hep-th/9909055 v2 11 Sep 1999

CTP TAMU-33/99 hep-th/9909055 September 1999

Bulk to Boundary Relation Between Topological Models and Supergravity Theories

I.V. Lavrinenko y

Center for Theoretical Physics, Texas A&M University, College Station, Texas 77843

ABSTRACT

We establish a direct correspondence between certain higher-rank p-form Chern-Simons topological type theories in the bulk of a manifold with boundary and particular sectors of supergravity models on the boundary, provided that certain boundary conditions are satisfied. The cases we investigate include eleven-dimensional supergravity and both of the type II theories in ten dimensions.

y e-mail: lavrik@rainbow.physics.tamu.edu

1 Introduction

Superstring models and their low-energy supergravity limits are among the most complex and exciting of physical theories, and they are also among the most promising as far as phenomenological expectations are concerned. Even though so far no concrete predictions have been made, the intrinsic mathematical consistency and beauty of these theoretical constructions have been attracting much attention. In this paper we will uncover one more rather interesting aspect of the mathematical conspiracies that make these theories so unique. It is well known that symmetries play an important role in all physical theories. It is a simple observation that if one is able to devise a formulation where these symmetry properties are manifest, then previously hidden aspects of the theory can become more transparent.

In this paper we shall demonstrate that there is a direct relation between certain unusual Chern-Simons (CS) type theories in higher-dimensional spacetimes with boundaries and particular sectors of supergravity models on the boundary of the spacetime. In order to make this relation explicit shall develop a certain first-order formalism. An almost identical approach, called the doubled-field formalism, has been used in the past [list 6within ] to unify the duality symmetries and gauge invariances of supergravity theories, and later on the formalism has been successfully applied to obtain certain, rather general, relations among p-brane tensions [list 7within ]. However, to prevent a confusion, we should emphasize that the approach used in this paper is not identical to that introduced in [list 6within ]. For instance, our definitions for the field-strengths are different, and all fields in the theory are put on an equal footing, including the dilatons. As for the general structure, it is strikingly reminiscent of the situation in an ordinary CS-theory in a three-dimensional spacetime with boundary, where it is well known that in the bulk the theory is topological, and all the dynamics takes place only on the boundary, where the degrees of freedom are described by the chiral Wess-Zumino-Witten-Novikov (WZWN) model [list 1within ]. However, now the CS-theories are replaced by some higher p-form analogs, and instead of a WZWN-model we obtain various supergravity theories.

Boundary conditions play a rather important role in the construction [list 2–5within ]. One needs to impose these conditions in order for the variational principle to make sense, and to maintain gauge invariance in the theory on a manifold with boundary. The CS-type theories we obtain have much in common with the so-called higher-rank BF theories [list 9–11within ], although in our approach these theories acquire a non-Abelian generalization. Even though many issues have been left unaddressed, the results obtained may indicate that there are hidden topological sectors in supergravity theories, or even that these theories may be described by pure topological models on manifolds with boundaries. It is also conceivable that the topological theories we describe may have applications of their own, related to some properties of higher-dimensional manifolds without boundaries [list 8within ]. However, the fact that these models preserve metric-independence after quantization still remains to be proved.

2 D=11 Supergravity

In this section we shall consider the example of D = 11 supergravity. It is a simplest case possible, however it already includes many characteristic features. We would like to start with the following Lagrangian in D = 12

L =^1_2(A_{(4)} ∧ dA_{(7)} + A_{(7)} ∧ dA_{(4)}) +^1_6 A_{(4)} ∧ A_{(4)} ∧ A_{(4)}, (2.1)

where A_{(4)} and A_{(7)} are four-form and seven-form gauge fields.

It is easy to see that this Lagrangian changes by total derivative under the following gauge transformations

δA_{(4)} = dω_{(3)}, (2.2) δA_{(7)} = −ω_{(3)} ∧ A_{(4)} + dω_{(6)},

where ω_{(3)} and ω_{(6)} are arbitrary three-forms and six-forms.

In fact δL =^1_2d(dω_{(3)} ∧ A_{(7)} − dω_{(6)} ∧ A_{(4)}). (2.3) The following brackets hold

{δ(ω^1_{(3)}), δ(ω^2_{(3)})} = δ(ω^2_{(3)} ∧ ω^1_{(3)}), {δ(ω^1_{(3)}), δ(ω^2_{(6)})} = 0 (2.4)

If the manifold has no boundary, the action obtained by integrating this Lagrangian over the whole spacetime is invariant with respect to these gauge transformations. In fact the Lagrangian (2.1) can be obtained by following the canonical procedure for CS-theories. Let us define the following field-strengths

F_{(5)} = dA_{(4)}, (2.5) F_{(8)} = dA_{(7)} +^1_2 A_{(4)} ∧ A_{(4)}.

It can be checked that under the gauge transformations (2.2) fields (2.5) transform covariantly

δF_{(5)} = 0, (2.6) δF_{(8)} = ω_{(3)} ∧ F_{(5)}.

Out of these field-strengths one can construct the analog of the Chern class

F_{(5)} ∧ F_{(8)}. (2.7)

It is easy to see that the class (2.7) is invariant with respect to the gauge transformations (2.2), and also that the following identity holds

F_{(5)} ∧ F_{(8)} = d(^1_2(A_{(4)} ∧ dA_{(7)} + A_{(7)} ∧ dA_{(4)}) +^1_6 A_{(4)} ∧ A_{(4)} ∧ A_{(4)}) = dL. (2.8)

Thus everything is very reminiscent of ordinary Chern-Simons theory, and what we have said so far, with the exception of gauge invariance, is valid whether we have a boundary or not. In the presence of a boundary, things change in a rather interesting way. First of all, it seems that the theory is no longer gauge invariant, due to the total derivative which, upon integration, gives rise to a non-vanishing term on the boundary. However, we know how to deal with this problem. The solution again comes from the conventional CS-theory, where the same problem arises; one imposes some boundary conditions in order to restore gauge invariance [list 2–5within ]. The trivial condition that the gauge transformations vanish on the boundary is not interesting, since it appears to be too strong. The only other choice is to impose the following relations

dω_{(3)} = ∗dω_{(6)}|_{∂M12}, (2.9) A_{(7)} = ∗A_{(4)}|_{∂M12} ,

where the Hodge ∗ is taken with respect to the eleven-dimensional metric on the boundary. If the relations (2.9) hold then the boundary term vanishes, and gauge invariance is restored. It can also be checked that the variational principle is well defined in this case. Normally, if there is a boundary and the Lagrangian changes by a total derivative, problems may arise owing to the fact that the functional derivative is not well defined unless one adds some extra terms on the boundary to cancel terms coming from the bulk. In our situation the boundary contribution from the bulk has the form ∫ δL =^1_2 ∫ ∂M12 (A_{(4)} ∧ δA_{(7)} − A_{(7)} ∧ δA_{(4)}), (2.10) and it vanishes if boundary conditions (2.9) are satisfied.

This is not the end of story though. The action of twelve-dimensional theory (2.1) can be written as S = ∫ ∂M12 1 2A_{(4)} ∧ A_{(7)} + ∫ M12 (A_{(7)} ∧ dA_{(4)} +^1_6 A_{(4)} ∧ A_{(4)} ∧ A_{(4)}) (2.11) = ∫ ∂M12 1 2A_{(4)} ∧ ∗A_{(4)} + ∫ M12 (A_{(7)} ∧ dA_{(4)} +^1_6A_{(4)} ∧ A_{(4)} ∧ A_{(4)}),

where in the second line we used the boundary conditions introduced in (2.9).

Now, variation of the A_{(7)}-field (which simply plays the role of a constraint) in the bulk gives the condition dA_{(4)} = 0, which implies that (at least locally) A_{(4)} = dA_{(3)}, and by continuation the same must be true on the boundary. Thus if one substitutes this relation back into the Lagrangian the result is a theory on the boundary whose Lagrangian is identical to the one for D = 11 supergravity (without Einstein-Hilbert term). There are also some subtleties with the gauge symmetry of the theory. The generators are simply constraints coming from the variation over the components of A_{(4)} and A_{(7)} gauge fields with a time index, since these have no conjugate momenta. They are

G_m(ω_{(6)}) = ∫ M11 ω_{(6)} ∧ dA_{(4)}, G_e(ω_{(3)}) = ∫ M11 ω_{(3)} ∧ (dA_{(7)} +^1_2 A_{(4)} ∧ A_{(4)}), (2.12)

where ω_{(3)} and ω_{(6)} are arbitrary three-forms and six-forms, and the integration is over only the spatial coordinates.

All states in the theory must satisfy the constraints G_e| ⟩ = 0, and G_m| ⟩ = 0. If there is no boundary, the algebra of these constraints can be easily calculated using the fact that the A_{(4)} and A_{(7)} fields are canonically conjugate to each other. The algebra gives rise to the following brackets

{G_e(ω^1_{(3)}), G_e(ω^2_{(3)})} = G_m(ω^1_{(3)} ∧ ω^2_{(3)}), {G_e(ω^1_{(3)}), G_m(ω^2_{(6)})} = 0. (2.13)

However, if the spacetime has a boundary, one runs into a problem. Functional derivatives of the constraints are not well defined, and one needs to add some boundary terms to the generators to cancel these contributions, and these extra terms will play the role of boundary symmetries. Namely one needs to add g_m = − ∫ ∂M11 ω(6) ∧ A(4) to Gm, and

g_e = − ∫ ∂M11 ω(3) ∧ A(7) = − ∫ ∂M11 ω(3) ∧ ∗A(4) to Ge, and also the commutator between the

(modified) G_e and G_m generators changes, becoming {G_e(ω_{(3)}), G_m(ω_{(6)})} = ∫ ∂M11 ω(3) ∧ dω_{(6)}. After we have imposed the constraints G_e| ⟩ = 0, and G_m| ⟩ = 0 the gauge symmetry in the bulk therefore gives rise to the symmetry of a theory on the boundary

{g_e(ω^1_{(3)}), g_e(ω^2_{(3)})} = g_m(ω^1_{(3)} ∧ ω^2_{(3)}), {g_e(ω_{(3)}), g_m(ω_{(6)})} = ∫ ∂M11 ω_{(3)} ∧ dω_{(6)}. (2.14)

A similar idea has been employed in CS-theory in D = 3, where it gave rise to certain conformal models on the boundary with affine symmetries [list 3–5within ].

As a nontrivial consistency check one can verify that Jacobi-identity is satisfied. The only interesting one is

{g_e(ω^1_{(3)}), {g_e(ω^2_{(3)}), g_e(ω^3_{(3)})}} + {g_e(ω^3_{(3)}), {g_e(ω^1_{(3)}), g_e(ω^2_{(3)})}} + (2.15) {g_e(ω^2_{(3)}), {g_e(ω^3_{(3)}), g_e(ω^1_{(3)})}} = ∫ ∂M11 (ω^1_{(3)} ∧ d(ω^2_{(3)} ∧ ω^3_{(3)}) + ω^2_{(3)} ∧ d(ω^3_{(3)} ∧ ω^1_{(3)}) + ω^3_{(3)} ∧ d(ω^1_{(3)} ∧ ω^2_{(3)})) = −2 ∫ ∂M11 d(ω^1_{(3)} ∧ ω^2_{(3)} ∧ ω^3_{(3)}) = 0.

3 Type IIA-Theory in D=10

Now we would like to consider the case of the Type IIA theory in D = 10. Here things are sightly more complicated, owing to the increase in the number of fields, but main ideas stay the same. The ten-dimensional Lagrangian has the form L_{10} = R∗1l −^1_2 ∗dϕ ∧ dϕ −^1_2 e^{32 ϕ} ∗F_{(2)} ∧ F_{(2)} −^1_2e�^ϕ ∗F_{(3)} ∧ F_{(3)} −^1_2 e^{12 ϕ} ∗F_{(4)} ∧ F_{(4)} −^1_2 dA_{(3)} ∧ dA_{(3)} ∧ A_{(2)} , (3.1) where F_{(4)} = dA_{(3)} − dA_{(2)} ∧ A_{(1)}, F_{(3)} = dA_{(2)} and F_{(2)} = dA_{(1)}. From this, it follows that the equations of motion for the antisymmetric tensor and scalar fields are:

d(e^{12 ϕ} ∗F_{(4)}) = −F_{(4)} ∧ F_{(3)} .

d(e�ϕ ∗F_{(3)}) = −F_{(2)} ∧ (e^1_2 ϕ∗F_{(4)}) − 1_2 F_{(4)} ∧ F_{(4)} , (3.2)

d(e^{32 ϕ} ∗F_{(2)}) = −F_{(3)} ∧ (e^{12 ϕ} ∗F_{(4)}) , d∗dϕ = −^1_4 F_{(4)} ∧ (e^{12 ϕ} ∗F_{(4)}) −^1_2 F_{(3)} ∧ (e�^ϕ ∗F_{(3)}) −^3_4 F_{(2)} ∧ (e^{32 ϕ} ∗F_{(2)}) .

Let us make the following redefinitions

e^14^ϕF_{(4)} = B_{(4)}, e�^12^ϕF_{(3)} = B_{(3)}, e^34^ϕF_{(2)} = B_{(2)}, dϕ = B_{(1)}, (3.3) and introduce the following new fields B_{(6)} = ∗B_{(4)}, B_{(7)} = ∗B_{(3)}, B_{(8)} = ∗B_{(2)}, B_{(9)} = ∗B_{(1)}. (3.4) In terms of these new fields equations (3.2) can be written as follows H_{(2)} = dB_{(1)} = 0, (3.5) H_{(3)} = dB_{(2)} −^3_4 B_{(1)} ∧ B_{(2)} = 0, H_{(4)} = dB_{(3)} +^1_2 B_{(1)} ∧ B_{(3)} = 0,

H_{(5)} = dB_{(4)} −^1_4 B_{(1)} ∧ B_{(4)} − B_{(3)} ∧ B_{(2)} = 0, H_{(7)} = dB_{(6)} +^1_4 B_{(1)} ∧ B_{(6)} + B_{(4)} ∧ B_{(3)} = 0, H_{(8)} = dB_{(7)} −^1_2 B_{(1)} ∧ B_{(7)} + B_{(2)} ∧ B_{(6)} +^1_2B_{(4)} ∧ B_{(4)} = 0, H_{(9)} = dB_{(8)} +^3_4 B_{(1)} ∧ B_{(8)} + B_{(3)} ∧ B_{(6)} = 0, H_{(10)} = dB_{(9)} +^1_4 B_{(4)} ∧ B_{(6)} +^1_2 B_{(3)} ∧ B_{(7)} +^3_4 B_{(2)} ∧ B_{(8)} = 0,

where we have also introduced new field-strengths H_{(2)}, H_{(3)}, H_{(4)}, H_{(5)}, H_{(7)}, H_{(8)}, H_{(9)}, and H_{(10)}.

At this stage we would like to emphasize that there is a one-to-one correspondence between original equations of motion (3.2) and the system (3.5), provided that relations (3.4) are satisfied. Indeed, one can solve for B_{(1)} first (locally), and then for B_{(2)}, B_{(3)}, and B_{(4)}, and after that, using relations (3.4) for B_{(6)}, B_{(7)}, B_{(8)}, and B_{(9)}, so eventually one recovers the original system (3.2).

It turns out that the system (3.5) is invariant under the following gauge transformations

δB_{(1)} = dω, (3.6) δB_{(2)} = dω_{(1)} +^3_4 ω_{(1)} ∧ B_{(1)} +^3_4 ωB_{(2)}, δB_{(3)} = dω_{(2)} +^1_2 ω_{(2)} ∧ B_{(1)} −^1_2 ωB_{(3)}, δB_{(4)} = dω_{(3)} +^1_4 ω_{(3)} ∧ B_{(1)} + ω_{(2)} ∧ B_{(2)} + ω_{(1)} ∧ B_{(3)} +^1_2ωB_{(4)}, δB_{(6)} = dω_5 −^1_4 ω_5 ∧ B_{(1)} − ω_{(3)} ∧ B_{(3)} − ω_{(2)} ∧ B_{(4)} −^1_4ωB_{(6)}, δB_{(7)} = dω_{(6)} −^1_2 ω_{(6)} ∧ B_{(1)} − ω_5 ∧ B_{(2)} − ω_{(3)} ∧ B_{(4)} − ω_{(1)} ∧ B_{(6)} +^1_2ωB_{(7)}, δB_{(8)} = dω_{(7)} −^3_4 ω_{(7)} ∧ B_{(1)} − ω_5 ∧ B_{(3)} − ω_{(2)} ∧ B_{(6)} −^3_4 ωB_{(8)}, δB_{(9)} = dω_{(8)} −^3_4 ω_{(7)} ∧ B_{(2)} +^1_2 ω_{(6)} ∧ B_{(3)} −^1_4 ω_5 ∧ B_{(4)}

−^1_4 ω_{(3)} ∧ B_{(6)} −^1_2 ω_{(2)} ∧ B_{(7)} −^3_4 ω_{(1)} ∧ B_{(8)},

where ω, ω_{(1)}, ω_{(2)}, ω_{(3)}, ω_5, ω_{(6)}, ω_{(7)}, and ω_{(8)} are arbitrary p-forms of the appropriate degree. This is actually an infinitesimal form of the transformations, but it is good enough for our purposes. Another way to say that transformations (3.6) leave the system (3.5) invariant is to claim that field-strengths H_i transform covariantly, namely that they transform into each other, which can be checked by a direct calculation. Now we would like to apply the same idea as we did in D = 11 supergravity to the type IIA theory. Let us consider the following Lagrangian in eleven-dimensional spacetime

L =^1_2(B_{(6)} ∧ dB_{(4)} − B_{(4)} ∧ dB_{(6)}) −^1_2 (B_{(3)} ∧ dB_{(7)} + B_{(7)} ∧ dB_{(3)}) (3.7) +^1_2(B_{(8)} ∧ dB_{(2)} − B_{(2)} ∧ dB_{(8)}) −^1_2 (B_{(1)} ∧ dB_{(9)} + B_{(1)} ∧ dB_{(9)}) −^1_4B_{(6)} ∧ B_{(1)} ∧ B_{(4)} − B_{(6)} ∧ B_{(3)} ∧ B_{(2)} −^1_2 B_{(7)} ∧ B_{(1)} ∧ B_{(3)} −^3_4B_{(8)} ∧ B_{(1)} ∧ B_{(2)} −^1_2 B_{(4)} ∧ B_{(4)} ∧ B_{(3)}.

As a nice consistency check, one can derive the following formal identity

dL = H_{(7)} ∧ H_{(5)} − H_{(10)} ∧ H_{(2)} − H_{(8)} ∧ H_{(4)}, (3.8)

where we are using the definitions (3.5). Again it is evident that the Lagrangian (3.7) can be obtained from the descent process from a thirteen-dimensional spacetime.

First of all under the gauge transformations (3.6) the Lagrangian (3.7) transforms as a total derivative; for example the ω and ω_{(8)} transformations give rise to the following term

δL =^1_2 d(dω_{(8)} ∧ B_{(1)} + dωB_{(9)}). (3.9)

All other transformations produce similar results, namely it is always a sum of two terms each of which is a wedge product of the derivative of a gauge parameter and a field of complementary degree.

Therefore if there is no boundary in the eleven-dimensional spacetime we have gauge invariance; otherwise it is lost. Of course, we can restore gauge invariance by imposing appropriate boundary conditions on the fields and gauge parameters. Not too surprisingly, they turn out to be the same as equations (3.4), plus corresponding conditions for the gaugeparameters, namely dω_{(8)} = ∗dω, dω_{(7)} = ∗dω_{(1)}, and so on. Also following the procedure described in the second section, namely through integrating certain terms by parts, we get the action in eleven-dimensional bulk plus boundary terms

S = −^1_2 ∫ ∂M11 (∗B_{(4)} ∧ B_{(4)} + ∗B_{(3)} ∧ B_{(3)} + ∗B_{(2)} ∧ B_{(2)} + ∗B_{(1)} ∧ B_{(1)}) (3.10) + ∫ M11 (B_{(6)} ∧ dB_{(4)} − B_{(7)} ∧ dB_{(3)} + B_{(8)} ∧ dB_{(2)} − B_{(9)} ∧ dB_{(1)} −^1_4 B_{(6)} ∧ B_{(1)} ∧ B_{(4)} − B_{(6)} ∧ B_{(3)} ∧ B_{(2)} −^1_2B_{(7)} ∧ B_{(1)} ∧ B_{(3)} −^3_4 B_{(8)} ∧ B_{(1)} ∧ B_{(2)} −^1_2B_{(4)} ∧ B_{(4)} ∧ B_{(3)}).

Now, let us evaluate the equations of motion for B_{(9)}, B_{(8)}, B_{(7)}, and B_{(6)} in the bulk, which imply that the rest of the fields are pure gauge (everywhere, including the boundary). After integrating some terms by parts, we obtain a Lagrangian on the boundary identical to the one for the type IIA theory in D = 10, where pure gauge degrees of freedom from the bulk become dynamical. We should remark that presumably this procedure can be carried out even at the quantum (functional integral) level, since the B_{(9)}, B_{(8)}, B_{(7)}, and B_{(6)} fields simply play the role of Lagrange multipliers. Thus the integrations over these fields produce delta-functions which impose that the B_{(1)}, B_{(2)}, B_{(3)}, and B_{(4)} gauge fields are flat, or pure gauge. The associated redefinitions of variables may give rise to non-trivial Jacobians in the functional integral measure, and in turn may produce some dynamics for the metric on the boundary. It is very tempting to conjecture that these Jacobians will eventually produce an Einstein-Hilbert curvature term on the boundary, and that the theory we are describing is all that is needed to produce the complete supergravity action on the boundary, including gravity. Clearly these issues require a more careful investigation.

4 Type IIB-Theory in D=10

There is no covariant Lagrangian for type IIB supergravity, since it includes a self-dual 5-form field strength. However one can write down covariant equations of motion. In order to make manifest their global SL(2, IR) symmetry, it is useful first to assemble the dilaton ϕ and axion χ into a 2 × 2 matrix: M = ( e^ϕ χ e^ϕ χ e^ϕ e�^ϕ + χ^2 e^ϕ ) (4.1)

Also, define the SL(2, IR)-invariant matrix Ξ = ( 0 1 −1 0 ) , (4.2)

and the two-component column vector of 2-form potentials

A_{(2)} = ( A^1_{(2)} A^2_{(2)} ) . (4.3)

Here A^1_{(2)} is the R-R potential, and A^2_{(2)} is the NS-NS potential. The bosonic matter equations of motion can then be written as

d∗H_{(5)} = −^1_2 ϵ_{ij} F^i_{(3)} ∧ F^j_{(3)} , d(M∗H_{(3)}) = H_{(5)} ∧ Ξ H_{(3)} , d(e^{2ϕ} ∗dχ) = e^ϕ F^2_{(3)} ∧ ∗F^1_{(3)} , d∗dϕ = e^{2ϕ} dχ ∧ ∗dχ +^1_2e^ϕ F^1_{(3)} ∧ ∗F^1_{(3)} −^1_2 e�^ϕ F^2_{(3)} ∧ ∗F^2_{(3)} , (4.4) where F^1_{(3)} = dA^1_{(2)} − χ dA^2_{(2)}, F^2_{(3)} = dA^2_{(2)}, H_{(3)} = dA_{(2)}, and H_{(5)} = dB_{(4)} −^1_2ϵ_{ij} A^i_{(2)} ∧ dA^j_{(2)}.

Now let us define the following new fields

C^1_{(1)} = dϕ, C^2_{(1)} = e^ϕdχ, C_{(5)} = H_{(5)} (4.5) C^1_{(3)} = e^{12 ϕ}dA^1_{(2)} + χe^{12 ϕ}dA^2_{(2)}, C^2_{(3)} = e�^{12 ϕ}dA^2_{(2)}, (4.6) and C^1_{(7)} = ∗C^1_{(3)}, C^2_{(7)} = ∗C^2_{(3)}, (4.7) C^1_{(9)} = ∗C^1_{(1)}, C^2_{(9)} = ∗C^2_{(1)},

where we are also assuming that C_{(5)} = ∗C_{(5)}

It turns out that in terms of these fields the system (4.4) can be written as follows G^1_{(2)} = dC^1_{(1)} = 0, (4.8) G^2_{(2)} = dC^2_{(1)} − C^1_{(1)} ∧ C^2_{(1)} = 0, G_{(6)} = dC_{(5)} − C^2_{(3)} ∧ C^1_{(3)} = 0, G^1_{(4)} = dC^1_{(3)} −^1_2 C^1_{(1)} ∧ C^1_{(3)} − C^2_{(1)} ∧ C^2_{(3)} = 0, G^2_{(4)} = dC^2_{(3)} +^1_2 C^1_{(1)} ∧ C^2_{(3)} = 0, G^1_{(8)} = dC^1_{(7)} +^1_2 C^1_{(1)} ∧ C^1_{(7)} − C_{(5)} ∧ C^2_{(3)} = 0, G^2_{(8)} = dC^2_{(7)} −^1_2 C^1_{(1)} ∧ C^2_{(7)} + C^2_{(1)} ∧ C^1_{(7)} + C_{(5)} ∧ C^1_{(3)} = 0, G^1_{(10)} = dC^1_{(9)} − C^2_{(1)} ∧ C^2_{(9)} −^1_2C^1_{(3)} ∧ C^1_{(7)} +^1_2C^2_{(3)} ∧ C^2_{(7)} = 0, G^2_{(10)} = dC^2_{(9)} + C^1_{(1)} ∧ C^2_{(9)} − C^2_{(3)} ∧ C^1_{(7)} = 0,

where we have also introduced corresponding field-strengths G^i_j.

Again we would like to emphasize that the system (4.8) is completely equivalent to the original set of equations (4.4) provided that conditions (4.7) are satisfied.

One can easily check that this new system is invariant with respect to the following gauge transformations

δC^1_{(1)} = dω^1, (4.9) δC^2_{(1)} = dω^2 − C^1_{(1)}ω^2 + ω^1C^2_{(1)}, δC^1_{(3)} = dω^1_{(2)} −^1_2C^1_{(1)} ∧ ω^1_{(2)} +^1_2ω^1C^1_{(3)} + ω^2C^2_{(3)} − ω^2_{(2)} ∧ C^2_{(1)}, δC^2_{(3)} = dω^2_{(2)} +^1_2C^1_{(1)} ∧ ω^2_{(2)} −^1_2ω^1C^2_{(3)}, δC_{(5)} = dω_{(4)} − ω^1_{(2)} ∧ C^2_{(3)} + ω^2_{(2)} ∧ C^1_{(3)}, δC^1_{(7)} = dω^1_{(6)} +^1_2C^1_{(1)} ∧ ω^1_{(6)} −^1_2ω^1C^1_{(7)} − ω^2_{(2)} ∧ C_{(5)}, δC^2_{(7)} = dω^2_{(6)} −^1_2C^1_{(1)} ∧ ω^2_{(6)} +^1_2ω^1C^2_{(7)} − ω^2C^1_{(7)} + ω^1_{(2)} ∧ C_{(5)} + ω^1_{(6)} ∧ C^2_{(1)}, δC^1_{(9)} = dω^1_{(8)} +^1_2ω^2_{(6)} ∧ C^2_{(3)} −^1_2ω^1_{(6)} ∧ C^1_{(3)} −^1_2ω^2_{(2)} ∧ C^2_{(7)} − ω^2_{(8)} ∧ C^2_{(1)} + ω^2C^2_{(9)}, δC^2_{(9)} = dω^2_{(8)} + C^1_{(1)} ∧ ω^2_{(8)} − ω^1_{(6)} ∧ C^2_{(3)} + ω^2_{(2)} ∧ C^1_{(7)} − ω^2C^2_{(9)},

where ω^i_j are arbitrary p-form parameters.

Now, as always, we go one dimension higher, and introduce the following Lagrangian in eleven-dimensional spacetime

L =^1_2 (C^1_{(1)} ∧ dC^1_{(9)} + C^1_{(9)} ∧ dC^1_{(1)}) +^1_2(C^2_{(1)} ∧ dC^2_{(9)} + C^2_{(9)} ∧ dC^2_{(1)}) + (4.10) 1 2 (C^1_{(3)} ∧ dC^1_{(7)} + C^1_{(7)} ∧ dC^1_{(3)}) +^1_2(C^2_{(3)} ∧ dC^2_{(7)} + C^2_{(7)} ∧ dC^2_{(3)}) + 1 2C_{(5)} ∧ dC_{(5)} + C^1_{(1)} ∧ C^2_{(9)} ∧ C^2_{(1)} +^1_2C^1_{(3)} ∧ C^1_{(1)} ∧ C^1_{(7)} + 1 2C^1_{(1)} ∧ C^2_{(3)} ∧ C^2_{(7)} + C^2_{(3)} ∧ C^2_{(1)} ∧ C^1_{(7)} + C_{(5)} ∧ C^1_{(3)} ∧ C^2_{(3)}.

Now one has to go through the same sequence of steps, and observe that under the symmetry (4.9) this Lagrangian changes by a total derivative, so that if there is a boundary then gauge invariance is broken. To restore the symmetry one needs to impose some boundary conditions, and of course, not too surprisingly, they turn out to be the same as equations (4.7), including the self-duality constraint for 5-form field-strength, plus the similar relations for gauge-parameters. Let us just demonstrate how this comes about for the 5-form. Under the symmetry δC_{(5)} = dω_{(4)} the action transforms as follows δS = ∫ M11 δL =^1_2 ∫ ∂M11 dω_{(4)} ∧ C_{(5)} (4.11)

Now if we impose the conditions C_{(5)} = ∗C_{(5)} and dω_{(4)} = ∗dω_{(4)} then remarkably this term vanishes, by virtue of the Lorentzian metric signature. Again one can easily check that the theory lives on the boundary only, where it coincides with D = 10 type IIB-Theory (without gravity, of course). In order to demonstrate this one needs to write out the action for the Lagrangian (4.10) in such a form that the bulk part does not have terms where the C^i_9 and C^i_7 fields are covered by derivatives. They will therefore play the role of bulk Lagrange multipliers which impose certain constraints on the rest of the fields, plus boundary terms with appropriate boundary conditions to have gauge invariance. After integrating out the C^i_9 and C^i_7 fields in the bulk and solving constraints they impose, and integrating certain terms by parts, one derives the type IIB action together with the extra equations for C_{(5)}.

Acknowledgements

I am grateful to Chris Pope for useful discussions and constant encouragement.

References

[1] E. Witten, Commun. Math. Phys. 121 (1989) 351; G. Moore and N. Seiberg, Phys.

Lett. B220 (1989) 422; S. Elitzur, G. Moore, A. Schwimmer and N. Seiberg, Nucl. Phys. B326 (1989) 108.

[2] A. P. Balachandran, G. Bimontz, K. S. Gupta and A. Stern, Int. J. Mod. Phys. A7 (1992) 4655; G. Bimonte, K. S. Gupta, and A. Stern, Int. J. Mod. Phys. A8 (1993) 653. K.S. Gupta, A. Stern, Nucl. Phys. B442 (1995) 157, hep-th/9410216

[3] J. D. Brown and M. Henneaux, Commun. Math. Phys. 104 (1986) 207.

[4] T. Regge and C. Teitelboim, Ann. Phys. (N.Y.) 88 (1974) 286; R. Benguria, P. Cordero, and C. Teitelboim, Nucl. Phys. B122 (1977) 61; J. D. Brown and M. Henneaux, J. Math. Phys. 27 (1986) 489.

[5] M. Bañados, Phys. Rev. D52 (1996) 5816.

[6] E. Cremmer, B. Julia, H. Lü and C.N. Pope, Dualisation of dualities II: twisted self-duality of doubled fields and superdualities, Nucl. Phys. B535 (1998) 242, hepth/9806106.

[7] I.V. Lavrinenko, H. Lü, C.N. Pope and K.S. Stelle, Superdualities, brane tensions and massive IIA / IIB duality, hep-th/9903057, to appear in Nucl. Phys. B.

[8] D. Birmingham, M. Blau, M. Rakowski and G. Thompson, Phys. Rep. 209 (1991) 129.

[9] A. P. Balachandran, P. Teotonio-Sobrinho, Int. J. of Mod. Phys. A8, 723 (1993); Phys.

A9, 1569 (1994); A. P. Balachandran, G. Bimonte, P. Teotonio-Sobrinho, Mod. Phys. Lett. A8, 1305 (1993).

[10] R. Floreanini and R. Percacci, Phys. Lett. B224, 291 (1989); R. Floreanini, R. Percacci and R. Rajaraman, Phys. Lett. B231, 119 (1989).

[11] V. P. Nair and J. Schiff, Phys. Lett. B246, 423 (1990).