hep-th/9908182 v2 31 Aug 1999

CERN-TH-99-264 hep-th/9908182

Delocalized Supergravity Solutions for Brane/Anti-brane Systems and their Bound States

Donam Youm^1

Theory Division, CERN, CH-1211, Geneva 23, Switzerland

Abstract

We obtain various solutions for D = 4 dipoles and their bound states whose U(1) fields originate from various form fields in the effective string theories. We oxidize such dipole solutions to D = 10 to obtain delocalized supergravity solutions for the brane/anti-brane pairs and their bound states. We speculate on generalized harmonic superposition rules for supergravity solutions for (intersecting) brane/anti-brane pairs.

CERN-TH-99-264 August, 1999

1Donam.Youm@cern.ch

1 Introduction

Due to the recent development in string dualities, our understanding of string theories has greatly advanced. Initially, the duality relations between different string theories are established by relating the effective supergravity actions (namely the massless string vibration modes) of string theories through field redefinitions. Such duality relations are further extended to the (massive) BPS states. The BPS states are useful in establishing and proving the duality relations because of their stability and the absence of quantum corrections due to the supersymmetry preserved by such states. So, their properties can be safely extrapolated from weak string coupling to strong string coupling, thereby allowing test of non-perturbative string dualities, i.e. S-dualities and U-dualities, and the study of non-perturbative aspects of string theories.

If string dualities are correct, one should be able to establish duality relations beyond the massless and the BPS states. The pioneering work [1] by Sen first established the duality relations among non-BPS states. In perturbative spectrum of a string theory, there are some stable (due to their being the lightest and therefore unable to decay to other states) non-BPS states , i.e. there are no particular relations between their masses and their charges, with some conserved quantum numbers. Since such states do not preserve supersymmetry, they receive quantum corrections. Nonetheless, due to their stability such states should be present also in the strong coupling region as nonperturbative states. The stable non-BPS perturbative string states considered in Ref. [1] are the lightest massive perturbative states in the SO(32) heterotic string belonging to the spinor representation of SO(32). These states are not BPS since the theory that such states belong to does not have the central charge. If the duality between the SO(32) heterotic string and the type I theory [2, 3, 4, 5] is correct, then there should exist the corresponding stable non-BPS states with the same quantum numbers within the non-perturbative spectrum of the type I string theory. Such stable non-BPS state with the same quantum numbers in the type I string theory can be identified [6] as a tachyonic kink solution on the D-string/anti-D-string pair. Such solution is shown [7] to be stable and behave as a D-particle. Generally, D-brane/anti-D-brane systems are useful for studying non-perturbative aspects of string theories beyond the BPS regime.

Therefore, it is interesting to construct supergravity solutions for brane/anti-brane pairs. The first brane/anti-brane pair solution that was constructed is the D6-brane/anti- D6-brane pair solution in Ref. [8]. Sen constructed such solution by embedding the magnetic Kaluza-Klein (KK) dipole solutions of Ref. [9] into D = 11 supergravity and then compactifying on S^1. Such solution is a static and stable configuration because a net attractive force between the brane and the anti-brane due to the gravitational and the electromagnetic interactions is cancelled by the repulsive force between the brane and the anti-brane induced by the external magnetic field. For supergravity solutions for the other brane/anti-brane systems, it seems to be a challenging problem at this moment to construct them. Unlike the brane solutions, which can be straightforwardly constructed by the solution generating transformations, which induce brane charges on a charge neutral solution, currently there is not available systematic method to construct solutions for general brane/anti-brane pairs. Even the generalization of the Bonnor-transformation [10], which was used to construct dipole solutions from the D = 4 Kerr solution, and the method used in Ref. [9], which constructs the magnetic KK dipole solution through an Euclidean rotation of the D = 4 Kerr solution and the addition of another time coordinate followed by the dimensional reduction, to the case of general brane/anti-brane systems seems to be not plausible.

In this paper, we shall construct supergravity solutions for various brane/anti-brane systems and their bound states by embedding D = 4 dipole solutions in Einstein- Maxwell-Dilaton system into string theories. (Refs. [11, 12, 13] also study the related issues.) Although such D = 10 supergravity solutions have only three localized (overall) transverse coordinates (because these are uplifted from D = 4 solutions), these might enable one to gain insight on the structure of the complete supergravity solutions or perhaps to guess the general Ansatz for the complete solutions. So, in this paper, we present a large number of such supergravity solutions for the purpose of revealing the general patterns for the structure of the solutions. The paper is organized as follows. In section 2, we summarize general dipole solutions in the Einstein-Maxwell-dilaton system and then we construct dyonic dipole solution in the Einstein-Maxwell-dilaton-axion system by applying the SL(2, R) transformation to the dipole solution in the Einstein-Maxwell-dilaton theory with the dilaton coupling α = 1. In section 3, we discuss (consistently) truncated string effective action, into which the dipole solutions in the D = 4 Einstein-Maxwell-Dilaton system are to be embedded, and the symmetries of such action to be used to generate other D = 4 dipole solutions in the effective string theory. In section 4, we present various D = 4 “fundamental” dipole solutions charged with respect to U(1) fields originated from various form fields in string theories and then we uplift such solutions to D = 10 to obtain delocalized supergravity solutions for various brane/anti-brane systems. In section 5, we construct solutions for nonmarginal bound states of “fundamental” D = 4 dipoles of section 4 by applying the transformations in section 3, and then uplift them to D = 10 to obtain the delocalized supergravity solutions for the non-marginal bound states of brane/anti-brane systems. In section 6, we construct delocalized supergravity solutions for the marginal bound states of brane/anti-brane systems with the equal dipole moments by embedding the D = 4 dipole solutions in the Einstein-Maxwell-dilaton theory with the dilaton couplings α = 1, 1/ √ 3, 0. We learn that such restricted class of supergravity solutions still satisfy the rules similar to the harmonic superposition rules of the (delocalized intersecting) brane solutions.

2 Dipoles in Einstein-Maxwell-Dilaton System

The gravity solution for the dipole in D = 4 was first constructed within the Einstein- Maxwell system in Ref. [10] by applying the Bonnor-transformation to the complexified Kerr solution. Later, the magnetic dipole solution in the five-dimensional KK theory was constructed in Ref. [9] through an Euclidean rotation of the Kerr solution followed by the addition of a new time coordinate and the dimensional reduction. In this section, we summarize the D = 4 dipole solutions that generalize these dipole solutions.

We consider the dipole solutions in the following general Einstein-Maxwell-dilaton system in D = 4: S = 1 2κ^2_4 ∫ dx^4 √ −g [ R_g − 2(∂ϕ)^2 − 1 4 e�2αϕF 2^] , (1)

where ϕ is the D = 4 dilaton and α is the dilaton coupling parameter to the U(1) field strength F . The cases α = 0, √ 3 respectively correspond to the Einstein-Maxwell system and the D = 5 KK theory considered in Refs. [10] and [9]. In particular, in the case where α = √ 3, 1, 1/ √ 3, 0, this action can be embedded as the effective supergravity action for string theories [14], thereby allowing the study of the solutions to the equations of motions for such action within the context of string theory.

The following general dipole solution of this system was constructed in Refs. [15, 16]: g_{μν} dx^μdx^ν = − ( r^2 − 2mr − a^2 cos^2 θ

r^2 − a^2 cos^2 θ

) 2_{1+α2} dt^2 + [(r^2 − 2mr − a^2 cos^2 θ)(r^2 − a^2 cos^2 θ)]^{21+α2}

(r^2 − 2mr + m^2 sin^2 θ − a^2 cos^2 θ)^3

�α^2_{1+α2} [ dr^2 r^2 − 2mr − a^2

+ dθ^2 ]

+ ( r^2 − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ

) 2_{1+α2}

(r^2 − 2mr − a^2) sin^2 θdφ^2, ϕ = ± α 1 + α^2 ln r^2 − 2mr − a^2 cos^2 θ r^2 − a^2 cos^2 θ

, (2)

where the plus [minus] sign in the dilaton solution is for the electric [magnetic] dipole, and the non-zero components of the U(1) gauge potential A_μ for the electric and magnetic cases are respectively given by

A_t = 1 √ 1 + α^2 4ma cos θ r^2 − a^2 cos^2 θ , A_φ = 1 √ 1 + α^2

4mar sin^2 θ r^2 − 2mr − a^2 cos^2 θ

. (3)

The ADM mass M and the electric (or magnetic) dipole moment p of the above solution are given by M = 2m 1 + α^2 , p = 2ma √ 1 + α^2

. (4)

The α = 0 and α = √ 3 cases respectively correspond to the dipole solutions constructed in Ref. [10] and Ref. [9].

The solution (2) describes a pair of dilatonic 0-brane [17] and anti-0-brane separated by the distance 2a. The endpoints of such dipole are located at (r, θ) = (r_+, 0) and (r_+, π), where r_+ = m + √ m^2 + a^2. Generally, the solution (2) has a singularity at r = r_+ due to the conical deficit along the line r = r_+. Furthermore, the horizon of the each hole at one end point of the dipole is deformed due to the field created by the other hole on the other end. Therefore, in the near-region of the endpoints of the dipole, the metric (2) takes the form of the deformed near-horizon metric of the 0-brane (or anti-0-brane) due to the conical singularity. Nevertheless, the solution (2) can still be interpreted as pair of 0-brane and anti-0-brane kept separated by struts or strings [15, 11]. In the case of the magnetic KK dipole solution of Ref. [9], the conical singularity at r = r_+ is removed by identifying points under a combined spatial translation (along the internal coordinate direction) and rotation. In fact, such transformation on the Minkowski spacetime (in cylindrical coordinates) leads to the space with an infinitely long straight magnetic flux tube after the dimensional reduction and the proper definition of new angular coordinate [18, 19, 20]. This is the KK generalization of the Melvin’s magnetic universe [21] and is also constructed previously in Ref. [22]. This fact was properly observed in Ref. [7]. The resulting solution near the endpoints of the dipole approaches the near-horizon solutions for the monopole and the anti-monopole. In this case, it is the net repulsive force due to the external magnetic field that keeps the monopole and the anti-monopole pair apart. Another way^2 to introduce a uniform magnetic field into a solution is through the Ehlers-Harrison transformation [23]. The Ehlers- Harrison transformation was generalized to the Einstein-Maxwell-dilaton system (1) in Ref. [18]. In Ref. [13], this generalized Ehlers-Harrison transformation was applied to the dilatonic dipole solution (2) to construct the solution for the dilatonic 0-brane/anti- 0-brane pair in the external magnetic field. There, it is shown that with the proper strength of external magnetic field the singularity of (2) at r = r_+ disappears and the metric near the end points (r, θ) = (r_+, π) and (r_+, 0) respectively approaches the near-horizon metrics of the dilatonic 0-brane and anti-0-brane.

In the α = 1 case, one can generalize the above dipole solution in the Einstein- Maxwell-dilaton system to the dyonic dipole solution in the Einstein-Maxwell-dilaton-axion system. The action (1) with α = 1 is a special case of the following action for

2I would like to thank R. Emparan, who made me realize the equivalence of the identification under the points under the coordinate transformations and the Ehlers-Harrison transformation in the case of the KK theory through the email correspondence after the first version of this paper appeared in the preprint archive.

the Einstein-Maxwell-dilaton-axion system: S = 1 2κ^2_4 ∫ dx^4 √ −g [ R_g − 2(∂ϕ)^2 + 1 2 e^{4ϕ}(∂ψ)^2 − 1 4 e�2αϕF 2 − 1 4 ψF F̃ ]

= 1 2κ^2_4 ∫ dx^4 √ −g [ R_g − ∂λ∂λ̄ 2(λ_2)^2 − 1 4 e�2αϕF 2 − 1 4 ψF F̃ ] , (5)

where ψ is the axion field, λ = λ_1 + iλ_2 ≡ ψ + ie�^{2ϕ} is the axion-dilaton field and F̃^{μν} =^1_2p�_g ε^{μνρσ} F_{ρσ}. The equations of motion for the action (5) are invariant under the following SL(2, R) transformation [24]: λ → aλ + b cλ + d , F_{μν} → −(cλ_1 + d)F_{μν} + cλ_2F̃_{μν} , g_{μν} → g_{μν} , (6) where the real numbers a, b, c and d satisfy ad − bc = 1. To construct the dyonic dipole solution to the action (5), one applies the following SL(2, R) transformation to the electric dipole solution (2) and (3) with α = 1: λ → λ cos δ − sin δ λ sin δ + cos δ

, F_{μν} → −(λ_1 sin δ + cos δ)F_{μν} + λ_2 sin δF̃_{μν} , g_{μν} → g_{μν} . (7)

The resulting dyonic dipole solution is given by g_{μν} dx^μdx^ν = − r^2 − 2mr − a^2 cos^2 θ

r^2 − a^2 cos^2 θ dt^2 + (r^2 − 2mr − a^2 cos^2 θ)(r^2 − a^2 cos^2 θ)

r^2 − 2mr + m^2 sin^2 θ − a^2 cos^2 θ [ dr^2 r^2 − 2mr − a^2

+ dθ^2 ]

+ r^2 − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ

(r^2 − 2mr − a^2) sin^2 θdφ^2,

e�2ϕ = (r^2 − 2mr − a^2 cos^2 θ)(r^2 − a^2 cos^2 θ)

(r^2 − 2mr − a^2 cos^2 θ)^2 cos^2 δ + (r^2 − a^2 cos^2 θ)^2 sin^2 δ , ψ = 2mr(r^2 − mr − a^2 cos^2 θ) sin 2δ (r^2 − 2mr − a^2 cos^2 θ)^2 cos^2 δ + (r^2 − a^2 cos^2 θ)^2 sin^2 δ , F_{tr} = 4 √ 2mar cos δ cos θ (r^2 − a^2 cos^2 θ)^2 , F_{tθ} = 2 √ 2ma cos δ sin θ(r^2 + a^2 cos^2 θ)

(r^2 − a^2 cos^2 θ)^2 , F_{rφ} = 2 √ 2ma sin δ sin^2 θ(r^2 + a^2 cos^2 θ)

(r^2 − 2mr − a^2 cos^2 θ)^2 , F_{θφ} = − 4 √ 2mar sin δ sin θ cos θ(r^2 − 2mr − a^2) (r^2 − 2mr − a^2 cos^2 θ)^2

. (8)

From the expressions for the non-zero components of the field strength F_{μν} in (8), one can see that the non-zero components of the U(1) field A_μ for the dyonic dipole solution are A_t = 2 √ 2ma cos δ cos θ r^2 − a^2 cos^2 θ , A_φ = − 2 √ 2mar sin δ sin^2 θ r^2 − 2mr − a^2 cos^2 θ

. (9)

This dyonic dipole solution is also constructed in Ref. [11] with the different parametrization of the SL(2, R) transformation matrix. So, as expected, when the SO(2) ⊂ SL(2, R) rotation angle is δ = π/2, the solution (8) becomes magnetic dipole solution. Such Z_2 transformation corresponds to the electric-magnetic duality transformation A_t ↔ −A_φ, ϕ → −ϕ. The string-frame metric g^{str}_{μν} = e^{2ϕ}g_{μν} of the dyonic dipole solution (8) is given by

g^{str}_{μν} dx^μdx^ν = [(r^2 − 2mr − a^2 cos^2 θ)^2 cos^2 δ + (r^2 − a^2 cos^2 θ)^2 sin^2 δ] × [ − dt^2 (r^2 − a^2 cos^2 θ)^2 + 1 r^2 − 2mr + m^2 sin^2 θ − a^2 cos^2 θ ( dr^2 r^2 − 2mr − a^2

+ dθ^2 )

+ r^2 − 2mr − a^2 (r^2 − 2mr − a^2 cos^2 θ)^2 sin^2 θdφ^2 ] . (10)

The ADM mass M and the electric p_{elec} and magnetic p_{mag} dipole moments of this dyonic dipole solution are

M = m = √ (m cos δ)^2 + (m sin δ)^2, p_{elec} = ma cos δ, p_{mag} = −ma sin δ. (11)

3 Symmetries of Effective String Theories

In this section, we discuss the symmetries of the effective string theories for the purpose of fixing notations for solutions. For special values of the dilaton coupling α, the action (1) for the Einstein-Maxwell-dilaton system can be embedded as the effective theory of string theories. Thereby, one can study a general dipole solution (2) with (3) and its duality related solutions within the framework of string theories. The following effective supergravity action for the massless NS-NS sector is common to the heterotic, type-IIA and type-IIB string theories: S = 1 2κ^2_{10} ∫ dx^{10} √ −Ĝ e�^{Φ̂} [ R_Ĝ + ∂_MΦ̂∂^MΦ̂ − 1 2 · 3! Ĥ_{M N P} Ĥ^{M N P} ] , (12)

where Φ̂ is the D = 10 dilaton and Ĥ_{M N P} is the field strength of the NS-NS 2-form potential B̂_{M N} .

If one assumes the KK Ansatz for the metric of the form (Ĝ_{M N} ) = diag(G_{μ̄ν̄} , δ_{m̄n̄}) (μ̄, ν̄ = 0, 1, ..., 5; m̄, n̄ = 6, ..., 9) and let B̂_{μ̄n̄} = 0 = B̂_{m̄n̄}, then the effective action (12) is compactified to the following D = 6 action: S = 1 2κ^2_6 ∫ dx^6 √ −G e�^Φ [ R_G + ∂_{μ̄}Φ∂^{μ̄}Φ − 1 2 · 3! H_{μ̄ν̄ρ̄}H^{μ̄ν̄ρ̄} ] , (13)

where Φ = Φ̂ is the D = 6 dilaton and H_{μ̄ν̄ρ̄} is the field strength of the NS-NS 2-form potential B_{μ̄ν̄} = B̂_{μ̄ν̄} . Note, such dimensional reduction is a consistent truncation of the D = 10 superstring effective action.

We further compactify the D = 6 action (13) down to D = 4 by using the following Ansätze for the fields:

G_{μ̄ν̄} = ( e^ηg_{μν} + A^m_μ A^n_ν G_{mn} A^m_μ G_{mn} A^n_ν G_{mn} G_{mn} ) , B_{μ̄ν̄} = ( B_{μν} +^1_2 (A^m_μ B_{mν} − B_{μn}A^n_ν ) B_{μn} + A^m_μ B_{mn} B_{mν} + B_{mn}A^n_ν B_{mn} ) , (14)

where the indices run as μ, ν = 0, ..., 3 and m, n = 4, 5, and e^η ≡ e^Φ/ √ det G_{mn} = e^{Φ+σ} is the D = 4 dilaton. We parametrize the scalars G_{mn} and B_{mn} in the following way:

G_{mn} = e^ρ�^σ ( e�2ρ + c2 −c −c 1 ) , B_{mn} = bε_{mn}, (15) and we Hodge-dualize the field strength H_{μνρ} to define the D = 4 axion a: ε^{μνρσ} ∂_σ a = √ −ge�ηgμσ gνλgρτ H_{σλτ} . (16) In terms of the real scalars defined above, we further define the following complex scalars:

S = S_1 + iS_2 ≡ a + ie�^η, T = T_1 + iT_2 ≡ b + ie�^σ, U = U_1 + iU_2 ≡ c + ie�^ρ, (17)

where S is the dilaton-axion field, and T and U are respectively the Kähler structure and the complex structure of T^2 and can be expressed as the following SL(2, R) matrices: M_T ≡ 1 T_2 ( 1 T_1 T_1 |T |^2 ) , M_U ≡ 1 U_2 ( 1 U_1 U_1 |U|^2 ) . (18)

The final form of the effective action in D = 4 is then [25] S = 1 2κ^2_4 ∫ dx^4 √ −g [ R_g + 1 4 Tr(∂_μM�^1_T ∂^μM_T ) + 1 4 Tr(∂_μM�^1_U ∂^μM_U ) − 1 2(S_2)^2 ∂_μS∂^μS̄ − 1 4 S_2F^T_{μν} (M_T ⊗ M_U )F^{μν} ] , (19)

where F_{μν} = (F^i_{μν} ) are the field strengths of the U(1) gauge fields A^i_μ (i = 1, ..., 4) defined as A^1_μ = B_{4μ}, A^2_μ = B_{5μ}, A^3_μ = A^5_μ and A^4_μ = A^4_μ. The action (19) is manifestly invariant under the following SL(2, R)_T × SL(2, R)_U T -duality transformation [25]:

M_T → ω^T M_T ω_T , M_U → ω^T_U M_U ω_U , F_{μν} → (ω�^1_T ⊗ ω�^1_U )F_{μν} , (20) where ω_{T,U} ∈ SL(2, R)_{T,U} . In addition, the theory has an on-shell symmetry under the following SL(2, R)_S S-duality transformation [25]: S → aS + b cS + d , ( F^i_{μν} F̃ i_{μν} ) → ω�1_S^( F^iμν F̃ i_{μν} ) ; ω_S = ( a b c d ) ∈ SL(2, R)_S , (21)

where F̃^i_{μν} is the dual to the U(1) field strength F^i_{μν} .

In particular, when the real parts of all the complex scalars (17) are zero, the action (19) takes the following form: S = 1 2κ^2_4 ∫ dx^4 √ −g [ R_g − 1 2 { (∂η)^2 + (∂σ)^2 + (∂ρ)^2 }

− e�η 4 { e^{σ+ρ}(F^1)^2 + e^σ�^ρ(F^2)^2 + e�^{σ+ρ}(F^3)^2 + e�^σ�^ρ(F^4)^2 }] . (22)

When only n of the gauge fields A^i_μ (or Ã^i_μ) are non-zero and equal, the action (22) can be transformed to the form of the Einstein-Maxwell-dilaton action (1) with the dilaton coupling α = √ (4 − n)/n, after the field redefinition. Thereby, the dipole solution (2) is embedded as a solution of the effective string theory when the dilaton coupling takes the value α = √ (4 − n)/n = √ 3, 1, 1/ √ 3, 0. The dipole solution with α = √ (4 − n)/n is therefore interpreted as the bound state of n “fundamental” dipoles with the dilaton coupling α = √ 3 (cf. [26, 27]).

When the action (12) is regarded as the bosonic effective action for the NS-NS sector of the type-IIB string theory, one can apply the SL(2, R) S-duality transformation of the type-IIB theory to the dipole solutions carrying the dipole moments of the U(1) fields originated from the NS-NS 2-form field to obtain the dipole solutions carrying the dipole moments of the U(1) fields originated from the RR 2-form field. The bosonic part of the effective action for the type-IIB theory is given by [28] S_{IIB} = 1 2κ^2_{10} ∫ dx^{10} √ −Ĝ [ e�^^Φ^{R_Ĝ + (∂Φ̂)2 − 1

2 · 3!

(Ĥ^{(1)})^2 } − 1 2 (∂χ̂)^2 − 1 2 · 3!

(Ĥ^{(2)} − χ̂Ĥ^{(1)})^2 − 5 6 (F̂ )^2 − 1 2^5 · 3^3 √ −Ĝ ε^{ij} εD̂Ĥ^{(i)}Ĥ^{(i)} , (23)

where Ĥ^{(1)} [Ĥ^{(2)}] is the field strength of the NS-NS [RR] 2-form potential B̂^{(1)} [B̂^{(2)}], χ̂ is the RR 0-form field and F̂ is the field strength of the RR 4-form potential D̂. The SL(2, R) symmetry of the effective action is manifest in the Einstein-frame (with the spacetime metric Ĝ^E_{M N} ). After applying the Weyl-scaling transformation Ĝ^E_{M N} =

e�^{Φ̂}_4 Ĝ_{M N} , one obtains the following Einstein-frame action: S_{IIB} = 1 2κ^2_{10} ∫ dx^{10} √ −Ĝ^E [ R_ĜE + 1 4 Tr(∂_MM̂∂^MM̂�^1) − 1 2 · 3!

Ĥ^{(i)}M̂_{ij}Ĥ^{(j)} ]

− 5 6 (F̂ )^2 − 1 2^5 · 3^3 √ −Ĝ^E ε^{ij} εD̂Ĥ^{(i)}Ĥ^{(j)} , (24)

where a 2 × 2 real matrix M̂ is defined in terms of the complex scalar λ̂ = χ̂ + ie�^{Φ̂}2 as

M̂ = 1 Im λ̂ ( |λ̂|^2 Re λ̂ Re λ̂ 1 ) . (25)

The action (24) is manifestly invariant under the following SL(2, R) transformation [29, 30]: ( Ĥ (1) Ĥ (2) ) → (ω^T)�^1

( Ĥ (1)

Ĥ (2) ) , M̂ → ωM̂ω^T, ω ∈ SL(2, R). (26) To compactify the string-frame action (23) down to D = 6, similarly to the previous case, we use the simplified field Ansatz where (spacetime and internal space) mixing components of fields are zero and only internal space components of the RR 4-form potential D̂ are non-zero. However, unlike the previous case, we take the KK Ansatz for the D = 10 metric Ĝ_{M N} to be (Ĝ_{M N} ) = (G_{μ̄ν̄} , e^Ḡδ_{m̄n̄}). The resulting D = 6 action is as follows [28]: S = 1 2κ^2_6 ∫ dx^6 √ −G [ e�Φ^{R_G + (∂Φ)2 − (∂Ḡ)2 − 1

2 · 3!

(H^{(1)})^2 } − 1 2 e^{2Ḡ}(∂χ)^2 − 1 2 · 3!

e^{2Ḡ}(Ĥ^{(2)} − χĤ^{(1)})^2 − 1 72 e�2^¯G(∂D)2 + 1 72 H^{(i)}L_{ij} ⋆ H^{(j)} ] , (27)

where Φ = Φ̂ is the D = 6 dilaton, χ = χ̂ is the D = 6 RR 0-form field, D ≡ ε^{m̄n̄p̄q̄}D̂_{m̄n̄p̄q̄}, (⋆H^{(i)})_{μ̄ν̄ρ̄} =^1_{3!}p�_G ε_{μ̄ν̄ρ̄ᾱ}¯_{βγ̄} H^{(i) ᾱβ̄γ̄} and L = ( 0 1 −1 0 ) . The symmetry of the D = 6 theory is manifest in the following Einstein-frame action, which is achieved by the Weyl-scaling G^E_{μ̄ν̄} = e�^Φ2 G_{μ̄ν̄} : S = 1 2κ^2_6 ∫ dx^6 √ −G^E [ R_GE + ∂λ∂λ̄ 2(λ_2)^2 + ∂τ ∂τ̄ 2(τ_2)^2 − τ_2 9 H^{(i)}M̂_{ij} H^{(j)} + τ_1 9 H^{(i)}L_{ij} ⋆ H^{(j)} ] , (28)

where the complex scalars λ and τ are defined as

λ = λ_1 + iλ_2 = χ + ie�^{Φ2} , τ = τ_1 + iτ_2 = 1 8 D + i 3 4 e^{2G}, (29)

where G ≡ Ḡ − Φ/4. In addition to the SL(2, R) S-duality symmetry (26) of the D = 10 Einstein-frame action (24), the action (28) also has the on-shell symmetry under the following SL(2, R)_{EM} electric-magnetic transformation [28]: τ → pτ + q rτ + s , H^{(i)} → (rτ_1 + s)H^{(i)} + rτ_2(LM̂)_{ij} ⋆ H^{(j)}, ps − qr = 1. (30)

Using this electric-magnetic transformation, one can construct other D = 4 dyonic dipole solutions from the dipole solutions presented in this paper.

4 Fundamental Dipole Solutions

In this section, we write down “fundamental” dipole solutions, which we define as dipole solutions with either electric or magnetic component of only one U(1) gauge field non-zero. In this case, the corresponding D = 4 string effective action (19) can be transformed to the form (1) with the dilaton coupling α = √ 3 through field redefinition.

So, the Einstein-frame metric g_{μν} is given by (2) with α = √ 3, which can also be check by applying the various Z_2 subset duality transformations to say KK dipole solutions: g_{μν} dx^μdx^ν = − √ r^2 − 2mr − a^2 cos^2 θ

r^2 − a^2 cos^2 θ dt^2 + √ (r^2 − 2mr − a^2 cos^2 θ)(r^2 − a^2 cos^2 θ) [ dr^2 r^2 − 2mr − a^2

+ dθ^2 ]

+ √ r^2 − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ

(r^2 − 2mr − a^2) sin^2 θdφ^2. (31)

In the following, we show the explicit expressions for the other fields for various cases of fundamental dipoles.

The case where only the magnetic component of the KK U(1) gauge field A^3_μ = A^5_μ is non-zero corresponds to the D = 5 KK magnetic dipole solution constructed in Ref. [9]. In terms of the effective string theory field parametrization, the solution is rewritten as follows: η = σ = −ρ = − 1 2 ln r^2 − 2mr − a^2 cos^2 θ

r^2 − a^2 cos^2 θ , A^3_φ = A^5_φ =

2mar sin^2 θ r^2 − 2mr − a^2 cos^2 θ

. (32)

When A^3_μ = A^5_μ is electric, the corresponding solution (2) and (3) can be rewritten in terms of the fields of the effective string theory as η = σ = −ρ = 1 2 ln r^2 − 2mr − a^2 cos^2 θ

r^2 − a^2 cos^2 θ , A^3_t = A^5_t = 2ma cos θ r^2 − a^2 cos^2 θ

, (33)

with the real scalars having the opposite signs to the magnetic case. This is the KK electric dipole solution, which is the electric-magnetic dual to the solution in Ref. [9]. The remaining KK dipole solutions whose KK U(1) fields come from the other circle are obtained by applying the Z_2 subset of the SL(2, R)_U transformation (20) to the above solutions (32) and (33). Note that the Z_2 subset of SL(2, R)_U maps the KK [winding] U(1) field of one circle to the KK [winding] U(1) field of the other circle, while changing the sign of the real scalar ρ of the complex structure U. So, the remaining KK dipole solutions are

η = σ = ρ = − 1 2 ln r^2 − 2mr − a^2 cos^2 θ r^2 − a^2 cos^2 θ , A^4_φ = A^4_φ =

2mar sin^2 θ r^2 − 2mr − a^2 cos^2 θ

, (34) and η = σ = ρ = 1 2 ln r^2 − 2mr − a^2 cos^2 θ r^2 − a^2 cos^2 θ , A^4_t = A^4_t = 2ma cos θ r^2 − a^2 cos^2 θ

. (35)

The Z_2 subset of the SL(2, R)_T transformation (20) maps the KK electric [magnetic] U(1) field of one circle to the winding electric [magnetic] U(1) field of the other circle and vice versa, while changing the sign of the real scalar σ of the Kähler structure T . By applying this Z_2 transformation to the above KK dipole solutions, one obtains the winding dipole (or H dipole) solutions. The magnetic H dipole solutions are η = −σ = −ρ = − 1 2 ln r^2 − 2mr − a^2 cos^2 θ r^2 − a^2 cos^2 θ , A^1_φ = B_{4 φ} =

2mar sin^2 θ r^2 − 2mr − a^2 cos^2 θ

, (36) and η = −σ = ρ = − 1 2 ln r^2 − 2mr − a^2 cos^2 θ r^2 − a^2 cos^2 θ , A^2_φ = B_{5 φ} =

2mar sin^2 θ r^2 − 2mr − a^2 cos^2 θ

. (37)

The electric H dipole solutions are η = −σ = −ρ = 1 2 ln r^2 − 2mr − a^2 cos^2 θ r^2 − a^2 cos^2 θ , A^1_t = B_{4 t} = 2ma cos θ r^2 − a^2 cos^2 θ

, (38) and η = −σ = ρ = 1 2 ln r^2 − 2mr − a^2 cos^2 θ r^2 − a^2 cos^2 θ ,

A^2_t = B_{5 t} = 2ma cos θ r^2 − a^2 cos^2 θ

. (39)

These H dipole solutions can also be obtained by applying the Z_2 subset of the Sduality transformation (21), which maps the KK electric [magnetic] field of one circle to the H magnetic [electric] field of the same circle and vice versa and changes the sign of the real scalar η of the dilaton-axion field S, to the KK dipole solutions.

The parametrization of scalars of the above fundamental NS-NS dipole solutions in terms of the internal metric G_{mn} is achieved by using Eq. (14), namely (G_{mn}) = diag(e�^ρ�^σ , e^ρ�^σ). And of course the D = 4 dilaton is η.

From the expressions for the D = 4 dilaton η in the above NS-NS fundamental dipole solutions, one can see that the string-frame metric g^{str}_{μν} = e^ηg_{μν} for all the electric NS- NS fundamental dipole solutions has the following form:

g^{str}_{μν} dx^μdx^ν = − ( r^2 − 2mr − a^2 cos^2 θ r^2 − a^2 cos^2 θ ) dt^2 +(r^2 − 2mr − a^2 cos^2 θ) [ dr^2 r^2 − 2mr − a^2

+ dθ^2 ]

+(r^2 − 2mr − a^2) sin^2 θdφ^2, (40)

and for all the magnetic NS-NS fundamental dipole solutions the string-frame metric is given by:

g^{str}_{μν} dx^μdx^ν = −dt^2 + (r^2 − a^2 cos^2 θ) [ dr^2 r^2 − 2mr − a^2

+ dθ^2 ]

+ r^2 − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ

(r^2 − 2mr − a^2) sin^2 θdφ^2. (41)

The Z_2 subset of the SL(2, R) S-duality transformation (26) of the type-IIB theory interchanges the NS-NS 2-form potential B^{(1)}_{M N} = B̂_{M N} and the RR 2-form potential B^{(2)}_{M N} . So, by applying this Z_2 transformation to the H dipole solutions, one obtains the dipole solutions charged with respect to the U(1) field B^a_μ ≡ B̂^{(2)}_{3+a,μ} originated from the RR 2-form potential B̂^{(2)}_{M N} , which we name as D dipoles. Note that in the H dipole solutions in Eqs. (36) − (39) the scalar Ḡ is zero, i.e. Ĝ_{m̄n̄} = δ_{m̄n̄}. Under the SL(2, R) transformation (26) to these H dipole solutions, the scalar Ḡ is induced in such a way that the combination G = Ḡ − Φ/4 is invariant. Such Z_2 transformed solutions have the same Einstein-frame metric as the NS-NS “fundamental” dipole solutions in the above, but the D = 4 dilaton ϕ ≡ Φ̂−^1_2 ln det g_{ij} and the internal metric g_{ij} ≡ Ĝ_{3+i,3+j} (i, j = 1, ..., 6) differ. The solutions are

g_{11} = √ r^2 − 2mr − a^2 cos^2 θ r^2 − a^2 cos^2 θ , g_{ii} = √ r^2 − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ (i ≠ 1),

B^1_t = 2ma cos θ r^2 − a^2 cos^2 θ

, (42)

for the electric case, and

g_{11} = √ r^2 − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ , g_{ii} = √ r^2 − 2mr − a^2 cos^2 θ r^2 − a^2 cos^2 θ (i ≠ 1), B^1_φ =

2mar sin^2 θ r^2 − 2mr − a^2 cos^2 θ

, (43)

for the magnetic case. The D = 4 dilaton is ϕ = 0 for both cases and therefore the Einstein- and string-frame metrics have the same form.

4.1 Higher-dimensional Embeddings

By uplifting the fundamental dipole solutions constructed in the above to D = 10, one can obtain the supergravity solutions for brane/anti-brane pairs in D = 10. Although for such solutions some of the transverse directions are delocalized, one may be able to learn about the complete solutions from such delocalized solutions. Of course, one can compactify such delocalized transverse directions of the solutions for the brane/antibrane pairs and their bound states presented in this subsection and the following section to obtain completely localized solutions in D < 10.

4.1.1 F-string/anti-F-string pair

By uplifting the electric H dipole solution (38) or (39) to D = 10, one obtains the following supergravity solution for the fundamental string (F-string) and antifundamental string pair:

ds^2_{10} = H�^1 [ −dt^2 + (dx^1)^2 ] + (dx^2)^2 + · · · + (dx^6)^2

+(r^2 − 2mr − a^2 cos^2 θ) [ dr^2 r^2 − 2mr − a^2

+ dθ^2 ]

+(r^2 − 2mr − a^2) sin^2 θdφ^2, B̂_{x1t} = 2ma cos θ r^2 − a^2 cos^2 θ

, e^{Φ̂} = H�^1, (44)

where the “modified” harmonic function is H = r^2 − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ

. (45)

4.1.2 D2-brane/anti-D2-brane pair

The following supergravity solution for the D2-brane and the anti-D2-brane pair can be constructed by uplifting the F-string/anti-F-string pair solution (44) to D = 11 and then compactifying one of the transverse directions of the resulting M2-brane/anti-M2- brane pair solution on S^1:

ds^2_{10} = H�^{12} [ −dt^2 + (dx^1)^2 + (dx^2)^2 ] + H^{12} [ (dx^3)^2 + · · · + (dx^6)^2 +(r^2 − 2mr − a^2 cos^2 θ) ( dr^2 r^2 − 2mr − a^2

+ dθ^2 )

+(r^2 − 2mr − a^2) sin^2 θdφ^2 ] , B̂_{tx1x2} = − 2ma cos θ r^2 − a^2 cos^2 θ

, e^{Φ̂} = H^{12} , (46)

where B̂_{M N P} is the 3-form potential in the RR-sector of the type-IIA string theory.

4.1.3 D-string/anti-D-string pair By uplifting the electric dipole solution (42) charged under the RR U(1) field B^1_μ, one obtains the following supergravity solution for D-string and anti-D-string pair: ds^2_{10} = H�^{12} [−dt^2 + (dx^1)^2] + H^{12} [(dx^2)^2 + · · · + (dx^6)^2 +(r^2 − 2mr − a^2 cos^2 θ) ( dr^2 r^2 − 2mr − a^2

+ dθ^2 )

+(r^2 − 2mr − a^2) sin^2 θdφ^2 ] , B̂^{(2)}_{x1t} = 2ma cos θ

r^2 − a^2 cos^2 θ

, e^{Φ̂} = H. (47)

4.1.4 NS5-brane/anti-NS5-brain pair By uplifting the magnetic H dipole solution (36) or (37) to D = 10, one obtains the following supergravity solution for the NS5-brane and the anti-NS5-brane pair: ds^2_{10} = −dt^2 + (dx^1)^2 + · · · + (dx^5)^2 + H[(dx^6)^2 +(r^2 − 2mr − a^2 cos^2 θ) ( dr^2 r^2 − 2mr − a^2

+ dθ^2 )

+(r^2 − 2mr − a^2) sin^2 θdφ^2 ] , B̂_{x6φ} = 2mar sin^2 θ

r^2 − 2mr − a^2 cos^2 θ

, e^{Φ̂} = H. (48)

4.1.5 D4-brain/anti-D4-brane pair The following supergravity solution for the D4-brane and the anti-D4-brane pair can be obtained by first uplifting the NS5-brane/anti-NS5-brain pair solution (48) to D =

11 and then compactifying one of the longitudinal directions of the resulting M5- brane/anti-M5-brane solution on S^1:

ds^2_{10} = H�^{12} [ −dt^2 + (dx^1)^2 + · · · + (dx^4)^2 ] + H^{12} [ (dx^5)^2 + (dx^6)^2 +(r^2 − 2mr − a^2 cos^2 θ) ( dr^2 r^2 − 2mr − a^2

+ dθ^2 )

+(r^2 − 2mr − a^2) sin^2 θdφ^2 ] , B̂_{φx5x6} = − 2mar sin^2 θ r^2 − 2mr − a^2 cos^2 θ

, e^{Φ̂} = H�^{12} . (49)

4.1.6 D5-brain/anti-D5-brane pair By uplifting the magnetic D dipole solution (43) to D = 10, one obtains the following supergravity solution for the D5-brane and the anti-D5-brane pair: ds^2_{10} = H�^{12} [ −dt^2 + (dx^1)^2 + · · · + (dx^5)^2 ] + H^{12} [ (dx^6)^2 +(r^2 − 2mr − a^2 cos^2 θ) ( dr^2 r^2 − 2mr − a^2

+ dθ^2 )

+(r^2 − 2mr − a^2) sin^2 θdφ^2 ] , B̂^{(2)}_{x6φ} = 2mar sin^2 θ r^2 − 2mr − a^2 cos^2 θ

, e^{Φ̂} = H�^1. (50)

4.1.7 pp-wave/anti-pp-wave pair By uplifting the electric KK dipole solution (33) or (35) to D = 10, one obtains the following supergravity solution for the pp-wave and anti-pp-wave pair:

ds^2_{10} = −H�^1dt^2 + H(dx^1 + 2ma cos θ r^2 − a^2 cos^2 θ dt)^2 +(dx^2)^2 + · · · + (dx^6)^2 +(r^2 − 2mr − a^2 cos^2 θ) [ dr^2 r^2 − 2mr − a^2

+ dθ^2 ]

+(r^2 − 2mr − a^2) sin^2 θdφ^2. (51)

4.1.8 D0-brane/anti-D0-brane pair To obtain the following supergravity solution for the D0-brane and the anti-D0-brane pair, one first embed the pp-wave/anti-pp-wave solution (51) into D = 11 supergravity and then compactify along the longitudinal direction of the D = 11 pp-wave: ds^2_{10} = −H�^{12} dt^2 + H^{12} [ (dx^1)^2 + · · · + (dx^6)^2

+(r^2 − 2mr − a^2 cos^2 θ) ( dr^2 r^2 − 2mr − a^2

+ dθ^2 )

+(r^2 − 2mr − a^2) sin^2 θdφ^2 ] , Â_t = 2ma cos θ

r^2 − a^2 cos^2 θ

, e^{Φ̂} = H^{32} , (52)

where Â_M is the 1-form field in the RR-sector of the type-IIA theory.

4.1.9 KK-monopole/anti-KK-monopole pair

By uplifting the magnetic KK-dipole solution (32) or (34) to D = 10, one obtains the following supergravity solution for the KK monopole and anti-KK monopole pair:

ds^2_{10} = −dt^2 + dx^2_1 + · · · + dx^2_5

+H�1^[dx6 + 2mar sin^2 θ

r^2 − 2mr − a^2 cos^2 θ dφ ]_2

+H [ (r^2 − 2mr − a^2 cos^2 θ) ( dr^2 r^2 − 2mr − a^2

+ dθ^2 )

+(r^2 − 2mr − a^2) sin^2 θdφ^2 ] . (53)

4.1.10 D6-brane/anti-D6-brane pair

By first uplifting the KK-monopole/anti-KK-monopole pair solution (53) to D = 11 and then compactifying along the x^6 direction (of the solution in Eq. (53)), one obtains the following solution for the D6-brane and the anti-D6-brane pair:

ds^2_{10} = H�^{12} [ −dt^2 + (dx^1)^2 + · · · + (dx^6)^2 ] +H^{12} [ (r^2 − 2mr − a^2 cos^2 θ) ( dr^2 r^2 − 2mr − a^2

+ dθ^2 )

+(r^2 − 2mr − a^2) sin^2 θdφ^2 ] , Â_φ = 2mar sin^2 θ r^2 − 2mr − a^2 cos^2 θ

, e^{Φ̂} = H�^{32} . (54)

5 Non-marginal Bound States of Fundamental Dipoles

By applying the SL(2, R) transformations in section 3 to the fundamental dipole solutions presented in section 4, one can construct the supergravity solutions for nonmarginal bound states of fundamental dipoles.

First, we consider the non-marginal bound states of the (electric or magnetic) KK and H dipoles whose U(1) fields are associated with different circles. The Einsteinframe metric g_{μν} is given by Eq. (31), and the string-frame metric g^{str}_{μν} is given by

Eq. (40) for the electric case and Eq. (41) for the magnetic case. We apply the SL(2, R)_T transformation (20) to the fundamental electric KK dipole solution (33) to construct the supergravity solution for the non-marginal bound state of the electric KK and electric H dipoles. We use ω_T = ( cos δ − sin δ sin δ cos δ ) as the SO(2) ⊂ SL(2, R)_T transformation matrix. The resulting solution has the following form: η = −ρ = 1 2 ln r^2 − 2mr − a^2 cos^2 θ r^2 − a^2 cos^2 θ , σ = ln r^2 − 2mr cos^2 δ − a^2 cos^2 θ √ (r^2 − 2mr − a^2 cos^2 θ)(r^2 − a^2 cos^2 θ) , b = mr sin 2δ r^2 − 2mr cos^2 δ − a^2 cos^2 θ , A^3_t = A^5_t =

2ma cos δ cos θ r^2 − a^2 cos^2 θ , A^1_t = B_{4 t} = −

2ma sin δ cos θ r^2 − a^2 cos^2 θ

. (55)

The ADM mass M and the electric dipole moments p^{KK}_{elec} and p^{wind}_{elec} of this solution are

M = m = √ (m cos δ)^2 + (m sin δ)^2, p^{KK}_{elec} = ma cos δ, p^{wind}_{elec} = −ma sin δ. (56)

The expressions for the ADM mass and the dipole moments for the remaining cases in the following have the similar forms as Eq. (56). So, we shall not write down them for the remaining cases. In the case when the U(1) fields are magnetic, the solutions are as follows: η = −ρ = − 1 2 ln r^2 − 2mr − a^2 cos^2 θ r^2 − a^2 cos^2 θ , σ = ln r^2 − 2mr sin^2 δ − a^2 cos^2 θ √ (r^2 − 2mr − a^2 cos^2 θ)(r^2 − a^2 cos^2 θ) , b = − mr sin 2δ r^2 − 2mr sin^2 δ − a^2 cos^2 θ , A^3_φ = A^5_φ =

2mar cos δ sin^2 θ r^2 − 2mr − a^2 cos^2 θ , A^1_φ = B_{4 φ} = −

2mar sin δ sin^2 θ r^2 − 2mr − a^2 cos^2 θ

. (57)

The solutions for the case when the KK [winding] U(1) field comes from the 4-th [5-th] coordinate are obtained by just applying the Z_2 ⊂ SL(2, R)_U transformation to the above solutions. The resulting solutions have the opposite sign for ρ, and A^5_μ and B_{4μ} respectively replaced by A^4_μ and B_{5μ}.

Similarly, one can apply the SO(2) ⊂ SL(2, R)_U transformation (20) (with the same transformation matrix as above) to the fundamental electric [magnetic] KK or H dipole solution to construct the supergravity solution for the non-marginal bound state of two fundamental electric [magnetic] KK or H dipoles charged with respect to two KK or winding U(1) fields of different circles. For such case, the real scalar ρ undergoes the SL(2, R)_U transformation and therefore the real part c of the complex structure U is induced. So, the internal metric G_{mn} becomes non-diagonal (Cf. Eq.(15)). Similarly as above, the Einstein-frame metric g_{μν} is given by Eq. (31), and the string-frame metric g^{str}_{μν} is given by Eq. (40) for the electric case and Eq. (41) for the magnetic case. The solutions have the form similar to the above. But we write down the solutions for the completeness. For the non-marginal bound state of two electric KK dipoles, the solution is given by

η = σ = 1 2 ln r^2 − 2mr − a^2 cos^2 θ

r^2 − a^2 cos^2 θ , ρ = ln r^2 − 2mr cos^2 δ − a^2 cos^2 θ √ (r^2 − 2mr − a^2 cos^2 θ)(r^2 − a^2 cos^2 θ) , c = mr sin 2δ r^2 − 2mr cos^2 δ − a^2 cos^2 θ , A^4_t = A^4_t =

2ma cos δ cos θ r^2 − a^2 cos^2 θ , A^3_t = A^5_t = −

2ma sin δ cos θ r^2 − a^2 cos^2 θ

. (58)

When the KK U(1) fields are magnetic, the corresponding solution is the following: η = σ = − 1 2 ln r^2 − 2mr − a^2 cos^2 θ r^2 − a^2 cos^2 θ , ρ = ln r^2 − 2mr sin^2 δ − a^2 cos^2 θ √ (r^2 − 2mr − a^2 cos^2 θ)(r^2 − a^2 cos^2 θ) , c = − mr sin 2δ r^2 − 2mr sin^2 δ − a^2 cos^2 θ , A^4_φ = A^4_φ =

2mar cos δ sin^2 θ r^2 − 2mr − a^2 cos^2 θ , A^3_φ = A^5_φ = −

2mar sin δ sin^2 θ r^2 − 2mr − a^2 cos^2 θ

. (59)

The non-marginal bound states of two electric (or magnetic) H dipoles are related to these configurations through the Z_2 ⊂ SL(2, R)_T transformation. So, the corresponding solution is given by Eq. (58) or (59) with the opposite sign for σ and with A^4_μ and A^3_μ respectively replaced by A^2_μ = B_{5μ} and A^1_μ = B_{4μ}.

By applying the SL(2, R)_S transformation (21) to the fundamental dipole solutions, one can construct supergravity solutions for the non-marginal bound states of the electric [magnetic] KK dipole and the magnetic [electric] H dipole whose U(1) fields are associated with different circles. The following solution for the non-marginal bound state of the electric KK dipole and the magnetic H dipole is obtained by applying the SL(2, R)_S transformation to an electric KK dipole solution (33): σ = −ρ = 1 2 ln r^2 − 2mr − a^2 cos^2 θ r^2 − a^2 cos^2 θ , η = ln r^2 − 2mr cos^2 δ − a^2 cos^2 θ √ (r^2 − 2mr − a^2 cos^2 θ)(r^2 − a^2 cos^2 θ) , a = mr sin 2δ r^2 − 2mr cos^2 δ − a^2 cos^2 θ , A^3_t = A^5_t =

2ma cos δ cos θ r^2 − a^2 cos^2 θ , A^1_φ = B_{4φ} = −

2mar sin δ sin^2 θ r^2 − 2mr − a^2 cos^2 θ

. (60)

In the case where the KK U(1) field A^5_μ is magnetic and the winding U(1) field B_{4μ} is electric, the solution is σ = −ρ = − 1 2 ln r^2 − 2mr − a^2 cos^2 θ r^2 − a^2 cos^2 θ , η = ln r^2 − 2mr sin^2 δ − a^2 cos^2 θ √ (r^2 − 2mr − a^2 cos^2 θ)(r^2 − a^2 cos^2 θ) , a = − mr sin 2δ r^2 − 2mr sin^2 δ − a^2 cos^2 θ , A^3_φ = A^5_φ =

2mar cos δ sin^2 θ r^2 − 2mr − a^2 cos^2 θ , A^1_t = B_{4t} = −

2mar sin δ cos θ r^2 − a^2 cos^2 θ

. (61)

The supergravity solutions for the configurations with non-zero A^4_μ = A^4_μ and A^2_μ = B_{5μ} are obtained by applying the Z_2 ⊂ SL(2, R)_U transformations to the above solutions. The resulting solutions have the opposite sign for ρ. The Einstein-frame metric for all the above cases is given by Eq. (31). But since the D = 4 dilaton η has undergone the SL(2, R)_S transformation, the string-frame metric now depends on the SO(2) ⊂ SL(2, R)_S angle δ. The string-frame metric g^{str}_{μν} = e^ηg_{μν} for the case where the KK U(1) field is electric and the winding U(1) field is magnetic is

g^{str}_{μν} dx^μdx^ν = −(r^2 − 2mr cos^2 δ − a^2 cos^2 θ) [ − dt^2 r^2 − a^2 cos^2 θ + dr^2 r^2 − 2mr − a^2

+ dθ^2 + r^2 − 2mr − a^2 r^2 − 2mr − a^2 cos^2 θ sin^2 θdφ^2 ] , (62)

and for the case where the KK U(1) field is magnetic and the winding U(1) field is electric is given by Eq. (62) with cos^2 δ in the overall factor term replaced by sin^2 δ.

Finally, the supergravity solutions for the non-marginal bound states of the H dipole (charged under A^1_μ or A^2_μ) and the D dipole (charged under B^a_μ = B̂^{(2)}_{3+a,μ}) are obtained by applying the SL(2, R) S-duality transformation (26) to the fundamental D dipole solutions (42) and (43). In this case, the Einstein-frame metric is still given by Eq. (31). The solutions are

g_{11} = √ (r^2 − 2mr − a^2 cos^2 θ)(r^2 − 2mr sin^2 δ − a^2 cos^2 θ) r^2 − a^2 cos^2 θ , g_{ii} = √ r^2 − 2mr sin^2 δ − a^2 cos^2 θ

r^2 − 2mr − a^2 cos^2 θ (i ≠ 1), e^ϕ = √ r^2 − 2mr sin^2 δ − a^2 cos^2 θ

r^2 − a^2 cos^2 θ , χ = − mr sin 2δ r^2 − 2mr sin^2 δ − a^2 cos^2 θ , B^1_t =

2ma cos δ cos θ r^2 − a^2 cos^2 θ

, A^1_t = −

2ma sin δ cos θ r^2 − a^2 cos^2 θ

, (63)

for the electric case, and

g_{11} = √ (r^2 − a^2 cos^2 θ)(r^2 − 2mr cos^2 δ − a^2 cos^2 θ) r^2 − 2mr − a^2 cos^2 θ , g_{ii} = √ r^2 − 2mr cos^2 δ − a^2 cos^2 θ

r^2 − a^2 cos^2 θ (i ≠ 1), e^ϕ = √ r^2 − 2mr cos^2 δ − a^2 cos^2 θ

r^2 − 2mr − a^2 cos^2 θ , χ = mr sin 2δ r^2 − 2mr cos^2 δ − a^2 cos^2 θ , B^1_φ =

2mar cos δ sin^2 θ r^2 − 2mr − a^2 cos^2 θ

, A^1_φ = −

2mar sin δ sin^2 θ r^2 − 2mr − a^2 cos^2 θ

, (64)

for the magnetic case. The string-frame metric g^{str}_{μν} = e^ϕg_{μν} is given by

g^{str}_{μν} dx^μdx^ν = √ r^2 − 2mr sin^2 δ − a^2 cos^2 θ [ − √ r^2 − 2mr − a^2 cos^2 θ

r^2 − a^2 cos^2 θ dt^2 + √ r^2 − 2mr − a^2 cos^2 θ ( dr^2 r^2 − 2mr − a^2

+ dθ^2 )

+ r^2 − 2mr − a^2 r^2 − 2mr − a^2 cos^2 θ sin^2 θdφ^2 ] , (65)

for the electric case, and

g^{str}_{μν} dx^μdx^ν = √ r^2 − 2mr cos^2 δ − a^2 cos^2 θ [ − dt^2 √ r^2 − a^2 cos^2 θ + √ r^2 − a^2 cos^2 θ ( dr^2 r^2 − 2mr − a^2

+ dθ^2 )

+ √ r^2 − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ

(r^2 − 2mr − a^2) sin^2 θdφ^2 ] , (66)

for the magnetic case.

5.1 Higher-dimensional Embedding

In this subsection, we oxidize some of the above D = 4 solutions for the non-marginal bound states of D = 4 fundamental dipoles to obtain the delocalized supergravity solutions for the non-marginal bound states of the brane/anti-brane pairs.

5.1.1 F-string/anti-F-string pair and the pp-wave/anti-pp-wave pair

By uplifting the solution (55) for the non-marginal bound state of the electric H dipole and the electric KK dipole to D = 10, one obtains the following supergravity solution for the non-marginal bound state of F-string/anti-F-string pair and the wave/anti-wave pair:

ds^2_{10} = −H�^1_{F1} H�^1_{pp} dt^2 + H�^1_{F1} (dx^1)^2 + H_{pp} [ dx^2 +

2ma cos δ cos θ r^2 − a^2 cos^2 θ dt ]_2

+(dx^3)^2 + · · · + (dx^6)^2

+(r^2 − 2mr − a^2 cos^2 θ) [ dr^2 r^2 − 2mr − a^2

+ dθ^2 ]

+(r^2 − 2mr − a^2) sin^2 θdφ^2, B̂^{(1)}_{tx1} = 2ma sin δ cos θ

r^2 − 2mr cos^2 δ − a^2 cos^2 θ

, B̂^{(1)}_{x1x2} = mr sin 2δ r^2 − 2mr cos^2 δ − a^2 cos^2 θ , e^{Φ̂} = H�^1_{F1} , (67)

where the modified harmonic functions for the F-string/anti-F-string pair and the wave/anti-wave pair are respectively

H_{F1} = r^2 − 2mr cos^2 δ − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ , H_{pp} = r^2 − a^2 cos^2 θ r^2 − 2mr cos^2 δ − a^2 cos^2 θ

. (68)

5.1.2 D2-brane/anti-D2-brane pair and D0-brane/anti-D0-brane pair

One can uplift the solution (67) for the non-marginal bound state of the F-string/anti- F-string pair and the wave/anti-wave pair to D = 11 and then compactify the longitudinal direction of the D = 11 pp-wave of the resulting solution for the non-marginal bound state of the M2-brane/anti-M2-brane pair and the pp-wave/anti-pp-wave pair on S^1 to obtain the following supergravity solution for the non-marginal bound state of the D2-brane/anti-D2-brane pair and the D0-brane/anti-D0-brane pair:

ds^2_{10} = −H�^{12}_{D0} H�^{12}_{D2} dt^2 + H^{12}_{D0}H�^{12}_{D2} [ (dx^1)^2 + (dx^2)^2 ] +H^{12}_{D0}H^{12}_{D2} [ (dx^3)^2 + · · · + (dx^6)^2

+(r^2 − 2mr − a^2 cos^2 θ) ( dr^2 r^2 − 2mr − a^2

+ dθ^2 )

+(r^2 − 2mr − a^2) sin^2 θdφ^2 ] , Â_t = 2ma cos δ cos θ r^2 − a^2 cos^2 θ

, B̂_{tx}1_x2 =

2ma sin δ cos θ r^2 − 2mr cos^2 δ − a^2 cos^2 θ , B̂_{x1x2} = mr sin 2δ r^2 − 2mr cos^2 δ − a^2 cos^2 θ

, e^{Φ̂} = H^{32}_{D0}H^{12}_{D2}, (69)

where the modified harmonic functions for the D0-brane/anti-D0-brane pair and the D2-brane/anti-D2-brane pair are respectively

H_{D0} = r^2 − a^2 cos^2 θ r^2 − 2mr cos^2 δ − a^2 cos^2 θ , H_{D2} = r^2 − 2mr cos^2 δ − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ

. (70)

5.1.3 Kaluza-Klein dipole and NS5-brane/anti-NS5-brane pair

The following supergravity solution for the non-marginal bound state of the magnetic KK dipole and the NS5-brane/anti-NS5-brane pair can be obtained by uplifting the solution (57) for the bound state of the magnetic KK dipole and the magnetic H dipole to D = 10:

ds^2_{10} = −dt^2 + (dx^1)^2 + · · · + (dx^4)^2

+H�1_{KK}^[dx5 + 2mar cos δ sin^2 θ

r^2 − 2mr − a^2 cos^2 θ dφ ]_2

+H_{NS5} [ (dx^6)^2 + H_{KK} { (r^2 − 2mr − a^2 cos^2 θ) × ( dr^2 r^2 − 2mr − a^2

+ dθ^2 ) + (r^2 − 2mr − a^2) sin^2 θdφ^2 }] , B̂_{φx6} = 2mar sin δ sin^2 θ r^2 − 2mr sin^2 δ − a^2 cos^2 θ

, B̂_x5_x6 = mr sin 2δ r^2 − 2mr sin^2 δ − a^2 cos^2 θ , e^{Φ̂} = H_{NS5}, (71)

where the modified harmonic functions for the magnetic KK dipole and the NS5- brane/anti-NS5-brane pair are respectively

H_{KK} = r^2 − 2mr sin^2 δ − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ , H_{NS5} = r^2 − a^2 cos^2 θ r^2 − 2mr sin^2 δ − a^2 cos^2 θ

. (72)

5.1.4 D6-brane/anti-D6-brane pair and D4-brane/anti-D4-brane pair

One can construct the following supergravity solution for the non-marginal bound state of the D6-brane/anti-D6-brane pair and the D4-brane/anti-D4-brane pair by first uplifting the solution (71) for the KK dipole and the NS5-brane/anti-NS5-brane pair bound state to D = 11 and then compactifying along the x^5 direction (of the solution in Eq. (71)) of the resulting D = 11 solution for the M5-brane/anti-M5-brane pair and the magnetic KK dipole bound state:

ds^2_{10} = H�^{12}_{D4} H�^{12}_{D6} [ −dt^2 + (dx^1)^2 + · · · + (dx^4)^2 ] +H^{12}_{D4}H�^{12}_{D6} [ (dx^5)^2 + (dx^6)^2 ] +H^{12}_{D4}H^{12}_{D6} [ (r^2 − 2mr − a^2 cos^2 θ) ( dr^2 r^2 − 2mr − a^2

+ dθ^2 )

+(r^2 − 2mr − a^2) sin^2 θdφ^2 ] , Â_φ = 2mar cos δ sin^2 θ r^2 − 2mr − a^2 cos^2 θ

, B̂_{φx}5_x6 =

2mar sin δ sin^2 θ r^2 − 2mr sin^2 δ − a^2 cos^2 θ , B̂_{x5x6} = mr sin 2δ r^2 − 2mr sin^2 δ − a^2 cos^2 θ

, e^{Φ̂} = H�^{12}_{D4} H�^{32}_{D6} , (73)

where the modified harmonic functions for the D4-brane/anti-D4-brane pair and the D6-brane/anti-D6-brane pair are

H_{D4} = r^2 − a^2 cos^2 θ r^2 − 2mr sin^2 δ − a^2 cos^2 θ , H_{D6} = r^2 − 2mr sin^2 δ − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ

. (74)

5.1.5 NS5-brane/anti-NS5-brane pair and pp-wave/anti-pp-wave pair

The following supergravity solution for the non-marginal bound state of the NS5- brane/anti-NS5-brane pair and the pp-wave/anti-pp-wave pair can be constructed by uplifting the solution (60) for the magnetic H dipole and the electric KK dipole bound state:

ds^2_{10} = −H�^1_{pp} dt^2 + (dx^1)^2 + · · · + (dx^5)^2

+H_{NS5} [ H_{pp}(dx^6 +

2ma cos δ cos θ r^2 − a^2 cos^2 θ dt)^2 +(r^2 − 2mr − a^2 cos^2 θ) ( dr^2 r^2 − 2mr − a^2

+ dθ^2 )

+(r^2 − 2mr − a^2) sin^2 θdφ^2 ] , B̂^{(1)}_{φxi} = 2mar sin δ sin^2 θ

r^2 − 2mr − a^2 cos^2 θ

(i = 1, ..., 5), e^{Φ̂} = H_{NS5}, (75) where the modified harmonic functions for the pp-wave/anti-pp-wave pair and the NS5-brane/anti-NS5-brane pair are respectively

H_{pp} = r^2 − a^2 cos^2 θ r^2 − 2mr cos^2 δ − a^2 cos^2 θ , H_{NS5} = r^2 − 2mr cos^2 δ − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ

. (76)

5.1.6 NS5-brane/anti-NS5-brane pair and D0-brane/anti-D0-brane pair

One can uplift the above solution (75) for the NS5-brane/anti-NS5-brane pair and the pp-wave/anti-pp-wave pair bound state to D = 11 and then compactify along the longitudinal direction of the pp-wave of the resulting D = 11 solution for the M5- brane/anti-M5-brane pair and the pp-wave/anti-pp-wave bound state to obtain the following supergravity solution for the non-marginal bound state of the NS5-brane/anti- NS5-brane pair and the D0-brane/anti-D0-brane pair:

ds^2_{10} = −H�^{12}_{D0} dt^2 + H^{12}_{D0} [ (dx^1)^2 + · · · + (dx^5)^2 ] +H^{12}_{D0}H_{NS5} [ (dx^6)^2 + (r^2 − 2mr − a^2 cos^2 θ) ( dr^2 r^2 − 2mr − a^2

+ dθ^2 )

+(r^2 − 2mr − a^2) sin^2 θdφ^2 ] , Â_t = 2ma cos δ cos θ r^2 − a^2 cos^2 θ

, B̂^{(1)}_{φxi} =

2mar sin δ sin^2 θ r^2 − 2mr − a^2 cos^2 θ (i = 1, ..., 5), e^{Φ̂} = H^{32}_{D0}H_{NS5}, (77)

where the modified harmonic functions for the D0-brane/anti-D0-brane pair and the NS5-brane/anti-NS5-brane pair are respectively

H_{D0} = r^2 − a^2 cos^2 θ r^2 − 2mr cos^2 δ − a^2 cos^2 θ , H_{NS5} = r^2 − 2mr cos^2 δ − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ

. (78)

5.1.7 F-string/anti-F-string pair and the Kaluza-Klein dipole

The following supergravity solution for the F-string/anti-F-string pair and the KK dipole bound state can be constructed by uplifting the solution (61) for the electric H dipole and the magnetic KK dipole bound state to D = 10:

ds^2_{10} = −H�^1_{F1} dt^2 + H�^1_{F1} H�^1_{KK} ( dx^1 +

2mar cos δ sin^2 θ r^2 − 2mr − a^2 cos^2 θ dφ )_2

+(dx^2)^2 + · · · + (dx^6)^2

+H_{KK} [ (r^2 − 2mr − a^2 cos^2 θ) ( dr^2 r^2 − 2mr − a^2

+ dθ^2 )

+(r^2 − 2mr − a^2) sin^2 θdφ^2 ] , B̂^{(1)}_{tx1} = 2mar sin δ cos θ

r^2 − a^2 cos^2 θ

, e^{Φ̂} = H�^1_{F1} , (79)

where the modified harmonic functions for the F-string/anti-F-string pair and the KK dipole are respectively

H_{F1} = r^2 − a^2 cos^2 θ r^2 − 2mr sin^2 δ − a^2 cos^2 θ , H_{KK} = r^2 − 2mr sin^2 δ − a^2 cos^2 θ

r^2 − 2mr − a^2 cos^2 θ

. (80)

5.1.8 F-string/anti-F-string pair and D6-brane/anti-D6-brane pair

The following supergravity solution for the F-string/anti-F-string pair and the D6- brane/anti-D6-brane pair bound state can be constructed by uplifting the above solution (79) for the F-string/anti-F-string pair and the KK dipole bound state to D = 11 and then compactifying along the x^1 direction (of the solution in Eq. (79)) of the resulting D = 11 solution for the M2-brane/anti-M2-brane pair and the KK dipole bound state:

ds^2_{10} = H�^{12}_{F1} H�^{12}_{D6} [ −dt^2 + (dx^1)^2 ] + H�^1_{2D6}^[(dx_2)_2 + · · · + (dx_6)_2^]

+H^{12}_{D6} [ (r^2 − 2mr − a^2 cos^2 θ) ( dr^2 r^2 − 2mr − a^2

+ dθ^2 )

+(r^2 − 2mr − a^2) sin^2 θdφ^2 ] , Â_φ = 2mar cos δ sin^2 θ

r^2 − 2mr − a^2 cos^2 θ

, B̂^{(1)}_{tx}1 =

2mar sin δ cos θ r^2 − a^2 cos^2 θ , e^{Φ̂} = H�^1_{F1} H�^{32}_{D6} , (81)

where the modified harmonic functions for the F-string/anti-F-string pair and the D6- brane/anti-D6-brane pair are respectively

H_{F1} = r^2 − a^2 cos^2 θ r^2 − 2mr sin^2 δ − a^2 cos^2 θ , H_{D6} = r^2 − 2mr sin^2 δ − a^2 cos^2 θ

r^2 − 2mr − a^2 cos^2 θ

. (82)

5.1.9 F-string/anti-F-string pair and D-string/anti-D-string pair

The following supergravity solution for the F-string/anti-F-string pair and the Dstring/anti-D-string pair bound state can be constructed by uplifting the solution (63) for the electric H dipole and the electric D dipole bound state to D = 10:

ds^2_{10} = H�^1_{F1} H�^{12}_{D1} [ −dt^2 + (dx^1)^2 ] + H^{12}_{D1} [ (dx^2)^2 + · · · + (dx^6)^2

+(r^2 − 2mr − a^2 cos^2 θ) ( dr^2 r^2 − 2mr − a^2

+ dθ^2 )

+(r^2 − 2mr − a^2) sin^2 θdφ^2 ] , B̂^{(1)}_{tx1} = 2ma sin δ cos θ r^2 − a^2 cos^2 θ

, B̂^{(2)}_{tx}1 = −

2ma cos δ cos θ r^2 − a^2 cos^2 θ , e^{Φ̂} = H_{D1}H�^1_{F1} , χ̂ = − mr sin 2δ r^2 − 2mr sin^2 δ − a^2 cos^2 θ

, (83)

where the modified harmonic functions for the F-string/anti-F-string pair and the Dstring/anti-D-string pair are respectively

H_{F1} = r^2 − a^2 cos^2 θ r^2 − 2mr sin^2 δ − a^2 cos^2 θ , H_{D1} = r^2 − 2mr sin^2 δ − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ

. (84)

5.1.10 D5-brane/anti-D5-brane pair and NS5-brane/NS5-brane pair

The following supergravity solution for the D5-brane/anti-D5-brane pair and the NS5- brane/NS5-brane pair bound state can be constructed by uplifting the solution (64) for the magnetic D dipole and the magnetic H dipole bound state to D = 10:

ds^2_{10} = +H�^{12}_{D5} [ −dt^2 + (dx^1)^2 + · · · + (dx^5)^2 ] +H_{NS5}H^{12}_{D5} [ (dx^6)^2 + (r^2 − 2mr − a^2 cos^2 θ) ( dr^2 r^2 − 2mr − a^2

+ dθ^2 )

+(r^2 − 2mr − a^2) sin^2 θdφ^2 ] , B̂^{(1)}_{φx6} = 2mar sin δ sin^2 θ r^2 − 2mr − a^2 cos^2 θ

, B̂^{(2)}_{φx6} = −

2mar cos δ sin^2 θ r^2 − 2mr − a^2 cos^2 θ , e^{Φ̂} = H_{NS5}H�^1_{D5} , χ̂ = mr sin 2δ r^2 − 2mr cos^2 δ − a^2 cos^2 θ

, (85)

where the modified harmonic functions for the NS5-brane/NS5-brane pair and the D5-brane/anti-D5-brane pair are respectively

H_{NS5} = r^2 − 2mr cos^2 δ − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ , H_{D5} = r^2 − a^2 cos^2 θ r^2 − 2mr cos^2 δ − a^2 cos^2 θ

. (86)

6 Marginal Bound States

So far we considered the case of non-marginal bound states of the brane/anti-brane pairs, in which the harmonic functions of the constituent brane/anti-brane pairs are related through the SO(2) rotation angle δ to the modified harmonic function H in Eq. (45) and the overall transverse part of the metric has the form similar to that for the “fundamental” brane/anti-brane pair solutions. In order to gain further insight on more general structure of intersecting brane/anti-brane pair solutions, one has to study the case of marginal bound states of brane/anti-brane pairs. Such solutions can be indirectly constructed by uplifting the multicharged dipole solutions in D < 10 effective string theories to D = 10. However, at this stage the construction of such solutions seems to be a difficult task^3. Nonetheless, taking advantage of the fact that the general dilatonic dipole solution (2) with the special values of the dilaton coupling α = √ (4 − n)/n can be interpreted as the solution for the “marginal” bound state of n ≤ 4 “fundamental” dipoles in D = 4 string theory with the equal dipole moments, one can infer the more general cases with non-equal dipole moments from the resulting uplifted D = 10 solutions for marginal bound states of the brane/anti-brane pairs with the equal brane dipole moments.

We consider the (consistently) truncated D = 4 effective string action given in Eq. (22). When only n ≤ 4 of the field strengths F^i are non-zero and the same, the action (22) can be transform to the action (1) for the Einstein-Maxwell-dilaton system with α = √ (4 − n)/n. We consider the following cases:

• α = 1 case: F^2 = F^3 ≠ 0 and A^1_μ = A^4_μ = 0. In this case, the real scalars are ρ = 0 = σ and η ≠ 0. To bring the resulting action (22) to the form (1) with α = 1, we define the dilaton ϕ and the U(1) field strength F in (1) as ϕ = η/2, F = √ 2F^2 = √ 2F^3. (87)

So, in terms of the fields in the action (22), the dipole solution is given by g_{μν} dx^μdx^ν = − r^2 − 2mr − a^2 cos^2 θ

r^2 − a^2 cos^2 θ dt^2 + (r^2 − 2mr − a^2 cos^2 θ)(r^2 − a^2 cos^2 θ) r^2 − 2mr + m^2 sin^2 θ − a^2 cos^2 θ [ dr^2 r^2 − 2mr − a^2

+ dθ^2 ]

+ r^2 − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ

(r^2 − 2mr − a^2) sin^2 θdφ^2,

η = ln r^2 − 2mr − a^2 cos^2 θ r^2 − a^2 cos^2 θ , σ = ρ = 0, 3After the first version of this paper appeared in the preprint archive, R. Emparan let the author know that such solutions were recently constructed by him and his collaborators and satisfy the modified harmonic function superposition rules similar to the ones discussed in this paper.

A^2_t = A^3_t = 2ma cos θ r^2 − a^2 cos^2 θ

, A^1_μ = A^4_μ = 0. (88)

The string-frame metric g^{str}_{μν} = e^ηg_{μν} is as follows:

g^{str}_{μν} dx^μdx^ν = − ( r^2 − 2mr − a^2 cos^2 θ

r^2 − a^2 cos^2 θ

)_2 dt^2 + (r^2 − 2mr − a^2 cos^2 θ)^2 r^2 − 2mr + m^2 sin^2 θ − a^2 cos^2 θ [ dr^2 r^2 − 2mr − a^2

+ dθ^2 ]

+(r^2 − 2mr − a^2) sin^2 θdφ^2. (89)

The ADM mass and the dipole moments of this solution are

M = m = 1 2 m + 1 2 m, p^{elec}_1 = p^{elec}_2 = ma. (90)

When uplifted to D = 10, the solution (88) becomes the following supergravity solution for the pp-wave/anti-pp-wave pair along the longitudinal direction of the F-string/anti-F-string pair:

ds^2_{10} = H�^1_{F1} [ −H�1_{pp} + H_{pp}(dx1 + 2ma cos θ

r^2 − a^2 cos^2 θ

)^2 ] + (dx^2)^2 + · · · + (dx^6)^2 + (r^2 − 2mr − a^2 cos^2 θ)^2 r^2 − 2mr + m^2 sin^2 θ − a^2 cos^2 θ [ dr^2 r^2 − 2mr − a^2

+ dθ^2 ]

+(r^2 − 2mr − a^2) sin^2 θdφ^2, B̂_{x1t} = 2ma cos θ r^2 − a^2 cos^2 θ

, e^{Φ̂} = H�^1_{F1} , (91)

where the modified harmonic functions are given by

H_{F1} = H_{pp} = r^2 − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ

. (92) • α = 1/ √ 3 case: F^2 = F^3 = F̃^1 ≠ 0 and A^4_μ = 0. In this case, the real scalars are given by η = σ = ρ ≠ 0. So, the fields in the action (1) are given by ϕ = √ 3 2 η = √ 3 2 σ = √ 3 2 ρ, F = √ 3F^2 = √ 3F^3 = √ 3F̃^1. (93)

The dipole solution in terms of the field parametrization of the action (22) is therefore given by g_{μν} dx^μdx^ν = − ( r^2 − 2mr − a^2 cos^2 θ

r^2 − a^2 cos^2 θ

) 3_2 dt^2

+ [(r^2 − 2mr − a^2 cos^2 θ)(r^2 − a^2 cos^2 θ)]^{32} (r^2 − 2mr + m^2 sin^2 θ − a^2 cos^2 θ)^2 [ dr^2 r^2 − 2mr − a^2

+ dθ^2 ]

+ ( r^2 − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ

) 3_2

(r^2 − 2mr − a^2) sin^2 θdφ^2,

η = σ = ρ = 1 2 ln r^2 − 2mr − a^2 cos^2 θ r^2 − a^2 cos^2 θ , σ = 0, A^2_t = A^3_t = 2ma cos θ r^2 − a^2 cos^2 θ

, A^1_φ =

2mar sin^2 θ r^2 − 2mr − a^2 cos^2 θ

, A^4_μ = 0. (94)

The string-frame metric is given by

g^{str}_{μν} dx^μdx^ν = − ( r^2 − 2mr − a^2 cos^2 θ

r^2 − a^2 cos^2 θ

)_2 dt^2 + (r^2 − 2mr − a^2 cos^2 θ)^2(r^2 − a^2 cos^2 θ) (r^2 − 2mr + m^2 sin^2 θ − a^2 cos^2 θ)^2 [ dr^2 r^2 − 2mr − a^2

+ dθ^2 ]

+ r^2 − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ

(r^2 − 2mr − a^2) sin^2 θdφ^2. (95)

The ADM mass and the dipole moments of the solution are M = 3 2 m = 1 2 m + 1 2 m + 1 2 m, p^{elec}_1 = p^{elec}_2 = p^{mag}_1 = ma. (96)

When uplifted to D = 10, the solution (94) becomes the following supergravity solution for the marginal bound state of the F-string/anti-F-string pair, the ppwave/anti-pp-wave pair and the NS5-brane/anti-NS5-brane pair:

ds^2_{10} = H�^1_{F1}

−H�1_{pp} dt2 + H_{pp}^(dx1 + 2ma cos θ

r^2 − a^2 cos^2 θ dt )_2

+(dx^2)^2 + · · · + (dx^5)^2 + H_{NS5} [ (dx^6)^2 + (r^2 − 2mr − a^2 cos^2 θ)^3 (r^2 − 2mr + m^2 sin^2 θ − a^2 cos^2 θ)^2 ( dr^2 r^2 − 2mr − a^2

+ dθ^2 )

+(r^2 − 2mr − a^2) sin^2 θdφ^2 ] , B̂_{x1t} = 2ma cos θ r^2 − a^2 cos^2 θ

, B̂_x6_φ =

2mar sin^2 θ r^2 − 2mr − a^2 cos^2 θ

, e^{Φ̂} = H�^1_{F1} H_{NS5}, (97)

where the modified harmonic functions are given by

H_{F1} = H_{pp} = H_{NS5} = r^2 − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ

. (98)

• α = 0 case: F^2 = F^3 = F̃^1 = F̃^4 ≠ 0. In this case, all the real scalars η, ρ and σ are zero. So, the fields in the action (1) are given by

ϕ = 0, F = 2F^2 = 2F^3 = 2F̃^1 = 2F̃^4. (99)

The dipole solution in terms of the field parametrization of the action (22) is therefore given by g_{μν} dx^μdx^ν = − ( r^2 − 2mr − a^2 cos^2 θ

r^2 − a^2 cos^2 θ

)_2 dt^2 + [(r^2 − 2mr − a^2 cos^2 θ)(r^2 − a^2 cos^2 θ)]^2 (r^2 − 2mr + m^2 sin^2 θ − a^2 cos^2 θ)^3 [ dr^2 r^2 − 2mr − a^2

+ dθ^2 ]

+ ( r^2 − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ

)_2

(r^2 − 2mr − a^2) sin^2 θdφ^2, η = σ = ρ = 0, A^2_t = A^3_t = 2ma cos θ r^2 − a^2 cos^2 θ

, A^1_φ = A^4_φ =

2mar sin^2 θ r^2 − 2mr − a^2 cos^2 θ

. (100)

Since the D = 4 dilaton η is zero, the string-frame metric is the same as the Einstein-frame metric. The ADM mass and the dipole moments of the above solution are

M = 2m = 1 2 m + 1 2 m + 1 2 m + 1 2 m, p^{elec}_1 = p^{elec}_2 = p^{mag}_1 = p^{mag}_4 = ma. (101)

When uplifted to D = 10, the solution (100) becomes the following supergravity solution for the marginal bound state of the F-string/anti-F-string pair, the ppwave/anti-pp-wave pair, the NS5-brane/anti-NS5-brane pair and the KK dipole:

ds^2_{10} = H�^1_{F1}

−H�1_{pp} dt2 + H_{pp}^(dx1 + 2ma cos θ

r^2 − a^2 cos θ )_2

+(dx^2)^2 + · · · + (dx^5)^2 + H_{NS5}

H�1_{KK}^(dx6 + 2mar sin^2 θ

r^2 − 2mr − a^2 cos θ dφ )_2

+H_{KK} { (r^2 − 2mr − a^2 cos^2 θ)^4 (r^2 − 2mr + m^2 sin^2 θ − a^2 cos^2 θ)^3 ( dr^2 r^2 − 2mr − a^2

+ dθ^2 )

+(r^2 − 2mr − a^2) sin^2 θdφ^2 }] , B̂_{x1t} = 2ma cos θ r^2 − a^2 cos^2 θ

, B̂_x6_φ =

2mar sin^2 θ r^2 − 2mr − a^2 cos^2 θ

, e^{Φ̂} = H�^1_{F1} H_{NS5}, (102)

where the modified harmonic functions are given by

H_{F1} = H_{pp} = H_{NS5} = H_{KK} = r^2 − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ

. (103)

One can construct other supergravity solutions for the marginal bound states of the brane/anti-brane pairs by choosing different combinations of non-zero U(1) fields, by using duality transformations in section 3 or through oxidation to D = 11 followed by the reduction on S^1, just as we did in the previous section. Just as in the non-marginal bound state cases studied in the previous section, such solutions will have the form similar to the supergravity solutions for the delocalized intersecting branes except that the harmonic functions are modified to H =^{r2}�^{a2 cos2 θ}_{r2}�_{2mr}�_{a2 cos2 θ} and the metric components in the overall transverse space are modified as

dr^2 + r^2(dθ^2 + sin^2 θdφ^2) −→

(r^2 − 2mr − a^2 cos^2 θ)^n (r^2 − 2mr + m^2 sin^2 θ − a^2 cos^2 θ)^n�^1 [ dr^2 r^2 − 2mr − a^2

+ dθ^2 ]

+(r^2 − 2mr − a^2) sin^2 θdφ^2, (104)

for the case when there are n ≤ 4 constituents in the marginal bound states of brane/anti-brane pairs. Note, such supergravity solutions correspond to the restricted configurations which have only three localized overall transverse directions and where all the dipole moments of the constituent brane/anti-brane pairs are equal.

As we have seen explicitly from the brane/anti-brane pair (bound state) solutions in the previous sections and this section, the supergravity solutions for the delocalized brane/anti-brane pairs and their bound states (with equal dipole moments for the case of the marginal bound states) still satisfy the rules similar to the harmonic function superposition rules [31] of the (delocalized intersecting) brane solutions. One can summarize the harmonic superposition rules for such solutions as follows:

• The solutions are still expressed in terms of the “modified” harmonic functions, each of which is associated with each constituent brane/anti-brane pair. In the case of the 3-dimensional (overall) transverse space or with only 3 directions of the (overall) transverse space localized, the modified harmonic function is given by H = r^2 − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ

. (105)

For the non-marginal bound states of two brane/anti-brane pairs with the (overall) transverse space with 3 localized directions, the modified harmonic functions are H_1 = r^2 − a^2 cos^2 θ r^2 − 2mr cos^2 δ − a^2 cos^2 θ , H_2 = r^2 − 2mr cos^2 δ − a^2 cos^2 θ r^2 − 2mr − a^2 cos^2 θ

, (106)

where cos^2 δ in the modified harmonic functions can be replaced by sin^2 δ.

• The spacetime metric is constructed in terms of the modified harmonic functions similarly as the (delocalized intersecting) brane solutions. Namely, the overall worldvolume and the relative transverse components of the metric is given by the flat metric times overall factors expressed in terms of the products of the “modified” harmonic functions with the appropriate powers (same as the case of the brane solutions). However, for the (overall) transverse components of the metric, although the overall factor is expressed in terms of the products of “modified” harmonic functions with the same powers as in the case of the brane solutions, the (overall) transverse space is no longer (conformally) flat. Namely, the term (dy)^2 in (overall) transverse part (with the coordinates y) of the metric is replaced by a curved metric. In the case of the 3-dimensional (overall) transverse space or the (overall) transverse space with only 3 localized directions, the flat metric (dy)^2 is replaced in the manner described in Eq. (104). For the case of the non-marginal bound states of two brane/anti-brane pairs, the flat metric (dy)^2 is replaced as in Eq. (104) with n = 1.

• The dilaton is expressed as product of the modified harmonic functions with the same powers as the (delocalized intersecting) brane solution cases.

This harmonic function superposition rules can be straightforwardly generalized to the case where there is an external magnetic field that provides the repulsive force necessary in the force balance between brane and anti-brane. This can be done by using the solution constructed in Ref. [13] in place of the solution (2) that we have used so far in this paper. In this case, the generalized harmonic function (105) is modified to H = r^2 − a^2 cos^2 θ A , (107)

where

A ≡ r^2 − 2mr − a^2 cos^2 θ + 4Bmr sin^2 θ

+B^2 sin^2 θ [ (r^2 − a^2)^2 + a^2(r^2 − 2mr − a^2) sin^2 θ ] . (108)

Here, B = 2m/(m + a + √ m^2 + a^2)^2 is the external magnetic field, which is tuned in such a way that the conical singularity at r = r_+ disappears. Note, when the external magnetic field B is zero, A = r^2 − 2mr − a^2 cos^2 θ, leading to the previous case with no external magnetic field. And the (overall) transverse space is modified as

dr^2 + r^2(dθ^2 + sin^2 θdφ^2) −→ A^n (r^2 − 2mr + m^2 sin^2 θ − a^2 cos^2 θ)^n�^1 [ dr^2 r^2 − 2mr − a^2

+ dθ^2 ]

+(r^2 − 2mr − a^2) sin^2 θdφ^2, (109)

for the case when there are n ≤ 4 constituents (with the equal dipole moments) in the marginal bound states of brane/anti-brane pairs.

We speculate that even for the full solutions for the (bound states of) brane/antibrane pairs these harmonic superposition rules will hold, with the appropriate modified harmonic functions and (overall) transverse components of the metric.

References

[1] A. Sen, “SO(32) spinors of type I and other solitons on brane-antibrane pair,” JHEP 09 (1998) 023, hep-th/9808141.

[2] E. Witten, “String theory dynamics in various dimensions,” Nucl. Phys. B443 (1995) 85, hep-th/9503124.

[3] A. Dabholkar, “Ten-dimensional heterotic string as a soliton,” Phys. Lett. B357 (1995) 307, hep-th/9506160.

[4] C.M. Hull, “String-string duality in ten-dimensions,” Phys. Lett. B357 (1995) 545, hep-th/9506194.

[5] J. Polchinski and E. Witten, “Evidence for heterotic - Type I string duality,” Nucl.

Phys. B460 (1996) 525, hep-th/9510169.

[6] J. Polchinski, “String theory”, Cambridge University Press, 1998. [7] A. Sen, “Tachyon condensation on the brane antibrane system,” JHEP 08 (1998) 012, hep-th/9805170.

[8] A. Sen, “Strong coupling dynamics of branes from M-theory,” JHEP 10 (1997) 002, hep-th/9708002.

[9] D.J. Gross and M.J. Perry, “Magnetic monopoles in Kaluza-Klein theories,” Nucl. Phys.

B226 (1983) 29.

[10] W.B. Bonnor, “An exact solution of the Einstein-Maxwell equations referring to a magnetic dipole,” Z. Phys. 190 (1966) 444.

[11] S. Mukherji, “On the heterotic dipole at strong coupling,” hep-th/9903012. [12] B. Janssen and S. Mukherji, “Kaluza-Klein dipoles, brane/anti-brane pairs and instabilities,” hep-th/9905153.

[13] R. Emparan, “Black diholes,” hep-th/9906160.

[14] M.J. Duff, R.R. Khuri, R. Minasian and J. Rahmfeld, “New black hole, string and membrane solutions of the four dimensional heterotic string,” Nucl. Phys. B418 (1994) 195, hep-th/9311120.

[15] A. Davidson and E. Gedalin, “Finite magnetic flux tube as a black and white dihole,” Phys. Lett. B339 (1994) 304, gr-qc/9408006.

[16] D.V. Galtsov, A.A. Garcia and O.V. Kechkin, “Symmetries of the stationary Einstein- Maxwell dilaton theory,” Class. Quant. Grav. 12 (1995) 2887, hep-th/9504155.

[17] D. Garfinkle, G.T. Horowitz and A. Strominger, “Charged black holes in string theory,” Phys. Rev. D43 (1991) 3140.

[18] F. Dowker, J.P. Gauntlett, D.A. Kastor and J. Traschen, “Pair creation of dilaton black holes,” Phys. Rev. D49 (1994) 2909, hep-th/9309075.

[19] F. Dowker, J.P. Gauntlett, S.B. Giddings and G.T. Horowitz, “On pair creation of extremal black holes and Kaluza-Klein monopoles,” Phys. Rev. D50 (1994) 2662, hepth/9312172.

[20] F. Dowker, J.P. Gauntlett, G.W. Gibbons and G.T. Horowitz, “The Decay of magnetic fields in Kaluza-Klein theory,” Phys. Rev. D52 (1995) 6929, hep-th/9507143.

[21] M.A. Melvin, “Pure magnetic and electric geons,” Phys. Lett. 8 (1964) 65.

[22] G.W. Gibbons and K. Maeda, “Black holes and membranes in higher dimensional theories with dilaton fields,” Nucl. Phys. B298 (1988) 741.

[23] J. Ehlers, in Les Theories de la Gravitation, (CNRS, Paris, 1959); B. Harrison, “New solutions of the Einstein-Maxwell equations from old,” J. Math. Phys. 9 (1968) 1744.

[24] A. Shapere, S. Trivedi and F. Wilczek, “Dual dilaton dyons,” Mod. Phys. Lett. A6 (1991) 2677.

[25] M.J. Duff, J.T. Liu and J. Rahmfeld, “Four-dimensional string-string-string triality,” Nucl. Phys. B459 (1996) 125, hep-th/9508094.

[26] J. Rahmfeld, “Extremal black holes as bound states,” Phys. Lett. B372 (1996) 198, hep-th/9512089.

[27] M.J. Duff and J. Rahmfeld, “Bound states of black holes and other p-branes,” Nucl.

Phys. B481 (1996) 332, hep-th/9605085.

[28] E. Bergshoeff, H.J. Boonstra and T. Ortin, “S duality and dyonic p-brane solutions in type II string theory,” Phys. Rev. D53 (1996) 7206, hep-th/9508091.

[29] P.S. Howe and P.C. West, “The complete N = 2, D = 10 supergravity,” Nucl. Phys.

B238 (1984) 181.

[30] J.H. Schwarz, “Covariant field equations of chiral N = 2 D = 10 supergravity,” Nucl.

Phys. B226 (1983) 269.

[31] A.A. Tseytlin, “Harmonic superpositions of M-branes,” Nucl. Phys. B475 (1996) 149, hep-th/9604035.