hep-th/9909024 4 Sep 1999

September 4, 1999 Dedicated to the memory of Nicolaj N. Bogoliubov on the occassion of his 90th birthday.

Evolution of the Bogoluibov Renormalization Group

N.N.Bogoliubov Laboratory, JINR, Dubna, Russia; shirkovd@thsun1.jinr.ru

Abstract

We start with a simple introduction into the renormalization group (RG) in quantum field theory and give an overview of the renormalization group method. The third section is devoted to essential topics of the renorm-group use in the QFT. Here, some fresh results are included.

Then we turn to the remarkable proliferation of the RG ideas into various fields of physics. The last section summarizes an impressive recent progress of the “QFT renormalization group” application in mathematical physics.

Contents

1 Renormalization group primer 1 1.1 Mathematical preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.1.1 Renorm-group folklore . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.1.2 Group Functional Equation . . . . . . . . . . . . . . . . . . . . . . . 2 1.1.3 Abstract Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.2 Definition of the Renorm-Group . . . . . . . . . . . . . . . . . . . . . . 4 1.2.1 The RG transformation . . . . . . . . . . . . . . . . . . . . . . . . 4 1.2.2 Simple generalizations . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.3 Early history and the RG method . . . . . . . . . . . . . . . . . . . . . 5 1.3.1 Renormalization and renormalization invariance . . . . . . . . . . . . 5 1.3.2 The discovery of the renormalization group . . . . . . . . . . . . . . 7 1.3.3 Creation of the RG method . . . . . . . . . . . . . . . . . . . . . . . 8 1.4 RG in QED . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 1.4.1 Effective Electron Charge . . . . . . . . . . . . . . . . . . . . . . . . 10 1.4.2 RG transformations . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2 Renormalization group method 12 2.1 Basic idea . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 2.2 Differential formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 2.3 General solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 2.4 RGM algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 2.4.1 Technology of RG Method . . . . . . . . . . . . . . . . . . . . . . . 16 2.4.2 RGM usage in QFT . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3 RG in QFT 18 3.1 UV analysis in general . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 3.1.1 One-coupling case . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 3.1.2 Multi-coupling case . . . . . . . . . . . . . . . . . . . . . . . . . . 20 3.2 Perturbative approach to the UV asymptote . . . . . . . . . . . . . . . . 21 3.2.1 Structure of RG results . . . . . . . . . . . . . . . . . . . . . . . . 21 3.2.2 The ghost-pole trouble . . . . . . . . . . . . . . . . . . . . . . . . . 22 3.2.3 Scalar quartic model . . . . . . . . . . . . . . . . . . . . . . . . . . 23 3.3 Mass–dependent analytic solution . . . . . . . . . . . . . . . . . . . . . 25 3.4 Some important results . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

4 RG expansion 29 4.1 Critical phenomena . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 4.1.1 Spin lattices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 4.1.2 Polymer theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 4.1.3 Turbulence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 4.2 Paths of RG expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 4.3 Two faces of RG in QFT . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

5 RG symmetry in mathematical physics 34 5.1 Functional self-similarity . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 5.2 Recent application to boundary value problem . . . . . . . . . . . . . . . 35

Bibliography 37

1 Renormalization group primer

1.1 Mathematical preliminaries

1.1.1 Renorm-group folklore

Let us start with some simple statements which can be supposed to be widely known by particle theorists. In the quantum field theory (QFT) the renormalization group (RG) is usually associated with a possibility of presenting any physical quantity, F (Q^2, g), calculated under a definite renormalization prescription in the form F (Q^2/μ^2, g_μ) (for simplicity – in a massless case) with the renormalized coupling constant g_μ definition attached to some renormalization point (or reference momentum scale) Q = μ. Differential RG equation is usually said to be driven from the condition that F does not depend on the choice of μ , dF dμ = 0 . (1)

The coupling constant g_μ dependence on μ is described by a specific function g(Q^2) known as an effective coupling (sometimes – effective coupling constant) g_μ = g(μ^2) .

Eq.(1) can be written down in the form of a partial linear differential equation (DE) [ x ∂ ∂x − β(g) ∂ ∂g ] F (x, g) = 0 (2)

where x = Q^2/μ^2, g stands for g_μ and β(g), the group generator, usually referred to as beta function, is defined by

β(g_μ) = z ∂g(z) ∂z at z = μ^2 .

The effective coupling g should be considered as a function of two arguments: x = Q^2/μ^2 and g_μ with the boundary condition g(1, g) = g. Besides [ x ∂ ∂x − β(g) ∂ ∂g ] g(x, g) = 0 (3)

it satisfies the nonlinear DE x ∂g(x, g) ∂x = β(g(x, g)) (4)

which is nothing else but a characteristic equation for (2). To employ this formalism, one has to give β(g). Usually, for this one uses renormalized perturbation theory.

The foregoing can be considered as a “RG folklore”. For brevity, we gave it in the simplest massless version, which corresponds to the UV case, for the QFT model with one coupling constant.

1.1.2 Group Functional Equation

Less popular are the RG Functional Equations (FEs). The FE for the g in the UV case has the form g(x, g) = g ( x t , g(t, g) ) . (5)

This equation, which follows (see, e.g., the Chapter Renormalization Group in Ref.[1]) from finite Dyson renormalization transformations, represents a basement of the differential RG formulation. Popular DE (4) can be directly obtained from it by differentiating over x and then putting t = x. On the other hand, by differentiating (5) with respect to t at t = 1 we get partial DE (3).

The FE (5) as well as similar FEs for propagators and vertex functions (see, below, eq.(19)) must be considered as the most compact and general formulation of the RG symmetry in QFT.

However, in reality, group FEs, like (5) (and DEs (4) and (3) as well) do not contain any physics at all being just the reflection of the group composition law! Here, we mean the continuous group (that is, the Lie group of transformations) of operations changing the reference point μ involved into the coupling constant g_μ definition. Namely, we can regard the change of a reference coupling g_μ → g_{μ̄} as an operation of the group element T_t T_tg_μ = g_μ^√_t = g(t, g_μ) with a real continuous positive numerical parameter t (= μ^2/μ̄^2) .

If we set x = τ t, then the l.h.s. of (5) can be achieved from g by operation T_{τt}, while the r.h.s. may be identified as T_τ T_tg. The content of eq.(5) is just the group composition law, T_{τt} = T_τ T_t .

Thus, the essence of the basic RG functional equation (5) is the necessary condition for transformations T_t to form a group.

At the same time, it demonstrates that function ḡ is invariant with respect to simultaneos transformation R_t : { x^′ = x/t , g^′ = ḡ(t, g)} . (6) Invariance condition for an observable now can be written down as F (x, g) = F ( x t , g(t, g) ) . Usually, of interest are also functions ϕ(x, g) (like, e.g., propagator amplitudes in QFT) transforming as a linear representation of RG ϕ(x, g) → R_tϕ = ϕ(x^′, g^′) = z(t, g)ϕ(x, g) . (7) Note also that the group FE for an observable, like matrix element, is of the form M({x}, y; g) = M ({ x t } , y t , g(t, y; g) ) ; {x} = x_1, x_2, . . . , x_k (8)

which reflects an existence of several Q^2-type arguments and implements its independence of renormalization details corresponding to Eq.(1).

1.1.3 Abstract Formulation To make this point clearer, let us show that FE (5) can formally be obtained directly from the group composition law. Generally, the mathematical formulation of the RG transformation can be presented as a functional realization of the mentioned Lie group.

Consider the transformation T (l) of a certain abstract set M of elements M_i into itself depending on a continuous real parameter l (−∞ < l < ∞) such that for each element M we have T (l)M = M^′ (M, M^′ ⊂ M) . Suppose that M can be projected onto the real axis, i.e., for every M_i there corresponds a real number g_i^1. Then, this transformation can be written in the analytic form T (l)g = g^′ = G(l, g) , G being a continuous function of two arguments satisfying the normalization condition G(0, g) = g which corresponds to the identity transformation T (0) = E.

Transformations T (l) form a group if they satisfy the composition law T (l) × T (λ) = T (l + λ) (9) to which there corresponds the functional equation for G : G{l, G(λ, g)} = G(l + λ, g) . (10) As it follows from the bases of the Lie group theory, it is sufficient to deal with the infinitesimal transformation at λ ≪ 1 , i.e., with the DE ∂G(l, g) ∂l = β{G(l, g)} . (11) Here the group generator is defined as β(g) = ∂G(ϵ, g) ∂ϵ at ϵ = 0.

Performing a logarithmic change of variables l = ln x, λ = ln t , G(l, g) = ḡ(x, g) , T (ln t) = T_t (12) we obtain (5) and (4) instead of (10) and (11).

1This condition is not essential and can be modified — see, below, eqs. (16) and (17).

1.2 Definition of the Renorm-Group

1.2.1 The RG transformation

Generally, the RG can be defined as a continuous one-parameter group of specific transformations of a partial solution (or the solution characteristic) of a problem, a solution that is fixed by a boundary condition. The RG transformation involves boundary condition parameters and corresponds to some change in the way of imposing this condition.

For illustration, imagine an one-argument solution characteristic f(x) that has to be specified by the boundary condition f(x_0) = f_0. Formally, represent the given characteristic of a partial solution as a function of boundary parameters as well: f(x) = f(x, x_0, f_0). (This step can be considered as an embedding operation). The RG transformation then corresponds to a changeover of the way of parameterization, say from {x_0, f_0} to {x_1, f_1} for the same solution. In other words, the x argument value, at which the boundary condition is given, does not need to be x_0, but we may choose another point x_i. Our solution f can be written in a form of a two-argument function F (x/x_0, f_0) with the property F (1, γ) = γ. The equality F (x/x_0, f_0) = F (x/x_1, f_1) reflects the fact that under such a change of a boundary condition the form of function F itself is not modified (as, e.g., in the case of F (x, γ) = Φ(ln x+γ)). Noting that f_1 = F (x_1/x_0, f_0) , we obtain F (ξ, f_0) = F (ξ/t, F (t, f_0)) ; ξ = x/x_0 , t = x_1/x_0 .

The group transformation here is { ξ → ξ/t, f_0 → f_1 = F (t, f_0) } .

The renorm-group transformation for a given solution of some physical problem in the simplest case can be defined as

a simultaneous one-parameter transformation of two variables, say x and g, by R_t : { x → x^′ = x/t , g → g^′ = g(x, g) } , (6)

the first being a scaling of a coordinate x and the second — a more complicated functional transformation of the solution characteristics. Eq.(5) for the transformation function g provides the group property T_{τt} = T_τ T_t of the transformation (6). Performing the logarithmic change of variables and an appropriate redefinition of a transformation function (12), we obtain eqs.(10), (11) and R(l) : { q → q^′ = q − l , g → g^′ = G(l, g) } , (13) instead of (5), (4) and (6). One can refer to these equations as the multiplicative version (and previous equations in abstract formulation as to the additive one). They are just the RG equations and transformation for a massless QFT model with one coupling constant. In that case x = Q^2/μ^2 is the ratio of a 4-momentum Q squared to a “normalization” momentum μ squared and g, the coupling constant.

Several generalizations of (6) and (13) will be considered below.

1.2.2 Simple generalizations

“Massive” Case

For example in QFT, if we do not neglect the mass m of a particle, we have to insert an additional dimensionless argument into the invariant coupling ḡ which now has to be considered as a function of three variables: x = Q^2/μ^2, y = m^2/μ^2, and g. The presence of a new “mass” argument y modifies the group transformation

R_t : { x^′ = x t , y^′ = y t , g^′ = ḡ(t, y; g) } (14)

and the functional equation ḡ(x, y; g) = ḡ ( x t , y t ; ḡ(t, y; g) ) . (15)

Here, it is important that the new parameter y (which in physical nature must be close to the x variable as it scales similarly) enters also into the transformation law of g .

If the considered QFT model, like QCD, contains several masses there will be several mass arguments y → {y} = y_1, y_2, . . . y_n .

Multi-coupling case A more complicated generalization corresponds to transition to the case with several coupling constants: g → {g} = g_1, . . . g_k . Here, one has to introduce the “family” of effective couplings ḡ → {ḡ} , ḡ_i = ḡ_i(x, y; {g}) ; i = 1, 2, . . . k , satisfying the system of coupled functional equations ḡ_i(x, y; {g}) = ḡ_i ( x t , y t ; { ḡ(t, y; {g}) } ) . (16)

In the abstract formulation this system is a generalization of (5) and (15) for the case when every element M_i of M can be described by k numerical parameters, i.e., by a point {g} in the k-dimensional real parameter space. The RG transformation now is

R_t : { x → x t , y → y t , {g} → {g(t)} } , g_i(t) = g_i(t, y; {g}) . (17) 1.3 Early history and the RG method

1.3.1 Renormalization and renormalization invariance

As it is known, the regular formalism for eliminating the UV divergences in QFT was developed on the basis of covariant perturbation theory for the scattering S–matrix in the late 40s. This breakthrough is connected with the names of Tomonaga, Feynman,

Schwinger and some others. In particular, Dyson and Abdus Salam carried out the general analysis of the structure of divergences in arbitrarily high orders of perturbation theory. Nevertheless, a number of subtle questions concerning overlapping divergences remained unclear.

An important contribution in this direction based on a thorough analysis of the mathematical nature of UV divergences was made by Bogoliubov. This was achieved on the basis of a branch of mathematics which was new at that time, namely, the Sobolev– Schwartz theory of distributions. The point is, that propagators in local QFT are distributions (similar to the Dirac delta–function) and propagator products appearing in the coefficients of the S–matrix expansion require a supplementary definition in the case when their arguments coincide and lie on the light cone.

In the mid 50s on the basis of this approach Bogoliubov and his disciples developed a technique of supplementing the definition of products of singular Stückelberg–Feynman propagators [2] and proved a theorem [3] on the finiteness and uniqueness (for renormalizable theories) of the S–matrix elements in any order of perturbation theory. The prescriptive part of this theorem, the Bogoliubov R-operation (see, e.g., chapter “Removal of divergencies from the S–matrix” in the monograph [1]), still remains a practical means of obtaining finite and unique results in the higher order perturbation calculation.

The Bogoliubov algorithm works, essentially, as follows:

– To remove the UV divergences of a one-loop diagram, instead of introducing some regularization, e.g., the momentum cutoff, and handling (quasi) infinite counterterms, it suffices to complete the definition of a divergent Feynman integral by subtracting from it a certain polynomial in the external momenta which in the simplest case is reduced to the first few terms of the Taylor series.

– For multi-loop diagram (including one with overlapping divergences) one should first subtract all divergent subdiagrams and finish with subtracting the diagram as a whole in a hierarchical order regulated by the R–operator.

An attractive feature of this approach is that it is free from any auxiliary nonphysical attributes such as bare masses, bare coupling constants, and regularization parameters which are not involved in the computation within the Bogoliubov’s algorithm. The latter can be regarded as renormalization without regularization and counterterms.

The uniqueness of computational results for the observable S-matrix elements is ensured by special conditions imposed on them. These conditions contain some degree of freedom (related to different renormalization schemes and momentum scales) that can be used to establish finite relations between the Lagrangian parameters (masses, coupling constants) and corresponding renormalized quantities. The fact that physical predictions are independent of arbitrariness in the renormalization conditions, that is, they are renorm–invariant, constitutes the conceptual foundation of the renormalization group.

1.3.2 The discovery of the renormalization group

In the 1952-1953 Stückelberg and Peterman [5] discovered^2 a group of infinitesimal transformations related to finite arbitrariness arising in the S-matrix elements upon elimination of the UV divergences. These authors introduced normalization group generated by Lie operators connected with renormalization of the coupling constant e.

In the following year, on the basis of (infinite) Dyson’s renormalization transformations formulated in the regularized form, Gell-Mann and Low [6] derived functional equations for the QED propagators in the UV limit. The appendix to this article contains the general solution (obtained by T.D. Lee) of this functional equation for the renormalized transverse photon propagator amplitude d(x, e^2), written in two equivalent forms:

e^2d ( x, e^2 ) = F ( xF^{−1} ( e^2 )) and ln x = e2_d∫ e2 dy ψ(y) , ψ(e^2) =

∂(e^2d) ∂ ln x | | | | | x=1 . (18)

A qualitative analysis of the behaviour of the quantum electromagnetic interaction at small distances was carried out with the aid of (18). Two possibilities, namely, infinite and finite charge renormalizations were pointed out.

However, paper [6] paid no attention to the group character of the analysis and the results obtained there. The authors missed a chance to establish a connection between their results and the standard perturbation theory and did not discuss the possibility that a ghost pole solution might exist.

The final step was taken by Bogoliubov and the present author bs-55a,bs-55b,sh-55 — see also the survey [10] published in English in 1956. Using the group properties of finite Dyson transformations for the coupling constant, fields and Green functions, these authors derived functional group equations for the propagators and vertices in QED in the general case (that is, with the electron mass taken into account). For example, the equation for the transverse amplitude of the photon propagator and electron propagator amplitude were obtained in the form

d(x, y; e^2) = d(t, y; e^2) d ( x t , y t ; e^2d(t, y; e^2) ) , s(x, y; e^2) = s(t, y; e^2) s ( x t , y t ; e^2d(t, y; e^2) ) (19)

in which the dependence on the mass variable y = m^2/μ^2 was present.

As can be seen, the product e^2d of electron charge squared and photon propagator amplitude enters in both the FEs. This product is invariant with respect to Dyson’s transformation. We called this function – invariant charge and introduced the term renormalization group.

2 For a more detailed exposition of the RG early history see our review [4].

In the modern notation, the first equation is that for the invariant charge (now widely known as an effective or running coupling) ᾱ = αd(x, y; α = e^2): ᾱ(x, y; α) = ᾱ (x t , y t ; ᾱ(t, y; α) ) . (20)

Let us emphasize that, unlike the approach Ref.[6], in the latter case there is no relation with UV divergences and simplification due to the massless nature of the UV asymptotics. Here, the homogeneity of the transfer momentum scale is violated explicitly by mass m. Nevertheless, the symmetry (even though a bit more complex one) underlying the RG, as before, can be stated as an exact symmetry of the solutions of the QFT problem. This is what we mean when using the term Bogoliubov’s renormalization group or renorm-group for short.

The differential group equations for ᾱ and for the electron propagator: ∂ᾱ(x, y; α) ∂ ln x = β ( y x , ᾱ(x, y; α) ) ; ∂s(x, y; α) ∂ ln x = γ ( y x , ᾱ(x, y; α) ) s(x, y; α) , (21) with β(y, α) = ∂ᾱ(ξ, y; α) ∂ξ , γ(y, α) = ∂s(ξ, y; α) ∂ξ at ξ = 1 (22)

were first derived in [7] by differentiating the FEs. In this way, explicit realization of the group DEs mentioned in the paper [5] was obtained. These results established a conceptual link with the Stückelberg—Peterman and Gell-Mann—Low results.

1.3.3 Creation of the RG method

Another important achievement of paper [7] consisted in formulating a simple algorithm for improving an approximate perturbative solution by combining it with the Lie equations (for detail, see below, Section 2).

In our adjacent publication [8] this algorithm was effectively used to analyse the UV and infrared (IR) behaviour in QED. The one-loop and two-loop UV asymptotics

ᾱ^{(1)}_{RG}(x; α) ≡ ᾱ^{(1)}_{RG}(x, 0, α) = α 1 −^α_{3π} ln x

, (23)

ᾱ^{(2)}_{RG}(x; α) = α 1 −^α_{3π} ln x +^{3α}_{4π} ln(1 −^α_{3π} ln x)

(24)

of the photon propagator as well as the IR behavior

s(x, y; α) ≈ (x/y − 1)^{−3α/2π} = (p^2/m^2 − 1)^{−3α/2π} (25)

of the electron propagator in the transverse gauge were obtained. At that time, these expressions were already known only at the one–loop level. It should be noted that in the mid 50s the problem of the UV behaviour in local QFT was quite urgent. At that time, substantial progress in the analysis of QED at small distances was made by Landau and his collaborators [11]. However, Landau’s approach did not provide a prescription for constructing subsequent approximations.

The simple technique for obtaining higher approximations was found only within the new renorm–group method. The one-loop UV asymptotics of QED propagators obtained in our paper [8], eqs. (23) and (25), agreed precisely with the results of Landau’s group.

Within the RG approach these results can be obtained in just a few lines of argumentation. To this end, e.g., the massless one-loop perturbation approximation should be substituted into the r.h.s. of the first equation in (22) to compute the generator β(0, α) = ψ(α) = α^2/3π followed by elementary integration of the first of eqs.(21).

Moreover, starting from the next order perturbation expression ᾱ^{(2)}_{P T h}(x, ; α) containing the α^3 ln x term, we arrived at the second renorm-group approximation (24) performing summation of the α^2(α ln)^n terms. This two-loop solution for the invariant coupling first obtained in [8] contains the nontrivial log–of–log dependence which is now widely known of the “next-to-leadind logs” approximation for the running coupling in quantum chromodynamics (QCD) — see, below, eq.(47).

Comparing solution (24) with (23), one can conclude that the two-loop correction is extremely essential just in the vicinity of the ghost pole singularity at x_1 = exp (3π/α). This demonstrates that the RG method is a regular procedure, within which it is quite easy to estimate the range of applicability of the results.

Quite soon, this approach was formulated [9] for the case of QFT with two coupling constants, say, g and h, namely, for a model of pion–nucleon interactions with the pions self-interaction. To the system of functional equations for two invariant couplings

ḡ^2 ( x, y; g^2, h ) = ḡ^2 (x t , y t , ḡ^2(t, y; g^2, h), h̄ ( t, y; g^2, h )) , h̄ ( x, y; g^2, h ) = h̄ ( x t , y t , ḡ^2 ( t, y; g^2, h ) , h̄ ( t, y; g^2, h ))

there corresponds a coupled system of nonlinear DEs – see, below, eqs.(52). It was analysed [12] in the one-loop appriximation to carry out the UV analysis of the renormalizable model of the pion-nucleon interaction.

In a more general case of arbitrary covariant gauge the RG analysis in QED was carried out in [13]. Here, the point was that the charge renormalization is connected only with the transverse part of the photon propagator. Therefore, under nontransverse covariant (e.g., Feynman) gauge the Dyson transformation has a more complex form. This issue has been resolved by considering the gauge parameter as another coupling constant.

In Refs.[7, 8, 9, 13] and [12] the RG was thus directly connected with practical computations of the UV and IR asymptotics. Since then this technique, known as the renormalization group method (RGM) and being summarized in the first edition of monograph [1], has become the sole means of asymptotic analysis in local QFT.

1.4 RG in QED

1.4.1 Effective Electron Charge

An essential feature of quantum theory is the presence of virtual states and transitions. In QED, e.g., the process of virtual dissociation of a photon into an electron-positron pair and vice versa γ ↔ e^+ + e^− can take place. The sequence of two such virtuale transitions represents the simplest contribution to the effect of vacuum polarization.

The vacuum polarization processes lead to several specific phenomena and particularly to the notion of effective electron charge. To explain this, let us start with a classical analogy.

Take a polarizable medium consisting of molecules that can be imagined as electric dipoles. Insert into it an external electric charge Q. Due to the attraction of opposite charges, the dipoles change their position so that the charge Q turns out to be partially screened. As a result, at a distance r from Q the electric potential will be smaller than the vacuum Coulomb law Q/r and can be presented in the form Q(r)/r where, generally, Q(r) ≤ Q. The introduced quantity Q(r) is known as an effective charge. As r decreases, Q(r) increases and as r → 0, Q(r) tends to Q.

In QFT the vacuum, i.e., the interparticle space itself stands for the “polarizable medium”. Quantum–field vacuum is not physically empty. It is filled with vacuum fluctuations, i.e., with virtual particles. These “zero fluctuations” are a well-known effect of a ground state in quantum world. In QED, zero oscillations consist mainly of short-lived virtual (e^+, e^−) pairs which play the role of tiny electric dipoles.

Consider the process of measuring the electron charge with the help of some external electromagnetic field. In the quantum case the probing photon can virtually dissociate into the (e^+, e^−) pair. This pair can be treated as a virtual dipole that produces partial screening of the measured charge. The simplest process involves two elementary electromagnetic interactions, its contribution to an effective charge being proportional to the small number e^2 ≡ α ≃ 1/137; and this contribution depends on the distance r ! In the region of r values much smaller than the Compton length of the electron r_e = h/mc ≃ 3, 9.10^{−11}cm it depends on r logatithmically e → e(r) = e { 1 − α 3π ln r r_e + . . . } (26)

as was first discussed by Dirac [14] in the middle of the 30s. The e(r) value decreases as r grows. So, qualitatively, the QED effective charge behavior corresponds to a classical picture of screening.

This dependence can be presented by a set of curves e(r). Each curve represents a possible behavior of the effective charge e(r) as obtained from the theory and considered without any reference to experiment (α = e^2 being unspecified numerically).

The point is that in the classical analogue the value of an external charge Q inserted into the polarizable medium is known from the very beginning. In quantum physics it is not the case, and a charge value can be measured at not very small distances. The result of measurement generally has to be specified by two quantities: the “distance of measurement” r_i and the measured charge value e_i. Hence, to make the choice from the mentioned set of curves, one has to fix the point on the plane with the coordinates r = r_i, e(r) = e_i. Thus, for the chosen “physical” curve e(r_i) = e_i. Note, that the usual definition of the electron charge by a classical macroscopic (like Millikan) experiment corresponds here to very large distances r ≥ r_e, i.e., e = e(r = r_e) = 1/ √ 137.

As it is well known, in relativistic microphysics one usually uses the momentum rather than coordinate representation. Correspondingly, instead of e(r) one deals with the quantity ᾱ(Q^2), the Fourier transform of e(r) squared. It is a monotonically increasing function of its argument Q^2, the 4-momentum transfer squared. Here and below, the bar denotes a function (distinct from α, α_μ, α_i – its numerical values at some given value of the Q^2 argument). The correspondence condition with the classical electrodynamics now takes the form ᾱ(0) = 1/137, as in our scale the external long-range field corresponds to a photon with vanishing 4-momentum. However, as before, to fix one of possible curves on the plane (Q, ᾱ) one has to give a point Q ≡ √ Q^2 = μ, ᾱ = α_μ and hence, for the selected curve ᾱ(μ^2) = α_μ.

The parameter μ sometimes is referred to as a scale parameter. As is clear, it is just the momentum magnitude for a photon used for the charge measurement. The effective coupling function ᾱ(Q^2) describes the dependence of the electron charge value on the measurement conditions. In our days the logarithmic corrections to the Millikan value become essential and are measured at big accelerators.

The parameter μ has no analogue in the QED Lagrangian that reproduces the classical electrodynamical one. The phenomenon of its arising in QFT was exaggerated by the term “dimensional transmutation”. As it was shown, its appearance is very natural and is connected with the measurement procedure.

This is a good place to recall the ideas by Niels Bohr formulated in the middle of 30s [15] and related to the complementarity principle. The point is that to specify a quantum system, it is necessary to fix its “macroscopic surrounding”, i.e., to give the properties of macroscopic devices used in the measurement process. Just these devices are described by additional parameters, like μ. However, this is not the end of the Bohr (i.e. – scale) parameter story. As can be shown, in the QFT this parameter existence leads to a new symmetry lying in the foundation of the renormalization group.

1.4.2 RG transformations

To do this, consider again the function ᾱ(Q^2) having in mind that the physical solution has been chosen by the condition ᾱ(Q^2 = μ^2) = α_μ. Assume also for simplicity that we deal with a massless QED, more precisely, with the approximation | Q |≫ m. This corresponds to the GeV-energy region or to distances r ≪ r_e. Here the effective charge function ᾱ can be represented as a function of two dimensionless arguments Q^2/μ^2 and α_μ, i.e., ᾱ(Q^2) = ᾱ(Q^2/μ^2, α_μ) .

Now, take into account that the couple of parameters μ, α_μ used to identify the physical solution may, generally, correspond to any scale μ. Take two scales “1” and “2” with coordinates μ_1, α_1 and μ_2, α_2, respectively. It is evident that ᾱ can be parameterized by any pair μ_i, α_i; i = 1, 2, . . . so that for arbitrary Q^2 values the identity

ᾱ(Q^2/μ^2_1, α_1) = ᾱ(Q^2/μ^2, α_2) should hold.

At the same time the second argument in the r.h.s., α_2, which by definition is equal to ᾱ at Q^2 = μ^2, can be expressed in terms of ᾱ parameterized with the help of point ”1” coordinates, i.e., α_2 = ᾱ(Q^2 = μ^2) = ᾱ(μ^2/μ^2_1, α_1) . Combining the last two relations and introducing a notation Q^2/μ^2 = x, α_1 = α, μ^2/μ^2_1 = t , we arrive at the FE α(x, α) = ᾱ( x t , ᾱ(t, α)), (27) identical with eq.(5).

Note, that the corresponding continuous one-parameter transformation is just the change (”1” → ”2”) of the parameterization point

R_t : {μ_1 → μ_2 = √ tμ_1, α_1 → α_2 = α(t, α_1)} . (28)

Thus, we have shown that in the renormalized QED there exists invariance with respect to continuous transformations of the group type which involve two quantities and contain a functional dependence. This precisely corresponds to definition (6).

As can be shown, in QED the effective coupling ᾱ is equal to a product of α and dimensionless function d(x, α) – the transverse photon propagator amplitude with due regard for vacuum polarization effects. Generally, in QFT models with one coupling constant the invariant coupling ḡ(x, g) can be expressed as a product of g, corresponding vertex function and the square root of propagator amplitudes of the fields participating in the interaction. Usually, this can be done on the basis of Dyson finite renormalization transformations.

Thus, the RG invariance is nothing else but the invariance of a solution with respect to the way of its parameterization. For instance, in real QED, instead of using the “Millikan’s value” α(0) = 1/137 one may take the “CERN value” α(M^2_Z ) ≃ 1/128, 9.

2 Renormalization group method

2.1 Basic idea

Approximate solution of the physical problems with RG symmetry usually does not obey this symmetry which is lost in the course of approximation. This is essential when the solution under consideration posseses a singularity as far as the singularity structure commonly is destroyed by an approximation.

In QFT, e.g., the usual way of calculation is based on the perturbation method, i.e., on power expansion in g. It is not difficult to see that finite sums of this expansion do not satisfy the functional group equations. As the simplest illustration, consider the effective coupling ḡ in the UV region where the one-loop contribution has a logarithmic form ḡ^{(1)}_{PTh}(x, g) = g + g^2β ln x (29) with β, a numerical coefficient. By substituting this expression into FE (5), after simple manipulation one has

Discr[ḡ^{(1)}_{PT}] ≡ ḡ^{(1)}_{PT}(x, g) − ḡ^{(1)}_{PT} ( x/t, ḡ^{(1)}_{PT}(t, g) ) = = [g + g^2β ln x] − [g + g^2β ln x + 2g^3β^2 ln t ln(x/t)] ≠ 0

— error in the g^3 order. This discrepancy can be liquidated by addition of the particular next order term to the r.h.s. of (29)

ḡ^{(2)}_{PT} = g + g^2β ln x + g^3β^2 ln^2 x.

This “improved” expression would yield the discrepancy of the g^4 order which in its turn can be abolished by adding the g^4 ln^3 term to (29) and so on.

Thus, we see, on the one hand, that the finite polynomials cannot satisfy the condition of renormalization invariance. On the other hand, we can conclude that the functional RG equation represents a tool for iterative reconstruction of renorm-invariant expression that has the form of infinite series.

This example illustrates a rather general situation. As a rule, approximate solutions do not satisfy a group symmetry. Here, this happens in the UV limit as ln x → ∞ where the observed discrepancy becomes important.

Another illustration is provided by the one-dimensional transfer problem (for detail, see our reviews in Refs. [16]). Take a half-space (l > 0) filled with a homogenious media. Let some given amount of particles (or radiation) be falling on the surface (at l = 0) from the empty half-space. The particle density n(l, v) is a function of coordinate and of particle velocity v. It satisfies an integro–differential kinetic Boltzmann equation. In some cases one can neglect by the energy dependence of cross–sections. Here, the solution can be treated as a function of coordinate and direction of particle velocity Ω = v/v. In this, “one-velocity”, case the simple symmetry of the RG type was found not for density, but for n integrated over directions in forward hemisphere G(l) = ∫ Ω+ n(l, Ω)dΩ . The function G relates to amount of all particles moving inwards the media. A partial solution of this problem will depend on the boundary condition at l = 0. Correspondingly, the solution characteristic G will be the function of two arguments G(l, g) – coordinate l (distance from the boundary) and total amount of ingoing particles g = G(l = 0) = G(0, g). Just this function G(l, g) satisfies [17] the group FE (10) in the additive form.

It is rather simple to get an approximate behavior of this density G(l, g), at small l G(l, g) = g + lG^′(0, g), l ≪ 1, (30) which, being considered for large l values, also does not obey the mentioned symmetry.

On this basis one can set the task of “renormalization-invariant improvement” of perturbative results. The key idea is to combine an approximate solution with the group equations. The simplest and most convenient way for this “marriage” is the use of Lie equations, i.e., group differential equations. The renormalization group method (RGM) as it was first formulated in Refs.[7, 8, 10] is essentially based on these group equations.

2.2 Differential formulation

The differential equations can be obtained from the functional ones in two different ways. Differentiating eq.(15) by x and putting then t = x , one obtains (compare with (4)): x ∂ḡ(x, y, g) ∂x = β ( y x , ḡ(x, y; g) ) , β(y, g) = ∂ḡ(t, y; g) ∂t | | | | t=1 . (22a)

The nonlinear equation (22a) can be considered as “massive” generalization of eq.(4). On the other hand, one can differentiate eq.(15) with respect to t at the point t = 1, which yields [ x ∂ ∂x + y ∂ ∂y − β(y, g) ∂ ∂g ] ḡ(x, y; g) = 0 , (31)

a linear partial differential equation (PDE).

Analogous operations applied to the second of eqs.(19) lead to: ∂s(x, y; g) ∂ lnx = γ [ y x , g(x, y; g) ] s(x, y; g) (22b) and { x ∂ ∂x + y ∂ ∂y − β(y, g) ∂ ∂g − γ(y, g) } s(x, y; g) = 0 (32)

where γ(y, g) = ∂s(t, y; g ∂t | | | | | t=1 (33)

is the so-called anomalous dimension of s. For a group invariant, like, e.g., matrix element M satisfying FE (8) this dimension is equal to zero. The corresponding PDE looks like { ∑ i x_i ∂ ∂xi − y ∂ ∂y − β(y, g) ∂ ∂g } M(x, y; g) = 0 . (34)

Equations (31), (32), and (34) express the independence on the t parameter of the r.h.s. of the related functional group equations, i.e., a mutual compensation of t dependences via three (or more) arguments. This DEs can be called compensational equations to distinguish them from nonlinear eqs.(21) which can be referred to as evolutional group equations.

Stress that compensational as well as evolutional DEs taken together with normalization (i.e. boundary) conditions like ḡ(1, g) = g , s(1, g) = 1 are equivalent to functional equations and to each other. At the same time, evolutional Lie equations turn out to be more convenient for practical construction of the solution, generators β, γ being given.

Let us comment also that the UV limit of compensational DEs like, e.g., { x ∂ ∂x − β(g) ∂ ∂g − γ(g) } s(x, g) = 0 (35)

coincides with the UV limit of specific nonclosed equation { x ∂ ∂x − β(g) ∂ ∂g − γ(g) } s(x, g) = ΔS (C − S) obtained in the early 70s by Callan and Symansik. The r.h.s. of this equation contains the result of mass counter-term insertion into all internal lines of all diagrams for the function s under consideration. For this reason, in current literature compensational equations are often related to as the Callan–Symansik equations. However, these equations just in the form (31) and (32) were first obtained by Lev Ovsyannikov in 1956 while solving [18] functional RG equations. Therefore, we consider it justifiable to relate compensational DEs to the Ovsyannikov’s rather than to some other names.

It is not difficult to formulate group DEs for a multi-coupling case by proper differentiation of FEs (16). For instance, the system of evolutional DEs looks like x ∂ḡ_i(x, y, {g}) ∂x = β_i ( y x , {ḡ_j(x, y; {g})} ) . (36)

2.3 General solution

General solution of the group FEs was obtained in the paper [18] by applying the theory of PDE to the compensational eqs. (31) and (32). Details of the derivation can be found in the Section 48.3 of the third edition of the monograph [1]. The results obtained can be formulated as follows:

To every solution of DE (31), there corresponds some function of two arguments F (y, g), reversible with respect to its second argument and connected to ḡ by the relation F (y, g) = F ( y x , ḡ(x, y; g) ) . (37)

The explicit form of ḡ can be obtained now by reversing the r.h.s: g(x, y, g) = F^{−1}_{(2)} [ y x , F (y, g) ] . To determine F it is sufficient to specify the generator β(y, g).

Note also that to get from the Ovsyannikov result (37) the solution in the UV limit, i.e., in a massless case at y = 0, one has to assume for F a specific limiting form

F (y, g) = y exp[f(g)] or = ln y + f(g) as y → 0 .

Then f{ḡ(x, g)} − f(g) = ln x ; g = f^{−1}{ln x + f(g)} . (38) Here, f^′(g) = 1/β(g). This is equivalent to the Gell-Mann—Low—Lee solution (18). To every solution of eq.(19) for a function s, there corresponds some function Σ(y, g) related to s by s(x, y; g) = Σ[y/x, ḡ(x, y; g)] Σ(y, g) . (39)

Let us give also the general solution of the same type for the system (16) for the kcouplings case. It can be written down in terms of k arbitrary functions F_i, reversible simultaneously with respect to last arguments, and defined from the system of k functional relations F_i(y, {g}) = F_i [ y x , {ḡ(x, y; {g})} ] , {g} = g_1, ... g_k ; i, j = 1, ... k . (40) All solutions (37) — (40) satisfy the usual normalization conditions. The transition to the massless limit in expressions (39) — (40) can be performed by a trick analogous to the given above. Then, e.g., s(x, g) = x^γ Σ{ḡ(x, g)} Σ(g) . Let us also formulate solution for the 2-coupling case g_1 = g, g_2 = h in the massless limit in the form analogous to (38)

f_i(ḡ, h̄) = f_i(g, h) + ln x, i = 1, 2 . (41)

From the solutions presented it follows that imposing group symmetry one reduces by unity the number of independent arguments.

2.4 RGM algorithm

2.4.1 Technology of RG Method

The idea of the approximate solution marriage [7, 8] with group symmetry can be realised with help of group DEs. If we define group generators β, γ from some approximate solutions and then solve evolutional DEs, we obtain RG improved solutions that obey the group symmetry and correspond to the approximate solutions used as an input.

Now we can formulate an algorithm of improving an approximate solution. The procedure is given by the following recipe which we illustrate by a massless one–coupling case (4) and (5):

Assume some approximate solution g_{appr} is known. 1. On the basis of eq.(22a) define the beta-function

β(g)^{def}= ∂ ∂ξ g_{appr}(ξ, g) | | | | ξ=1 . (42)

2. Integrate eq.(4), i.e., construct the function

f(g)^{def}= ∫ g dγ β(γ) , (43)

3. Resolve the eq.(38)

g_{RG}(x, g) = f^{−1}{f(g) + ln x} . (44)

4. Then, the solution g_{RG}, precisely satisfies the RG symmetry, i.e., it is an exact solution of eq.(5) and corresponds to g_{appr} .

For illustration, take as a g_{appr} the simplest perturbative expression (29) for the invariant coupling. Here, the β-function is β(g) = −β_1g^2 , and the integration yields ∫ g g dg β(g) = 1 β_1 ( 1 g − 1 g ) = ln x .

The solution obtained g(x, g) = g 1 + gβ_1 ln x

, (45)

one one hand, exactly satisfies the RG symmetry and, on the other, being expanded in powers of g, correlates with the input (29).

2.4.2 RGM usage in QFT

As it has been explained above in Section 2.1, the QFT perturbation expression of finite order does not obey the RG symmetry. On the other hand, in Section 2.4.1 it was shown that the one-loop UV approximation for g used as an input in eq.(22) for the construction of a group generator β(g) yields expression (45) that obeys the group symmetry and exactly satisfies FE (5).

Now, using the geometric progression (45) as a hint, let us represent the 2-loop perturbative approximation for g in the form

g_{pt} = g − g^2β_1 ln x + g^3 [β^2_1 ln^2 x − β_2 ln x] + O(g^4) ,

where β_1 and β_2 mean the β -function coefficients at the one-loop and two-loop level, respectively. If we substitute this expression into eq.(5) we obtain

g^{(2)}_{pt} (x, g) − g^{(2)}_{pt} (x/t; g^{(2)}_{pt} (t, g)) = g^4β^3_1 ln(x/t) ln^2 t .

Meanwhile, we can use g^{(2)}_{pt} as an input in Eq.(42). Now the step 1 yields

β^{(2)}(g) = −β_1g^2 − β_2g^3

and then (step 2)

β_1f^{(2)}(z) = − ∫ z dγ γ^2 + bγ^3 = 1 z + b ln z 1 + bz ; b = β_2 β_1

. (46)

To make the last step, we have to start with the equation

f^{(2)}[g^{(2)}_{rg} (x, g)] = f^{(2)}(g) + β_1 ln x

which is a transcendental one and has no simple explicit solution^3. Due to this, one has to resolve this relation approximately. Take into account that the second, logarithmic, contribution to f^{(2)}(z) in (46) is a small correction to the first one at bz ≪ 1. Under this reservation we can substitute the one-loop RG expression (45) instead of g^{(2)}_{rg} into this correction and obtain the explicit expression

g^{(2)}_{rg} = g 1 + gβ_1l + g(β_2/β_1) ln [1 + gβ_1l]

; l = ln x. (47)

This result (first obtained [8] in mid-50s) is interesting in several aspects. First, being expanded in g and gl powers, it produces an infinite series containing “leading”, i.e. ∼ g(gl)^n, and “next-to-leading” ∼ g^2(gl)^n UV logarithmic contributions. Second, it contains a nontrivial analytic dependence

ln(1 + gβ_1l) ∼ ln(ln Q^2)

which is absent the in perturbation input. Third, being compared with eq.(45), it demonstrates algorithm of subsequent improving of accuracy, ı.e., of RGM regularity.

Now we can resume the RGM properties. The RGM is a regular procedure of combining dynamical information (taken from an approximate solution) with the RG symmetry. The essence of RGM is the following:

1) The mathematical tool used in RGM is Lie differential equations. 2) The key element of RGM is possibility of (approximate) determination of group generators from dynamics.

3) The RGM works effectively in the case when a solution has a singular behaviour. It restores the structure of singularity compatible with RG symmetry.

3 RG in QFT

This section is devoted, mainly, to general topics of RG applications in the QFT short– distance asymptotic behavior. We discuss the specific features of UV analysis connected with use of perturbation theory, in particular, reliability of results.

3.1 UV analysis in general

3It can be expressed in terms of a special, Lambert, W -function : W (z) expW^(z^) = z; see, e.g., [19].

3.1.1 One-coupling case

General analysis of the UV asymptotic behavior for the one-coupling QFT model can be performed rather simply on the basis of the solution

∫_¯g_(x,g_) g dγ β(γ) = ln x , x =

Q^2 μ^2

, (48)

of the massless RG equation (4) for an effective coupling with g = ḡ(1, g) and μ, a reference point. As follows from it, the asymptotics at ln x → ∞ corresponds to the divergence at the upper limit of the l.h.s. integral. Depending on the feature of the β–function the resultant UV behaviour of the invariant coupling ḡ differs very much.

Suppose that at very small g values the beta-function is positive. Then, three cases are possible :

a) Consider first the situation with ∫ g_� g dz β(z) = ∞ (52a)

corresponding to the case when the beta–function has a zero at some finite point g_∗ .

Here, the UV asymptotic value of effective coupling is finite ḡ(∞, g) = g_∗ < ∞ , which relates to the finite renormalization of the coupling constant: Z = ḡ(∞, g)/g.

Using the terminology of DEs qualitative theory, one can say that at g = g_∗ we have a UV fixed point.

If at g = g_∗ there is a first order zero β(g) ≃ b(g_∗ − g) , then eq.(52a) gives

ḡ(x, g) − g_∗ ≃ C exp^{−b ln x} = C(Q^2/μ^2)^{−b} as Q^2 → ∞ , (50)

i.e., in the vicinity of a fixed point we have an asymptotic power regime.

b) If β(g) is (monotonically) increasing as g → ∞ but gentler than g^2, so that ∫_∞ g dz β(z) = ∞ (52b)

then the effective coupling tends to infinity lim_{x→∞} ḡ(x, g) → ∞ , which corresponds to infinite coupling constant renormalization. Formally, this is equivalent to g_∞ = ∞.

c) At ∫_∞ g dγ β(γ) = L = ln x_∞ < ∞ , (52c)

that happens if lim_{x→∞} β(g)/g^2 ≥ const , the theory has an inner contradiction, as far as

ḡ(x_∞, g) = ∞ at x_∞ < ∞

and the momentum region x > x_∞ can not be described by the theory. We encounter here a ghost trouble, as explained below in this Section.

Up to now we have assumed that the generator β(g) is positive. In the opposite case

d) β(g) = −b(g) < 0 one has to deal with the equation ∫ g ḡ dz b(z) = ln x (52d)

and study possible divergence of the integral involved at the lower limit.

If this occurs at some finite value g = g_∞ , the situation is quite analogous to the case b). The only difference is that now the effective coupling tends to its limiting value g_∞ from above.

As the most important case, we consider the possibility when the singularity lies at the origin β(0) = 0 which happens in QCD. Then, ḡ vanishes ḡ(∞, g) = 0 in the UV limit which corresponds to the asymptotic freedom phenomenon. E.g., if we assume here that β(g) = −β_1g^2 at g → 0 , then ḡ(x, g) → 1 β_1 ln x as x → ∞ . (51)

3.1.2 Multi-coupling case

For the quantum field model with several coupling constants one has to consider the system of coupled functional (16) or differential equations. The last ones can be analyzed by the well-known methods of the qualitative theory of differential equations.

Take the case with two coupling constants g and h. The system of evolutional differential equations is

˙ḡ = β_g(ḡ, h̄) , ˙h̄ = β_h(ḡ, h̄) ; ḟ ≡ ∂f/∂ℓ ; ℓ = ln x . (52)

According to (41), the general solution to this system is of the form F (ḡ, h̄) = F (g, h) + ℓ , Φ(ḡ, h̄) = Φ(g, h) + ℓ . where F and Φ — two arbitrary reversible functions.

As far as argument l = ln x does not enter explicitly into the generators β_g and β_h, it can formally be excluded by dividing one of the equations (52) by the other : dḡ dh̄ = F (ḡ, h̄), F = β_g β_h . (53)

This equation can be analyzed on the two dimensional phase plane (ḡ, h̄).

First explicit example of such phase portrait has been obtained in mid-fifties by I. Ginzburg [12] — see also Section 51.4 in the third edition of the monograph [1]. The essential features are now singular points and singular solutions. Singular points correspond to β_i = 0 (or = ∞). They can be of different types: a stable fixed point that is known as attractor, an unstable fixed point and a saddle-type point. In the vicinity of the UV attractor one can have a power scaling behavior as in eq.(50). Singular solution, separatrix, joins singular points and can also be stable or unstable. Generally, the unstable ones separate the parts of phase plane with different UV asymptotes that correspond to UV stable separatrices.

3.2 Perturbative approach to the UV asymptote

3.2.1 Structure of RG results

Consider a general situation with the RG approach to the UV asymptotic behavior based on perturbation calculation input. In the one-coupling QFT case, group generators entering into DEs can be written as

β(g) = β_1g^2 + β_2g^3 + . . . , ψ(g) = ψ_1g + ψ_2g^2 + . . . . (54)

Generally, expansion coefficients depend on the mass variable β(y, g) = ∑ l≥1 β_1(y)g^{l+1} , ψ(y, g) = ∑ l ψ_l(y)g^l . (55)

Note that if g is just the S–matrix expansion parameter (that can be equal to the coupling constant or to its square) then usually the first term in expansion for β is quadratic and for ψ — linear, as it is explicitly indicated above.

Substituting (54) into (48), and re-expanding the ratio γ^2/β(γ), we obtain after integration 1/g − 1/ḡ − β_1 β_2 ln(ḡ/g) − b_3(ḡ − g) + 0(ḡ^2, g^2) = β_1 ln x , (56)

ln s(x, g) = (ψ_1/β_1) ln{ḡ(x, g)/g} + c_2(ḡ − g) + 0(g^2) , (57)

b_3 = β_3/β_1 − (β_2/β_1)^2, c_2 = [ψ_2/β_1](ψ_2/ψ_1 − β_2/β_1).

As follows, the solutions ḡ and s depend on two arguments g and g ln x . By expanding them in powers of g we get

ḡ(x, g) = gf_1(g ln x)+g^2f_2(g ln x)+. . . , ln s(x, g) = φ_1(g ln x)+gφ_2(g ln x)+. . . (58)

where f_j and φ_i have a simple form. For example, f_1(z) = (1 − β_1z)^{−1}, φ_1(z) ∼ f_2(z) ∼ ln f_1(z) .

Comparing expressions obtained with usual perturbative expansions

ḡ_{pt}(x, g) = g + g^2β_1 ln x + g^3[β^2_1 ln x + β_2 ln x] + 0(g^4), s_{pt}(x, g) = 1 + gψ_1 ln x + g^2[(β_1ψ_1/2) ln^2 x + ψ_2 ln x] + 0(g^3) ,

used as an input to obtain our starting generators, one can see the qualitative effect of the RGM using. In the case considered, it changes the region of applicability of the perturbation method limited by the condition g ln x ≪ 1 to a more larger region defined by two relations g ≪ 1 , ḡ(x, g) ≪ 1, (59) the second of which is defining.

3.2.2 The ghost-pole trouble

Turn now to the one-loop RG approximation for the effective coupling ḡ, considered in the UV, i.e., massless limit. According to (45) and (23), it has the form

ḡ_{(1)}(x, g) = g 1 − β_1g ln x . Let the numerical coefficient β_1 be positive. Such is the case in QED where β_1 = 1/3π and g stands for the expansion parameter α = e^2. This expression obviously has a pole singularity at x = x_∗ ≡ exp(1/β_1g) = exp(3π/α) .

As far as the QED effective coupling is proportional to the (transverse part of) photon propagator, this pole, generally, describes some bound state of a system with the photon quantum numbers. However, a pole related to a physical bound state must have positive residue while the l.h.s. of eq.(23) has a negative one.

This means that it corresponds not to a physical but rather to some unphysical, so-called ghost, state. The presence of a ghost singularity can be treated as a signal of inconsistency of a theory. Such claims have been made [20] in the mid 50s when the ghost-pole trouble was first discovered [21] just before the birth of the RGM.

The RG method proved to be very effective for a general discussion of the ghost-pole issue. The first question that must be answered here is the stability of indication of the ghost-pole existence with respect to the multi-loop corrections.

Note that in a perturbation calculation, the β–function depends on the adopted renormalization procedure; at the massless case, starting with the 3-loop level the coefficients of the perturbation series (54) depend on the renormalization scheme (RS) used. In QED, the 3-loop β function in MOM (i.e., momentum subtraction) scheme is β^{MOM} (3) = α^2 3π + α^3 4π^2 + α^4 8π^3 (8 3 ζ(3) − 101 36 ) . (60)

The numerical value of the last parenthesis is about 0.4. Neglecting it for the moment, we start our discussion with the two-loop approximation for the β function. According to eq.(24), the 2-loop iterative RG solution is

ᾱ_{(2)} = α 1 −^α_{3π} l +^{3α}_{4π} ln(1 −^α_{3π} l) .

This solution has an error of an order of α^4l and is interesting from several points of view. As it has been mentioned before, its α expansion besides leading logs contains an infinite number of next-to-leading terms α^2(αl)^m, the first of which has been used as an input for construction of the β function. Second, in the vicinity of the ghost pole of the one-loop RG solution at l_1 = 3π/α, the two–loop ᾱ_{(2)} solution differs from ᾱ_{(1)} considerably. Hence, an infinite sum of the next-to-leading logarithmic contributions in the region αl ∼ 1 becomes important.

It is not trivial because for an each order of the perturbation input the next-to-leading term is negligible comparing with the leading one of the previous order (the ratio being of an order of αβ_2/β_1 = 3α/4π ≈ 2.10^{−3}). It can be seen with the help of (56) that the allowing for the last, 3-loop, term in (60) also becomes essential for the ᾱ ∼ 1 case.

This means that the problem of existence for the ghost pole in QED cannot be solved by taking into the account of next-to-leading and so on logs. Moreover, one can argue [22] on general RG ground that it is impossible to make any qualitative statement about the UV asymptote for the β(g) > g case basing on RG-improved perturbation calculations. Our next example illustrates this thesis.

3.2.3 Scalar quartic model

For the nonlinear scalar field with the quartic (self)interaction Lagrangian L_{int} = − 4π^2 3 gϕ^4 important progress has been achieved in 80s in the higher perturbation orders calculation. The β function was calculated in the MS-scheme up to the 5-loop level [23]

β^{MS}_{(5)} = 3 2 g^2 − 17 6 g^3 + 16.275g^4 − 135.8g^5 + 1437g^6 .

We see from this expression that, in conrast with the QED case, due to its alternatesign structure, there is no stability here even on a qualitative level. The odd-order approximations have a ghost-pole type behavior, whereas the even ones yield the fixed point (finite charge renormalization) case. Note also that, as can be shown [24], the upper boundary of the 10% confidence region corresponds to g values close to 0.1 .

To comprehend the “loop dependence” of this boundary it is useful to represent expression β^{MS}_{(5)} in a slightly different form β^{MS}(g) = 3 2 g^2 [ 1 − g 0.529 + ( g 0.303

)_2 − ( g 0.222

)_3 + ( g 0.180

)_4]

. (61)

It is clear now, that a boundary of the confidence region diminishes with rising the order of a loop approximation. The expression (61) looks like a beginning of a power asymptotic series of the Poincaré type. Indeed, if we represent the β -function in a series expansion form (54) then, as it is can be shown, the coefficients β_n at n ≫ 1 behave like ∼ n!.

The method of determining asymptotic estimates of the perturbation expansion coefficients of the Green functions uses a representation in the form of a functional (i.e. path) integral. This integral written down for the mentioned expansion coefficient can be calculated by the steepest descent method in the function space. To the saddle point, there corresponds an “instanton”–type Euclidean classical solution with a finite action.

In this manner, an asymptotic expression was obtained [25] for the coefficients of the β function expansion. It has the form β_n ≃ 1.096 16π^2 n! n^{7/2} ( 1 + O(n^{−1}) ) (n → ∞) . (62)

The factorial growth of coefficients indicates that this is a power asymptotic series with zero radius of convergence that cannot be summed in the usual manner. We can obtain the information about the singularity structure at the origin (g = 0) by using some special procedures. One of them is the Borel summation method.

Here, we give short exposition of the results on the attempt of the summation of the series of (61) type made in [24] (see also the review [26]).

Authors of the Ref. [24] used as an input the β-function 4-loop expression in the symmetric MOM-scheme β^{MOM} 5 (g) = 3 2 g^2 − 17 6 g^3 + 19.3g^4 − 146g^5 . (63)

This alternate-sign asymptotic series can be summed by the Borel method. The idea is to represent the sum in a form of a Laplace transform integral. It is not difficult to see that the transition to the Laplace image just “kills” the factorial factor n!. For the modified Borel transformation β(g) = ∫_∞ 0 dx g exp (−x/g) ( x ∂ ∂x )_5

B(x) (64)

perturbation series can be written down as B(x) = ∑ n β_n n!n^5 x^n . It has a nonzero circle of convergence and can be summed within the circle. However, as the integration domain in (64) goes outside the convergency region, we must make an analytic continuation for the function B(x). It can be done by a conformal transformation of the x-plane into the w-plane to map the domain of integration [0, ∞] into the interior of the unit disk and the cut [−∞, −1] into the boundary of the disk. One can choose this transformation in such a way that it correctly reproduces the singularity on the cut. The result of conformal transformation x → w(x) = ( √ 1 + x− 1) · ( √ 1 + x+ 1)^{−1} “looks quite well” : B(x) = 3x^2 128 (1 − 0.32w − 0.127w^2 + 0.084w^3) .

Then, by transformation reverse to (64) one can reconstruct beta function β̃(g) which is nonanalytic in the g variable with essential singularity at g = 0. Graphs of the function β̃(g) obtained by the Borel summation with allowance for the 1-, 2-, 3- and 4-loop approximations look very similar one to other.

They all lie now in a narrow parabolic ray slightly below the original one-loop parabola and within the limit of 10% accuracy enable to advance into the region g ∼ 50. This means that the summation procedure adopted enlarges the confidence interval in several hundred times! Besides this it gives the qualitative stability of results. All they are now in favour of a ghost-type UV asymptote.

Nevertheless, these results can be considered only as a support but not the proof of the ϕ^4-model inconsistency. The weak point here is that starting with (64) we have assumed the definite analyticity properties of β(g) in the whole complex g-plane.

3.3 Mass–dependent analytic solution

A general method of an approximate solution to the massive (i.e., mass-dependent) RG equations was developed in Ref.[27]. Analytic expressions of a high level of accuracy for an effective coupling and a one-argument function were obtained up to 3– and 4–loop order [28].

For example, the two-loop massive RG–solution for the invariant coupling

α_s(Q^2)^{(2)}_{rg} = α_s 1 + α_sA_1(Q^2, m^2) + α_sA_2/A_1) ln (1 + α_sA_1(...))

(65)

at small α_s values corresponds to perturbation expansion

α_s(Q^2)^{(2)}_{pert} = α_s − α^2_s A_1(Q^2, m^2) + α^3_s [ A^2_1 − A_2(Q^2, m^2) ] + . . . . At the same time, it smoothly interpolates between two massless limits (with A_ℓ ≃ β_ℓ ln Q^2 + c_ℓ) at Q^2 ≪ m^2 and Q^2 ≫ m^2 described by an equation analogous to (47). In the latter case it can be represented in the form usual for the QCD practice:

ᾱ^{−1}_s (Q^2/Λ^2)^{(2)}_{rg} ≃ β_1 { ln Q^2 Λ^2

+ b_1 ln ( ln Q^2 Λ^2 )} ; b_1 = β_2 β^2_1 . Solution (65) demonstrates, in particular, that the threshold crossing generally changes the subtraction scheme [29].

The investigation [27, 28] was prompted by the problem of taking explicitly into account of heavy quark masses in QCD. However, the results obtained are important from a more general point of view for a discussion of the scheme dependence problem in QFT. The method used could also be of interest for RG applications in other fields within the situation with disturbed homogeneity, such as, e.g., intermediate asymptotics in hydrodynamics, finite-size scaling in critical phenomena and the excluded volume problem in polymer theory.

In paper [30], this method was applied to the evolution of effective gauge couplings in Standard Model (SM). Here, a new analytic solution of a coupled system of three mass-dependent two-loop RG equations for three SM gauge couplings was obtained.

For this goal, one has to start with a perturbative input for the SM couplings

α_i(Q^2, m^2) ≃ α_i − α^2_i A_i(Q, m, μ) + α^3_i A^2_i (Q) − α^2_i ∑ j α_jA_{ij}(Q) ; i = 1, 2, 3. (66)

where A_i and A_{ij} are one- and two-loop mass- and μ-dependent contributions of appropriate Feynman diagrams. In the framework of a massive renorm-group formalism [7, 8, 10] the corresponding Lie equations look like

α̇_i(Q^2, m^2) ≃ −α^2_i (Q) Ȧ_i(Q) + ∑ j α_j(Q)Ȧ_{ij}(Q) (67)

with Ȧ ≡ ∂A/∂ℓ; ℓ = ln Q^2/μ^2 . Note that in the UV limit A_i(Q) = β_iℓ ; A_{ij}(Q) = β_{ij}ℓ we arrive at the system

α̇_i(ℓ) = − β_i + ∑ j β_{ij}α_j (ℓ) α^2_i (ℓ)

that is commonly used – see, e.g., Refs.[31] – for the discussion of data extrapolation across the gauge desert and possibility of Grand Unification.

The latter system can be solved iteratively in the form 1 α_i(ℓ) = 1 α_i + β_iℓ + ∑ j β_{ij} β_j ln[1 + α_j β_jℓ] ; α_i = α_i(μ) . (68)

Here, we present a generalization of this solution for the massive case, that is convenient for taking into account of threshold effects and discussing, in particular, the issue of the Grand Unification consistency check.

Using the method of the paper [32], one can obtain explicit iterative solution to the system (67). Here, as in the massless case, one first solves the one-loop approximation to (67) to get^4 α^{(1)}_i (Q^2, m^2) = [1/α_i + A_i(Q^2, m^2)]^{−1} .

Inserting then this explicit expression into the second factor in the r.h.s. of (67) and performing an approximate integration of some integral — for detail see paper [32] — we arrive at the expression 1 α_i(Q^2, m^2) = 1 α_i + A_i(Q) + ∑ j A_{ij}(Q) A_j(Q) ln[1 + α_jA_j(Q)] . (69)

quite analogous to (65).

4This exact solution of an one-loop massive RG equation was first obtained in Ref.[33].

The remarkable feature of this solution is that it depends explicitly only on massdependent perturbation coefficients A_i(Q), A_{ij}(Q) and, being expanded in powers of coupling constants, exactly corresponds to the perturbative input (66). On the other hand, in the massless limit it goes to solution (68).

The accuracy of the last approximate expression can be estimated by the method used in paper [34]. Generally, it corresponds to the accuracy^5 of three–loop expression ( ≃ α^5 ln ) for the effective coupling in the one-coupling case that is quite sufficient for current pactice.

3.4 Some important results

In the early 70s, S. Weinberg [35] proposed the notion of a running mass of a fermion. If considered from the viewpoint of paper [13], this idea can be formulated as follows:

any parameter of the Lagrangian can be treated as a (generalized) coupling constant, and its effective counterpart should be included into the renorm-group formalism.

New possibilities for applying the RG method were discovered when the technique of operator expansion at short distances (on the light cone) appeared [36]. The plausibility of this approach stems from the fact that the RG transformation, regarded as a Dyson transformation of the renormalized vertex function, involves the simultaneous scaling of all its invariant arguments – normally, the squares of the momenta. Meanwhile, for the physical amplitude, some of them are fixed on a mass shell. The expansion on the light cone, so to say, “separates the arguments”, as a result of which it becomes possible to study the physical UV asymptotic behaviour by means of the expansion coefficients (when some momenta being fixed on mass shell). As an important example, we can mention the evolution equations for moments of QCD structure functions [37].

The revealing of an asymptotic freedom phenomenon can be considered as the most important result obtained in particle physics by the RG technique.

Historically, this discovery was made [38] in the framework of the SU(3) non–Abelian Yang-Mills model in the early 70s. Since that time this model for the eight–component 4-vector field B^{ab}_μ (x) was adopted as a basic ingredient for the QFT description of matter on the parton level.

The key point is that self-interaction of this non-abelian gluonic quantum field due to dominance of its unphysical components gives negative contribution to the beta function perturbation expansion. For the two-loop (scheme–independent) case

β_{QCD}(α) = −β_1α^2 − β_2α^3

with positive β_{1,2} for a number n_f of quark flavours small enough.

Correspondingly, the one-loop renorm-group expression

ᾱ^{(1)}_s (x; α_s) = α_s 1 + α_sβ_1 ln x , 5See eqs.(13) and (16) in Ref.[34].

for the QCD effective coupling exhibits a remarkable UV asymptotic behaviour thanks to β_1 being positive. This expression implies, in contrast to eq.(23), that the effective QCD coupling decreases as x ∼ Q^2 increases and tends to zero in the UV limit. This feature discovered in the early 70s, precisely corresponded to the parton physical picture of the hadronic structure.

One more interesting application of the RG method in the multicoupling case, ascending to 50s [12], refers to special solutions, the so-called separatrixes in a phase space of several invariant couplings. These solutions relate effective couplings and represent scale-invariant trajectories, like, e.g., g_i = g_i(g_1) in the phase space which are straight lines in the one-loop case.

Some of them that are “attractive” (or stable) in the UV limit, are related to symmetries that reveal themselves in the high-energy domain. It was conjectured that these trajectories may be related to hidden symmetries of a Lagrangian and even could serve as a tool to find them. On this basis the method was developed [39] for finding out these symmetries. It was shown that in the phase space of invariant couplings the internal symmetry corresponds to a singular solution that remains a straight-line when higher order corrections are taken into account. Such solutions corresponding to supersymmetry were derived for some combinations of gauge, Yukawa and quartic interactions.

Generally, these singular solutions obey the relations dg_i dl = dg_i dg_1 dg_1 dl , l = ln x

which are known since Zimmermann’s paper [40] as the reduction equations. In the 80s they were used [41] (see also review paper [42] and references therein) in the UV analyzis of asymptotically free models. Just for these cases the one-loop reduction relations are adequate to physics.

Quite recently some other application of this technique was obtained in supersymmetric generalizations of Grand Unification scenario in the Standard Model. It was shown [43, 44] that it is possible to achieve complete UV finiteness of a theory if Yukawa couplings are related to the gauge ones in a way corresponding to these special solutions, that is, to reduction relations.

The mass-dependent technique described in Section 3.3 was successfully used for the development of the Dhar-Gupta approach [45, 46] that led to finite perturbative predictions for a physical quantity which is free of renormalization scheme ambiguities. In paper [47], this approach was reformulated for the mass-dependent case with several coupling constants.

One more recent QFT development relevant to the renorm-group is the “Analytic approach” to perturbative QCD (pQCD). It is based upon the procedure of Invariant Analyticization [48, 49] ascending to the end of 50s.

The approach consists in the combining of two ideas: the RG summation of UV logs with analyticity in the Q^2 variable, imposed by spectral representation of the Källén– Lehmann type which implements general properties of the local QFT including the

Bogoliubov condition of microscopic causality. This combination was first devised [50] to get rid of the ghost pole in QED about forty years ago.

Here, the pQCD invariant coupling ᾱ_s(Q^2) is transformed into an “analytic coupling” α_{an}(Q^2/Λ^2) ≡ A(x) which, by construction, is free of ghost singularities due to incorporating some nonperturbative structures.

This analytic coupling A(x) has no unphysical singularities in the complex Q^2-plane; its conventional perturbative expansion precisely coincides with the usual perturbation one for ᾱ_s(Q^2) ; it has no extra parameters; it obeys a universal IR limiting value A(0) = 4π/β_0 independent of the scale parameter Λ; it turns out to be remarkably stable [49] in the IR domain with respect to higher-loop corrections and, in turn, to the scheme dependence.

Meanwhile, the “analyticized” perturbation expansion [51] for an observable F , in contrast to the usual case, may contain specific functions A_n(x), instead of powers (A(x))^n . In other words, the pertubation series for F (x), due to analyticity imperative, can change its form in the IR region [19] turning into an asymptotic expansion à la Erdélyi over a nonpower set {A_n(x)} .

4 RG expansion

In 70s and 80s RGM was applied to (besides QFT) critical phenomena: polymers, turbulence, non-coherent radiation transfer, dynamical chaos, and so on. Simpler and less sohpisticated motivation in critical phenomena (than in QFT) makes this ”explosion” of RG applications possible.

4.1 Critical phenomena

4.1.1 Spin lattices

The so called renormalization group in critical phenomena is based on the Kadanoff– Wilson procedure [52, 53] referred to as “decimation” or “blocking”. Initially, it emerged from the problem of spin lattice. Imagine a regular (two- or three- dimentional) lattice consisting of N^d, d = 2, 3 cites with an ‘elementary step’ a between them. Suppose, that at every site a spin vector σ is sitting. The Hamiltonian describing the spin interaction of nearest neighbours H = k ∑ i σ_i · σ_{i±1} (70)

contains k, the coupling constant. The statistical sum is obtained from the partition function, S =< exp(−H/θ) >_{aver.} .

To realize the blocking or decimation, one has to perform the “spin averaging” over block consisting of n^d elementary sites. This is a very essential step as far as it diminishes the degree of freedom number (from N^d to (N/n)^d). It destroys the small-range properties of the system under consideration, in the averaging course some information being lost. However, the long-range physics (like correlation length essential for phase transition) is not affected by it, and we gain simplification of our problem.

After this procedure, new effective spins Σ arise in sites of a new effective lattice with a step na. We obtain also a new effective Hamiltonian, with new effective coupling K_n that has to be defined in the averaging process as a function of k and n

H_{eff} = K_n ∑ I Σ_I · Σ_{I±1} + ΔH ,

where ΔH contains quartic and higher terms; ΔH = ∑ Σ · Σ Σ · Σ + · · · .

For the IR (long-distance) properties, ΔH is unessential. Hence, we can conclude that the spin averaging leads to an approximate transformation, k ∑ i σ · σ → K_n ∑ I Σ · Σ , (71)

or, taking into account the “elementary step” change, to KW_n : {a → n a, k → K_n} . The latter is the Kadanoff-Wilson transformation.

In general, the “new” coupling constant K_n is a function of the “old” one and of the decimation index n. It is convenient to write it down in the form K_n = K(1/n, K). Then, the KW transformation can be formulated as follows: KW (n) : { a → na, k → K_n = K ( 1 n , k )} . (72)

These transformations obey the group composition law KW (n) · KW (m) = KW (nm) if K(x, k) = K( x t , K(t, k)) [ x = 1 nm , t = 1 n ] . (73)

This is just the RG symmetry.

We observe the following points:

• The RG symmetry is approximate (due to neglecting by ΔH). • The transformations KW (n) are discrete. • There exist no reverse transformation to KW (n) .

Hence, the ‘Kadanoff-Wilson renormalization group‘ is an approximate and discrete semi-group. For a long distance (IR limit) physics, however, ΔH is irrelevant, Δ(1/n) is close to continuum and it is possible to use differential Lie equations.

In application of these transformations to critical phenomena the notion of a fixed point is important. As it was explained in Section 3.1, it is usually associated with power-type asymptotic behavior. Note here that, contrary to the QFT case considered in Section 3.1, in phase transition physics we deal with the IR stable point.

4.1.2 Polymer theory

In the polymer physics one considers statistical properties of polymer macromolecules which can be imagined as a very long chain of identical elements. The number of elements N could be as big as 10^5, the macromolecular size reaching several hundred Angströms.

Such a big molecular chain forms a specific pattern resembling the pattern of a random walk. The central problem of the polymer theory is very close to that of a random walk and can be formulated as follows.

For a very long chain of N “steps” (the size of each step = a) one has to find the “chain size” R_N as the distance between the “start” and the “finish” points, the distribution function of angles ϕ_i between neighboring elements being given.

The function f(ϕ) is defined by the forces between adjacent elements depending on some external factors like temperature T . The essential feature of a polymer chain is the impossibility of a self-intersection. This is known as an excluded volume effect in the random walk problem. In reality, polymer molecules are swimming in a solvent and form globulars.

For large N values the molecular size R_N follows the power Fleury law R_N ∼ N^ν with ν, the Fleury index. When N is given, R_N is a functional of f(ϕ) which depends on external conditions (e.g., temperature T , properties of solvent, etc. ). If T increases, R_N increases and at some moment globulars touch one another. This is the polymerization process very similar to a phase transition phenomenon.

The Kadanov–Wilson RG (KWRG) blocking ideology has been used in polymer physics by De Gennes [54]. The key idea is a grouping of n chain subsequent elements into a new “elementary block”. This grouping operation is very close to Kadanoff’s blocking. It leads to the transformation {1 → n ; a → A_n} which is analogous to one for spin lattice decimation. This transformation must be specified by a direct calculation which gives the explicit form of A_n = ā(n, a). Here we have a discrete semi-group. Then, by using the KWRG technique, one finds the fixed point, obtains the Fleury power law and can calculate its index ν.

Generally, the excluded volume effect yields some complications. However, inside the QFT RG framework it can be treated rather simply [55] by introducing an additional argument similar to finite length L in transfer problem and particle mass m in QTF.

Besides polymers, the KWRG approach has been used in some fields of physics, like percolation, noncoherent radiation transfer [56], dynamical chaos [57] and some others.

Meanwhile, the original QFT–RG approach proliferated into the theory of turbulence.

4.1.3 Turbulence

To formulate the turbulence problem on the “RG language” one has to perform the following steps [59, 60, 61]:

1. Introduce the generating functional for correlation functions.

2. Write the path integral representation for this functional.

3. By changing the function integration variable find the equivalence of the classical statistical system to some quantum field theory model.

4. Construct the system of Schwinger–Dyson equations for this equivalent QFT. 5. Perform the finite renormalization procedure. 6. Derive the RG equations.

4.2 Paths of RG expansion

RG is expanded in diverse fields of physics in two different ways:

• by direct analogy with the Kadanov-Wilson construction (averaging over some set of degrees of freedom) in polymers, non-coherent transfer and percolation, i.e., constructing a set of models for a given physical problem.

• search for an exact RG symmetry by proof of the equivalence with a QFT model:

e.g., in turbulence (Refs. [59, 61]), plasma turbulence [62] and some others.

To the question Are there different renormalization groups? the answer is positive: 1. In QFT and some simple macroscopic examples (like, one–dimentional transfer problem) , RG symmetry is an exact symmetry of the solution formulated in its natural variables.

2. In turbulence, continuous spin-field models and some others, it is a symmetry of an equivalent QFT model.

3. In polymers, percolation, etc. , (with KW blocking), the RG transformation is a transformation between different auxiliary models (specially constructed for this purpose) of a given system.

As we have shown, there is no essential difference in the mathematical formalism. There exists, however, a profound difference in physics:

— In cases 1 and 2 (as well as in some macroscopic examples), the RG is an exact symmetry of a solution.

— In the Kadanov–Wilson–type problem (spin lattice, polymers, etc. ), one has to construct a set M of models M_i. The KWRG transformation

R(n)M_i = M_{ni} , with integer n (74)

is acting inside a set of models.

4.3 Two faces of RG in QFT

As it was explained in Section 1.4, the vacuum, i.e., the interparticle space, contain vacuum fluctuations. Due to them, the charge of a particle is screened. In accordance with Dirac eq.(26), in momentum space the Q^2 dependence of an electron charge can be presented

e(Q^2) = e { 1 + α 6π ln(Q^2r^2_e ) + . . . } ; e^2 = e^2(1/r^2_e ) = 1/137. (75)

in terms of the classical electron charge and of electron Compton lenght.

The first idea of an additional symmetry in this problem was born by Stüeckelberg and Peterman [5]. In their pioneering investigation the very existence of group transformation was discovered within the renormalization procedure the result of which contains finite arbitrariness. Just this degree of freedom in finite renormalized expressions was used by Bogoliubov and Shirkov in Refs.[7]—[10]. Roughly speaking, this corresponds to the change r_e → 1/μ.

The basic idea was that, instead of 1/r_e, one can use some other reference point μ. This is equivalent to introducing of a new degree of freedom associated with the reference point scale. Instead of (75) we have

e(Q^2/μ^2) = e_μ { 1 + α_μ 6π ln Q^2 μ^2 + . . . } . (76)

Here, the effective charge is considered after the subtracting of infinities and is given by a “finite representation” (76). The RG symmetry is formulated in terms of the Q^2 scale and μ represents the reference point.

Another approach was used by Gell-Mann and Low [6]. Their paper was devoted to the short distance behaviour in a nonlocal QED with a cutoff Λ, and the “Λ degree of freedom” was used to analyze the UV behaviour. Instead of renormalization, there is a regularization and the charge is given by the “singular representation”

e(Λ) = e ( 1 + α 6π ln Λ^2r^2_e + · · · ) (77)

which is singular in the limit Λ → ∞.

We can draw a transparent picture (as was commented later by Wilson in his Nobel lecture) of the last approach. Imagine an electron of a finite size, smeared over a small volume with the radius R_i = h̄/cΛ_i , ln(Λ^2/m^2_e) ≫ 1. The electric charge e_i of such a non-local electron is considered as depending on the cut-off momentum Λ_i so that this dependence accumulates the vacuum polarization effects which, in reality, take place at distances from the point electron smaller than R_i. We deal with a set of models of the non-local electron correponding to different values of the cut-off Λ_i. Here, e_i depends on R_i and the vacuum polarization effects in the excluded volume R^3_i should be subtracted. In this language, the RG transformation is the transition from one value of the smearing radius to another R_i → R_j, simultaneously with a corresponding change of the effective electron charge e_i → e_j. In other words, the RG symmetry here is that related to operations in the space of models of non-local QED constructed in such a way that at large distances every model is equivalent to the real local one.

5 RG symmetry in mathematical physics

5.1 Functional self-similarity

The RG transformations discussed above have close connection with the concept of a self-similarity(SS). The SS transformations for problems formulated by nonlinear partial DEs are well known, since the last century, mainly in dynamics of liquids and gases. They are one parameter λ transformations defined as simultaneous power scaling of independent variables z = {x, t, . . .} , solutions f_k(z) and other functions V_i(z)

S_λ : {x → xλ , t → tλ^a , f_k(z) → f^′_k(z^′) = λ^{φk} f_k(z^′) , V_i(z) →= λ^{νi} V_i(z^′) }

entering into the equations.

To emphasize their power structure, we use a term power self-similarity = PSS. According to Zel’dovich and Barenblatt, [63, 64] the PSS can be classified as:

a/ PSS of the 1st kind with all indices a, ...φ, ν, ... being (half)integers (Integer PSS) that are usually found from the theory of dimensions;

b/ PSS of the 2nd kind with irrational indices (Fractal PSS) which should be defined from dynamics.

To relate RG with PSS, let us turn to the solution of the renorm-group FE g(xt, g) = g(x, g(t, g)) . Its general solution is known; it depends on an arbitrary function of one argument – see eq.(38). However, at the moment we are interested in a special solution linear in the second argument: g(x, g) = gf(x). The function f(x) should satisfy the equation f(xt) = f(x)f(t) with the solution f(x) = x^ν . Hence, g(x, t) = gx^ν. This means that in our special case, linear in g, the RG transformation (6) is reduced to PSS transformation, R_t ⇒ {x → xt^{−1}, g → gt^ν} = S_t . (78) Generally, in RG, instead of a power law, we have arbitrary functional dependence.

Thus, one can consider transformations (6), (15) and (17) as functional generalizations of usual (i.e., power) self-similarity transformations. Hence, it is natural to refer to them as to the transformations of functional scaling or functional (self)similarity (FS) rather than to RG-transformations. In short,

RG ≡ FS ,

with FS standing for Functional Similarity.

We can now answer the question concerning the physical meaning of the symmetry underlying FS and the Bogoliubov’s renorm–group. As we have mentioned, it is not a symmetry of the physical system or the equations of the problem at hand, but a symmetry of a solution considered as a function of the relevant physical variables and suitable boundary conditions. A symmetry like that can be related, in particular, to the invariance of a physical quantity described by this solution with respect to the way in which the boundary conditions are imposed. The changing of this way constitutes a group operation in the sense that the group composition law is related to the transitivity property of such changes.

Homogeneity is an important feature of the physical systems under consideration. However, homogeneity can be violated in a discrete manner. Imagine that such a discrete inhomogeneity is connected with a certain value of x , say, x = y. In this case the RG transformation with the canonical parameter t will have the form (14) with the group composition law (15).

The symmetry connected with FS is a very simple and frequently encountered property of physical phenomena. It can easily be “discovered” in numerous problems of theoretical physics like classical mechanics, transfer theory, classical hydrodynamics, and so on [65, 17, 16].

5.2 Recent application to boundary value problem

Recently, some interesting attempts have been made to use the RG concept in classical mathematical physics, in particular, to study strong nonlinear regimes and to investigate asymptotic behavior of physical systems described by nonlinear PDEs.

About a decade ago, the RG ideas were applied by late Veniamin Pustovalov with co-authors [67] to analyze a problem of generating higher harmonics in plasma. This problem, after some simplification, was reduced to a couple of partial DEs with the boundary parameter – “solution characteristic” – explicitly included. It was proved that corresponding solutions admitted an exact symmetry group that takes into account transformations of this boundary parameter, which is related to the amplitude of the magnetic field at a critical density point. The solution symmetry obtained was then used to evaluate the efficiency of harmonics generation in cold and hot plasma. The advantageous use of the RG-approach in solving the above particular problem gave promise that it may work in other cases and this was illustrated in [68] by a series of examples for various boundary value problems.

Moreover, in Refs. [65, 68] the possibility of devising a regular method for finding a special class of symmetries of solution to the boundary value problem (BVP) in mathematical physics, namely, RG-type symmetries, was discussed. The latter are defined as solution symmetries with respect to transformations involving parameters that enter through the equations as well as through the boundary conditions in addition to (or even rather than) the natural variables of the equations.

As it is well known, the aim of the modern group analysis [69, 70], which goes back to works by S. Lie [71], is to find symmetries of DEs. This approach does not include a similar problem of studying the symmetries of solutions of these equations. Outside the main direction of both the classical and modern analysis, there remains as well a study of solution symmetries with respect to transformations involving not only the variables present in the equations, but also parameters entering into the solutions from boundary conditions.

From the afore-said it is clear that the symmetries which attracted attention in the 50s in connection with the discovery of the RG in QFT were those involving the parameters of the system in the group transformations. It is natural to refer to these symmetries related to FS (or RG-type) symmetries.

It should be noted that the procedure of revealing the FS symmetry (FSS), or some group feature, similar to the FS regularity, in any partial case (QFT, spin lattice, polymers, turbulence and so on) up to now is not a regular one. In practice, it needs some imagination and atypical manipulation “invented” for every particular case — see the discussion in [72]. By this reason, the possibility to find a regular approach to constructing FSS is of principal interest.

Recently, a possible scheme of this kind was presented as applied to a mathematical model that is described by a BVP. The leading idea [65, 68, 73] in this case is based on the fact that solution symmetry for this system can be found in a regular manner by using the well-developed methods of modern group analysis.

The scheme that describes devising of FSS and its application is then formulated [74, 76] as follows. Firstly, a specific RG-manifold should be constructed. Secondly, some auxiliary symmetry, i.e., the most general symmetry group admitted by this manifold is to be found. Thirdly, this symmetry should be restricted on a particular solution to get the FSS. Fourthly, the FSS allows one to improve an approximate solution or, in some cases, to get an exact solution.

Depending on both a mathematical model and boundary conditions, the first step of this procedure can be realized in different ways. In some cases, the desired FS-manifold is obtained by including parameters, entering into a solution via an equation(s) and a boundary condition, in the list of independent variables. The extension of the space of variables involved in group transformations, e.g., by taking into account the dependence of coordinates of the renorm–group operator upon differential and/or non-local variables (which leads to the Lie—Bäcklund and non-local transformation groups [70]) can also be used for constructing the FS–manifold. The use of the Ambartsumian invariant embedding method [77] and of differential constraints sometimes allows reformulations of a boundary condition in a form of additional DE(s) and enables one to construct the FS-manifold as a combination of original and embedding equations (or differential constraints) which are compatible with these equations. At last, of particular interest is the perturbation method of constructing the FS–manifold which is based on the presence of a small parameter.

The second step, the calculating of a most general group G admitted by the FS– manifold, is a standard procedure in the group analysis and has been described in detail in many texts and monographs – see, for example, [69, 78].

The symmetry group G thus constructed cannot as yet be referred to as a renorm– group. In order to obtain this, the next, third step should be done which consists in restricting G on a solution of a boundary value problem. This procedure utilizes the invariance condition and mathematically appears as a “combining” of different coordinates of group generators admitted by the FS–manifold.

The final step, i.e., constructing analytic expression for the solution of the boundary value problem on the basis of the FS, usually presents no specific problems.

A review of the results, which were obtained on the basis of the formulated scheme, can be found, for example, in [76, 79, 80].

We mention briefly, the FS analysis result for a particular problem of nonlinear optics, the problem of the laser beam self-focusing in a nonlinear medium. Here, one have a BVP for a coupled system of two nonlinear PDEs with the boundary condition given in a form of two one-argument functions. With help of RG=FS approach one new exact analytic and one new approximate analytic solution (for the practically important Gaussian initial transverse profile) has been found [81].

The important qualitative features of this example are:

– the two-dimension structure has been analysed, that has a singularity in the behavior of derivatives with respect to transverse coordinate, – the algebraic structure of the FSS operators is different from that of “usual RG of the QFT type”. Here, we meet with a set of several infinitesimal renormgroup operators, each of those can be used to reconstruct the analytic (exact or approximate) solution of BVP starting from the perturbative theory result. Moreover, renormgroup operators for exact solutions of BVP obtained appear as Lie-Bäcklund (not Lie) infinitesimal operators.

Up to now the outlined regular method is feasible for systems that can be described by DEs and is based on the formalism of modern group analysis. However, it seems also possible to extend this approach to boundary value problems that are not described just by differential equations. A chance of such an extension is based on recent advances in group analysis of systems of integro-differential equations [82] which allow transformations of both dynamical variables and functionals of a solution to be formulated [83]. More intriguing is the issue of a possibility of constructing a regular approach for more complicated systems, in particular to those having an infinite number of degrees of freedom. The formers can be represented in a compact form by functional (or path) integrals.

Acknowledgments

The author is grateful to Professor Ashoke Mitra for invitation to participate in this book. He is indebted to D.V. Kazakov, V.F. Kovalev, and I.L. Solovtsov for useful discussion and comments. This work was partially supported by grants of Russian Foundation for Fundamental Research (RFFR projects Nos 96-15-96030 and 99-01-00091) and by INTAS grant No 96-0842.

References

[1] N.N.Bogoluibov and D.V.Shirkov, Introduction to the Theory of Quantized Fields Wiley-Intersc., N.Y., 1959 and 1980.

[2] N.N. Bogoliubov and D.V. Shirkov, “Problems of quantum field theory. I”, Uspekhi Fiz. Nauk 55, (1955), 149-214; ibid. 57, (1955), 3-92 – in Russian; Fortschr. der Physik 3 (1955), pp 439-495; 4 (1956), pp 438-517 – in German.

[3] N.N. Bogoliubov and O.S. Parasyuk, Doklady Akad. Nauk SSSR, 100 (1955) 25–28, 429–432 – in Russian; also Acta Mathematica, 97 (1957), 227–266.

[4] Laurie M. Brown, editor, Renormalization, Springer–Verlag, N.Y., 1993. [5] E.C.G. Stückelberg and A. Peterman, Helv. Phys. Acta, 26 (1953) 499-520. [6] M. Gell-Mann and F. Low, Phys. Rev. 95 (1954) 1300-1312.

[7] N.N. Bogoliubov and D.V. Shirkov, “On the renormalization group in quantum electrodynamics”, Doklady AN SSSR, 103 (1955) 203-206 – in Russian.

[8] N.N. Bogoliubov and D.V. Shirkov, “Application of the renormalization group to improve the formulae of perturbation theory”, Doklady Akad. Nauk SSSR, 103 (1955) 391-394 – in Russian.

[9] D.V. Shirkov, Doklady AN SSSR, 105 (1955) 972 – in Russian. See also in [10]. [10] N.N. Bogoliubov and D.V. Shirkov, Charge renormalization group in quantum field theory, Nuovo Cim. 3 (1956) 845-637.

[11] L.D. Landau, A.A. Abrikosov and I.M. Khalatnikov, Doklady AN SSSR, 95 (1954) 497; 773; 1117; 96 (1954) 261 – in Russian; Nuovo Cim. Supp.3, 80-104.

[12] I.F. Ginzburg, Doklady AN SSSR 110 (1956) 535 – in Russian. [13] A.A. Logunov, Soviet Phys. JETP 3 (1956).

[14] P.A.M. Dirac in Theorie du Positron (7-eme Conseil du Physique Solvay: Structure et propriete de noyaux atomiques, Oct. 1933), Gauthier-Villars, Paris, 1934, p 203.

[15] N. Bohr, Phys. Rev. 48 (1935), 696.

[16] D.V. Shirkov, Sov. Phys. Doklady 27 (1982) 197; The RG method and functional self-similarity in physics – in Nonlinear and turbulent processes in physics, Ed. R.Z. Sagdeev, Harwood Acad.Publ., N.Y. 1984, v.3, pp 1637-1647; D.V. Shirkov, “Renormalization group in different fields of theoretical physics”, KEK Report 91-13, Feb. 1992.

[17] M.A. Mnatsakanyan, Soviet Phys. Doklady 27 (1982).

[18] L.V. Ovsyannikov, Doklady AN SSSR, 109 (1956) 1112. For English translation see pp 76-79 in In the intermission ... , Ed. Yu.A. Trutnev, WS, Singapore,1998.

[19] D.V. Shirkov, Theor. Math. Fiz. 119 (1999) 55; hep-th/9810246.

[20] L.D. Landau and I.Ya. Pomeranchuk, Doklady AN SSSR, 102 (1955) 489-492;

I.Ya. Pomeranchuk, ibid., 103 (1955) 1005; 105 (1955) 461 – in Russian; Nuovo Cim. 10 (1956) 1186; see also L.D. Landau, On the Quantum Theory of Fields – in Niels Bohr and the development of physics, eds. W. Pauli et al., Pergamon, London, 1955, pp 52-69.

[21] E.S. Fradkin, Soviet Phys. JETP 1 (1955).

[22] N.N. Bogoliubov and D.V. Shirkov, Doklady AN SSSR 105 (1955) 685-688 (in Russian); see also Section “Asymptotic behavior in the UV” in Chapter “Renormalization group” of the monograph [1].

[23] S.G. Gorishny et al., Phys. Lett. 132B (1983) 351. D.I. Kazakov, Phys. Lett. 133B (1983) 406.

[24] D.I. Kazakov, O.V.Tarasov and D.V. Shirkov, Teor. Mat. Fiz. 38 (1979) 15. [25] L.N. Lipatov, Zh. Eksp. Teor. Fiz. 71 (1976) 2010.

[26] D.I. Kazakov and D.V. Shirkov, Fortschr. d. Phys. 28 (1980) 465-499. [27] D.V. Shirkov, Sov. J. Nucl. Phys. 34(2) (1981) 300-2; Theor. Math. Fiz. 49 (1981) 1039-42.

[28] D.V. Shirkov, Nucl. Phys. B 371 (1992) 467-81.

[29] D.V. Shirkov, Mass Effects in Running Coupling Evolution and Hard Processes, in Perspectives in Particle Physics, Eds. D.Klabucar et al., WS, 1995, pp 1–13; On continuous mass-dependent analysis of DIS data, in Proc. EPSHEP95 Conf. (Bruxelles, July 1995), Eds. J.Lemonne et al., WS, pp 141-2.

[30] D.V. Shirkov, Mass and Scheme Effects in Coupling Constant Evolution, Teor. Mat.

Fizika (1992) 93 466-72.

[31] U.Amaldi et al., Phys. Lett. B 260 (1991) 447-55; M.B.Einhorn and D.R.T.Jones, Nucl.Phys. B 196 (1982) 475.

[32] D.V.Shirkov, Sov. J. Nucl. Phys. 34 (1981) 300-2; Teor. Mat. Fiz. (USSR) 49 (Dec.

1981) 291-7 [pp 1039-43 in the American ed.].

[33] V.Z.Blank and D.V.Shirkov, Nucl. Phys.2 (1956) 356-70. [34] D.V.Shirkov, Nucl.Phys. B 371 (1992) 467-81. [35] S. Weinberg, Phys.Rev. D 8 (1973) 605-625. [36] K. Wilson, Phys.Rev. 179 (1969) 1499-1515.

[37] G. Altarelli and G. Parisi, Nucl. Phys. B 126 (1977) 298-318. [38] D. Gross and P. Wilczek, Phys. Rev. D8 (1973) 3633-52;

H. Politzer, Phys. Rev. Lett. 30 (1973) 1346-49.

[39] D.I. Kazakov and D.V. Shirkov, Singular Solutions of RG Eqs. and the Symmetry of the Lagrangian, JINR Preprint E2-8974, 1975, in High Energy Particle Interaction (Proceed. 1975 Smolenice Conf.), Eds. D.Krupa & J. Pisut, Veda, Bratislava, 1976, 255-78.

[40] W. Zimmermann, Comm. Math. Phys. 97 (1985) 211.

[41] R. Oehme and W. Zimmermann, Comm. Math. Phys. 97 (1985) 569; R. Oehme, K. Sibold and W. Zimmermann, Phys. Lett. B 147 (1984) 115; B153 (1985) 142.

[42] W. Zimmermann, in Renormalization Group, Eds. D.V. Shirkov et al, WS, Singapore, 1988, pp 55–64.

[43] A.V. Ermushev, D.I. Kazakov, O.V. Tarasov, Nucl. Phys. B 281 (1987) 72. [44] D.I. Kazakov, Phys. Lett. B 421 (1998) 211-216. [45] A. Dhar, Phys. Lett. 128 B (1983) 407.

[46] A. Dhar and V.G. Gupta, Pramaña 21 (1983) 207; Phys. Rev. D 29 (1984) 2822. [47] V.G. Gupta, D.V. Shirkov and O.Tarasov, Intern. J. Mod. Phys.A 6 (1991) 3381. [48] D.V. Shirkov and I.L. Solovtsov, JINR Rapid Comm. No. 2[76]-96 (1996) 5, hepph/9604363; Phys. Rev. Lett. 79 (1997) 1209, hep-ph/9704333.

[49] D.V. Shirkov, Nucl. Phys. (Proc. Suppl.) B 64, (1998) 106, hep-ph/9708480. [50] N.N. Bogoliubov, A.A. Logunov and D.V. Shirkov, Sov. Phys. JETP 10 (1959) 574.

[51] K.A. Milton, I.L. Solovtsov and O.P. Solovtsova, Phys. Lett. B 415 (1997) 104. [52] L. Kadanoff, Physica 2 (1966) 263. [53] K. Wilson, Phys.Rev. B4 (1971) 3174-3183.

[54] P.G. De Gennes, Phys. Lett. 38A (1972), 339-40; J. des Cloiseaux, J. Physique (Paris) 36 (1975) 281.

[55] V.I. Alkhimov, Theor. Mat. Fiz. 39 (1979) 281; 59 (1984) 432. [56] T.L. Bell et al., Phys. Rev. A17 (1978) 1049-1057;

G.F. Chapline, Phys. Rev. A21 (1980) 1263-1271.

[57] B.V. Chirikov, Lecture notes in physics 179 (1983) 29; B.V. Chirikov & D.L. Shepelansky, Chaos Border and Statistical Anomalies – in [58], 221; Yu. G. Sinai & K.M. Khanin, Renormalization group method in the theory of dynamical systems – in [58], 251; A. Peterman and A. Zichichi, Nuovo Cimento 109A (1996) 341.

[58] Renormalization Group, (Proceed. 1986 Dubna Conference), Eds. D.V. Shirkov, D.I.

Kazakov and A.A. Vladimirov, WS, Singapore, 1988. [59] C. DeDominicis and P. Martin, Phys. Rev. A19 (1979) 419-422. [60] L. Adjemyan et al, Teor. Mat. Fiz. 58 (1984) 72; 65 (1985) 196; A.N. Vasiliev, Quantum Field Renormalization Group in the Theory of Turbulence and in Magnetic Hydrodynamics, in [58], pp 146-159.

[61] A.N. Vasiliev, Quantum Field Renormalization Group in the Theory of Critical Behavior and Stochastic Dynamics, PINF Publ., St-Petersburg, 1998, 773 pp – in Russian, also Gordon & Breach, Amsterdam (in press).

[62] G. Pelletier, Plasma Phys. 24 (1980) 421.

[63] Ja.B. Zel’dovich and G.I. Barenblatt, Sov. Phys. Doklady 3(1) (1958) 44-47; see also in [64].

[64] G.I. Barenblatt, Scaling, self-similarity, and intermediate asymptotics, Cambridge Univ. Press, 1996.

[65] D.V. Shirkov, Renormalization group in modern physics, in [58] pp 1-32, Int. J.

Mod. Phys. A3 (1988) 1321-1341; Several topics on renorm-group theory, in [66] , pp 1-10.

[66] Renormalization Group ’91 (Proceed. of 1991 Dubna Conf.), Eds. D.V. Shirkov and V.B. Priezzhev, WS, Singapore, 1992.

[67] V.F. Kovalev and V.V. Pustovalov, Teor. Mat. Fizika 81 (1990) 1061–1071; also:

Strong nonlinearity and generation of high harmonics in laser plasma, in Proceed. Conf. Plasma Physics (Kiev, USSR, April 1987), Ed. A.G. Sitenko, Naukova Dumka, Kiev, 1987, 1, 271; Influence of laser plasma temperature on the high harmonics generation process, ibid., 1, 274.

[68] V.F. Kovalev, S.V. Krivenko, V.V. Pustovalov, The Renormalization group method based on group analysis – in [66], 300-314.

[69] L.V. Ovsyannikov, Group analysis of differential equations, Acad. Press, N.Y., 1982. [70] N.H. Ibragimov, Transformation groups applied to mathematical physics, Reidel Publ., Dordrecht–Lancaster, 1985.

[71] M. S. Lie, Gesammelte Abhandlungen, Leipzig–Oslo, Bd.5, 1924; Bd.6, 1927. [72] D.V. Shirkov, Bogoliubov renormgroup, Russian Math. Surveys 49:5 (1994) 155 – with numerous misprints. For corrected version see: The Bogoliubov Renormalization Group (second English printing), JINR Comm. E2-96-15; hep-th/9602024.

[73] D.V. Shirkov, Intern. J. Mod. Physics C 6 (1995) 503-512. [74] V.F.Kovalev, RG–symmetries: constructing and applications – in [75], 263. [75] Renormalization Group ’96, (Proc. 1996 Dubna Conf.), Eds. D.V. Shirkov, D.I. Kazakov and V.B. Priezzhev, JINR Publ., Dubna, 1997.

[76] V.F. Kovalev, V.V. Pustovalov, D.V. Shirkov, J. Math. Phys. 39 (1998) 1170-1188;

hep-th/9706056.

[77] The embedding method was introduced by V.A.Ambartzumyan in Astr. Journ. 19 (1942) 30 – in Russian; later on this method enjoyed wide application to different problems – see, e.g., J.Casti, R.Kalaba, Imbedding methods in applied mathematics Addison-Wesley, Reading, Ma, 1973 and references therein.

[78] Peter J. Olver, Applications of Lie groups to differential equations, Springer, N. Y., 1986; CRC Handbook of Lie Group Analysis of Diff. Equations, Ed. N.H.Ibragimov (CRC Press, Boca Raton, Florida, USA) – in three volumes. 1994 – 1996.

[79] V.F.Kovalev, Group and renormgroup symmetries of boundary value problems, in Modern group analysis VI, Eds. N.H.Ibragimov and F.M.Mahomed, 1997, New Age Internat’l (P) Ltd Publ., India, N. Delhi, 225.

[80] V.F. Kovalev and D.V. Shirkov, Teor. Mat. Fizika 121 (Oct. 1999) No.1. [81] V.F. Kovalev and D.V. Shirkov, J. Nonlin. Opt. Phys. & Mater. 6 (1997) 443. [82] V.F. Kovalev, S.V. Krivenko and V.V. Pustovalov, Differ. Equations 29 (1993) No 10, 1568; No 11, 1712.

[83] V.F. Kovalev, S.V. Krivenko and V.V. Pustovalov, J. Nonlin. Math. Phys. 3 (1996) 175-180.