hep-th/9907172 22 Jul 1999

Casimir energy of the Nambu-Goto string with Gauss-Bonnet term and point–like masses at the ends^�

Leszek Hadasz^†

Jagellonian University, Institute of Physics, Reymonta 4, 30–069 Cracow, Poland

Abstract We calculate the Casimir energy of the rotating Nambu-Goto string with the Gauss- Bonnet term in the action and point-like masses at the ends. This energy turns out to be negative for every values of the parameters of the model.

TPJU 23/98 September 1998 Accepted for publication in Acta Phys.Pol. B.

∗Work supported by the KBN grant 2 P03B 095 13. †E–mail address: hadasz@thrisc.if.uj.edu.pl

It seems to exist a common belief that the construction of (even approximate) string representation of QCD could be crucial for understanding non–perturbative properties of quantum chromodynamics, such as the nature of the ground state or mechanism of confinement. The conjecture of existence of such a description is supported by a number of facts [1, 2], to mention only the nature of the 1/N_c expansion [3], success of the dual models in description of Regge phenomenology, area confinement law found in the strong coupling lattice expansion [4] or the existence of flux–line solutions in confining gauge theories [5, 6] and the analytical results concerning two–dimensional QCD [7]. The results obtained recently in the framework of M theory are also very promising (see, for instance, [8]).

It is well known that the simplest, Nambu–Goto string model [9], when treated as a quantum system, has many drawbacks [10, 11] which include the non–physical dimension of the space– time (D=26) or tachion and unwanted massless states in the spectrum. It is therefore reasonable to study modifications of the Nambu–Goto model, and among them the simplest ones, which preserve the equations of motion for the interior of the string while changing the boundary conditions imposed at the string ends.

The model we investigate in this letter is defined through the action functional S = − ∫ τ_2 τ1 dτ ∫ π 0 dσ √ −g ( γ + α 2 R ) − 2∑ i=1 m_i ∫ τ_2 τ1 dτ √ (∂_τ X)^2. (1)

Here γ, with the dimension (mass)^2, is the string tension, α is a dimensionless parameter and g = detg_{ab} is the determinant of the induced metric tensor g_{ab} = ∂_aX^μ∂_bX_μ (a, b = τ, σ). R, the inner curvature scalar, can be written in the form R = ( g^{ab}g^{cd} − g^{ad}g^{bc} ) ∇_a∇_bX_μ∇_c∇_cX^μ, where ∇_a is a covariant (with respect to the induced metric g_{ab}) derivative. Partial analysis of classical solutions of the model specified by (1) was performed in [12].

The inclusion of the Gauss–Bonnet term S_{GB} = ∫ τ_2 τ1 dτ ∫ π 0 dσ √ −g R into the action (1) is a rather natural construction in the context of the effective QCD string. The QCD string action should contain – apart from the X^μ fields – also infinitely many fields describing for instance the transverse shape of the chromoelectric flux joining the color sources. In constructing the effective string action, one integrates over such a fields and this procedure inevitably leads to emergence of the intrinsic curvature term in the action functional. Of course, it is then only the first one out of the infinitely many terms with the growing number of derivatives.

The worldsheet parametrization can be completely fixed by imposing the manifestly Lorentz invariant conditions [10]:

(Ẋ ± X^′)^2 = 0, (2) (Ẍ ± Ẋ^′)^2 = − 1 4 q^2, (3)

where the dot and the prime mean differentiation with respect to τ and σ and q is a parameter with the dimension of mass. The appearance of this parameter can be traced back to the assumption, that σ takes values in the fixed interval [0, π].

It can be shown (for details see [10, 13, 14]), that in this parametrization every solution of the string equations of motion and boundary conditions, following from the action (1), corresponds to the solution of the complex Liouville equation [15]: Φ̈ − Φ^{′′} = 2q^2e^Φ, (4)

supplemented with the boundary conditions: γ − αq^2e^{2ℜΦ} = (−1)^im_i^∂_{∂σ} ( e^{ℜΦ/2} ) ,

α^∂_{∂τ} ℜΦ = 0, for σ = 0, π.

α cos (ℑΦ/2) = 0, ∂ ∂σ ℑΦ = 0,

(5)

The correspondence is explicitly established through the relations:

e^Φ = − 1 q^2

F^′_L(τ + σ)F^′_R(τ − σ) sin^2 [ FL^{(τ +σ)−F}R^{(τ −σ)} 2 ] , (6)

X^μ(τ, σ) = X^μ_L(τ + σ) + X^μ_R(τ − σ), (7)

∂ ∂τ X^μ_{L,R} = q 2|F^′_{L,R}| (cosh ℑF_{L,R}, cos ℜF_{L,R}, sin ℜF_{L,R}, sinh ℑF_{L,R}) , (8) where F_{L,R} are arbitrary complex functions which give single valued Φ satisfying the boundary conditions (5).

A distinguished class of solutions of the Liouville equation (4) is composed of static, i.e. τ–independent fields. They are of the form

e^{Φ0} = − λ^2 q^2 1 cos^2 (λσ − d)

, (9) where λ and d satisfy the set of algebraic equations, γq λ^2 cos^4 d − m_1 sin d cos^2 d − αλ^2 q = 0,

(10) γq λ^2 cos^4(πλ − d) − m_1 sin(πλ − d) cos^2(πλ − d) − αλ^2 q = 0,

following from the boundary conditions (5) for the Liouville field of the form (9).

The Liouville field Φ_0 describes a straight string which rotates with a constant angular velocity in some plane and by choosing a convenient reference frame we can write the string coordinates in a form

X^μ = q λ^2 ( λτ, cos λτ sin(λσ − d), sin λτ sin(λσ − d), 0 ) . (11)

Let us note, that in the presence of the inner curvature term in the action (1) the velocities of the string ends,

v_1 = | | | | | dX^i dX^0 | | | | | σ=0 = | sin d|, v_2 = | | | | dX^i dX^0 | | | | σ=π = | sin(πλ − d)|, (12)

remain smaller than the the velocity of light even in the limit of vanishing masses m_i = 0.

For fixed values of the external parameters γ, α and m_i−s this is in fact a family of solutions, parameterized by the value of q. By increasing q we increase the string length, L = 2q λ^2 [ sin^2 d 2 + sin^2 ( πλ − d 2 )] , (13)

as well as its classical energy,

E_0 = πqγ λ [ 1 + sin πλ cos(πλ − 2d) πλ ] + m_1 cos d + m_2 cos(πλ − d). (14)

In order to calculate the Casimir energy of the rotating string we have to find the frequencies of small oscillations around this configuration. If we write

Φ(τ, σ) = Φ_0(τ, σ) + Φ_1(τ, σ), (15)

where Φ_0 is given by (9) and Φ_1 is assumed to be small, then from (4) we get the equation

∂^2_τ Φ_1 − ∂^2_σΦ_1 +

2λ^2 cos^2(λσ − d)

Φ_1 = 0, (16)

and (5) leads to the boundary conditions for the Φ_1 field of the form

Φ_1 = 0, ℑ ∂_σΦ_1 = 0 for σ = 0, π. (17)

General solution of the equation (16) satisfying the conditions (17) is

Φ_1(τ, σ) = ∞∑ n=1 a_n cos (ω_nτ + ϕ_n) [ ∂ ∂σ + λ tan(λσ − d) ] cos(ω_nσ − δ_n), (18)

where tan δ_n = λ ω_n tan d, ω_n are positive roots of the equation

D(ω) ≡ ω^2 sin πω − λω [tan d + tan(πλ − d)] cos πω − λ^2 tan d tan(πλ − d) sin πω = 0, (19)

excluding ω_0 = λ and a_n, ϕ_n are arbitrary, real constants.

It is convenient to introduce the abbreviations η = λ tan(πλ − d), ρ = λ tan d, what allows to rewrite D(ω) = ( ω^2 − ρη ) sin πω − (ρ + η)ω cos πω. Using Eqs. (6–8) one checks that the Liouville field Φ_1 described a set of decoupled string oscillations with frequencies ν_n = λ q ω_n. (20) The Casimir energy is defined as a (appropriately regularised and renormalized) sum

E_{Cas} = (_∞ ∑ n=1 1 2 ν_n ) ren . (21)

We choose to work with the ζ function regularization (let us stress, however, that the final result is independent of the chosen regularization method – for instance, the cut-off regularization gives the same ultimate formulae) and define after [16]

Ẽ_{Cas}^{def}= 1 4 lim_{ε→0} [ μ^εζ(−1 + ε) + μ^{−ε}ζ(−1 + −ε) ] (22)

where, for ℜ s > 1, ζ(s) = ∞∑ n=1 ν^{−s}_n (23)

and the parameter μ with dimension of mass is introduced to ensure that the r.h.s. of the expression (22) has the dimension of energy for arbitrary complex s. The physically interesting value s = −1 is obtained from (23) through the analytic continuation.

Using the standard methods of contour integration in the complex plane one writes ∑ n ν^{−s}_n = 1 2πi ( λ q )_−s ∫ C1 dzz^{−s} d dz log D(z), (24)

where the integration contour C_1 (Fig. 1) surrounds zeroes of the function D excluding ν_0 =^{λ2}_q .

Fig 1. The integration contours in the complex plane.

The analicity of the function D(z) allows to deform the integration contour C_1 into C_2 and, after a straightforward calculation, one arrives at the formula

Ẽ_{Cas} = λ 2πq [ η^2 log η^2 μ̃^2

+ ρ^2 log ρ^2 μ̃^2 ] + λ 2πq {∫_∞ 0 dy log [ 1 − (y − ρ)(y − η) (y + ρ)(y + η) e^{−2πy} ] − λ } , (25)

where μ̃ is also an arbitrary, but now dimensionless constant.

Following [17, 18] we interpret terms in the first square bracket in Eq. (25) as renormalising the classical string mass. This is also supported by the expectation, that the Casimir energy should vanish for infinitely long strings, while the discussed terms fail to satisfy this condition.

Our final expression for the Casimir energy thus reads

E_{Cas} = λ 2πq {∫_∞ 0 dy log [ 1 − (y − ρ)(y − η) (y + ρ)(y + η) e^{−2πy} ] − λ } . (26)

Fig 2. The Casimir energy versus string length for various values of masses and the parameter α : α = 0.2, m_1 = 0.1, m_2 = 0.2 (solid line), α = 0.2, m_1 = 0.1, m_2 = 30 (dashed line) and α = 2, m_1 = 0.1, m_2 = 0.2 (dotted line). All dimensionful quantities in the system of units γ = 1. For every values of masses m_1, m_2 and the parameters γ, α the Casimir energy (26) is negative.

For long strings ( √ γL → ∞) formula (26) gives

E_{Cas} = − 1 12 1 L + o ( L^{−1} ) . This is different from the celebrated Lüsher term [19],

E^L_C = − π 12 1 L , but the reasons are obvious. First, Lüsher term is derived for the string with fixed ends and the oscillation frequencies equal ν^L_n = πn L , while in our, rotating string case we have

ν_n( √ γL → ∞) = 2n L . Second, in considered model we have only planar oscillations and this gives additional factor 1/2.

Acknowledgments.

This work is supported by the KBN grant 2 P03B 095 13.

References

[1] J.Polchinski, Strings and QCD?, preprint UTTG-92-16; hep-th/9210045.

[2] A.M.Polyakov, The wall of the cave, preprint PUPT-1812; hep-th/9809057.

[3] G.’t Hooft, Nucl.Phys B72 (1974) 461. [4] K.Wilson, Phys.Rev D8 (1974) 2445.

[5] H.B.Nielsen and P.Olesen, Nucl.Phys. B61 (1973) 45. [6] M.Baker, J.S.Ball and F.Zachariasen, Phys.Rev. D41 (1990) 2612.

[7] David J.Gross, Nucl.Phys. B400 (1993) 161. David J.Gross and Washinghton Taylor IV, Nucl.Phys. B400 (1993) 181. David J.Gross and Washinghton Taylor IV, Nucl.Phys. B403 (1993) 395.

[8] E.Witten, Nucl.Phys. B (Proc. Suppl.) 68 (1998) 216.

[9] Y.Nambu, Lectures on the Copenhagen Summer Symposium (1970), unpublished, O.Hara, Prog.Theor.Phys. 46 (1971) 1549, T.Goto, Prog.Theor.Phys. 46 (1971) 1560, L.N.Chang and J.Mansouri, Phys.Rev. D5 (1972) 2535, J.Mansouri and Y.Nambu, Phys.Lett. 39B (1072) 375.

[10] B.M.Barbashov, V.V.Nesterenko Introduction to the relativistic string theory, World Sci., Singapore 1990.

[11] M.Green, J.Schwarz and E.Witten, Superstring theory. Cambridge University Press, Cambridge 1987.

[12] L.Hadasz, T.Rog, Phys.Lett. B388 (1996) 77. [13] P.Wȩgrzyn, Phys.Rev. D50 (1994) 2769.

[14] P.Wȩgrzyn, Mod.Phys.Lett. A11 (1996) 2223 and hep-th/9501009; J.Karkowski, Z.Świerczyński and P.Wȩgrzyn, Mod.Phys.Lett. A11 (1996) 2309 and hep-th/9501010.

[15] J.Liouville, Math.Phys.P.Appl. 18 (1853) 71, A.R.Forshyt, Theory of Differential Equations, Part4, vol. 6, New York, Dover, 1959, G.P.Jorjadze, A.K.Pogrebkov, M.C.Polivanov, Doklady Akad. Nauk SSSR 243 (1978) 318.

[16] S.K.Blau, M.Viser and A.Wipf, Nucl.Phys. B310 (1988) 163. [17] V.V.Nesterenko and I.G.Pirozhenko, J.Math.Phys 38 (1997) 6265; hep-th/9703097. [18] V.V.Nesterenko and I.G.Pirozhenko, Mod.Phys.Lett. A13 (1998) 2513; hep-th/9806209. [19] M.Lüsher, Nucl.Phys. B180 (1981) 317, O.Alvarez, Phys.Rev. D24 (1981) 440.