hep-th/9909026 4 Sep 1999

BRST invariant formulation of spontaneously broken gauge theory in generalized differential geometry

Yoshitaka Okumura �y Department of Physics, Boston University, Boston, MA 02215

Abstract

Noncommutative geometry(NCG) on the discrete space successfully reproduces the Higgs mechanism of the spontaneously broken gauge theory, in which the Higgs boson field is regarded as a kind of gauge field on the discrete space. We could construct the generalized differential geometry(GDG) on the discrete space M4 �ZN which is very close to NCG in case of M4 �Z2 and M4 �Z3. GDG is a direct generalization of the differential geometry on the ordinary manifold into the discrete one. In this paper, we attempt to construct the BRST invariant formulation of spontaneously broken gauge theory based on GDG and obtain the BRST invariant Lagrangian with the t’Hooft-Feynman gauge fixing term.

1 Introduction

The standard model in particle physics has matched with all experimental data conducted so far. Only ingredient which remains undetermined is the Higgs boson field that causes the spontaneous breakdown of symmetry through its vacuum expectation value. The next targets of future accelerators such as LHC and Tevatron II are to detect the Higgs boson and supersymmetric partners of particles and to find the breakthrough out of the standard model. Thus, the great concerns about the Higgs boson field have been kept also from now.

Let us put emphasis on its similarity with the gauge boson as one of the characteristic features of the Higgs boson in the standard model. Regardless to say, the Higgs boson field is a boson field as the gauge field though it is scalar field. In addition, the Higgs field has the same type coupling with fermions as the gauge fields and it has trilinear and quartic self-couplings as well as weak gauge fields. From these similarity between the Higgs and gauge bosons, an idea that the Higgs boson may be a kind of gauge boson comes out. In fact, as models to realize this idea, there has been proposed the Kaluza-Klein model [1], and Noncommutative geometry(NCG) [2], [4] on the discrete space. Especially, NCG approach does not require any extra physical mode and realizes the unified picture of gauge and Higgs fields as the generalized connection on the discrete space M_4 × Z_2.

Since the first formulation of NCG by Connes [2], many versions of NCG [4]-[6] has appeared and succeeded to reconstruct the spontaneously broken gauge theories. Morita and the present author [6] proposed the generalized differential geometry (GDG) on the discrete space M_4 × Z_2 and reconstructed the Weinberg-Salam model. In this formulation on M_4 × Z_2 the extra differential one-form χ is introduced in addition to the usual one-form dx^μ and so our formalism is the generalization of the ordinary differential geometry on the compact manifold. This formulation was generalized to GDG on the discrete space M_4 × Z_N [9], [11] by introducing the extra one-forms χ_k(k = 1, 2 · · · N ), which generalization enabled us to reconstruct the left-right symmetric gauge theory[11], SU(5) GUT[9] and SO(10) GUT[10] as spontaneously broken gauge theories on the discrete space M_4 × Z_N .

�On leave of absence from Chubu University, Kasugai, 487-8501, Japan ye-mail address: okum@bu.edu

It is also very important to reconstruct the gauge fixing and ghost terms in NCG in order to ensure the quantization of gauge theory. Lee, Hwang and Ne’eman [12] succeeded in incorporating these terms in NCG in the matrix derivative approach based on the super-connection formalism[7]. They obtained the BRS/anti-BRS transformation rules of the theory by applying the horizontality condition[8] in the super-connection formalism and constructed BRST invariant Lagrangian including the gauge fixing and ghost terms. The present author subsequently applied their idea to the GDG formulation of gauge theory on M_4 × Z_2 [13] and obtained the BRST invariant formulation. We apply in this article the similar method to more general formulation of GDG on M_4 × Z_N [16] based on our formulation of GDG. The last section is devoted to concluding remarks.

2 BRST transformation in generalized differential geometry

The generalized differential geometry (GDG) on M_4 × Z_N was formulated [9], [11] to reconstruct the gauge invariant Lagrangian of the spontaneously broken gauge theories such as the standard model, the left-right symmetric gauge theory and SU(5) and SO(10) grand unified theories. In this section, we incorporate BRST transformation in GDG according to the super field formalism of Bonora and Tonin[14]. This formulation[13] has already done in GDG on the discrete space M_4 × Z_2. Here, we generalize it to M_4 × Z_N where x_μ and n(n = 1, 2 · · ·N ) are arguments in M_4 and Z_N , respectively.

Let us start with the equation of the generalized gauge field A(x, n, θ, θ̄) written in one-form on the discrete space M_4 × Z_N : A(x, n, θ, θ̄) = ∑ i a^†_i (x, n, θ, θ̄)da_i(x, n, θ, θ̄) (2.1) by adding the Grassmann numbers θ and θ̄ to x_μ and n to produce the ghost and anti-ghost fields. The constituent a_i(x, n, θ, θ̄) is the square-matrix-valued function with a subscript i which is a variable of the extra internal space. Now, we simply regard a_i(x, n, θ, θ̄) as the more fundamental field to construct gauge and Higgs fields because it has only mathematical meaning and never appears in final stage. The operator d in Eq.(2.1) is the generalized exterior derivative defined as follows.

d = d + N∑ k=1 d_{χk} + dθ + dθ̄, (2.2) da_i(x, n, θ, θ̄) = ∂_μa_i(x, n, θ, θ̄)dx^μ, (2.3) d_{χk} a_i(x, n, θ, θ̄) = [−a_i(x, n, θ, θ̄)M_{nk} + M_{nk}a_i(x, k, θ, θ̄)]χ_k, (2.4) d_θa_i(x, n, θ, θ̄) = ∂_θa_i(x, n, θ, θ̄)dθ (2.5) d¯_θa_i(x, n, θ, θ̄) = ∂¯_θa_i(x, n, θ, θ̄)dθ̄, (2.6) where dx^μ is ordinary one-form basis, taken to be dimensionless, in Minkowski space M_4, and χ_k is the one-form basis, assumed to be also dimensionless, in the discrete space Z_N . d_θ, d¯_θ are also one-form base in super-space. We have introduced x-independent matrix M_{nk} whose hermitian conjugation is given by M^†_{nk} = M_{kn}. The matrix M (y) turns out to determine the scale and pattern of the spontaneous breakdown of the gauge symmetry. Thus, the symmetry breaking mechanism is encoded in the d_χ = ∑_N k=1 d_{χk} operation. In order to find the explicit forms of gauge, Higgs fields and ghost fields according to Eqs. (2.1) and (2.2)∼(2.6), we need the following important algebraic rule of GDG. χ_kf(x, n, θ, θ̄) = f(x, k, θ, θ̄)χ_k, (2.7) where f(x, n, θ, θ̄) is a field defined on the discrete space such as a_i(x, n, θ, θ̄), gauge field, Higgs field , ghosts or fermion fields. It should be noticed that Eq.(2.7) never expresses the relation between the matrix elements of f(x, n, θ, θ̄) and f(x, k, θ, θ̄) but insures the product between the fields expressed in differential form on the discrete space. Equation(2.7) realizes the non-commutativity of our algebra in the geometry on the discrete space M_4 × Z_N . Inserting Eq.(2.2)∼Eq.(2.6) into Eq.(2.1) and using Eq.(2.7), A(x, n, θ, θ̄) is rewritten as A(x, n, θ, θ̄) = A_μ(x, n, θ, θ̄)dx^μ + N∑ k=1 Φ_{nk}(x, θ, θ̄)χ_k + C(x, n, θ, θ̄)dθ + C̄(x, n, θ, θ̄)dθ̄, (2.8) where A_μ(x, n, θ, θ̄) = ∑ i a^†_i (x, n, θ, θ̄)∂_μa_i(x, n, θ, θ̄), (2.9) Φ_{nk}(x, θ, θ̄) = ∑ i a^†_i (x, n, θ, θ̄) (−a_i(x, k, θ, θ̄)M_{nk} + M_{nk}a_i(x, k, θ, θ̄)), (2.10) C(x, n, θ, θ̄) = ∑ i a^†_i (x, n, θ, θ̄)∂_θa_i(x, n, θ, θ̄) (2.11) C̄(x, n, θ, θ̄) = ∑ i a^†_i (x, n, θ, θ̄)∂¯_θa_i(x, n, θ, θ̄). (2.12) (2.13) A_μ(x, n, θ, θ̄), Φ_{nk}(x, θ, θ̄), C(x, n, θ, θ̄) and C̄(x, n, θ, θ̄) are identified with the gauge field in the flavor symmetry, Higgs field, ghost and anti-ghost fields, respectively. In order to identify A_μ(x, n, θ, θ̄) with true gauge fields, the following conditions have to be imposed. ∑ i a^†_i (x, n, θ, θ̄)a_i(x, n, θ, θ̄) = 1, (2.14) where 1 in the right hand side is a unit matrix in the corresponding internal space. This equation is very important often used in later calculations and may suggest that the variable i might be an argument in the internal space because the definition of gauge field in Eq.(2.9) is very similar to that in Berry phase [3]. If we define the operator ∂_k as ∂_ka_i(x, n) = −a_i(x, n)M_{nk} + M_{nk}a_i(x, k) (2.15) the Higgs field Φ_{nk}(x, θ, θ̄) is written as Φ_{nk}(x, θ, θ̄) = ∑ i a^†_i (x, n)∂_ka_i(x, n), (2.16) which is the same form as the ordinary gauge field A_μ(x, n, θ, θ̄) in Eq.(2.9). For later convenience, we define the following one-form fields as Â(x, n, θ, θ̄) = A_μ(x, n, θ, θ̄)dx^μ, (2.17) Φ̂_{nk}(x, θ, θ̄) = Φ_{nk}(x, θ, θ̄)χ_k, (2.18) Ĉ(x, n, θ, θ̄) = C(x, n, θ, θ̄)dθ, (2.19) ^̄C(x, n, θ, θ̄), = C̄(x, n, θ, θ̄)dθ̄. (2.20) Before constructing the gauge covariant field strength, we address the gauge transformation of a_i(x, y, θ, θ̄) which is defined as a^g_i (x, n, θ, θ̄) = a_i(x, n, θ, θ̄)g(x, n), (2.21) where g(x, n) is the gauge function with respect to the corresponding flavor unitary group. Then, we can find from Eqs.(2.1) and (2.21) the gauge transformation of A(x, n, θ, θ̄) to be A^g(x, n, θ, θ̄) = g^{−1}(x, n)A(x, n, θ, θ̄)g(x, n) + g^{−1}(x, n)dg(x, n), (2.22) where as in Eq.(2.2)∼Eq.(2.4), dg(x, n) = (d + N∑ k=1 d_{χnk} )g(x, n) = ∂_μg(x, n)dx^μ + N∑ k=1 ∂_kg(x, n)χ_k (2.23)

Using Eqs. (2.21)and (2.22), we can find the gauge transformations of gauge, Higgs, ghost and anti-ghost fields as A^g_μ(x, n, θ, θ̄) = g^{−1}(x, n)A_μ(x, n, θ, θ̄)g(x, n) + g^{−1}(x, n)∂_μg(x, n), (2.24) Φ^g_{nk}(x, θ, θ̄) = g^{−1}(x, n)Φ_{nk}(x, θ, θ̄)g(x, k) + g^{−1}(x, n)∂_kg(x, n), (2.25) C^g(x, n, θ, θ̄) = g^{−1}(x, y)C(x, n, θ, θ̄)g(x, n), (2.26) C̄^g(x, n, θ, θ̄) = g^{−1}(x, n)C̄(x, n, θ, θ̄)g(x, n), (2.27) Equation(2.25) is very similar to Eq.(2.24) that is the gauge transformation of the genuine gauge field A_μ(x, n, θ, θ̄) and so it strongly indicates that the Higgs field is a kind of gauge field on the discrete space M_4 × Z_N . From Eq.(2.23), Eq.(2.25) is rewritten as Φ^g_{nk}(x, θ, θ̄) + M_{nk} = g^{−1}(x, n)(Φ_{nk}(x, θ, θ̄) + M_{nk})g(x, k), (2.28) which makes obvious that H_{nk}(x, θ, θ̄) = Φ_{nk}(x, θ, θ̄) + M_{nk} (2.29) is un-shifted Higgs field whereas Φ_{nk}(x, θ, θ̄) denotes shifted one with the vanishing vacuum expectation value. Equations (2.26) and (2.27) show that ghost and anti-ghost fields are transformed as the adjoint representation.

In addition to the algebraic rules in Eq.(2.2)∼(2.6) we add one more important rule that

d_{χl} (M_{nk}χ_k) = (M_{nl}χ_l) ∧ (M_{nk}χ_k) = M_{nl}M_{lk}χ_l ∧ χ_k, (2.30)

and in addition, whenever the d_{χk} operation jumps over M_{nl}χ_l, a minus sign is attached. For example, d_{χk} (M_{nl}χ_la(x, n)) = (d_{χk} M_{nl}χ_l) a(x, n) − M_{nl}χ_l ∧ (d_{χk} a(x, n)) . (2.31) which together with Eq.(2.4) yields the nilpotency of d_χ = ∑_N k=1 d_{χk} and then the nilpotency of the generalized exterior derivative d under the natural conditions that dx^μ ∧ χ_k = −χ_k ∧ dx^μ, dx^μ ∧ dθ = −dθ ∧ dx^μ, dx^μ ∧ dθ̄ = −dθ̄ ∧ dx^μ, χ_k ∧ dθ = −dθ ∧ χ_k χ_k ∧ dθ̄ = −dθ̄ ∧ χ_k dθ ∧ dθ̄ = dθ̄ ∧ dθ, ∂_θ∂¯_θ = −∂¯_θ∂_θ. (2.32) It should be noted that χ_k ∧ χ_l is independent of χ_l ∧ χ_k so that χ_k ∧ χ_l ≠ χ_l ∧ χ_k. This independence is due to the noncommutative property of our generalized differential geometry. For the proof of nilpotency of d_χ, see [11]. With these considerations we can construct the gauge covariant field strength: F(x, n, θ, θ̄) = dA(x, n, θ, θ̄) + A(x, n, θ, θ̄) ∧ A(x, n, θ, θ̄) (2.33) From Eqs.(2.22) and (2.23) we can easily find the gauge transformation of F(x, n, θ, θ̄) as F^g (x, n, θ, θ̄) = g^{−1}(x, n)F(x, n, θ, θ̄)g(x, n). (2.34) Here, according to Bonora and Tonin[14] we impose the horizontality condition [8] on F(x, n, θ, θ̄) that F(x, n, θ, θ̄)|_{θ=}¯_{θ=0} = F (x, n), (2.35) where F (x, n) is the generalized field strength not accompanying one-form base dθ and dθ̄. Equation(2.35) yields the conditions that d_θÂ(x, n) + dĈ(x, n) + Â(x, n) ∧ Ĉ(x, n) + Ĉ(x, n) ∧ Â(x, n) = 0, (2.36) d¯_θÂ(x, n) + d ^̄C(x, n) + Â(x, n) ∧ ^̄C(x, n) + ^̄C(x, n) ∧ Â(x, n) = 0, (2.37) d_θΦ̂_{nk}(x) + d_{χk}Ĉ(x, n) + Φ̂_{nk}(x) ∧ Ĉ(x, n) + Ĉ(x, n) ∧ Φ̂_{nk}(x) = 0, (2.38) d¯_θΦ̂_{nk}(x) + d_χ ^̄C(x, n) + Φ̂_{nk}(x) ∧ ^̄C(x, n) + ^̄C(x, n) ∧ Φ̂_{nk}(x) = 0, (2.39) d_θĈ(x, n) + Ĉ(x, n) ∧ Ĉ(x, n) = 0, , (2.40) d¯_θ ^̄C(x, n) + ^̄C(x, n) ∧ ^̄C(x, n) = 0, , (2.41) d¯_θĈ(x, n) + d_θ ^̄C(x, n) + Ĉ(x, n) ∧ ^̄C(x, n) + ^̄C(x, n) ∧ Ĉ(x, n) = 0, (2.42) which determine the BRST/anti-BRST transformations of each field together with the definitions that d_θ ^̄C(x, n) = −B̂(x, n), d¯_θĈ(x, n) = − ^̄B(x, n). (2.43) It should be noticed that nilpotencies of d_θ and d¯_θ are consistent with Eqs.(2.36)∼(2.43) and for example, d_θĈ(x, n) = ∂_θdθĈ(x, n) = −∂_θC(x, n)dθ ∧ dθ because θ and C(x, n) are Grassmann numbers. Thus, ∂_θC̄(x, n) = B(x, n), ∂¯_θC(x, n) = B̄(x, n). (2.44) From Eqs.(2.36) and (2.37), the BRST/anti-BRST transformations of A_μ(x, n) follows as ∂_θA_μ(x, n) = D_μC(x, n) = ∂_μC(x, n) + [A(x, n), C(x, n)], (2.45) ∂¯_θA_μ(x, n) = D_μC̄(x, n) = ∂_μC̄(x, n) + [A(x, n), C̄(x, n)]. (2.46) From Eq.(2.18)∼Eq.(2.20), the BRST/anti-BRST transformation of the Higgs field are rewritten as ∂_θΦ_{nk}(x) = ∂_kC(x, n) + Φ_{nk}(x)C(x, k) − C(x, n)Φ_{nk}(x), (2.47) ∂¯_θΦ_{nk}(x) = ∂_kC̄(x, n) + Φ_{nk}(x)C̄(x, k) − C̄(x, n)Φ_{nk}(x), (2.48) which by use of H_{nk}(x) = Φ_{nk}(x) + M_{nk} lead to ∂_θH_{nk}(x) = H_{nk}(x)C(x, k) − C(x, n)H_{nk}(x), (2.49) ∂¯_θH_{nk}(x) = H_{nk}(x)C̄(x, k) − C̄(x, n)H_{nk}(x). (2.50) Equations (2.49) and (2.50) are the usual BRST/anti-BRST transformation of the Higgs field. From Eqs.(2.40) and (2.41), the BRST and anti-BRST transformations of ghost and anti-ghost fields are obtained, respectively. ∂_θC(x, n) = −C(x, n)C(x, n), (2.51) ∂¯_θC̄(x, n) = −C̄(x, n)C̄(x, n), (2.52) and from Eq.(2.42), the restriction about Nakanishi-Lautrup field follows as B(x, n) + B̄(x, n) = −C(x, n)C̄(x, n) − C̄(x, n)C(x, n). (2.53) With these equations, we can proceed to obtain the BRST invariant Lagrangian of gauge theory.

BRST invariant Yang-Mills-Higgs Lagrangian is obtained by

L_{YMH} = − N∑ n=1 1 g^2_n Tr < F (x, n), F (x, n) >

+ N∑ n=1 1 g^2_n i∂_θ∂¯_θTr < A(x, n, θ, θ̄), A(x, n, θ, θ̄) > |_{θ=}¯_{θ=0}

+ N∑ n=1 1 g^2_n α 2 Tr < B̂(x, n, θ, θ̄), B̂(x, n, θ, θ̄) > |_{θ=}¯_{θ=0}, (2.54) where g_n is a constant relating to the coupling constant of the flavor gauge field and Tr denotes the trace over internal symmetry matrices. In order to express Yang-Mills-Higgs Lagrangian let us denote the explicit expressions of the field strength F (x, n). The algebraic rules defined in Eqs.(2.2)∼(2.4), (2.7) and (2.14) yield F (x, n) = 1 2 F_{μν}(x, n)dx^μ ∧ dx^ν + ∑ k≠n D_μΦ_{nk}(x)dx^μ ∧ χ_k (2.55) + ∑ k≠n V_{nk}(x)χ_k ∧ χ_n (2.56)

where F_{μν} (x, n) = ∂_μA_ν (x, n) − ∂_νA_μ(x, n) + [A_μ(x, n), A_μ(x, n)], (2.57) D_μΦ_{nk}(x) = ∂_μΦ_{nk}(x) + A_μ(x, n)(M_{nk} + Φ_{nk}(x)) −(Φ_{nk}(x) + M_{nk})A_μ(x, k), (2.58) V_{nk}(x) = (Φ_{nk}(x) + M_{nk})(Φ_{kn}(x) + M_{kn}) − Y_{nk}(x) for k ≠ n, (2.59)

Y_{nk}(x) in Eq.(2.59) is auxiliary field and expressed as Y_{nk}(x) = ∑ i a^†_i (x, n)M_{nk}M_{kn}a_i(x, n), (2.60) which may be independent or dependent of Φ_{nk}(x) and/or may be a constant field.

In order to get the explicit expression of L_{YMH} in Eq.(2.54) we have to determine the metric structure of one-forms. < dx^μ, dx^ν >= g^{μν} , g^{μν} = diag(1, −1, −1, −1), < χ_k, χ_l >= −δ_{kl}, < dθ, dθ >=< dθ̄, dθ̄ >= 1, (2.61) with the vanishing values of other combinations. From Eqs.(2.56)∼(2.59), the first term of Eq.(2.54) that is denoted by L_{YMH} is written as

L_{YMH} = −Tr N∑ n=1 1 2g^2_n F^†_{μν}(x, n)F^{μν}(x, n)

+Tr N∑ n,k=1 1 g^2_n (D_μΦ_{nk}(x))^†D^μΦ_{nk}(x)

−Tr N∑ n,k=1 1 g^2_n

V^†_{nk}(x)V_{nk}(x), (2.62)

where the third term in the right hand side of Eq.(2.62) is the potential term of Higgs particle. The second and third terms of Eq.(2.54) give the ghost term L_{GH} and the gauge fixing term L_{GF}, respectively. The calculation of the second term in Eq.(2.54) proceeds as ∂_θ∂¯_θTr < A(x, n, θ, θ̄), A(x, n, θ, θ̄) > |_{θ=}¯_{θ=0} = −∂_θ∂¯_θTr [ A^μ(x, n, θ, θ̄)A_μ(x, n, θ, θ̄) + N∑ k=1 Φ_{kn}(x, θ, θ̄)Φ_{nk}(x, θ, θ̄) +C(x, n, θ, θ̄)C(x, n, θ, θ̄) + C̄(x, n, θ, θ̄)C̄(x, n, θ, θ̄) ] θ=θ̄=0 , (2.63) because A^μ(x, n, θ, θ̄), C(x, n, θ, θ̄) and C̄(x, n, θ, θ̄) are anti-Hermite and Φ_{nk}(x, θ, θ̄)^† = Φ_{kn}(x, θ, θ̄) together with the internal product < χ_k, χ_l >= −δ_{kl}. It should be noted that ∂_θ { C(x, n, θ, θ̄)C(x, n, θ, θ̄) } = 0, (2.64) ∂¯_θ {¯ C(x, n, θ, θ̄)C̄(x, n, θ, θ̄) } = 0, (2.65)

due to the nilpotency of BRST/anti-BRST transformation. Then, according to the BRST/anti-BRST transformations in Eqs.(2.45)∼(2.53), L_{GH} is expressed as

L_{GH} = 2i N∑ n=1 1 g^2_n Tr∂_μC̄(x, n)D^μC(x, n)

+i N∑ n=1 1 g^2_n N∑ k≠n Tr(∂_nC̄(x, k)D_kC(x, n) + ∂_kC̄(x, n)D_nC(x, k)), (2.66)

where D^μC(x, n) = ∂^μC(x, n) + [A^μ(x, n), C(x, n)], (2.67) ∂_kC̄(x, n) = −C̄(x, n)M_{nk} + M_{nk}C̄(x, k), (2.68) D_kC(x, n) = ∂_kC(x, n) + Φ_{nk}(x)C(x, k) − C(x, n)Φ_{nk}(x) = H_{nk}(x)C(x, k) − C(x, n)H_{nk}(x) (2.69) and L_{GF} as

L_{GF} = α 2 N∑ n=1 1 g^2_n

TrB(x, n)^2 − 2i N∑ n=1 1 g^2_n Tr∂_μB(x, n)A^μ(x, n)

− i N∑ n=1 1 g^2_n N∑ k≠n Tr (∂_nB(x, k)Φ_{nk}(x) + Φ_{kn}(x)∂_kB(x, n)) . (2.70)

If we note the Hermitian conjugate conditions that ( ∂_kC̄(x, n) )_† = ∂_nC̄(x, k), (D_kC(x, n))^† = D_nC(x, k) (∂_kB(x, n))^† = −∂_nB(x, k) (2.71)

because of B(x, n)^† = B(x, n), C(x, n)^† = −C(x, n) and C̄(x, n)^† = −C̄(x, n), we easily find the Hermiticity of Eqs.(2.66) and (2.70).

In next two sections, two special models, SU(2) Higgs-Kibble gauge model and the standard model are reconstructed according to the general framework in this section.

3 Application to SU(2) Higgs-Kibble gauge model

In this section we apply the previous results to the spontaneously broken SU(2) gauge model. We need the discrete space M_4 × Z_2(N = 2) to reproduce the Higgs mechanism in the SU(2) Higgs Kibble model. Let us first assign the fields on discrete space M_4 × Z_2 to the physical fields. For gauge fields,

A_μ(x, 1) = − i 2 3∑ i=1 τ^iA^i_μ(x), A_μ(x, −) = 0, (3.1) where A^i_μ(x) denotes SU(2) adjoint gauge fields. τ^i(i = 1, 2, 3) are Pauli matrices The Higgs field is assigned as Φ_{12}(x) = Φ_{21}(x)^† = ( ϕ^{0∗} ϕ^+ −ϕ^− ϕ^0 ) , M_{12} = M^†_{21} = ( μ 0 0 μ ) , (3.2) where M_{12} must be chosen to give the correct symmetry breakdown. For ghost and anti-ghost fields which correspond with gauge fields in Eq.(3.1) we take C(x, 1) = − i 2 3∑ i=1 τ^iC^i(x), C(x, 2) = 0 (3.3) and C̄(x, 1) = − i 2 3∑ i=1 τ^iC̄^i(x), C̄(x, 2) = 0. (3.4) Also for the Nakanishi-Lautrup field, we assign B(x, 1) = 1 2 3∑ i=1 τ^iB^i(x), B(x, 2) = 0 (3.5) and B̄(x, 1) = 1 2 3∑ i=1 τ^iB̄^i(x), B̄(x, 2) = 0 (3.6) because ∂_θC̄^i = iB^i and ∂_θC̄^0 = iB^0. We can take the gauge transformation functions as g(x, 1) = g(x), g(x) ∈ SU(2), g(x, 2) = 1. (3.7) The auxiliary field Y (x, n)(n = 1, 2) becomes unit matrix because of the assignments of M_{nk} in Eq.(3.2). Y (x, 1) = ∑ i a^†_i (x, 1)M_{12}M_{21}a_i(x, 1) = ∑ i a^†_i (x, 1)a_i(x, 1) = 1^{24}, Y (x, 2) = ∑ i a^†_i (x, 2)M_{21}M_{12}a_i(x, 2) = ∑ i a^†_i (x, 2)a_i(x, 2) = 1^{24}, (3.8)

on account of Eq.(2.14)

With these considerations, we can obtain L_{YMH} , L_{GH} and L_{GF} in Eqs.(2.62), (2.66) and (2.70), respectively. After the definition of the Higgs doublet h = ( ϕ^+ ϕ^0 + μ ) and the following rescaling of fields A^i_μ(x) → gA^i_μ(x), h(x) → g_Hh(x), (3.9) with g = g_1 and g_H = √ g^2_1g^2/2(g^2_1 + g^2), we find the standard Yang-Mills-Higgs Lagrangian for the Higgs Kibble gauge model.

L_{YMH} = − 1 4 3∑ i=1 F^i_{μν} (x) · F^{iμν}(x) +(D_μh(x))^†(D^μh(x)) − λ( h^†(x) h(x) − μ^2)^2, (3.10)

where

F^i_{μν} (x) = ∂_μA^i_ν (x) − ∂_νA^i_μ(x) + g ϵ^{ijk}A^j_μ(x)A^k_ν(x), (3.11) D_μh(x) = [ ∂_μ − i 2 g 3∑ i=1 τ^i · A^i_μ(x) ] h(x), (3.12)

with λ = g^2_H and the rescaling of μ → √ g_Hμ. Equation(3.10) expresses Yang-Mills-Higgs Lagrangian of the Higgs-Kibble gauge theory with the symmetry SU(2) spontaneously broken to global SU(2).

Let us move to the ghost and gauge fixing terms expressed in Eqs.(2.66) and (2.70). For simplicity, hereafter we abbreviate the argument x in the respective fields. After the same rescaling of ghost and Nakanishi-Lautrup fields as in Eq.(3.9) we get the gauge fixing term L_{GF} in Eq.(2.66) as

L_{GF} = 3∑ i=1 { α 2 B_i^2 + B_i ( ∂^μA^i_μ + m_Wϕ^i )} , (3.13)

where m_W is the gauge boson mass and ϕ^i(i = 1, 2, 3) is given by the following parametrization of h. h = 1 √ 2 ( ψ + v + i 3∑ i=1 τ^iϕ^i ) ( 0 1 ) (3.14)

with v = √ 2μ. The equations of motion eliminate the Nakanishi-Lautrup fields from Eq.(3.13), which yields

L_{GF} = − 3∑ i=1 1 2α ( ∂^μA^i_μ + m_Wϕ^i

)_2

. (3.15)

Eq.(3.15) enables us to obtain the gauge fixed Lagrangian with the ’t Hooft-Feynman gauge[15] when α = 1.

With the same notations as in Eq.(3.15) we get the explicit expression of ghost terms in Eq.(2.66) as follows:

L_{GH} = −i 3∑ i=1 ( ∂^μC̄^iD_μC^i − m^2_WC̄^iC^i )

+i gm_W 2 3∑ i=1 (¯ C^iC^iψ + f^{ijk}C̄^iϕ^jC^k ) , (3.16)

where D_μC^i = ∂_μC^i + gϵ^{ijk}A^j_μC^k. The ghost fields become massive and the new interaction terms between ghosts and Higgs fields appear. This is natural because the Higgs field is a member of the generalized connection in GDG on the discrete space in the same way as the gauge field A_μ.

It should be noted that our definitions of the gauge fixing and ghost terms are equal to

L_{GH+GF} = −i∂_θ

[_3 ∑ i=1 C̄^i ( ∂^μA^i_μ + m_Wϕ^i + 1 2 αB^i )] (3.17)

for the SU(2) Higgs-Kibble model. This type of prescription to determine the gauge fixing condition was proposed by Kugo and Uehara [17].

4 Application to the standard model

The reconstruction of the standard model in GDG was completely performed in [16] by adopting the discrete space M_4 × Z_2 on which the fermion fields are represented as vectors in 24 dimensional internal space including weak isospin, hypercharge, color and generation indices. Corresponding to this fermion representation, gauge fields, Higgs boson, ghost fields, Nakanishi-Lautrup fields are expressed in 24 × 24 matrix forms as generators in 24-dimensional space. Here, we omit the color gauge field because it does not bring any significant difference from our results.

A_μ(x, 1) = − i 2 (_3 ∑ i=1 τ^iA^i_μ(x) ⊗ 1^4 + a B_μ(x) ) ⊗ 1^3,

A_μ(x, 2) = − i 2 b B_μ(x) ⊗ 1^3, (4.1)

where A^i_μ(x) denotes SU(2) adjoint gauge field and B_μ(x) is U(1) gauge field. a and b are the U(1) hypercharge matrices corresponding to the left and right handed fermions expressed as vectors in 24- dimensional space, respectively and are denoted as

a = diag ( 1 3 , 1 3 , 1 3 , −1, 1 3 , 1 3 , 1 3 , −1 )

b = diag ( 4 3 , 4 3 , 4 3 , 0, − 2 3 , − 2 3 , − 2 3 , −2 ) . (4.2)

The Higgs field is assigned in the same way as in Eq.(3.2) by making it a 24 × 24 matrix. The symmetry breaking function M_{nk} is also given in the same way.

Φ_{12}(x) = Φ_{21}(x)^† = ( ϕ^{0∗} ϕ^+ −ϕ^− ϕ^0 ) ⊗ 1^{12},

M_{12} = M^†_{21} = ( μ 0 0 μ ) ⊗ 1^{12}. (4.3)

For ghost and anti-ghost fields which correspond with gauge fields in Eq.(4.1) we take C(x, 1) = − i 2 (_3 ∑ i=1 τ^iC^i(x) ⊗ 1^4 + a C^0(x) ) ⊗ 1^3, C(x, 2) = − i 2 b C^0(x) ⊗ 1^3, (4.4) and C̄(x, 1) = − i 2 (_3 ∑ i=1 τ^iC̄^i(x) ⊗ 1^4 + a C̄^0(x) ) ⊗ 1^3, C̄(x, 2) = − i 2 b C̄^0(x) ⊗ 1^3, (4.5)

Also for the Nakanishi-Lautrup field, we assign B(x, 1) = 1 2 (_3 ∑ i=1 τ^iB^i(x) ⊗ 1^4 + a B^0(x) ) ⊗ 1^3, B(x, 2) = 1 2 b B^0(x) ⊗ 1^3, (4.6) and B̄(x, 1) = 1 2 (_3 ∑ i=1 τ^iB̄^i(x) ⊗ 1^4 + a B̄^0(x) ) ⊗ 1^3,

B̄(x, 2) = 1 2 b B̄^0(x) ⊗ 1^3, (4.7)

because ∂_θC̄^i = iB^i and ∂_θC̄^0 = iB^0. We can take the gauge transformation functions as g(x, 1) = g(x)e^{iaα(x)}, g(x) ∈ SU(2), e^{iaα(x)} ∈ U(1), g(x, 2) = e^{ibα(x)}, e^{ibα(x)} ∈ U(1). (4.8) The auxiliary field Y (x, n)(n = 1, 2) becomes unit matrix because of the assignments of M_{nk} in Eq.(3.2). With these considerations, we can obtain L_{YMH}, L_{GH} and L_{GF} in Eqs.(2.62), (2.66) and (2.70), respectively.

After the rescaling of fields

A^i_μ(x) → gA^i_μ(x), B_μ(x) → g^′B_μ(x), (4.9) h(x) → g_Hh(x), (4.10)

with

g^2 = g^2_1 12 , g^{′2} =

2g^2_1g^2 3g^2Tra^2 + 3g^2_1Trb^2 = g^2_1g^2 16g^2_1 + 4g^2 , g^2_H = g^2_1g^2 24(g^2_1 + g^2)

. (4.11)

we find the Yang-Mills-Higgs Lagrangian for the Standard model.

L_{YMH} = − 1 4 3∑ i=1 F^i_{μν} (x) · F^{iμν}(x) − 1 4 B^2_{μν} +(D_μh(x))^†(D^μh(x)) − λ( h^†(x) h(x) − μ^2)^2, (4.12)

where

F^i_{μν} (x) = ∂_μA^i_ν (x) − ∂_ν A^i_μ(x) + g ϵ^{ijk}A^j_μ(x)A^k_ν (x), (4.13) B_{μν} (x) = ∂_μB_ν (x) − ∂_ν B_μ(x), (4.14) D_μh(x) = [ ∂_μ − i 2 g 3∑ i=1 τ^i · A^i_μ(x) − i 2 g^′ B_μ(x) ] h(x), (4.15)

with λ = g^2_H and the rescaling of μ → √ g_Hμ. Except for color sector, Eq.(4.12) expresses Yang-Mills-Higgs Lagrangian of the standard model with the symmetry SU(2)_L×U(1)_Y spontaneously broken to SU(1)_{em}.

Let us express the ghost and gauge fixing terms in Eqs.(2.66) and (2.70) in the case of the standard model. For simplicity, hereafter we abbreviate the argument x in the respective fields. After the same rescaling of ghost and Nakanishi-Lautrup fields such as

C^i(C̄^i) → gC^i(C̄^i), C^0(C̄^0) → g^′C^0(C̄^0), (4.16) B^i(B̄^i) → gB^i(B̄^i), B^0(B̄^0) → g^′B^0(B̄^0), (4.17) we get the gauge fixing term L_{GF} in Eq.(2.66) as

L_{GF} = 2∑ i=1 { α 2 B_i^2 + B_i ( ∂^μA^i_μ + m_Wϕ^i )} , + { α 2 B^2_Z + B_Z ( ∂_μZ^μ + m_Zϕ^3 )} + { α 2 B^2_A + B_A∂_μA^μ } (4.18)

where m_W and m_Z are the charged and weak neutral gauge boson masses, respectively, and Z_μ, A_μ, B_Z and B_A are defined as

Z_μ = gA^3_μ − g^′B^0_μ √ g^2 + g^{′2}

, A_μ = g^′A^3_μ + gB^0_μ √ g^2 + g^{′2} , B_Z = gB^3 − g^′B^0 √ g^2 + g^{′2}

, B_A = g^′B^3 + gB^0 √ g^2 + g^{′2}

. (4.19)

The parametrization of ϕ^i(i = 1, 2, 3) is given in Eq.(3.14). By use of the equations of motion of the Nakanishi-Lautrup fields, Eq.(4.18) leads to

L_{GF} = − 2∑ i=1 1 2α ( ∂^μA^i_μ + m_Wϕ^i

)_2

− 1 2α ( ∂_μZ^μ + m_Zϕ^3

)_2 − 1 2α (∂_μA^μ)^2 , (4.20)

which is the gauge fixed Lagrangian with the ’t Hooft-Feynman gauge[15] when α = 1.

With the same notations of ghost and anti-ghost fields as

C_Z = gC^3 − g^′C^0 √ g^2 + g^{′2}

, C_A = g^′C^3 + gC^0 √ g^2 + g^{′2} . C̄_Z = g

C̄^3 − g^′C̄^0 √ g^2 + g^{′2}

, C̄_A = g^′C̄^3 + gC̄^0 √ g^2 + g^{′2}

, (4.21)

we obtain the explicit expression of ghost terms in Eq.(2.66) as follows:

L_{GH} = −i 2∑ i=1 ∂^μC̄^iD_μC^i − i∂^μC̄_ZD_μC_Z − i∂^μC̄_AD_μC_A

+i 2∑ i=1 m^2_WC̄^iC^i + im^2_ZC̄_ZC_Z + i 2 { m_Wg(C̄^1C^1 + C̄^2C^2) + m_Z √ g^2 + g^{′2}C̄_ZC_Z } ψ + i 2 { m_ZgC̄_ZC^2 − m_W

(g^2 − g^{′2}) √ g^2 + g^{′2}

C̄^2C_Z } ϕ^1

+ i 2 { m_W

(g^2 − g^{′2}) √ g^2 + g^{′2}

C̄^1C_Z − m_Z gC̄_ZC^1 } ϕ^2 + i 2 m_Wg (¯ C^2C^1 − C̄^1C^2 ) ϕ^3 +im_W gg^′ √ g^2 + g^{′2} (¯ C^1ϕ^2 − C̄^2ϕ^1 ) C_A, (4.22) where covariant derivatives of ghost fields are calculated through Eqs.(4.19) and (4.21). Also in this case, the ghost fields become massive and the new interaction terms between ghosts and Higgs fields appear. It should be noted that L_{GH} coincides with that in Eq.(3.16) in the limit of g^′ = 0 except for U(1) ghost term.

It should be also noted that our definition of gauge fixing condition is connected with the prescription proposed by Kugo and Uehara [17] as

L_{GH+GF} = −i∂_θ

[_2 ∑ i=1 C̄^i ( ∂^μA^i_μ + m_Wϕ^i + 1 2 αB^i )]

−i∂_θ [ C̄_Z ( ∂^μZ_μ + m_Zϕ^3 + 1 2 αB_Z )] − i∂_θ [ C̄_A ( ∂^μA_μ + 1 2 αB_A )] (4.23)

for the standard model. It is interesting that our definition naturally leads to the more general gauge fixing condition.

5 Concluding remarks

The reconstructions of the spontaneously broken gauge theories based on the generalized differential geometry on the discrete space M_4 × Z_N have consistently performed so far. Especially, the standard model is nicely reconstructed in GDG on M_4 × Z_2 [16] by introducing the 24-dimensional internal space where chiral fermions are represented as 24-dimensional vectors. It is well understood that the Higgs boson field is a connection on the discrete space Z_N and an unified picture of the ordinary gauge fields and Higgs boson field as the generalized connection is realized. This is a common feature of the NCG approach.

In this paper, BRST invariant formulation of the spontaneously broken gauge theory is presented in our scheme of a GDG on the discrete space M_4 × Z_N . According to the super space formulation by Bonora and Tonin[14], we introduce the Grassmann numbers θ and θ̄ as the arguments in super space in addition to x_μ in M_4 and n in Z_N . The horizontality condition [8] on the generalized field strength F(x, n, θ, θ̄) determines the BRST transformation of every field including the Higgs boson field. By use of the generalized gauge field A(x, n, θ, θ̄) and the Nakanishi-Lautrup field B̄(x, n, θ, θ̄), the gauge fixing and ghost terms are defined in Eq.(2.54) and written explicitly in Eqs.(2.66) and (2.70). Two applications to the SU(2) Higgs-Kibble model and the standard model show ghost fields to be massive and bring the new interaction terms between ghosts and Higgs fields. This is natural because the Higgs boson is a member of the generalized gauge field in GDG on the discrete space in the same way as ordinary gauge fields. Especially, our BRST formulation prefers the t’Hooft-Feynman gauge [15] as the gauge fixing condition, so in this case α = 1 is required.

The Higgs mechanism necessary for the spontaneously broken gauge theory is well understood in the generalized differential geometry on the discrete space. In addition, the super space formalism by Bonora and Tonin[14] is nicely incorporated in this formulation to bring the BRST invariant Lagrangian. It is possible to discuss the anomaly of the spontaneously broken gauge theory in the present formulation as a future work. It is also an important purpose to incorporate the supersymmetry in the present formulation. If it would be possible, this approach would be more promising.

Acknowledgement

The author would like to express his sincere thanks to Professor H. Kase and Professor K. Morita for useful suggestion and invaluable discussions. He is grateful to all members at Department of Physics, Boston University for their warm hospitality.

References

[1] N.S. Manton, Nucl. Phys. B158, 141 (1979).

[2] A. Connes, p.9 in The Interface of Mathematics and Particle Physics,

ed. D. G. Quillen, G. B. Segal, and Tsou. S. T., Clarendon Press, Oxford, 1990. See also, Alain Connes and J. Lott, Nucl. Phys. B(Proc. Suppl.) 18B, 57 (1990).

[3] M.V. Berry, Proc. R. Soc. Lond. A392, 45 (1984).

[4] As a recent review paper see, for instance,

C. P. Martín, J. M. Gracia-Bondia, J. S. Várilly, Phys. Rep. 294, 363 (1998). J. Madore and J. Mourad, “Noncommutative Kaluza-Klein Theory ”, hep-th/9601169.

[5] A. H. Chamseddine, G. Felder and J. Frölich, Phys. Lett. B296, 109 (1992); Nucl. Phys. B395, 672 (1993);

A. H. Chamseddine and J. Frölich, Phys. Lett. B314, 308 (1993) Phys. Rev. D 50, 2893 (1994). D. Kastler, Reviews in Math.Phys.5, 477 (1990).

R. D.-Violette, R. Kerner and J. Madore, J.Math.Phys. 31, 316 (1990). R. Coquereaux, G. Esposito-Farese and J. Frölich, Nucl. Phys. B353, 689 (1991). R. Coquereaux, G. Esposito-Farese and F. Scheck, Int. Journ. Mod. Phys. A7, 6555 (1992); R. Coquereaux, R. Häßling, N. A. Papadopoulos and F. Scheck, Int. J. Mod. Phys.A7, 2809 (1992). B. Balakrishna, F. Gürsey and K.C. Wali, Phys. Lett. B254, 430 (1991); Phys. Rev. D 46, 6498 (1992).

H-G. Ding, H-Y. Gou, J-M. Li and K. Wu, Zeit. f. Phys. C64, 521 (1994). N. A. Papadopoulos, J. Plass and F. Scheck, Phys. Lett. B324, 380 (1994). A. Sitarz, Phys. Lett. B308, 311 (1993) ; Jour. Geom. Phys. 15, 123 (1995). S. Naka and E. Umezawa, Prog. Theor. Phys. 92, 189 (1994). A. H. Chamseddine, Phys. Lett. 332, 349 (1994).

E. Alvarez, J.M. Gracia-Bondía and C.P. Martín, Phys. Lett. B329, 259 (1994). K. Morita and Y. Okumura, Prog. Theor. Phys., 91, 959 (1994). T. Schücker and J.-M. Zylinski, J. Geom. Phys. 16, 207 (1995). J. C. Várilly and J. M. Gracia-Bondia, J. Geom. Phys. 12, 223 (1995). A. Connes, J. Math. Phys. 36, 6194 (1995); Commun. Math. Phys. 1182, 155 (1996). E. Alvarez, J. M.Gracia-Bondia and C. P. Martín, Phys. Lett. B364, 33 (1995). K. Morita and Y. Okumura, Prog. Theor. Phys. 93, 969 (1995), ibid. 93, 1075 (1995). I.S. Sogami, Prog. Theor. Phys. 94, 117 (1995); ibid. 95, 637 (1996). D. Kastler and T. Schücker, Rev. Math. Phys. 8, 205 (1996). B. Iochum and T. Schücker, Commun. Math. Phys. 178, 1 (1996). K. Morita and Y. Okumura, Prog. Theor. Phys. 95, 227 (1996). and many other papers in [4].

[6] K. Morita and Y. Okumura, Prog. Theor. Phys. 91, 959 (1994)

Y. Okumura, Prog. Theor. Phys.92, 625 (1994), K. Morita and Y. Okumura, Phys. Rev. D 50, 1016 (1994).

[7] D. Quillen, Topology 24, 89 (1985),

Y. Ne’eman and S. Sternberg, Proc. Natl. Acad. Sci. U. S. A. 87, 7875 (1990), and papers by R. Coquereaux et.al. in [5].

[8] Y. Ne’eman and J. Thierry-Mieg, in Proceedings of the 1979 Salamanca International Conference on Differential Geometric Methods in Mathematical Physics (1979), edited by A. Perez-Rendon, Lecture Notes in Mathematics No. 836 (Springer, Berlin, 1980). J. Thierry-Mieg, J. Math. Phys. 21, 2834 (1980).

[9] Y. Okumura, Phys. Rev. D 50, 1026 (1994).

[10] Y. Okumura, Prog. Theor. Phys.94, 589 (1995). [11] Y. Okumura, Nuovo Cim. 110A, 267 (1997).

[12] C.Y. Lee, D.S. Hwang and Y. Ne’eman, J. Math. Phys. 37, 3725 (1996). [13] Y. Okumura, Phys. Rev. D 54, 4114 (1996). [14] L. Bonora and P. Tonin, Phys. Lett. 98B, 48 (1981). [15] G. ’t Hooft, Nucl. Phys. B33, 173 (1971); ibid. B35, 167 (1971). [16] Y. Okumura, Prog. Theor. Phys. 95, 969 (1996). [17] Kugo and Uehara, Nucl. Phys. 197, 378 (1982).