arXiv:hep-th/9908189 v2 2 Mar 2000

CPTH-PC-732.0899 hep-th/9908189

STRING THEORY ON ADS_3: SOME OPEN QUESTIONS

P. Marios PETROPOULOS

Centre de Physique Théorique, Ecole Polytechnique^⋄ 91128 Palaiseau Cedex, France.

Abstract

String theory on curved backgrounds has received much attention on account of both its own interest, and of its relation with gauge theories. Despite the progress made in various directions, several quite elementary questions remain unanswered, in particular in the very simple case of three-dimensional anti-de Sitter space. I will very briefly review these problems, discuss in some detail the important issue of constructing a consistent spectrum for a string propagating on ADS_3 plus torsion background, and comment on potential solutions.

To appear in the proceedings of the TMR European program meeting “Quantum aspects of gauge theories, supersymmetry and unification”, Paris, France, 1–7 September, 1999.

CPTH-PC-732.0899 August 1999

⋄ Unité mixte 7644 du Centre National de la Recherche Scientifique.

1 String theory on ADS3: the simplest setting beyond flat space

String theory is certainly the most appropriate setting for studying quantum-gravity phenomena. This includes big-bang cosmology, black-hole physics, and more general gravitational/gauge solitons or other exotic objects. In the absence of a truly non-perturbative approach to string theory, the usual method consists in analysing the propagation of the string on non-trivial backgrounds generated by some sources, which correspond either to perturbative or to non-perturbative string states. Consistency of string propagation imposes severe restrictions on the allowed backgrounds, which must be conformal so as to satisfy the whole set of requirements exactly in α^′. Approximations can also be found by solving the relevant equations of motion up to some order in α^′.

Three-dimensional anti-de Sitter (or de Sitter) space was recognized long ago as a case of interest with respect to the above motivations [1]–[6]. It is a maximally symmetric solution of Einstein’s equations with negative cosmological constant, and time is embedded non-trivially in the curved geometry. Alternatively, it corresponds to the Freedman–Gibbons electrovac solution of gauged supergravity, which can be shown to leave space-time supersymmetry unbroken [7]. Other peculiar features of ADS_3 are the absence of asymptotically flat regions, the presence of boundaries (when conformally compactified), as well as a rich causal structure, which makes it possible to obtain three-dimensional black holes after modding out some discrete symmetry [8].

As far as string theory is concerned, ADS_3 is an exact background, provided an NS– NS two-form is switched on. In fact, three-dimensional anti-de Sitter space is the universal covering of the SU(1, 1) group manifold, and the corresponding two-dimensional conformally invariant sigma model is a Wess–Zumino–Witten model, which naturally accounts for the torsion background.

Several remarks can be made here in order to argue that ADS_3 provides the simplest setting for string theory beyond flat space. General non-compact group manifolds define a natural framework for studying strings on space-times with non-trivial geometry. Restricting ourselves to the case of simple groups, however, only SU(1, 1) possesses a single time direction; ADS_3 is therefore the only exact background where string propagation leads to a WZW model. Of course, cosets with one time direction can be constructed out of simple non-compact group manifolds. This is the case, for instance, for ADS_n, which appears as O(2, n − 1)/O(1, n − 1). However, these geometries cannot be obtained by the usual GKO construction in the framework of gauged WZW models.

Last but not least, the motivation for understanding string theory on ADS_3, and more generally on ADS_n, is related to the recent developments on ADS/CFT correspondence [9]. There, supergravity in the bulk of anti-de Sitter space is argued to be in some sense equivalent to a large-N super-Yang–Mills theory on the boundary. Since the supergravity theory under consideration is the low-energy limit of a more fundamental superstring theory, the question arises of the exact structure of the latter on the anti-de Sitter background, and its connexion to the super-Yang–Mills theory on the boundary. Here also ADS_3 plays a particular role. The asymptotic isometry group is infinite-dimensional [10], and the theory on the boundary is a two-dimensional conformal field theory. The latter is different from the two-dimensional sigma model whose target space is the “bulk ADS_3” on which the string propagates. Considerable efforts have been made for understanding the relationship between these two conformal theories, in order to both set more precisely the ADS/CFT correspondence, and try to get some feedback on the structure of the string theory on ADS_3 [11]^1.

Despite those efforts and the apparent simplicity of the model at hand, I will show that several important and elementary issues, such as the determination of the spectrum, consistent with the basic requirements of string theory and conformal field theory, are still beyond our understanding. I will also try to motivate various suggestions for further analysis.

Although we are ultimately interested in understanding how superstrings behave on ADS_3 background, I will concentrate in the sequel on the bosonic case, where the issues I would like to address are already visible. Moreover, this case might have some relevance in the framework of recent attempts at establishing some relationship between various bosonic theories – including perhaps the celebrated 26-dimensional theory.

2 The SU (1, 1) Wess–Zumino–Witten model

The analysis of string theory on ADS_3 plus torsion background can be performed in two steps. First, we must study the sigma model whose target space has the above geometry; this is a WZW model on the SU(1, 1) group manifold. Then, the latter has to be coupled to two-dimensional gravity. At the level of the Hilbert space, this amounts to the decoupling of a certain subspace, which becomes unphysical.

As a general remark, it should be stressed here that the geometrical interpretation of a conformal field theory as a string propagating in some backgrounds, is sometimes loose. It becomes unambiguous only in some semi-classical limits, or in the presence of a dense spectrum of Kaluza–Klein modes. Hence, one should be aware that very often one is not describing the situation for which the model was designed. Conversely, unexpected geometrical interpretations may arise.

Very little is known about WZW models on non-compact groups, at a sufficiently rigorous and general level. Most of our knowledge is based on a formal extension of the compact case to some specific situations, and in the framework of current-algebra techniques. Target-space boundary conditions, in particular, are treated somehow carelessly, although we know how important they are for selecting various representations when studying quantum mechanics on ADS_3 [12, 13], or in the determination of the asymptotic symmetry algebra acting on that space [10]. This should be kept in mind in any attempt to go beyond our present knowledge of the subject.

We usually assume that the SO(2, 2) ∼= SU(1, 1)_L × SU(1, 1)_R symmetry of the above model is realized in terms of an affine Lie algebra, the level of which is not quantized because π_3(SU(1, 1)) = 0 or, put differently, because of the absence of any Dirac-like singularity in the torsion background.

The commutation relations for the modes of the currents (J^a(z) = ∑ m∈Z z^{−m−1}J^am, 1Notice that most of these works deal with “Euclidean ADS_3”, H^3_+, whereas I will present here the ordinary Minkowskian situation. Except for the unitarity properties, the two cases share many features.

a = 1, 2, 3) are [ J^a_m, J^b_n ] = if^{ab}_c J^c_{m+n} + k 2 mg^{ab}δ_{m+n} , with g^{ab} =^1_2 f^{bd}_c f^{ca}_d = diag(− − +) and f^{ab}_d g^{dc} = −ϵ^{abc} (ϵ^{123} = 1). We expect the anomaly k to be negative so that there is only one negative-metric generator that plays the role of the time coordinate, namely the third direction. We also introduce J^±_m = iJ^1_m ∓ J^2_m.

The world-sheet energy–momentum tensor is given by the affine Sugawara construction:

T (z) = 1 k + 2 g_{ab} : J^a(z) J^b(z) : .

The modes L_m (T (z) = ∑ m∈Z z^{−m−2}L^m) satisfy the Virasoro algebra with central charge c =^{3k}_{k+2} , and [L_m, J^a_n ] = −nJ^a_{m+n} . (2.1)

Finally, the Hilbert space is formally constructed as in the compact case: it is a direct sum of products of representations of the left and right current algebras. Highest-weight representations^2 of the SU(1, 1) current algebra are labelled by the spin j of the primary fields (states of level zero), which form a representation of the global algebra (generated by the zero modes J^{±,3}_0 ), and have conformal weight j(j + 1)/k + 2.

Irreducible representations of the global algebra are essentially of two kinds [16]: discrete D^∓(j) or continuous principal C_p(b, a) and continuous supplementary C_s(j, a). The discrete ones have highest (D^−) or lowest (D^+) weight, whereas the continuous ones do not. The spin j of the discrete representations is real^3, and their states are labelled by |jm⟩, m = j, j ∓ 1, j ∓ 2, . . . For the principal continuous ones, j = −^1_2 + ib, b < 0, and the magnetic number is m = a, a ± 1, a ± 2, . . . , −^1_2 ≤ a <^1_2 , a, b ∈ R; for the supplementary continuous ones, −^1_2 ≤ j < 0 and −^1_2 ≤ a <^1_2 , with the constraint | j +^1_2 | <^1_2 − |a|, a, j ∈ R. These representations are unitary and infinite-dimensional; D^±(j) become finite-dimensional when j is a positive integer or half-integer, and are non-unitary for any positive j. Notice finally that the quadratic Casimir (j(j + 1)) is negative for both continuous series; for the discrete ones it is negative or positive when −1 < j < 0 or j < −1, respectively.

Highest-weight representations of the current algebra are obtained by acting with J^{±,3}_{−1} on the above level-zero states, which are annihilated by all positive-frequency modes. These representations contain an infinite tower of negative-norm states, due to the indefinite metric g^{ab}. Therefore, in the above setting, it is impossible to write down a unitary conformal theory based on the SU(1, 1) WZW model. This is not surprising, and the same conclusion holds anyway for three free bosons with metric (− + +), obtained here when k → −∞.

I now come to the following crucial question: How should the above representations be combined to form a consistent, though non-unitary, model? In order to answer this question,

2Representations without highest or lowest weight do exist [14]. It is, however, not clear how those could be interpreted within a stable string theory. More representations of the SU (1, 1) current algebra can be found in [15].

3In order to avoid closed time-like curves, we are considering the universal covering of SU (1, 1). Therefore, j is not quantized.

we can follow the requirement of modular invariance. The genus-one partition function reads, in general: Z(τ, τ̄ ) = ∑ L,R N_{L,R} χ_L(τ ) χ̄_R(τ̄ ) , (2.2)

where the summation is performed over all left–right representations present in the spectrum, and χ(τ ) are the corresponding characters:

χ(τ ) = Tr q^{L0− c24} , (2.3)

q = exp 2iπτ . The multiplicities N_{L,R} must be chosen in such a way that the partition function is invariant under τ → τ + 1 and τ → −1/τ . Notice that, again, Eq. (2.2) is formal in the non-compact case, and one should prove it, e.g. by using path-integral techniques starting directly from the WZW action, as in Ref. [6].

Already at this level, a major problem appears, which is actually generic to all noncompact groups. The unitary representations of the global algebra being infinite-dimensional, there is an infinite degeneracy level by level in the representations of the current algebra, and consequently the characters (2.3) are ill-defined^4. This is the price to pay for using the full non-compact and non-Abelian symmetry to classify the states of the theory. In fact, this is not specific to the two-dimensional sigma model we are analysing. Similar problems would occur in the relativistic quantum mechanics of a particle on a two-dimensional plane, if we tried to describe its propagator by using wave-function representations of the full Lorentz group SO(2, 1). The reason why free bosons can be analysed without trouble just relies on the Abelian nature of the symmetry used to classify their spectrum.

In our formal treatment, the only way out is to lift the degeneracy by switching on a source coupled to J^3_0 :

χ(τ, v) = Tr q^{L0− c24} e^{2iπvJ30} . (2.4)

Notice, however, that this definition does not allow a regularization of the characters of the representations based on the continuous series^5. This shows that discrete and continuous representations definitely play different roles, and that the continuous ones do not fit into the present current-algebra approach. Moreover, convergence of the trace in (2.4) demands Im v > 0 for D^+ and Im v < 0 for D^−. As a consequence, within the present framework, D^+ and D^− cannot appear simultaneously in the spectrum.

In computing the characters, the main difficulty is to properly identify the singular vectors. These are zero-norm states orthogonal to any other state; their descendents possess the same property and they are thus responsible for the reducibility of the Verma modules. Exhaustive and rigorous results can be found in Refs. [17].

There are some particular sets of representations of the current algebra: the admissible

4We could consider finite-dimensional non-unitary representations of the global algebra, since the Verma module built on any representation is anyway non-unitary. However, for later use in string theory, this choice would not be sensible.

5For those, one could replace J^3_0 by |J^3_0 | in Eq. (2.4). Such characters have never been studied in the mathematical literature.

representations^6. These are based on the discrete series, and appear at the level k = t u − 2 , t ≥ 2 , u > 0 , t, u ∈ Z , (2.5) with spins j = 1 2 ( n − s t u ) , 0 ≤ n ≤ t − 2 , 0 ≤ s ≤ u − 1 , n, s ∈ Z . (2.6) For these representations, k ≥ −2, and the spin obeys the following bounds: 1 − u u t 2 ≤ j ≤ t 2 − 1 . The primary states do not necessarily belong to some unitary representation of the global algebra, since j can be positive. Singular vectors appear at various levels, which makes the evaluation of (2.4) quite intricate. Nevertheless, the characters of these series were obtained in [18]. They turn out to form finite representations of the modular group, which now acts as: T : (τ, v) → (τ + 1, v) , S : (τ, v) → ( − 1 τ , v τ ) . Rational models with an ADE type of classification can be constructed by using the above results [19]. Besides being non-unitary, these models have peculiar properties. Their central charge is given by c = 3 − 6u/t, which is negative when t < 2u. Moreover, the above models are only defined in the presence of a “magnetic field”, which is not invariant under modular transformations. The interpretation of these features is not clear.

For string-theory purposes, the level of the current algebra should satisfy k < −2: this ensures positive central charge as well as a single time-like direction in the target space, which are both necessary conditions for the physical spectrum to be free of negative-norm states. Furthermore, as far as the discrete series are concerned, j should be non-positive in order to avoid unitarity problems already at level zero. This excludes the admissible representations, and therefore the possibility of using their modular-invariant combinations.

In the regime k < −2, very little is known about the characters of the SU(1, 1) current algebra. Those characters can be computed in the case of highest-weight representations based on discrete series (Eq. (2.4)), for generic values of k and j, where no singular vectors are present, with the result [20, 21]: χ^k_j (τ, v) = q^{(2j+1)} 2 4(k+2) e iπ 2 (2v+1)(2j+1) e−iπj ϑ_1(τ, v) , (2.7)

where ϑ_1(τ, v) is the odd Jacobi function

ϑ_1(τ, v) = −2 sin(πv) q^{18} ∞∏ n=1 (1 − q^n) ( 1 − q^n e^{2iπv} ) ( 1 − q^n e^{−2iπv} ) . 6In the context of the SU (2) WZW, using the GKO coset construction, these series lead to the minimal BPZ models with c < 1. For the integer level (u = 1 in Eq. (2.5)), unitarity is guaranteed, and one gets the ADE invariants for SU (2) as well as the corresponding unitary series at c < 1.

Expression (2.7) does not hold for some discrete sets of (k, j)’s, such as when 2j−k+n = 1, n a positive integer, or when j = m/2, m ∈ Z, independently of k. In such cases, the presence of null states will obviously spoil (2.7). In those situations it is probably more of a technical problem than a conceptual one to determine the exact characters. A much more difficult issue is certainly how to combine the various characters for obtaining modular-invariant partition functions. As an example, we can consider the modular transformations of the characters (2.7). We obtain:

χ^k_j (τ + 1, v) = e iπ 2 ( (2j+1)2 (k+2) − 1 2 ) χ^k_j (τ, v) , (2.8) χ^k_j ( − 1 τ , v τ ) = √ 2 k + 2 e^{iπ2}

(_v2 τ k+1 ) ∫_{+∞} −∞ dℓ e^{−iπ (2j+1)(2ℓ+1)k+2} χ^k_ℓ (τ, v) . (2.9)

These transformations involve all values of j, with zero measure for the discrete sets of representations possessing singular vectors. Constructions involving only these generic characters turn out to be too simple, and do not enable us to obtain interesting modular-invariant combinations. In particular, the naive diagonal combination integrated over all values of j (again, all primary states do not belong to unitary representations of the global algebra) is not, strictly speaking, modular-invariant because of the v-dependent prefactor appearing in (2.9). Nevertheless, considering this combination, we find:

Z^k_{diag}(τ, v) = ∫_{+∞} −∞ dj | χ^k_j (τ, v) |_2 = 1 2 √ k + 2 Im τ e^{π(k+2) ( Im v)2Im τ} |ϑ_1(τ, v)|^2 (2.10)

(as usually, in the presence of a time-like coordinate, analytic continuation is needed – here when k < −2 in Eqs. (2.9) and (2.10)). Under an S-transformation, an extra factor appears: |exp iπkv^2/τ |. The latter is irrelevant at v → 0. Since this limit is singular, however, modular invariance should be demanded for any finite value of v. It can be reached only if, in expression (2.10), the measure dj is replaced with dj exp −πk^{( Im v)2}_{Im τ} . This formally defines an invariant combination at any v ≠ 0, because it accounts for the cancellation of the extra v-dependent factor appearing in the transformation (2.9). However, in this way, the diagonal combination no longer depends on k (except for the overall volume factor √ k + 2), which means in particular that the asymptotic behaviour of the spectrum does not depend on the central charge. This situation is hardly acceptable (another argument is given at the end of Section 3 for the string theory), and the above results should be interpreted as a sign that, among others, we should consider more carefully the appearance of representations with singular vectors. I will come back to this point when studying the string on ADS_3. It is also interesting to observe that the result (2.10) was obtained in [6] as the partition function of Euclidean three-dimensional anti-de Sitter space, H^3_+ ≡ SL(2, C)/SU(2), by using a rigorous path-integral approach^7. It is not clear why such a non-modular-invariant partition function would be satisfactory in the case of H^3_+.

So far, I have been considering the construction of conformal models based on SU(1, 1) WZW at level k. The encountered problems can be summarized as follows. One is the

7See also [22] for a rigorous treatment of H^3_+. In Ref. [6], the two-dimensional Euclidean black hole was also analysed. For the latter, the result turns out to be modular-invariant.

infinite degeneracy at each level in the representations of the current algebra, and in particular the treatment of the representations based on the continuous series for which no character formula has been proposed in the mathematical literature. This problem might be fixed in a path-integral approach, where a zero mode responsible for the corresponding (infinite-volume-like) divergence could be identified and removed. Alternatively, we might also need a deformation of the affine Sugawara construction in order to lift the degeneracy without coupling to an external field. Modification of the current algebra itself has also been advocated [23]. The question then arises whether these deformations still describe the initial WZW theory. For example, in the compact-group WZW models, the natural stress tensor, obtained by differentiating the action with respect to the metric, is precisely the one given by the affine Sugawara construction [24]. Any deformation with respect to the latter, possibly continuous and conformal, will abandon the original WZW theory.

Another problem is related to the construction of various modular-invariant partition functions: What are the sets of representations – including representations based on both discrete and continuous series – which form a well-behaved OPA? Only the sets of admissible representations, based on some discrete series, have been identified.

This question is difficult and we can somehow understand why by comparing our case to the situation of a WZW model on the group manifold of SU(2). The SU(2) theory can be unitary because the affine algebra has unitary highest-weight representations for integer and half-integer spin such that 0 ≤ j ≤ k/2 (k is integer here). Modular invariance is therefore expected for combinations of representations falling within this range, and indeed this happens. That is not a miracle: the structure of characters, and thereby their modular transformations, is directly dictated by the presence of singular vectors, which in turn determine the unitarity properties of the representations since they appear as limiting cases of positive-norm states becoming negative-norm. For example, the (sufficient) condition 2j − k + n = 1 for having a null state at level n has solutions within the range j ≤ k/2, which embeds the unitarity domain. Another instructive example is the case of the free boson. There, all representations of the U(1) algebra are unitary – none if the boson is of time-like signature – and are labelled by a continuous momentum. No null states appear and all representations must be used in a consistent model. They lead to the celebrated (√ Im τηη̄ )_{−1} partition function. Both for the SU(2) WZW model and for the free boson, unitarity is a guideline for reaching modular-invariance. For SU(1, 1) there are no unitary highest-weight representations of the current algebra, whereas some have null states and some others do not. Unitarity and presence or absence of singular vectors cannot therefore be successfully advocated for constructing modular-invariant combinations.

3 String theory on SU (1, 1)

I will now analyse the string propagating over the SU(1, 1) group manifold. The coupling of the above conformal model to the two-dimensional gravity creates spurious states that we should eliminate from the spectrum. The most straightforward approach would have been the light-cone-gauge analysis. Unfortunately, this method is hard to implement (despite several attempts [25]) and we have therefore to advocate – without rigorous proof – that going to the conformal gauge and imposing the Virasoro constraints will eliminate all spurious states, provided the conformal anomaly is cancelled.

In this analysis, the natural questions are the following: What are the representations of the SU(1, 1)_L × SU(1, 1)_R current algebra that should be kept in order to have a consistent theory (in particular a well-behaved operator algebra)? What are the roles of discrete versus continuous representations? Are all physical states of positive norm? What kind of particles do these states describe, and what are the corresponding vertex operators?

Anomaly cancellation for the bosonic string implies c = 26, where c accounts for all matter-field contributions. String theory on SU(1, 1) can be critical on its own, since the level of the affine algebra can be freely tuned to reach the critical central charge: k = −52/23. It might be relevant, however, to keep k free, and couple the SU(1, 1) sigma model to some unitary conformal field theory such as d free bosons, a WZW model on SU(2), . . . This can help in understanding the theory at large |k|, corresponding to the near-flat-space limit.

As was emphasized in the previous section, very little is known about the WZW model on SU(1, 1). The only guideline is therefore the search for representations of the current algebra leading to a positive-definite physical Hilbert space. In fact, it is straightforward to argue that within the class of highest-weight representations of the SU(1, 1) current algebra we have considered, and in the general framework we have presented so far for analysing the string propagation on a non-compact manifold, there is no satisfactory selection of representations that can be performed, which guarantees the absence of negative-norm states in the physical Hilbert space.

The argument goes as follows. I will concentrate on the left-movers, keeping in mind that they should be eventually paired with right-movers. A highest-weight representation of the current algebra is built on a representation of the global algebra, which defines the level-zero states and is annihilated by positive-frequency current modes. Acting on those states with J^{±,3}_{−1} will generate the Verma module. At each level, the set of states can be decomposed with respect to the global algebra. Since the Virasoro generators commute with the modes J^{±,3}_0 (see Eq. (2.1)), Virasoro constraints (L_m|physical⟩ = 0 ∀m > 0) will keep or throw away complete representations of the global algebra. This considerably simplifies the rules for implementing unitarity: (i) the level-zero states should all have positive norm, i.e. be a unitary representation of the global algebra of the type D^±(j), C_p(b, a) or C_s(j, a) (see previous section for the allowed values of the parameters j, a, b); (ii) at each level, any physical representation should also have parameters consistent with unitarity; this last statement ensures that all states of the representation at hand are positive-norm, provided the norm of one of them is indeed positive.

A simple computation shows that, irrespectively of the type of unitary level-zero representation, D^± (j), C_p(b, a) or C_s(j, a), at level one there will be generically three representations of the global SU(1, 1) algebra: two Virasoro primaries (i.e. physical up to mass-shell condition) with spin j + 1 and j − 1, and an unphysical one with spin j. This generalizes at level N, where we meet at least two Virasoro-primary representations, with spin j ± N.

In the case of continuous series C_p(b, a) or C_s(j, a), already at level one, the values of the spin are out of the unitarity range: for C_p(b, a) the quadratic Casimir becomes complex, whereas it becomes positive for C_s(j, a). On the other hand, at level N, mass-shell condition reads:

j(j + 1) k + 2

+ N ≤ 1 (3.1)

(an internal positive conformal weight is supposed to compensate the difference with respect to 1); this shows that the maximal allowed level for a primary spin-j representation is

N_m(j) = integer part ( 1 − j(j + 1) k + 2 ) . (3.2)

Therefore, as far as the continuous series are concerned, in the regime of interest (k < −2), N_m(j) = 0. Unitarity is guaranteed, but these representations only describe part of the tachyonic sector of the theory [21].

The case of discrete series goes along the same lines. For k < −2, all states have positive norm in the range −1 < j < 0, but are all tachyonic (level zero only is allowed). When j ≤ −1, N_m(j) ≥ 1, which corresponds to more general massive, massless or tachyonic excitations. However, since N_m(j) grows quadratically with j, for sufficiently large |j|, N_m(j) + j becomes positive, and physical non-unitary representations appear [2]. Negativenorm states remain in the spectrum^8.

The situation described above is not very encouraging. Representations of the current algebra based both on continuous and discrete series seem to be required for generating the complete bosonic spectrum. Virasoro constraints and mass-shell condition guarantee unitarity for the continuous series – which describe only tachyons –, but do not succeed in the case of discrete representations. When the spin is of order j <∼ k + 2, the norm of the on-shell states in the current-algebra representation is no longer positive; for these states M^2 >∼ |k + 3|.

Within this framework, if we insist on having a theory free of negative-norm states, the only possibility left would be to cut the spin j (j_{min} ≤ j < 0) in such a way that N_m(j_{min})+j_{min} be non-positive [3]. We thus avoid some physical non-unitary representations that would have been present otherwise, and there is hope that all negative-norm states decouple in this way.

It is important to be aware that this latter possibility violates the generic structure of the string spectrum itself. We lose the infinite tower of string modes (the mass is cut off at the scale of the radius of ADS_3), and consequently the hope of constructing a consistent spectrum shrinks. Modular invariance is expected to be spoiled. Moreover, we cannot even keep the unit representation in the spectrum, namely the current-algebra representation with j = 0, since N_m(j = 0) = 1, and level one contains a representation of the global algebra with spin 1, which is not unitary. Despite these features the above possibility has been worked out because of some appealing properties. Let me briefly summarize the situation.

8As expected, the situation for k > −2 is worse and unitarity is definitely lost in that case. For the continuous series, N_m(j) ≥ 1. Thus, for any spin, non-unitary physical representations appear at several levels. The same conclusion holds for the discrete series with −1 ≤ j < 0, whereas only tachyons are physical for j < −1.

Starting from a level-zero unitary discrete representation D^−(j) (j < 0), we find a representation D^− (j + 1) at level one, which is Virasoro-primary. The norm of its highest weight is given by 2j − k. The mass-shell condition implies that this representation is present as long as j ≤ −1 (remember k < −2). In that range, unitarity thus demands k 2 ≤ j < 0 . (3.3)

Condition (3.3) is the key of our analysis [3, 4]. It is similar to the condition appearing in SU(2)_k and has in fact the same origin, although its purpose here is not to garantee the unitarity of the SU(1, 1) WZW model, but the unitarity of the latter modded out by the Virasoro constraints. The above condition on the spin has drastic consequences over the string spectrum. By using Eq. (3.2), there appears an absolute upper bound on the string level,

N_{max} = integer part ( 1 − k 4 ) , (3.4)

and similarly for the mass squared. For instance, if the string is a pure WZW model on SU(1, 1), k = −52/23, and the physical spectrum is made out of tachyons and massless states only. On the other hand, we can add an internal unitary conformal field theory with positive central charge c_{int}. The bigger c_{int} is, the larger |k| is, and more and more massive are the states that the physical spectrum acquires^9.

As was already stressed, the consistency of a string with a finite number of mass levels is questionable. One can in particular wonder what the issue of modular invariance could be. Following our discussion of Section 2, it appears that modular transformations of characters for generic values of (k, j) (see Eq. (2.9)) violate the bound (3.3). Of course, special values of the spin where singular vectors appear in the Verma module can lead to characters with different modular properties, and modular-invariant combinations could eventually be reached. Unfortunately, interesting situations arise when 2j − k + n = 1 [17], which is out of the would-be unitarity range. Anyhow, since we do not know the SU(1, 1) characters in the regime k < −2, we cannot go any further in the present analysis.

Finally, the question to be answered is still whether the above condition (3.3) can indeed help to restore unitarity.

As already mentioned earlier, at level N, there appears one representation of the global algebra with spin j + N, which is Virasoro-primary. Constraint (3.3) combined with massshell condition (3.1) is sufficient to guarantee that j + N never becomes positive. Unitarity also requires the highest-weight vector of that representation to be positive-norm. This makes condition (3.3) necessary and sufficient (the norm vanishes at k = 2j).

There also appears at level N a Virasoro-primary representation with spin j − N; since j − N is always negative, all we must check is the norm of its highest-weight vector. For j < −1/2 and k < −2, its norm is strictly positive, at any N (it vanishes at j = −1/2 and is

9Notice that in the flat-space limit, the upper bound on the mass disappears. This limit cannot therefore rule out the above analysis. It can, however, serve as a guideline to check the consistency of the results obtained in ADS_3.

negative for −1/2 < j < 0, but in this range only level zero is allowed by (3.1)). Condition (3.3) plays no role here.

Although technically involved, it is quite straightforward to prove explicitly the absence of negative-norm states at both level one and level two [3]. The first level is the only one allowed by condition (3.3) for a pure WZW SU(1, 1) model (see Eq. (3.4) with k = −52/23), and does not contain, in that case, other Virasoro primaries. Unitarity is therefore proved^{10}.

In order to see what happens at level two, i.e. which representations survive the Virasoro constraints, we must consider some extra unitary conformal field theory. It is simple, and quite instructive as far as counting of states is concerned, to add d free bosons. The total central charge is now d + 3k/(k + 2), whereas the space-time dimension becomes D = d + 3. The critical dimension is D_{cr} = 29 −^{3k}_{k+2} .

At level one the total number of representations of the global SU(1, 1) algebra is D (1 with spin j + 1, D − 2 with spin j, and 1 with spin j − 1). Among them, D − 1 are Virasoro-primary: 1 with spin j + 1, D − 3 with spin j, and 1 with spin j − 1. On shell, D − 2 have positive norm, and 1 has zero norm (with spin j).

At level two, the total number of representations is D(D + 3)/2; 1 has spin j + 2, D − 1 have spin j + 1, D(D − 1)/2 have spin j, D − 1 have spin j − 1, and 1 has spin j − 2. There are (D + 2)(D − 1)/2 Virasoro primaries: 1 with spin j + 2, D − 2 with spin j + 1, (D − 1)(D − 2)/2 with spin j, D − 2 with spin j − 1, and 1 with spin j − 2. The on-shell positivity properties of these representations are the following:

(i) For D < D_{cr}: D(D − 1)/2 positive-norm; D − 1 zero-norm, among which 1 with spin j + 1, D − 3 with spin j, and 1 with spin j − 1.

(ii) For D = D_{cr}: (D + 1)(D − 2)/2 positive-norm; D zero-norm, among which 1 with spin j + 1, D − 2 with spin j, and 1 with spin j − 1.

(iii) For D > D_{cr}: (D + 1)(D − 2)/2 positive-norm; D − 1 zero-norm, among which 1 with spin j + 1, D − 3 with spin j, and 1 with spin j − 1; 1 negative-norm with spin j. We thus conclude that all negative-norm states decouple from the physical spectrum, provided D ≤ D_{cr}. Unitarity is lost otherwise.

These level-two unitarity properties assume condition (3.3). If j becomes smaller than k/2, not only does the extremal representation with spin j + 2 become non-unitary, but also D−4 representations with spin j+1, and 1 with spin j, no matter if we are below, at, or above the critical dimension. This emphasizes the role played by our unitarity condition, and gives some credit to the method we have presented so far, despite the consistency problems that such a bound on the spin creates at the level of the spectrum. It is even more puzzling that a real no-ghost theorem might exist, based on the above observations and more specifically on the constraint (3.3) over the spin of the allowed discrete representations. Various works seem to confirm this viewpoint [26].

As a final remark, I would like to use the above on-shell counting of states to infer what the partition function would look like, at least for the contributions originated from the representations of the current algebra based on the discrete series. String partition functions

10By mass-shell condition (3.4), level two would be allowed for j = −1/2 − p47/23/2 < k/2 = −26/23. Condition (3.3) is violated, and unitarity is lost.

count precisely on-shell states – up to level-matching condition. We thus obtain^{11}: Z(τ, τ̄ , v, v̄) ∼ v^{−1}q^{−1} ( 1 + ( e^{2iπv} + D − 4 + e^{−2iπv} ) q + ( e^{4iπv} + e^{−4iπv} + ( e^{2iπv} + e^{−2iπv} ) (D − 3) + 1 2 (D − 2)(D − 3) ) q^2 + O ( q^3 ) ) × c. c. (3.5)

(here 26 > D ≥ 3 is a free integer parameter, and the level −∞ < k ≤ −52/23 is chosen such that D = D_{cr}). Expression (3.5) can be seen as the expansion of Z(τ, τ̄ , v, v̄) = F (τ, τ̄, v, v̄) ( Im τ )^D

�5_2

ϑ_1(τ, v) ϑ̄_1(τ̄ , v̄) (η(τ ) η̄(τ̄ ))^{D−5}

, (3.6)

where (√ Im τ ηη̄ )_{D−5} stands for the free-boson-and-ghost contributions and F (τ, τ̄, v, v̄) behaves like F (τ, τ̄, v, v̄) = e^{− π Im τk+2} e^{−2π Im v} ( 1 + O ( q^3 )) ( 1 + O ( q̄^3 )) . (3.7)

In fact, any power of q and q̄ (≥ 3) is expected as a consequence of modular covariance: F ( − 1 τ , − 1 τ̄ , v τ , v̄ τ̄ ) = | |e^{−2iπ v2τ} | | |τ | F (τ, τ̄, v, v̄) , whereas F (τ, τ̄, v, v̄) should be invariant under τ → τ + 1. These constraints can actually be satisfied with expressions that do not fall in the class of (3.7), such as F = (2 Im τ )^{−1/2} exp 2π^{( Im v)2}_{Im τ} , inspired from Eq. (2.10). The latter expression for F is actually what (2.10) would have given if the measure dj had been replaced with dj exp −πk^{( Im v)2}_{Im τ} . I have already discussed this issue in Section 2 for the pure WZW model. Here, it becomes clear that such a function is not allowed since it does not exhibit the correct weight shift to fulfil the mass-shell condition. Furthermore, at large |k| (D → 26) and small v, matching with the ordinary 26-dimensional string requires the following behaviour^{12}: F → κ|v|^2( Im τ )^{−3/2}, where κ is a constant expected to diverge like |k|^{3/2}. In order to obtain correctly the various behaviours, one should therefore rely on the generic form (see Eq. (2.2)) F (τ, τ̄, v, v̄) = ∑ j,ℓ N_{j,ℓ} f_j (τ, v) f̄_ℓ(τ̄ , v̄), where f_j (τ, v) is the factor in the character of the spin-j representation, which accounts for the null states in the Verma module. The presence of terms of O (q^3) and O (q̄^3) precisely traces back the appearance of representations of the SU(1, 1) current algebra in the spectrum, which contain null states at levels higher than two. As was already mentioned before, such representations are expected to appear for j ≤ k/2; this bound is in contradiction with the unitarity constraint (3.3).

11Expression (3.5), except for the infinite degeneracy level by level, is similar to the corresponding one for the free bosonic string. This is due to the structure of SU (1, 1) algebra, and does not hold at higher levels.

12This is precisely the next-to-leading behaviour of expression (2.10). The leading term diverges like √ k/|v|^2, and should be avoided in the presence of world-sheet supersymmetry. The various uncertainties related to the meaning of (2.10), however, do not enable us to draw any conclusion.

Obviously, using naive generic-(k, j) characters (2.7) cannot lead to an expression for F (τ, τ̄, v, v̄) consistent with (3.7). Furthermore, it is hard to believe that F exists, such that expression (3.6) is polynomial in q, q̄ of degree N_{max}, as is suggested by the previous study of unitarity. Once more, compatibility between unitarity and modular invariance appears as an important issue in understanding the string propagating over ADS_3.

4 Summary and comments

String theory on three-dimensional anti-de Sitter space-time has been commented for a long time. No satisfactory understanding of its basic features, such as the complete spectrum of perturbative states, has yet been reached. By formally using the standard current-algebra approach of conformal field theory in the framework of a non-compact group manifold, it seems that unitarity would demand an upper bound to the mass spectrum. This conclusion is in disagreement with elementary principles of string theory, leads to serious problems in computing one-loop amplitudes, and has no physical foundation: nothing similar appears in the quantum motion of a free particle on ADS_3, which is expected to be the α^′ → 0 limit of the string, and where all possible representations of SU(1, 1) appear in the wave-function, with appropriate interpretation [13].

Nevertheless, it is quite amazing that the cut-off over the spins could really fix the unitarity problem [3, 4, 26], and this may be a good reason to try to keep the above results, and rephrase them within a somewhat less formal approach. This means that we should get a better understanding of the SU(1, 1) WZW model at the classical level^{13}, explore the classical motion of a string, and maybe try to follow a path-integral approach à la Gawȩdzki [6]. This implies in particular a proper treatment of the target-space boundary conditions that are hard to implement within the current-algebra method. They might play a role in reconciling unitarity with the appearance of states of the discrete series with spin j < k/2, i.e. with mass above the anti-de Sitter radius scale. These states are cut off in our analysis but should be present for physical reasons, and might originate from some other unitary sector of the theory, which would have been missed here^{14}. The role of continuous series could also be clarified. Although they are compatible with unitarity, the corresponding excitations seem to be all tachyonic. Finally, one should wonder whether target-space boundary conditions introduce ambiguities in the quantization of a string, similar to those appearing when solving the wave equation for a quantum particle [12]. Such ambiguities may have interesting consequences for the string, as they have when studying e.g. the Unruh effect on ADS_3 [34].

13See [27]. In that spirit, SU (1, 1)/U (1) has been recently revisited [28]. Remember that SU (1, 1)/U (1) was analysed in [29] as an internal conformal field theory for a string compactification. Unitarity was proved, provided k/2 ≤ j < 0. Later, SU (1, 1)/U (1) was reinterpreted as a two-dimensional black hole [30], and the spectrum was studied in [31]. This could also be a source of inspiration for SU (1, 1) itself, by considering (SU (1, 1)/U (1)) × U (1). There are many ways to define the latter, with various geometrical interpretations – when available [20, 32].

14A similar viewpoint was somehow taken by the authors of [33]. Their subsequent developments were, however, quite ad-hoc, and the net result for the partition function looks more like an analytic continuation of an SU (2)k invariant than like a true amplitude computed from first principles in the theory under consideration.

As was pointed out previously, one could try alternatively to avoid the mass/spin cut-off and the purely tachyonic continuous representations in various ways, playing essentially with the current algebra, and/or modifying the affine Sugawara construction. It even seems that contact with some ADS/CFT-inspired results can be made in that way [35]. However, it is not clear whether such modifications leave unaltered the interpretation of the theory as a string propagating over ADS_3 (in [23], logarithmic cuts and a new zero mode are introduced in the currents, and representations based on discrete series are simply discarded). Furthermore, none of the available attempts treats the problem of the infinite degeneracy at each string level, or enlightens the issue of modular invariance. In particular, the role of the “magnetic field” v remains obscure. The possibility of interpreting it as a continuous twist, similar to those that appear in the parafermionic constructions, has never been exploited. One might, though, relax in this way the constraint of modular invariance: the latter should be recovered only after an appropriate summation over v (like in the case of the two-dimensional Euclidean black hole [6]).

Finally, a somewhat more exotic attitude^{15} with respect to the unitarity could be to simply admit the presence of negative-norm states in the physical spectrum, and then try to interpret them or, better, to identify the instability they are related to and its physical origin within the ADS_3 background. Following this line of thought, one could even reconsider the – non-unitary – models based on the admissible representations of the SU(1, 1) current algebra; their partition function is known, and one should then try to understand them in the framework of string theory.

Let me emphasize once more that the motivations for studying the string on ADS_3 are wider than expected in the early works. They include the string motion in a threedimensional black hole [37], which settles the proper framework to address the black-hole evaporation problem. Instead of a NS–NS torsion background, coupling to non-perturbative R–R charges is also a relevant and difficult problem [38]. Finally, the analysis of the ADS/CFT conjecture, in the framework of the ADS_3×S^3 background^{16}, is probably the issue that has attracted most attention. Ideally, we would like to compute correlators in both sides and compare them. In practice, correlators for ADS_3 string states are out of reach, which makes any rigorous check quite intricate. Therefore, most of the work in that direction has been devoted to trying to express the space-time as well as the asymptotic two-dimensional conformal symmetry, in terms of the fields of the WZW model whose target space is the bulk ADS_3 theory, and to build in that way the boundary conformal field theory. It is fair to say, however, that this approach has not shed any light on the structure of the ADS_3 string itself – at least regarding the questions raised here; as long as one does not handle the ADS_3 side exactly, the achievements are limited both on checking the ADS/CFT correspondence, and on building the boundary theory [11]. Of course, there is still the – weaker – alternative to work with the low-energy supergravity, supplemented with all Kaluza–Klein excitations coming from higher dimensions, thus trying to obtain some

15An even more marginal alternative would be to drop the requirement of modular invariance, and simply face the “stringy exclusion principle” [36]. It is hard to believe that this could be the end of the story, since so many features of string theory, such as the IR/UV duality, strongly rely on modular invariance.

16Notice that ADS_3×S^3 modded out by some discrete symmetry might be more tractable than ADS_3×S^3 itself, in particular when we demand supersymmetry.

feedback for the string on ADS_3. For example, there are signs that all SU(1, 1) representations – discrete and continuous – should appear without bound on the mass. If such a bound were present, assuming the ADS/CFT correspondence, it would be hard to identify states in the bulk ADS_3 supergravity (or string, as a fundamental theory), with states in the boundary conformal field theory.

As a last comment, I would like to stress that string theories on more general ADS_n backgrounds are equally important and more difficult than the three-dimensional case at hand. In odd dimensions, it has been realized very recently that both an antisymmetric tensor and a linear dilaton are needed together with the gravitational background, in order to define an exactly conformal sigma model describing the string [39]. This sigma model is not a WZW model, and its spectrum and interactions remain quite unexplored. Furthermore, the exact conformal field theories describing the string propagation on even-dimensional anti-de Sitter spaces have never been investigated. Notice also that some issues, such as the level-by-level infinite degeneracy, or even the unitarity problem, will be generically present.

Acknowledgements and apologies It is a pleasure to thank C. Bachas and P. Bain for the stimulating collaboration we have been having on this subject. I would also like to acknowledge many colleagues, from the CPT in Ecole Polytechnique and the LPT in Ecole Normale Supérieure, for interesting discussions. The material I presented here is not to be considered as a review over the very wide subject that ADS_3 has become on its own. Many interesting aspects are missing or superficially mentioned. I hope that the reader will forgive me for the very incomplete list of references. Finally, I would like to thank the organizers of the XXXIst Summer Institute held in ENS, Paris, 16–31 August 1999, and of the TMR (ERBFMRX-CT96-0045) European program meeting “Quantum aspects of gauge theories, supersymmetry and unification”, Paris, 1–7 September 1999. This work was supported in part by EEC TMR contract ERBFMRX- CT96-0090.

References

[1] H. de Vega and N. Sanchez, A new approach to string quantization in curved spacetimes, Phys. Lett. 197B (1987) 320.

[2] J. Balog, L. O’Raifeartaigh, P. Forgács and A. Wipf, Consistency of string propagation on curved space-times: an SU(1, 1) based counterexample, Nucl. Phys. B325 (1989) 225.

[3] P.M. Petropoulos, Comments on SU(1, 1) string theory, Phys. Lett. 236B (1990) 151.

[4] N. Mohameddi, On the unitarity of the string propagation on SU(1, 1), Int. J. Mod.

Phys. A5 (1990) 3201.

[5] I. Bars and D. Nemeschansky, String propagation in backgrounds with curved spacetimes, Nucl. Phys. B348 (1991) 89.

[6] K. Gawȩdzki, Non-compact WZW conformal field theories, hep-th/9110076, Proceedings of the Cargèse Summer Institute: “New symmetry principles in quantum field theory”, Cargèse, France, 16–27 July, 1991.

[7] I. Antoniadis, C. Bachas and A. Sagnotti, Gauged supergravity vacua in string theory, Phys. Lett. 235B (1990) 255.

[8] M. Bañados, C. Teitelboim and J. Zanelli, The black hole in three-dimensional spacetime, hep-th/9204099, Phys. Rev. Lett. 69 (1992) 1849.

[9] G. ’t Hooft, Dimensional reduction of quantum gravity, gr-qc/9310006;

L. Susskind, The world as a hologram, hep-th/9409089, J. Math. Phys. 36 (1995) 6377; J. Maldacena, The large N limit of superconformal field theories and supergravity, hepth/9711200, Adv. Theor. Math. Phys. 2 (1998) 231;

E. Witten, Anti de Sitter space and holography, hep-th/9802150, Adv. Theor. Math. Phys. 2 (1998) 2253.

[10] J.D. Brown and M. Henneaux, Central charges in the canonical realization of asymptotic symmetries: an example from three dimensional gravity, Commun. Math. Phys. 104 (1986) 207.

[11] A. Giveon, D. Kutasov and N. Seiberg, Comments on string theory on ADS_3, hepth/9806194, Adv. Theor. Math. Phys. 2 (1998) 733;

J. de Boer, H. Ooguri, H. Robins and J. Tannenhauser, String theory on ADS_3, hepth/9812046, JHEP 9812 (1998) 26;

D. Kutasov and N. Seiberg, More comments on string theory on ADS_3, hep-th/9903219, JHEP 9904 (1999) 8;

A. Giveon and M. Roček, Supersymmetric string vacua on ADS_3×N , hep-th/9904024, JHEP 9904 (1999) 19.

[12] S.J. Avis, C.J. Isham and D. Storey, Quantum field theory in anti-de Sitter space-time, Phys. Rev. D18 (1978) 3565.

[13] V. Balasubramanian, P. Kraus and A. Lawrence, Bulk vs. boundary dynamics in anti-de Sitter space-time, hep-th/9805171, Phys. Rev. D59 (1999) 046003.

[14] M. Zyskin, On unitary irreducible representation of ^so(1, n), action of its universal enveloping algebra, and the Virasoro algebra, hep-th/9903169.

[15] V. Chari and A. Pressley, Unitary representations of the maps S^1 → su(N, 1), Math.

Proc. Camb. Phil. Soc. 102 (1987) 259;

O. Andreev, Unitary representations of some infinite dimensional Lie algebras motivated by string theory on ADS_3, hep-th/9905002.

[16] B.G. Wybourne, Classical groups for physicists (John Wiley & Sons, New York, 1974);

N.J. Vilenkin, Special functions and the theory of group representations, Translations of Mathematical Monographs 22, 1968.

[17] B.L. Feigin and D.B. Fuks, Verma modules over the Virasoro algebra, Funct. Anal. and Appl. 17 (1983) 241;

F.G. Malikov, B.L. Feigin and D.B. Fuks, Singular vectors in Verma modules over Kač– Moody algebras, Funct. Anal. and Appl. 20 (1986) 103;

A. Rocha–Caridi and N.R. Wallach, Highest weight modules over graded Lie algebras: resolutions, filtrations and character formulas, Trans. Amer. Math. Soc. 277 (1983) 133.

[18] V. Kač and M. Wakimoto, Modular invariant representations of infinite-dimensional Lie algebras and superalgebras, Proc. Nat. Acad. Sci. USA 85 (1988) 4956.

[19] I.G. Koh and P. Sorba, Fusion rules and (sub-)modular invariant partition functions in non-unitary theories, Phys. Lett. 215B (1988) 723.

[20] I. Bakas and E. Kiritsis, Beyond the large N limit: non-linear W_∞ as symmetry of the SL(2, R)/U(1) coset model, hep-th/9109029, Int. J. Mod. Phys. A7 (1992) 55.

[21] P.M. Petropoulos, Thèse de doctorat, Ecole Polytechnique, 1991.

[22] J. Teschner, On structure constants and fusion rules in the SL(2, C)/SU(2) WZNW model, hep-th/9712256, Nucl. Phys. B546 (1999) 390;

J. Teschner, The mini-superspace limit of the SL(2, C)/SU(2) WZNW model, hepth/9712258, Nucl. Phys. B546 (1999) 369;

J. Teschner, Operator product expansion and factorization in the H^3_+ WZNW model, hep-th/9906215.

[23] I. Bars, Ghost-free spectrum of a quantum string in SL(2, R) curved space-time, hepth/9503205, Phys. Rev. D53 (1996) 3308;

I. Bars, Solution of the SL(2, R) string in curved space-time, hep-th/9511187, Proceedings of “Strings 95”, Los Angeles, USA, 13–18 March, 1995.

[24] J.K. Freericks and M.B. Halpern, Conformal deformations by the currents of affine g, Ann. Phys. 188 (1988) 258; Erratum, ibid. 190 (1989) 212;

M.B. Halpern, E. Kiritsis, N.A. Obers and K. Clubok, Irrational conformal field theory, hep-th/9501144, Phys. Rep. 265 (1996) 1.

[25] M. Yu and B. Zhang, Light-cone gauge quantization of string theories on ADS_3 space, hep-th/9812216, Nucl. Phys. B551 (1999) 425;

I. Pesando, On the quantization of the G–S type IIB superstring action on ADS_3×S^3 with NS–NS flux, hep-th/9903086, Mod. Phys. Lett. A14 (1999) 2561.

[26] S. Hwang, No-ghost theorem for SU(1, 1) string theories, Nucl. Phys. B354 (1991) 100;

M. Henningson and S. Hwang, The unitarity of SU(1, 1) fermionic strings, Phys. Lett. 258B (1991) 341;

J. Evans, M. Gaberdiel and M. Perry, The no-ghost theorem for ADS_3 and the stringy exclusion principle, hep-th/9806024, Nucl. Phys. B535 (1998) 152.

[27] M. Bañados and A. Ritz, A note on classical string dynamics on ADS_3, hep-th/9906191.

[28] U. Müller and G. Weigt, Integration of the SL(2, R)/U(1) gauged WZNW model with periodic boundary conditions, hep-th/9907057.

[29] L.J. Dixon, M. Peskin and J. Lykken, N = 2 superconformal symmetry and SO(2, 1) current algebra, Nucl. Phys. B325 (1989) 303.

[30] E. Witten, On string theory and black holes, Phys. Rev. D44 (1991) 314.

[31] R. Dijkgraaf, E. Verlinde and H. Verlinde, String propagation in a black hole geometry, Nucl. Phys. B371 (1992) 269.

[32] E. Kiritsis, Exact duality symmetries in conformal field theory and string theory, hepth/9302033, Nucl. Phys. B405 (1993) 109;

C. Kounnas, Construction of string solutions around non-trivial backgrounds, hepth/9302058, Proceedings of the “International Workshop on String Theory, Quantum Gravity and the Unification of Fundamental Interactions”, Rome, Italy, 21–26 September, 1992;

C. Kounnas, Four-dimensional gravitational backgrounds based on N = 4, c = 4 superconformal systems, hep-th/9304102, Phys. Lett. B321 (1994) 26; E. Kiritsis and C. Kounnas, Dynamical topology change in string theory, hepth/9404092, Phys. Lett. B331 (1994) 51.

[33] M. Henningson, S. Hwang, P. Roberts and B. Sundborg, Modular invariance of SU(1, 1) strings, Phys. Lett. 267B (1991) 350.

[34] S. Deser and O. Levin, Accelerated detectors and temperatures in (anti-)de Sitter spaces, gr-qc/9706018, Class. Quant. Grav. 14 (1997) L163.

[35] I. Bars, C. Deliduman and D. Minic, String theory on ADS_3 revisited, hep-th/9907087.

[36] J. Maldacena and A. Strominger, ADS_3 black holes and a stringy exclusion principle, hep-th/9804085, JHEP 9812 (1998) 5.

[37] M. Natsuume and Y. Satoh, String theory on three-dimensional black holes, hepth/9611041, Int. J. Mod. Phys. A13 (1998) 1229;

Y. Satoh, Ghost-free and modular invariant spectra of a string in SL(2, R) and threedimensional black hole geometry, hep-th/9705208, Nucl. Phys. B513 (1998) 213.

[38] I. Pesando, The G–S type IIB superstring action on ADS_3×S^3 × T^4, hep-th/9809145, JHEP 9902 (1999) 7;

J. Rahmfeld and A. Rajaraman, The G–S string action on ADS_3×S^3 with Ramond– Ramond charge, hep-th/9809164;

J. Park and S.-J. Rey, Green–Schwarz superstring on ADS_3×S^3, hep-th/9812062, JHEP

9901 (1999) 1;

N. Berkovits, C. Vafa and E. Witten, Conformal field theory of ADS background with Ramond–Ramond flux, hep-th/9902098, JHEP 9903 (1999) 18.

[39] J. de Boer and S. Shatashvili, Two-dimensional conformal field theories on ADS_{2d+1} backgrounds, hep-th/9905032, JHEP 9906 (1999) 13.