, δP = 2 √ 2iϵ[η̃, C], δη̃ = ϵP, δχ^+_{mn} = ϵN^+_{mn}, δN^+_{mn} = 2 √ 2iϵ[χ^+_{mn}, C], δχ^−_{mn} = ϵN^−_{mn}, δN^−_{mn} = 2 √ 2iϵ[χ^−_{mn}, C]. (7.20)

The point is that if instead of (7.19) we make the ZZ_2 conjugate shifts, P −→ P + 2 √ 2∇_mV^m, N^+_{mn} −→ N^+_{mn} − 2 √ 2(∇_{[m}V_{n]})^+, N^−_{mn} −→ N^−_{mn} − F^−_{mn} + 2i([V_m, V_n])^−, (7.21)

it is δ̃ ≡ ϵ̃Q̃ the one which can be cast in the simple form: δ̃A_m = −2ϵ̃ψ̃_m, δ̃ψ̃_m = − √ 2 ϵ̃∇_mC, δ̃V_m = − √ 2ϵ̃ψ_m, δ̃ψ_m = −2iϵ̃[V_m, C], δ̃C = 0, δ̃η̃ = −2iϵ̃[B, C], δ̃B = − √ 2ϵ̃η̃, δ̃η = ϵ̃P, δ̃P = 2 √ 2iϵ̃[η, C], δ̃χ^+_{mn} = ϵ̃N^+_{mn}, δ̃N^+_{mn} = 2 √ 2iϵ̃[χ^+_{mn}, C], δ̃χ^−_{mn} = ϵ̃N^−_{mn}, δ̃N^−_{mn} = 2 √ 2iϵ̃[χ^−_{mn}, C]. (7.22)

Notice that since the appropriate shifts are in each case different, the one which simplifies the Q transformations makes the corresponding Q̃ transformations (not shown) much more complicated and conversely, the shift which simplifies the Q̃ transformations makes the corresponding Q transformations (not shown) much more complicated.

Keeping these results in mind, from now on we will focus on the Q formulation, that is, on the off-shell formulation in which the Q transformations take the form (7.20). The off-shell action which corresponds to this formulation is:

S^{(2)} = 1 e^2_0 ∫ d^4x Tr { −∇_mB∇^mC + 1 2 N^+_{mn} ( N^{+mn} + 2F^{+mn} − 4i[V^m, V^n]^+ )

+ 1 2 N^−_{mn} ( N^{−mn} − 4 √ 2(∇^{[m}V^{n]})^− ) + 1 8 P ( P + 4 √ 2 ∇_mV^m ) + 4ψ^m∇^nχ^+_{mn} + ψ^m∇_mη + ψ̃^m∇_mη̃ + 4ψ̃^m∇^nχ^−_{mn} − i √ 2 χ^{+mn}[χ^+_{mn}, C] + i √ 2 ψ̃^m[ψ̃_m, B] − 4 √ 2 iχ^+_{mn}[ψ̃^m, V^n] + i √ 2 η[ψ̃_m, V^m] − i 2 √ 2 η[η, C] + i √ 2 ψ_m[ψ^m, B] − i √ 2 η̃[ψ_m, V^m] + 4 √ 2 iχ^−_{mn}[ψ^m, V^n] − i √ 2 χ^−_{mn}[χ^{−mn}, C] − i 2 √ 2 η̃[η̃, C] − 1 2 [B, C]^2 + 2[B, V_m][C, V^m] } − 2πiτ_0 1 32π^2 ∫ d^4x Tr { ∗F_{mn}F^{mn} } , (7.23) and reverts to (7.11) after integrating out the auxiliary fields. The τ_0-independent part of the action (7.23) is Q-exact, that is, it can be written as a Q-commutator. The appropriate gauge fermion is:

Ψ^+ = 1 e^2_0 ∫ d^4x Tr { 1 2 χ^+_{mn} ( N^{+mn} + 2F^{+mn} − 4i[V^m, V^n]^+ )

+ 1 2 χ^−_{mn} ( N^{−mn} − 4 √ 2(∇^{[m}V^{n]})^− ) + 1 8 η̃ ( P + 4 √ 2 ∇_mV^m ) } + 1 e^2_0 ∫ d^4x Tr { 1 √ 2 B ( ∇_mψ^m + i √ 2[ψ̃_m, V^m] ) }

+ 1 e^2_0 ∫ d^4x Tr { i 4 η[B, C] } . (7.24)

notice that Ψ^− would correspond to the ZZ_2 transformation of Ψ^+. The gauge fermions ^Ψ^+ and ^Ψ^− in (7.17) are easily obtained after undoing the shifts (7.19) and (7.21), respectively.

Now we switch on an arbitrary background metric g_{μν} of euclidean signature. This is straightforward once we have expressed the model in the form of eqs. (7.20) and (7.24). The covariantized transformations are the following: δA_μ = 2ϵψ_μ, δψ_μ = √ 2 ϵD_μC, δV_μ = − √ 2ϵψ̃_μ, δψ̃_μ = −2iϵ[V_μ, C], δC = 0, δB = √ 2ϵη, δη = 2iϵ[B, C], δη̃ = ϵP, δP = 2 √ 2iϵ[η̃, C], δχ^+_{μν} = ϵN^+_{μν}, δN^+_{μν} = 2 √ 2iϵ[χ^+_{μν}, C], δχ^−_{μν} = ϵN^−_{μν}, δN^−_{μν} = 2 √ 2iϵ[χ^−_{μν}, C], (7.25)

and the action for the model is defined to be S^{(2)}c = {Q, Ψ^+_c } − 2πikτ_0, with the gauge fermion (appropriately covariantized):

Ψ^+_c = 1 e^2_0 ∫ X d^4x √ g Tr { 1 2 χ^+_{μν} ( N^{+μν} + 2F^{+μν} − 4i[V^μ, V^ν ]^+ )

+ 1 2 χ^−_{μν} ( N^{−μν} − 4 √ 2(D^{[μ}V^{ν]})^− ) + 1 8 η̃ ( P + 4 √ 2 D_μV^μ ) } + 1 e^2_0 ∫ X d^4x √ g Tr { 1 √ 2 B ( D_μψ^μ + i √ 2[ψ̃_μ, V^μ] ) }

+ 1 e^2_0 ∫ X d^4x √ g Tr { i 4 η[B, C] } . (7.26)

The resulting action reads:

S^{(2)}_c = 1 e^2_0 ∫ X d^4x √ g Tr { −D_μBD^μC + 1 2 N^+_{μν} ( N^{+μν} + 2F^{+μν} − 4i[V^μ, V^ν]^+ )

+ 1 2 N^−_{μν} ( N^{−μν} − 4 √ 2(D^{[μ}V^{ν]})^− ) + 1 8 P ( P + 4 √ 2 D_μV^μ ) + 4ψ^μD^ν χ^+_{μν} + ψ^μD_μη + ψ̃^μD_μη̃ + 4ψ̃^μD^ν χ^−_{μν} − i √ 2 χ^{+μν} [χ^+_{μν}, C] + i √ 2 ψ̃^μ[ψ̃_μ, B] − 4 √ 2 iχ^+_{μν}[ψ̃^μ, V^ν] + i √ 2 η[ψ̃_μ, V^μ] − i 2 √ 2 η[η, C] + i √ 2 ψ_μ[ψ^μ, B] − i √ 2 η̃[ψ_μ, V^μ] + 4 √ 2 iχ^−_{μν}[ψ^μ, V^ν ] − i √ 2 χ^−_{μν}[χ^{−μν} , C] − i 2 √ 2 η̃[η̃, C] − 1 2 [B, C]^2 + 2[B, V_μ][C, V^μ] }

− 2πiτ_0 1 32π^2 ∫ X d^4x √ gTr { ∗F_{μν}F^{μν} } . (7.27)

If we integrate out the auxiliary fields in (7.27) we recover the action (7.11). To close the analysis in this section we shall state the relation between our model and those presented in [14][73]. After integrating out the auxiliary fields N^±, our action (with θ_0 set to zero) and transformations match those by Marcus [73] in the α = 1 gauge, after the following redefinitions (Marcus’ fields and charges are denoted by a subscript M):

Q_M = 1 2 (Q − iQ̃), Q̃_M = 1 2 (Q + iQ̃), A_M = −A, V_M = √ 2V, ψ_M = iψ − ψ̃, ψ̃_M = iψ + ψ̃, η_M = − 1 2 (η + iη̃), η̃_M = − 1 2 (η − iη̃), χ_M = 2(χ^+ − iχ^−), P_M = − 1 2 P, C_M = − i √ 2 B, B_M = i √ 2C. (7.28)

According to Marcus’ conventions, one has to replace simultaneously our hermitean group generators T with the antihermitean generators T_M = −iT .

Similarly, the relation to the theory proposed by Blau and Thompson [14] can be stated by means of the dictionary, Q_{BT} = ω 4 (Q + Q̃), Q̄_{BT} = ω 4 (Q − Q̃), A_{BT} = −A, V_{BT} = √ 2V, ψ_{BT} = ω 2 (ψ̃ − ψ), ψ̄_{BT} = − ω 2 (ψ + ψ̃), η_{BT} = − ω 2 (η − η̃), η̄_{BT} = − ω 2 (η + η̃), χ_{BT} = −2ω(χ^+ + χ^−), u_{BT} = − 1 4 P, ϕ̄_{BT} = − √ 2B, ϕ_{BT} = i √ 2 C. (7.29)

where ω = 1 − i. Again, T_{BT} = −iT .

7.2 The theory in the Mathai-Quillen approach

The relevant basic equations for this model can be identified from the fixed points of the δ symmetry transformations (7.12). They involve the self-dual part of the gauge connection F^+ and a real vector field V_μ taking values in the adjoint representation of some finite dimensional compact Lie group G:

F^+_{μν} − i[V_μ, V_ν ]^+ = 0, ( D_{[μ}V_{ν]} )_− = 0, D_μV^μ = 0.

(7.30)

7.2.1 The topological framework

The geometrical setting is a certain compact, oriented Riemannian four-manifold X, and the field space is M = A×Ω^1(X, adP ), where A is the space of connections on a principal G-bundle P → X, and the second factor denotes, as we have already seen before, 1-forms on X taking values in the Lie algebra of G. The group G of gauge transformations of the bundle P has an action on the field space which is given locally by: g^∗(A) = i(dg)g^{−1} + gAg^{−1}, g^∗(V ) = gV g^{−1}, (7.31)

where V ∈ Ω^1(X, adP ) and A is the gauge connection. In terms of the covariant derivative d_A = d + i[A, ], the infinitesimal form of the transformations (7.31), with g = exp(−iC) and C ∈ Ω^0(X, adP ), takes the form: δ_g(C)A = d_AC, δ_g(C)V = i[V, C]. (7.32)

The tangent space to the field space at the point (A, V ) is the vector space T_{(A,V )}M = Ω^1_{(A)}(X, adP ) ⊕ Ω^1_{(V )}(X, adP ), where Ω^1_{(A)}(X, adP ) denotes the tangent space to A at A, and Ω^1_{(V )}(X, adP ) denotes the tangent space to Ω^1(X, adP ) at V . On T_{(A,V )}M, the gauge-invariant Riemannian metric (inherited from that on X) is defined as: ⟨(ψ, ψ̃), (θ, ω̃)⟩ = ∫ X Tr(ψ ∧ ∗θ) + ∫ X Tr(ψ̃ ∧ ∗ω̃) (7.33)

where ψ, θ ∈ Ω^1_{(A)}(X, adP ) and ψ̃, ω̃ ∈ Ω^1_{(V )}(X, adP ).

The basic equations (7.30) are introduced in this framework as sections of the trivial vector bundle V = M × F, where the fibre is in this case F = Ω^{2,+}(X, adP ) ⊕ Ω^{2,−}(X, adP ) ⊕ Ω^0(X, adP ). Taking into account the form of the basic equations, the section reads: s(A, V ) = ( −2(F^+_{μν} − i[V_μ, V_ν ]^+), 4( D_{[μ}V_{ν]} )^−, √ 2D_μV^μ ) . (7.34)

The section (7.34), being gauge ad-equivariant, descends to a section s̃ of the associated vector bundle M×_G F whose zero locus gives precisely the moduli space of the topological theory. It would be desirable to compute the dimension of this moduli space. The relevant deformation complex is the following:

0 −→ Ω^0(X, adP )^C−→Ω^1_{(A)}(X, adP ) ⊕ Ω^1_{(V )}(X, adP ) ds−→Ω^{2,+}(X, adP ) ⊕ Ω^{2,−}(X, adP ) ⊕ Ω^0(X, adP ) −→ 0. (7.35)

The map C : Ω^0(X, adP ) −→ T M is given by:

C(C) = (d_AC, i[V, C]), C ∈ Ω^0(X, adP ), (7.36)

while the map ds : T_{(A,V )}M −→ F is given by the linearization of the basic equations (7.30): ds(ψ, ψ̃) = ( −4(D_{[μ}ψ_{ν]})^+ + 4i[ψ̃_{[μ}, V_{ν]}]^+, 4(D_{[μ}ψ̃_{ν]})^− + 4i[ψ_{[μ}, V_{ν]}]^−, √ 2D_μψ̃^μ + √ 2i[ψ_μ, V^μ] ) . (7.37)

Under suitable conditions, the index of the complex (7.35) computes the dimension of Ker(ds)/Im(C). To calculate its index, the complex can be split up into the ASD-instanton deformation complex:

(1) 0 −→ Ω^0(X, adP )^{dA}−→Ω^1(X, adP )^{p+dA}−→Ω^{2,+}(X, adP ) −→ 0, (7.38)

and the complex associated to the operator

(2) D = p^−d_A + d^∗_A : Ω^1(X, adP ) −→ Ω^0(X, adP ) ⊕ Ω^{2,−}(X, adP ), (7.39) which is easily seen to correspond to the instanton deformation complex for self-dual (SD) connections. Thus, the index of the total complex (which gives minus the virtual dimension of the moduli space) is:

−dim(M) = ind(1) − ind(2) = ind(ASD) + ind(SD)

= p_1(adP ) + 1 2 dim(G)(χ + σ) − p_1(adP ) + 1 2 dim(G)(χ − σ)

= dim(G)χ, (7.40)

where p_1(adP ) is the first Pontryagin class of the adjoint bundle adP , χ is the Euler characteristic of the 4-manifold X and σ is its signature.

7.2.2 The topological action

We now proceed as in the previous cases. To build a topological theory out of the moduli problem defined by the equations (7.30), we need the following multiplet of fields. For the field space M = A × Ω^1(X, adP ) we introduce the gauge connection A_μ and the one-form V_μ, both commuting and with ghost number 0. For the (co)tangent space T_{(A,V )}M = Ω^1_{(A)}(X, adP ) ⊕ Ω^1_{(V )}(X, adP ) we introduce the anticommuting fields ψ_μ and ψ̃_μ, both with ghost number 1 and which can be seen as differential forms on the moduli space. For the fibre F = Ω^{2,+}(X, adP ) ⊕ Ω^{2,−}(X, adP ) ⊕ Ω^0(X, adP ) we have anticommuting fields with the quantum numbers of the equations, namely a self-dual two-form χ^+_{μν}, an anti-self-dual two-form χ^−_{μν} and a 0-form η̃, all with ghost number −1, and their superpartners, a commuting self-dual two-form N^+_{μν} , a commuting anti-self-dual two-form N^−_{μν} and a commuting 0-form P , all with ghost number 0 and which appear as auxiliary fields in the associated field theory. And finally, associated to the gauge symmetry, we introduce a commuting scalar field C ∈ Ω^0(X, adP ) with ghost number +2, and a multiplet of scalar fields B (commuting and with ghost number −2) and η (anticommuting and with ghost number −1), both also in Ω^0(X, adP ) and which enforce the horizontal projection M → M/G [20]. The BRST symmetry of the model is given by: [Q, A_μ] = ψ_μ, {Q, ψ_μ} = D_μC, [Q, V_μ] = ψ̃_μ, {Q, ψ̃_μ } = i [V_μ, C], [Q, C] = 0, {Q, χ^+_{μν}} = N^+_{μν} , [Q, N^+_{μν}] = i [χ^+_{μν}, C], {Q, χ^−_{μν}} = N^−_{μν} , [Q, N^−_{μν}] = i [χ^−_{μν}, C], {Q, η̃} = P, [Q, P ] = i [η̃, C], [Q, B] = η, {Q, η } = i [B, C]. (7.41)

This BRST algebra closes up to a gauge transformation generated by C.

We have to give now the expressions for the different pieces of the gauge fermion. For the localization gauge fermion we have:

Ψ_{loc} = ⟨(χ^+, χ^−, η̃), s(A, V )⟩ + ⟨(χ^+, χ^−, η̃), (N^+, N^−, P )⟩ = ∫ X √ g Tr { 1 2 χ^+_{μν} ( N^{+μν} − 2F^{+μν} + 2i[V^μ, V^ν ]^+ )

+ 1 2 χ^−_{μν} ( N^{−μν} + 4(D^{[μ}V^{ν]})^− ) + η̃ ( P + √ 2D_μV^μ ) } , (7.42)

while for the projection gauge fermion, which enforces the horizontal projection, we have:

Ψ_{proj} = ⟨B, C^†(ψ, ψ̃)⟩g = ∫ X √ g Tr { B ( −D_μψ^μ + i[ψ̃_μ, V^μ] ) } . (7.43)

As in the other cases we have studied, it is necessary to add an extra piece to the gauge fermion to make full contact with the corresponding twisted supersymmetric theory. In this case, this extra term is:

Ψ_{extra} = ∫ X √ g Tr { i 2 η[B, C] } . (7.44)

It is now straightforward to see that, with the redefinitions

A^′ = A, V^′ = − 1 √ 2 V, η̃^′ = −2 √ 2η̃, ψ^′ = 1 2 ψ, ψ̃^′ = 1 2 ψ̃, P^′ = −2 √ 2P, C^′ = 1 2 √ 2 C, χ^{′+} = −χ^+, χ^{′−} = χ^−, B^′ = −2 √ 2B, N^{′+} = −N^+, N^{′−} = N^−, η^′ = −2η, (7.45)

one recovers, in terms of the primed fields, the twisted model summarized in (7.25) and (7.26), which corresponds to the topological symmetry Q.

It is worth to remark that one could also consider the “dual” problem built out of the basic equations:

F^−_{μν} − i[V_μ, V_ν ]^− = 0, ( D_{[μ}V_{ν]} )_+ = 0, D_μV^μ = 0.

(7.46)

The resulting theory corresponds precisely to the second type of theory obtained in the previous section in our discussion of the third twist. The corresponding action has the form {Q̃, Ψ^−} where Q̃ is given in (7.22) and Ψ^− is the result of performing a ZZ_2-transformation (see (7.14)) on the gauge fermion Ψ^+ in (7.24).

7.3 Observables

In this section we will analyze the structure of the observables of the theory. Observables are operators which are Q-invariant but are not Q-exact. A quick look at the Q-transformations (7.12) shows that the observables are basically the same as in ordinary Donaldson-Witten theory. However, as there are two anticommuting BRST charges with the same ghost number, there exist correspondingly, two possible sets of operators:

W_0 =Tr(C^2), W̃_0 =Tr(C^2), W_1 = √ 2Tr(C ∧ ψ), W̃_1 = − √ 2Tr(C ∧ ψ̃), W_2 =Tr( 1 2 ψ ∧ ψ + 1 √ 2 C ∧ F ), W̃_2 =Tr( 1 2 ψ̃ ∧ ψ̃ + 1√ 2 C ∧ F ), W_3 = 1 2 Tr(ψ ∧ F ), W̃_3 = − 1 2 Tr(ψ̃ ∧ F ). (7.47)

They satisfy the descent equations [Q, W_i} = dW_{i−1}, [Q̃, W̃_i} = dW̃_{i−1}, which as we know imply that

O^{(γi)} = ∫ γ_i W_i, and Õ^{(γj)} = ∫ γ_i W̃_i, (7.48)

for given homology cyles γ_j of X, are observables. It is interesting to note that W_{0,1} and W̃_{0,1} give observables which are invariant under both, Q and Q̃. What is more, the operator W_1 is Q̃-exact, W_1 = −^{1√}_2 [Q̃, Tr(C ∧ V )], so it does not contribute to vacuum expectation values containing only Q̃-closed observables like O^{(γ0)}, O^{(γ1)} itself and, as we shall see in a moment, O^{(γ2)} (besides the Õ^{(γi)}). Indeed, it is possible to modify W_2 adding an irrelevant Q-exact piece so that the resulting observable is invariant under both, Q and Q̃. The perturbed two-form,

W^′_2 = Tr {1 2 ψ ∧ ψ + 1 2 ψ̃ ∧ ψ̃ + 1√ 2 C ∧ (F + 2iV ∧ V ) }

= W_2 + 1 2 √ 2 { Q, Tr(ψ̃ ∧ V ) } (7.49)

is both Q and Q̃-closed up to exact forms

[Q, W^′_2] = [Q, W_2] = dW_1, [Q̃, W^′_2] = dW̃_1. (7.50)

The two-form W^′_2 descends to a three-form in the cohomology of Q,

dW^′_2 = {Q, W^′_3}, W^′_3 = 1 2 Tr ( ψ ∧ F + 1 √ 2 d(ψ̃ ∧ V ) ) , (7.51) which is again the original three-form W_3 plus a (irrelevant) perturbation. However, this form is not Q̃-closed. We have not been able to find an appropriate additional irrelevant perturbation which would render W_3 Q̃-closed.

Completely analogous arguments hold for the operators W̃_i. Thus, the even operators W_0, W^′_2, W̃_0 and W̃^′_2 lead to observables corresponding to the even homology classes of the four-manifold X which are invariant under both Q and Q̃.

Topological invariants are obtained by considering the vacuum expectation value of arbitrary products of observables: ⟨ ∏ γ_j O^{(γj)} ⟩ , (7.52)

where it should be understood that ∏ γ_j O (γj) denotes products of operators O(γi) and

Õ(γj). The general form of this vacuum expectation value is, ⟨ ∏ γ_j O^{(γj )} ⟩ = ∑ k ⟨ ∏ γ_j O^{(γj )} ⟩

k e^{−2πikτ0} , (7.53)

where k is the instanton number and ⟨ ∏ γ_j O (γj )⟩ k is the vacuum expectation value computed at a fixed value of k with an action which is Q-exact, ⟨ ∏ γ_j O^{(γj)} ⟩ k = ∫ [df]_ke^{{Q,Ψ}} ∏ γ_j O^{(γj)}. (7.54)

In this equation [df]_k denotes collectively the measure indicating that only gauge configurations of instanton number k enter in the functional integral. These quantities are independent of the coupling constant e_0. When analyzed in the weak coupling limit the contributions to the functional integral come from field configurations which are solutions to the equations (7.30). All the dependence of the observables on τ_0 is contained in the sum (7.53).

The Q-symmetry of the theory imposses a selection rule for the products entering (7.52) which could lead to a possibly non-vanishing result: the ghost number of (7.52) must be equal to the virtual dimension of the corresponding moduli space. In this case the virtual dimension is not zero but it is independent of the instanton number k, so one could obtain contributions from many values of k. Possibly non-trivial topological invariants for these cases correspond to products of operators (7.52) such that their ghost number matches the virtual dimension dim(G)χ. One important question is again whether the vacuum expectation values of these observables have good modular properties under SL(2, ZZ) transformations. We will now show that in fact these vacuum expectation values are actually independent of τ_0. Thus, in some sense the invariance under SL(2, ZZ) is trivially realized in this case.

To see how this comes about, let us consider the action (7.17) (in its covariantized form) in which the auxiliary fields appear quadratically. The bosonic part of this action involving only the field strength F_{μν} and the vector field V_μ can be written in three equivalent forms. The form of the action S = {Q, ^Ψ^+} − 2πikτ_0, leads to

− ∫ X d^4x √ g Tr { 1 2e^2_0 ( F^{+μν} − 2i[V^μ, V^ν ]^+

)_2 + 4 e^2_0 ( (D^{[μ}V^{ν]})^−

)_2

+ 1 e^2_0 ( D_μV^μ )_2 } − 2πiτ_0 1 32π^2 ∫ X d^4x √ gTr { ∗F_{μν}F^{μν} } , (7.55)

the form S = {Q̃, ^Ψ^−} − 2πikτ̄_0, to − ∫ X d^4x √ g Tr { 1 2e^2_0 ( F^{−μν} − 2i[V^μ, V^ν ]^− )_2 + 4 e^2_0 ( (D^{[μ}V^{ν]})^+

)_2

+ 1 e^2_0 ( D_μV^μ )_2 } − 2πiτ̄_0 1 32π^2 ∫ X d^4x √ gTr { ∗F_{μν}F^{μν} } , (7.56)

and, finally, the form S =^1_2 {Q, ^Ψ^+} +^1_2 {Q̃, ^Ψ^−} − 2πikRe(τ_0), to − 1 e^2_0 ∫ X Tr { 1 4 ( F^{μν} − 2i[V^μ, V^ν ]

)_2 + 2(D^{[μ}V^{ν]})^2 + ( D_μV^μ )_2 }

− 2πi Re(τ_0) 1 32π^2 ∫ X d^4x √ gTr { ∗F_{μν}F^{μν} } . (7.57)

Now in the short-distance limit the path integral is dominated by the quadratic bosonic terms in the action. In the first case, the contributions come from the moduli space defined by Eqs. (7.30). Notice that the normalization factor for V_μ in (7.45) has to be taken into account since (7.55) corresponds to the action resulting after the twisting. Similarly, in the second case the contributions come from the moduli space defined by Eqs. (7.46). As for the third case, however, the contributions come from configurations which solve the following set of equations:

F_{μν} − 2i[V_μ, V_ν ] = 0, D_{[μ}V_{ν]} = 0, D_μV^μ = 0,

(7.58)

which define a moduli space which is the intersection of the other two. This is the moduli space which appears in the formulation of the third twist presented in [14][73].

There are two different ways to understand that the theory indeed localizes on the moduli space defined by (7.58). On the one hand, from the identity S =^1_2 {Q, ^Ψ^+} + 1 2 {Q̃, ^Ψ^−} − 2πikRe(τ_0), one can see that vacuum expectation values ⟨ ∏ j O^{(j)}⟩ are independent of the coupling constant e_0 as long as the observables are simultaneously invariant under both, Q and Q̃. In the case at hand this is true at least for vacuum expectation values involving products of operators O^{(γ0)}, O^{(γ2)}, and Õ^{(γ0)}, Õ^{(γ2)}. On the other hand, one could extend Witten’s arguments leading to his fixed-point theorem [108], to argue that the theory should localize onto the fixed points of both the BRST symmetries Q and Q̃ simultaneously, that is to say on the intersection of the zero loci (7.30) and (7.46). This could be thought of as some sort of generalized localization principle for topological field theories with more than one BRST symmetry.

Notice that the three points of view lead to three different types of dependence on τ_0. The first one implies that vacuum expectation values are holomorphic in τ_0, the second that they are antiholomorphic, and the third that they depend only on the real part of τ_0. We will solve this puzzle showing that actually the vacuum expectation values are just real numbers and not functions of τ_0.

We first prove that any solution of (7.58) must involve a gauge connection whose instanton number is zero. Indeed, from the identity, ∫ X d^4x √ g Tr { ∗F_{μν} ( F^{μν} − 2i[V^μ, V^ν ] ) − 4 ∗ D^{[μ}V^{ν]}D_{[μ}V_{ν]} }

= ∫ X d^4x √ g Tr { ∗F_{μν}F^{μν} } , (7.59)

follows that any solution of (7.58) must have k = 0. This implies that only configurations with vanishing instanton number contribute and therefore: ⟨ ∏ γ_j O^{(γj)} ⟩ = ⟨ ∏ γ_j O^{(γj)} ⟩ k=0 , (7.60)

which is clearly independent of τ_0. From (7.55) and (7.56) follows that for k = 0 a solution to the equations of the first moduli space (7.30) is also a solution to the ones of the second (7.46) and therefore also to the ones of the third (7.58). For k ≠ 0, however, one can have solutions to the equations of the first moduli space which are not solutions to the equations of the second and therefore neither to the ones of the third. For k ≠ 0 the quantities ⟨ ∏ γ_j O (γj)⟩ k are different in each point of view. They clearly vanish in the third case. On the other hand, there is no reason why they should also vanish in the other two cases. Our results, however, suggest that they do vanish. We have shown it at least for vacuum expectation values involving products of operators O^{(γ0)}, O^{(γ2)}, and Õ(γ0), Õ(γ2).

We will end this section by recalling a vanishing theorem which has already been discussed in [73] and which tells us when the third moduli space (7.58) reduces to the moduli space of flat connections. The equations (7.58) have the immediate solution V = 0, F = 0, that is, the moduli space of flat connections is contained in the moduli space defined by the equations (7.58). We will show that under certain conditions both moduli spaces are in fact the same. To see this note that since, ∫ X d^4x √ g Tr { 1 4 ( F^{μν} − 2i[V^μ, V^ν]

)_2 + 2 ( D^{[μ}V^{ν]}

)_2 + ( D_μV^μ )_2 }

= ∫ X d^4x √ g Tr { D_μV_ν D^μV^ν + R_{μν} V^μV^ν + 1 4 F_{μν}F^{μν} − ([V_μ, V_ν ])^2 },

(7.61)

it follows that if the Ricci tensor is such that

R_{μν} V^μV^ν > 0 for V ≠ 0, (7.62)

the solutions to the equations (7.58) are necessarily of the form V = 0, F = 0, and thus the moduli space is the space of flat gauge connections on X.

Appendix

We will now summarize the conventions used in this work. Basically we will describe the elements of the positive and negative chirality spin bundles S^+ and S^− on a fourdimensional spin manifold X endowed with a vierbein e^{mμ} and a spin connection ω^{mn}_μ . The spaces of sections of the spin bundles S^+ and S^− correspond, from the field-theory point of view, to the set of two-component Weyl spinors defined on the manifold X. These are the simplest irreducible representations of the holonomy group SO(4). We will denote positive-chirality (or negative-chirality) spinors by indices α, β, . . . = 1, 2 (or α̇, β̇, . . . = 1, 2). Spinor indices are raised and lowered with the SU(2) invariant tensor C_{αβ} (or C_{α̇}˙_β) and its inverse C^{αβ} (or C^{α̇β̇}), with the conventions C_{21} = C^{12} = +1, so that, C_{αβ}C^{βγ} = δ_α^γ , C_{αβ}C^{γδ} = δ_α^δδ_β^γ − δ_α^γδ_β^δ, C_{α̇}˙_βC^{β̇γ̇} = δ_{α̇}^{γ̇} , C_{α̇}˙_βC^{γ̇δ̇} = δ_{α̇}^{δ̇}δ˙_β^{γ̇} − δ_{α̇}^{γ̇}δ˙_β^{δ̇}. (A.1)

The spinor representations and the vector representation associated to S^+ ⊗ S^− are related by the Clebsch-Gordan σ^m_{αα̇} = (i1, ⃗τ) and σ̄^{mα̇α} = (i1, −⃗τ), where 1 is the 2 × 2 unit matrix and ⃗τ = (τ^1, τ^2, τ^3) are the Pauli matrices,

τ^1 = ( 0 1 1 0 ) , τ^2 = ( 0 −i i 0 ) , τ^3 = ( 1 0 0 −1 ) . (A.2)

The Pauli matrices satisfy:

τ_aτ_b = iϵ_{abc}τ_c + δ_{ab}1, (A.3)

where ϵ_{abc} is the totally antisymmetric tensor with ϵ_{123} = 1.

Under an infinitesimal SO(4) rotation a Weyl spinor M_α, α = 1, 2, associated to S^+, transforms as: δM_α = i 2 ϵ_{mn}(σ^{mn})_α^βM_β, (A.4) where ϵ_{mn} = −ϵ_{nm} are the infinitesimal parameters of the transformation. On the other hand, a Weyl spinor N^{α̇}, α̇ = 1, 2, associated to S^−, transforms as,

δN^{α̇} = i 2 ϵ_{mn}(σ̄_{mn})^{α̇}˙_βN^{β̇}. (A.5)

The matrices σ^{mn} and σ̄^{mn} are antisymmetric in m and n and are defined as follows: σ^{mn}_α^β = i 2 σ^{[m}_{αα̇}σ̄^{n]α̇β}, σ̄^{mnα̇}˙_β = i 2 σ̄^{[mα̇α}σ^{n]}_α˙_β. (A.6)

They satisfy the self-duality properties, σ^{mn} = 1 2 ϵ^{mnpq}σ_{pq}, σ̄^{mn} = − 1 2 ϵ^{mnpq}σ̄_{pq}, (A.7) and the SO(4) algebra, [σ_{mn}, σ_{pq}] = i(δ_{mp}σ_{nq} − δ_{mq}σ_{np} − δ_{np}σ_{mq} + δ_{nq}σ_{mp}). (A.8) The same algebra is fulfilled by σ̄^{mn}.

Let us consider the covariant derivative D_μ on the manifold X. Acting on an element of Γ(X, S^+ ) it has the form:

D_μM_α = ∂_μM_α + i 2 ω^{mn}_μ (σ_{mn})_α^βM_β, (A.9)

where ω^{mn}_μ is the spin connection. Defining D_{αα̇} as,

D_{αα̇} = (σ_n)_{αα̇}e^{nμ}D_μ, (A.10)

where e^{nμ} is the vierbein on X, the Dirac equation for M ∈ Γ(X, S^+ ) and N ∈ Γ(X, S^−) can be simply written as,

D_{αα̇}M^α = 0, D_{αα̇}N^{α̇} = 0. (A.11)

Let us now introduce a principal G-bundle P → X with its associated connection one-form A, and let us consider that the Weyl spinors M_α realize locally an element of Γ(S^+ ⊗adP ), i.e., they transform under a G gauge transformation in the adjoint representation – indeed, adP is the vector bundle associated to P through the adjoint representation of the gauge group on its Lie algebra:

δM^a_α = i[M_α, ϕ]^a = −i(T^c)^{ab}M^b_αϕ^c, (A.12)

where (T^a)^{bc} = −if^{abc}, a = 1, · · · , dim(G), are the generators of G in the adjoint representation, which are traceless and hermitian. In (A.12) ϕ^a, a = 1, · · · , dim(G), denote the infinitesimal parameters of the gauge transformation.

In terms of the gauge connection A, the covariant derivative (A.9) can be promoted to a full covariant derivative acting on sections in Γ(X, S^+ ⊗ adP ),

D_μM_α = ∂_μM_α + i 2 ω^{mn}_μ (σ_{mn})_α^βM_β + i[A_μ, M_α], (A.13)

and its analogue in (A.10):

D_{αα̇} = (σ_n)_{αα̇}e^{nμ}D_μ. (A.14)

In terms of the full covariant derivative the Dirac equations (A.11) become:

D_{αα̇}M^α = 0, D_{αα̇}N^{α̇} = 0. (A.15)

Given an element of Γ(X, S^+ ⊗ adP ), M_α = (a, b) we define M^α = (a^∗, b^∗). In this way, given M, N ∈ Γ(X, S^+ ⊗ adP ), the gauge-invariant quantity entering the metric 1 2 Tr ( M^αN_α + N^αM_α ) , (A.16)

is positive definite. With similar arguments the corresponding gauge invariant metric in the fibre Γ(X, S^− ⊗ adP ), which we define as 1 2 Tr ( M_{α̇}N^{α̇} + N_{α̇}M^{α̇} ) , (A.17)

for M, N ∈ Γ(X, S^− ⊗ adP ), can be seen to be positive definite, too. For self-dual twoforms Y, Z ∈ Γ(X, Λ^{2,+}T^∗X ⊗ adP ) ≡ Ω^{2,+}(X, adP ) our definition of the metric is the following: ⟨Y, Z⟩ = ∫ X Tr ( Y ∧ ∗Z ) = 1 2 ∫ X Tr ( Y_{μν} Z^{μν} ) = − 1 4 ∫ X Tr ( Y_{αβ}Z^{αβ} ) , (A.18)

where Y_{αβ} = σ^{μν}_{αβ}Y_{μν} (and similarly for Z), and we have used the identity

Y_{αβ}Z^{αβ} = −2Y^+_{μν} Z^{+μν} . (A.19)

Acting on an element of Γ(X, S^+ ⊗ adP ) the covariant derivatives satisfy:

[D_μ, D_ν ]M_α = i[F_{μν}, M_α] + i 2 R_{μν}^{mn}(σ_{mn})_α^βM_β, (A.20)

where F_{μν} are the components of the two-form field strength: F = dA + iA ∧ A, (A.21) and R_{μν}^{mn} the components of the curvature two-form,

R^{mn} = dω^{mn} + ω^{mp} ∧ ω^{pn}, (A.22) being ω^{mn} the spin connection one-form. The scalar curvature is defined as: R = e^μ_me^ν_nR_{μν}^{mn}, (A.23) and the Ricci tensor as: R_{κλ} = e^μ_me_{nλ}R_{μκ}^{mn}. (A.24) The components of the curvature two-form (A.22) are related to the components of the Riemann tensor as follows: R_{μνκλ} = e_{κm}e_{λn}R_{μν}^{mn}. (A.25) The Riemann tensor satisfies the following algebraic properties:

(a) Symmetry: R_{λμνκ} = R_{νκλμ}, (A.26) (b) Antisymmetry: R_{λμνκ} = −R_{μλνκ} = −R_{λμκν} = +R_{μλκν} , (A.27) (c) Cyclicity: R_{λμνκ} + R_{λκμν} + R_{λνκμ} = 0. (A.28) Notice that (A.28) implies that ϵ^{μνκσ}R_{λμνκ} = 0. (A.29)

Bibliography

[1] M. Alvarez and J.M.F. Labastida, “Topological matter in four dimensions,” Nucl.

Phys. B437 (1995) 356; hep-th/9404115.

[2] D. Amati, K. Konishi, Y. Meurice, G.C. Rossi and G. Veneziano, “Non-perturbative aspects in supersymmetric gauge theories,” Phys. Rep. 162 (1988) 169.

[3] T.M. Apostol, “Modular functions and Dirichlet series in number theory,” (Springer- Verlag, New York, 1976.)

[4] M.F. Atiyah, N.H. Hitchin and I.M. Singer, “Self-duality in four dimensional Riemannian geometry,” Proc. R. Soc. Lond A362 (1978) 425.

[5] M.F. Atiyah and R. Bott, “The moment map and equivariant cohomology,” Topology 23 (1984) 1.

[6] M.F. Atiyah and L. Jeffrey, “Topological Lagrangians and cohomology,” J. Geom.

Phys. 7 (1990) 119.

[7] M.F. Atiyah, “The geometry and physics of knots,” (Cambridge University Press, 1990.)

[8] K. Becker, M. Becker and A. Strominger, “Fivebranes, membranes and nonperturbative string theory,” Nucl. Phys. B456 (1995) 130; hep-th/9507158.

[9] M. Bershadsky, V. Sadov, and C. Vafa, “D-Branes and topological field theories,” Nucl. Phys. B463 (1996) 420; hep-th/9511222.

[10] D. Birmingham, M. Blau, M. Rakowski and G. Thompson, “Topological field theories,” Phys. Rep. 209 (1991) 129.

[11] M. Blau, “The Mathai-Quillen formalism and topological field theory,” J. Geom.

Phys. 11 (1991) 129.

[12] M. Blau and G. Thompson, “N = 2 topological gauge theory, the Euler characteristic of moduli spaces, and the Casson invariant,” Commun. Math. Phys. 152 (1993) 41.

[13] M. Blau and G. Thompson, “Localization and diagonalization: a review of functional integral techniques for low-dimensional gauge theories and topological field theories,” J. Math. Phys. 36 (1995) 2192; hep-th/9501075.

[14] M. Blau and G. Thompson, “Aspects of N_T ≥ 2 topological gauge theories and D-branes,” Nucl. Phys. B492 (1997) 545; hep-th/9612143.

[15] M. Blau and G. Thompson, “Euclidean SYM theories by time reduction and special holonomy manifolds,” Phys. Lett. B415 (1997) 242; hep-th/9706225.

[16] R. Bott and L. Tu, “Differential Forms in Algebraic Topology,” (Springer Verlag, New York, 1982.)

[17] L. Brink, J. Schwarz and J. Scherk, “Supersymmetric Yang-Mills theories,” Nucl.

Phys. B121 (1977) 77.

[18] C. Callan, J. Harvey and A. Strominger, “Supersymmetric string solitons,”

hep-th/9112030.

[19] A.S. Cattaneo, P. Cotta-Ramusino, F. Fucito, M. Martellini, M. Rinaldi, A. Tanzini and M. Zeni, “Four-dimensional Yang-Mills theory as a deformation of topological BF theory,” Commun. Math. Phys. 197 (1998) 571; hep-th/9705123.

[20] S. Cordes, G. Moore and S. Rangoolam, “Lectures on 2D Yang-Mills Theory, Equivariant Cohomology and Topological Field Theory,” in Fluctuating geometries in statistical mechanics and field theory, Les Houches Session LXII, F. David, P. Ginsparg and J. Zinn-Justin, eds. (Elsevier, 1996) p. 505; hep-th/9411210.

[21] E. D’Hoker and D.H. Phong, “Calogero-Moser systems in SU(N) Seiberg-Witten theory,” Nucl. Phys. B513 (1998) 405, hep-th/9709053;

E. D’Hoker and D.H. Phong, “Order parameters, free fermions, and conservation laws for Calogero-Moser systems,” hep-th/9808156.

[22] E. D’Hoker and D.H. Phong, “Spectral curves for Super-Yang-Mills with adjoint hypermultiplet for general Lie algebras,” Nucl. Phys. B534 (1998) 697;

hep-th/9804126.

[23] R. Dijkgraaf, “Les Houches lectures on fields, strings and duality,” hep-th/9703136.

[24] R. Dijkgraaf, “The mathematics of fivebranes,” hep-th/9810157.

[25] R. Dijkgraaf and G. Moore, “Balanced topological field theories,” Commun. Math.

Phys. 185 (1997) 411; hep-th/9608169.

[26] R. Dijkgraaf, J.-S. Park and B.J. Schroers, “N = 4 supersymmetric Yang-Mills theory on a Kähler surface,” hep-th/9801066.

[27] R. Donagi and E. Witten, “Supersymmetric Yang-Mills theory and integrable systems,” Nucl. Phys. B460 (1996) 299; hep-th/9510101.

[28] S.K. Donaldson, “A polynomial invariant for smooth four-manifolds,” Topology 29 (1990) 257.

[29] S.K. Donaldson and P.B. Kronheimer, The geometry of four-manifolds, (Oxford Mathematical Monographs, 1990.)

[30] N. Dorey, C. Fraser, T. Hollowood and M. Kneipp, “S-duality in N = 4 supersymmetric gauge theories with arbitrary gauge group,” Phys. Lett. B383 (1996) 422;

hep-th/9605069.

[31] N. Dorey, V.V. Khoze and M.P. Mattis, “On mass-deformed N = 4 supersymmetric Yang-Mills theory,” Phys. Lett. B396 (1997) 141; hep-th/9612231.

[32] Frank Ferrari, “The dyon spectra of finite gauge theories,” Nucl. Phys B501 (1997) 53; hep-th/9702166.

[33] L. Girardello, A. Giveon, M. Porrati and A. Zaffaroni, “S-duality in N = 4 Yang-Mills theories with general gauge groups,” Nucl.Phys. B448 (1995) 127;

hep-th/9502057.

[34] P. Goddard, J. Nuyts and D. Olive, “Gauge theories and magnetic charge,” Nucl.

Phys. B125 (1977) 1.

[35] C. Gómez and R. Hernández, “Electric-magnetic duality and effective field theories,”

hep-th/9510023;

A. Bilal, “Duality in N = 2 SUSY SU(2) Yang-Mills theory: A pedagogical introduction to the work of Seiberg and Witten,” hep-th/9601007;

W. Lerche, “Introduction to Seiberg-Witten theory and its stringy origin,” Fortsch. Phys. 45 (1997) 293, hep-th/9611190;

L. Alvarez-Gaumé and S.F. Hassan, “Introduction to S-duality in N = 2 supersymmetric gauge theory,” Fortsch. Phys. 45 (1997) 159, hep-th/9701069; M. Peskin, “Duality in supersymmetric Yang-Mills theory,” hep-th/9702094; L. Alvarez-Gaumé and F. Zamora, “Duality in quantum field theory (and string theory),” hep-th/9709180.

[36] R. Gopakumar and C. Vafa, “Topological gravity as large N topological gauge theory,” Adv. Theor. Math. Phys. 2 (1998) 413; hep-th/9802016.

[37] R. Gopakumar and C. Vafa, “On the gauge theory/geometry correspondence,”

hep-th/9811131.

[38] S.S. Gubser, I. Klebanov and A.M. Polyakov, “Gauge theory correlators from noncritical string theory,” Phys. Lett. B428 (1998) 105; hep-th/9802109.

[39] J. Harvey, “Magnetic monopoles, duality, and supersymmetry,” hep-th/9603086.

[40] J. Harvey and G. Moore, “Superpotentials and membrane instantons,” hep-th/

9907026.

[41] J. Harvey, G. Moore and A. Strominger, “Reducing S-duality to T -duality,” Phys.

Rev. D52 (1995) 7161; hep-th/9501022.

[42] J. Harvey and A. Strominger, “String theory and the Donaldson polynomial,” Commun. Math. Phys. 151 (1993) 221.

[43] S.W. Hawking and C.N. Pope, “Generalized spin structures in quantum gravity,” Phys. Lett. B73 (1978) 42.

[44] G. ’t Hooft, “On the phase transition towards permanent quark confinement,” Nucl.

Phys. B138 (1978) 1; “A property of electric and magnetic flux in non-Abelian gauge theories,” Nucl. Phys. B153 (1979) 141.

[45] G.T. Horowitz, “Exactly soluble diffeomorphism invariant theories,” Commun. Math.

Phys. 125 (1989) 417.

[46] Hua Loo Keng, Introduction to number theory, (Springer-Verlag, Berlin, 1982.)

[47] C.M. Hull, “Timelike T-duality, de Sitter space, large N gauge theories and topological field theory,” J. High Energy Phys. 9807 (1998) 021; hep-th/9806146.

[48] S. Hyun, J. Park and J.-S. Park, “Topological QCD,” Nucl. Phys. B453 (1995) 199;

hep-th/9503020.

[49] K. Intriligator and N. Seiberg, “Phases of N = 1 supersymmetric gauge theories in four dimensions,” Nucl. Phys. B431 (1994) 551; hep-th/9408155.

[50] C. Itzykson, “Level one Kac-Moody characters and modular invariants,” Nucl. Phys.

B (Proc. Suppl.) 5 (1988) 150.

[51] V.F.R. Jones, Bull. AMS 12 (1985) 103; Ann. of Math. 126 (1987) 335.

[52] H. Kanno and S.-K. Yang, “Donaldson-Witten functions of massless N = 2 supersymmetric QCD,” Nucl. Phys. B535 (1998) 512; hep-th/9806015.

[53] E. Kiritsis, “Introduction to superstring theory,” hep-th/9709062.

[54] I. Klebanov, “From threebranes to large N gauge theories,” hep-th/9901018;

M. Douglas and S. Randjbar-Daemi, “Two lectures on AdS/CFT correspondence,”

hep-th/9902022;

J.L. Petersen, “Introduction to the Maldacena conjecture on AdS/CFT,”

hep-th/9902131;

O. Aharony, S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, “ Large N field theories, string theory and gravity,” hep-th/9905111.

[55] J.M.F. Labastida, “Topological Quantum Field Theory: A Progress Report,” Proceedings of the IV Workshop on Differential Geometry and its Applications, 1995, M. Salgado and E. Vázquez, eds. CIEMAT, Anales de Física Monografías, 3, p. 101-124,

hep-th/9511037.

[56] J.M.F. Labastida and C. Lozano, “Mathai-Quillen formulation of twisted N = 4 supersymmetric gauge theories in four dimensions,” Nucl. Phys. B502 (1997) 741;

hep-th/9702106.

[57] J.M.F. Labastida and C. Lozano, “Lectures on topological quantum field theory”, in Proceedings of the CERN-Santiago de Compostela-La Plata Meeting on “Trends in Theoretical Physics,” H. Falomir, R. Gamboa, F. Schaposnik, eds. (American Institute of Physics, New York, 1998); hep-th/9709192.

[58] J.M.F. Labastida and C. Lozano, “Mass perturbations in twisted N = 4 supersymmetric gauge theories,” Nucl. Phys. B518 (1998) 37; hep-th/9711132.

[59] J.M.F. Labastida and C. Lozano, “Duality in twisted N = 4 supersymmetric gauge theories in four dimensions,” Nucl. Phys. B537 (1999) 203; hep-th/9806032.

[60] J.M.F. Labastida and C. Lozano, “Duality in the context of topological quantum field theory,” to appear in the proceedings of the Workshop on “New Developments in Algebraic Topology,” held at Faro, Portugal, July 1998; hep-th/9901161.

[61] J.M.F. Labastida and C. Lozano, “The Vafa-Witten theory for gauge group SU(N),”

hep-th/9903172.

[62] J.M.F. Labastida and M. Mariño, “A topological Lagrangian for monopoles on fourmanifolds,” Phys. Lett. B351 (1995) 146; hep-th/9503105.

[63] J.M.F. Labastida and M. Mariño, “Non-Abelian monopoles on four-manifolds,” Nucl.

Phys. B448 (1995) 373; hep-th/9504010.

[64] J.M.F. Labastida and M. Mariño, “Polynomial invariants for SU(2) monopoles,” Nucl. Phys. B456 (1995) 633; hep-th/9507140.

[65] J.M.F. Labastida and M. Mariño, “Twisted N = 2 supersymmetry with central charge and equivariant cohomology,” Commun. Math. Phys. 185 (1997) 37;

hep-th/9603169.

[66] J.M.F. Labastida and M. Mariño, “Twisted baryon number in N = 2 supersymmetric QCD,” Phys. Lett. B400 (1997) 323; hep-th/9702054.

[67] J.M.F. Labastida and E. Pérez, “Vassiliev invariants in the context of Chern-Simons gauge theory,” hep-th/9812105.

[68] J.M.F. Labastida and M. Pernici, “A gauge invariant action in topological quantum field theory,” Phys. Lett. B212 (1988) 56.

[69] C. Livingston, Knot Theory, (Mathematical Association of America, 1993.)

[70] A. Losev, N. Nekrasov, and S. Shatashvili, “Issues in topological gauge theory,” Nucl. Phys. B534 (1998) 549, hep-th/9711108; “Testing Seiberg-Witten solution,”

hep-th/9801061.

[71] J. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2 (1998) 231; hep-th/9711200.

[72] M. Marcolli, “Notes on Seiberg-Witten gauge theory,” dg-ga/9509005;

J.W. Morgan, The Seiberg-Witten equations and applications to the topology of smooth four-manifolds, (Princeton University Press, 1996.)

[73] N. Marcus, “The other topological twisting of N = 4 Yang-Mills,” Nucl. Phys. B452 (1995) 331; hep-th/9506002.

[74] M. Mariño, “The geometry of supersymmetric gauge theories in four dimensions”, Ph.D. Thesis, Universidade de Santiago de Compostela, October 1996;

hep-th/9701128.

[75] M. Mariño and G. Moore, “Integrating over the Coulomb branch in N = 2 gauge theory,” Nucl. Phys. B (Proc. Suppl.) 68 (1998) 336; hep-th/9712062.

[76] M. Mariño and G. Moore, “The Donaldson-Witten function for gauge groups of rank larger than one,” Commun. Math. Phys. 199 (1998) 25; hep-th/9802185.

[77] M. Mariño and G. Moore, “Donaldson invariants for non-simply connected manifolds,” hep-th/9804104.

[78] M. Mariño and G. Moore, “3-manifold topology and the Donaldson-Witten partition function,” Nucl. Phys. B547 (1999) 569; hep-th/9811214.

[79] M. Mariño, G. Moore and G. Peradze, “Superconformal invariance and the geography of four-manifolds,” hep-th/9812055; “Four-manifold geography and superconformal symmetry,” math.DG/9812042.

[80] M. Mariño and F. Zamora, “Duality symmetry in softly broken N = 2 gauge theories,” Nucl. Phys. B 533 (1998) 373; hep-th/9804038.

[81] V. Mathai and D. Quillen, “Superconnections, Thom classes and equivariant differential forms,” Topology 25 (1986) 85.

[82] J.A. Minahan, D. Nemeschansky, C. Vafa and N.P. Warner, “E-strings and N = 4 topological Yang-Mills theories,” Nucl. Phys. B527 (1998) 581; hep-th/9802168.

[83] C. Montonen and D. Olive, “Magnetic monopoles as gauge particles?” Phys. Lett.

B72 (1977) 117.

[84] G. Moore and E. Witten, “Integration over the u-plane in Donaldson theory,” Adv.

Theor. Math. Phys. 1 (1998) 298; hep-th/9709193.

[85] C. Okonek and A. Teleman, “Seiberg-Witten invariants for manifolds with b_+ = 1, and the universal wall-crossing formula,” Int. J. Math. 6 (1995) 893.

alg-geom/9603003; “Seiberg-Witten invariants for manifolds with b_+ = 1,” Commun. Math. Phys. 180 (1996) 363, alg-geom/9603025; “Recent developments in Seiberg-Witten theory and complex geometry,” alg-geom/9612015.

[86] D. Olive, “Exact electromagnetic duality,” hep-th/9508089;

J.P. Gauntlett, “Duality and supersymmetric monopoles,” hep-th/9705025.

[87] D. Olive and E. Witten, “Supersymmetry algebras that include topological charges,” Phys. Lett. B78 (1978) 97.

[88] H. Osborn, “Topological charges for N = 4 supersymmetric gauge theories and monopoles of spin 1,” Phys. Lett. B83 (1979) 321.

[89] V. Pidstrigach and A. Tyurin, “Localisation of the Donaldson invariants along Seiberg-Witten classes,” dg-ga/9507004.

[90] N. Seiberg, “Supersymmetry and non-perturbative beta functions,” Phys. Lett. B206 (1988) 75.

[91] N. Seiberg, “The power of duality – exact results in 4D SUSY field theory,”

hep-th/9506077;

K. Intriligator and N. Seiberg, “Lectures on supersymmetric gauge theories and electric-magnetic duality,” Nucl. Phys. B (Proc. Suppl.) 45 (1996) 1;

hep-th/9509066.

[92] N. Seiberg and E. Witten, “Electric-magnetic duality, monopole condensation, and confinement in N = 2 supersymmetric Yang-Mills theory,” Nucl. Phys. B426 (1994) 19; hep-th/9407087.

[93] N. Seiberg and E. Witten, “Monopoles, duality and chiral symmetry breaking in N = 2 supersymmetric QCD,” Nucl. Phys. B431 (1994) 484; hep-th/9408099.

[94] A. Sen, “Dyon-monopole bound states, self-dual harmonic forms on the multimonopole moduli space, and SL(2, ZZ) invariance in string theory,” Phys. Lett. B329 (1994) 217; hep-th/9402032.

[95] B. Spence, “Topological Born-Infeld actions and D-branes,” hep-th/9907053. [96] C.H. Taubes, “The Seiberg-Witten invariants and the Gromov invariants,” Math.

Res. Lett. 2 (1995) 221.

[97] A. Teleman, “Non-Abelian Seiberg-Witten theory and projectively stable pairs,”

alg-geom/9609020.

[98] G. Thompson, “New results in topological field theory and Abelian gauge theory,”

hep-th/9511038.

[99] C. Vafa, “Geometric physics,” hep-th/9810149.

[100] C. Vafa and E. Witten, “A strong coupling test of S-duality,” Nucl. Phys. B431 (1994) 3; hep-th/9408074.

[101] E. Verlinde, “Global aspects of electric-magnetic duality,” Nucl. Phys. B455 (1995) 211; hep-th/9506011.

[102] P. Wang, “A suggestion for modification of Vafa-Witten theory,” Phys. Lett. B378 (1996) 147; hep-th/9512021.

[103] J. Wess and J. Bagger, Supersymmetry and Supergravity, (Princeton University Press, 1992).

[104] E. Witten, “Topological quantum field theory,” Commun. Math. Phys. 117 (1988) 353.

[105] E. Witten, “Quantum field theory and the Jones polynomial,” Commun. Math.

Phys. 121 (1989) 351.

[106] E. Witten, “Topological sigma models,” Commun. Math. Phys. 118 (1988) 411. [107] E. Witten, “Introduction to cohomological field theories,” Int. J. Mod. Phys A 6 (1991) 2775.

[108] E. Witten, “Mirror manifolds and topological field theory,” hep-th/9112056, in Essays on Mirror Manifolds, S. T. Yau, ed., (International Press, Hong Kong, 1992.)

[109] E. Witten, “Supersymmetric Yang-Mills theory on a four-manifold,” J. Math. Phys.

35 (1994) 5101; hep-th/9403193.

[110] E. Witten, “Monopoles and four-manifolds,” Math. Res. Letters 1 (1994) 769;

hep-th/9411102.

[111] E. Witten, “On S-duality in Abelian gauge theory,” Selecta Mathematica 1 (1995) 383; hep-th/9505186.

[112] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2 (1998) 253; hep-th/9802150.

[113] E. Witten, “AdS/CFT correspondence and topological field theory,” J. High Energy Phys. 9812 (1998) 012; hep-th/9812012.

[114] J.P. Yamron, “Topological actions in twisted supersymmetric theories,” Phys. Lett.

B213 (1988) 325.

[115] K. Yoshioka, “Betti numbers of moduli of stable sheaves on some surfaces,” Nucl.

Phys. B (Proc. Suppl.) 46 (1996) 263; “Chamber structure of polarizations and the moduli of stable sheaves on a ruled surface,” Int. J. Math. 7 (1996) 411.