hep-th/9909002 1 Sep 1999

Parafermionic and Generalized Parafermionic Algebras

Dennis Bonatsos^{a �}, C. Daskaloyannis^{b y}and K. Kanakoglou^b

a Institute of Nuclear Physics, NCSR “Demokritos”, GR-15310 Aghia Paraskevi, Attiki, Greece bPhysics Department, Aristotle University of Thessaloniki GR-54006 Thessaloniki, Greece

Abstract: The general properties of the ordinary and generalized parafermionic algebras are discussed. The generalized parafermionic algebras are proved to be polynomial algebras. The ordinary parafermionic algebras are shown to be connected to the Arik–Coon oscillator algebras.

The study of systems of many spins is of interest in many branches of physics. This study is in many cases facilitated through boson mapping procedures (see [1] for a comprehensive review). Some well-known examples are the Holstein–Primakoff mapping of the spinor algebra onto the harmonic oscillator algebra [2] and the Schwinger mapping of Lie algebras (or of qdeformed algebras) onto the usual (or onto the q-deformed) oscillator algebras [3].

In parallel, in addition to bosons and fermions, parafermions of order p have been introduced [4, 5] (with p being a positive integer), having the characteristic property that at most p identical particles of this kind can be found in the same state. Ordinary fermions clearly correspond to parafermions with

�bonat@cyclades.nrcps.ariadne-t.gr ydaskalo@auth.gr

p = 1, since only one fermion can occupy each state according to the Pauli principle. While fermions obey Fermi–Dirac statistics and bosons obey Bose– Einstein statistics [6], parafermions are assumed to obey an intermediate kind of statistics, called parastatistics [6, 7, 8].The notion of parafermionic algebras has been recently enlarged by Quesne [9], while the relation between parafermionic algebras and other algebras has been given in [10, 11, 12]. The properties of parafermions and parabosons, as well as the parastatistics and field theories associated with them, have been the subject of many recent investigations [13, 14]. Parafermions and parabosons have also been involved in mapping studies. A mapping of the spinor algebra onto a parafermionic algebra has been discussed in [4, 5, 7]. Mappings of so(2n), sp(2n,R), and other Lie algebras onto parafermionic and parabosonic algebras have been studied in [7, 15], while parabosonic mappings of osp(m,n) superalgebras have been given in [16].

Recently [17] the algebras of the operators of a single spinor with fixed spin value j have been mapped onto polynomial algebras, which constitute a quite recent subject of investigations in physics [9, 12, 18]. In polynomial algebras the commutator of two generators does not result in a linear combination of generators, as in the case of the usual Lie algebras, but rather into a combination of polynomials of the generators. The mappings of ref. [17] connect the class of spinor algebras to the class of polynomial algebras.

In the present work we show that the polynomial algebras of ref. [17], which are connected to the single spinor algebras, are indeed examples of either parafermionic algebras [4, 5, 7] or generalized parafermionic algebras [9, 12].

Let us start by defining the algebra A^{[p]}_n , corresponding to n parafermions of order p. This algebra is generated by n parafermionic generators b_i, b^†_i , where i = 1, 2, . . . , n, satisfying the trilinear commutation relations: [ M_{kℓ}, b^†_m ] = δ_{ℓm}b^†_k, [M_{ℓk}, b_m] = −δ_{ℓm}b_k, (1) where M_{kℓ} is an operator defined by: M_{kℓ} = 1 2 ([ b^†_k, b_ℓ ] + pδ_{kℓ} ) . (2)

From this definition it is clear that eq. (1) is a trilinear relation, i.e. a relation relating three of the operators b^†_i , b_i. Finally the definition of the parafermionic algebra is completed by the relation: [b_i, [b_j, b_k]] = [ b^†_i , [ b^†_j, b^†_k ]] = 0. (3)

Each parafermion separately is characterized by the ladder operators b^†_i and b_i and the number operator M_{ii}. The basic assumption is that the parafermionic creation and annihilation operators are nilpotent ones:

(b)^{p+1} = ( b^† )p_{+1} = 0. (4) In ref. [10] it is proved that the single parafermionic algebra is a generalized oscillator algebra [19], satisfying the following relations (for simplicity we omit the parafermion indices): [ M, b^† ] = b^†, [M, b] = −b, (5) b^†b = [M] = M (p + 1 − M) , bb^† = [M + 1] = (M + 1) (p − M) , (6) M (M − 1) (M − 2) ... (M − p) = 0. (7) The definition (2) – or equivalently eq. (6) – implies the commutation relation: [ b^†, b ] = 2(M − p/2). (8) The above relation combined with (5) suggests the use of the parafermions as spinors of spin p/2 S_+ ↔ b^†, S_− ↔ b, S_o ↔ (M − p/2). (9) The Cayley identity is also valid: p/2∏ k=−p/2 (S_o − k) = 0.

It is worth noticing that in the case of parafermions the commutation relation (8) is some how trivial because it is inherent in the definition of the number operator (2). This relation switches the trilinear commutation relations to ordinary commutation relations, where two operators are involved.

In contrast, in the case of parabosons this construction is not trivial, because anticommutation relations are involved in the definition of the number operator[14].

We start now examining in detail the connection between spinors with j = p/2 and parafermions of order p.

The p = 1 parafermions coincide with the ordinary fermions, i.e. the usual spin 1/2 spinors [20].

For spinors with j = 1 Chaichian and Demichev [17] use the following mapping S_+ ↔ √ 2a^†, S_− ↔ √ 2a, (10) where

a^3 = a^{†3} = 0, (11) aa^† + a^{†2}a^2 = 1. (12)

Using the above two relations we can define the number operator N

N = 1 − [ a, a^† ] = a^†a + a^{†2}a^2. (13)

This number operator satisfies the linear commutation relations: [ N, a^† ] = a^†, [N, a] = −a. The self-contained commutation relations for the p = 2 parafermions are given in ref. [7] (eqs (5.13) to (5.20) )

b^3 = b^{†3} = 0, (14) bb^†b = 2b, (15) b^†b^2 + b^2b^† = 2b. (16)

The set of relations (14)–(16) imply the following definition of the number operator M: M = 1 2 ([ b^†, b ] + 2 ) . (17)

The set of relations (11)–(12) imply relations (14)–(16) after taking into consideration the correspondence: a = 1 √ 2 b, a^† = 1 √ 2 b^†. (18)

For example one can easily see the following:

a) Eq. (14) occurs trivially from eq. (11).

b) Eq. (15) is obtained by multiplying eq. (12) by a on the right and using eq. (11).

c) Eq. (16) is obtained by multiplying eq. (12) by a on the left and using eq. (11) and (12).

In ref. [10] the parafermionic algebra (14)–(17) was shown to be equivalent to the deformed oscillator algebra [19], which is defined by relations (4)–(7), for p = 2. This deformed oscillator algebra satisfies in addition the relations (11) to (13). Therefore the Chaichian - Demichev polynomial algebra (11)–(13), the p = 2 parafermionic algebra (14)–(17) and the deformed oscillator algebra (4)–(7) are equivalent.

Relations (12) and (13) indicate that aa^† and N can be expressed as a linear combination of monomials ( a^† )k a^k. This is the reason the algebra described by eqs (12)–(13) is called in [17] a “polynomial” algebra.

What we have just seen is that the polynomial algebra (11)–(13) is in fact the p = 2 parafermionic algebra (14)–(17). The new result which arises from this discussion is that the parafermionic algebra can be written as a polynomial algebra through the r.h.s of eq. (13). It seems that this fact has been ignored, while the “dual” relation, giving b^†b or bb^† as polynomial functions of the number operator,

b^†b = M(3 − M), bb^† = (M + 1)(2 − M),

is known [9, 10, 11].

For spinors with j = 3/2 Chaichian and Demichev [17] use the following mapping S_+ ↔ √ 3a^+, S_− ↔ √ 3a, (19)

where

a^4 = a^{†4} = 0, (20)

aa^† = 1 + 1 3 a^†a − 1 3 a^{†2}a^2 − 2 3 a^{†3}a^3, (21) [ a, a^† ] = 1 − 2 3 N. (22)

(23)

The last two equations imply the following expansion of the number operator:

N = a^†a + 1 2 a^{†2}a^2 + a^{†3}a^3. (24)

These relations are the analogues of eqs. (11)–(13) for the j = 3/2 case.

The complicated self-consistent commutation relations for the p = 3 parafermionic algebra are given in Appendix B of ref. [7]. After long but straightforward calculations the p = 3 parafermionic relations are deduced from the above eqs (21)–(24) by taking into account the correspondence: a = 1 √ 3 b, a^† = 1 √ 3 b^†. (25)

Therefore the polynomial algebra (21)–(24) is in fact the p = 3 parafermionic algebra. The new result which again arises from this discussion is that the parafermionic algebra can be written as a polynomial algebra through eq. (24), while the “dual” relation

b^†b = M(4 − M), bb^† = (M + 1)(3 − M),

is again already known [10].

Stimulated by the above results we can show the following proposition:

Proposition 1 The j = p/2 spinor algebra {S_±, S_o} is mapped onto the pparafermionic algebra {b^+, b, M} which is a polynomial algebra given by the relations: [ M, b^† ] = b^†, [M, b] = −b, b^{p+1} = ( b^† )p_{+1} = 0, b^†b = M (p + 1 − M) = [M] , bb^† = (M + 1) (p − M) = [M + 1] , M =^1_2 ([ b^†, b ] + p ) ,

(26)

where the number operator M is given by the following polynomial relation M = p∑ k=1 c_k p^k b^{†k}b^k. (27)

With the “factorial” [k]! being defined as

[0]! = 1, [n]! = [n] [n − 1]! = n∏ ℓ=1 [ℓ] = n!p! (p − n)! , the coefficients c_1, c_2, . . . , c_p can be determined from the solution of the system of equations: ρ(1) = 1 ρ(2) = 2 . . . ρ(p) = p (28)

where ρ(n) = n∑ k=1 c_k p^k Γ(n + 1) Γ(n − k + 1)

Γ(p + k − n + 1) Γ(p − n + 1) . This is true because we can see that b^{†k}b^k = k−1∏ ℓ=0 [M − ℓ] ≡ Γ(M + 1) Γ(M − k + 1)

Γ(p + k − M + 1) Γ(p − M + 1) . The fact that the number operator of a parafermionic algebra can be written as a combination of monomials, i.e. eq. (27), was not previously known in the context of parafermionic algebras. The polynomial expressions as in eq. (27) are similar to the ones used for the construction of the projection operators in the case of the su(2) algebra [21, 22]. The projection operator method has also been used in the case of the su_q(2) and su_q(1,1) algebras [23] as a dynamic tool for the calculation of the Clebsch-Gordan coefficients. On the other hand the parafermionic algebra is a finite dimensional realization of the su(2) algebra, coinciding with the spinor algebra.

The analytic calculation of the coefficients c_k can be achieved by expanding the number operator M in a sum over the projection operators P_m |n⟩ = δ_{nm} |n⟩ in the following way: M = p∑ m=1 mP_m

The projection operator P_o to the lowest weight eigenvalue is given by the expression: P_o = p∑ k=0 d_k ( b^+ )k b^k, while P_m = 1 [m]! ( b^+ )m P_ob^m = 1 [m]! p−m∑ k=0 d_k ( b^+ )k b^k, where the coefficients d_n are given by the recurrence formula

d_0 = 1, d_n = −^{n−1} ∑ k=0 dk [n−k]! . Then the general solution is given by:

d_n = n∑ i=1 (−1)^i ∑ 0 < k_1, k_2, . . . , k_i ≤ n k_1 + k_2 + . . . + k_i = n

1 [k_1]! [k_2]! . . . [k_i]!

(29)

We must point out that these formulae are not specific to the chosen parafermion structure function [x] = x(p + 1 − x) and can be applied for any parafermionic oscillator stucture function.

The number operator M can be expressed using the projection operators: M = p∑ m=1 mP_m = p∑ k=1 c_k p^k ( b^+ )k b^k, while the coefficients c_n can be fould to be

c_n = p^n n∑ k=1 k [k]! d_{n−k} . In Table 1 the coeffients up to p = 5 are explicitly given.

One must notice that the parafermionic algebra (5–7) has affinities with the Arik – Coon Q-deformed algebra [27], which is defined by the relations:

[N, a] = −a, [N, a^†] = a^†, a^†a = [N]_Q, aa^† = [N + 1]_Q (30)

Table 1: Coefficients appearing in eq. (27).

p c_1 c_2 c_3 c_4 c_5 1 1 −− −− −− −− 2 1 1 −− −− −− 3 1 1/2 1 −− −− 4 1 1/3 1/3 7/9 −− 5 1 1/4 1/6 19/96 23/48

where [x]_Q = (1 − Q^x)/(1 − Q). The generators of this oscillator satisfy the following commutation relation

[a, a^†] = Q^N (31)

By defining Q = exp[−τ ] the commutation relation (31) can be written, for τ → 0 as [a, a^†] = exp[−τ N] = 1 − τ N + O(τ^2) (32) After comparing the above equation with equation (8), we can see that there is a approximative mapping of the parafermionic oscillator to the Arik – Coon oscillator by putting

Arik − Coon → para Fermi b → √ p a b^† → √ p a^† M → N τ = 2/p The meaning of the order p of the parafermionic oscillator is quite clear, p is a the ”capacity” of the oscillator, i.e. the maximum number of permitted states, which can be found similtaneously at the same position. Therefore, the parameter Q of the Arik – Coon oscillator is a ”measure ” of the similtaneously existed states at the same position.

A nice example is the case of the J = 0 pairing of nucleons in a closed nuclear shell. The algebra of the fermion pairs coupled to angular momentum zero are descibed by the algebra [1]: [ A_0, A^+_0 ] = 1 − N_F /Ω, [ N_F 2 , A^+_0 ] = A^+_0 , [ N_F 2 , A_0 ] = −A_0 where N_F is the number of fermions, 2Ω = 2j + 1 is the size of the shell, i.e. the ”capacity” of our space. The simplest piring Hamiltonian is given by:

H = −GΩA^+_0 A_0

For the above algebra there is a natural mapping to parafermions of order p, each parafermion corresponds to a Fermi pair [28] and p = Ω. The ordinary q-deformed oscillator [3] fails to give an approximation of the pairing model, while the Arik – Coon oscillator is quite satisfactory [29].

Conclusions The parafermionic algebras can be considered as polynomial algebras, their diagonal number operator M_{ii} being able to be written as a combination of monomials of the ladder operators. The general problem of finding an expression of the number operator M_{ij} as a combination of monomials of the ladder operators is still open. A similar problem exists in quonic algebras [24, 25, 26]. Work in this direction is in progress. The Arik – Coon deformed oscillator is a fair approximation of the parafermionic algebra.

Support from the Greek Secretariat of Research and Technology under contract PENED 95/1981 is gratefully acknowledged.

References

[1] A. Klein and E. R. Marshalek, Rev. Mod. Phys. 63 (1991) 375. [2] T. Holstein and H. Primakoff, Phys. Rev. 58 (1940) 1098. [3] A. J. Macfarlane, J. Phys. A 22 (1989) 4581; L. C. Biedenharn, J. Phys.

A 22 (1989) L873; M. Chaichian and P. Kulish, Phys. Lett. B 234 (1990) 72; [4] H. S. Green, Phys. Rev. 90 (1953) 270.

[5] O. W. Greenberg and A. M. L. Messiah, Phys. Rev. B 138 (1965) 1155. [6] A. Isihara, Statistical Physics (Academic Press, New York, 1971). [7] Y. Ohnuki and S. Kamefuchi, Quantum Field Theory and Parastatistics (Springer-Verlag, Berlin, 1982).

[8] V. L. Safonov, Phys. Status Solidi B 167 (1991) 109; 174 (1992) 223. [9] C. Quesne, Phys. Lett. A 193 (1994) 245.

[10] D. Bonatsos and C. Daskaloyannis, Phys. Lett. B 307 (1993) 100. [11] N. Debergh, J. Phys. A 28 (1995) 4945.

[12] D. Bonatsos, P. Kolokotronis and C. Daskaloyannis, Mod. Phys. Lett.

A 10 (1995) 2197.

[13] J. Van der Jeugt and R. Jagannathan, J. Math. Phys. 36 (1995) 4507;

W. Marcinek, Int. J. Mod. Phys. A 10 (1995) 1465; A. A. Bytsenko, S. D. Odintsov and S. Zerbini, J. Math. Phys. 35 (1994) 2057; M. Freeman and P. West, Phys. Lett. B 324 (1994) 322; Ali Mostafazadeh, Int. J. Mod. Phys. A 11 (1996) 2957 and Int. J. Mod. Phys. A 11 (1996) 2941.

[14] A. J. Macfarlane, J. Math. Phys. 35 (1994) 1054. [15] S. N. Biswas and S. K. Soni, J. Math. Phys. 29 (1988) 16.

[16] T. D. Palev and N. I. Stoilova, J. Phys. A 29 (1996) 709; T. D. Palev, J. Phys. A 26 (1993) L1111; Lett. Math. Phys. 31 (1994) 151; 28 (1993) 187; 28 (1993) 321.

[17] M. Chaichian and A. P. Demichev, Phys. Lett. A 222 (1996) 14. [18] Ya. I. Granovskii, I. M. Lutzenko and A. S. Zhedanov, Ann. Phys. (NY) 217 (1992) 1; P. Letourneau and L. Vinet, Ann. Phys.(NY) 243 (1995) 144 [19] C. Daskaloyannis, J. Phys. A 24 (1991) L789.

[20] D. Bonatsos and C. Daskaloyannis, J. Phys. A 26 (1993) 1589. [21] P. O. Löwdin, Rev. Mod. Phys. 36 (1964) 966.

[22] R. M. Asherova, Yu. F. Smirnov and V. N. Tolstoy, Theor. Mat. Fiz. 8, (1971) 255 and Matem. Zametki 36 (1979) 15 [23] Yu. F. Smirnov, V. N. Tolstoy and Yu. I. Kharitonov, in Symmetries in Science V, edit B. Gruber, L. C. Biedenharn and H. D. Dœbner, Plenum Press NY 1991, p. 487 [24] O. W. Greenberg, Phys. Rev. Lett. 64 (1990) 705; D. Zagier, Comm.

Math. Phys. 147 (1992) 199; M. Doresic, J. Phys. A 28 (1995) 189; K. S. Chung and W. S. Chung, Nuov. Cim. B100 (1995) 409.

[25] M. Chaichian, R. Gonzalez Felipe and C. Montonen, J. Phys. A 26 (1993) 4017.

[26] I. M. Lutzenko and A. S. Zhedanov, Phys. Rev. E 50 (1994) 97. [27] M. Arik and D. D. Coon, J. Math. Phys. 17 (1976) 524. [28] D. Bonatsos and C. Daskaloyannis, Phys. Lett. B 278 (1991) 1. [29] D. Bonatsos, J. Phys. A 25 (1992) L101.