hep-th/9907132 v3 29 Nov 1999

YITP-99-43

hep-th/9907132

Revised Version

Comments on T-dualities of Ramond-Ramond Potentials

Masafumi Fukuma^{1 ∗}, Takeshi Oota^{2 †} and Hirokazu Tanaka^{1 ‡}

1 Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan

2 Institute of Particle and Nuclear Studies, High Energy Accelerator Research Organization (KEK), Tanashi, Tokyo 188-8501, Japan

Abstract

The type IIA/IIB effective actions compactified on T^d are known to be invariant under the T-duality group SO(d, d; Z) although the invariance of the R-R sector is not so direct to see. Inspired by a work of Brace, Morariu and Zumino, we introduce new potentials which are mixture of R-R potentials and the NS-NS 2-form in order to make the invariant structure of R-R sector more transparent. We give a simple proof that if these new potentials transform as a Majorana-Weyl spinor of SO(d, d; Z), the effective actions are indeed invariant under the T-duality group. The argument is made in such a way that it can apply to Kaluza-Klein forms of arbitrary degree. We also demonstrate that these new fields simplify all the expressions including the Chern-Simons term.

∗ e-mail address: fukuma@yukawa.kyoto-u.ac.jp
† e-mail address: toota@tanashi.kek.jp
‡ e-mail address: hirokazu@yukawa.kyoto-u.ac.jp

1 Introduction

Recent developments in string theory have been based on various kinds of duality symmetries. Among them, the T-duality was found first [1, 2], which changes the size of the compactified space into its inverse in string unit. Although this symmetry was first recognized in the spectra of perturbative strings, it came to be believed that this should hold as an exact symmetry not simply as a perturbative one [3]. Later, at the level of low energy effective action, the T-duality invariance of the type IIA/IIB theory was identified with a part of already known, much larger, and hidden symmetries of type II supergravities [4]–[7]. It was actually conjectured that the duality group of the full string theory can be extended to the U-duality group E_{d+1(d+1)}(Z) when compactified on a d-dimensional torus [8].

Being a subgroup of the U-duality group, the T-duality group SO(d, d; Z) has a special property: it is the maximum subgroup which consists of the elements that transform NS-NS and R-R fields into themselves, respectively. On the other hand, we sometimes encounter situations where NS-NS and R-R fields are better treated in a separate way. This is often the case when classical black-hole solutions of string theory are considered. Another example may be given by study of classical configurations based on the Born- Infeld action. Thus, it should be useful if one can know in a simple manner how NS-NS and R-R fields transform under the T-duality group, without resorting to embedding the whole structure once into the vast U-duality group.

The T-duality invariance can actually be seen very easily for the NS-NS sector of supergravity action [9]. There the kinetic term of the Kaluza-Klein (KK) scalars (G_{ij} , B_{ij}) (i, j = 1, ..., d) can be written as^1

L_{NS} = 1 8 e^{−2ϕ} tr ( ∂_μM^{−1}∂^μM ) (1.1)

with a 2d × 2d matrix

M = (M_{rs}) = ( G^{−1} −G^{−1}B BG^{−1} G − BG^{−1}B ) (1.2)

1 This B_{ij} will be denoted by B^{(0)}_{ij} in the following sections to notify that this is a scalar for the noncompact (10 � d)-dimensional space-time with coordinates x^μ (μ = 0, 1, ..., 9�d). We will also take the string unit α^′ = 1.

and the (10−d)-dimensional dilaton ϕ. Thus the kinetic term is manifestly invariant under T-duality transformations Λ ∈ O(d, d, Z) if the dilaton does not change and M = (M_{rs}) (r, s = 1, .., 2d) transforms as M = ( Λ^{−1} )T · M · Λ^{−1}. (1.3)

The KK 1-forms (G_{μi}, B_{μi}) give a vector representation of O(d, d; Z) and also have an invariant kinetic term [9]. These facts will be reviewed later in more detail.

On the other hand, the invariance of the sector including R-R potentials under the T-duality group SO(d, d; Z)^2 is not so manifest as that for the NS-NS sector is. There have actually been many works in which T-duality was studied as a subgroup of U-duality group E_{d+1(d+1)}(Z) [10]. However, in order to write down the action in a manifestly Uinvariant form, one needs to make a non-trivial mapping from the original fields to some other fields, which usually makes the T-duality symmetry for the original fields indirect. As for the works based on the T-duality itself, results have been obtained [11] only for Nahm transformations which generate a subgroup of O(d, d; Z).

By decomposing representations of E_{d+1(d+1)}(Z) with respect to SO(d, d; Z), it has been also known that Majorana-Weyl representations of SO(d, d; Z) should appear in the R-R sector (see, for example, [12]). However, as was discussed in detail for type IIA with d = 3 in [13, 14], the R-R potentials themselves do not give Majorana-Weyl spinors directly. Instead, one needs to combine them with the NS-NS 2-form to get new fields that have such simple transformation properties under SO(d, d; Z). Although prescription on how to arrange these fields was known for each d by starting from 11-dimensional supergravity [15], it is rather complicated due to the manner of field redefinitions which strongly depends on the dimensionality. The main aim of this article is to present the prescription of constructing the new fields and to demonstrate the T-duality invariance of the R-R sector with the Chern-Simons term in a simple form. We give a discussion by investigating solely the structure of the effective action of type IIA/IIB strings with all fermionic fields set zero. Inclusion of fermions with analysis of supersymmetry will be discussed elsewhere. This work is inspired by analysis made by Brace, Morariu and Zumino [13, 14].

2 Each of type IIA and type IIB is only invariant under the subgroup SO(d, d; Z) of O(d, d; Z), as we will see later.

The main result can be summarized as follows. First, we introduce new potentials D_{p+1} = (1/(p+1)!)D_{μ̂1 ...μ̂p+1} dx^{μ̂1} ∧ · · · ∧ dx^{μ̂p+1} (μ̂_1, ..., μ̂_{p+1} = 0, 1, ..., 9) which are mixtures of R-R potentials and the NS-NS 2-form as

D_0 ≡ C_0, D_1 ≡ C_1, D_2 ≡ C_2 + ^B_2 ∧ C_0, D_3 ≡ C_3 + ^B_2 ∧ C_1, D_4 ≡ C_4 +^1_2 ^B_2 ∧ C_2 +^1_2 ^B_2 ∧ ^B_2 ∧ C_0,

(1.4)

where C_{p+1} is the original (p + 1)-form R-R potential and ^B_2 is the NS-NS 2-form in 10 dimensions. We further introduce potentials of higher degree, D_{p+1} (p+1 = 5, ..., 8), as their electromagnetic duals. More precisely, we introduce the sum of field strengths F ≡ e^− ^^{B2} ∧ 8∑ p+1=0

dD_{p+1} = 9∑ p+2=1

F_{p+2}, (1.5)

and require the following relations in their equations of motion:

∗F_1 = F_9, ∗F_2 = −F_8, ∗F_3 = −F_7, ∗F_4 = F_6, ∗F_5 = F_5, ∗F_6 = −F_4, ∗F_7 = −F_3, ∗F_8 = F_2, ∗F_9 = F_1.

(1.6)

Note that ∗^2 F_n = (−1)^{n+1}F_n in 10-dimensional Minkowski space. The existence of these fields, D_5, ..., D_8, is allowed by the equations of motion for D_0, ..., D_4.

Our first claim is that, as far as the equations of motion are concerned, the R-R action with the Chern-Simons term can be rewritten into the following simple form:

S^{(IIA)}_{R+CS} ≡ 1 8κ^2_{10} ∫ d^{10}x √ −^g ∑ p+2=2,4,6,8 F_{p+2} ∧ ∗F_{p+2} (1.7)

S^{(IIB)}_{R+CS} ≡ 1 8κ^2_{10} ∫ d^{10}x √ −^g ∑ p+2=1,3,5,7,9 F_{p+2} ∧ ∗F_{p+2} with all the D_0, ..., D_8 being regarded as independent variables and with (1.6) being the constraints to be imposed after the equations of motion are derived.

Second, for d-dimensional toroidal compactification, we assemble the set of KK scalars into the form (D_α) with 2^{d−1} entries: d = 1 : (D_α) = (D_1) IIA : d = 2 : (D_α) = (D_1, D_2) d = 3 : (D_α) = (D_1, D_2, D_3, D_{123}) d = 4 : (D_α) = (D_1, D_2, D_3, D_4, D_{123}, D_{124}, D_{134}, D_{234}) . . . .

(1.8)

d = 1 : (D_α) = (D) IIB : d = 2 : (D_α) = (D, D_{12}) d = 3 : (D_α) = (D, D_{12}, D_{13}, D_{23}) d = 4 : (D_α) = (D, D_{12}, D_{13}, D_{14}, D_{23}, D_{24}, D_{34}, D_{1234}) . . . .

(1.9)

where D_α = D_{i1... ip+1} is the component of D_{p+1} in the compact directions y^{i1} , ..., y^{ip+1} (1 ≤ i_1 < · · · < i_{p+1} ≤ d). Similarly, we also assemble the set of KK 1-forms D_{μ i1...ip} (μ = 0, 1, ..., 9−d): d = 1 : (D_{μ α}) = (D_μ) IIA : d = 2 : (D_{μ α}) = (D_μ, D_{μ 12}) d = 3 : (D_{μ α}) = (D_μ, D_{μ 12}, D_{μ 13}, D_{μ 23}) d = 4 : (D_{μ α}) = (D_μ, D_{μ 12}, D_{μ 13}, D_{μ 14}, D_{μ 23}, D_{μ 24}, D_{μ 34}, D_{μ 1234}) . . . .

(1.10)

d = 1 : (D_{μ α}) = (D_{μ 1}) IIB : d = 2 : (D_{μ α}) = (D_{μ 1}, D_{μ 2}) d = 3 : (D_{μ α}) = (D_{μ 1}, D_{μ 2}, D_{μ 3}, D_{μ 123}) d = 4 : (D_{μ α}) = (D_{μ 1}, D_{μ 2}, D_{μ 3}, D_{μ 4}, D_{μ 123}, D_{μ 124}, D_{μ 134}, D_{μ 234}) . . . .

(1.11)

This assembling may continue to KK forms of higher degree when d is low enough.

Our second claim is that the dimensionally-reduced action of the R-R sector with the Chern-Simons term can be rewritten for type IIA and IIB, respectively, as^3 L_{R+CS} = 1 4 ∂_μD_α S^∓_{αβ}(M) ∂^μD_β, + 1 16 ∂_{[μ}D_{ν] α}S^±_{αβ}(M) ∂^{[μ}D^{ν]}_β + · · · (1.12)

3 Precise form is given by (4.25)–(4.27).

where S^±_{αβ}(M) (α, β = 1, ..., 2^{d−1}) is a representation matrix of M in the Majorana-Weyl representation of SO(d, d; R) with chirality ±. The invariance of the action thus now becomes apparent by assuming that both of the D_α and D_{μ α} transform as Majorana- Weyl spinors:

D_α = S^∓_{αβ}(Λ)D_β (1.13) D_{μ α} = S^±_{αβ}(Λ)D_{μ β}. We will prove the identity (1.12) for arbitrary d including KK forms of arbitrary degree. We simplify the argument with the use of the fermionic oscillator construction of Majorana spinor representation given in [13, 14].

The present paper is organized as follows. In section 2, in order to fix our convention, we first give a brief review on the invariance of the NS-NS sector and then introduce new potentials D_{p+1}. In section 3, we explicitly construct the spinor representations of O(d, d; Z) closely following [13, 14], and then rewrite the R-R action plus the Chern- Simons term into a manifestly T-duality invariant form in section 4. Section 5 is devoted to discussions. The existence of the fields D_5, ..., D_8 is proved in Appendix, with a demonstration that our new fields D_{p+1} greatly simplify all the expressions including the Chern-Simons term.

2 Type IIA/IIB effective actions

The action of ten-dimensional type IIA/IIB supergravity in the string metric can be split into three parts [16]:

S = S_{NS} + S_R + S_{CS}. (2.1)

The first term is the action for the NS-NS sector:

S_{NS} = 1 2κ^2_{10} ∫ d^{10}x √ −^g e^{−2}^^ϕ ( ^R + 4 |d ^ϕ|^2^_g − 1 2 |^H_3|^2^_g ) , (2.2)

where x^{μ̂} (μ̂ = 0, 1, ..., 9) are 10-dimensional coordinates, and ^g_{μ̂ν̂}, ^B_{μ̂ν̂} and ^ϕ denote the 10-dimensional metric, NS-NS 2-form and dilaton, respectively. The NS-NS field strength is written as ^H_3 = d ^B_2 with ^B_2 = (1/2) ^B_{μ̂ν̂} dx^{μ̂} ∧ dx^{ν̂} . We adopt a rule that the subscript of a form stands for its degree when it has a definite meaning in 10 dimensions. We also often consider a sum of forms of various degree like Ω = ∑ K Ω_K = ∑ K(1/K!)Ω_{μ̂1...μ̂K} dx^{μ̂1} ∧ · · · ∧ dx^{μ̂K} , and for this we introduce the invariant norm as

| Ω |^2^_g ≡ ∑ K 1 K! ^g^{μ̂1ν̂1} · · · ^g^{μ̂Kν̂K} Ω_{μ̂1...μ̂K} Ω_{ν̂1...ν̂K} . (2.3) The action for the R-R sector, S_R, can be written for IIA and IIB, respectively, as

S^{(IIA)}_R = − 1 4κ^2_{10} ∫ d^{10}x √ −^g ( |F_2|^2^_g + |F_4|^2^_g ) (2.4)

S^{(IIB)}_R = − 1 4κ^2_{10} ∫ d^{10}x √ −^g ( |F_1|^2^_g + |F_3|^2^_g + 1 2 |F_5|^2^_g ) , where the R-R field strengths F_{p+2} are defined from the (p + 1)-form R-R potentials C_{p+1} = (1/(p+1)!)C_{μ̂1...μ̂p+1} dx^{μ̂1} ∧· · ·∧dx^{μ̂p+1} as F_1 = dC_0, F_2 = dC_1, F_3 = dC_2 + ^H_3 ∧ C_0, F_4 = dC_3 + ^H_3 ∧ C_1, F_5 = dC_4 +^1_2 ^H_3 ∧ C_2 −^1_2 ^B_2 ∧ dC_2.

(2.5)

The Chern-Simons term S_{CS} is given by

S^{(IIA)}_{CS} = 1 4κ^2_{10} ∫ ^B_2 ∧ dC_3 ∧ dC_3 (2.6)

S^{(IIB)}_{CS} = 1 4κ^2_{10} ∫ ^B_2 ∧ dC_4 ∧ dC_2.

We take a convention that NS-NS fields wear the hat ( ^ ) in 10 dimensions while R-R fields do not. This is because NS-NS fields generally need to be redefined after toroidal compactification in order to nicely behave as fields living on the noncompact (10 − d)- dimensional space-time (see, for example, (2.7), (2.16), (2.17) and (2.20)).

After toroidal compactification on T^d, there will appear various KK forms both from the NS-NS and the R-R sectors. We first review the NS-NS case, closely following [9]. NS-NS sector:

We parametrize the 10-dimensional metric as d^s^2 ≡ ^g_{μ̂ν̂} dx^{μ̂}dx^{ν̂} = g_{μν} dx^μdx^ν + G_{ij}(dy^i + A^i_μdx^μ)(dy^j + A^j_νdx^ν ). (2.7)

Here the 10-dimensional coordinates are decomposed as (x^{μ̂}) = (x^μ, y^i) (μ = 0, 1, ..., 9− d; i = 1, 2, ..., d), and we assume that all the fields depend only on the noncompact coordinates x^μ. With this parametrization, the kinetic term for potentials will take a complicated form since the KK 1-form

A^{(1) i} ≡ A^i_μdx^μ (2.8)

will appear when contracting the indices in the compact directions. To simplify this, we follow the prescription of [9] which we found can be restated as follows. First, given a sum of forms Ω = ∑ K Ω_K , we decompose it as Ω = ∑ q ∑ n 1 n! Ω^{(q)}_{i1...in} dy^{i1} ∧ · · · ∧ dy^{in} , (2.9)

where the superscript (q) indicates that Ω^{(q)}_{i1...in} is a q-form for noncompact indices: Ω^{(q)}_{i1...in} = 1 q! Ω_{μ1...μq i1...in}dx^{μ1} ∧ · · · ∧ dx^{μq} . (2.10) Second, we introduce a new form Ω^′ by replacing dy^i in Ω with dy^i−A^{(1) i}, and reorganize it as in (2.9): Ω^′ ≡ Ω |_{dy}i_{→ dy}i_{−A}(1) i = ∑ q ∑ n 1 n! Ω^{′ (q)}_{i1...in} dy^{i1} ∧ · · · ∧ dy^{in} . (2.11) Then the kinetic term can be expressed in such a way that all the indices are contracted only with g^{μν} and G^{ij} :

| Ω |^2^_g = | Ω^′ |^2_{g,G} ≡ ∑ q ∑ n | | | Ω^{′ (q)}_n | | |^2 g,G , (2.12) where we have defined | | | Ω^{′ (q)}_n | | |^2 g,G ≡ 1 n! G^{i1j1} · · · G^{injn} 1 q! g^{μ1ν1} · · · g^{μqνq} Ω^′_{μ1...μq i1...in} Ω^′_{ν1...νq j1...jn} . (2.13) For example, the NS-NS field strength ^H_3 is rewritten as

^H^{′ (1)}_{ij} = dB^{(0)}_{ij} ^H^{′ (2)}_i = dB^{(1)}_i − B^{(0)}_{ij} dA^{(1) j} (2.14) ^H^{′ (3)} = dB^{(2)} − 1 2 ( B^{(1)}_i dA^{(1) i} + dB^{(1)}_i A^{(1) i} ) , where we have introduced

B^{(0)}_{ij} ≡ ^B^{(0)}_{ij} B^{(1)}_i ≡ ^B^{(1)}_i + ^B^{(0)}_{ij} A^{(1) j} (2.15) B^{(2)} ≡ ^B^{(2)} − 1 2 ^B^{(1)}_i A^{(1) i}.

Conversely, we have

^B^{(0)}_{ij} ≡ B^{(0)}_{ij} ^B^{(1)}_i ≡ B^{(1)}_i − B^{(0)}_{ij} A^{(1) j} (2.16) ^B^{(2)} ≡ B^{(2)} + 1 2 B^{(1)}_i A^{(1) i} + 1 2 B^{(0)}_{ij} A^{(1) i}A^{(1) j} ,

which give the original ^B_2 as

^B_2 = 1 2 ^B^{(0)}_{ij} dy^i ∧ dy^j + ^B^{(1)}_i dy^i + ^B^{(2)} (2.17) = 1 2 B^{(0)}_{ij} ( dy^i + A^{(1) i} ) ( dy^j + A^{(1) j} ) + B^{(1)}_i ( dy^i + A^{(1) i} ) + B^{(2)} − 1 2 B^{(1)}_i A^{(1) i}.

Then the NS-NS part of the action will be rewritten [9] as

S_{NS} = 1 2κ^2_{10−d} ∫ d^{10−d}x √ −g L_{NS}, (2.18)

where 1 2κ^2_{10−d} = 1 2κ^2_{10} ∫ d^dy. (2.19) By introducing the (10 − d)-dimensional dilaton ϕ as e^{−2ϕ} ≡ e^{−2}^^ϕ √ G, (2.20)

the factor L_{NS} = L_1 + L_2 + L_3 + L_4 is given by

L_1 = e^{−2ϕ} [R + 4 g^{μν} ∂_μϕ ∂_ν ϕ] L_2 = 1 8 e^{−2ϕ} g^{μν} tr ( ∂_μM^{−1}∂_νM )

L_3 = − 1 4 e^{−2ϕ} g^{μ1ν1} g^{μ2ν2} F^r_{μ1μ2} M_{rs} F^s_{ν1ν2} (2.21) L_4 = − 1 12 e^{−2ϕ} g^{μ1ν1} g^{μ2ν2} g^{μ3ν3} ^H^′_{μ1μ2μ3} ^H^′_{ν1ν2ν3} , where M = (M_{rs}) ≡ ( G^{−1} −G^{−1}B^{(0)} B^{(0)}G^{−1} G − B^{(0)}G^{−1}B^{(0)} ) , ( B^{(0)} ≡ ( B^{(0)}_{ij} )) , 1 2 F^r_{μν} dx^μ ∧ dx^ν ≡ dB^{(1)}_i dA^{(1) i} (r, s = 1, ..., 2d; i, j = 1, ..., d). (2.22) This form of action makes manifest its invariance under the T-duality group O(d, d; Z) provided that the fields transform as M = ( Λ^{−1} )T · M · Λ^{−1} , B^{(1)}_i A^{(1) i} = Λ B^{(1)}_i A^{(1) i}

, B^{(2)} = B^{(2)}, (2.23)

for Λ = ( a b c d ) ∈ O(d, d, Z) satisfying Λ^T J Λ = J with J = ( 0 1_d 1_d 0 ) . The first transformation rule is equivalent to E = (aE + b)(cE + d)^{−1} for E_{ij} = G_{ij} + B^{(0)}_{ij} [3]. R-R sector with the Chern-Simons term:

The R-R potentials C_{p+1} = (1/(p+1)!) C_{μ̂1 ...μ̂p+1} dx^{μ̂1} ∧ · · · ∧ dx^{μ̂p+1} also produce KK forms of various degree after toroidal compactification. To simplify all the expressions, we first combine the R-R potentials with the NS-NS 2-form in 10 dimensions as follows^4:

D_0 ≡ C_0, D_1 ≡ C_1, D_2 ≡ C_2 + ^B_2 ∧ C_0, D_3 ≡ C_3 + ^B_2 ∧ C_1, D_4 ≡ C_4 +^1_2 ^B_2 ∧ C_2 +^1_2 ^B_2 ∧ ^B_2 ∧ C_0.

(2.24)

The R-R field strengths are then expressed with these D_{p+1} as

F_1 = dD_0, F_2 = dD_1, F_3 = dD_2 − ^B_2 ∧ dD_0, F_4 = dD_3 − ^B_2 ∧ dD_1, F_5 = dD_4 − ^B_2 ∧ dD_2 +^1_2 ^B_2 ∧ ^B_2 ∧ dD_0.

(2.25)

These can be written in a simple form

F = e^− ^^{B2} ∧ dD (2.26)

if we introduce D ≡ 4∑ p+1=0 D_{p+1}, F ≡ 5∑ p+2=1

F_{p+2}. (2.27)

4 For the type IIA, the potentials D_1 and D_3 can be found in [14].

The equations of motion for D_0, ..., D_4 turn out to allow us to introduce extra R-R potentials of higher degree, D_{p+1} (p + 1 = 5, ..., 8), that preserve the relation (2.26) with D ≡ 8∑ p+1=0 D_{p+1}, F ≡ 9∑ p+2=1

F_{p+2}, (2.28)

if we introduce the following identification for the field strengths of higher degree: ∗F_1 = F_9, ∗F_2 = −F_8, ∗F_3 = −F_7, ∗F_4 = F_6, ∗F_5 = F_5, ∗F_6 = −F_4, ∗F_7 = −F_3, ∗F_8 = F_2, ∗F_9 = F_1

(2.29)

(see Appendix). Interestingly, as far as the equations of motion are concerned, we can in turn regard all the R-R potentials, D_0, ..., D_8, as independent variables and choose

S^{(IIA)}_{R+CS} ≡ − 1 8κ^2_{10} ∫ d^{10}x √ −^g ∑ p+2=2,4,6,8 |F_{p+2}|^2^_g (2.30)

S^{(IIB)}_{R+CS} ≡ − 1 8κ^2_{10} ∫ d^{10}x √ −^g ∑ p+2=1,3,5,7,9 |F_{p+2}|^2^_g

as their action functional, with the understanding that the constraints (2.29) are imposed after (and only after) the equations of motion are derived. In fact, one can prove that this system gives the same equations of motion with those from the sum of R-R and Chern- Simons terms S_R + S_{CS}, (2.4)–(2.6). We give a proof of this statement in Appendix.

For d-dimensional toroidal compactification, we introduce the primed field for F as

F^′ ≡ F |_{dy}i_{→ dy}i_{−A}(1) i . (2.31)

Then the action for the R-R and Chern-Simons sector will be expressed as

S_{R+CS} = 1 2κ^2_{10−d} ∫ d^{10−d}x √ −g L_{R+CS} (2.32)

with

L_{R+CS} = − 1 4 √ G | F^′ |^2_{g,G} . (2.33)

To show that L_{R+CS} is invariant under O(d, d; Z) when the set of KK fields coming from D transforms as a Majorana spinor of O(d, d; Z), in the next section we explicitly construct the spinor representation of O(d, d; R) by using fermionic operators. We mostly follow the convention of [13, 14].

Before concluding this section, we would like to make a comment on the potentials D_1 and D_3 in the type IIA case. It is well known that the type IIA supergravity can be obtained from the 11-dimensional supergravity [5] by dimensional reduction. A coordinate transformation along the 11-th direction x^{10} → x^{10} + ξ becomes a U(1) symmetry in 10- dimensions:

δ ^B_2 = 0, δC_1 = dξ, δC_3 = − ^B_2 ∧ dξ. (2.34)

Thus, these D fields diagonalize the U(1) symmetry : D_1 → D_1 + dξ, D_3 → D_3. These are 10-dimensional analogues of A^′ fields of [6].

3 Spinor representation of O(d, d; R)

We first recall that the group O(d, d; R) consists of 2d × 2d matrices Λ satisfying

Λ^T J Λ = J, J = ( 0 1_d 1_d 0 ) . (3.1)

The group O(d, d; Z) is defined as a subgroup that consists of matrices with integer-valued elements. It is known that both are generated by the following three types of matrices [17]:

Λ_B = ( 1 −B 0 1 ) , B^T = −B, (3.2)

Λ_R = ( R^{−1} 0 0 R^T ) , R ∈ GL(d; R) or GL(d; Z), (3.3)

Λ_i = − ( 1 − e_i −e_i −e_i 1 − e_i ) , (e_i)_{jk} = δ_{ij}δ_{ik}, (i = 1, ..., d). (3.4) Note that det Λ_B = det Λ_R = +1 and det Λ_i = −1. Thus one can construct a subgroup SO(d, d; R) or SO(d, d; Z) as such that are generated by Λ_B, Λ_R and Λ_iΛ_j .

The Dirac matrices Γ_r = (Γ_{r αβ}) with 2^d × 2^d components are introduced as {Γ_r, Γ_s} = 2J_{rs} (r, s = 1, ..., 2d), (3.5) and the spinor representation S(Λ) = (S_{αβ}(Λ)) is characterized by the property S(Λ) · Γ_s · S(Λ)^{−1} = ∑ r Γ_r Λ^r_s. (3.6)

To construct this representation, we introduce fermionic operators ^{i†} and _i with the anti-commutation relations

{_i, ^{j†}} = δi^j 1, {_i, _j } = 0 = {^{i†}, ^{j†}} (i, j = 1, ..., d). (3.7)

We define the hermitian conjugation as

(_i)^† = ^{i†}, (3.8)

and introduce the vacuum | 0 ⟩ such that _i | 0 ⟩ = 0 (i = 1, ..., d) and ⟨ 0 | 0 ⟩ = 1. Then the 2^d-dimensional fermion Fock space is spanned by the vectors | α ⟩ = ^{i1†} · · · ^{in†} | 0 ⟩ (n = 0, ..., d), (3.9) where α is a multi-index α = (i_1, ..., i_n) (i_1 < · · · < i_n), and the Dirac matrices can be introduced with respect to this as follows:

^{i†} | β ⟩ =^∑_α | α ⟩^1√_2 (Γi)_{αβ} _i | β ⟩ =^∑_α | α ⟩^1√_2 (Γd+i)_{αβ} . (3.10)

Thus, if we can always introduce an operator Λ to any element Λ = ( (a_i^j) (b_{ij}) (c^{ij} ) (d^i_j) ) ∈ O(d, d; R) (3.11)

such that

( Λ^{j†}Λ^{−1}, Λ_jΛ^{−1} ) = ( ^{i†}ai^j + _ic^{ij}, ^{i†}bij + _id^ij ) = ( ^{i†}, _i )^{( a b}_{c d}^) , (3.12)

then, introducing the matrix S_{αβ}(Λ) by Λ | β ⟩ = ∑ α | α ⟩ S_{αβ}(Λ), we can establish the relation (3.6). For this, it is enough to construct the operators that correspond to the elements given in (3.2)–(3.4), and it is easy to show that the followings are solutions [13, 14]:

Λ_B = e^{−B} ≡ exp ( − 1 2 B_{ij}^{i†}^{j†} ) , Λ_R = (det R)^{1/2} exp ( −^{i†}Ai^j_j^{) (}R =^(Ri^{j)} = exp^(Ai^{j))} , Λ_i = _i + ^{i†} (i = 1, ..., d). (3.13)

Notice that all of these operators give real-valued matrix elements, so that the resulting representation is automatically Majorana. Note also that the Λ_i’s do not give a faithful representation so that there are always ambiguities in their orderings.

In order to construct Weyl representations, we define a matrix

Γ_{2d+1} ≡ 1 2^d d∏ i=1 (Γ_i + Γ_{d+i})(Γ_i − Γ_{d+i}) (3.14)

which satisfies {Γ_{2d+1}, Γ_r} = 0 (r = 1, ..., 2d). By looking at the correspondence (3.10), one can easily see that Γ_{2d+1} corresponds to (−1)^NF with N_F = ∑ i ^{i†}_i. Thus, the

projection to the subspace with (−1)^NF = 1 leads to a Majorana-Weyl representation ( 2^{d−1} ) s and the other one with (−1)^NF = −1 to ( 2^{d−1} ) c. Note that Λ_i is a linear function of fermions and thus changes the chirality. Therefore, in order for an operator to preserve the chirality it must correspond to an element in SO(d, d; R).

We further introduce an operator J that corresponds to J = (J_{rs}): J = i^{d(d−1)/2} Λ_1 · · · Λ_d, (3.15) where the phase factor is chosen such that J^2 = 1. One can actually prove that

J ^{i†} J = _i, J _i J = ^{i†}. (3.16)

It is easy to check that for all these Λ’s in (3.13) (and thus for all elements in O(d, d; R)), their transposes Λ^T = J · Λ^{−1} · J are mapped to Λ^†: Λ^† = JΛ^{−1}J. (3.17) In particular, we have

Λ^†_B = e^{−B} y = exp (1 2 B_{ij} _i_j ) , Λ^T_B = ( 1 0 B 1 ) . (3.18)

Note also that the normalization of the operators (3.13) is correctly chosen such that they satisfy the condition (3.17).

We finally make a comment that this operator J is essentially the charge conjugation operator. In fact, the operators defined by C^± ≡ Λ^±_1 · · · Λ^±_d (3.19) with Λ^±_i ≡ ^{i†} ± _i (3.20) can be easily seen to satisfy C^± ( C^± )_† = 1, ( C^±

)_2

= (−1)^{d(d∓1)/2} 1, (3.21) C^± ^{i†} ( C^± )_{−1} = ∓ (−1)^d _i, C^± _i ( C^± )_{−1} = ∓ (−1)^d ^{i†}.

This implies that the matrices C^± = (C^±_{αβ}) defined by C^± | β ⟩ = | α ⟩ C^±_{αβ} satisfy the condition for the charge conjugation of SO(d, d) [18]: C^± ( C^± )_† = 1, ( C^± ) T = (−1)^{d(d∓1)/2} C^±, (3.22) C^± Γ_r ( C^± )_{−1} = ∓ (−1)^d (Γ_r)^T .

4 R-R potentials and T-duality

In this section, we show that the R-R action plus the Chern-Simons term after toroidal compactification on T^d, (2.32)–(2.33), is actually invariant under SO(d, d; Z) if a set of our R-R fields transform as a Majorana-Weyl spinor.

We first introduce a one-to-one correspondence between the set of forms and the space of creation operators by replacing the differential in the compact direction dy^i with the fermion creation operator ^{i †} as^5 Ω = ∑ n 1 n! Ω_{i1...in}dy^{i1} ∧ · · · ∧ dy^{in} = ∑ q ∑ n 1 n! Ω^{(q)}_{i1...in}dy^{i1} ∧ · · · ∧ dy^{in} (4.1) to Ω ≡ ∑ n 1 n! Ω_{i1...in} ^{i1†} · · · ^{in†} = ∑ q ∑ n 1 n! Ω^{(q)}_{i1...in} ^{i1†} · · · ^{in†}. (4.2) This actually gives an isomorphism as algebra. We also extend our rule such that Ω^{(q)}_{i1...in} has N_F = q, and thus it will anticommute with all the fermionic operators when q is odd. We define a state corresponding to Ω as | Ω ⟩ ≡ Ω | 0 ⟩ . (4.3)

5 Recall that the superscript (q) indicates that Ω^{(q)}_{i1...i}n is a q-form for noncompact indices (see (2.10)).

Note that the following holds for any two forms Ω and Ξ: Ω | Ξ ⟩ = | Ω ∧ Ξ ⟩ . (4.4) Now that we have the above isomorphism, we can introduce the operator corresponding to F in (2.26):

F = e^−^^{B2} dD. (4.5) Since F_{p+2} are even (odd) forms for type IIA (IIB), we have (−1)^NF | F ⟩ = + | F ⟩ for type IIA and = − | F ⟩ for type IIB. This implies that each state has a definite chirality and thus forms a Majorana-Weyl representation of SO(d, d; Z). Noticing that the replacement dy^i → dy^i −A^{(1) i} as in (2.31) is equivalent to the operation

^{i†} → e^{iA(1) i} ^{i†}e^{−iA(1) i} = ^{i†} −A^{(1) i}, (4.6)

we can simply express the operator corresponding to F^′ as F^′ = e^{iA(1) i} Fe^−^{iA(1) i} , (4.7) and thus the corresponding state can be written as

| F^′ ⟩ = F^′ | 0 ⟩ = e^{iA(1) i} F | 0 ⟩

= e^{iA(1) i} e^−^^{B2} | dD ⟩ = e^{iA(1) i} e^−^^{B2} e^−^{iA(1) i} · e^{iA(1) i} | dD ⟩ . (4.8) Here one can use (2.17) to show that

e^{iA(1) i} ^B_2e^−^{iA(1) i} = 1 2 B^{(0)}_{ij} ^{i†}^{j†} + B^{(1)}_i ^{i†} + B^{(2)} − 1 2 B^{(1)}_i A^{(1) i}. (4.9) Therefore we have | F^′ ⟩ = e^{−B(0)} e^{−B(2)}e^{(1/2)B(1)i A(1) i} e^i y_B(1)_i e^{iA(1) i} | dD ⟩ = e^{−B(0)} e^{−B(2)}e^V | dD ⟩ , (4.10) where B^{(0)} ≡ 1 2 B^{(0)}_{ij} ^{i†}^{j†}

V ≡ ^{i†}B^{(1)}_i + _iA^{(1) i}. (4.11)

Since ( B^{(1)}_i , A^{(1) i} )T transforms as a vector of O(d, d; Z), one can see that V transforms as V = Λ V Λ^{−1} (4.12)

for Λ ∈ SO(d, d; Z). In fact,

V = (^†, )

B^{(1)} A^{(1)}

= (^†, ) Λ

B^{(1)} A^{(1)}

= Λ (^†, ) Λ^{−1}

B^{(1)} A^{(1)}

= Λ V Λ^{−1}. (4.13)

On the other hand, if we make a block-wise Gauss decomposition of M as M = ( 1_d 0 B^{(0)} 1_d ) · ( G^{−1} 0 0 G ) · ( 1_d −B^{(0)} 0 1_d )

= Λ^T_B(0) · Λ_G · Λ_B(0), (4.14)

then the corresponding operator M will be written as

M = e^{−B(0)} y Λ_G e^{−B(0)} (4.15)

with

Λ_G ≡ √ G e^−^i y_{hi}j_j ( (G_{ij}) = e(^{hij}) ) . (4.16)

This operator Λ_G has a special property. In fact, suppose that for a given state

| Ω ⟩ = ∑ q ∑ n 1 n! Ω^{(q)}_{i1...in} ^{i1†} · · · ^{in†} | 0 ⟩ , (4.17)

we introduce its hermitian conjugate as

⟨ Ω | = ∑ q ∑ n 1 n! ⟨ 0 | _{in} · · · _{i1} ∗_{10−d} Ω^{(q)}_{i1...in}, (4.18)

where ∗_{10−d} is the Hodge-star in the noncompact (10 − d) dimensions. Then the following identity holds: d^{10−d}x √ −g √ G | Ω |^2_{g,G} = − ⟨ Ω | Λ_G | Ω ⟩ . (4.19)

In fact, using

Λ_G | Ω ⟩ = ∑ q ∑ n √ G n! ( e^{−h} ) j_1 i_1 · · · ( e^{−h} ) j_n in Ω^{(q)}_{j1...jn} ^{i1†} · · · ^{in†} | 0 ⟩ = ∑ q ∑ n √ G n! G^{i1j1} · · · G^{injn} Ω^{(q)}_{j1...jn} ^{i1†} · · · ^{in†} | 0 ⟩ , (4.20) we can show

⟨ Ω | Λ_G | Ω ⟩ = ∑ q ∑ n √ G n! ( ∗_{10−d}Ω^{(q)}_{i1...in} ∧ Ω^{(q)}_{j1...jn} ) G^{i1j1} · · · G^{injn} (4.21) = − d^{10−d}x √ −g √ G | Ω |^2_{g,G} . Setting Ω = F^′ in (4.19), we have d^{10−d}x √ −g √ G | F^′ |^2_{g,G} = − ⟨ F^′ | Λ_G | F^′ ⟩ . (4.22) Since this F^′ is written as in (4.10), the R-R action with the Chern-Simons term is expressed as S_{R+CS} = − 1 8κ^2_{10−d} ∫ d^{10−d}x √ −g √ G | F^′ |^2_{g,G} = 1 8κ^2_{10−d} ∫ 10−d ⟨ F^′ | Λ_G | F^′ ⟩ (4.23) = 1 8κ^2_{10−d} ∫ 10−d ⟨ K | M | K ⟩ with | K ⟩ = exp ( −B^{(2)} ) exp (V) | dD ⟩ . (4.24) This can also be written as S_{R+CS} = 1 8κ^2_{10−d} ∫ 10−d S_{αβ}(M) K_α ∧ ∗_{10−d}K_β, (4.25)

where K_α is a sum of forms in noncompact directions: K_α = e^{−B(2)} ∧ ( e^{(1/} √ 2) ΓrV r ) αβ ∧ dD_β (4.26) with B^{(2)} = 1 2 B_{μν} dx^μ ∧ dx^ν (see (2.15))

V^r = B_{μ i} dx^μ A^i_μ dx^μ (4.27)

D_α = ∑ q 1 q! dx^{μ1} ∧ · · · ∧ dx^{μq} D_{μ1...μq α} .

Since M, V and B^{(2)} transform as M = ( Λ^{−1} )_† M Λ^{−1}, V = Λ V Λ^{−1}, B^{(2)} = B^{(2)}, (4.28)

we see that the action is invariant under the whole T-duality group SO(d, d; Z) if the D = (D_α) transforms as a Majorana-Weyl spinor: | | D ⟩ = Λ | D ⟩ . (4.29)

Furthermore, if we expand D with respect to noncompact indices as D = ∑ q 1 q! dx^{μ1} ∧· · ·∧ dx^{μq} D_{μ1...μq} (4.30) with D_{μ1...μq} ≡ ∑ n 1 n! D_{μ1...μq i1...in} dy^{i1} ∧· · · ∧ dy^{in} , (4.31) then each coefficient D_{μ1...μq} will also transform as a Majorana spinor:^6 | | | D_{μ1...μq} ⟩ = Λ | | | D_{μ1...μq} ⟩ , (4.32)

or equivalently, D_{μ1...μq α} = ∑ β S_{αβ}(Λ) D_{μ1...μq β} (4.33) with multi-indices α = (i_1, ..., i_n) (i_1 < · · · < i_n; n = 0, ..., d). Since D_{μ1...μq i1...in} vanishes if q + n = even (odd) for type IIA (IIB), it has a definite chirality. This implies that D_{μ1...μq} = (D_{μ1...μq α}) transforms as a Majorana-Weyl spinor for each set of noncompact indices (μ_1, ..., μ_q).

5 Discussion

In the present article, we have given a simple proof that if the R-R potentials C_{p+1} are combined with the NS-NS 2-form as in (2.24), then their KK forms transform as Majorana- Weyl spinors under the T-duality group SO(d, d; Z) in order to make the action invariant.

6 To be more precise, the following discussion holds only when q + d ˇ 10.

There should be various applications once transformation rules are obtained explicitly for the whole T-duality group. One will be to establish relations among various classical solutions of type IIA/IIB supergravities by using the full T-duality group together with the S-duality of type IIB. The work in this direction is in progress and will be reported elsewhere [19].

We finally make a comment on the dilaton dependence in R-R potentials, assuming the case ^B_2 = 0 in which there is no distinction between the original R-R potential C_{p+1} and our potential D_{p+1}. Usually we expect that another field strength defined by ~F_{p+2} = e^^ϕ dC_{p+1} corresponds to an R-R vertex operator of NSR strings in a flat background. To see this in our formulation, we first recall that we have introduced the (10 − d)-dimensional dilaton ϕ as a singlet of O(d, d; Z). This implies that the 10- dimensional dilaton ^ϕ should transform as e^^ϕ ∝ G^{1/4}. On the other hand, we could have further decomposed the operator Λ_G as Λ_G = Λ^†_EΛ_E where E = (E_{ia}) (i, a = 1, ..., d) is a vielbein for G, G = E E^T . Then one might say that the state Λ_E | dC ⟩ corresponds to an R-R vertex in a flat background. Thus, noticing that the operator Λ_E will carry the factor G^{1/4}, we expect that e^^ϕ dC will transform as in a flat case.

Acknowledgment

The authors would like to thank C. Bachas, Y. Imamura, K. Ito, H. Kunitomo, S. Sugimoto and especially S. Mizoguchi for useful discussions. One of us (T.O.) would also like to thank the Yukawa Institute for hospitality. The work of M.F. is supported in part by the Grand-in-Aid for Scientific Research from the Ministry of Education, Science and Culture, and the work of T.O. and the work of H.T. are supported in part by the JSPS Research Fellowships for Young Scientists.

Note added

After the first version of the present paper was put on the bulletin board, some related works appeared [20, 21], which also investigate the T-duality transformation of R-R fields from a different point of view.

Appendix: “Self-dual” formulation of type II effective actions

In this appendix, we prove that the original R-R action plus the Chern-Simon term, (2.4)–(2.6):

S^{(IIA)}_R + S^{(IIA)}_{CS} = − 1 4κ^2_{10} ∫ d^{10}x √ −^g ( |F_2|^2^_g + |F_4|^2^_g )

+ 1 4κ^2_{10} ∫ ^B_2 ∧ dC_3 ∧ dC_3 (A.1)

S^{(IIB)}_R + S^{(IIB)}_{CS} = − 1 4κ^2_{10} ∫ d^{10}x √ −^g ( |F_1|^2^_g + |F_3|^2^_g + 1 2 |F_5|^2^_g )

+ 1 4κ^2_{10} ∫ ^B_2 ∧ dC_4 ∧ dC_2

with C_1, C_3 (or D_1, D_3) and C_0, C_2, C_4 (or D_0, D_2, D_4) being independent variables, respectively, is equivalent to the new action (2.30):

S^{(IIA)}_{R+CS} ≡ 1 8κ^2_{10} ∫ ∑ p+2=2,4,6,8 F_{p+2} ∧ ∗F_{p+2} = − 1 8κ^2_{10} ∫ ∑ p+2=2,4,6,8 | F_{p+2} |^2^_g (A.2)

S^{(IIB)}_{R+CS} ≡ 1 8κ^2_{10} ∫ ∑ p+2=1,3,5,7,9 F_{p+2} ∧ ∗F_{p+2} = − 1 8κ^2_{10} ∫ ∑ p+2=1,3,5,7,9 | F_{p+2} |^2^_g

with D_1, D_3, D_5, D_7 and D_0, D_2, D_4, D_6, D_8 being independent variables, in the sense that both give the same equations of motion when the constraints (2.29):

∗F_1 = F_9, ∗F_2 = −F_8, ∗F_3 = −F_7, ∗F_4 = F_6, ∗F_5 = F_5, ∗F_6 = −F_4, ∗F_7 = −F_3, ∗F_8 = F_2, ∗F_9 = F_1

(A.3)

are imposed on the extra variables, D_5, ..., D_8, after the equations of motion are derived from (A.2). Here their field strengths are defined by F ≡ 9∑ p+2=1

F_{p+2} ≡ e^− ^^{B2} ∧ dD (A.4)

with D ≡ 8∑ p+1=0

D_{p+1}, (A.5) and the 10-dimensional Hodge-star ∗ is defined by ∗ ( dx^{μ̂1} ∧ · · · ∧ dx^{μ̂n} ) (A.6) ≡ 1 (10 − n)! 1 √ −^g ϵ^{μ̂1···μ̂nν̂1···ν̂10}�^n ^g_{ν̂1λ̂1} ...^g_{ν̂10}�_{nλ̂10}�_n dx^{λ̂1} ∧ · · · ∧ dx^{λ̂10}�^n with ϵ^{01···9} = +1. Note that K-forms satisfy ∗^2 Ω_K = (−1)^{K+1} Ω_K and

d^{10}x √ −^g | Ω_K |^2^_g ≡ d^{10}x √ −^g 1 K! ^g^{μ̂1ν̂1} · · · ^g^{μ̂Kν̂K} Ω_{μ̂1...μ̂K} Ω_{ν̂1...ν̂K} (A.7) = −Ω_K ∧ ∗Ω_K

in 10-dimensional Minkowski space.

First, we note that the original action (A.1) can be written as

S^{(IIA)}_R + S^{(IIA)}_{CS} = 1 4κ^2_{10} ∫ ( F_2 ∧ ∗F_2 + F_4 ∧ ∗F_4 + ^B_2 F^2_4 + ^B^2_2 F_4 F_2 + 1 3 ^B^3_2 F^2_2 )

S^{(IIB)}_R + S^{(IIB)}_{CS} = 1 4κ^2_{10} ∫ ( F_1 ∧ ∗F_1 + F_3 ∧ ∗F_3 + 1 2 F_5 ∧ ∗F_5 (A.8)

+ ^B_2 F_5 F_3 + 1 2 ^B^2_2 F_5 F_1 + 1 6 ^B^3_2 F_3 F_1 ) . Combined with the NS-NS action S_{NS}, (2.2), the equations of motion are thus IIA 0 = d ( ∗F_4 + ^B_2 F_4 + 1 2 ^B^2_2 F_2 )

0 = d ( − ∗ F_2 + ^B_2 ∗ F_4 + 1 2 ^B^2_2 F_4 + 1 6 ^B^3_2 F_2 ) (A.9)

0 = d ( e^{−2}^^ϕ ∗ ^B_2 ) + F_2 ∗ F_4 − 1 2 F^2_4 IIB 0 = d ( ∗F_5 + ^B_2 F_3 + 1 2 ^B^2_2 F_1 )

0 = d ( − ∗ F_3 + ^B_2 ∗ F_5 + 1 2 ^B^2_2 F_3 + 1 6 ^B^3_2 F_1 ) (A.10)

0 = d ( ∗F_1 − ^B_2 ∗ F_3 + 1 4 ^B^2_2 (F_5 + ∗F_5) + 1 6 ^B^3_2 F_3 + 1 24 ^B^4_2 F_1 )

0 = d ( e^{−2}^^ϕ ∗ ^B_2 ) + F_1 ∗ F_3 + 1 2 F_3 F_5 + 1 2 F_3 ∗ F_5,

as well as the Einstein equation with the energy-momentum tensor of R-R fields:

T^{(R)}_{μ̂ν̂} =

E_{μ̂ν̂} (F_2) + E_{μ̂ν̂} (F_4) (IIA) E_{μ̂ν̂} (F_1) + E_{μ̂ν̂} (F_3) + 1 2 E_{μ̂ν̂}(F_5) (IIB)

(A.11) where E_{μ̂ν̂} is defined for an n-form F_n = (1/n!) F_{μ̂1...μ̂n} dx^{μ̂1} ∧· · ·∧dx^{μ̂n} as E_{μ̂ν̂} (F_n) ≡ 1 (n − 1)! F_{μ̂ μ̂1···μ̂n}�_1 F^{μ̂1···μ̂n}�^1 ν̂ − 1 2 ^g_{μ̂ν̂} | F_n |^2^_g . (A.12) Equations (A.9) and (A.10) imply that F_1, ..., F_5 can be expressed in the following form with integration “constants” D_{p+1} (p + 1 ≥ 5): IIA ∗ F_2 = − ( e^− ^^{B2} ∧ dD ) 8 ≡ −F_8 (A.13) ∗F_4 = ( e^− ^^{B2} ∧ dD ) 6 ≡ F_6 IIB ∗ F_1 = ( e^− ^^{B2} ∧ dD ) 9 ≡ F_9 ∗F_3 = − ( e^− ^^{B2} ∧ dD ) 7 ≡ −F_7 (A.14) ∗F_5 = ( e^− ^^{B2} ∧ dD ) 5 ≡ F_5. For example, the first equation of (A.9) is solved as ∗ F_4 + ^B_2 F_4 + 1 2 ^B^2_2 F_2 = dD_5 (A.15) with some 5-form D_5. Then ∗F_4 is written as ∗ F_4 = dD_5 − ^B_2F_4 − 1 2 ^B^2_2 F_2 = dD_5 − ^B_2(dD_3 − ^B_2dD_1) − 1 2 ^B^2_2 dD_1 (A.16) = dD_5 − ^B_2dD_3 + 1 2 ^B^2_2 dD_1 = ( e^− ^^{B2} ∧ dD ) 6 ≡ F_6. Now we restart the argument in the reverse order, and this time we treat all the fields D_{p+1} (p+1 = 0, ..., 8) as independent variables with field strengths (A.4), and adopt (A.2) plus S_{NS} as their action functional. The variation of the action with respect to these fields can be easily found to be

IIA 0 = d (∗F_8) 0 = d ( − ∗ F_6 + ^B_2 ∗ F_8 ) 0 = d ( ∗F_4 − ^B_2 ∗ F_6 + 1 2 ^B^2_2 ∗ F_8 ) (A.17)

0 = d ( − ∗ F_2 + ^B_2 ∗ F_4 − 1 2 ^B^2_2 ∗ F_6 + 1 6 ^B^3_2 ∗ F_8 ) , IIB 0 = d (∗F_9) 0 = d ( − ∗ F_7 + ^B_2 ∗ F_9 ) 0 = d ( ∗F_5 − ^B_2 ∗ F_7 + 1 2 ^B^2_2 ∗ F_9 ) (A.18)

0 = d ( − ∗ F_3 + ^B_2 ∗ F_5 − 1 2 ^B^2_2 ∗ F_7 + 1 6 ^B^3_2 ∗ F_9 )

0 = d ( ∗F_1 − ^B_2 ∗ F_3 + 1 2 ^B^2_2 ∗ F_5 − 1 6 ^B^3_2 ∗ F_7 + 1 24 ^B^4_2 ∗ F_9 ) . These are nothing but the set of the Bianchi identities and the equations of motion for the original fields D_0, ..., D_4 if we identify ∗F_{p+2} = ±F_{8−p} as in (A.3). Furthermore, the variation with respect to ^B_2 gives IIA 0 = d ( e^{−2}^^ϕ ∗ ^B_2 ) + 1 2 F_2 ∗ F_4 + 1 2 F_4 ∗ F_6 + 1 2 F_6 ∗ F_8 (A.19) IIB 0 = d ( e^{−2}^^ϕ ∗ ^B_2 ) + 1 2 F_1 ∗ F_3 + 1 2 F_3 ∗ F_5 + 1 2 F_5 ∗ F_7 + 1 2 F_7 ∗ F_9, (A.20)

which equal the last equations of (A.9) and (A.10), respectively, after the identification (A.3) is made.

The Einstein equation will be accompanied by the new energy-momentum tensor for R-R fields:

T^{(R)}_{μ̂ν̂} = 1 2 ∑ n=2,4,6,8 E_{μ̂ν̂} (F_n) (IIA) 1 2 ∑ n=1,3,5,7,9 E_{μ̂ν̂}(F_n) (IIB)

(A.21)

This agrees with the previous one (A.11) since the following identity holds for the dual field ~F_{10−n} ≡ ∗F_n:

E_{μ̂ν̂}( ~F_{10−n}) = E_{μ̂ν̂} (F_n), (A.22) which can be easily proved by using 1 (9 − n)! ~F_{μ̂ λ̂1···λ̂9}�_n ~F^{λ̂1···λ̂9}�^n ν̂ = 1 (n − 1)! F_{μ̂ λ̂1···λ̂n}�_1 F^{λ̂1···λ̂n}�^1 ν̂ − ^g_{μ̂ν̂} | F_n |^2^_g , | | | ~F_{10−n} | | |^2

^g = − | F_n |^2^_g . (A.23) Since the equivalence for the variation with respect to the dilaton ^ϕ is obvious, we have completed the proof of the equivalence between the two actions (A.1) and (A.2).

References

[1] K. Kikkawa and M. Yamasaki, Phys. Lett. B149 (1984) 357. [2] N. Sakai and I. Senda, Prog. Theor. Phys. 75 (1986) 692.

[3] A. Giveon, M. Porrati and E. Ravinovich, Phys. Rep. 244 (1994) 77, hep-th/9401139, and references therein.

[4] E. Cremmer, J. Scherk and J. H. Schwarz, Phys. Lett. B74 (1978) 61. [5] E. Cremmer and B. Julia, Phys. Lett. B76 (1978) 409. [6] E. Cremmer and B. Julia, Nucl. Phys. B159 (1979) 141;

E. Cremmer, in Supergravity ’81, ed. by S. Ferrara and J. G. Taylor, Cambridge University Press (1982).

[7] E. Cremmer, in Superspace and supergravity, ed. by S. W. Hawking and M. Roček, Cambridge University Press (1981); B. Julia, ibid.

[8] C. M. Hull and P. K. Townsend, Nucl. Phys. B438 (1995) 109, hep-th/9410167. [9] J. Maharana and J. Schwarz, Nucl. Phys. B390 (1993) 3, hep-th/9207016.

[10] M. Trigiante, PhD theses, hep-th/9801144, and references therein. [11] E. Bergshoeff, C. Hull and T. Ortín, Nucl. Phys. B451 (1995) 547, hep-th/9504081;

M. Green, C. Hull and P. Townsend, Phys. Lett. B382 (1996) 65, hep-th/9604119; E. Eyras, B. Janssen and Y. Lozano, Nucl. Phys. B531 (1998) 275, hep-th/9806169.

[12] A. Sen and C. Vafa, Nucl. Phys. B455 (1995) 165, hep-th/9508064. [13] D. Brace, B. Morariu and B. Zumino, Nucl. Phys. B545 (1999) 192, hep-th/9810099. [14] D. Brace, B. Morariu and B. Zumino, Nucl. Phys. B549 (1999) 181, hep-th/9811213. [15] A. Salam and E. Sezgin (eds.), Supergravities in Diverse Dimensions, North-Holland (1989) 2 vols.

[16] J. Polchinski, String Theory, Cambridge University Press (1998) Vol II Chap 12. [17] A. Schwarz, Nucl. Phys. B534 (1998) 720, hep-th/9805034. [18] T. Kugo and P. Townsend, Nucl. Phys. B221 (1983) 357. [19] M. Fukuma, T. Oota and H. Tanaka, work in progress. [20] S. Hassan, hep-th/9907152.

[21] M. Cvetič, H. Lü, C. Pope and K. Stelle, hep-th/9907202.