arXiv:hep-th/9909061 v2 14 Feb 2000

hep-th/9909061 to appear in Physics Reports

Superstring Cosmology

James E. Lidsey^1, David Wands^2 and E. J. Copeland^3

1 Astronomy Unit, School of Mathematical Sciences, Queen Mary & Westfield, Mile End Road, London, E1 4NS, U.K. j.e.lidsey@qmw.ac.uk

2 School of Computer Science and Mathematics, University of Portsmouth, Portsmouth, PO1 2EG, United Kingdom david.wands@port.ac.uk

3 Centre for Theoretical Physics, University of Sussex, Falmer, Brighton, BN1 9QJ, United Kingdom e.j.copeland@sussex.ac.uk

Abstract

Aspects of superstring cosmology are reviewed with an emphasis on the cosmological implications of duality symmetries in the theory. The string effective actions are summarized and toroidal compactification to four dimensions reviewed. Global symmetries that arise in the compactification are discussed and the duality relationships between the string effective actions are then highlighted. Higher–dimensional Kasner cosmologies are presented and interpreted in both string and Einstein frames, and then given in dimensionally reduced forms. String cosmologies containing both non–trivial Neveu–Schwarz/Neveu–Schwarz and Ramond–Ramond fields are derived by employing the global symmetries of the effective actions. Anisotropic and inhomogeneous cosmologies in four–dimensions are also developed. The review concludes with a detailed analysis of the pre–big bang inflationary scenario. The generation of primordial spectra of cosmological perturbations in such a scenario is discussed. Possible future directions offered in the Hořava–Witten theory are outlined.

Contents

1 Introduction 3

PART I 6

2 M–theory and Superstring Effective Actions 6

3 Toroidal Compactification of the String Effective Actions 11 3.1 Toroidal Compactification of the NS–NS Action . . . . . . . . . . . . . . . . 11 3.2 Antisymmetric Tensor Fields and Poincaré Duality . . . . . . . . . . . . . . 15 3.3 Dual Effective NS–NS Action in Four Dimensions . . . . . . . . . . . . . . . 17 3.4 Dual Effective Action for the Type IIA Theory in Four Dimensions . . . . . 19 3.5 Dual Effective Action for the Type IIB Theory in Four Dimensions . . . . . 20

4 Global Symmetries of the Toroidally Compactified NS–NS Action 24 4.1 Non–Linear Sigma–Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 4.2 The SL(2,R)/U(1) Coset . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 4.3 The O(d,d)/O(d)×O(d) Coset . . . . . . . . . . . . . . . . . . . . . . . . . . 27 4.4 Manifestly Invariant Field Equations . . . . . . . . . . . . . . . . . . . . . . 28

5 S–, T– and U–Dualities 31 5.1 Target Space and Scale Factor Duality . . . . . . . . . . . . . . . . . . . . . 32 5.2 Relationships between the String Effective Actions . . . . . . . . . . . . . . 34 5.3 SL(2,R) and S–Duality of the Type IIB Superstring . . . . . . . . . . . . . 37 5.4 U–Duality of the Type II Superstring . . . . . . . . . . . . . . . . . . . . . . 39

PART II 41

6 Higher Dimensional Kasner Cosmology 41 6.1 (D + d + 1)-dimensional Einstein-vacuum solutions . . . . . . . . . . . . . . 41 6.2 (D + d)-dimensional dilaton-vacuum solutions . . . . . . . . . . . . . . . . . 43 6.3 D-dimensional dilaton-moduli-vacuum solutions . . . . . . . . . . . . . . . . 46 6.4 Symmetries of cosmological vacuum solutions . . . . . . . . . . . . . . . . . 49 6.5 Cosmological solutions with form-fields . . . . . . . . . . . . . . . . . . . . . 50 6.5.1 Elementary Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . 51 6.5.2 Solitonic solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

7 Four–dimensional NS–NS Cosmology 55 7.1 Spatially Homogeneous and Isotropic Cosmologies . . . . . . . . . . . . . . 56 7.1.1 Dilaton-moduli-vacuum solutions . . . . . . . . . . . . . . . . . . . . 56 7.1.2 Dilaton-moduli-axion solutions . . . . . . . . . . . . . . . . . . . . . 62 7.1.3 Brane interpretation . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 7.2 Spatially Homogeneous Cosmology . . . . . . . . . . . . . . . . . . . . . . . 65 7.3 Inhomogeneous String Cosmology . . . . . . . . . . . . . . . . . . . . . . . . 71 7.4 Mirror Images . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78 7.5 Tilted String Cosmology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

8 Type IIB Cosmology with Ramond–Ramond Fields 83 8.1 Global Symmetries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84 8.1.1 SL(3,R) symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84 8.1.2 SL(2,R)_χ symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . 85 8.1.3 Z_2 and SL(2,R)_{σ2} symmetry . . . . . . . . . . . . . . . . . . . . . . . 87 8.2 Cosmological Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 8.2.1 Cosmology with a Single RR Field . . . . . . . . . . . . . . . . . . . 89 8.2.2 Cosmology with Two RR Fields . . . . . . . . . . . . . . . . . . . . 91 8.2.3 Cosmology with Three RR Fields . . . . . . . . . . . . . . . . . . . . 92 8.2.4 Anisotropic RR Cosmology . . . . . . . . . . . . . . . . . . . . . . . 94

PART III 96

9 Pre-Big Bang Cosmology 96 9.1 Dilaton–Vacuum solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 9.2 Initial Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99 9.3 Graceful Exit in string cosmology . . . . . . . . . . . . . . . . . . . . . . . . 101

10 Primordial Perturbations from a Pre–Big Bang Era 109 10.1 Metric perturbations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110 10.2 Dilaton–Moduli Perturbation Spectra . . . . . . . . . . . . . . . . . . . . . 115 10.3 Magnetic field perturbations in the Pre–Big Bang scenario . . . . . . . . . . 117 10.4 Axion perturbations in the Pre–Big Bang scenario . . . . . . . . . . . . . . 118 10.5 SL(2,R) invariant perturbation spectra in dilaton–moduli–axion cosmologies 120 10.6 Perturbation spectra with more degrees of freedom . . . . . . . . . . . . . . 122 10.7 Large-scale structure from a Pre-Big Bang era . . . . . . . . . . . . . . . . . 126

11 Outlook: Hořava–Witten Cosmology 130

Acknowledgements 134

References 135

A Conformal transformations 152 A.1 Intrinsic curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152 A.2 Extrinsic curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152 A.3 Dilaton–gravity action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153 A.4 Energy–momentum tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154 A.5 Form Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

B Modular Group of the Torus 156

C Bianchi Classification of Homogeneous Spacetimes 157

1 Introduction

Superstring theory represents the most promising candidate for a unified theory of the fundamental interactions, including gravity [186, 322]. One of the strongest constraints on the theory is that it should be consistent with the standard model of the very early universe. The cosmological implications of string theory are currently receiving considerable attention. This interest has been inspired in part by the recent advances that have been made towards a non–perturbative formulation of the theory. There are five anomaly–free, supersymmetric perturbative string theories known as the type I, type IIA, type IIB, SO(32) heterotic and E_8 × E_8 heterotic theories. There is now evidence that these theories are related by a set of dualities and may in fact represent different manifestations of a more fundamental quantum theory, often termed M–theory [406]. Supersymmetry implies that the quantization of the string is only consistent if spacetime is ten–dimensional. On the other hand, M–theory, defined originally in terms of the strongly coupled limit of the type IIA superstring, is an eleven–dimensional theory. Eleven–dimensional supergravity fits into the picture as the low–energy limit of this new theory [406, 386]. The goal of superstring cosmology is to examine the dynamical evolution in these theories and re-examine cosmological questions in the light of our new understanding of string theory.

String theory contains a number of massless degrees of freedom that are separated from the massive states by an energy gap of order √ h̄c/α^′, where α^′ is the inverse string tension and is usually taken to be close to the Planck scale (see below). In the ‘sigma–model’ approach one considers only the massless modes of the string, and conformal invariance is imposed by insisting that the β–functions for the fields vanish. These constraints may then be interpreted as field equations that are derived by varying an effective spacetime action [141, 142, 73, 361, 258]. To lowest–order in the perturbation theory and in the low–energy limit, the massless sectors of the superstring theories are determined by the corresponding supergravity actions.

The standard approach in string cosmology is to analyse time–dependent solutions to the lowest–order string equations of motion. This approach applies on scales below the string scale but above those energies where the string symmetries are broken. It is valid if the fields evolve sufficiently slowly that their higher–derivative terms can be neglected. Solutions derived in this context may be viewed as perturbative approximations to exact solutions of the full theory and it is anticipated that they should exhibit at least some of the features of these more general solutions.

A definitive prediction of string theory is the existence of a scalar field, φ. This is referred to as the dilaton and it couples directly to matter. There are two further massless excitations that are common to all five perturbative string theories. These are the tensor field, g_{μν}, known as the graviton, and a rank two anti-symmetric tensor field, B_{μν} . The appearance of the dilaton in the string spectrum was first discussed by Scherk and Schwarz [344, 345]. Its vacuum expectation value determines the strengths of both the gauge and gravitational couplings. The inverse string tension α^′ defines the characteristic string length scale: l_s ≡ √ h̄cα^′ , (1.1) but the effective Planck length is dependent upon both α^′ and the value of the dilaton:

l^{(D)}_{Pl} ≡ e^{φ/(D−2)} √ h̄cα^′ , (1.2)

in a D–dimensional spacetime (see [395] for a review). Henceforth we set h̄ = c = 1 but retain units of length (or equivalently mass^{−1}). The gauge coupling strength is given by [395]

α_{gauge} ∼ g^2_s ≡ e^φ = ( l_{Pl} l_s )D_{−2} , (1.3)

and thus we enter the weak coupling regime of string theory for e^φ ≪ 1. In such a regime, one may treat the dilaton as a massless particle in perturbative string theory. The cosmological consequences of the dilaton field in this regime are profound and its dynamical effects lead to a radical departure from the standard picture of early universe cosmology based on Einstein gravity with a fixed Planck length.

A central paradigm of modern theoretical models of the early universe is cosmological inflation, where the universe undergoes an epoch of accelerated expansion in its most distant past. (An extended bibliography can be found in the recent reviews [253, 254, 274, 222]). If sufficient inflation occurs, many of the problems of the hot big bang model, such as the horizon and flatness problems, can in principle be resolved [191]. Inflation also provides a causal mechanism for generating a primordial spectrum of density inhomogeneities [253]. This is essential for producing the observed large–scale structure in the universe as well as the temperature anisotropies of the cosmic microwave background radiation. A crucial question that must be addressed in string cosmology, therefore, is whether the theory admits realistic inflationary solutions. It is known that supergravity corrections make it difficult to obtain sufficiently flat potentials to drive conventional slow-roll inflation [274]. In recent years an inflationary model known as the pre–big bang scenario has been developed [155] employing the concepts of string duality within a cosmological setting. In this model, the accelerated expansion of the universe is driven by the kinetic energy of the dilaton field. This differs significantly from the standard chaotic inflation picture, where the expansion is driven by potential energy. Although there presently remain unresolved problems with this scenario, it does have a number of important astrophysical consequences that in principle could be detectable within the next few years. This opens up the tantalizing prospect of directly constraining string theory via current and forthcoming cosmological observations.

In this review, we discuss the nature of cosmological solutions that are derived from the string effective actions, with particular emphasis on the cosmological implications of duality symmetries. Prior to the developments that led to the discovery of string dualities, the majority of studies in string cosmology focused on the E_8 × E_8 heterotic theory, since this is considered to be the theory most relevant to particle physics phenomenology. (For a review see, e.g., Ref. [388] and references therein). Given such a change in perspective, however, the type II theories and eleven–dimensional supergravity may also be relevant to cosmology. One of the purposes of this review is to focus on some of the cosmological aspects of the type II theories.

This review is intended for a wide audience including particle physicists, cosmologists and relativists. It is anticipated, therefore, that the typical reader will be more expert in some areas of the review than in others. With this in mind, we have divided the review into three parts of roughly equal length. The first part (Sections 2–5) reviews the subject of string dualities at the level of the supergravity theories. The second part (Sections 6–8) develops and studies different classes of string cosmologies in a variety of settings and the final part (Sections 9–10) reviews the pre–big bang inflationary scenario.

More specifically, we begin in Section 2 with a summary of the different fields that arise in ten– and eleven–dimensional supergravity theories. The toroidal compactifications of the different sectors of the theories are then considered in Section 3. Section 4 proceeds to discuss the non–compact, global symmetries of the dimensionally reduced actions that are relevant to later Sections in the review and Section 5 provides an introductory overview of the web of dualities that link the perturbative superstring theories.

In Section 6 we review the higher–dimensional Kasner solutions based on a toroidal spacetime that are the fundamental building blocks of many studies in string cosmology. We present the different interpretations that are possible according to whether one works in the higher–dimensional, or dimensionally reduced theory, and according to whether the solutions are presented in terms of the string length or the Planck scale [whose definition given in Eq. (1.2) is dependent up on the number of dimensions]. Section 7 contains a detailed analysis of four-dimensional string cosmologies containing non–trivial NS–NS fields. We consider the class of spatially isotropic and homogeneous Friedmann–Robertson– Walker (FRW) universes, together with the spatially anisotropic Bianchi models and the inhomogeneous Einstein–Rosen space–times. Section 8 extends the analysis to include the Ramond–Ramond sector of the type IIB theory.

A review of the pre–big bang inflationary scenario is presented in Sections 9 and 10. Section 9 addresses the main unresolved issues in this scenario, including the question of fine–tuning in the initial conditions and the problem of exiting from the inflationary phase. Section 10 discusses the generation of primordial perturbation spectra from quantum vacuum fluctuations in the massless fields of the string effective actions. It is shown how the spectra are intimately related to the duality symmetries that arise in string theory. The formalism developed therefore provides a link between these duality symmetries and the observed large–scale universe.

We conclude in Section 11 with a discussion on the cosmological solutions that arise in the Hořava–Witten interpretation of the E_8 × E_8 heterotic superstring [200, 201]. Appendices summarise some of the mathematical concepts used in the review, including conformal transformations, the modular group of the torus and the Bianchi classification of homogeneous spacetimes. Unless otherwise stated, units are chosen such that h̄ = c = 1. Our sign–conventions are those of Wald [400], denoted (+ + +) in Misner, Thorne and Wheeler [299].

PART I

2 M–theory and Superstring Effective Actions

In this Section we present a brief overview of the bosonic sectors of the effective supergravity actions of the five superstring theories together with that of D = 11 supergravity. More detailed introductory reviews to perturbative string theories are provided in [186, 322, 273, 320], where a full bibliography can also be found. Recent extended reviews on supergravity theories in higher dimensions can be found in [404, 381].

The world–sheet action for a free, closed superstring with string tension T = 1/(2πα^′), is S = 1 4πα^′ ∫ d^2ση_{μν} [ η^{αβ}∂_αX^μ∂_βX^ν + iψ̄^μγ^α∂_αψ^ν ] (2.1)

The coordinates on the world–sheet are σ^α = (τ, σ) (α = 0, 1) and the gauge has been chosen such that the world–sheet has a flat metric. The coordinates X^μ(τ, σ) (μ = 0, 1, . . ., D − 1) are the coordinates of the string world–sheet propagating in D–dimensional Minkowski spacetime with (flat) metric η_{μν}. The spinors on the world–sheet are denoted by ψ^μ = ψ^μ(τ, σ). The matrices γ^α are 2 × 2 matrices satisfying the algebra {γ_α, γ_β}_+ = 2η_{αβ} and can be taken to be real.

The world–sheet action (2.1) is supersymmetric in the sense that it is invariant under the infinitesimal transformation:

δX^μ = iϵ̄ψ^μ, δψ^μ = γ^α∂_αX^μϵ (2.2)

where ϵ represents a constant anti-commuting spinor. This world–sheet supersymmetry relates the spacetime coordinates X^μ(τ, σ) to the fermionic variables ψ^μ(τ, σ).

A suitable choice of basis for the γ–matrices is:

γ_0 = ( 0 1 −1 0 ) , γ_1 = ( 0 1 1 0 ) (2.3)

Defining the matrix γ_2 ≡ γ_0γ_1 then implies that the spinor ψ may be separated into two chiral components: ψ = ( ψ_R ψ_L ) (2.4)

where ψ = 1 2 (1 + γ_2)ψ_R + 1 2 (1 − γ_2)ψ_L (2.5)

The equation of motion for the fermionic degrees of freedom is the two–dimensional Dirac equation:

γ^α∂_αψ^μ = 0 (2.6) The importance of the basis (2.4) is that it allows Eq. (2.6) to become separated into two parts: ( ∂ ∂σ + ∂ ∂τ ) ψ^μ_R = 0 (2.7) ( ∂ ∂σ − ∂ ∂τ ) ψ^μ_L = 0 (2.8)

This implies that left and right moving fermions have negative and positive chirality, respectively. Moreover, since they are decoupled, they can be treated separately.

Boundary conditions must be imposed on solutions to these equations. For closed strings both the left and right moving fermions are either periodic or anti periodic, i.e., ψ^μ_{L,R}(σ = 2π) = ±ψ^μ_{L,R}(σ = 0). The sector corresponding to periodic boundary conditions is referred to as the Ramond (R) sector [329], whereas the sector for anti periodic boundary conditions is known as the Neveu–Schwarz (NS) sector [311, 312]. It follows that for both left and right moving fermions there are four possible sectors in total: NS–NS, RR, NS–R and R–NS. The spacetime bosonic excitations arise from the NS–NS and RR sectors, whereas the fermions arise from the NS–R and R–NS sectors.

In the zero–slope limit, α^′ → 0, all massive modes in the superstring spectrum decouple, and only the massless sector remains. The effective action for the massless excitations of the superstring can be derived by rewriting the world–sheet action (2.1) for a curved spacetime background and imposing the constraint that quantum corrections do not break conformal invariance. This implies the vanishing of the β–functions and these constraints can in turn be interpreted as field equations derived from an effective action [73, 141, 142, 361, 258].

Type IIA superstring. The effective bosonic action of the type IIA superstring is N = 2, D = 10, non–chiral supergravity and is given by

S_{IIA} = 1 16πα^{′4} {∫ d^{10}x √ |g_{10}| [ e^{−Φ} ( R_{10} + (∇Φ)^2 − 1 12 H^2_3 )

− 1 4 F^2_2 − 1 48 (F_4^′)^2 ] + 1 2 ∫ B_2 ∧ F_4 ∧ F_4 } (2.9)

where R_{10} is the Ricci scalar curvature of the spacetime with metric g_{MN} and g_{10} ≡ detg_{MN}. Strings sweep out geodesic surfaces with respect to the metric g_{MN} . The corresponding action in the conformally related Einstein frame was presented in Refs. [208, 161, 74]. The dilaton field, Φ, determines the value of the string coupling parameter, g^2_s = e^Φ. It is interesting to note that the dilaton–graviton sector of this action may be interpreted as a ten–dimensional Brans–Dicke theory [50], where the coupling between the dilaton and graviton is specified by the Brans–Dicke parameter ω = −1. The antisymmetric tensor field strengths are defined by H_3 = dB_2, F_2 = dA_1, F_4 = dA_3 and F^′_4 = F_4 + A_1 ∧ H_3, where in general X_p denotes an antisymmetric p–form potential and d is the exterior derivative. The last term in Eq. (2.9) is a Chern–Simons term and is a necessary consequence of supersymmetry. For the backgrounds we consider in this review, however, this term can be neglected and we do not consider it further. Action (2.9) represents the zeroth–order expansion in both the string coupling and the inverse string tension. The NS–NS sector of the action contains the graviton, the antisymmetric 2–form potential and the dilaton field. The RR sector contains antisymmetric p–form potentials, where p is odd. The NS–NS sector couples directly to the dilaton, but the RR fields do not [406, 321].

There are two gravitini in the spectra of both the type IIA and type IIB theories. They therefore have N = 2 supersymmetry [181]. What distinguishes the two theories is that the gravitini have opposite chirality in the type IIA theory, and this theory is therefore non–chiral. Conversely, the gravitini have the same chirality in the type IIB theory and this theory is chiral.

Type IIB superstring. The bosonic massless excitations arising in the NS–NS sector of the type IIB superstring are the dilaton, Φ, the metric, g_{MN}, and the antisymmetric, 2–form potential, denoted here by B^{(1)}_{MN} . The RR sector contains a scalar axion field, χ, a 2–form potential, B^{(2)}_{MN} , and a 4–form potential, D_{MNP Q}. The field equations correspond to those of N = 2, D = 10 chiral supergravity [347, 182, 356, 204]. The field equation for the 4–form implies that its 5–form field strength should be self–dual. This latter constraint can not be derived from a covariant ten–dimensional action [290]. However, one may drop this self–duality constraint by introducing new degrees of freedom at the level of the action. The constraint can then be imposed as a consistent truncation of the field equations derived from this more general action [43]. The appropriate bosonic action is given by [42, 43]

S_{IIB} = 1 16πα^{′4} {∫ d^{10}x √ |g_{10}| [ e^{−Φ} ( R_{10} + (∇Φ)^2 − 1 12 (H^{(1)}_3 )^2 )

− 1 2 (∇χ)^2 − 1 12 (H^{(2)}_3 + χH^{(1)}_3 )^2 − 1 240 (F_5)^2 ] + ∫ A_4 ∧ H^{(2)}_3 ∧ H^{(1)}_3 } (2.10)

where the RR field strengths are defined by H^{(2)}_3 = dB^{(2)}_2 and F_5 = dA_4 + B^{(2)}_2 ∧ H^{(1)}_3 . The NS–NS sector for the type IIB theory has the same form as that of the type IIA action. Once again the RR fields do not couple directly to the dilaton field, but in contrast to the type IIA theory, the kinetic terms correspond to those for p–form potentials, where p is even.

Type I superstring. The theory that admits open string states is the type I theory. The boundary conditions for an open string halve the number of supersymmetries to N = 1 [186]. Open strings can carry charges at their ends. However, the theory is only free from anomalies and quantum mechanically consistent if the gauge group is uniquely chosen to be SO(32) [183]. The bosonic sector of the effective action for the massless excitations of the type I superstring is N = 1, D = 10 supergravity coupled to SO(32) super Yang–Mills theory [181, 183, 184, 185]. The action for this supergravity theory was originally derived in Refs. [83, 39, 40, 85]. In the string frame it takes the form [406]:

S_I = 1 16πα^{′4} ∫ d^{10}x √ |g_{10}| [ e^{−Φ} ( R_{10} + (∇Φ)^2 ) − 1 12 H^2_3 − 1 4 e^{−Φ/2}F^2_2 ] (2.11)

where F^2_2 is the Yang–Mills field strength taking values in the gauge group G = SO(32) and H_3 = dB_2 is the field strength of a 2–form potential, B_2. We note that this field strength is not coupled to the dilaton field in this frame.

Heterotic superstring. The origin of the two heterotic theories derives from the fact that the left– and right–moving modes of a closed string can be considered independently [186]. Thus, supersymmetry need only be imposed in the right–moving sector. This reduces the supersymmetry to N = 1. Quantization of the left–moving sector then requires the gauge groups to be either SO(32) or E_8 × E_8, depending on the fermionic boundary conditions that are imposed [188]. The effective action of the heterotic superstring is

S_H = 1 16πα^{′4} ∫ d^{10}x √ |g_{10}|e^{−Φ} [ R_{10} + (∇Φ)^2 − 1 12 H^2_3 − 1 4 F^2_2 ] (2.12) where F^2_2 is the field strength corresponding to the gauge groups SO(32) or E_8 × E_8 [188, 189, 190]. The heterotic and type I theories have the same particle content. Their effective actions differ, however, because all bosonic degrees of freedom couple directly to the dilaton field in the heterotic theory, whereas the 2–form potential is a RR degree of freedom in the type I theory.

Eleven–dimensional supergravity. We conclude this Section with a discussion on a further supergravity theory that is closely related to the ten–dimensional theories discussed above. This is N = 1, D = 11 supergravity [107, 104, 108]. It is now widely believed that this theory represents the low–energy limit of M–theory [406, 386]. The simplest way to appreciate why the D = 11 theory is special is to consider the field content of D = 4 supergravity theories by counting the number of on–shell massless degrees of freedom. (For a review, see, e.g., Ref. [144]). To construct the representations for an extended supergravity theory of type N, one begins with the state of maximum helicity λ_{max}. Each of the N supersymmetry generators (charges) then acts successively to lower the helicity of the physical states by one–half unit, so that the lowest helicity in the super-multiplet is λ_{min} = λ_{max}−N/2 [379]. This implies that there must exist particles of helicity |λ| ≥ N/4 in such an extended theory. Requiring that a theory in four dimensions contains no fields with helicity |λ| ≥ 5/2 limits the maximum number of allowed supersymmetries to be N = 8. In this case, the state of maximum helicity, λ_{max} = 2, represents the graviton (vierbein).

The particle content of the N = 8, D = 4 supergravity can be identified with the massless degrees of freedom arising in certain higher–dimensional theories. The number of degrees of freedom of the bosonic and fermionic fields that arise in such theories in D dimensions is summarized in Tables (1) and (2) [307, 117]. In four dimensions each of the spinors associated with the supersymmetry generators has four degrees of freedom. Thus, we have eight, four–component spinors, yielding a total of 32 degrees of freedom. In general, a supergravity theory is said to be maximal if it has 32 conserved supercharges in any dimension. Table (1) implies that the number of spinor degrees of freedom increases with the dimensionality of the spacetime and the highest dimension consistent with 32 degrees of freedom is D = 11. Since a necessary condition for two theories to be related is that they should have the same number of bosonic and fermionic degrees of freedom, an identification between N = 8, D = 4 supergravity and a higher–dimensional theory is only possible if D ≤ 11, at least for a spacetime with signature (1, D − 1) [307]. Remarkably, supersymmetry leads us to an upper limit on the dimensionality of spacetime.

The unique theory in eleven dimensions is N = 1 supergravity and the number of graviton degrees of freedom in this case is (11 × 8)/2 = 44. The corresponding gravitino can be represented as a Majorana spinor in eleven dimensions and has (2^5 × 8)/2 = 128 degrees of freedom. Supersymmetry therefore requires the introduction of a further 84 bosonic degrees of freedom. Table (2) immediately suggests a plausible candidate in the form of a three–index, antisymmetric tensor gauge field. Indeed, it can be shown that such a field is the only field that could be introduced if supersymmetry is to be maintained [307]. Introducing 84 spin–0 fields, for example, would violate supersymmetry.

The graviton and three–form potential constitute the entire bosonic sector of N = 1,

Field Degrees of Freedom D–Bein D(D − 3)/2 Gravitino 2^α(D − 3) Vector (D − 2) Spinor 2^α Scalar 1

Table 1: The number of degrees of freedom for bosonic and fermionic fields in D dimensions. The spinors in this table correspond to Dirac spinors. In this case, α = D/2 if D is even and α = (D − 1)/2 if the dimensionality of spacetime is odd. The relationship between Dirac and Majorana spinors is discussed in Refs. [381, 117]. Majorana spinors have half the number of degrees of freedom as Dirac spinors.

Potential Degrees of Freedom A_{MNP} (D − 4)(D − 3)(D − 2)/6 A_{MN} (D − 3)(D − 2)/2 A_M (D − 2) A 1

Table 2: The number of degrees of freedom for antisymmetric tensor gauge fields in D dimensions. In general, a gauge field potential with n > 2 indices has (D − n − 1)(D − n) . . .(D − 2)/n! degrees of freedom.

D = 11 supergravity. The action is given by [107, 104, 108]

S_M = 1 16πG_{11} (∫ d^{11}x √ |g_{11}| [ R_{11} − 1 48 F^2_4 ] + 1 6 ∫ A_3 ∧ F_4 ∧ F_4 ) (2.13)

where F_4 = dA_3 is the four–form field strength of the three–index gauge potential A_3. The eleven–dimensional Newton constant, G_{11}, is related to the Planck length by G_{11} = l^{(9)}_{Pl} and is the only parameter in the theory [81]. The Chern–Simons term arises as a direct consequence of the supersymmetry [107].

It can be shown that the bosonic degrees of freedom in this theory can be consistently identified with those of N = 8, D = 4 supergravity by compactifying the former theory on a 7–torus, T^7. Indeed, Cremmer and Julia first derived the Lagrangian for the N = 8, D = 4 theory by performing such a compactification [104, 108]. Moreover, compactification of N = 1, D = 11 supergravity on a circle, S^1, results in the type IIA supergravity theory [74, 208, 161]. This correspondence proves central when interpreting the strongly coupled limit of the type IIA superstring in terms of an eleven–dimensional theory [406, 386].

In conclusion, there exist five supersymmetric string theories that each have a consistent weak coupling expansion in perturbative theory. The type I theory and the two heterotic theories have (ten–dimensional) N = 1 supersymmetry. The type II theories have N = 2 supersymmetry. Heterotic and type II superstrings are oriented, unbreakable and closed. Open strings are only possible in the type I theory where strings are unoriented and breakable. There is no freedom for introducing a super Yang–Mills gauge group in the type II theories and the only gauge group that can be consistently introduced in the type I theory is SO(32). The heterotic theories admit both SO(32) and E_8 × E_8. Supersymmetry implies that quantum consistency is only possible in perturbative string theory if spacetime is ten–dimensional. On the other hand, the upper limit on the dimensionality of spacetime implied by supersymmetry is D = 11. Indeed, requiring gravity to be unique in four dimensions restricts the number of supersymmetries present in the theory. If particles are to have helicity |λ| ≤ 2, the number of supersymmetries can not exceed N = 8 and this implies D ≤ 11.

The main features of the superstring effective actions discussed in this Section that are of primary importance to cosmology are that they are higher–dimensional, scalar–tensor theories of gravity that contain antisymmetric tensor fields of varying degree. In order to discuss four–dimensional cosmological solutions in these theories, therefore, we must first consider their compactification down to four dimensions. This is the topic of the next Section.

3 Toroidal Compactification of the String Effective Actions

3.1 Toroidal Compactification of the NS–NS Action

We begin this Section by considering the toroidal compactification of the NS–NS sector of the string effective action which contains the dilaton field, the graviton and a 2–form potential and is common to both the type II and heterotic theories. (For reviews on Kaluza– Klein gravity see, e.g., [92, 12, 117, 16, 317]).

In Kaluza–Klein dimensional reduction, the universe is viewed as the product space M = J × K, where the D-dimensional space-time J (x^ρ) has metric g_{μν} (x^ρ) (μ, ν = 0, 1, . . ., D − 1) and the d-dimensional internal space is denoted by K(y^a) with metric h_{ab}(x^ρ) (a, b = D, . . ., D + d − 1). This space must be Ricci flat if the matter fields are independent of its coordinates y^a. For the purposes of the present discussion, it is sufficient to assume that K is a d–dimensional torus, T^d. A d–torus is the subspace of the d–dimensional complex Euclidean space described by z_j = exp(2πiθ_j), where 0 ≤ θ_j < 1 [7]. Topologically, it is the Cartesian product of d circles, T^d = S^1 × S^1 × . . .× S^1, and is metrically flat. This manifold has the maximal number of covariantly constant spinors. (This is related to the fact that flat tori are the only manifolds with trivial holonomy). Each of these spinors is associated with a supersymmetry that is unbroken by the compactification. For compactification to four or more dimensions, other basic choices for the internal manifolds are those with SU(n) holonomy, corresponding to Calabi–Yau n–forms, and those with Sp(n) holonomy. (For introductory reviews, see, e.g., [392, 315]). We do not consider such compactifications in this work, but note that in many settings, our results apply to these more general cases when the only modulus field that is dynamically important represents the volume of the internal space.

When the higher-dimensional metric is compactified on a circle, it splits into a lower– dimensional metric tensor, a 1–form potential (gauge field) and a 0–form potential (scalar field). A p–form, on the other hand, splits into a p–form and a (p − 1)–form [346, 109, 103]. For compactification on T^d, therefore, the higher-dimensional graviton produces 1 graviton, d vector fields and d(d+1)/2 spin–0 fields. The NS–NS 2–form potential splits into a 2–form potential, d 1–form potentials, and d(d − 1)/2 0–form potentials. More generally, a p–form compactified on T^d produces a total of d!/[p!(d − p)!] scalar moduli fields from its internal components.

Maharana and Schwarz [286] have derived the form of the (D + d)–dimensional NS–NS action compactified on T^d. In (D + d) dimensions, the action is given by

Ŝ = ∫ d^{D+d}x √ |ĝ_{D+d}|e^{−Φ̂} [ R̂_{D+d}(ĝ) + ĝ^{AB} ^∇_AΦ̂ ^∇_BΦ̂ − 1 12 Ĥ_{M1M2M3}Ĥ_{M ′1M ′2M ′3}ĝ^M1^{M ′}1ĝ^M2^{M ′}2ĝ^M3^{M ′}3 ] (3.1)

where (A, B) = (0, 1, . . ., D +d−1) and a hat denotes quantities in the (D +d)–dimensional spacetime. The complete (D + d)–dimensional metric can be expressed in the form

ĝ_{AB} = ( g_{μν} + A_μ^cA_{νc} A_{μb} A_{νa} h_{ab} ) , (3.2)

where ĝ_{ab} = h_{ab} is the metric on K, ĝ_{μν} = g_{μν} + h_{ab}A^a_μA^b_ν and ĝ_{μa} = h_{ab}A^b_μ. The d(d + 1)/2 degrees of freedom, h_{ab}, represent ‘moduli’ fields. The determinant of ĝ_{AB} is given by ĝ_{D+d} = g_Dh, where g_D ≡ detg_{μν} and h ≡ deth_{ab} are the determinants of the metrics on J and K, respectively. The inverse of the (D + d)–dimensional metric is

ĝ^{AB} = ( g^{μν} −A^{μb} −A^{νa} h^{ab} + A^{ρa}A_ρ^b ) (3.3)

It can be shown by employing the relation

∂_μ ln h = h^{ab}∂_μh_{ab} (3.4)

that the (D + d)–dimensional Ricci curvature scalar is related to the Ricci scalar of the manifold J by [346, 13]

R̂_{D+d}(ĝ) = R_D(g)+ 1 4 ∇_μh^{ab}∇^μh_{ab} +∇_μ(ln √ h)∇^μ(ln √ h)− 2 √ h2^√h−^1_4habFμν^aF^{μνb} (3.5) where F_{μν}^a = ∂_μA_ν^a − ∂_ν A_μ^a is the field strength of A_μ^a.

Substituting Eq. (3.5) into Eq. (3.1) implies that, modulo a boundary term, the dilaton– graviton sector of the dimensionally reduced action is given by

S_g = ∫ d^Dx √ |g_D|e^{−φ} [ R_D + (∇φ)^2 + 1 4 ∇h^{ab}∇h_{ab} − 1 4 h_{ab}F_{μν}^aF^{μνb} ] (3.6)

where the effective D–dimensional string coupling is parametrized in terms of the ‘shifted’ dilaton field by [393, 70, 71, 376, 387] φ ≡ Φ̂ − 1 2 ln deth_{ab} (3.7)

It is important to note that the coupling parameter between the D–dimensional dilaton and graviton is still given by ω = −1 after the dimensional reduction. This result is independent of the dimensionality of the spacetime and the number of compactified dimensions. It often proves convenient to parametrize the internal metric h_{ab} in the form

h_{ab} = h^{1/d}f_{ab}, detf_{ab} = 1 (3.8)

Equation (3.6) then reduces further to

S_g = ∫ d^Dx √ |g_D|e^{−φ} [ R_D + (∇φ)^2 − 1 d ( ∇ ln √ h )_2

+ 1 4 ∇f^{ab}∇f_{ab} − 1 4 e^{(2 ln} √ h)/df abF_{μν}^aF^{μνb} ] (3.9)

Equation (3.9) also represents the action for the toroidal compactification of Einstein gravity, Ŝ = ∫ d^{D+d}x √ |ĝ_{D+d}|R̂_{D+d}, when the higher–dimensional dilaton field as given in Eq. (3.1) is trivial, Φ̂ = 0. In this case, the action reduces further to

S_g = ∫ d^Dx √ |g_D|e^{−φ} [ R_D − ω (∇φ)^2 + 1 4 ∇f^{ab}∇f_{ab} − 1 4 e^{−2φ/d}f_{ab}F_{μν}^aF^{μνb} ] (3.10)

where [143] φ ≡ − ln √ h , and ω ≡ −1 + 1 d . (3.11)

The first two terms in this expression correspond to the action for the gravitational sector of the Brans–Dicke theory of scalar-tensor gravity[50], where the coupling ω between the Brans–Dicke field, e^{−φ}, and the graviton is determined by the number of internal dimensions.

The coupling is bounded such that −1 < ω ≤ 0. It it is interesting to note that the lower bound corresponds to the value that arises in the string effective action and is formally saturated in the limit d → ∞. From this viewpoint it is easy to see why the string value, ω = −1, is a fixed-point under further dimensional reduction by a finite number of dimensions.

We now proceed to consider how the field strengths of the form fields behave under toroidal compactification. We begin by compactifying the (n − 1)–form B̂_{M1...Mn−1} with field strength Ĥ_{M1...Mn} = n ^∂_{[M1}B̂_{M2...Mn]} , (3.12) on a circle of radius ĝ_{yy} = e^{2γ}. The square brackets imply total antisymmetrization over all indices. For simplicity, we assume that the gauge field that also arises in the compactification is trivial, i.e., ĝ_{μy} = 0. In general, such a field would lead to Abelian Chern–Simons terms in the dimensionally reduced action, but a detailed discussion of these terms is beyond the scope of this review. (See, e.g., Refs. [286, 263] for further details).

The (n−1)–form potential separates into two components, a (n−1)–form B^{(n−1)}_{μ1μ2...μn−1} = B̂_{μ1μ2...μn−1} and a (n − 2)–form B^{(n−2)}_{μ1...μn−2} = B̂_{μ1...μn−2y}. These have field strengths H^{(n)}_{μ1μ2...μn} = n∂_{[μ1} B^{(n−1)}_{μ2...μn]} = Ĥ_{μ1...μn} (3.13) and H^{(n−1)} μ1...μ_{n−}1 = (n − 1)∂[μ1 B (n−2) μ2...μ_{n−}1] = Ĥμ1...μn−1y (3.14) respectively. This implies that a higher–dimensional action of the form

Ŝ_H = − ∫ d^{D+1}x √ |ĝ_{D+1}| [ 1 2n! Ĥ_{M1M2...Mn}Ĥ_{M ′1M ′2...M ′n}ĝ^M1^{M ′}1ĝ^M2^{M ′}2 . . . ĝ^Mn^{M ′}n ] (3.15)

reduces to [287]

S_H = − ∫ d^Dx √ |g_D|e^γ [ 1 2n! H^{(n)}_{μ1...μn} H^{(n)μ1...μn} + 1 2(n − 1)! e^{−2γ}H^{(n−1)}_{μ1...μn−1} H^{(n−1)μ1...μn−1} ] (3.16) It follows that the compactification of the NS–NS 3–form field strength in action (3.1) on T^d produces field strengths for n-form potentials, where n = {0, 1, 2}. A specific calculation yields the dimensionally reduced action [286]:

S_H = − ∫ d^Dx √ |g_D|e^{−φ} [ 1 12 H_{μνλ}H^{μνλ} + 1 4 H_{μνa}H^{μνa} + 1 4 H_{μab}H^{μab} + 1 12 H_{abc}H^{abc} ] (3.17) where, since we are assuming that ĝ_{μa} = 0, it follows that H_{μνλ} = 3∂_{[μ}B_{νλ]}, B_{μν} = B̂_{μν} , H_{μab} = ∂_μB_{ab} and B_{ab} = B̂_{ab}. We remark that since all fields are assumed to be independent of the internal coordinates, y^a, then H_{abc} ≡ 0. We will further assume for simplicity that B̂_{AB} has block diagonal form, i.e., B̂_{μa} = 0, and hence the 2–form field strengths of the 1–form potentials vanish, i.e., H_{μνa} = 0.

Thus, the dimensionally reduced D–dimensional NS–NS string effective action on a d– torus, with vector fields frozen out, is given by S = ∫ d^Dx √ |g_D|e^{−φ} [ R_D + (∇φ)^2 − 1 12 H_{μνλ}H^{μνλ} + 1 4 ∇_μh^{ab}∇^μh_{ab} − 1 4 ∇_μB_{ab}∇^μB_{cd}h^{ac}h^{bd} ] (3.18)

As discussed in Appendix A, the dilaton field may be minimally coupled to the graviton by performing the conformal transformation

g̃_{μν} = Ω^2g_{μν}, Ω^2 ≡ exp [ − 2 D − 2 φ ] (3.19)

on the D–dimensional metric, together with the field redefinition φ̃ ≡ √ 2 D − 2 φ (3.20)

This transforms the action (3.18) into an ‘Einstein–Hilbert’ form: S = ∫ d^Dx √ |g̃_D| [ R̃_D − 1 2 ( ~∇φ̃ )_2 − 1 12 e^− √_{8/(D−2)φ̃} H̃_{μνλ}H̃^{μνλ} + 1 4 ~∇_μh_{ab} ~∇^μh^{ab} − 1 4 ~∇_μB_{ab} ~∇^μB_{cd}h^{ac}h^{bd} ] (3.21)

In four dimensions an alternative formulation of the dimensionally reduced action can be made by expressing the three–form field strength, H_{μνλ}, in terms of its Poincaré dual [374, 349, 364]. This formulation is important when discussing the different classes of string cosmologies that arise from the effective action. It is also relevant when investigating the global symmetry properties of the actions. In view of this, we discuss Poincaré duality of form fields further in the following Section.

3.2 Antisymmetric Tensor Fields and Poincaré Duality We have already seen that the effective actions in string theory contain one or more antisymmetric tensor field strengths. In this Section we consider a single n-form field strength, H, derived from an (n − 1)-form potential: H_{A1A2...} ≡ n∂_{[A1} B_{A2...]} , (3.22) These fields typically appear in the action through a term

L_H = − e^{aΦ} 2n! H^2 = − e^{aΦ} 2n! g^{A1B1} g^{A2B2} . . . H_{A1A2...}H_{B1B2...} . (3.23) where Φ denotes a linear combination of scalar fields and a is a constant, whose numerical value is determined by the degree of the form field and the specific type of compactification that is assumed. The field equation derived from the action (3.22) is then ∇_{A1} ( e^{aΦ}H^{A1A2...} ) = 0 . (3.24)

In addition there is a Bianchi identity (closure condition)

∂_{[A1} H_{A2A3...]} ≡ 0 , (3.25)

which follows from the definition of H in terms of an antisymmetric potential.

In order to describe the degrees of freedom associated with the form field, H, it is sometimes more convenient to work with a dynamically equivalent field strength, H^′. This correspondence is possible because an n-form field in D dimensions is dual to a (D−n)-form field (see, e.g., Ref. [299]). This duality is established by means of the covariantly-conserved, totally-antisymmetric volume form ϵ_{A1A2...AD} . This has several important properties (we follow the conventions of Wald [400]): 1. ∇_Aϵ_{BC...} = 0. 2. ϵ_{123...D} = √ |g_D|. 3. ϵ^{A1A2...Aj Aj+1...AD} ϵ_{A1 A2...AjBj+1...BD} = (−1)^s j! (D − j)! δ^{[Aj+1...}_{Bj+1...} δ^{AD]}_{BD} where s is determined by the signature of the metric, and is equal to 0 for Euclidean space, and 1 for Lorentzian spacetime.

We define the (D − n)-form dual to H as ∗H_{B1B2...BD−n} ≡ 1 n! ϵ_{A1 A2...AnB1...BD−n}H^{A1...An} . (3.26) Conversely, taking the dual of^∗H, we recover H_{A1A2...An} = (−1)^s (D − n)! ϵ_{A1A2...AnB1...BD−n}^∗H^{B1...BD−n} . (3.27) Substituting equation (3.27) into the field equation (3.24), we obtain ϵ^{A1 A2...AnB1...B(D−n)}∇_{A1} ( e^{aΦ ∗}H_{B1...B(D−n)} ) = 0 , (3.28) which is automatically satisfied if ∗H_{B1B2...B(D−n)} = e^{−aΦ}H̄_{B1...B(D−n)} , (3.29) where H̄ is itself an antisymmetric (D − n)-form field strength derived from a potential H̄_{B1B2...B(D−n)} ≡ (D − n)∂_{[B1}B̄_{B2...B(D−n)]} . (3.30) The field equation (3.28) is then satisfied due to the Bianchi identity for the field strength H̄: ∂_{[A}H̄_{BC...]} = 0 . (3.31) However, we see that the original Bianchi identity for H, as given in equation (3.25), is only satisfied if we also require that ϵ_{[A1...AnB1...B(D−n)} ∇_{C]}e^{−aΦ}H̄^{B1...B(D−n)} = 0 (3.32) and this implies that H̄ must obey the new field equation ∇_{B1} ( e^{−aΦ}H̄^{B1...B(D−n)} ) = 0 . (3.33)

Thus, the role of the field equation and the Bianchi identity is interchanged if we work in terms of the (D − n)-form field strength H̄ rather than the n-form field strength H. The new field equation (3.33) for H̄ can be derived from the Lagrangian

L¯_H = − e^{−aΦ} 2(D − n)! H̄^2 . (3.34)

It should be emphasized that in view of the relationship

L¯_H = (−1)^sL_H , (3.35)

this Lagrangian is not in general equal to the original Lagrangian in a Lorentzian spacetime.

The energy-momentum tensor, defined as

(H)T^{AB} = 2 √ −g ∂ ∂g_{AB} (√ −gL_H ) , (3.36)

is given in terms of H by

(H)T^{AB} = e^{aΦ} n! ( nH^A_{C1C2...}H^{BC1C2...} − 1 2 g^{AB}H^2 ) . (3.37)

This is equivalent to the energy-momentum tensor derived from the Lagrangian L¯_H : (H̄)T AB = e −aΦ (D − n)! ( (D − n)H̄^A_{C1C2...}H̄^{BC1C2...} − 1 2 g^{AB}H̄^2 ) . (3.38)

Throughout this review we will make extensive use of the Poincaré dual of field strengths appearing in the string effective actions. In Section 6 we shall compare ‘elementary’ higherdimensional cosmological solutions with ‘solitonic’ solutions obtained in terms of their Poincaré dual. The Poincaré dual is particularly useful in studying four dimensional cosmologies where the NS-NS 3-form field strength is dual to a 1-form related to the derivative of a pseudo-scalar axion field. In the pre–big bang scenario discussed in Section 10, such axion fields have distinctive perturbation spectra that could have important observational consequences.

We will now employ the Poincaré duality discussed above to derive dual effective actions in four dimensions firstly for the NS-NS sector, and then go on to include the RR fields of the type II theories.

3.3 Dual Effective NS–NS Action in Four Dimensions

In four dimensions there exists a duality between the NS–NS three–form field strength and a one–form. This one–form may be interpreted as the gradient of a scalar degree of freedom. Applying this duality to the toroidally compactified NS–NS action (3.18) implies that we may define a pseudo–scalar axion field, σ [374, 364]: H^{μνλ} = ϵ^{μνλκ} e^φ ∇_κσ (3.39)

The field equations may then be derived from the dual effective action

S_∗ = ∫ d^4x √ |g|e^{−φ} [ R + (∇φ)^2 − 1 2 e^{2φ} (∇σ)^2 + 1 4 ∇_μh^{ab}∇^μh_{ab} − 1 4 ∇_μB_{ab}∇^μB_{cd}h^{ac}h^{bd} ] (3.40)

It is important to emphasize that the action S_∗ in Eq. (3.40) is not identical to the original action S in Eq. (3.18) because the roles of the Bianchi identities and the field equations are interchanged by the Poincaré duality as discussed in the preceding subsection. Nevertheless, the two descriptions are dynamically equivalent as long as the field equations are satisfied. In any case, either form of the action should only be viewed as an effective action which reproduces the correct equations of motion. As we shall see in later Sections, the dual description of the action often provides the most convenient framework for discussing the global symmetries of the field equations. In the corresponding Einstein frame, where the dilaton field is minimally coupled to gravity, the action is given by Eq. (3.21) and the appropriate duality transformation in this case is

H̃^{μνλ} = ϵ̃^{μνλκ} e^{2φ} ~∇_κσ (3.41)

Note from Eq. (3.20) that in four dimensions φ̃ = φ. The field equations in the Einstein frame may then be derived by extremizing the dual action

S_∗ = ∫ d^4x √ |g̃| [ R̃ − 1 2 ( ~∇φ )_2 − 1 2 e^{2φ} ( ~∇σ )_2

+ 1 4 ~∇_μh_{ab} ~∇^μh^{ab} − 1 4 ~∇_μB_{ab} ~∇^μB_{cd}h^{ac}h^{bd} ] (3.42)

This action could also be derived directly from Eq. (3.18) by first applying the Poincaré duality (3.39) and then the conformal transformation (3.19). (See also Eq. A.33 in Appendix A). The d^2 moduli fields arising from the internal degrees of freedom h_{ab} and B_{ab} behave collectively as a set of massless scalar fields. From the point of view of homogeneous, four– dimensional cosmologies, where all fields are uniform on the surfaces of homogeneity, the dynamics of the external spacetime can then be determined by considering the effects of a single modulus field, β. This is formally equivalent to considering the compactification of the (4 + d)–dimensional effective NS–NS action (3.1) on an isotropic d–torus, where the components of the two–form potential on the internal space are assumed to be trivial. The radius, or ‘breathing mode’ of the internal space, is then parametrized by the modulus field, β, and determines the volume of the internal dimensions. In many settings, therefore, it is sufficient to assume that the (4 + d)–dimensional metric is of the form

ds^2 = −dt^2 + g_{ij}dx^idx^j + e √_{2/dβ} δ_{ab}dX^adX^b (3.43)

where indices run from (i, j) = (1, 2, 3) and (a, b) = (4, . . ., 3+d) and δ_{ab} is the d–dimensional Kronecker delta. The modulus field β is normalized in such a way that it becomes minimally coupled to gravity in the Einstein frame.

The effective dilaton in the four–dimensional spacetime is then given by Eq. (3.7) as φ ≡ Φ̂ − √ d 2 β (3.44)

and substituting h_{ab} = e √_{2/dβ} δ_{ab} into the action (3.18) yields

S_∗ = ∫ d^4x √ |g|e^{−φ} [ R + (∇φ)^2 − 1 2 (∇β)^2 − 1 2 e^{2φ} (∇σ)^2 ] (3.45)

The dual, four–dimensional action in the Einstein frame (3.42) simplifies to

S_∗ = ∫ d^4x √ |g̃| [ R̃ − 1 2 ( ~∇φ )_2 − 1 2 ( ~∇β )_2 − 1 2 e^{2φ} ( ~∇σ )_2] (3.46)

The dimensionally reduced actions (3.45) and (3.46) may be viewed as the prototype actions for string cosmology because they contain many of the key features common to more general actions. Cosmological solutions to these actions have been extensively discussed in the literature, both in the homogeneous and inhomogeneous contexts (see Section 7). Many of these solutions play a central role in the pre–big bang inflationary scenario reviewed in Sections 9 and 10. However, it is also important to determine whether non–trivial RR fields can have significant effects on the dynamics of the universe. In view of this, we derive in the next two subsections truncated versions of type IIA and type IIB effective actions. As in the above analysis we compactify the theories on an isotropic six–torus when only the variations of the form fields on the four–dimensional spacetime are included. This allows a direct comparison to be made with the NS–NS actions (3.45) and (3.46). A detailed comparison of the type IIB cosmologies is presented in Section 8.

3.4 Dual Effective Action for the Type IIA Theory in Four Dimensions

The type IIA string effective action, in the absence of vector fields and the Chern–Simons term, is given by Eq. (2.9): S = ∫ d^{10}x √ |g_{10}| [ e^{−Φ} ( R_{10} + (∇Φ)^2 − 1 12 H_{ABC}H^{ABC} ) − 1 48 F_{ABCD}F^{ABCD} ] (3.47)

We compactify on an isotropic six–torus corresponding to Eq. (3.43) and assume that the only non–trivial components of the form–fields are those on the external four–dimensional spacetime. We also normalize the action such that 16πα^{′4} = 1.

The dimensionally reduced action is given by S = ∫ d^4x √ |g| [ e^{−φ} ( R + (∇φ)^2 − 1 2 (∇β)^2 − 1 12 H_{μνλ}H^{μνλ} ) − 1 48 e √ 3βF_{μνλκ}F^{μνλκ} ] (3.48) in the string frame, where φ ≡ Φ − √ 3β (3.49) represents the effective four–dimensional dilaton field. The corresponding action in the Einstein frame, g̃_{μν} = e^{−φ}g_{μν}, takes the form: S = ∫ d^4x √ |g̃| [ R̃ − 1 2 ( ~∇φ )_2 − 1 2 ( ~∇β )_2 − 1 12 e^{−2φ}H̃_{μνλ}H̃^{μνλ} − 1 48 e √ 3β−2φF̃ μνλκF̃ μνλκ ] (3.50) In the Einstein frame the dual of the NS–NS three–form field strength is given by Eq.

(3.41). The field equation for the four–form is deduced directly from Eq. (3.24): ~∇_μ ( e √ 3β−2φF̃ μνκλ ) = 0 (3.51)

and the Bianchi identity for this field strength is

∂_{[α}F̃_{βγδϵ]} ≡ 0 (3.52)

The discussion of Section 3.2 implies that Eqs. (3.51) and (3.52) are solved by F̃^{μνλκ} = Qe^{−√3β+2φ}ϵ̃^{μνλκ} (3.53) where Q is an arbitrary constant.

It follows, therefore, that the truncated type IIA field equations in the Einstein frame can be derived from the dual action

S_∗ = ∫ d^4x √ |g̃| [ R̃ − 1 2 ( ~∇φ )_2 − 1 2 ( ~∇β )_2 − 1 2 e^{2φ} ( ~∇σ )_2 − 1 2 Q^2e^{2φ−} √ 3β ] (3.54)

It is seen that including the excitations of the RR 3–form potential on the external spacetime introduces an effective, exponential interaction potential for the four–dimensional dilaton and modulus fields.

3.5 Dual Effective Action for the Type IIB Theory in Four Dimensions

The low–energy limit of the type IIB superstring is N = 2, D = 10 chiral supergravity [348, 204]. In what follows, we assume that the RR 4–form vanishes. The field equations for the remaining degrees of freedom can then be derived by extremizing the action [42]:

S_{IIB} = ∫ d^{10}x √ |g_{10}| { e^{−Φ} [ R_{10} + (∇Φ)^2 − 1 12 ( H^{(1)}

)_2]

− 1 2 (∇χ)^2 − 1 12 ( H^{(1)}χ + H^{(2)}

)_2} . (3.55)

The toroidal compactification of the type IIB theory (3.55) has been discussed at different levels of complexity [42, 283, 340, 43, 8]. Maharana [283] and Roy [340] compactified down to D dimensions and showed how the SL(2, R) symmetry of the ten–dimensional theory is respected in lower dimensions (see Section 8.1) [207, 350, 43]. In this Section we compactify the ten–dimensional action (3.55) to four dimensions with the toroidal ansatz

(3.43) [99, 100]. The reduced four–dimensional effective actions in the string and Einstein frames are then given by

S_4 = ∫ d^4x √ −g { e^{−φ} [ R + (∇φ)^2 − 1 2 (∇β)^2 − 1 12 (H^{(1)})^2 ]

− 1 2 e √ 3β (∇χ)^2 − 1 12 e √ 3β(H^{(1)}χ + H^{(2)})^2 } , (3.56) and S_4 = ∫ d^4x √ −g̃ { R̃_4 − 1 2 ( ~∇φ )_2 − 1 2 ( ~∇β )_2 − 1 12 e^{−2φ}(H̃^{(1)})^2 − 1 2 e √ 3β+φ ( ~∇χ )_2 − 1 12 e √ 3β−φ(H̃ (1)χ + H̃ (2))2 } . (3.57)

respectively, where the dilaton field, φ, is defined in Eq. (3.49).

For the remainder of this Section our discussion takes place within the context of the Einstein frame and we therefore drop tildes for notational simplicity. We now proceed to derive an action that is dual to Eq. (3.57) by exploiting the Poincaré duality that exists between the form fields. The discussion is somewhat more complicated than that presented in Section 3.2, however, due to the non–linear couplings that exist between the fields in the action (3.57).

The field equations for the three–forms are given by ∇_μ [ e √ 3β−φ ( χH^{(1) μνλ} + H^{(2) μνλ} )] = 0 (3.58) ∇_μ [ e^{−2φ}H^{(1) μνλ} + χe √ 3β−φ ( χH^{(1) μνλ} + H^{(2) μνλ} )] = 0 (3.59)

and, since the three–form field strengths are dual to one–forms in four dimensions, we may write

H^{(1)}_{μνλ} ≡ ϵ_{μνλκ}K^κ (3.60)

H^{(2)}_{μνλ} ≡ ϵ_{μνλκ}J^κ (3.61)

The field equations (3.58) and (3.59) then take the form ϵ^{μνλκ}∇_μ [ e √ 3β−φ (χK κ + J_κ) ] = 0 (3.62) ϵ^{μνλκ}∇_μ [ e^{−2φ}K_κ + χe √ 3β−φ (χK κ + J_κ) ] = 0 (3.63)

when written in terms of the dual one–forms.

These dual forms may be written in terms of the gradients of two pseudo–scalar ‘axion’ fields. Equation (3.62) requires that e √ 3β−φ (χK κ + J_κ) = ∇_κσ_2, (3.64)

where σ_2 is any scalar function. Substituting this into Eq. (3.63) implies that

e^{−2φ}K_κ + χ∇_κσ_2 = ∇_κσ_1, (3.65) where σ_1 is a second arbitrary scalar function. These together imply that the field equations (3.58) and (3.59) are automatically satisfied by [100]

H^{(1) μνλ} = ϵ^{μνλκ}e^{2φ} (∇_κσ_1 − χ∇_κσ_2) (3.66) H^{(2) μνλ} = ϵ^{μνλκ} [ e^{φ−} √ 3β∇_κσ_2 − χe^{2φ} (∇_κσ_1 − χ∇_κσ_2) ] . (3.67)

It should be emphasised that the definitions of both scalar fields σ_i are arbitrary up to a redefinition σ_i → σ_i + f_i, where f_i represents an arbitrary scalar function. In this sense, therefore, there is no unique definition of the pseudo–scalar axion fields. However, when H^{(2)}_{μνλ} = χ = 0, we see that our definition of σ_1 coincides with the usual definition presented in Eq. (3.41) for the axion field that is dual to the NS–NS three–form field strength.

Although the field equations (3.58) and (3.59) for the three–forms are now automatically satisfied by the dual ansatz, we must also impose the Bianchi identities

∇_{[μ}H^{(i)}_{νλκ]} ≡ 0 (3.68)

that arise because the three–form field strengths are defined in terms of the gradients of two–form potentials. These correspond to the constraint equations ∇_ρ [ e^{2φ} (∇^ρσ_1 − χ∇^ρσ_2) ] = 0 (3.69) ∇_ρ [ e^− √ 3β+φ∇ρσ 2 − χe^{2φ} (∇^ρσ_1 − χ∇^ρσ_2) ] = 0 (3.70)

on the fields σ_i. They are interpreted in the dual ansatz as field equations that can be derived from the effective action [99, 100]

S_{4∗} = ∫ d^4x √ −g [ R − 1 2 (∇φ)^2 − 1 2 (∇β)^2 − 1 2 e √ 3β+φ (∇χ)2 − 1 2 e^− √ 3β+φ (∇σ 2)^2 − 1 2 e^{2φ} (∇σ_1 − χ∇σ_2)^2 ] . (3.71)

We discuss the cosmological implications of this truncated type IIB effective action in Sections 8 and 10.

The equations of motion for the five scalar fields are given by Eqs. (3.69) and (3.70), together with

2φ =^1_2e^{√3β+φ}(∇χ)^2 +^1_2e^{−√3β+φ}(∇σ2)^2 + e^{2φ} (∇σ1 − χ∇σ2)^2 (3.72)

2β =^{√3}_2 e^{√3β+φ}(∇χ)^2 −^{√3}_2 e^{−√3β+φ}(∇σ2)^2 (3.73) ∇^μ(e √ 3β+φ∇ μχ) = −e^{2φ}∇^μσ_2 (∇_μσ_1 − χ∇_μσ_2) . (3.74)

The one–forms K and J defined in Eqs. (3.60) and (3.61) can be written in terms of the pseudo–scalar axion fields using Eqs. (3.64) and (3.65). This yields

K_μ = e^{2φ}(∇_μσ_1 − χ∇_μσ_2) (3.75)

J_μ = e^− √ 3β+φ∇ μσ_2 − χK_μ (3.76) and the Bianchi identities (3.69) and (3.70) simply correspond to the requirement that these currents are conserved:

∇^μK_μ = 0 , ∇^μJ_μ = 0. (3.77)

In terms of the original three–form field strengths, these currents are topologically conserved due to the Bianchi identities, but in the dual formulation they are Noether currents conserved due to the symmetry of the action (3.71).

The conserved currents allow us to integrate out the kinetic terms for the pseudo–scalar axion fields σ_i. This reduces the field equations (3.72–3.74) to

2φ =^1_2e^{√3β+φ}(∇χ)^2 −^{∂V}_{∂φ} (3.78)

2β =^{√3}_2 e^{√3β+φ}(∇χ)^2 −^{∂V}_{∂β} (3.79) ∇^μ(e √ 3β+φ∇ μχ) = − ∂V ∂χ , (3.80)

where the effective interaction potential, V , for the fields φ, β and χ is given by V = − 1 2 g^{μν} [ e √ 3β−φ (J μ + χK_μ) (J_ν + χK_ν ) + e^{−2φ}K_μK_ν ] . (3.81)

Note that the field equation for the field χ, Eq. (3.74), can also be written as ∇^μ(e √ 3β+φ∇ μχ) = −K_μ∇^μσ_2. (3.82)

Since ∇^μK_μ = 0, we deduce that

L_μ = e √ 3β+φ∇ μχ + σ_2K_μ, (3.83)

where ∇^μL_μ = 0. Thus, L_μ is the third conserved current for the form–fields, independent of K_μ and J_μ. This does not allow us to simplify the equations (3.78–3.80) any further as we simply swap our ignorance of ∇χ for our ignorance of σ_2. However, it is indicative of a further symmetry of the dual action. We discuss this symmetry when we present cosmological solutions from this action in Section 8.

This concludes our discussion of the four–dimensional string effective actions that are of particular relevance to cosmology. In the following Section we proceed to investigate the global symmetries that are exhibited by these actions. In general, supergravity theories containing scalar fields exhibit non–compact, global symmetries. The duality symmetries of superstring theory are discrete subgroups of these global symmetry groups. Considerable insight into the nature of duality can therefore be gained by studying the symmetries that arise in the compactified supergravity theories. In particular, the action (3.40) exhibits a global SL(2, R) symmetry that acts non–linearly on the dilaton and axion fields. Furthermore, the NS–NS action (3.1) exhibits a global O(d, d) symmetry when compactified on a d–torus.

4 Global Symmetries of the Toroidally Compactified NS–NS Action

4.1 Non–Linear Sigma–Models

A global symmetry of a supergravity theory is generally associated with a non–compact Lie group, G. The scalar fields {ϕ^i} in the theory parametrize the coset G/H, where H represents the maximal compact subgroup of G. (This condition is required in order to avoid ghosts [108]). This space is referred to as the target space, Φ̄, and is a non–compact, Riemannian symmetric space with a metric γ_{ij}(ϕ^k). The corresponding line element may be written as ds^2_{target} = γ_{ij}(ϕ^k)dϕ^idϕ^j (4.1)

and the scalar fields {ϕ^i} may therefore be viewed as coordinates on Φ̄. This implies that the number of scalar fields is given by the dimensionality of the coset space:

N(ϕ^i) = dim G − dim H, i = 1, 2, . . ., N (4.2)

In many settings the target space is also referred to as the ‘moduli space’ and the scalar fields are called ‘moduli’ fields. The method of describing scalar fields with coset spaces was described in Ref. [72].

The scalar fields couple to gravity in the form of a non–linear sigma–model. A summary of such models can be found in [404, 52]. In the simplest case, we may consider D–dimensional Einstein gravity coupled to N scalar fields {ϕ^i}. The action of such a system is S = ∫ d^Dx √ |g_D| [ R_D − g^{μν}(x)∂_μϕ^i(x)∂_νϕ^j (x)γ_{ij}(ϕ(x)) ] (4.3)

where g_{μν} (x) is the spacetime metric. These fields are functions of the spacetime coordinates x^α and solutions to the scalar field equations define a map from the spacetime manifold with metric g_{μν} to the target space manifold with metric γ_{ij}.

We are interested in models where the target space metric may be parametrized in terms of a suitable matrix representation of a group element P ∈ G. In other words, we write the line element of the target space as

ds^2_{target} = − 1 4 Tr ( dPdP^{−1} ) (4.4)

and the action (4.3) as S = ∫ d^Dx √ |g_D| [ R_D + 1 4 Tr(∇P∇P^{−1}) ] (4.5)

In practice, it is often convenient to introduce the ‘square root’ of P:

P ≡ V^TV, V ∈ G (4.6)

where a superscript ‘T’ denotes the transpose. The matrix V plays a role analogous to that of the vierbein in four–dimensional general relativity. The target space metric may then be written as ds^2_{target} = 1 2 Tr [ (dVV^{−1})(dVV^{−1}) + (dVV^{−1})(dVV^{−1})^T ] (4.7)

Eq. (4.5) is invariant under the global G symmetry transformations g_{μν} → g_{μν} , V → VU^T, P → UPU^T (4.8) where U ∈ G is a constant matrix. The action (4.5) is also invariant under an independent local H symmetry transformation that depends on the target space coordinates {ϕ^i}. This local H symmetry may be employed to choose a gauge where the scalar fields belonging to the H subgroup are consistently set to zero. This is why the number of independent scalar fields in the model is given by Eq. (4.2) rather than by the dimensionality of G.

A general feature of non–linear sigma–models of this type is that the gravitational sector transforms as a singlet, i.e., the spacetime metric is invariant under the symmetry transformations (4.8). This proves important in Sections 7 and 8 when we employ some of the non–compact global symmetries of the string effective actions to generate new string cosmologies from previously known solutions.

A global symmetry of this type was first discovered within the context of N = 4, D = 4 supergravity by performing an appropriate Poincaré duality transformation [105, 106]. The symmetry group in this theory is G = SL(2, R) and H = U(1). The SL(2, R)/U(1) coset is an important model and proves central to our subsequent discussions. We therefore consider this model in some detail in the next subsection.

4.2 The SL(2,R)/U(1) Coset

The group SL(2, R) is the group of all real 2 × 2 matrices with unit determinant. A matrix N is an element of this group if it satisfies the invariance condition [313]

N^TJN = J (4.9)

where J = ( 0 1 −1 0 ) , J^2 = −I_2 (4.10)

is the SL(2, R) metric and I_2 is the 2 × 2 identity matrix. This implies that the inverse of N is given linearly by N^{−1} = −JN^TJ (4.11)

The action for the SL(2, R)/U(1) non–linear sigma–model coupled to Einstein gravity in D dimensions is S = ∫ d^Dx √ |g_D| [ R_D − 1 2 (∇ϕ)^2 − 1 2 e^{2ϕ} (∇χ)^2 ] (4.12)

and the target space metric is given by ds^2_{target} =^1_2 dϕ^2 +^1_2 e^{2ϕ}dχ^2. For D = 4, this is precisely the axion–dilaton–graviton sector of the string effective action (3.42) when formulated in terms of the Einstein frame metric (3.19). To establish that this action is indeed invariant under a global SL(2, R) transformation on the scalar fields {ϕ, χ}, it is convenient to introduce the triangular SL(2, R) matrix V = ( e^{ϕ/2} χe^{ϕ/2} 0 e^{−ϕ/2} ) (4.13)

It follows immediately that dVV^{−1} = (_1 2 dϕ e^ϕdχ 0 −^1_2 dϕ ) (4.14)

If we now define the symmetric matrix

M ≡ V^TV = ( e^ϕ χe^ϕ χe^ϕ e^{−ϕ} + χ^2e^ϕ ) , (4.15)

substitution of Eq. (4.14) into Eqs. (4.7) and (4.4) implies that action (4.12) may be written in the form S = ∫ d^Dx √ |g_D| [ R_D + 1 4 Tr ( ∇M∇M^{−1} )] (4.16)

Thus, Eq. (4.16) is invariant under global SL(2, R) transformations of the form (4.8), where U is defined as the constant SL(2, R) matrix U ≡ ( d c b a ) , ad − bc = 1 (4.17)

We emphasize that this SL(2, R) transformation acts non–linearly on the scalar fields but leaves the spacetime metric g_{μν} invariant. Specifically, the two scalar fields transform to

e^ϕ → c^2e^{−ϕ} + (d + cχ)^2e^ϕ (4.18) χe^ϕ → ace^{−ϕ} + (b + aχ)(d + cχ)e^ϕ (4.19) This SL(2, R) transformation is global, in the sense that U is independent of the scalar fields, but there also exists a local transformation that leaves the action invariant. It is given by V → OVU^T (4.20)

where O = O(ϕ^i) is field-dependent. Substitution of Eq. (4.20) into Eq. (4.7) implies that the action (4.16) is invariant under Eq. (4.20) if O^TO = I_2. Thus, O must be an element of the group SO(2). This is the maximal compact subgroup of SL(2, R) and is isomorphic to U(1). Thus, we may conclude that the scalar fields ϕ and χ in action (4.12) parametrize the SL(2, R)/U(1) coset.

There exists the isomorphism SL(2, R) = SU(1, 1) and the SU(1, 1)/U(1) formulation of this coset is discussed in Refs. [337, 338, 41, 339]. The global SL(2, R) symmetry summarized above may also be described in terms of the complex parameter:

τ ≡ χ + ie^{−ϕ} (4.21)

The SL(2, R) transformation corresponding to Eq. (4.8) is then equivalent to the scalar field τ undergoing a fractional linear transformation τ → aτ + b cτ + d , ad − bc = 1 (4.22)

The discrete subgroup SL(2, Z) represents the modular group of the 2–torus and, in this context, the field τ is the modular parameter of the torus. This fundamental connection with the 2–torus is discussed further in Appendix B.

This concludes our discussion on the SL(2, R)/U(1) coset. The dilaton and axion fields in the string effective action (3.42) parametrize such a coset and this action is therefore invariant under a global SL(2, R) transformation. This transformation leaves the Einstein frame metric, g̃_{μν} , and the moduli fields, h_{ab} and B_{ab}, invariant. The dilaton and axion transform according to Eqs. (4.18) and (4.19). In the following subsection, we discuss a further symmetry of the action (3.42).

4.3 The O(d,d)/O(d)�O(d) Coset

The d^2 moduli fields that arise in the toroidal compactification of the NS–NS string effective action parametrize the O(d, d)/O(d) × O(d) coset. The group O(d, d) is the non–compact, pseudo–orthogonal group in 2d dimensions (see, e.g., [175, 313]). Its representation is given by U = ( W X Y Z ) ∈ O(d, d) (4.23)

where {W, X, Y, Z} are d × d matrices such that U preserves the bilinear form η: U^TηU = η, η ≡ ( 0 I_d I_d 0 ) (4.24)

and I_d is the d × d identity matrix. This implies that

W^TY + Y^TW = 0, X^TZ + Z^TX = 0, W^TZ + Y^TX = I_d (4.25)

Since η^2 = I_{2d}, the inverse of U is given linearly:

U^{−1} = ηU^Tη (4.26)

The maximal compact subgroup of O(d, d) is O(d) × O(d). This is generated by elements of the form U = 1 2 ( σ_1 + σ_2 σ_1 − σ_2 σ_1 − σ_2 σ_1 + σ_2 ) (4.27)

where σ_kσ^T_k = I_d (k = 1, 2), i.e., σ_1, σ_2 ∈ O(d). The dimension of O(d) × O(d) is d^2 − d and the dimension of the coset space O(d, d)/O(d) × O(d) is d^2.

The parametrization of the O(d, d)/O(d) × O(d) coset is determined by introducing the upper triangular 2d × 2d matrix [109] V = ( S R 0 (S^{−1})^T ) (4.28)

where the condition RS^T = −SR^T must be imposed for Eq. (4.24) to be valid. The symmetric matrix M = V^TV is then given by M = ( S^TS S^TR R^TS [(S^TS)^{−1} + R^TR] ) −→ ( (S^TS)_{AB} (S^TR)_A^B (R^TS)^A_B ((S^TS)^{−1})^{AB} + (R^TR)^{AB} )

(4.29)

We define h^{AB} = (S^TS)^{AB} and B^{AB} = −(S^{−1}R)^{AB}, where h^{AB} = h^{BA} and B^{AB} = −B^{BA}. This implies that Eq. (4.29) may be written in the form M = ( h^{−1} −h^{−1}B Bh^{−1} h − Bh^{−1}B ) (4.30)

Substituting Eq. (4.28) into Eq. (4.7) and noting from Eq. (4.26) that the inverse of M is given by M^{−1} = ηMη then allows us to write the line element of the O(d, d)/O(d) × O(d) coset space as

ds^2_{target} = − 1 8 Tr(ηdMηdM) = − 1 4 Tr(dhdh^{−1} + h^{−1}dBh^{−1}dB) (4.31)

We may now relate this to the toroidally compactified string effective action (3.18) [286]. This action may be written in matrix notation as S = ∫ d^Dx √ |g_D|e^{−φ} [ R_D + (∇φ)^2 − 1 12 H_{μνλ}H^{μνλ} + 1 4 Tr [ ∂_μh^{−1}∂^μh + h^{−1}∂_μBh^{−1}∂^μB ]] (4.32)

where in this expression h represents the internal metric on the d–torus. Comparison with Eq. (4.31) immediately implies that Eq. (4.32) may be expressed in the form S = ∫ d^Dx √ |g_D|e^{−φ} [ R_D + (∇φ)^2 − 1 12 H_{μνλ}H^{μνλ} + 1 8 Tr [ ∇_μM∇^μM^{−1} ]] (4.33)

As shown by Maharana and Schwarz [286], it then follows that the action (4.33) is symmetric under the global O(d, d) transformation M → UMU^T, g_{μν} → g_{μν}, φ → φ, H_{μνλ} → H_{μνλ} (4.34) where U satisfies Eq. (4.24) and M is given by Eq. (4.30). Thus, the moduli fields parametrize the O(d, d)/O(d) × O(d) coset.

The D–dimensional string coupling and spacetime metric transform as singlets under Eq. (4.34), as does the 3–form field strength H_{μνλ}. In general, such a symmetry arises when there exist d abelian isometries in the model. (When D+d = 10 and d = (7, 8), however, the symmetry groups are enlarged. See, e.g., Refs. [291, 84, 18, 282, 227] for details). The case O(2, 2) is relevant when considering certain classes of inhomogeneous string cosmologies, as is discussed further in Section 7.3. Moreover, the O(3, 3) group is employed in Section 7.2 to generate ‘elementary’ Bianchi type I cosmological solutions [293].

4.4 Manifestly Invariant Field Equations

We conclude this Section by deriving the scalar field equations for the SL(2, R)/U(1) and O(d, d)/O(d)×O(d) non–linear sigma–models. These equations can be expressed in a manifestly symmetric form. This is important because the evolution equations for perturbations around an arbitrary classical solution can also be written in a symmetric way, at least for the SL(2, R)/U(1) model. This turns out to be an extremely powerful tool when considering inhomogeneous perturbations about homogeneous cosmological solutions derived from this model (see Section 10).

We obtain the classical equations of motion for the SL(2, R)/U(1) model from the action given in Eq. (4.16), by considering first-order variations of the matrix M defined in Eq. (4.15). We should proceed with caution since this matrix is subject to several constraints. The variation must be performed in a way that is consistent with the properties of the group SL(2, R). We therefore consider an infinitesimal SL(2, R) transformation M → UMU^T, where U = 1 + ϵ, and keep terms only up to first–order in ϵ. This yields the required perturbation:

δM = ϵM + Mϵ^T , (4.35)

where Eq. (4.9) implies that ϵ must satisfy the constraint

ϵ^T = JϵJ . (4.36)

This in turn implies that ϵ is traceless, Trϵ = 0.

The matter sector of the SL(2, R) invariant Lagrangian given in Eq. (4.16) may be written as L = − 1 4 Tr[J∇^μMJ∇_μM] , (4.37)

by employing Eq. (4.11). Hence its first-order perturbation can be written as δL = − 1 2 Tr[J∇^μMJ∇_μ(ϵM + Mϵ^T )] (4.38)

From Eq. (4.36) and the identity ∇_μMJMJ = −MJ∇_μMJ (4.39) one then obtains δL = Tr[∇^μ(MJ∇_μMJ)ϵ] − ∇^μ (Tr[MJ∇_μMJϵ]) . (4.40) The total divergence in Eq. (4.40) vanishes if we only allow variations, ϵ, that vanish on the boundary. Classical solutions that extremize the action (4.16) must therefore satisfy the field equation ∇^μ(MJ∇_μMJ) = 0 . (4.41)

Thus, the SL(2, R) symmetry leads to the classically conserved current K_μ ≡ MJ∇_μMJ . (4.42) We remark that the cyclical property of the trace and Eq. (4.11) together imply that Tr[K_μ] = 0.

We can obtain an effective action for first–order perturbations about any classical, SL(2, R) background solution by considering second-order perturbations of the Lagrange density in Eq. (4.37). We assume that the second-order perturbations are of the form given in Eq. (4.35) and, by employing the background equation of motion (4.41), we obtain the second-order effective action for ϵ:

δ^2L = −Tr[(∇ϵ)^2 + (MJ∇ϵ)^2 − K^μ(ϵ∇_μϵ − ∇_μϵϵ)] . (4.43)

By considering a variation of ϵ, we are now able to derive the Euler-Lagrange equation for perturbations about a given background solution:

∇^μ(∇_μϵ + MJ∇_μϵMJ + ϵK_μ − K_μϵ) = 0 . (4.44)

Thus, we have derived a conserved current for the perturbations: δK_μ ≡ ∇_μϵ + MJ∇_μϵMJ + ϵK_μ − K_μϵ (4.45) This current can also be derived directly by perturbing Eq. (4.42) which provides a useful consistency check.

The perturbed current in Eq. (4.45) is necessarily traceless. Nevertheless, it is possible to construct two non–trivial perturbations that remain invariant under a global SL(2, R) transformation of the background solution. They are given by

u_μ ≡ 2Tr[K_μϵ] = Tr[J∇_μMJδM] , (4.46) v_μ ≡ 2Tr[−MJK_μϵ] = Tr[−JMJ∇_μMJδM] . (4.47) respectively, where we have employed Eq. (4.35). These spacetime vectors and their derivatives are the only non-trivial SL(2, R) invariant first-order perturbations that can be constructed. Their divergences yield SL(2, R) invariant scalars

U ≡ ∇^μu_μ = Tr[K_μδK^μ] , (4.48) V ≡ ∇^μv_μ = Tr[−MJK_μδK^μ] (4.49)

The energy-momentum tensor derived from the SL(2, R) invariant Lagrange density in Eq. (4.37) can be written as T^{μν} = − 1 2 ( g^{μλ}g^{νκ} − 1 2 g^{μν}g^{λκ} ) Tr[K_λK_κ] . (4.50)

Thus, the scalar U defined in Eq. (4.48) can be identified with the perturbation of the trace of the energy-momentum tensor, and hence must lead to a perturbation of the spacetime curvature. By contrast, V may remain non-zero even when the energy-momentum tensor is unperturbed and thus describes an isocurvature perturbation of the fields. The time components of the vectors (4.46) and (4.47) are directly related to the variables that describe cosmological curvature and entropy perturbations in pre–big bang cosmologies (see Eqs. (10.61) and (10.62) in Section 10). These manifestly SL(2, R) invariant quantities will allow us to fully generalize the cosmological perturbation spectra calculated in vacuum models to include the effects of the pseudo–scalar axion field in Section 10.

The derivation of the O(d, d) invariant equations of motion was presented in Ref. [293] and is very similar to the above derivation for the SL(2, R) model. This is due to the similar properties of the two groups. The only significant difference in the derivation is that the O(d, d) metric η, as given in Eq. (4.24), is symmetric rather than antisymmetric. This implies that the variation, ϵ, must satisfy ϵ^T = −ηϵη. By defining the traceless matrix L_μ ≡ Mη∇_μMη , (4.51) we may write the Euler-Lagrange equations as ∇^μL_μ = 0 [293]. The effective action for perturbations about an O(d, d) invariant background solution is derived in an exactly analogous fashion to that discussed above and we recover the perturbed equation of motion ∇^μδL_μ = 0, where δL_μ = ∇_μϵ + Mη∇_μϵMη + ϵL_μ − L_μϵ . (4.52) We can construct an O(d, d) invariant spacetime vector perturbation w_μ ≡ 2T r[η∇_μMηδM] , (4.53) analogous to u_μ in Eq. (4.46), whose divergence, W ≡ ∇^μw_μ, describes the O(d, d) invariant curvature perturbation. But the symmetry of the O(d, d) metric, η in Eq. (4.24), means that the vector analogous to v_μ vanishes identically, and we are unable to construct an O(d, d) invariant isocurvature perturbation.

5 S–, T– and U–Dualities

In Section 2 we wrote down the bosonic sectors of the effective actions for the five perturbative superstring theories, together with that of N = 1, D = 11 supergravity. Whilst one could proceed to develop cosmological models from these apparently different theories by directly solving the field equations, it is constructive to first discuss the deep relationships that exist between them. These relationships manifest themselves in the duality symmetries of the theories. A number of authors have recently surveyed the dramatic progress that has been made in this subject [6, 115, 381, 251, 234, 192, 404, 371, 352, 353, 351, 114, 392, 368, 162, 7, 314, 13, 175, 322, 372]. Our primary aim here is to convey the key points of string duality to those with an interest in its cosmological implications. With this in mind, we follow an heuristic approach and restrict our discussion to the level of the effective supergravity actions. Whilst such an approach has obvious limitations, it represents a first step towards studying string dualities and proves important in locating theories that are dual to one another, or are self–dual.

Three fundamental types of duality arise in string theory. These are referred to as S–, T– and U–duality, respectively. Two string theories, A and B, are said to be T–dual to one another if the compactification of theory A on a space of ‘small’ volume is equivalent to the compactification of theory B on a space of ‘large’ volume, and vice–versa. If the two theories A and B are equivalent under S–duality, then the strong coupling limit of one theory is mapped onto the weak coupling limit of the other, and vice–versa. Finally, A and B are related by U–duality if the compactification of A on a space of large (small) volume is equivalent to B at strong (weak) coupling. In some cases, a given theory is mapped onto itself by a duality transformation and the duality then represents an exact symmetry of the theory. An example is the S–duality of the type IIB superstring in ten dimensions [207].

The best understood of the three dualities is T–duality [70, 71, 310, 384]. (For reviews on T–duality, see Refs. [175, 6, 7, 192, 321]). This is a perturbative symmetry in the sense that the transformation takes the weak coupling limit of one theory onto the weak coupling limit of another theory. It can therefore be tested at the level of perturbation theory and shown to be exact order by order [336, 175]. By contrast, S– and U–dualities are non– perturbative symmetries in the string coupling. Qualitatively, one may view U–duality as the unification of S– and T–duality, i.e., U = S × T . The first suggestion that string theory exhibits a strong/weak coupling S–duality was made within the context of the heterotic theory compactified on T^6 [139, 333] and further supporting evidence was subsequently provided [364, 365, 366, 367, 368, 354, 355].

In general, equivalent string backgrounds are related by a group of duality transformations that corresponds to a discrete subgroup of a non–compact, global symmetry of the effective supergravity actions. These latter symmetries are broken to discrete subgroups by quantum effects. For example, the type IIB supergravity theory in ten dimensions is invariant under a global SL(2, R) symmetry [182, 356, 347, 204, 206]. The discrete subgroup SL(2, Z) is then the conjectured S–duality of the type IIB superstring [207]. Likewise, the discrete subgroup O(d, d; Z) of the group O(d, d) is the T–duality group of the toroidally compactified string [308, 309, 373, 173, 293, 172, 174].

In this paper we employ the term ‘duality’ to refer to the continuous global symmetries of the effective actions. Much of the subsequent discussion is based around the SL(2, R) and O(d, d) symmetries summarized in Section 4. These are relevant to the compactified NS–NS sectors of the type II and heterotic effective actions. The former is related to S–duality, since in many settings, the scalar field ϕ that arises in the non–linear sigma–model (4.12) can be identified with the dilaton and, hence, the string coupling. The group O(d, d), on the other hand, is relevant to T–duality.

5.1 Target Space and Scale Factor Duality

The simplest manifestation of T–duality is found by compactifying a string on a circle of radius r, where the compactification is associated with a given coordinate X(τ, σ) [228, 342, 5]. (We suppress spacetime indices here for notational simplicity). The compactification of X is equivalent to the identification X ≈ X + 2πmr, where m is an arbitrary integer. The string world–sheet action (2.1) implies that the bosonic coordinates X(τ, σ) satisfy the (1 + 1)–dimensional wave equation. Thus, in general they can be expanded in terms of left– and right–moving modes, X(τ, σ) = X_L(τ + σ) + X_R(τ − σ). In particular, the zero modes of the oscillator expansion can be expressed as

X_R = √ α^′ 2 p_R(τ − σ) X_L = √ α^′ 2 p_L(τ + σ) (5.1)

where p_{L,R} represent the centre of mass momenta. The total conjugate momentum is P = (p_R + p_L)/ √ 2α^′ and the zero mode of X can therefore be expressed as X = α^′P τ + √ α^′ 2 (p_L − p_R) σ (5.2)

If X is not compact, then the second term in Eq. (5.2) vanishes, because for a closed string the periodicity of X with respect to σ, i.e., X(σ = 2π) = X(σ), implies that X can not depend linearly on σ, so we must have p_L = p_R. If X is a compact dimension, however, this constraint need not apply, because the string can wrap around this direction an arbitrary number of times. Wrapping the string around the circle m times stretches it by an amount 2πmr and this increases its energy by a discrete amount.

Furthermore, if X is compact, the momentum along this direction must be quantized in units of 1/r, i.e., P = n/r, where n is an arbitrary integer. It follows that the quantities p_{L,R} can be of the form

p_R = 1 √ 2 ( √ α^′ r n − r √ α^′ m )

p_L = 1 √ 2 (√ α^′ r n + r √ α^′ m ) (5.3)

where the arbitrary integer m may now be interpreted as the winding number.

The Hamiltonian is given by H = (p^2_R + p^2_L)/2. It can be seen from Eq. (5.3) that this is invariant under the transformation r √ α^′ → √ α^′ r , m ↔ n (5.4)

The duality transformation (5.4) interchanges the winding modes with the momenta and simultaneously inverts the radius of the circle. It is referred to as target space duality.

It can be shown that this symmetry is a symmetry of the interacting string if the vacuum expectation value of the (higher–dimensional) dilaton also transforms as [70, 169, 175, 336]

Φ → Φ − 2 ln r (5.5)

This implies that target space duality is an exact symmetry of string perturbation theory because it is valid order by order in the string coupling. In the above example, it implies that the compactification of a string on a small circle of radius r is equivalent to the compactification of the string on a large circle of radius 1/r. The symmetry group in this example is Z_2. Target space duality also implies the existence of a minimal length scale, l_s = √ α^′, because a string on scales smaller than this can be considered in terms of a string on scales larger than l_s. The transformation (5.5) leaves invariant the lower–dimensional effective coupling, in the same way that the lower–dimensional dilaton of the toroidally compactified NS–NS string action (4.33) is invariant under the global O(d, d) symmetry transformation (4.34).

Target space duality is closely related to a scale factor duality of the string effective action (3.18). This latter symmetry is a subgroup of the global O(d, d) symmetry (4.34) discussed in Section 4.3. It can be better understood by encoding the d^2 data of the O(d, d)/O(d) × O(d) coset in terms of the background parameter matrix E_{AB} = h_{AB} + B_{AB}, A, B = 1, 2, . . ., d (5.6) The number of independent degrees of freedom in Eq. (5.6) is then composed of d(d + 1)/2 from the (symmetric) internal metric, h_{AB}, and d(d−1)/2 from the (antisymmetric) matrix B_{AB}. The O(d, d) transformation (4.34) on M is then equivalent to [173, 373, 172, 174]

E → (W E + X)(Y E + Z)^{−1} (5.7) where {W, X, Y, Z} are defined in Eq. (4.23).

Scale factor duality corresponds to the transformation generated by the O(d, d; Z) element U = η = ( 0 I_d I_d 0 ) (5.8)

It can be seen directly from Eq. (5.7) that this inverts the parameter matrix E → E^{−1} [173, 373]. In terms of h and B it results in the transformation

h → (h − BhB)^{−1} (5.9) B → (B − hB^{−1}h)^{−1} (5.10)

such that the combination h^{−1}B → −Bh^{−1} is invariant. We see that in the absence of a 2–form potential, B = 0, Eq. (5.9) inverts the metric on the internal space, h → h^{−1}. In this sense, therefore, scale factor duality is a T–duality. This symmetry has numerous cosmological implications and is central to the pre–big bang inflationary scenario [393] (see Section 9).

5.2 Relationships between the String Effective Actions

We are now in a position to explore some of the duality relationships between the five superstring theories. We find hints for these relationships at the level of the effective actions by counting the relevant powers of e^Φ that arise in each of the terms. Our discussion follows the format presented by Witten [406]. We begin by considering N = 1, D = 11 supergravity [108]. We may write the action for such a theory in the schematic form S ≈ ∫ d^{11}x √ |g_{11}| [ R_{11} − |dC_3|^2 − . . . ] (5.11)

where dots denote the extra terms that arise in Eq. (2.13) and, in what follows, dX_n denotes the field strength of an n–form potential, X_n. Compactification of this theory on a circle S^1 of radius r_{11} = e^γ with the ansatz ds^2_{11} = g_{μν}dx^μdx^ν + e^{2γ}(dx_{11} − A_μdx^μ)^2 then leads to a ten–dimensional action containing the terms [406, 161, 74, 208] S ≈ ∫ d^{10}x √ |g_{10}| [ e^γ ( R_{10} + |∇γ|^2 − |dC_3|^2 ) − e^{3γ}|dA_1|^2 − e^{−γ} |dB_2|^2 ] − . . . (5.12)

Performing the conformal transformation (see Appendix A)

g̃_{μν} = e^γg_{μν} (5.13)

rewrites the action (5.12) in the form S ≈ ∫ d^{10}x √ |g̃_{10}| [ e^{−3γ} ( R̃_{10} + | ~∇γ|^2 − |dB_2|^2 ) − |dA_1|^2 − |dC_3|^2 ] − . . . (5.14)

Comparison between the terms that arise in the type IIA string effective action (2.9) and the dimensionally reduced action (5.14) indicates that the terms match [74, 208, 161], in the sense that the powers of the dilaton field are the same term by term, if we identify the ten–dimensional string coupling with the radius of the eleventh dimension [406]:

r^3_{11} = g^2_s (5.15)

where g^2_s = e^Φ. This is the first piece of evidence indicating that the strong coupling limit of the type IIA superstring is related to an eleven–dimensional theory. Indeed, one definition of M–theory is that it is the strong coupling limit of the type IIA superstring [406, 386]. It has N = 1, D = 11 supergravity as its low energy limit.

We may also consider the strong coupling limits of the other string theories. From Eq. (2.12), the action for the SO(32) heterotic string is given schematically by S ≈ ∫ d^{10}x √ |g_{10}|e^{−Φ} [ R_{10} + |∇Φ|^2 − |dB_2|^2 − F^2_2 ] (5.16)

where F^2_2 denotes the Yang–Mills field strength. The dilaton-gravity sector of the action remains invariant under a conformal transformation g̃_{μν} = e^{−Φ/2}g_{μν} together with the field redefinition Φ̃ = −Φ (see Appendix A) and the full rescaled action has the form S ≈ ∫ d^{10}x √ |g̃_{10}| [ e^{−Φ̃}(R̃_{10} + | ~∇Φ̃|^2) − e^{−Φ̃/2}F̃^2_2 − |dB̃_2|^2 ] (5.17)

The terms scale with e^{Φ̃} in the same way as in the type I effective action (2.11). Moreover, since the dilaton has effectively gone from Φ to −Φ, the string couplings in the two theories are related by g_s ↔ g^{−1}_s . This suggests that the strong coupling limit of the SO(32) string is dual to the weak coupling limit of the type I string, and vice–versa [206, 406, 323].

We now consider the strong coupling limit of the type IIB string. For the moment let us ignore the RR axion field in Eq. (2.10). (A more complete analysis of the global symmetries of the action is made in the following subsection). The remaining NS–NS and RR fields scale with the dilaton as S ≈ ∫ d^{10}x √ |G| [ e^{−Φ} ( R + |∇Φ|^2 − |dB^{(1)}_2 |^2 ) − |dB^{(2)}_2 |^2 − |dD_4|^2 ] − . . . (5.18)

With the rescalings G = e^{Φ/2}g and Φ̃ = −Φ, this action transforms to S ≈ ∫ d^{10}x √ |g| [ e^{−Φ̃} ( R + |∇Φ̃|^2 − |dB^{(2)}_2 |^2 ) − |dB^{(1)}_2 |^2 − |dD_4|^2 ] − . . . (5.19)

Thus, the two actions (5.18) and (5.19) are equivalent up to an interchange of the NS–NS and RR 3–form field strengths. This suggests that the IIB superstring is self–dual, in the sense that the strong coupling limit of this theory can be interchanged with its weakly coupled limit [207].

It is also interesting to consider the relationships between the different theories below ten dimensions. In particular, it is known that there is only one N = 2 supergravity theory when D ≤ 9 (see, e.g., [404]) and this implies that the type IIA and type IIB theories should be related. Furthermore, both type II theories have the same number of massless degrees of freedom when compactified on a circle. Indeed, it can be shown that at the level of the effective actions, a type IIA string background containing one abelian isometry can be mapped onto a type IIB string background containing one abelian isometry [74, 42]. The RR sectors of the theories are interchanged by such a transformation and the radii of the compactified dimension in the two theories are related by the duality r^{(IIA)}_{10} = 1/r^{(IIB)}_{10} (in string units). In this sense, the type IIA string compactified on a circle of radius r_{10} is equivalent to the type IIB string compactified on a circle of radius r^{−1}_{10} . This is a perturbatively exact result and the type IIA and IIB theories are T–dual [168, 113, 111].

A similar relationship between the two heterotic strings applies below ten dimensions. That is, the E_8 × E_8 heterotic string compactified on a circle of radius r is equivalent to the SO(32) heterotic string compactified on a circle of radius 1/r [308, 309, 168]. This is also a perturbatively exact result. Thus, below ten dimensions there are only three distinct theories – type I , type II and heterotic. Furthermore, the SO(32) heterotic string can be related to the type I string in ten dimensions [406, 323]. Can the heterotic and type II strings be related in a similar way in lower dimensions?

The heterotic string has N = 1 supersymmetry in the ten–dimensional setting, whereas the type II strings have N = 2 supersymmetries. A necessary condition for the heterotic and type II strings to be dual to each other in lower dimensions is that the number of supersymmetries should coincide after compactification. The number of unbroken supersymmetries that survive compactification depends on the holonomy group of the internal space. The metrically flat d–torus, T^d, has trivial holonomy and admits the maximal number (d) of covariantly constant spinors [392].

The simplest compact, Ricci–flat manifold after the torus is the K3 surface. This is a four–dimensional space with holonomy group SU(2). It was first employed as a compactifying space within the context of D = 11 supergravity [116] and has played a central role in string duality. (For a detailed review of its properties, see [15]). Since the K3 manifold has an SU(2) holonomy group, it admits two covariantly constant spinors and therefore preserves half of the original supersymmetry [197]. Indeed, the K3 manifold is the only four–dimensional space, together with T^4, that admits covariantly constant spinors [392]. Consequently, compactifying a N = 2 theory on K3 and a N = 1 theory on T^4 results in two theories with the same number of supersymmetries.

The metric for K3 exists but is unknown [408]. However, an approximate description of the K3 manifold is to view it as an orbifold of T^4, i.e., K3 ≈ T^4/Z_2 [318, 167]. The construction of this space is described in Ref. [264]. It involves identifying the coordinates y^i ≈ y^i + 2π in ℜ^4 (i = 1, 2, 3, 4) and then making the further identifications y^i ≈ −y^i.

We now proceed to qualitatively consider the compactification of the heterotic string on T^4 and the compactification of the type IIA string on K3 by keeping the internal dimensions fixed [406]. The heterotic action then has the form

S_H ≈ ∫ d^6x √ |g_H|e^{−ΦH} [ R_H + |∇Φ_H|^2 − |dB_{2H}|^2 − |dA_{1H}|^2 ] (5.20)

in six dimensions and the type IIA string effective action scales as

S_{IIA} ≈ ∫ d^6x √ |g_A| [ e^{−ΦA} ( R_A + |∇Φ_A|^2 − |dB_{2A}|^2 ) − |dA_{1A}|^2 ] (5.21)

after compactification.

Performing the conformal transformation

g̃_A = e^{−ΦA} g_A , (5.22)

on the type IIA action leads to an effective theory where all the terms scale as e^{ΦA} , with the exception of the B_{2A} term. In this case, the scaling goes as e^{−ΦA} . However, a 3–form is Poincaré dual to another 3–form in six dimensions. The field equation for the 2–form potential B_{2A} in the new frame is d^∗(e^{−ΦA} dB_{2A}) = 0 and this is trivially solved by the ansatz^∗(dB̄_{2A}) = e^{−ΦA} dB_{2A}. The field equations derived from the type IIA action (5.21) are therefore formally equivalent to those derived from

S_{IIA} ≈ ∫ d^6x √ |g̃_A|e^{ΦA} [ R̃_A + | ~∇Φ_A|^2 − |dB̄_2|^2 − |dA_1|^2 ] (5.23)

It can now be seen that the two effective actions (5.20) and (5.23) can be transformed into one another by a suitable identification of the fields [357]. Since Φ_H = −Φ_A, the strong coupling limit of one theory is transformed to the weak coupling limit of the other, g_{s(H)} = g^{−1}_{s(A)}. This is the basis for string–string duality in six dimensions [406, 119, 118, 120, 121, 207, 122, 369, 194]. It can be shown that string/string duality in six dimensions follows as a consequence of heterotic/type I duality in ten dimensions [392].

To summarize, there is evidence even at the level of the effective actions to suggest that the five perturbative string theories, together with N = 1, D = 11 supergravity, are fundamentally related by duality symmetries. For consistency, therefore, all theories should be considered equally. This provides strong motivation for studying the cosmology of the type II theories in particular since these contain non–trivial RR sectors. In the following subsections, we consider the S– and U–dualities of the type IIB theory in more detail. This provides the basis for studying the cosmological consequences of this theory in Sections 8 and 10.

5.3 SL(2,R) and S–Duality of the Type IIB Superstring

The strong/weak coupling SL(2, Z) S–duality of the type IIB theory [207] can be understood in terms of the compactification of D = 11 supergravity on a 2–torus, T^2 = S^1 ×S^1 [350, 14]. The relationship between the 2–torus and the modular group SL(2, Z) is summarized in Appendix B. For simplicity, we assume that the torus is rectangular. Compactification of D = 11 supergravity on a circle of radius r_1 yields the type IIA theory [161, 74, 208], where the string coupling is determined by g_A = r^{3/2}_1 [406]. The ten–dimensional spacetimes in the M–theory and type IIA pictures are related by Eq. (5.13). Thus, compactification of the type IIA theory on a circle of radius r_A = g^{1/3}_A r_2 is equivalent to compactification of D = 11 supergravity on a 2–torus with radii r_1 and r_2. The T–duality r_B = 1/r_A then transforms the D = 9 type IIA theory into the type IIB theory [74, 42, 168, 113, 111].

The effective ten–dimensional coupling of the type IIB theory is determined from the condition that the coupling in nine dimensions be invariant under this T–duality, i.e., g^2_B/r_B = g^2_A/r_A. The type IIB coupling can then be written as g_B = r_1/r_2. Now, the area of the M–theory 2–torus is A_M = r_1r_2 and this can be written as A_M ∝ r^{−1}_B . Thus, r_B → ∞ as A_M → 0. In this sense, therefore, the type IIB theory may be viewed as the compactification of M–theory on a 2–torus in the limit where the area of the torus vanishes

[350, 14]. Moreover, invariance under the simultaneous interchange of the two cycles of the torus, r_1 ↔ r_2, in the M–theory picture then implies g_B → g^{−1}_B . This is the S–duality of the type IIB theory [207].

The above discussion provides a geometrical interpretation of the S–duality of the type IIB theory in terms of a 2–torus. This has led to the suggestion that the origin of the type IIB superstring may be found in a twelve–dimensional theory, labelled F–theory, that has been compactified on T^2 [391, 392, 301, 302, 370].

We now establish that the type IIB supergravity theory exhibits a global SL(2, R) symmetry [356]. The symmetry becomes manifest in the ten–dimensional Einstein frame [206, 350]. Performing the conformal transformation

ĝ_{MN} = e^{−Φ/4}g_{MN} (5.24)

implies that the action (3.55) becomes

S_{IIB} = ∫ d^{10}x √ −ĝ_{10} { R̂_{10} − 1 8 ( ^∇Φ )_2 − 1 2 e^Φ ( ^∇χ )_2

− 1 12 e^{Φ/2}(Ĥ^{(1)})^2 − 1 12 e^{−Φ/2} ( Ĥ^{(1)}χ + Ĥ^{(2)}

)_2} (5.25)

It can be seen from Eq. (5.25) that the scalar fields and 2–form potentials appear as pairs. Indeed, comparison with the non–linear sigma–model action (4.12) implies that the the dilaton and RR axion fields parametrize the SL(2, R)/U(1) coset. Action (5.25) can be written in a manifestly SL(2, R) invariant form by introducing the ‘metric’ M ≡ ( e^{Φ/2} χe^{Φ/2} χe^{Φ/2} e^{−Φ/2} + χ^2e^{Φ/2} ) , (5.26)

and the two–component vector Ĥ = ( Ĥ (2) Ĥ (1) ) . (5.27)

Since the matrix (5.26) satisfies the constraint M^TJM = J, where J is the SL(2, R) metric defined by Eq. (4.10), it follows that action (5.25) may be written as [206]

S_{IIB} = ∫ d^{10}x √ −ĝ_{10} { R̂_{10} + 1 4 Tr ( ^∇M ^∇M^{−1} ) − 1 12 Ĥ^T MĤ } , (5.28)

The action (5.28) is invariant under the global SL(2, R) transformation [207, 350, 43]:

M̄ = ΣMΣ^T , ^̄g_{MN} = ĝ_{MN}, ^̄H = ( Σ^T )_{−1} Ĥ, (5.29)

where Σ ≡ ( D C B A ) , AD − BC = 1. (5.30) The 2–form potentials therefore transform as a doublet under the SL(2, R) symmetry. The invariance of the ten–dimensional Einstein metric ĝ_{MN} implies that the string metric g_{MN} transforms under Eq. (5.29) as

ḡ_{MN} e^{−Φ̄/4} = g_{MN} e^{−Φ/4}. (5.31)

The four–form transforms as a singlet and therefore remains frozen in this analysis.

For vanishing RR scalar field χ the particular transformation with A = D = 0 and C = −B = 1 yields

ḡ_B = 1 g_B , B̄^{(1)}_{MN} = −B^{(2)}_{MN} , B̄^{(2)}_{MN} = B^{(1)}_{MN} (5.32)

where g^2_B = e^Φ is the string coupling. This is the S–duality discussed above. It is intrinsically a non–perturbative symmetry because it exchanges the strongly coupled regime with the weakly coupled regime. It is important to note that the S–duality SL(2, Z) relates different regimes of the same theory. Moreover, the NS–NS 2–form potential is interchanged with the RR 2–form potential under Eq. (5.32). This implies that both fields should be treated on the same level. This has important cosmological consequences, as will be seen in Sections 8 and 10.

5.4 U–Duality of the Type II Superstring

Thus far, we have seen that the NS–NS sector of the type II string effective action compactified on T^{d−1} exhibits a global SO(d − 1, d − 1) symmetry [286], whereas the type IIB theory is invariant under a global SL(2, R) symmetry in ten dimensions [356]. This latter symmetry interchanges NS–NS and RR fields. However, the different characteristics of the NS–NS and RR sectors arise directly from the perturbative formulation of string theory and the two sectors become unified within the context of eleven–dimensional supergravity [108]. Moreover, since this latter theory exhibits a global SL(d, R) symmetry when compactified on T^d, the toroidally compactified type II theory should exhibit a continuous symmetry group G_d that is generated by the non–commuting subgroups SO(d−1, d−1) and SL(d, R).

The group G_d corresponds to a non–compact form of the exceptional group E_d, denoted by E_{d(d)} [102, 214]. The existence of the E_{d(d)} symmetries in maximal supergravity theories was originally conjectured in [104, 108, 214, 102]. They were then found by direct construction [343]. It was only recently, however, that the symmetries for all dimensionalities were obtained directly from the toroidal compactification of the eleven–dimensional theory [109]. This unified previous works, where the symmetries for the particular cases of D = 9 [42], D = 4 [104, 108] and D = 3 [300] had been found directly by compactification.

The exceptional groups arise when performing the toroidal compactification down to D dimensions and Poincaré dualising all field strengths with degree greater than D/2 [109]. The identity of G_d is deduced by establishing that the scalar fields in the model parametrise the G_d/H_d coset, where H_d is the maximal compact subgroup of G_d. Once the identity of H_d and the number of scalar fields present has been determined, the group G_d can be found. The symmetry is a symmetry of the field equations when the dimensionality of spacetime is even and is also a symmetry of the action in odd dimensions [109].

Another important property is that the symmetry group G_d does not act on the uncompactified D–dimensional spacetime [207]. This implies that it survives further dimensional reduction and appears as a subgroup of the larger symmetry group G_d′ , where d^′ > d. The origin of the exceptional groups can then be understood in terms of the SO(d − 1, d − 1) T– duality and the SL(2, R) S–duality of the type IIB theory. The discrete subgroups of these exceptional groups are the conjectured U–duality groups of the type II superstring [207]. The structure of the U–duality groups of M–theory are discussed in Refs. [314, 109, 8, 9, 10].

We now highlight some examples. In eight dimensions, there is a SL(3, R) subgroup arising from M–theory on T^3 and a SO(2, 2) subgroup arising from the T–duality. The group SO(2, 2) is isomorphic to SL(2, R) × SL(2, R) [313]. The origin of one of the SL(2, R) subgroups can be traced to the toroidal compactification of the eleven–dimensional theory. Thus, the global symmetry is SL(3, R) × SL(2, R) and this is isomorphic to E_{3(3)}. In seven dimensions, the toroidal group is SL(4, R) and the T–duality group is SO(3, 3). The latter is isomorphic to SL(4, R) [313] and this does not commute with the other SL(4, R) subgroup. Together they form E_{4(4)} = SL(5, R) [109]. In six dimensions, we have the non–commuting subgroups SL(5, R) and SO(4, 4) and the smallest group containing both is E_{5(5)} = SO(5, 5) [392].

As far as the scalar manifolds are concerned, no dualization of the higher degree form– fields is necessary to establish the coset structure of the axionic scalar lagrangians for D ≥ 6. The situation is more complicated, however, below six dimensions. In these cases, the exceptional groups emerge as the symmetry only after the (D − 2)–form gauge potentials have been Poincaré dualized to axionic scalars [109]. The dualization changes the coset structure to that of E_{(11−D)(11−D)}.

One of the key points of U–duality is that it acts on the dilaton, the moduli of the metric and the axionic scalars that originate from the form fields. Thus, the E_{d(d)} symmetry unifies into a single quantity the dilaton, the RR fields and the scalar degrees of freedom arising from the metric compactification. It is in this sense that U–duality maps a strongly coupled theory compactified on a small dimension onto a weakly coupled theory compactified on a large dimension, and vice–versa. Indeed, U–duality implies that all the coupling constants in the theory are equally important. It is inherently a non–perturbative symmetry of string theory.

In Section 8, we consider some of the cosmological implications of U–duality within the context of the type IIB theory.

PART II

6 Higher Dimensional Kasner Cosmology

The perturbative formulation of string theory requires spacetime to be ten–dimensional. On the other hand, recent developments indicate that the correct description of the universe may correspond to M–theory, with a low–energy limit given by eleven–dimensional supergravity. In either case, a consistent cosmology must be able to account for a universe where three of the spatial dimensions are large relative to the hidden ones. This then raises the question of relating apparently different cosmological solutions in different frames.

The purpose of the present Section is to survey a variety homogeneous and spatially flat cosmological solutions in various dimensions and frames. We begin by considering vacuum Einstein gravity solutions for a (D +d+1)-dimensional torus. These solutions represent the higher–dimensional generalization of the Kasner solution found in four–dimensional vacuum Bianchi type I models. Kasner–like solutions were studied in a string context by Gibbons and Townsend [164]. For D + d + 1 = 11, they represent vacuum cosmological solutions in the low energy limit of M–theory [217, 20]. Interpreting one of the spatial dimensions as an internal degree of freedom then leads to a (D + d)-dimensional solution of the lowenergy limit of string theory which we refer to as a ‘dilaton–vacuum’ cosmology. We then reinterpret these solutions as D-dimensional cosmologies, where the d dimensions form a compact internal space. These dimensions play the role of moduli fields and the solutions are referred to as ‘dilaton–moduli–vacuum’ solutions in the dimensionally reduced theory. Attention has recently focussed upon the ability to reinterpret singular solutions obtained from the dimensional reduced action by “oxidising” back up to a non-singular solution in higher dimensions [165, 245, 137]. At each stage of dimensional reduction the dilatongravity solution can be re-written via a conformal rescaling of the metric as a solution in Einstein gravity with minimally coupled fields. It is also possible that the singular nature of cosmological solutions in one frame may appear to be non-singular in a conformally related frame [374, 218, 328].

Different dilaton–moduli–vacuum solutions are related by the symmetries of the lowenergy action and provide simple illustrations of the symmetries of the theories. The importance of these solutions is that they represent the critical points in the phase-space of a wide class of string cosmologies containing additional degrees of freedom [47, 48]. As an example, in Section 6.5, we present homogeneous solutions containing form fields.

6.1 (D + d + 1)-dimensional Einstein-vacuum solutions

Here we present (D + d + 1)-dimensional cosmological solutions of vacuum Einstein gravity. The gravitational action is given by S = 1 16πG_{D+d+1} ∫ M_D+_d+1 d^{D+d+1}x √ −ḡ_{D+d+1} R̄_{D+d+1} , (6.1)

where R̄_{D+d+1} is the Ricci scalar curvature of the (D + d + 1)–dimensional manifold with metric ḡ_{AB} and G_{D+d+1} is the (D + d + 1)–dimensional Newtonian constant.

We assume the topology of the universe is that of a rectilinear torus with D + d independent scale factors, e^{ᾱI} . The line element is therefore of the form

ds̄^2_{D+d+1} = −dt̄^2 + D+d∑ I=1 e^{2ᾱI} dx^2_I , (6.2)

and the Ricci scalar curvature is given by

R̄_{D+d+1} = ∑ I 2¨ᾱ_I + ˙ᾱ^2_I + ˙ᾱ_I ∑ J ˙ᾱ_J . (6.3)

We also give the alternative curvature invariant R̄_{ABCD}R̄^{ABCD} = 4 ∑ I ( ¨ᾱ_I + ˙ᾱ^2_I ) + 2 ∑ J≠I ( ˙ᾱ_I ˙ᾱ_J )^2 . (6.4)

The action (6.1) then reduces to S = 1 16πG_{D+d+1} ∫ dt̄ ∫ d^{D+d}x ( ∏ K e^{ᾱK} ) ∑ I [ 2¨ᾱ_I + ˙ᾱ^2_I + ˙ᾱ_I ∑ J ˙ᾱ_J ] (6.5)

which can be integrated by parts to yield an effective Lagrangian L = ( ∏ K e^{ᾱK} ) ∑ I [ ˙ᾱ^2_I − ˙ᾱ_I ∑ J ˙ᾱ_J ] (6.6)

The equations of motion that follow from varying this Lagrangian with respect to each ᾱ_I have the form d dt [( ∏ K e^{ᾱK} ) ( 2 ˙ᾱ_I − 2 ∑ J ˙ᾱ_J )] = L , (6.7)

subject to the Hamiltonian constraint

L = 0 . (6.8)

Equations (6.7) and (6.8) are readily integrated to yield the power–law solutions

ᾱ_I = α_{I0} + p̄_I ln t̄ , (6.9)

where α_{I0} are arbitrary constants and the constants of integration, p̄_I , obey the Kasner constraints ∑ I p̄_I = 1 , ∑ I p̄^2_I = 1 . (6.10)

If the indices, p̄_I , are viewed as coordinates on ℜ^{D+d}, the constraints in Eq. (6.10) imply that the spatially flat and homogeneous solutions to vacuum Einstein gravity must lie on the intersection of the unit sphere with a fixed plane.

The Ricci scalar given in equation (6.3) vanishes at all times along this classical solution, R̄_{D+d+1} = 0, as must be the case for any vacuum solution of Einstein’s equations.

Nonetheless these solutions may have a curvature singularity due to the divergence of other curvature invariants. R̄_{ABCD}R̄^{ABCD} is given from Eqs. (6.4), (6.9) and (6.10) as R̄_{ABCD}R̄^{ABCD} = 2 [ 3 + ∑ I (p̄_I − 4) p̄^3_I ] t̄^{−4} , (6.11)

which is singular as t̄ → 0 except the particular case p̄_I = 1 for one dimension I and p̄_{J≠I} = 0 [137]. This particular case corresponds to 11 − D Minkowski spacetime in Rindler coordinates so that t = 0 is just a coordinate singularity. However we shall see that this non-singular solution in eleven dimensions can give rise to apparently singular dimensionally reduced cosmologies [137].

It is sometimes illuminating to rewrite Eqs. (6.7) in terms of the overall expansion and shear of the spatial hypersurfaces, t̄ = constant, given by θ̄ ≡ ∑ I ˙ᾱ_I , (6.12) and σ̄^2 ≡ ∑ I,J ( ˙ᾱ_I − ˙ᾱ_J )^2 , (6.13)

respectively. The D + d − 1 independent degrees of freedom associated with the shear of the spatial sections can be defined as

˙σ̄_I ≡ √ I I + 1

˙ᾱI_{+1} − 1 I ∑ J≤I ˙ᾱ_J , (6.14)

and the Lagrangian (6.6) can then be rewritten as L = ( ∏ K e^{ᾱK} ) − ( D + d − 1 D + d ) θ̄^2 + 1 2 ∑ I<D+d ˙σ̄^2_I

. (6.15)

The constraint equation (6.8) now takes the form D + d − 1 D + d θ̄^2 = 1 2 ∑ I<D+d ˙σ̄^2_I . (6.16)

where the D + d − 1 shear degrees of freedom evolve as (damped) free fields, σ̄_I ∝ ln t̄, and drive the expansion, θ̄ = 1/t̄.

6.2 (D + d)-dimensional dilaton-vacuum solutions

We now compare the Kasner–type solutions discussed in the previous subsection with the related solutions that arise in string cosmologies. We begin with the action (6.1) but first compactify the theory on a circle and treat the scale factor, ᾱ_{D+d}, as an internal degree of freedom propagating on the (D+d)-dimensional manifold M_{D+d}. The reduced gravitational action can be written by extracting the relevant information from Eq. (3.10) as S = 1 16πG_{D+d} ∫ M_D+_d d^{D+d}x √ −ḡ_{D+d} e^{ᾱD+d} R̄_{D+d} , (6.17) where G_{D+d} ≡ G_{D+d+1}/ ∫ dx_{D+d}. This appears to be a rather unusual scalar-tensor theory of gravity because there is no explicit kinetic term for the dilaton field, i.e., the effective Brans–Dicke parameter takes the value ω̄ = 0. However, as discussed in Appendix A, the effective Brans–Dicke parameter changes under a conformal rescaling of the metric. When other matter fields are absent, this conformal rescaling can be arbitrary. In particular, for the class of conformally–related frames defined by

g_{AB} = e^{2λᾱD+d}ḡ_{AB} , (6.18)

where λ is an arbitrary constant, the (D + d)-dimensional action (6.17) takes the standard form of the vacuum Brans–Dicke theory: S = 1 16πG_{D+d} ∫ M_D+_d d^{D+d}x √ −g_{D+d}e^{−ϕ} [ R_{D+d} − ω(∇ϕ)^2 ] , (6.19)

where ϕ = [(D + d − 2)λ − 1]ᾱ_{D+d} (6.20) and ω = (D + d − 1)λ[2 − (D + d − 2)λ]

[1 − (D + d − 2)λ]^2

, (6.21)

In this frame, the rescaled scale-factors for I < D + d are

α_I = ᾱ_I + λᾱ_{D+d} . (6.22)

and, for the higher–dimensional solutions presented in Eq. (6.9), they can be written as the dilaton–vacuum solutions

α_I = α_{I0} + p_I ln t , ϕ = ϕ_0 + K ln t , (6.23)

where the cosmic time in the rescaled frame becomes

t ∝ t̄^{(1+λp̄D+d)} , (6.24)

and hence p_I = p̄_I + λp̄_{D+d} 1 + λp̄_{D+d} , (6.25) and K = [(D + d − 2)λ − 1]p̄_{D+d} 1 + λp̄_{D+d} . (6.26)

The rescaling of the cosmic time coordinate in Eq. (6.24) leads to the singular limit, t̄ → 0, being mapped onto a non-singular past or future infinity, |t| → ∞, (or vice versa) when λp̄_{D+d} ≤ −1. A necessary condition for this is thus |λ| ≥ 1.

We are interested here in the special case of string dilaton–gravity, where ω = −1 and we refer to the rescaled metric g_{AB} as the string frame metric. The relevant value of λ is given from Eq. (6.21) as λ = 1 ± √ D + d − 1 − 1

. (6.27)

Note that there are two possible choices for λ corresponding to two dilaton-gravity theories related by an S-duality transformation, with the dilaton ϕ = ± √ D + d − 1ᾱ_{D+d} . (6.28)

In the case of the eleven dimensional low energy M-theory action presented in Eq. (2.13), one obtains the D + d = 10 type IIA string theory effective action given in Eq. (2.9) when λ = 1/2 and ϕ = 3ᾱ_{10}.

The solution (6.23) corresponds to the ‘rolling radii’ solution first considered by Mueller within the context of the bosonic string, where D + d = 26 [303]. When ω = −1 the constants of integration (6.25) and (6.26) obey the generalised Kasner constraints D+d−1 ∑ I=1 p_I = 1 + K , D+d−1 ∑ I=1 p^2_I = 1 . (6.29)

These dilaton-vacuum indices in the string frame, p_I , lie on the intersection of the unit sphere with a plane whose distance from the origin depends on the kinetic energy of the dilaton field, as parametrized by the constant of integration, K. Hence, this constant is bounded: − 1 − √ D + d − 1 ≤ K ≤ −1 + √ D + d − 1 . (6.30)

We recover the general relativistic Kasner vacuum solutions in D + d dimensions as a particular solution when p̄_{D+d} = 0 and K = 0.

Substituting equations (6.23) and (6.29) into the expression for the (D +d)–dimensional Ricci scalar,

R_{D+d} = D+d−1 ∑ I=1 2α̈_I + α̇^2_I + α̇_I D+d−1 ∑ J=1 α̇_J , (6.31)

yields

R_{D+d} =

K^2 t^2

. (6.32)

This implies that there is now a singularity in the (D + d)-dimensional scalar curvature as t → 0 whenever K ≠ 0. This is true even when p̄_{D+d} = 1 and the (D + d + 1)-dimensional Einstein-vacuum solution was flat Minkowski spacetime in Rindler coordinates and there was no curvature singularity. In this case the (D + d)-dimensional cosmology is isotropic. As noted in Ref. [137] is remarkable that regularity in the higher dimensional spacetime requires isotropy in the lower dimensional spacetime.

On the other hand, note from Eq. (6.24) that singular behaviour when t → 0 in the (D + d)-dimensional dilaton-gravity cosmology may correspond to non-singular behaviour where t̄ → ±∞ in the (D + d + 1)-dimensional Einstein gravity if |λ| > 1 which, from Eq. (6.27), requires D + d < 5. This is another way in which a curvature singularity in the dimensionally reduced dilaton-gravity solutions may be mapped onto non-singular evolution in the higher-dimensional Einstein-vacuum theory.

We now consider the corresponding solutions for the (D + d)-dimensional Einstein metric. From Section A.3, this frame is related to the string frame by a further conformal transformation:

ĝ_{AB} = e^{−2ϕ/(D+d−2)}g_{AB} , (6.33)

To arrive at this metric, one may equivalently choose λ = 1/(D − 2) in equation (6.18). We emphasize that this metric therefore differs by a conformal factor from the (D + d)- dimensional part of the original (D + d + 1)-dimensional Einstein metric ḡ_{AB}. The action (6.19) then becomes S = 1 16πG_{D+d} ∫ M_D+_d d^{D+d}x √ −ĝ [ R̂ − 1 D + d − 2 ( ^∇ϕ)^2 ] (6.34)

The solutions for the rescaled scale factors and dilaton field can be written as

α̂_i = α_i − ϕ D + d − 2 = α̂_{i0} + p̂_i ln t̂ (6.35) and ϕ = ϕ̂_0 + K̂ ln t̂ , (6.36)

respectively, where

p̂_i = (D + d − 2)p_i − K D + d − 2 − K (6.37) and K̂ = (D + d − 2)K D + d − 2 − K , (6.38)

and the proper time for comoving observers in the (D + d)-dimensional Einstein frame becomes t̂ ∝ t^{(D+d−2−K)/(D+d−2)} . (6.39) Since the quantity D + d − 2 − K is positive definite for D + d > 2, t̂ → 0 as t → 0. The Ricci scalar is given by R̂ = K̂^2/[(D + d − 2)t̂^2], so there is again a curvature singularity whenever t̂ → 0 for K̂ ≠ 0.

Finally, the generalised Kasner constraints in the (D + d)-dimensional Einstein frame become_{D+d−1} ∑ i=1 p̂_i = 1 , D+d−1 ∑ i=1 p̂^2_i = 1 − K̂2 D + d − 2 (6.40)

where − D + d − 2 √ D + d − 1 ≤ K̂ ≤ + D + d − 2 √ D + d − 1 (6.41)

In contrast to the Kasner constraints (6.29), the indices, p̂_i, lie on the intersection of a fixed plane with a sphere whose radius depends on K̂.

6.3 D-dimensional dilaton-moduli-vacuum solutions

The dilaton–vacuum solutions presented in Eqs. (6.23) and (6.29) can re-interpreted as dilaton-moduli-vacuum solutions in a D-dimensional spacetime, where the line element is given by

ds^2 = −dt^2 + D−1∑ i=1 e^{2αi} dx^2_i , (6.42)

The extra d dimensions are now compactified in the form of a Ricci–flat internal space with a diagonal metric given by ds^2_{int} = h_{ab}dx^adx^b (a, b = D, . . ., D + d), where h_{aa} = e^{2αa}. The dimensionally reduced action then corresponds to a truncated form of Eq. (3.6): S = ∫ M_D d^Dx √ −ge^{−φ} [ R_D + (∇φ)^2 − D+d−1 ∑ a=D (∇α_a)^2 ] . (6.43)

There are no vector terms in Eq. (6.43) because we have assumed that the internal space is a rectilinear torus. The internal scale factors, α_a, may be interpreted as moduli fields in this action.

The effective Kasner constraints for the D − 1 external dimensions are D−1∑ i=1 p_i = 1 + K , D−1∑ i=1 p^2_i = 1 − B^2 , (6.44)

where K ≡ K − D+d−1 ∑ a=D p_a . (6.45) and B^2 = D+d−1 ∑ a=D p^2_a (6.46)

are constants satisfying the bounds 0 ≤ B^2 ≤ 1 (6.47) and − 1 − √ (D − 1)(1 − B^2) ≤ K ≤ −1 + √ (D − 1)(1 − B^2) . (6.48) The effective dilaton in D-dimensions then becomes φ ≡ ϕ − D+d−1 ∑ a=D α_a = φ_0 + K ln t , (6.49)

When compared with the original dilaton-vacuum constraints given in Eq. (6.29), the dilaton-moduli-vacuum indices, p_i, lie on the intersection of a sphere, whose radius now depends on B^2, and a plane, whose position is determined by K. Thus, in this interpretation, B^2 is an additional constant of integration that parametrizes the evolution of the moduli fields, i.e., the internal space.

The D-dimensional Ricci scalar curvature is R_D = (K^2 − B^2)/t^2.

It follows from the analysis of Section A.3 that the conformal transformation to the D-dimensional Einstein–frame metric is given by g̃_{μν} = e^{−2φ/(D−2)}g_{μν} . (6.50) and the reduced action in this frame becomes S = ∫ M d^Dx √ −g̃ [ R̃ − 1 D − 2 ( ~∇φ)^2 − D+d−1 ∑ a=D ( ~∇α_a)^2 ] . (6.51)

The solutions for the rescaled scale factors and effective dilaton can then be written as

α̃_i = α_i − φ D − 2 = α̃_{i0} + p̃_i ln t̃ , φ = φ̃_0 + K̃ ln t̃ , (6.52)

where the proper time for comoving observers in the D-dimensional Einstein frame is determined by t̃ ∝ t^{(D−2−K)/(D−2)} . (6.53) and the constants p̃_i and K̃ satisfy

p̃_i = (D − 2)p_i − K D − 2 − K (6.54) and K̃ = (D − 2)K D − 2 − K , (6.55)

respectively. Note again that D − 2 − K is positive definite for D > 2, so that t̃ → 0 whenever t → 0.

The generalised Kasner constraints in the D-dimensional Einstein frame become D−1∑ i=1 p̃_i = 1 , D−1∑ i=1 p̃^2_i = 1 − B̃^2 − K̃2 D − 2 (6.56)

where B̃ = (D − 2)B D − 2 − K . (6.57)

The indices, p̃_i, lie on the intersection of a fixed plane with a sphere whose radius depends on K̃^2/(D − 2) + B̃^2, which requires 0 ≤ K̃2 D − 2 + B̃^2 ≤ 1 . (6.58)

The Ricci scalar is R̃ = [K̃^2/(D − 2) + B̃^2]/t̃^2, so there is a curvature singularity whenever t̃ → 0 for K̃ ≠ 0 or B̃ ≠ 0.

Note that there is a conformal factor relating the D-dimensional Einstein metric to the D-dimensional part of the (D + d)-dimensional Einstein metric!

g̃_{μν} = exp ( 2(D − 2) ∑D_+d_{−1} a=D α_a − 2dφ (D − 2)(D + d − 2) ) ĝ_{μν} ,

= exp ( 2 D − 2 D+d−1 ∑ a=D α̂_a ) ĝ_{μν} . (6.59)

The two different possible definitions for the Einstein frame are related by a constant rescaling only if the volume of the d-dimensional internal space remains constant in the (D + d)- dimensional Einstein frame.

6.4 Symmetries of cosmological vacuum solutions

T-duality: The cosmological vacuum solutions presented above provide a simple illustration of some of the symmetry properties exhibited by the dimensionally reduced string effective actions. In particular, the compactified action (6.43) is manifestly invariant under the transformation α_a → −α_a , (6.60) for any or all of the d moduli fields α_a, while the D-dimensional metric, g_{μν}, and D– dimensional effective dilaton, φ, remain invariant. Note that the D-dimensional Einstein metric, g̃_{μν}, given in Eq. (6.50), is also invariant under this transformation. This symmetry is the simplest example of a T-duality and corresponds to the scale factor duality discussed in Section 5. The symmetry is also present in the original (D + d)-dimensional action given in Eq. (6.19) if the geometry is toroidal.

Note, however, that the original (D + d)-dimensional dilaton is not left invariant by Eq. (6.60). Eq. (6.49) implies that it transforms as ϕ → ϕ − 2 ∑ a α_a. Thus the (D + d)- dimensional Einstein metric given in Eq. (6.33) is conformally rescaled to ĝ_{AB} → e^4 ∑ a αa/(D+d−2) ĝ AB . (6.61)

under this symmetry transformation. In terms of the Kasner indices in the string frame, scale-factor duality corresponds to a reflection p_a → −p_a. The D-dimensional constants of integration, B and K, remain invariant which implies from Eq. (6.45) that K → K − 2 ∑ a p_a . (6.62)

Interesting particular cases arise for the isotropic (D + d)–dimensional solution. In this case, Eq. (6.29) implies that p_i = p = ±(D + d − 1)^{−1/2} and one of the bounds in Eq. (6.30) is therefore saturated. If we consider the positive root solution and take the dual under the transformation (6.60) for d of the scale factors, one can verify from Eq. (6.62) that the (D + d)–dimensional dilaton field is mapped onto a constant value by this symmetry transformation when the dimensions of the spacetime satisfy the relationship [324, 325]

(D − 1 − d)^2 = D − 1 + d (6.63)

Solutions to Eq. (6.63) are (D = 4, d = 1), (D = 4, d = 6) and (D = 11, d = 15). The second case implies that an anisotropic cosmology with fixed dilaton field and with three spatial dimensions expanding and six contracting is dual to the ten–dimensional isotropic solution. We shall see in our discussion of the pre–big scenario in Section 10 era that this particular case can lead to a scale invariant spectrum of primordial axion perturbations.

S-duality: The D-dimensional compactified Einstein action (6.51) is also manifestly invariant under the transformation φ → −φ , (6.64) while the metric, g̃_{μν}, and moduli fields, α_a, remain invariant. This is an example of an S–duality mapping the strongly coupled regime onto the weakly coupled, and vice–versa. This does not leave the string metric invariant and Eq. (6.50) implies that g_{μν} → e^{−4φ/(D−2)} g_{μν} . (6.65)

In terms of the Kasner indices we have that K̃ → −K̃, while p̃_i and B̃ remain fixed. This leads to a non-trivial transformation in terms of the original string frame indices: p_i → (D − 2 − K)p_i − K D − 2 − 2K K → −(D − 2)K D − 2 − 2K , B → (D − 2)B D − 2 − 2K . (6.66)

2/5-transformation: The 2/5 transformation is a symmetry of M-theory, whose lowenergy effective action contains the Einstein action presented in equation (6.1) with D + d + 1 = 11. Thus the higher dimensional cosmological solutions presented in equation (6.9) correspond to low-energy solutions in M-theory. When M-theory is compactified on a 3-torus it is invariant under the 2/5 symmetry which exchanges the M2-brane with the M5-brane wrapped around the 3-torus [3].

M-theory can be related to type IIA string theory with D + d = 10 by compactifying the 11th dimension on a circle, as discussed in Section 2, where the string dilaton ϕ = 3ᾱ_{10}. These compactified string theory solutions also possess T-duality (scale-factor duality). In particular, the dilaton-vacuum solutions compactified on a 2-torus (i.e. D = 8 and d = 2) are invariant under the scale-factor duality α_8 → −α_8 and α_9 → −α_9. Combined with a permutation of α_8 and α_9 this corresponds to the 2/5 M-theory transformation.

The 2/5 symmetry yields a transformation of the Kasner indices

p_8 → −p_9 , p_9 → −p_8 , (6.67)

while B and K remain invariant in the D = 8 dimensional dilaton-moduli-vacuum solution. This implies, from Eq. (6.62), K → K − 2p_8 − 2p_9 , (6.68)

in the D + d = 10 dimensional dilaton-vacuum solutions.

In terms of the original D + d + 1 = 11 dimensional Einstein vacuum solutions we therefore have

ᾱ_I → ᾱ_I + 1 3 σ̄ ∀ I < 8 , ᾱ_I → ᾱ_I − 2 3 σ̄ ∀ I ≥ 8 , (6.69)

where σ̄ = ᾱ_8+ᾱ_9+ᾱ_{10}. The transformation is performed at fixed time t in the dimensionally reduced dilaton-gravity theory, rather than at fixed time t̄ in the eleven dimensional Einstein frame, and this leads to the transformation of the Kasner indices^1 p̄_I → 3p̄_I + s̄ 3 + s̄ ∀ I < 8 , p̄_I → 3p̄_I − 2s̄ 3 + s̄

∀ I ≥ 8 (6.70)

where s̄ = p̄_8 + p̄_9 + p̄_{10}.

6.5 Cosmological solutions with form-fields

We now extend our review of higher-dimensional cosmological solutions to consider the dynamical role of the form-fields that are also present in low-energy effective actions [388,

1As a result our transformation for the Kasner indices differs from that presented in Ref. [20] but agrees with Ref. [137].

176, 94, 215, 260, 262, 259, 54, 266, 267, 327, 31, 140]. In particular, we consider an additional contribution to the D-dimensional effective action Eq. (6.43) given by ΔS = − 1 2n! ∫ d^Dx √ −g e^Φ H^2 (6.71)

where H represents an n–form field strength derived from an (n − 1)-form potential, i.e., H_{μν...} ≡ n∂_{[μ}B_{ν...]}. Here Φ represents some scalar function of the dilaton and moduli fields. The field equation for H derived from the action (6.71) is given by ∇^μ ( e^ΦH_{μν...} ) = 0 . (6.72)

When written in terms of the D-dimensional Einstein metric, this additional term in the action takes the form ΔS = − 1 2n! ∫ d^Dx √ −g̃ e^{Φ̃} H̃^2 , (6.73)

where we have employed Eqs. (6.50), (A.3) and (A.33) to obtain

Φ̃ = Φ + (D + 2n)φ D − 2 . (6.74)

In general, a tensor field strength is not compatible with a maximally symmetric spacetime. Indeed, there are only two values of n in D dimensions that are compatible with the assumption of spatial isotropy and homogeneity. These are given by n = D and n = D − 1, respectively. The connection between these cosmological solutions and solitonic p-brane solutions has been discussed previously [260, 245, 54, 267, 327, 31, 140]. The n = D case is referred to as the elementary ansatz for the field strength and the n = D − 1 solution as the solitonic ansatz. We consider both cases separately in what follows and will discuss the brane interpretation for the case D = 4 in more detail in Section 7.1.3.

6.5.1 Elementary Solutions

In the elementary (or electric) ansatz, the antisymmetric tensor potential B is assumed to be spatially homogeneous, i.e., it is assumed to be a function only of time, B = B(t). Since the field strength, H, determines the form of the energy–momentum tensor and is derived from an exterior derivative of B, this assumption is only compatible with a homogeneous and isotropic spacetime if D = n. The n-form field strength H is then proportional to the totally antisymmetric, covariantly conserved n-form ϵ. Thus, the field equation (6.72) and Bianchi identity, ∂_{[μ}H_{νρ...]} = 0, are automatically satisfied by H_{μν...} = Qe^{−Φ}ϵ_{μν...} , (6.75) where Q is an arbitrary constant. This yields H^2 = −n!Q^2e^{−2Φ} and leads to an effective exponential potential for the field Φ.

We place our present discussion within the context of the D-dimensional Einstein frame, where H̃_{μν...} = Qe^{−Φ̃}ϵ̃_{μν...}. The field strength leads to an energy-momentum tensor of the form [see equation (3.36)]

(H)T̃^ν_μ = −Q^2e^{−Φ̃} 2 δ^ν_μ (6.76) and for Φ̃ = 0 [i.e., Φ = −(D + 2n)φ/(D − 2)], this is equivalent to a cosmological constant. More generally, although the dilaton and moduli fields are minimally coupled with respect to the metric in the Einstein frame, the antisymmetric tensor field leads to an effective potential for Φ̃: V (Φ̃) =

Q^2 4 e^{−Φ̃} . (6.77)

Cosmological solutions containing scalar fields with an exponential potential energy have been widely discussed in the cosmological literature [265, 193, 69, 405, 97].

The effective Lagrangian for the homogeneous fields which follows from Eqs. (6.51) and (6.73) is therefore given by

L = ( ∏ k e^{α̃k} ) ∑ i ˙α̃^2_i − ˙α̃_i ∑ j ˙α̃_j + 1 D − 2 φ̇^2 + ∑ a α̇^2_a −

Q^2 2 e^{−Φ̃} (6.78)

after integration over the spatial variables, where a dot denotes differentiation with respect to the proper time in the D-dimensional Einstein frame.

In solving the field equations, it is helpful to introduce a shifted time variable in the D-dimensional Einstein frame: dτ̃ = dt̃ ∏ k e^{α̃k} (6.79)

This then re-scales the Lagrangian (6.78):

L̃ = ∑ i α̃^{′2}_i − α̃^′_i ∑ j α̃^′_j + 1 D − 2 φ^{′2} + ∑ a α^{′2}_a − Q^2 2 exp ( −Φ̃ + 2 ∑ k α̃_k ) . (6.80)

where a prime denotes differentiation with respect to τ̃. The equations of motion become

α̃^{′′}_i = ∑ j α̃^{′′}_j − Q^2 2 exp −Φ̃ + 2 ∑ j α̃_j (6.81)

φ^{′′} = (D − 2)Q^2 4 exp −Φ̃ + 2 ∑ j α̃_j ∂ Φ̃ ∂φ (6.82)

α^{′′}_a = Q^2 4 exp −Φ̃ + 2 ∑ j α̃_j ∂ Φ̃ ∂α_a , (6.83)

together with the constraint equation: ∑ i α̃^{′2}_i − α̃^′_i ∑ j α̃^′_j + 1 D − 2 φ^{′2} + ∑ a α^{′2}_a =

Q^2 2 exp ( −Φ̃ + 2 ∑ k α̃_k ) . (6.84)

For a linear function of the form

Φ̃ = λ_φφ + ∑ a λ_aα_a , (6.85) we can define X = Φ̃ − 2 ∑ j α̃_j = λ_φφ + ∑ a λ_aα_a − 2 ∑ j α̃_j (6.86)

so that X^{′′} = CQ^2e^{−X} (6.87)

where C = D − 2 4 λ^2_φ + 1 4 ∑ a λ^2_a − D − 1 D − 2 . (6.88)

The first integral of Eq. (6.87) yields 1 2 X^{′2} + CQ^2e^{−X} = E . (6.89)

which is the energy of a 1-D system with potential energy CQ^2e^{−X} . The character of the solution depends on the sign of C and E. Integrating again we obtain

e^X =

| | | CQ^2E | | | cosh^2 (√_| E| 2 τ̃ ) C > 0, E > 0 exp (√ 2Eτ̃ ) C = 0, E > 0 | | | CQ^2E | | | sinh^2 (√_| E| 2 τ̃ ) C < 0, E > 0 |CQ2| 2 τ̃ C < 0, E = 0 | | | CQ^2E | | | sin^2 (√_| E| 2 τ̃ ) C < 0, E < 0

. (6.90)

• For C > 0 we require E > 0 and there is a minimum allowed value of X_{min} = ln(CQ^2/E). Asymptotically, at early or late times we have X → +∞ and we recover the vacuum solutions X ∝ √ 2E|τ̃|. The form field dynamically interpolates between two vacuum solutions whose Kasner indices are related by a reflection in the line X = X_{min}.

• For C < 0 the potential is unbounded from below and there is a runaway solution where X → −∞ and the general solution approaches the E = 0 solution with X ∝ ln τ. If E < 0 there is a maximum value X_{max} = ln(CQ^2/E), but for E ≥ 0 X is unbounded from above as well as from below.

6.5.2 Solitonic solutions

An n-form field strength is dual to a (D − n)-form field strength in D dimensions. This implies that it is also possible to have a homogeneous and isotropic spacetime when D = n+1 if the field strength H is dual to the gradient of a homogeneous scalar field (see Section 3.2). This choice leads to the class of solitonic (or magnetic) cosmological form field solutions.

The field equation (6.72) is satisfied by H_{μν...} = e^{−Φ}ϵ_{λμν...}∇^λσ , (6.91) where ϵ_{λμν...} is the covariantly-conserved volume-form in the D-dimensional spacetime. In particular, the effective energy-momentum tensor for the form field is the same as that for a massless scalar field, σ, coupled to Φ, with an energy–momentum tensor given by

(H)T^ν_μ = e^{−Φ} [ ∇_μσ∇^νσ − 1 2 g^ν_μ(∇σ)^2 ] . (6.92)

Thus, a homogeneous field, σ(t), behaves as a stiff fluid in the (n+1)-dimensional spacetime with an isotropic pressure equal to the energy density ρ_{(H)} = e^{−Φ}σ̇^2/2.

The Bianchi identity, ∂_{[μ}H_{νρ...]} = 0, requires

∇_μ(e^{−Φ}∇^μσ) = 0 . (6.93)

and for a homogeneous scalar field in a D-dimensional toroidal spacetime (with a line element given in equation (6.42)), this reduces to the constraint σ̇ = P e^{Φ−} ∑ i α_i . (6.94)

where P is an arbitrary constant. Hence, we obtain H^2 = P^2n!e^{−2} ∑ i α_i .

In the D-dimensional Einstein frame we have H̃^2 = n!P^2e^{−2} ∑ i α̃i and the effective

Lagrangian for the other homogeneous fields becomes

L̃ = ∑ i α̃^{′2}_i − α̃^′_i ∑ j α̃^′_j + 1 D − 2 φ^{′2} + ∑ a α^{′2}_a − P^2 2 e^{Φ̃} (6.95)

where a prime denotes differentiation with respect to the shifted time variable τ̃, defined in equation (6.79). The equations of motion become

α̃^{′′}_i = ∑ j α̃^{′′}_j (6.96)

φ^{′′} = − (D − 2)P^2 4 e^{Φ̃} ∂Φ̃ ∂φ (6.97) α^{′′}_a = − P^2 4 e^{Φ̃} ∂Φ̃ ∂α_a , (6.98)

and the Friedmann constraint equation is given by ∑ i α̃^{′2}_i − α̃^′_i ∑ j α̃^′_j + 1 D − 2 φ^{′2} + ∑ a α^{′2}_a =

P^2 2 e^{Φ̃} . (6.99)

For a linear function Φ̃, as given in equation (6.85), we have the simple equation of motion:

Φ̃^{′′} = C̄P^2e^{Φ̃} (6.100)

with the first integral 1 2 Φ̃^{′2} + C̄P^2e^{Φ̃} = Ē (6.101) where C̄ = D − 2 4 λ^2_φ + 1 4 λ^2_a (6.102)

The solution for Φ̃ is analogous to the elementary solution presented in equation (6.90) for −X in terms of the constant C. The crucial difference, however, is that C̄ is positive definite in the solitonic case, and hence Ē must be as well. Consequently, the only physically relevant solution is

e^{−Φ̃} = C̄P 2 Ē cosh^2 √ Ē 2 τ̃ . (6.103)

We conclude from Eq. (6.103), therefore, that the solitonic form field enforces an upper bound on the coupling function Φ̃ ≤ ln(Ē/C̄P^2). This leads to a solution that interpolates between two vacuum solutions that are related by an S-duality transformation, Φ̃ → −Φ̃. Specifically, we have Φ̃ → { √ 2Ē τ̃ as τ → −∞ − √ 2Ē τ̃ as τ → +∞ . (6.104)

This generic feature proves central in our discussions of cosmological solutions including 3-form field strengths in Sections 7 and 8.

7 Four–dimensional NS–NS Cosmology

In this Section we consider in more detail the cosmological solutions to the four-dimensional NS–NS effective action (3.45) or, equivalently, (3.46). The spatially flat homogeneous models correspond to particular cases of the higher-dimensional toroidal Kasner solutions presented in Section 6. Here we extend the discussion to include spatial curvature and inhomogeneity.

Recall that the NS–NS sector is common to both the heterotic and type II string theories and is comprised of the dilaton, graviton and antisymmetric two–form potential. In this Section we also include the effects of the breathing mode of the internal space, β, in the actions (3.45) and (3.46). This degree of freedom represents a modulus field.

The field equations derived by varying the action (3.45) with respect to the massless excitations g_{μν}, B_{μν} , β and φ, respectively, are given by R_{μν} − 1 2 Rg_{μν} = 1 12 ( 3H_{μλκ}H_ν^{λκ} − 1 2 H^2g_{μν} ) + 1 2 ( g_μ^λg_ν^κ − 1 2 g_{μν}g^{λκ} ) ∇_λβ∇_κβ − 1 2 g_{μν} (∇φ)^2 + ( g_{μν}g^{λκ} − g_μ^λg_ν^κ ) ∇_λ∇_κφ = 0 (7.1) ∇_μ ( e^{−φ}H^{μνλ} ) = 0 (7.2) ∇_μ ( e^{−φ}∇^μβ ) = 0 (7.3)

22φ = −R + (∇φ)^2 +^1_2 (∇β)^2 +^1_{12}H^2 (7.4)

where H^2 ≡ H_{μνλ}H^{μνλ}. We remark that a consistent solution to these field equations is for the internal space to be static, ∇_μβ = 0.

The corresponding field equations derived from the dual action (3.46) take the form R̃_{μν} − 1 2 R̃g̃_{μν} = 1 2 ( ~∇_μφ ~∇_ν φ − 1 2 g̃_{μν} ( ~∇φ )_2) + 1 2 ( ~∇_μβ ~∇_νβ − 1 2 g̃_{μν} ( ~∇β )_2)

+ 1 2 e^{2φ} ( ~∇_μσ ~∇_νσ − 1 2 g̃_{μν} ( ~∇σ )_2)

(7.5)

~2σ + 2^~∇^μφ^~∇μσ = 0 (7.6) ~2β = 0 (7.7) ~2φ − e^{2φ ( ~}∇σ^{)2} = 0 (7.8)

in the Einstein frame (3.19).

7.1 Spatially Homogeneous and Isotropic Cosmologies

All homogeneous and isotropic external four–dimensional spacetimes can be described by the Friedmann-Robertson-Walker (FRW) metric. We write the general line element in the string frame as ds^2_4 = a^2(η) { −dη^2 + dΩ^2_κ } , (7.9)

where a(η) is the scale factor of the universe, η represents conformal time and dΩ^2_κ is the line element on a 3-space with constant curvature κ:

dΩ^2_κ = dψ^2 + ( sin √ κψ √ κ )_2 ( dθ^2 + sin^2 θdφ^2 ) (7.10)

To be compatible with a homogeneous and isotropic metric, all fields, including the pseudo– scalar axion field, must be spatially homogeneous.

7.1.1 Dilaton-moduli-vacuum solutions

The models with vanishing form fields, but time-dependent dilaton and moduli fields, are known as dilaton-moduli-vacuum solutions. In the Einstein–frame, these solutions may be interpreted as FRW cosmologies for a stiff perfect fluid, where the speed of sound equals the speed of light. The dilaton and moduli fields behave collectively as a massless, minimally coupled scalar field. The scale factor in the Einstein frame is given by [297, 94] ã = ã_∗ √ τ 1 + κτ^2

(7.11)

where ã ≡ e^{−φ/2}a, ã_∗ is a constant and we have defined a new time variable:

τ ≡ κ^{−1/2}| tan(κ^{1/2}η)| for κ > 0 |η| for κ = 0 |κ|^{−1/2}| tanh(|κ|^{1/2}η)| for κ < 0 . (7.12)

The time coordinate τ diverges at both early and late times in models which have κ ≥ 0, but τ → |κ|^{−1/2} in negatively curved models. There is a curvature singularity at η = 0 with

Figure 1: String frame scale factor, a, as a function of conformal time, η, for flat κ = 0 FRW cosmology in dilaton-vacuum solution in Eq. (7.13) with ξ_∗ = 0 (dashed-line), ξ_∗ = π (dotted line) and dilaton-axion solution in Eq. (7.20) with r = √ 3 (solid line). The (+) and (−) branches are defined in Section 9.1.

ã = 0 and the model expands away from it for η > 0 or collapses towards it for η < 0. The expanding, closed models recollapse at η = ±π/2 and there are no bouncing solutions in this frame.

The corresponding string frame scale factor and dilaton and modulus fields are given by [94] a = a_∗ √ τ^{1+√3 cos ξ∗} 1 + κτ^2

, (7.13) e^φ = e^{φ∗} τ √ 3 cos ξ∗ , (7.14) e^β = e^{β∗} τ √ 3 sin ξ∗ (7.15)

These dilaton-moduli-vacuum solutions follow straight line trajectories in the field space spanned by the dilaton, φ, and modulus, β. Such an interpretation of these solutions is important when discussing the more general cosmologies containing non–trivial NS–NS and RR form fields in the type IIB string cosmology (see Section 8.2). The integration constant ξ_∗ determines the rate of change of the effective dilaton relative to the volume of the internal dimensions. Figures 1–9 show the dilaton-vacuum solutions in flat, closed and open FRW models when stable compactification has occurred, so that the volume of the internal space is fixed, we have ξ_∗ mod π = 0.

Note that in an expanding open FRW model the (negative) spatial curvature comes to dominate the expansion. The dilaton approaches a fixed value and the solution approaches flat Minkowski vacuum in Milne coordinates at early or late times as |η| → ∞.

We will discuss the spatially flat (κ = 0) FRW models in the context of the proposed pre–big bang scenario in Section 9.

Figure 2: Dilaton, e^φ, as a function of conformal time, η, for flat κ = 0 FRW cosmology in dilaton-vacuum solution in Eq. (7.14) with ξ_∗ = 0 (dashed-line), ξ_∗ = π (dotted line) and dilaton-axion solution in Eq. (7.19) with r = √ 3 (solid line). The (+) and (−) branches are defined in Section 9.1.

Figure 3: Hubble rate in the string frame, H, as a function of proper cosmic time, t, for flat κ = 0 FRW cosmology in dilaton-vacuum solution in Eq. (7.13) with ξ_∗ = 0 (dashed-line), ξ_∗ = π (dotted line) and dilaton-axion solution in Eq. (7.20) with r = √ 3 (solid line). The (+) and (−) branches are defined in Section 9.1.

Figure 4: String frame scale factor, a, as a function of conformal time, η, for closed κ = +1 FRW cosmology in dilaton-vacuum solution in Eq. (7.13) with ξ_∗ = 0 (dashed-line), ξ_∗ = π (dotted line) and dilaton-axion solution in Eq. (7.20) with r = √ 3 (solid line).

Figure 5: Dilaton, e^φ, as a function of conformal time, η, for closed κ = +1 FRW cosmology in dilaton-vacuum solution in Eq. (7.14) with ξ_∗ = 0 (dashed-line), ξ_∗ = π (dotted line) and dilaton-axion solution in Eq. (7.19) with r = √ 3 (solid line).

Figure 6: Hubble rate in the string frame, H, as a function of proper cosmic time, t, for closed κ = +1 FRW cosmology in dilaton-vacuum solution in Eq. (7.13) with ξ_∗ = 0 (dashed-line), ξ_∗ = π (dotted line) and dilaton-axion solution in Eq. (7.20) with r = √ 3 (solid line).

Figure 7: String frame scale factor, a, as a function of conformal time, η, for open κ = −1 FRW cosmology in dilaton-vacuum solution in Eq. (7.13) with ξ_∗ = 0 (dashed-line), ξ_∗ = π (dotted line) and dilaton-axion solution in Eq. (7.20) with r = √ 3 (solid line). The (+) and (−) branches are defined in Section 9.1.

Figure 8: Dilaton, e^φ, as a function of conformal time, η, for open κ = −1 FRW cosmology in dilaton-vacuum solution in Eq. (7.14) with ξ_∗ = 0 (dashed-line), ξ_∗ = π (dotted line) and dilaton-axion solution in Eq. (7.19) with r = √ 3 (solid line). The (+) and (−) branches are defined in Section 9.1.

Figure 9: Hubble rate in the string frame, H, as a function of proper cosmic time, t, for open κ = −1 FRW cosmology in dilaton-vacuum solution in Eq. (7.13) with ξ_∗ = 0 (dashed-line), ξ_∗ = π (dotted line) and dilaton-axion solution in Eq. (7.20) with r = √ 3 (solid line). The (+) and (−) branches are defined in Section 9.1.

7.1.2 Dilaton-moduli-axion solutions

The cosmologies containing a non–trivial axion field are referred to as dilaton–moduli– axion cosmologies. These may now be generated immediately due to the global SL(2, R) symmetry of the dual action (3.46), as discussed in Section 4.2. This symmetry exists because the dilaton and axion fields parametrize the SL(2, R)/U(1) coset. In effect, we apply the SL(2, R) transformation summarized in Eqs. (4.18) and (4.19) to the dilaton– moduli–vacuum solutions presented above. This transformation generates a solution with a dynamical axion field from one where this field is trivial. The dilaton and axion fields transform under a general SL(2, R) transformation as

e^{φ̄} = c^2e^{−φ} + d^2e^φ (7.16) σ̄e^{φ̄} = ace^{−φ} + bde^φ (7.17)

where the constants {a, b, c, d} satisfy ad − bc = 1. The Einstein frame metric acts as a singlet under this transformation and the original stiff perfect fluid form of the scale factor (7.11) therefore holds in this more general case. The modulus field, β, is also invariant. The string frame metric, however, is not invariant and transforms to

ds̄^2_{string} = e^{φ̄−φ}ds^2_{string} (7.18)

Applying the SL(2, R) transformation to the dilaton–moduli–vacuum solution (7.14– 7.15) therefore yields [94]:

e^φ = e^{φ∗} 2 {( τ τ_∗ )_−r + ( τ τ_∗ )r} , (7.19)

a^2 = a^2_∗ 2(1 + κτ^2) {( τ τ_∗ )_{1−}r + ( τ τ_∗ )_{1+}r} , (7.20)

e^β = e^{β∗} τ^s , (7.21) σ = σ_∗ ± e^{−φ∗} { (τ/τ_∗)^{−r} − (τ/τ_∗)^r (τ/τ_∗)^{−r} + (τ/τ_∗)^r } , (7.22)

where the exponents are related via

r^2 + s^2 = 3 , (7.23)

and without loss of generality we may take r ≥ 0.

In all cases, the dynamics of the axion field places a lower bound on the value of the dilaton field, φ ≥ φ_∗. In doing so, the axion smoothly interpolates between two dilaton– moduli–vacuum solutions, where its dynamical influence asymptotically becomes negligible. The time–dependent axion solutions are plotted in Figures 1–10 for open, closed and flat models when the modulus field is trivial (s = 0). When the internal space is static, it is seen that the string frame scale factors for all three models each exhibit a bounce. However we still have a curvature singularity in the Einstein frame as τ → 0. In the string frame the four–dimensional metric is non-singular as τ → 0 in the particular case r = 1 [31], but the dilaton and moduli still diverge in this case leading to the breakdown of our effective action [127, 220].

Figure 10: Axion, σ, as a function of conformal time, η, for flat κ = 0 FRW cosmology in dilaton-axion solution in Eq. (7.22) with r = √ 3 (solid line).

The spatially flat solutions reduce to the power law, dilaton–moduli–vacuum solution given in Eqs. (7.14–7.13) at early and late times. When η → ±∞ the solution approaches the vacuum solution with √ 3 cos ξ_∗ = +r, while as η → 0 the solution approaches the √ 3 cos ξ_∗ = −r solution. Thus, the axion solution interpolates between two vacuum solutions related by an S-duality transformation φ → −φ. When the internal space is static the scale factor in the string frame is of the form a ∝ t^{1/√3} as η → ±∞, while as η → 0 the solution becomes a ∝ t^{−1/√3}. These two vacuum solutions are thus related by a scale factor duality that inverts the spatial volume of the universe. We shall see in Section 10 that this asymptotic approach to dilaton–moduli–vacuum solutions at early and late times leads to a particularly simple form for the semi-classical perturbation spectra that is independent of the intermediate evolution.

The solutions in the spatially curved models approach the flat solutions only near the curvature singularity, η = 0. At late times, τ → |κ|^{−1/2} in the open (κ < 0) models and the dilaton becomes frozen at a fixed value as the curvature begins to dominate the evolution. Indeed, the asymptotic form of the solution in this limit corresponds to the Milne form of flat space. This metric plays a central role in establishing the generic initial conditions for the pre–big bang scenario, as we discuss in more detail in Section 9. The closed models also become curvature dominated at late times, but in this case the scale factor diverges in a finite proper time, because τ → ∞ as η → ±π/2.

7.1.3 Brane interpretation

The overall dynamical effect of the axion field is negligible except near τ ≈ τ_∗, when it leads to a bounce in the dilaton field. Within the context of M–theory cosmology, it follows from Eq. (5.15) that the radius of the eleventh dimension is related to the dilaton by r_{11} ∝ e^{φ/3} when the modulus field is fixed. This bound on the dilaton may therefore be reinterpreted as a lower bound on the size of the eleventh dimension. In models where the modulus field is fixed, a bounce is also inevitable in the string frame scale factor. This feature may be understood more fully by drawing on the analogy between these cosmological solutions and certain solitonic p–brane solutions [266, 267, 267, 327, 31, 32, 259, 260, 245, 212, 54, 179]. (For a review of p–brane solitons, see, e.g., Ref. [122]). In particular, cosmological solutions have been derived directly from black p–branes by exchanging the time and radial coordinates of the brane in a suitable regime [31, 327, 245, 260]. This is analogous to the reinterpretation of the interior solution of the Schwarzschild black hole in terms of a cosmological model [316]. This is possible since the time coordinate becomes spacelike in such a region and the radial coordinate becomes timelike. In this sense, therefore, the interior of a black p–brane may be viewed as a cosmological solution.

It is more convenient in this discussion to employ the language of differential forms. We proceed by expressing the FRW line element (7.9) in terms of an orthonormal tetrad:

ds^2 = η_{αβ}λ^αλ^β (7.24)

where the one–forms λ^α are defined by λ^0 ≡ dt λ^1 ≡ adψ λ^2 ≡ a ( sin √ κψ √ κ ) dθ λ^3 ≡ a ( sin √ κψ √ κ ) sin θdφ (7.25)

and η_{αβ} ≡ diag[−1, 1, 1, 1].

The Poincaré dual of the three–form field strength is a one–form, defined in Eq. (3.26). This may be expressed as ∗H = 1 6 H^{μνρ}ϵ_{μνρκ}λ^κ (7.26) Modulo an exponential function of the dilaton field, this is proportional to the gradient of the pseudo–scalar axion field, σ. Defining the one–forms ω^b ≡ a^{−1}λ^b, where b = (ψ, θ, φ), the functions U ≡ 1 6 H^{abc}ϵ_{abc0} V_b ≡ 1 6 H^{μνρ}ϵ_{μνρb}a (7.27) imply that_∗ H = Udt + V_bω^b (7.28)

For consistency with the FRW metric, we had to assume that the dilaton and axion fields were dependent only on time, t. The vector field V_b is related to the spatial gradient of the axion and must therefore vanish. This implies that the time components of the field strength must necessarily vanish, H^{0ab} = 0. As a result, a necessary condition on the two– form potential in a FRW background is that it must be independent of cosmic time. Thus, all NS–NS FRW string cosmologies are solitonic, in the sense discussed in Section 6.5.

The remaining non–zero components of the form field can now be written as

H = H_{abc}λ^a ∧ λ^b ∧ λ^c (7.29)

and this simplifies to H = 6H_{ψθφ}a^3 ( sin √ κψ √ κ )_2 sin θdψ ∧ dθ ∧ dφ (7.30) However, the volume element of a three–space of constant curvature is given by ϵ ≡ ( sin √ κψ √ κ )_2 sin θdψ ∧ dθ ∧ dφ (7.31) Consequently, the Bianchi identity, dH ≡ 0, implies that the field strength of the two–form potential must be proportional to the volume form of the three–space, i.e., H = P ϵ, where P = 6H_{ψθφ}a^3 is a constant. This is precisely the type of behaviour exhibited by the NS–NS field strength in the solitonic 5–brane solution [166, 203, 31]. The constant P represents the magnetic charge of the 5–brane and in a cosmological context is related to the conjugate momentum of the pseudo–scalar axion field. Hence, the axion field may be interpreted in some sense as a membrane wrapped around the three–space of constant curvature. As the universe collapses, the membrane resists becoming squashed into a singular point and causes the universe to bounce into an expansionary phase.

This concludes our analysis on the nature of the FRW cosmologies. We now proceed to extend our discussion to include models that are spatially anisotropic.

7.2 Spatially Homogeneous Cosmology

In the FRW string models the spatial gradient of the pseudo–scalar axion field is constrained to be zero due to spatial isotropy. This condition need not necessarily be imposed in some of the spatially homogeneous and anisotropic cosmologies, however. In this class of models, the components of the three–form field strength must depend only on time to ensure that the energy momentum tensor is homogeneous.

In this Section we follow closely the notation of Barrow and Kunze [25] and place our discussion within the context of the Einstein frame metric. We assume that the dilaton field is constant on the surfaces of homogeneity, φ = φ(t). Thus, the conformal transformation (A.21) that maps a given solution from the string frame to the Einstein frame, and vice– versa, does not change the geometry of the spacetime, i.e., a given Bianchi model is mapped onto the same Bianchi type.

The four–dimensional homogeneous spacetimes are classified into two groups. These are the Bianchi metrics [44, 341, 400] and the Kantowski–Sachs models [238, 223]. The former admit a three–dimensional Lie group of isometries that acts simply transitively on the spatial hypersurfaces [400, 276]. The important features of these spacetimes are summarized in Appendix C. The Kantowski–Sachs universes are different to the Bianchi models, because the group of isometries does not act simply transitively on the homogeneous surfaces.

When discussing Bianchi string cosmologies, it is convenient to employ the orthonormal– frame formalism [205, 341]. We also express all field strengths in terms of differential forms, because this allows a more general analysis to be made. We choose an orthonormal tetrad

ds^2 = η_{αβ}λ^αλ^β (7.32)

for the spacetime metric, where η_{αβ} = diag[−1, 1, 1, 1]. The one–forms λ^α are given by [205, 341] λ^0 = dt, λ^a = e^{α(t)}b^a_b(t)ω^b (7.33) where ω^b are defined in Eq. (C.2), α is defined in Eq. (C.10) and the symmetric 3 × 3 matrices b^a_b are functions only of time, t. Comparison with Eq. (C.1) implies that the three–metric is given by h_{ab}(t) = e^{2α}δ_{cd}b^c_ab^d_b (7.34) The field equation for the three–form field strength is

d(^∗H) − 2(dφ) ∧ (^∗H) = 0 (7.35)

where^∗H is the Poincaré dual of H, defined in Eq. (3.26). Eq. (7.35) is solved by

dσ = e^{−2φ∗}H (7.36)

where σ represents the pseudo–scalar axion field. Eq. (7.36) is equivalent to Eq. (3.41).

We may express the one–form dσ as dσ = 1 6 e^{−2φ}H^{μνλ}(t)ϵ_{μνλκ}λ^κ (7.37) or equivalently, as dσ = U(t)dt + V_b(t)ω^b (7.38) where U(t) ≡ 1 6 e^{−2φ}H^{abc}ϵ_{abc0} V_b(t) = 1 6 e^{α−2φ}H^{μνλ}ϵ_{μνλa}b^a_b (7.39) The field equation (7.35) reduces to the Bianchi identity ddσ = 0 and may be directly integrated to yield the simultaneous constraints [25]

V_a = K_a (7.40) V_aC^a_{bc} = 0 (7.41)

where K_a is an arbitrary, constant spatial three–vector.

This implies that the spatial dependence of the axion field is at most linear in the spatial variables. This is still consistent with the assumption of spatial homogeneity, because only the first derivatives of the axion field arise in the energy momentum tensor, implying that this tensor is a function of cosmic time, t, only. However, the second constraint (7.41) restricts the number of non–zero components of K_a for each Bianchi type. For the spatially flat, Bianchi I model, K_a may be arbitrary since C^a_{bc} = 0 for this type. On the other hand, at least one or more of its components must vanish for the other Bianchi types.

Indeed, Eq. (7.41) implies that

ϵ^{bcd}V_aC^a_{bc} = 0 (7.42)

and substituting in Eq. (C.6) implies that [25] V_a ( 2M^{ad} + A_cϵ^{cad} ) = 0 (7.43)

where we have employed the properties summarized in (3.2). It is interesting to consider the Bianchi type IX cosmology, since this represents the anisotropic generalization of the positively curved FRW model. For the Bianchi class A, where A_b = 0, Eq. (7.43) implies that V_aM^{ad} = 0. Remarkably, this equation is identical in structure to the Jacobi identity (C.7). It implies that if V_a ≠ 0, the rank of M^{ab} can not exceed two. However, rank[M^{ab}] = 3 for the Bianchi types VIII and IX. Thus, all three components of the spatial gradient of the pseudo–scalar axion field must vanish for these Bianchi types, i.e., the only possible Bianchi type VIII and IX string cosmologies with NS–NS fields are solitonic, where the axion field is constant on the surfaces of homogeneity [27, 25]. In the type IX model, the Lie group of isometries is SO(3), corresponding to the three–dimensional rotation group. If one of the components of K_a were to be non-trivial, one direction would necessarily be selected over the others and this would break the rotational invariance of the model.

Bianchi string cosmologies have been classified by Batakis [27] and by Barrow and Kunze [25] under different assumptions. Both assume that the dilaton is a function only of cosmic time, t, but Batakis restricts the analysis to metrics that are diagonal and of the form given by Eq. (7.32), where λ^b = a_b(t)ω^b (no sum implied). Barrow and Kunze place no restriction on the form of the metric and work within the orthonormal frame given by Eqs. (7.32) and (7.33). Batakis’ classification is characterized by the orientation with respect to the surfaces of homogeneity of the dual,^∗H. Barrow and Kunze, on the other hand, assume throughout that the two–form potential is spatially homogeneous, B_{μν} = B_{μν} (t).

In effect, Barrow and Kunze consider the class of elementary, anisotropic string cosmologies. They determine the most general form of the field strength H consistent with their assumptions for all Bianchi models [25]. It is found that the strongest restrictions on the form of H arise in models with the most general geometries. The three–form can have at most three non–trivial components. The most general solutions arise for the Bianchi types III and VI_h, where the group parameter takes the specific values h = 0, −1/2, −2. These solutions contain a total of eight independent constants. This is the necessary number of independent arbitrary constants that an anisotropic NS–NS string cosmology must exhibit if the solution is to be representative of the most general inhomogeneous solution to the field equations (7.1)–(7.4).

There are three classes of diagonal Bianchi string cosmologies in the Batakis classification. These are denoted by X (↑), X (→) and X (↗), respectively, where X refers to the specific Bianchi type and the arrow denotes the orientation of^∗H with respect to the surfaces of homogeneity, Σ_t [27]. In this picture, these surfaces should be viewed as horizontal. Specific solutions have been presented for all classes in Refs. [27, 28, 29, 30]. Solutions in the X (→) class exist only for Bianchi types I, II, III, VI_0 and VII_0. Non–trivial cosmologies are only possible in the X (↗) class if the Bianchi type is III, V, or VI_h.

The solitonic (magnetic) cosmologies, where the axion field is purely time–dependent, correspond to the X (↑) class, since in this case the congruences of^∗H are orthogonal to Σ_t. These solutions may be interpreted in the Einstein frame as orthogonal stiff perfect fluid cosmologies. In general, orthogonal Bianchi models in Einstein gravity are characterised by the condition that the fluid velocity vector is orthogonal to the group orbits (surfaces of homogeneity) [230]. This is important because it implies that the problem of finding the class of orthogonal Bianchi string cosmologies can be reduced to finding the full set of orthogonal stiff perfect fluid solutions of general relativity [241]. The corresponding string cosmologies can then be generated from these seed solutions by employing the global SL(2, R) symmetry of the NS–NS action (3.46) in precisely the same manner as outlined in Section 7.1.

Suppose, for example, that the spacetime metric is known for a given Bianchi model containing an orthogonal stiff perfect fluid. When the axion field is trivial (σ = 0), the dilaton field is massless and minimally coupled to gravity. Its gradient is then related to the four–velocity u_μ of the fluid by [383]

u_μ = φ_{,μ} √ −φ_{,ν} φ^{,ν} (7.44)

where a comma denotes ordinary differentiation. The equation of motion (7.8) of the dilaton then reduces to

2φ =^1√_{−g}^{(√}−gg^{μν}φ,μ^)_{,ν} = 0. (7.45)

Since the shear matrix β_{ab} defined in Eq. (C.11) is traceless, Eq. (7.45) simplifies to

φ̈ + 3α̇φ̇ = 0 (7.46)

after substitution of Eq. (C.10). Defining a new time coordinate [30] τ ≡ ∫ t dt^′e^{−3α(t′)} (7.47)

simplifies Eq. (7.46) still further: d^2φ dτ^2 = 0 (7.48)

and Eq. (7.48) admits the general solution

φ = φ_0 + φ_1τ (7.49)

where φ_{0,1} are arbitrary constants.

After the SL(2, R) transformation has been implemented, the string cosmologies are given by Eqs. (7.16)–(7.18), where the dilaton is determined by Eq. (7.49). The definition (7.47) implies that τ is a monotonically increasing function of t, since dt > 0 if and only if dτ > 0. Thus, the early and late time behaviour of (ever–expanding) orthogonal string cosmologies may be investigated by considering the limits τ → 0 and τ → +∞, respectively. This applies to all Bianchi models with negative spatial curvature, but not necessarily to the Bianchi type IX cosmology.

The simplest homogeneous metric that admits an elementary solution is the spatially flat, Bianchi type I model. In this case, the non–trivial components of the two–form potential and the spacetime metric are all independent of the spatial coordinates. This is not generally true of the metric components for the other Bianchi types, as can be seen directly from Table 5 in Appendix C. We may therefore integrate over the spatial variables in action (3.45) to derive an effective one–dimensional action. Since the topology of a closed, Bianchi type I metric is that of a three–torus, T^3 = S^1 × S^1 × S^1, the reduced action is invariant under global O(3, 3) transformations, as discussed in Section 4.3.

Meissner and Veneziano have implicitly found the general form of the elementary Bianchi type I string cosmology by employing this symmetry of the field equations [293]. Here we briefly summarize the derivation of the solution. Without loss of generality, we may express the two-form potential and metric in the form B = ( 0 0 0 B(t) ) (7.50) G = ( −1 0 0 h(t) ) (7.51)

where B(t) and h(t) are 3 × 3 matrices. The matrix h corresponds to the three–metric on the spatial hypersurfaces. The one–dimensional action derived from Eq. (3.45) when the modulus, β, is trivial is then given by S = ∫ dte^{−ψ} [ ψ̇^2 + 1 8 Tr ( ṀηṀη )] (7.52)

where the matrix M is defined in Eq. (4.30), the matrix η is the O(3, 3) metric defined in Eq. (4.24) and ψ ≡ φ − ln √ deth (7.53)

Action (7.52) is invariant under the global O(3, 3) transformation M̄ = UMU^T, ψ̄ = ψ, where U is a constant O(3, 3) matrix satisfying Eq. (4.24).

The field equations may now be written in a manifestly O(3, 3) invariant form. Variation of the action with respect to the non–dynamical lapse function yields the Hamiltonian constraint equation ψ̇^2 + 1 8 Tr ( ṀηṀη ) = 0 (7.54)

and the field equation for ψ takes the form

ψ̇^2 − 2ψ̈ − 1 8 Tr ( ṀηṀη ) = 0 (7.55)

The field equation for the matrix M can be derived by employing the general techniques summarized in Section 4.4. It is given by ∂_t ( MηṀ ) = ψ̇ ( MηṀ ) (7.56)

Eq. (7.56) admits the first integral: e^{−ψ} ( MηṀ ) = A (7.57) where A is a constant 6 × 6 matrix that satisfies the conditions

A^T = −A, MηA + AηM = 0 (7.58)

Substituting Eq. (7.57) into Eq. (7.54) implies that

ψ̇^2 = 1 8 e^{2ψ}Tr(Aη)^2 (7.59)

and this can be readily integrated to yield the time dependence of the field ψ:

e^ψ = C t , C ≡ √ 8 Tr(Aη)^2

(7.60)

modulo a constant of proportionality.

The general solution to Eq. (7.57) is found by defining a new time variable [293] dT ≡ e^ψdt (7.61) Integration of Eq. (7.57) then implies that

M(t) = M_0e^{−AηT} (7.62)

where M_0 is a constant matrix that can be set to unity without loss of generality. Finally, substituting Eq. (7.60) into Eq. (7.61) and integrating implies that

M = exp (−CAη ln t) (7.63)

Before concluding this Section, we discuss the one remaining homogeneous cosmology – the Kantowski–Sachs universe [24]. The metric admits a four–dimensional group of motions. However, it is not part of the Bianchi classification because the G_3 of isometries does not act simply transitively on the spatial hypersurfaces Σ_t [276, 223]. Instead, G_3 acts multiply– transitively and this implies that it acts on two–dimensional surfaces of maximal symmetry. The curvature of these two–spaces is constant and can be positive, zero or negative. The latter two cases correspond to the LRS Bianchi types I and III, respectively. The positive– curvature case is the Kantowski–Sachs model. It is a closed universe with spatial topology S^1 × S^2 and reduces to the closed FRW model in the isotropic limit. Such a model was first discussed by Kompanyeets and Chernov [238]. The line element may be expressed in the form [223] ds^2 = −dt^2 + a^2_1dr^2 + a^2 [ dθ^2 + sin^2 θdψ^2 ] (7.64)

where a_i = a_i(t) are the scale factors of the universe.

Barrow and Dabrowski have found new Kantowski–Sachs solutions to the NS–NS field equations (7.1)–(7.4) for the two cases where the pseudo–scalar axion field is time–dependent and time–independent [24]. We do not reproduce their results here. As in the orthogonal Bianchi models, the axion field is equivalent to a stiff perfect fluid when the former ansatz is invoked and this solution was considered earlier by Mimoso and Wands [298]. When the axion is spatially–dependent, the two–form potential is severely restricted and consistency requires that the only non–zero component of its field strength is H_{0θψ} [24]. This implies that the two–form potential must be aligned along the two spatial directions associated with the two–sphere.

To summarize thus far, we have presented in Section 7.1 the general class of dilaton– moduli–axion FRW string cosmologies. These models play a central role in our discussions of the pre–big bang scenario in Sections 9 and 10. We have also surveyed in this subsection the classes of spatially anisotropic solutions that have been discussed in the literature to date. However, given that our understanding of the geometry of the universe near the string scale is uncertain, such an approach is necessarily incomplete. It is therefore important to consider the role played by spatial inhomogeneities in early universe string cosmology. In the remainder of this Section, we discuss techniques that prove valuable when studying inhomogeneous string cosmologies.

7.3 Inhomogeneous String Cosmology

The one–loop string equations of motion (7.1)–(7.4) for inhomogeneous backgrounds are very difficult to solve, but further progress can be made by considering models where homogeneity is broken along one spatial direction. Metrics that admit two commuting space-like Killing vectors satisfy this property and are generically referred to Einstein–Rosen, or G_2, spacetimes [129].

String models admitting an abelian group, G_2, of isometries have a number of important physical applications. The spatially homogeneous Bianchi types I–VII_h and locally rotationally symmetric (LRS) types VIII and IX admit a G_2 group of isometries [385]. These models may be naturally generalized to inhomogeneous Einstein–Rosen cosmologies [75]. Non–linear inhomogeneities in the dilaton and axion fields can be investigated and, in principle, this allows density perturbations in string–inspired inflationary models such as the pre–big bang scenario to be studied [394, 65, 285]. The propagation and collision of gravitational waves in string backgrounds may also be analyzed in terms of G_2 space–times [1, 2, 45, 134, 46, 380]. Furthermore, the collision of self–gravitating plane waves can be modelled as the time reversal of a G_2 cosmology in the vicinity of the big bang singularity [133, 187]. Finally, it has been conjectured that G_2 metrics represent a first approximation to the general solution of Einstein gravity in the vicinity of a curvature singularity [33, 34, 35, 36]. The high curvature regime is precisely the regime where stringy deviations from general relativity are expected to be significant. These models may therefore provide insight into the generic behaviour of cosmologies at very early times.

A study of Einstein–Rosen string cosmologies is therefore well motivated. For reviews of the general properties of these spacetimes, see, e.g., [75, 396, 240]. A number of G_2 string cosmologies were recently derived by employing a variety of methods [135, 26, 89, 90]. Barrow and Kunze studied an inhomogeneous generalization of the Bianchi type I string cosmology [26] and Feinstein, Lazkoz and Vazquez–Mozo derived a closed, inhomogeneous model by applying duality transformations on the LRS Bianchi type IX cosmology [135]. Clancy et al. have found inhomogeneous generalizations of the Bianchi type VI_h universe and have studied their asymptotic behaviour [90]. These latter models are interesting because the Bianchi type VI_h universe has a non–zero measure in the space of homogeneous initial data and includes the Bianchi type III as a special case. Furthermore, as we discussed in Section 7.2, the most general, elementary, homogeneous string cosmologies are the Bianchi types III and VI_h, where the group parameter h = {0, −1/2, −2} [25].

The field equations (7.1)–(7.4) reduce to a system of coupled, partial differential equations in two variables when spatial homogeneity is broken along a single direction. Unfortunately, these equations are still very complicated. On the other hand, solutions can be found due to the non–compact global symmetries of the string effective action. When the metric admits two commuting space-like Killing vectors, there exists an infinite–dimensional symmetry on the space of solutions that may be identified infinitesimally with the O(2, 2) current algebra [18, 282, 227]. This symmetry reduces to the Geroch group, corresponding to the SL(2, R) current algebra, when the dilaton and two–form potential are trivial [159, 231, 232, 233]. The global SL(2, R) S–duality of the action (3.46) is contained within this symmetry [18]. Moreover, we saw in Section 4.3 that there exists a global O(d, d) symmetry in the string equations of motion when the background admits d abelian isometries [286]. Since the inhomogeneous Einstein–Rosen models we are considering in this Section admit two commuting Killing vectors, the field equations are invariant under global O(2, 2) symmetry transformations. This T–duality is also contained within the O(2, 2) current algebra [18].

Application of both the S– and T–duality symmetries leads to new, inequivalent solutions. Consequently, an inhomogeneous G_2 string cosmology containing a non–trivial two–form potential may be generated once a dilaton–vacuum solution has been specified. We now employ these non–compact, global symmetries of the string effective action in a variety of settings and outline a number of different approaches that can be taken in deriving cosmologies of this type. The principles are similar to those of previous Sections. Our purpose here is to highlight the important features of the methods rather than restrict ourselves to a detailed analysis of specific solutions. We therefore provide a framework for future study in this topic.

We begin our discussion in the Einstein frame and assume throughout that the modulus field in Eqs. (3.45) and (3.46) is stable. The class of Einstein–Rosen metrics is defined by the block diagonal line element [75, 396]

ds^2 = h_{αβ}(x^ϵ)dx^αdx^β + γ_{ab}(x^ϵ)dx^adx^b, (7.65)

where {x^α = ξ, x}, {x^a = y, z} and ξ represents the time coordinate. The functions h_{αβ} and γ_{ab} represent the longitudinal and transverse components of the spacetime metric, respectively, and depend only on the variables ξ and x. Spatial homogeneity is therefore broken along the x–direction [75, 396]. The two commuting space-like Killing vectors are ∂/∂x^a. The abelian group, G_2, of isometries acts orthogonally–transitively and the variables x^a span the surfaces of transitivity. The local behaviour of these models is determined by the gradient B_μ ≡ ∂_μ √ detγ_{ab}. Cosmological solutions arise if B_μ is globally time-like or when B_μB^μ changes sign [385]. When B_μ is globally space-like or null, the solutions represent cylindrical or gravitational plane waves, respectively [75, 187, 380]. Since the longitudinal part of the metric is conformally flat, Eq. (7.65) can be written as

ds^2 = e^f ( −dξ^2 + dx^2 ) + γ_{ab}(ξ, x)dx^adx^b (7.66) where f = f(ξ, x).

The G_3 group of isometries for all Bianchi types I–VII_h and the LRS types VIII and IX admits an abelian subgroup G_2 [385]. These homogeneous models are therefore particular cases of G_2 cosmologies. In these cases, a coordinate system exists that allows the spacetime metric to be written in the form

ds^2 = e^{f (ξ)} ( −dξ^2 + dx^2 ) + η_{cd}(ξ)e^c_a(x)e^d_b(x)dx^adx^b (7.67)

where a, b, c, d = 1, 2 and the functional forms of the e^c_a(x) are determined by the specific Bianchi types. Inhomogeneous generalizations of these Bianchi models may therefore be considered by introducing a dependence on x in the functions f and η_{cd}.

If one of the Killing vectors is orthogonal to the surfaces of transitivity, the transverse part of the metric may be diagonalized. Without loss of generality, the metric (7.66) may then be expressed in the form

ds^2 = e^f ( −dξ^2 + dx^2 ) + ξ ( e^pdy^2 + e^{−p}dz^2 ) (7.68)

where p = p(ξ, x). From Eq. (3.19) the corresponding string–frame metric is then given by

ds^2_{string} = e^{f +φ} ( −dξ^2 + dx^2 ) + ξe^φ ( e^pdy^2 + e^{−p}dz^2 ) (7.69)

where φ is the four–dimensional dilaton field.

In the absence of the two–form potential (axion field), the Einstein–scalar field equations (7.5) and (7.8) are given by [86]

ḟ = − 1 2ξ + ξ 2 ( ṗ^2 + p^{′2} + φ̇^2 + φ^{′2} ) (7.70)

f^′ = ξ ( ṗp^′ + φ̇φ^′ ) (7.71)

p̈ + 1 ξ ṗ − p^{′′} = 0 (7.72)

φ̈ + 1 ξ φ̇ − φ^{′′} = 0 (7.73)

for the metric (7.68), where a dot and prime denote partial differentiation with respect to ξ and x, respectively, and it has been assumed that the dilaton field is independent of the transverse coordinates, x^a. The advantage of employing the coordinate system in Eq. (7.68) is that the field equations for the transverse component of the metric, p, and the dilaton, φ, are identical. Indeed, the field equations (7.70)–(7.73) are symmetric under the simultaneous interchange p ↔ φ (7.74)

Moreover, Eqs. (7.72) and (7.73) are equivalent to the cylindrically symmetric wave equation in flat space and the general solution to this equation is formally known. The Einstein scalar field equations (7.70)–(7.73) can then be solved, at least up to quadratures, by integrating Eqs. (7.70) and (7.71). Integration of Eq. (7.70) leads to an expression for f in terms of an arbitrary function f_1(z). In many cases, it turns out that Eq. (7.71) is then automatically solved if f_1(z) is taken to be a constant. The problem of solving the Einstein– scalar field equations for a diagonal G_2 background is therefore reduced to integrating Eq. (7.70). The general vacuum solution (φ = 0) to Eqs. (7.70)–(7.72) consistent with toroidal boundary conditions is known [177, 178, 86].

Once a dilaton–vacuum solution has been found, string cosmologies with a non–trivial two–form potential can be derived directly by employing the global symmetries of the model. As in the homogeneous models, one can treat either the two–form potential or the pseudo–scalar axion field as the fundamental field. For example, application of the SL(2, R) transformation (7.16)–(7.17) generates an inhomogeneous string cosmology with a non–trivial axion field. In general, the axion field in this ‘S–dual’ solution tends to a constant value in the strong and weak coupling limits of the seed solution, φ → ±∞. It is therefore dynamically negligible in these regimes. As in the isotropic models considered in Section 7.1, this implies that there exists a lower bound on the value of the string coupling for all inhomogeneous solutions generated by this symmetry transformation.

In view of this, it is important to discuss methods for solving the Einstein–scalar field equations of motion (7.70)–(7.73). A technique for generating solutions with a minimally coupled, massless scalar field from a vacuum, G_2 cosmology was developed by Barrow [23] and generalized by Wainwright, Ince and Marshman [398]. We now briefly summarize the algorithm. Suppose that

ds^2 = e^{2k} ( −dt^2 + dx^2 ) + R [ h(dy + wdz)^2 + h^{−1}dz^2 ] (7.75)

is a G_2 vacuum solution to the Einstein field equations, where {R, h, w, k} are functions of (t, x). Then R satisfies the one–dimensional wave equation

R_{tt} − R_{xx} = 0 (7.76)

where subscripts denote partial differentiation. The functions {k, h, w} can then be expressed in terms of quadrature, as discussed above.

It can then be shown that the metric

ds^2 = e^{2k+Ω} ( −dt^2 + dx^2 ) + R [ h(dy + wdz)^2 + h^{−1}dz^2 ] (7.77)

is a solution to the Einstein field equations for a minimally coupled, massless scalar field, φ, if the coupled, differential equations φ_{tt} + R_t R φ_t − φ_{xx} − R_x R φ_x = 0 (7.78)

Ω_tR_t + Ω_xR_x = 1 2 R ( φ^2_t + φ^2_x ) (7.79)

Ω_tR_x + Ω_xR_t = Rφ_xφ_t (7.80)

are simultaneously satisfied, subject to the conditions

R^2_t − R^2_x ≠ 0 φ^2_t − φ^2_x > 0 (7.81)

The transverse space is left unaltered in this procedure and the longitudinal component of the metric acquires a conformal factor. Wainwright et al. originally employed this method to derive inhomogeneous generalizations of a number of Bianchi cosmologies [398], but the cosmological interpretation of these solutions was subsequently criticized by Carmeli, Charach and Malin [75].

The global O(2, 2) symmetry of the system becomes manifest in the string frame [286]. For the purposes of the present discussion, it proves convenient to denote the components of the metric in this frame by G_{μν} = e^φg_{μν} , where g_{μν} is given by Eq. (7.66), and to express the line element in the form

ds^2_{string} = e^{f +φ} ( −dξ^2 + dx^2 ) + Γ_{ab}dx^adx^b (7.82)

where Γ_{ab} = e^φγ_{ab} is the metric on the surfaces of transitivity in the string frame. Its determinant, Γ ≡ detΓ_{ab}, determines the volume of these two–surfaces.

A subset of the O(2, 2) transformations corresponds to Buscher’s duality symmetry [70]. For each Abelian isometry, x̄^a = x^a + c (c = constant), associated with a given coordinate x^a, the field equations are invariant under the discrete transformation

Ḡ_{aa} = 1 G_{aa} , Ḡ_{aμ} = B_{aμ} G_{aa} , Ḡ_{μν} = G_{μν} − G_{aμ}G_{aν} + B_{μa}B_{aν} G_{aa} B̄_{aμ} = G^{aμ} G_{aa} , B̄_{μν} = B_{μν} − G_{aμ}B_{aν} + G_{aν}B_{μa} G_{aa} φ̄ = φ − lnG_{aa} (7.83)

where (μ, ν ≠ a). In a cosmological setting this transformation may be viewed as a scale factor duality, since the G_{aa} component of the metric is directly inverted. The off–diagonal component of the transverse part of the metric is interchanged with a component of the two–form potential. An important feature of Eq. (7.83) is that a non–trivial dilaton field and two–form potential can be generated directly from a non–diagonal, G_2 vacuum solution of general relativity.

Feinstein, Lazkoz and Vázquez–Mozo have recently outlined a method for deriving inhomogeneous string cosmologies that employs the Buscher transformation (7.83) [135]. Beginning with a diagonal, Ricci–flat, G_2 cosmology, off–diagonal terms in the metric are generated by employing inverse scattering techniques [34, 35, 196, 199, 236] or an Ehlers rotation [128]. The method of Wainwright et al. is then employed to introduce a massless, minimally coupled scalar field [398]. The scalar field and metric are identified with the dilaton and Einstein frame metric, respectively. Performing the inverse of the conformal transformation (A.21) leads to a solution in the string frame with a trivial two–form potential. Finally, a non–trivial two–form is generated by applying Buscher’s transformation (7.83) [70]. This results in a diagonal metric.

Feinstein et al. employ this algorithm to generate a closed, inhomogeneous string cosmology with S^3 topology from a LRS Bianchi type IX solution [135, 76]. However, this algorithm involves a number of non–trivial operations. Indeed, it is necessary to solve Eqs. (7.78)–(7.80) in order to generate a dilaton field. A more straightforward approach is to apply an O(2, 2) transformation directly to the seed cosmology.

To understand how the O(2, 2) symmetry may be applied in this way, it is instructive to view the inhomogeneous G_2 backgrounds as (1 + 1)–dimensional cosmologies with a two– dimensional internal space. This is valid when the surfaces of transitivity are closed and have a toroidal topology T^2 = S^1 × S^1. Thus, we may start with the four–dimensional effective action (3.45) and compactify on T^2. The dimensionally reduced action is given by the D = 2 form of Eq. (4.33) with a trivial field strength H_{μνλ} = 0, since a three–form must vanish identically in two dimensions.

Let us identify the relevant terms in Eq. (4.33). It is consistent to assume that the only non–trivial component of the two–form potential is B_{yz} = B_{yz} (ξ, x). The ‘moduli’ matrix M is then given by Eq. (4.30), where B = ( 0 B_{yz} −B_{yz} 0 ) (7.84) and G = ( Γ_{yy} Γ_{yz} Γ_{yz} Γ_{zz} ) (7.85)

For a metric of the form (7.82) the relevant O(2, 2) transformation is therefore given by

M̄ = UMU^T (7.86)

φ̄ = φ + 1 2 ln (¯ Γ/Γ ) (7.87) f̄ = f + φ − φ̄ (7.88)

where U is an arbitrary, constant O(2, 2) matrix. Eq. (7.87) follows because the effective two–dimensional dilaton field is a singlet under the O(2, 2) transformation. Eq. (7.88) follows due to the invariance of the longitudinal string frame metric.

As we saw in Section 4.3, the four real degrees of freedom {B_{yz} , Γ_{ab}} parametrize the O(2, 2)/O(2)×O(2) coset [286, 175, 294, 362, 363, 195]. However, there exists the important isomorphism O(2, 2) = SL(2, R) × SL(2, R) (7.89) and this implies that the four degrees of freedom may be arranged into two complex coordinates [112, 17]:

τ ≡ τ_1 + iτ_2 = Γ_{yz} Γ_{zz} + i √ Γ Γ_{zz} ρ ≡ ρ_1 + iρ_2 = B_{yz} + i √ Γ (7.90)

Substituting Eq. (7.90) into Eq. (4.30) implies that

M = 1 τ_2ρ_2

1 −τ_1 −τ_1ρ_1 −ρ_1 −τ_1 |τ|^2 ρ_1|τ|^2 τ_1ρ_1 −τ_1ρ_1 ρ_1|τ|^2 |τ|^2|ρ|^2 τ_1|ρ|^2 −ρ_1 τ_1ρ_1 τ_1|ρ|^2 |ρ|^2

(7.91)

The SL(2, R) subgroups of O(2, 2) are made more apparent by defining the 2 × 2 matrix S ≡ 1 τ_2 ( 1 −τ_1 −τ_1 |τ|^2 ) , detS = 1 (7.92)

It then follows that Eq. (7.91) may be written in the block form M = 1 ρ_2 ( S −ρ_1SJ ρ_1JS |ρ|^2S^{−1} ) (7.93) where J is the SL(2, R) metric defined in Eq. (4.10). We now define two constant O(2, 2) matrices [112, 17]:

Ω_ρ ≡ ( dI_2 −cJ bJ aI_2 ) (7.94)

Ω_τ ≡ ( A^T 0 0 A^{−1} ) (7.95)

where A ≡ ( d^′ −b^′ −c^′ a^′ ) (7.96) and ad − bc = a^′d^′ − b^′c^′ = 1 (7.97)

An O(2, 2) transformation of the form (7.86) is then generated by

Ω = dd^′ −dc^′ −cc^′ −cd^′ −db^′ da^′ ca^′ cb^′ −bb^′ ba^′ aa^′ ab^′ −bd^′ bc^′ ac^′ ad^′ (7.98)

The matrix (7.94) generates the SL(2, R) transformation

ρ̄ = aρ + b cρ + d , τ̄ = τ (7.99)

that leaves the complex scalar field τ invariant. The matrix (7.95), on the other hand, generates the SL(2, R) transformation

τ̄ = a^′τ + b^′ c^′τ + d^′ , ρ̄ = ρ (7.100)

that leaves ρ invariant.

Eq. (7.100) leaves the two–form potential and volume of the transverse space invariant. This SL(2, R) transformation is equivalent to a general rotation and rescaling of the coordinates of the transverse space. In general, it generates a non–diagonal component Γ_{yz} from a non–diagonal metric, but does not lead to a genuinely new solution. In this sense, it is similar to an Ehlers rotation [128]. On the other hand, it may be employed in conjunction with the other SL(2, R) transformation (7.99). In particular, it may be employed within the context of the algorithm of Feinstein et al. to generate an off–diagonal component in the metric [135].

Eq. (7.99) generates a non–trivial dilaton and two–form potential directly from a vacuum G_2 solution of general relativity. We now derive a class of inhomogeneous string cosmologies with this transformation [90]. We take as our seed solution a dilaton–vacuum cosmology of the form given by Eq. (7.69) containing a non–trivial dilaton field, but a trivial two–form potential. The volume of the transverse space is given by

Γ = ξ^2e^{2φ} (7.101)

Eqs. (7.86)–(7.88) then imply that

Γ̄ = Γ (d^2 + c^2Γ)^2

(7.102) B̄_{yz} = acΓ + bd c^2Γ + d^2

(7.103)

e^{φ̄} = e^φ d^2 + c^2Γ

(7.104)

and the dual metrics in the both the string and Einstein frames are given respectively by

ds̄^2_{string} = e^{f +φ} ( −dξ^2 + dx^2 ) + ξe^φ d^2 + c^2ξ^2e^{2φ} ( e^pdy^2 + e^{−p}dz^2 ) (7.105) and ds̄^2_{einstein} = e^f ( d^2 + c^2ξ^2e^{2φ} ) ( −dξ^2 + dx^2 ) + ξ ( e^pdy^2 + e^{−p}dz^2 ) (7.106)

The solution generated from a vacuum seed cosmology is determined by specifying φ = 0 in Eqs. (7.102)–(7.106).

In general, the transverse metric in the Einstein frame remains invariant under the transformation (7.99). The determinant of the transverse space in the string frame seed solution is given by Eq. (7.101) and determines the asymptotic form of the dual solutions. In the limit Γ → 0, corresponding to the transverse space having a vanishingly small volume, the dual metric in both the string and Einstein frames tends to its original form if d ≠ 0. Similar behaviour is exhibited by the dilaton field and the two–form potential approaches a constant value. Thus, the dual solution asymptotically tends to the original dilaton–vacuum solution in this limit. In the opposite limit Γ → ∞, where the volume of the transverse space diverges, the two–form potential tends towards a different constant value and again becomes dynamically negligible. The metric and dilaton field approach the limiting solution generated by the particular SL(2, R) transformation (7.99) where d = 0.

7.4 Mirror Images

There exists a further discrete Z_2 symmetry of the class of G_2 string cosmologies that we are considering [18]. This symmetry interchanges the scalar fields with the transverse metric degrees of freedom. It becomes manifest in the Einstein frame after dualization of the twoform potential. When the metric is given by the line element (7.65), we may integrate over the transverse variables in Eq. (3.46) to derive an effective two–dimensional action of the form S = ∫ d^2x √ −he^{−γ} [ R_2 + 1 2 (∇γ)^2 + 1 4 Tr ( ∇L∇L^{−1} ) + 1 4 Tr ( ∇N∇N^{−1} )] (7.107)

where R_2 is the Ricci curvature scalar of the (1 + 1)–dimensional manifold with metric h_{αβ}, h ≡ deth_{αβ}, γ ≡ −(ln detγ_{ab})/2 and both L and N denote symmetric, 2 × 2 matrices. The latter is parametrized as usual by the dilaton and axion fields: N ≡ ( e^φ σe^φ σe^φ e^{−φ} + σ^2e^φ ) (7.108) and the former is defined in terms of the transverse two–metric, γ_{ab}, such that γ_{ab} ≡ e^{−γ} L_{ab}. It may be expressed in the form L ≡ ( e^p ωe^p ωe^p e^{−p} + ω^2e^p ) (7.109)

Thus, the scalar functions p and ω parametrize a second SL(2, R)/U(1) coset.

This implies that the action (7.107) is invariant under the simultaneous interchange [18]:

L̄_{ab} = N_{ab}, N̄_{ab} = L_{ab} (7.110)

or equivalently:

p̄ = φ, ω̄ = σ, φ̄ = p, σ̄ = ω (7.111)

Thus, the transverse metric degrees of freedom are interchanged with the dilaton and axion fields and this leads to a new solution with a different space–time interpretation. For diagonal, dilaton–vacuum solutions, where ω = σ = 0, this transformation reduces to that given in Eq. (7.74).

It should be emphasized that Eq. (7.110) is not equivalent to the SL(2, R) or O(2, 2) transformations discussed above. In the former case, the Einstein frame metric is invariant, but this is not the case when Eq. (7.110) is applied. Furthermore, the longitudinal component of the string frame metric is a singlet under global O(2, 2) transformations, as implied by Eq. (7.88), but Eq. (7.110) leaves invariant the longitudinal component of the Einstein frame metric. Equivalence between the two transformations would therefore require the dilaton field to be invariant under Eq. (7.110). In effect, Eq. (7.110) interchanges the dilaton and axion fields with the components of the Einstein frame metric on the surfaces of orthogonality. The axion field is interchanged with the off–diagonal component, ω, in Eq. (7.109) and the dilaton field with the function p.

We now outline how Eq. (7.110) may be applied together with the SL(2, R) and O(2, 2) symmetries to derive inequivalent G_2 string cosmologies from dilaton–vacuum solutions [256]. In some sense, these new backgrounds represent the ‘mirror images’ of the former. For example, one may begin with the diagonal, dilaton–vacuum solution of the generic form given by Eq. (7.69). The axion field is related to the off–diagonal component of the transverse metric. Such a term may be generated from a diagonal metric by employing the variety of techniques cited above, including the SL(2, R) transformation (7.100). The simplest method for introducing an off–diagonal term in the metric is to perform an SL(2, R) transformation in the two–space of the Killing vectors, ∂/∂x^a:

L̄ = ΘLΘ^T , Θ ≡ ( D C B A ) , (7.112)

where AD − BC = 1 and all other variables are invariant [128, 187]. The transverse metric (7.109) then transforms to

e^{p̄} = C^2e^{−p} + D^2e^p (7.113)

ω̄ = ACe^{−p} + BDe^p C^2e^{−p} + D^2e^p

. (7.114)

Eq. (7.112) does not commute with the discrete transformation (7.110) and the two may be employed together to generate the axion field. Application of Eq. (7.111) then implies that the mirror image will correspond to a string cosmology with a non–trivial axion field and a diagonal transverse metric.

The same procedure applies when determining the mirror images of any vacuum, G_2 background of the form given in Eq. (7.68). In these cases, the new spacetime will have no preferred direction in the transverse space because p̄ = ω̄ = 0. This will correspond to a LRS, G_2 cosmology, where there exists a one–parameter isotropy group in addition to the G_2 abelian isometry group. Alternatively, one may begin with the dilaton–axion solutions generated from the global SL(2, R) transformations (4.22). The mirror solution will correspond to a non–diagonal, dilaton–vacuum solution. A new axion field may be then be excited by a further SL(2, R) transformation (4.22).

We now discuss an interesting application of this Z_2 transformation. Let us first consider the mirror image of the vacuum Bianchi type I cosmology. The general, spatially homogeneous vacuum solution with a simply transitive Lie group G_3 = ℜ^3 is the type I Kasner metric [224]:

ds^2 = −dt^2 + t^{2p1} dx^2 + t^{2p2} dy^2 + t^{2p3} dz^2, (7.115)

where

∑_3

i=1 p_i =

∑_3

i=1 p^2_i = 1 (see Section 6.1). Applying Eqs. (7.112) and Eq. (7.111) yields the LRS type I solitonic string cosmology:

ds^2 = −dt^2 + t^{2p1} dx^2 + t^{p2+p3} ( dy^2 + dz^2 ) Φ = ln [ C^2t^{p3−p2} + D^2t^{p2−p3} ]

σ = ACt^{p3−p2} + BDt^{p2−p3} C^2t^{p3−p2} + D^2t^{p2−p3}

(7.116)

and, when p_2 = (1 − √ 3)/3 and p_3 = (1 + √ 3)/3, this reduces to the general, spatially flat FRW string cosmology presented in Section 7.1 [94].

The mirror symmetry (7.110) provides a remarkably simple way of deriving this and other important string cosmologies. For example, we may consider the mirror image of a Bianchi type V solution. The Bianchi type V model represents one of the simplest homogeneous, spatially anisotropic models. It may be viewed as the anisotropic generalization of the negatively curved FRW universe and reduces to it in the isotropic limit [276, 341]. The one–forms for this model are given in Table 5.

A vacuum solution (R_{μν} = 0) was found by Joseph [213]:

ds^2 = sinh 2t ( −dt^2 + dx^2 + e^{−2x} [ (tanht) √ 3 dy^2 + (tanht)^− √ 3 dz^2 ]) (7.117)

and we may derive the mirror image of this vacuum universe by applying the transformations (7.112) and (7.110). It is given by [256]

ds^2 = sinh 2t [ −dt^2 + dx^2 + e^{−2x} ( dy^2 + dz^2 )] φ = ln [ C^2 (tanht)^− √ 3 + D^2 (tanht) √ 3 ]

σ = AC (tanht)^− √ 3 + BD (tanht) √ 3 C^2 (tanht)^− √ 3 + D^2 (tanht) √ 3 . (7.118)

It can be shown after an appropriate redefinition of the variables that Eq. (7.118) corresponds precisely to the general form of the negatively curved FRW string cosmology that we discussed in Section 7.1 [94, 256]. This highlights the important point that the mirror image has a different spacetime interpretation to that of the seed solution. In particular, an anisotropic cosmology is mapped onto a spatially isotropic cosmology by the transformation.

7.5 Tilted String Cosmology

We conclude this Section by applying the techniques discussed above to derive a class of models that exhibit some interesting properties. We begin our discussion with the Bianchi type VI_h vacuum cosmology found by Ellis and MacCallum [132]:

ds^2 = sinh 2t [ A^b ( −dt^2 + dx^2 ) + Ae^{2(1+b)x}dy^2 + A^{−1}e^{2(1−b)x}dz^2 ] , (7.119)

where A ≡ (sinh 2t)^b (tanht) √ 3+b2 (7.120)

and b^2 ≡ −1/h. This reduces to the Joseph type V solution (7.117) when b = 0 [213]. The mirror image of the Ellis–MacCallum type VI_h cosmology is given immediately by

ds^2 = sinh 2t [ A^b ( −dt^2 + dx^2 ) + e^{2x} ( dy^2 + dz^2 )] , (7.121)

where the dilaton and axion fields are given by the right hand sides of Eqs. (7.113) and (7.114), respectively, with

e^p = (sinh 2t)^b (tanht) √ 3+b2 e2bx. (7.122)

A calculation of the structure constants of the isometry group of Eq. (7.121) implies that it is a Bianchi type V cosmology. As in the above examples, the geometry of the two spacetimes is different. Moreover, the metric exhibits a one–parameter isotropy group, since the transverse space is isotropic, and this implies that Eq. (7.121) corresponds to a LRS type V cosmology. However, the interesting feature of the solution (7.121)–(7.122) is that the dilaton field has a direct dependence on one of the spatial variables. Consequently, it is not constant on the surfaces of homogeneity, Σ_t, and the solution is therefore not contained within the class of models discussed in Section 7.2.

We have discussed previously how dilaton–axion solutions may be interpreted in the Einstein frame as stiff perfect fluid models. When the axion field is trivial, for example, spatial homogeneity implies that the energy–momentum tensor of the dilaton field can depend only on time. In particular, its energy density must be constant on Σ_t. However, this does not necessarily imply that the dilaton field itself should be constant on these surfaces. If it is, then the fluid flow is orthogonal to Σ_t. If, on the other hand, the dilaton is not constant on these surfaces and exhibits an appropriate spatial dependence, the fluid flow will not be orthogonal to Σ_t. In this case, the model is said to be tilted [230]. A tilted model is spatially homogeneous as seen by an observer with a world line orthogonal to Σ_t, but appears inhomogeneous to an observer comoving with the fluid [91].

The solution (7.121) may therefore be interpreted as a tilted LRS Bianchi type V string cosmology. A more general tilted type V string cosmology that does not exhibit local rotational symmetry may be generated from the duality symmetries of Section 7.3 [89]. A tilted type V stiff perfect fluid solution to Einstein gravity was found by Maartens and Nel [275], and discussed further by Wainwright et al. [398]. The metric is given by

ds^2_e = e^f ( −dt^2 + dx^2 ) + e^{−2x} sinh 2t ( e^pdy^2 + e^{−p}dz^2 ) (7.123)

where the longitudinal and transverse components of the metric have the form f = 1 2 ( m^2 + α^2 + β^2 − 1 ) ln sinh 2t + αβ tanh t (7.124)

p = m ln tanh t (7.125)

respectively, and the constants {α, β, m} satisfy the constraint

β^2 − α^2 + m^2 = 3 (7.126)

The fluid four–vector is given by Eq. (7.44), where the scalar quantity, φ, has the form

φ = −2αx + α ln sinh 2t + β ln tanh t (7.127)

The metric (7.123) and scalar (7.127) may be interpreted in our context as the Einstein frame metric and dilaton field, respectively. The fluid flow is not orthogonal to the group orbits if α ≠ 0 and the cosmology is in general tilted. It is orthogonal when α = 0 and reduces to the Joseph vacuum solution (7.117) when α = β = 0.

We have written the solution (7.123)–(7.127) in such a way that the G_2 group of abelian isometries is manifest. We may therefore generate a new solution from this seed by application of the global O(2, 2) symmetry (7.86)–(7.88). We consider the SL(2, R) transformation (7.99). The dual metrics in the string– and Einstein frames are

ds̄^2_s = e^{f +φ} ( −dt^2 + dx^2 ) + Γ^{1/2} d^2 + c^2Γ ( e^pdy^2 + e^{−p}dz^2 ) (7.128) and ds̄^2_e = e^f ( d^2 + c^2Γ ) ( −dt^2 + dx^2 ) + Γ^{1/2}e^{−φ} ( e^pdy^2 + e^{−p}dz^2 ) , (7.129)

respectively, where Γ = e^{2φ−4x} sinh^2 2t (7.130)

and f and φ are given by Eqs. (7.124) and (7.127). The two–form potential and dilaton field are given by Eqs. (7.103) and (7.104).

In general, the dual solution (7.129) does not preserve the one–forms of the Bianchi type V metric. Two of the one–forms are left invariant, but the third, given by dx, can not be multiplied by a function of x if the spacetime is to remain homogeneous. Since the longitudinal component of the metric (7.129) is x–dependent, homogeneity is broken along this direction and the solution therefore represents an inhomogeneous G_2 cosmology. In the limit where Γ → 0, however, the original homogeneous solution is recovered for d ≠ 0.

On the other hand, the determinant Γ is independent of the spatial coordinates when α = −1. In this case, we have Γ = tanh^{2β}t and the Einstein–frame metric is of the Bianchi type V. The model is tilted because the dilaton has a linear dependence on the spatial variable x. This implies that the string–frame metric (7.128) is inhomogeneous, because the longitudinal component of this metric acquires a spatial dependence from the dilaton field.

The late–time behaviour of the string cosmology (7.128) is particularly interesting. In the limit that t → +∞, Γ → 1. This implies that the two–form potential asymptotically tends to a constant value and the dilaton tends to its original form, modulo an arbitrary constant shift in its value. We may specify d^2 + c^2Γ = 1 without loss of generality and the original seed solution (7.123) is therefore recovered in this limit.

It is instructive to define a new coordinate pair: u ≡ 1 2 e^{2(t−x)} v ≡ 1 8 e^{2(t+x)} The line element (7.123) then tends to the Rosen form of a plane wave [187]: ds^2_e = −dudv + u ( dx^2 + dy^2 ) (7.131)

after a trivial rescaling of the transverse coordinates and the dilaton field becomes null:

φ = φ_0 − ln u (7.132)

where φ_0 is a constant.

The dilaton field (7.132) and metric (7.131) are independent of the variable v and the solution admits a covariantly constant, null Killing vector field, l^μ, such that l_μl^μ = ∇_μl_ν = 0. Since the gradient of the dilaton field is proportional to l_μ, the one–loop β–function equations reduce to the single constraint R_{uu} = (∂_μφ)^2 /2 when expressed in terms of the Einstein–frame variables. It can be verified by direct substitution that this constraint is identically satisfied. Thus, the asymptotic form of the tilted solution in the late–time limit is itself an exact solution to the one–loop β–function equations.

Moreover, all higher–order terms in the σ–model perturbation theory are second–rank tensors constructed from powers of the Riemann tensor, the gradient of the dilaton field, the metric, the three–form field strength and their covariant derivatives [186, 322]. It can be shown by applying a geometrical argument due to Horowitz and Steif [202] that a plane–wave background of the form (7.132) and (7.131) acquires no α^′–corrections because the Riemann tensor is orthogonal to l^μ and ∇^μ on all its indices and because ∇_μφ is proportional to l_μ. Consequently, the asymptotic solution (7.132) and (7.131) represents an exact solution to the classical string equations of motion to all orders in the inverse string tension.

8 Type IIB Cosmology with Ramond–Ramond Fields

The symmetries of the type II string theories have a number of important applications in cosmology. In particular, they may be employed to investigate the effects of RR fields on the classical dynamics of the universe and the generation of primordial density perturbations. In Section 5.3 we discussed how the equations of motion of N = 2, D = 10 type IIB supergravity are symmetric under global SL(2, R) transformations [356, 206]. These relate the strong– and weak–coupling regimes of the theory and interchange the NS–NS and RR charges.

Moreover, type IIA and IIB supergravity theories are equivalent after toroidal compactification. Compactification of the low-energy effective type IIB action on a six–torus results in N = 8 supergravity, which may also be derived by toroidally compactifying N = 1, D = 11 supergravity on a seven–torus [104, 108]. This theory contains seventy scalar and pseudo–scalar fields that parametrize the E_{7(7)}/[SU(8)/Z_2] coset and the field equations are invariant under the global action of the group E_{7(7)} [108]. The discrete subgroup E_{7(7)}(Z) is the conjectured U–duality of the type II superstring and contains the T–duality group O(6, 6; Z) and S–duality group SL(2, Z) [207].

One of the main purposes of the present Section is to consider the cosmology of the four– dimensional action (3.56). This action was derived by compactifying the ten–dimensional theory (3.55) on an isotropic six torus under the assumption that all fields are independent of the internal coordinates. The vector fields arising from the metric components and the moduli originating from the compactification of the form fields were neglected. In effect, we reduced each form field to a single degree of freedom.

This action may be viewed as a truncated sector of the D = 4, N = 8 supergravity theory. The motivation for considering such an action is that it maintains enough simplicity that exact solutions to the field equations can be found analytically and analyzed in detail, but is sufficiently general that all the non-trivial interactions between the NS–NS and RR form fields on the external four–dimensional spacetime are preserved.

We draw together much of the material discussed in previous Sections. Our approach in establishing the generic features of cosmologies of the type IIB theory is to employ the global symmetries exhibited by the field equations. This represents an extension of the method employed in Section 7.1 to derive the general solitonic FRW string cosmologies with a non–trivial NS–NS axion field. The symmetries of the field equations derived from action (3.56) become manifest in the Einstein frame after the three–form field strengths have been dualised to one–forms. The dual action is given by Eq. (3.71). We show that the five scalar and pseudo–scalar ‘axion’ fields parametrize the SL(3, R)/SO(3) coset and this action therefore exhibits a non–compact, global SL(3, R) symmetry. The global SL(2, R) symmetry of the D = 10 supergravity action is preserved in four dimensions as a subgroup of this SL(3, R) symmetry. A discrete Z_2 symmetry can also be identified as a subgroup of the full O(6,6;Z) T–duality, which leads to a further SL(2, R) symmetry that may be viewed as a ‘mirror’ image of the original SL(2, R) symmetry. The SL(3, R) symmetry corresponds to a subgroup of the (continuous) U–duality group E_{7(7)} of N = 8 supergravity. Consequently, the concepts of U–duality may be applied in a cosmological setting.

8.1 Global Symmetries

8.1.1 SL(3,R) symmetry

The effective action (3.71) can be expressed as a four–dimensional, non–linear sigma–model in the form given by Eq. (4.3). We write it here as

S_{4∗} = ∫ d^4x √ −g [ R − γ_{ij}(ϕ)∇ϕ^i∇ϕ^j ] , (8.1) where the scalar fields ϕ^i = (φ, β, χ, σ_1, σ_2), (i, j) = (1, 2, . . ., 5) may be viewed as coordinates on the target space with metric

ds^2_{target} = 1 2 dφ^2 + 1 2 dβ^2 + 1 2 e^{2φ} (dσ_1 − χdσ_2)^2 + 1 2 e^φ [ e √ 3βdχ^2 + e^− √ 3βdσ^2 ] . (8.2)

Eq. (8.2) is formally identical to the target space considered by Gal’tsov, Garcia and Kechkin within the context of five–dimensional Kaluza–Klein theory admitting two commuting Killing vectors [146]. Maison first showed that this target space represents the SL(3, R)/SO(3) coset corresponding to a homogeneous symmetric Riemannian space, where the group SL(3, R) acts transitively [288]. It can be shown by employing the Gauss decomposition of the general SL(3, R) matrix that the action (3.71) may be written in the form [146] S_{4∗} = ∫ d^4x √ −g [ R + 1 4 Tr [ ∇U∇U^{−1} ]] , (8.3)

where U ≡ e^{φ+β/} √ 3 1 χ σ_1 − χσ_2 χ χ^2 + e^{−φ−√3β} χ(σ_1 − χσ_2) − σ_2e^{−φ−√3β} σ_1 − χσ_2 χ(σ_1 − χσ_2) − σ_2e^{−φ−√3β} (σ_1 − χσ_2)^2 + σ^2 e^{−φ−√3β} + e^{−2φ} (8.4) is a symmetric SL(3, R) matrix.

We may conclude, therefore, that the dual action (3.71) is invariant under global SL(3, R) transformations. These correspond to U–duality transformations because they relate the modulus field that arises from the toroidal compactification with the four-dimensional string coupling (dilaton field). We now consider the relevant SL(2, R) subgroups that prove useful in generating cosmological solutions with non–trivial RR and NS–NS fields.

8.1.2 SL(2,R)_χ symmetry

The effective four–dimensional action (3.71) still exhibits the global SL(2, R) symmetry of the full ten–dimensional action manifest in Eq. (3.55) [283, 340]. This becomes apparent by defining new scalar fields: 1 2 Φ ≡ u ≡ 1 2 φ + √ 3 2 β (8.5) v ≡ √ 3 2 φ − 1 2 β. (8.6)

The action given in Eq. (3.71) then takes the form

S_{4∗} = ∫ d^4x √ −g [ R − 1 2 (∇u)^2 − 1 2 e^{2u} (∇χ)^2 − 1 2 (∇v)^2 − 1 2 e √ 3v ( e^{−u}(∇σ_2)^2 + e^u(χ∇σ_2 − ∇σ_1)^2 )] . (8.7)

The SL(3, R) matrix U given in Eq. (8.4) can be written as U = ( e^{v/√3}M −e^{v/√3}Mσ −e^{v/√3}σ^T M e^{−2v/√3} + e^{v/√3}σ^T Mσ ) , (8.8) where the symmetric 2 × 2 matrix M is given in Eq. (5.26), and we have defined the vector σ ≡ ( −σ_1 σ_2 ) . (8.9)

This implies that Eq. (8.3) may be written as

S_{4∗} = ∫ d^4x √ −g [ R + 1 4 Tr [ ∇M∇M^{−1} ] − 1 2 (∇v)^2 − 1 2 e √ 3v∇σ^T M∇σ ] . (8.10)

The action remains invariant under the sub-group

Ū = Σ̃_χUΣ̃_χ , (8.11)

where Σ̃_χ = ( Σ 0 0 1 ) (8.12) and Σ ≡ ( D C B A ) , AD − BC = 1. (8.13) This corresponds to the SL(2, R) transformation

M̄ = ΣMΣ^T , ḡ_{μν} = g_{μν} , σ̄ = ( Σ^T )_{−1} σ, v̄ = v. (8.14)

The transformation (8.14) acts non–linearly on the scalar fields u and χ:

e^ū = C^2e^{−u} + (D + Cχ)^2e^u (8.15) χ̄e^ū = ACe^{−u} + (B + Aχ)(D + Cχ)e^u (8.16)

and the pseudo–scalar axion fields transform as

σ̄_1 = Aσ_1 + Bσ_2 (8.17) σ̄_2 = Cσ_1 + Dσ_2. (8.18)

When C = −B = −1 and A = D = 0, Eq. (8.14) interchanges the two axion fields, σ_i, and inverts the ten–dimensional string coupling ḡ_s = exp(Φ̄) = g^{−1}_s = exp(−Φ) that is defined in terms of the ten–dimensional dilaton, Φ = 2u. Thus, the strongly–coupled regime of the theory is mapped onto the weakly–coupled one, and vice–versa. The effective four–dimensional dilaton field (3.49) transforms as φ̄ = −φ/2 + √ 3v/4. We refer to this as the SL(2, R)_χ symmetry. It is the SL(2, R) symmetry of the ten– dimensional theory written in terms of the four–dimensional variables [283, 340]. The field v determines the conformal factor

Ω^2 = e^{Φ/4−φ} = e √ 3(β− √ 3φ)/4 (8.19)

that relates the four–dimensional Einstein metric to the corresponding part of the ten– dimensional Einstein metric (5.24). The invariance of both v and the four–dimensional metric g_{μν} implies that the corresponding components, ĝ_{μν} = e^{√3v/2}g_{μν}, of the ten–dimensional

Einstein metric are also invariant. The radius of the internal space in the ten–dimensional Einstein frame is e^{−v/√3} and the complete ten–dimensional Einstein metric (5.24) is therefore invariant, as in Eq. (5.29).

Finally, we note that although a general SL(2, R) matrix of the form given in Eq. (5.30) has three independent real parameters, there is a two-dimensional sub-group,

Σ_0 ≡ ( A^{−1} 0 B A ) , (8.20)

which leaves the Lagrangian (3.71) invariant term by term. These transformations correspond either to a constant shift or rescaling of the axion fields, such that the three fourvectors, e^{−φ}K_μ, e^{(−φ+√3β)/2}(J_μ+χK_μ) and e^{(−φ−√3β)/2}(L_μ−σ_2K_μ) remain invariant. Thus the only non-trivial transformation is the “boost”

Σ_1 ≡ ( cosh θ sinh θ sinh θ cosh θ ) , (8.21)

which introduces at most one new parameter θ.

We can employ the SL(2, R)_χ symmetry of the action to generate new four-dimensional solutions of the field equations. For example, in Section 8.2.1 we derive the homogeneous cosmological solutions with non-trivial χ field by applying the transformation given in Eq. (8.14) to the homogeneous dilaton-moduli-vacuum solutions discussed in Section 7.1.

8.1.3 Z_2 and SL(2,R)_{σ2} symmetry

The importance of the dual action (3.71) is that a further SL(2, R) symmetry may be uncovered. The NS–NS sector of the reduced action (3.56) is invariant under the ‘T– duality’ transformation β̄ = −β, corresponding to an inversion of the internal space. This Z_2 symmetry can be extended to the RR sector of the theory and the dual action (3.71) is symmetric under the discrete transformation β̄ = −β, χ̄ = σ_2, σ̄_2 = χ, σ̄_1 = −σ_1 + χσ_2, (8.22)

where the four–dimensional dilaton, φ, and four–dimensional Einstein frame metric remain invariant. Note, however, that because the volume of the internal space changes, the ten– dimensional Einstein frame metric (related to the four–dimensional Einstein frame metric by the conformal factor given in Eq. (8.19)) is not invariant under this transformation. In terms of the conserved axion currents, defined in Eqs. (3.75), (3.76) and (3.83), the reflection symmetry (8.22) corresponds to β̄ = −β, K̄_μ = −K_μ, J̄_μ = L_μ, L̄_μ = J_μ. (8.23)

This reflection symmetry implies the existence of an alternative SL(2, R) symmetry in the dual action which can be obtained from a combination of the SL(2, R)_χ transformation given in Eq. (8.14) plus the reflection symmetry in Eq. (8.22). Analogously to Eqs. (8.5) and (8.6), but with β → −β, we introduce the new scalar fields: w ≡ 1 2 φ − √ 3 2 β (8.24) x ≡ √ 3 2 φ + 1 2 β. (8.25)

The dual effective action, Eq. (3.71), then takes the form

S_{4∗} = ∫ d^4x √ −g [ R − 1 2 (∇w)^2 − 1 2 e^{2w} (∇σ_2)^2 − 1 2 (∇x)^2 − 1 2 e √ 3x ( e^w (∇σ_1 − χ∇σ_2)^2 + e^{−w} (∇χ)^2 )] . (8.26)

Defining the symmetric 2 × 2 matrix: P ≡ ( e^w σ_2e^w σ_2e^w e^{−w} + σ^2 e^w ) (8.27)

and the vector: τ ≡ ( σ_1 − χσ_2 χ ) (8.28)

allows us to express this action as

S_{4∗} = ∫ d^4x √ −g [ R + 1 4 Tr [ ∇P ∇P^{−1} ] − 1 2 (∇x)^2 − 1 2 e √ 3x∇τ^T P ∇τ ] . (8.29)

This is manifestly invariant under the SL(2, R) transformation

P̄ = Σ^′P Σ^{′T} , ḡ_{μν} = g_{μν} , τ̄ = ( Σ^{′T} )_{−1} τ x̄ = x (8.30)

and this implies that

e^{w̄} = C^{′2}e^{−w} + (D^′ + C^′σ_2)^2e^w (8.31) σ̄_2e^{w̄} = (B^′ + A^′σ_2)(D^′ + C^′σ_2)e^w + A^′C^′e^{−w} (8.32) χ̄ = −C^′(σ_1 − σ_2χ) + D^′χ (8.33) σ̄_1 − χ̄σ̄_2 = A^′(σ_1 − σ_2χ) − B^′χ. (8.34)

We refer to this as the SL(2, R)_{σ2} symmetry of the action. It should be emphasised that this is not the ten–dimensional SL(2, R)_χ symmetry recast in terms of the four–dimensional action. The SL(2, R)_{σ2} transformation mixes the σ_2 axion field with w. This latter field is not the ten–dimensional dilaton, because it includes an additional contribution from the modulus field, β. Thus, the radius of the internal dimensions transforms non-trivially and the ten–dimensional Einstein metric is not invariant under (8.30).

Comparison of Eq. (8.5) with Eq. (8.24) and Eq. (8.6) with Eq. (8.25) implies that the discrete transformation β ↔ −β is equivalent to u ↔ w and v ↔ x. Moreover, Eqs. (5.26) and (8.27) imply that the reflection symmetry (8.22) is equivalent to M ↔ P . Thus, the SL(2, R)_{σ2} symmetry transformation is formally equivalent to the Z_2 transformation (8.22), followed by the SL(2, R)_χ transformation (8.14), followed by another Z_2 transformation (8.22).

It should be emphasized that neither of the symmetries (8.14) or (8.30) coincide with the SL(2, R) symmetry (7.16)–(7.17) of the NS–NS sector alone. The latter mixes the four– dimensional dilaton and the NS-NS axion [374, 364]. This symmetry is broken due to the interaction of the RR fields.

8.2 Cosmological Models

8.2.1 Cosmology with a Single RR Field

We now discuss the cosmology of RR fields. The field equations with a single NS–NS or RR form–field can be directly integrated to yield simple analytic expressions [94, 95, 266, 267, 262, 259, 98]. Solutions with more than one form–field have also been found where the system reduces to an integrable Toda model [266, 267, 262, 259, 215, 99, 100]. Including the interactions between the NS–NS and RR form–fields on the external space leads in general to a more complicated system. However, it is still integrable due to the symmetries between the fields. The solutions presented in this subsection generalize those previously obtained by a single SL(2, R) transformation acting on the NS–NS sector solutions discussed in Section 7.1 [327].

The equations of motion for the five scalar fields in the action (3.71) are given by Eqs. (3.69)–(3.70) and by Eqs. (3.72)–(3.74). We consider the FRW models with arbitrary spatial curvature defined by the line element (7.9). For consistency we require the pseudo–scalar axion fields to be spatially independent and the cosmologies must therefore be solitonic. The field equations then reduce to

φ^{′′} + 2 ã^′ ã φ^′ = 1 2 e √ 3β+φχ′2 + 1 2 e^− √ 3β+φσ′2 2 +e^{2φ}(σ^′_1 − χσ^′_2)^2 (8.35)

β^{′′} + 2 ã^′ ã β^′ = √ 3 2 e √ 3β+φχ′2 − √ 3 2 e^− √ 3β+φσ′2 2 (8.36) χ^{′′} + ( 2 ã^′ ã + √ 3β^′ + φ^′ ) χ^′ = −e^− √ 3β+φσ′ 2(σ^′_1 − χσ^′_2) (8.37)

σ^{′′}_2 + ( 2 ã^′ ã − √ 3β^′ + φ^′ ) σ^′_2 = e √ 3β+φχ′(σ′ 1 − χσ^′_2) (8.38)

(σ^′_1 − χσ^′_2)^′ + 2 ( ã^′ ã + φ^′ ) (σ^′_1 − χσ^′_2) = 0 (8.39)

together with the Friedmann constraint 12 [( ã^′ ã )_2 + κ ] = φ^{′2} + β^{′2} + e √ 3β+φχ′2 +e^− √ 3β+φσ′2 2 + e^{2φ}(σ^′_1 − χσ^′_2)^2, (8.40)

where ã ≡ ae^{−φ/2} and a represent the cosmological scale factors in the Einstein and string frames, respectively, and a prime denotes differentiation with respect to η.

The general FRW dilaton–moduli–vacuum solution (with vanishing RR fields and NS- NS three–form field strength) was presented in Eqs. (7.13–7.15). The general FRW solution containing a single excited RR form field can be generated from this solution by applying the SL(2, R) transformations in Eq. (8.14) or Eq. (8.30) [94, 95, 266, 267, 262, 259, 98]. We obtain

a^{2n} = a^{2n}_∗ 2 [ (τ/τ_∗)^{n(1+√3 cos ξ1)} + (τ/τ_∗)^{n(1−√3 cos ξ2)} (1 + κτ^2)^n ] (8.41) ψ 1/n 1/m ξ_1 ξ_2 χ 1/2 √ 3/2 ξ_∗ (2π/3) − ξ_∗ σ_2 1/2 − √ 3/2 ξ_∗ −(2π/3) − ξ_∗ σ_1 1 0 ξ_∗ −ξ_∗

Table 3: Parameters in the cosmological solutions of Eqs. (8.41–8.43) for different choices of the ψ field in Eq. (8.44).

e^φ = e^{φ∗} 2^{1/n} [ (τ/τ_∗)^n √ 3 cos ξ1 + (τ/τ ∗)^{−n} √ 3 cos ξ2 ]_1/n (8.42)

e^β = e^{β∗} 2^{1/m} [ (τ/τ_∗)^m √ 3 sin ξ1 + (τ/τ ∗)^{−m} √ 3 sin ξ2 ]_1/m (8.43)

ψ = ψ_∗ + K^{−1} [ (τ/τ_∗)^{n√3 cos ξ1} − (τ/τ_∗)^{−n√3 cos ξ2} (τ/τ_∗)^{n√3 cos ξ1} + (τ/τ_∗)^{−n√3 cos ξ2} ] , (8.44)

where the time parameter τ is defined in Eq. (7.12), K = ±e^{(φ∗/n)+(β∗/m)} and the field ψ represents the field χ or σ_2, depending up on which of these fields is excited. These solutions interpolate between two asymptotic regimes where the form–fields vanish and the trajectories in (φ, β) space become straight lines [94]. If the asymptotic trajectory comes in at an initial angle ξ_1 to the φ axis, it leaves at an angle ξ_2. The values of the parameters n, m, ξ_1 and ξ_2 for different choices of form–field are given in Table (3). Note that for each form–field there is a characteristic angle θ such that 1/n = cos θ, 1/m = sin θ and ξ_2 = 2θ − ξ_1.

The general solution with non-trivial χ and constant σ_i (i.e., vanishing three–form field strengths H^{(i)}) is obtained by applying the SL(2, R) transformation (8.14). The transformed fields ū and χ̄ have the form

e^ū = |2C(D + Cχ)| cosh (u + Δ) , (8.45)

χ̄ = χ_∗ ± 1 |2C(D + Cχ)| tanh (u + Δ) , (8.46)

where e^Δ ≡ |(D +Cχ)/C|. The introduction of a non–constant χ̄ field places a lower bound on ū, and hence the ten–dimensional dilaton field, Φ = 2u. A typical solution with χ^′ ≠ 0 is shown in Fig. 11. The RR field interpolates between two asymptotic vacuum solutions where χ^′ → 0. Trajectories that come in from infinity (u → ∞) at an angle ξ_1 = ξ_∗, where −π/6 ≤ ξ_∗ ≤ 5π/6, are then reflected in the line u = u_∗ = (φ_∗ + √ 3β_∗)/2 and emerge at an angle ξ_2 = (2π/3) − ξ_∗.

The mirror image of the χ^′ ≠ 0 solution under the reflection symmetry Eq. (8.22) is a solution with σ^′_2 ≠ 0 and χ^′ = 0. Because the T-duality, Eq. (8.22), leaves the four– dimensional dilaton, φ, as well as the four–dimensional Einstein frame metric invariant, we find that the evolution of both φ, and thus the original string frame metric, is the same for a single excited RR field regardless of whether it is χ or σ_2 that is excited.

The solution with σ^′_2 ≠ 0, can also be generated by applying the transformation (8.30) to the dilaton–moduli–vacuum solutions in Eqs. (7.13–7.15). This transformation leaves

Figure 11: Trajectories in (φ, β) field–space for the dilaton–moduli–vacuum solution (solid line) with ξ_∗ = π/9. The dashed, dot–dashed and dotted lines represent the three single form–field solution with ψ = χ, σ_2 and σ_1, respectively, obtained by the appropriate SL(2, R) transformation of the dilaton–moduli–vacuum solution.

χ^′ = 0 but leads to σ^′_1 = χσ^′_2 and, consequently, to H^{(1)} = 0 and H^{(2)} ≠ 0. Note that σ_1 is only constant when χ = 0. There is a lower bound on the field w, and the generic behaviour of φ and β for this solution is plotted in Fig. 11. The RR form–field again leads to a solution that interpolates between two asymptotic vacuum solutions, where σ^′_2 → 0. Trajectories that come from infinity (w → ∞) at an angle ξ_1 = ξ_∗, where −5π/6 ≤ ξ_∗ ≤ π/6, are reflected in the line w = w_∗ = (φ_∗ − √ 3β_∗)/2, and emerge at an angle ξ_2 = −(2π/3) − ξ_∗.

For completeness we note that Eqs. (8.41–8.44) also represent a solution with ψ = σ_1 (see Table 3) which is the general ‘dilaton–moduli–axion’ solution presented in Eqs. (7.19)- (7.22). For χ = 0 this corresponds to vanishing RR field strengths and an excited NS–NS three-form field strength, H^{(1)}. Note that for χ ≠ 0 (but constant) this corresponds to a particular solution with non-vanishing RR three-form field strength H^{(2)} = −χH^{(1)} [see Eqs. (3.66) and (3.67)]. The typical evolution of the fields φ and β is shown in Fig. 11. The presence of a non-vanishing σ^′_1 enforces a lower bound on the value of the four–dimensional dilaton, φ ≥ φ_∗. Trajectories that come from infinity (φ → ∞) at an angle ξ_1 = ξ_∗, where −π/2 ≤ ξ_∗ ≤ π/2, are reflected in the line φ = φ_∗ back out at an angle ξ_2 = −ξ_∗. No trajectories can reach φ → −∞ unless σ^′_1 = 0 [94].

8.2.2 Cosmology with Two RR Fields

We now consider solutions where two of the form–fields are non-vanishing but the third is zero. The field equations (8.35–8.39) imply that the only consistent solution of this type arises when H^{(1)} = 0. From Eq. (3.66), σ^′_1 = χσ^′_2 and this allows σ_1 to be eliminated. Eqs. (8.37) and (8.38) may be integrated directly to yield ã^2e^{φ+√3β}χ^′ = L and ã^2e^{φ−√3β}σ^′_2 = J, where J and L are arbitrary constants. Defining a new time parameter T ≡ ∫ η dη^′/ã^2 ∝ ln |τ| and new variables q_± ≡ φ ± (β/ √ 3) implies that the field equations for the dilaton and moduli may be expressed as

q̈_− = J^2e^{q+−2q−} (8.47) q̈_+ = L^2e^{q−−2q+} (8.48)

and the Friedmann constraint (8.40) gives 1 8 (q̇_+ + q̇_−)^2 + 3 8 (q̇_+ − q̇_−)^2 + V =

3a^4_∗ 2 , (8.49)

where a dot denotes d/dT and the potential V ≡ 1 2 ( J^2e^{q+−2q−} + L^2e^{q−−2q+} ) (8.50)

Equations (8.47–8.49) correspond to those of the SU(3) Toda system [239]. This has recently been studied in similar models by a number of authors [266, 267, 262, 259, 215]. The general solution is of the form [215] e^{q−} = 3∑ i=1 A_ie^{−λiT} , e^{q+} = 3∑ i=1 B_ie^{λiT} , (8.51)

where ∑ i λ_i = 0, so that λ_{min} < 0 and λ_{max} > 0. This gives the asymptotic solution for φ and β as T → −∞: e^φ ∼ e^{−(λmax−λmin)T/2} , e^β ∼ e √ 3(λmax+λmin)T/2, (8.52)

while as T → +∞ we have e^φ ∼ e^{(λmax−λmin)T/2} , e^β ∼ e √ 3(λmax+λmin)T/2. (8.53)

As in the single form-field solutions discussed above, the asymptotic solutions correspond to straight lines in the (φ, β) plane (see Fig. 12). We see that trajectories that come from infinity (φ → ∞) at an angle ξ_∗ are reflected back out at an angle −ξ_∗. This is exactly the qualitative behaviour of the NS–NS dilaton–moduli–axion solution (7.19)–(7.22). However, the range of allowed asymptotic trajectories is more restricted than in the pure NS–NS case. The potential in the constraint Eq. (8.49) is bounded from above and we therefore require that the value of the modulus field is also bounded such that |β| ≤ φ/ √ 3 asymptotically. Thus, the asymptotic solutions are restricted to the range −π/6 ≤ ξ_∗ ≤ π/6, where V ≤ 3a^4_∗/2.

8.2.3 Cosmology with Three RR Fields

The general FRW solutions to the type IIB string action presented in Eq. (3.71) can in principle be generated from the dilaton–moduli–vacuum solutions (7.13–7.14) by a general SL(3, R) transformation. This is equivalent to the three (non–commuting) SL(2, R) transformations SL(2, R)_χ × SL(2, R)_{σ2} × SL(2, R)_χ. Such a sequence of transformations yields a solution that is analytically very complicated. The generic feature of the solution is that it exhibits a sequence of bounces between asymptotic vacuum states. A typical trajectory

Figure 12: Trajectories in (φ, β) field–space for a typical solution with two RR form–fields with H^{(1)} = 0 (dashed line) and a solution with all form–fields non–trivial (solid line). The two solutions are related by an SL(2, R) transformation.

Figure 13: The three axion fields σ_1 (solid line), σ_2 (dashed line) and χ (dot–dashed line) against ln τ for the solution shown in Fig. 2 with all form–fields non–trivial.

is shown in Figs. 12 and 13. We find that the time–dependence of the fields χ and σ_2 induces lower bounds on the variables u and w, respectively, as seen in the single form–field solutions. In the general solution this results in a lower bound on φ = u + w.

The general type IIB cosmology contains a non-vanishing NS–NS form–field, but can always be obtained from a Toda system with H^{(1)} = 0 by a single SL(2, R) transformation (8.14). The asymptotic behaviour of φ and β is invariant under this transformation. This follows since u → ∞ asymptotically for all solutions in the Toda system^2 and, from Eq. (8.45), we obtain ū → u in the general solution. We also have v̄ = v and thus φ and β are invariant in this limit. Thus, trajectories in (φ, β) field-space come in at an angle ξ_∗ and leave at an angle −ξ_∗, where −π/6 ≤ ξ_∗ ≤ π/6.

8.2.4 Anisotropic RR Cosmology

The symmetry transformations described in Section 8.1 may be employed to generate solutions with non–trivial NS–NS and RR form fields from any given solution to the dilaton– moduli–vacuum field equations [99, 100]. We now extend the analysis to the spatially homogeneous but anisotropic Bianchi universes discussed in Appendix C. A Lagrangian for the Bianchi class A models may be derived from the dual action (3.71) by integrating over the spatial variables. If we assume that all scalar fields are homogeneous on the spatial hypersurfaces (the solitonic ansatz), it follows that the reduced action is given in the Einstein frame by S_{4∗} = ∫ dT [L_g + L_m] , (8.54)

where

L_g ≡ −6 ˙α̃^2 + 6β̇^2_+ + 6β̇^2_− +^{(3)}R(α̃, β_±) , (8.55) L_m ≡ 1 2 φ̇^2 + 1 2 β̇^2 + 1 2 e √ 3β+φχ̇2 + 1 2 e^− √ 3β+φσ̇2 2 + 1 2 e^{2φ} (σ̇_1 − χσ̇_2)^2 , (8.56)

represent the gravitational and matter Lagrangians, respectively, a dot denotes differentiation with respect to the time coordinate [382] (cf. Eq. (7.47)), T ≡ ∫ dt̃ e^{−3α̃} = ∫ dt e^{−3α+φ} , (8.57)

the scalar curvature of the three–surfaces,^{(3)}R, is given by Eq. (C.12) with A_b = 0 and α̃ ≡ α − φ/2, where α is defined in Eq. (C.10).

It follows, therefore, that the action for each specific Bianchi type is uniquely determined once the functional form of the three–curvature has been specified. The advantage of employing the time variable (8.57) is that the gravitational and matter sectors of the action (3.71) are effectively decoupled from one another. This implies that the vacuum solutions (χ̇ = σ̇_i = 0) for the dilaton and moduli fields are given linearly by

φ = φ_∗ + (√ 2E cos ξ_∗ ) T , (8.58)

β = β_∗ + (√ 2E sin ξ_∗ ) T , (8.59)

2An exceptional case is when u → u∗ asymptotically, where u∗ is a constant. In this case ū →constant, though not necessarily u∗, but the qualitative behaviour is the same.

for all Bianchi types, where E is an arbitrary positive constant of integration which represents the kinetic energy associated with Lagrangian L_m. Consequently, these solutions correspond to straight-line trajectories in the (φ, β) field space. This is important because it implies the field trajectories illustrated in Figs. (11)–(13) for the isotropic FRW solutions also apply directly to the homogeneous Bianchi class A cosmologies with RR fields.

PART III

9 Pre-Big Bang Cosmology

In this and the following Section we address what is perhaps the first attempt to develop a new cosmological scenario based on the underlying string symmetries that we have discussed in this review. It was pioneered by Veneziano and Gasperini [393, 155] and has led to a huge and expanding wealth of literature (for a regularly maintained update see [411]). A radically new scenario has emerged to describe the very early universe in which we can effectively talk about a period before the big bang. For this reason such a scenario has been called pre-big bang cosmology [393, 155].

The field equations derived from the string effective action admit inflationary solutions that are driven by the kinetic energy associated with the massless fields rather than any interaction potential. A crucial test of inflationary models of this sort is the spectra of perturbations that they predict, as these can be measured today. Conventional ‘slow-roll’ inflationary models produce fluctuations in both the gravitational wave background and the quasi-massless inflaton field (which drives the period of inflation). In general, it is difficult to produce anything other than an almost scale-invariant spectrum of adiabatic density perturbations since the inflaton field hardly evolves during the inflationary era. (For a review see, e.g., Refs. [253, 254]).

In contrast, there are many massless fields present in the pre–big bang scenario, each producing their own spectrum of perturbations. The dilaton, graviton and moduli fields yield a blue spectrum that is strongly tilted towards higher frequencies [56]. On the other hand, the axion fields that are present may have significantly different spectral slopes due to their explicit couplings to the dilaton and moduli fields [93, 98]. These can be consistent with the current constraints derived from observations of large–scale structure and microwave background anisotropies. Although this is a promising feature, a number of new problems also appear in this scenario, most notably the graceful exit problem [64]. There are also concerns about the specific initial conditions required for sufficient inflation to proceed [389, 87, 216, 285, 65, 394, 67]. We address these problems in the remainder of this Section, after we have discussed the basics concepts behind the pre–big bang cosmology.

9.1 Dilaton–Vacuum solutions

In order to keep our discussion as straightforward as possible whilst retaining the essential physics of the problem, we will concentrate on the four–dimensional, NS-NS string effective action given in Eq. (3.45). This includes the four-dimensional dilaton field, φ, the pseudoscalar axion field, σ, and a modulus field, β. The axion field represents the degrees of freedom of the antisymmetric three-form field strength and the modulus field represents the scale of the internal space. We assume that the universe is adequately described by a standard, spatially flat FRW metric with scale factor a(t). Integrating over the spatial variables in Eq. (3.45) then yields a reduced action: S = ∫ dte^{3α−φ} [ 6α̇φ̇ − 6α̇^2 − φ̇^2 + 1 2 β̇^2 + 1 2 e^{2φ}σ̇^2 ] (9.1) where α ≡ ln a. Defining the shifted dilaton [393, 388, 127]

ϕ̄ ≡ φ − 3α . (9.2)

implies that the reduced action simplifies further to S = ∫ dte^{−ϕ̄} [ 3α̇^2 − ˙ϕ̄^2 + 1 2 β̇^2 + 1 2 e^{2φ}σ̇^2 ] (9.3)

The field equations derived from Eq. (9.3) are symmetric under time reversal, t → −t. However, Veneziano [393] also noted that the action is invariant under the discrete Z_2 transformation α → −α and ϕ̄ → ϕ̄ when the axion field is trivial, σ̇ = 0. Together, these discrete symmetries correspond to the transformation a(t) → 1/a(−t), φ(t) → φ(−t) − 6ln(a(−t)), (9.4) and form the motivation behind the pre–big bang scenario.

Equation (9.4) is an example of the scale factor duality discussed earlier in the review in Section 5.1. Applying the duality transformation (9.4) simultaneously with time reversal implies that the Hubble expansion parameter H ≡ d(ln a)/dt remains invariant, H(−t) → H(t), whilst its first derivative changes sign, Ḣ(−t) → −Ḣ(t). A decelerating, post–big bang solution – characterized by ȧ > 0, ä < 0 and Ḣ < 0 – is therefore mapped onto a pre–big bang phase of inflationary expansion, since ä/a = Ḣ + H^2 > 0. The Hubble radius H^{−1} decreases with increasing time and the expansion is therefore super-inflationary.

Thus, the pre-big bang cosmology is one that has a period of super-inflation driven simply by the kinetic energy of the dilaton and moduli fields. This is related by duality to the usual FRW post–big bang phase. The two branches are separated by a curvature singularity, however, and it is not clear how the transition between the pre– and post–big bang phases might proceed. This is the graceful exit problem of the pre–big bang scenario [64].

To be more precise, we now consider the dilaton-moduli-vacuum solutions of Section 7.1 within a pre–big bang context. In these solutions, a single modulus field β describes the evolution of the internal space and the axion field is held constant. The solution for a flat (κ = 0) FRW universe is included in the general FRW solutions given in Eqs. (7.13–7.15) and corresponds to the well–known monotonic power-law, or ‘rolling radii’, solutions^3 [303]. This class of models represents a particular case of the generalized Kasner backgrounds (6.44)–(6.49) discussed in Section 6. The solution is given in terms of proper time in the string frame by e^φ = e^{φ∗} | | | | t t_∗ | | | | 2 cos ξ∗/( √ 3+cos ξ∗)

, (9.5) a = a_∗ | | | | t t_∗ | | | | (1+ √ 3 cos ξ∗)/(3+ √ 3 cos ξ∗)

, (9.6) e^β = e^{β∗} | | | t t_∗ | | |^{2 sin} ξ∗/( √ 3+cos ξ∗)

, (9.7)

3We do not consider here the trivial flat spacetime solution φ^′ = β^′ = a^′ = 0.

and is shown in figures 1–3 for cos ξ_∗ = ±1. For cos ξ_∗ < −1/ √ 3 there is accelerated expansion, i.e., inflation, in the string frame for η < 0 and e^φ → 0 as t → −∞, corresponding to the weak coupling regime. The expansion is an example of ‘pole–law’ inflation [326]. We note that Levin and Freese [250, 247, 248, 249] have also discussed inflationary solutions based primarily on the kinetic energy of a massless Brans–Dicke type field in a modified gravitational theory.

We see that these solutions have semi-infinite proper lifetimes. Those starting from a singularity at t = 0 for t ≥ 0 are denoted as the (–) branch in Ref. [64], while those which approach a singularity at t = 0 for t ≤ 0 are referred to as the (+) branch (see figures 1–3). Our choice of origin for the time coordinate is arbitrary. A more fundamental definition of the (+/−) branches may be given by considering the evolution of the shifted dilaton (9.2): ϕ̄ = e^{φ∗} a^3_∗ | | | | t_∗ t | | | | . (9.8)

Its time derivative is always positive on the (+) branch (or t < 0) and always negative on the (−) branch (or t > 0). These (+/−) branches do not refer to the choice of sign for cos ξ_∗. On either the (+) or (−) branches of the dilaton-moduli-vacuum cosmologies we have a oneparameter family of solutions corresponding to the choice of ξ_∗, which determines whether e^φ goes to zero or infinity as t → 0. These solutions become singular as the conformally invariant time parameter η ≡ ∫ dt/a(t) → 0 (as illustrated by the divergence of the Hubble rate in figure 3) and there is no way of naively connecting the two branches based simply on these solutions [64].

As we have seen a number of times in this review, it often proves useful to consider the cosmic dynamics in the Einstein frame, where the dilaton field is minimally coupled to gravity. The Einstein frame is related to the string frame metric by the conformal transformation given in Eq. (6.50), where D = 4. Under such a transformation, the scale factor in the Einstein frame, given in Eq. (7.11), becomes

ã = ã_∗ | | | | t̃ t̃_∗ | | | | 1/3 . (9.9)

In terms of conformal time, η, we have t → ±∞ and t̃ → ±∞ as η → ±∞. In the Einstein frame, as η → 0 on the (+) branch, the universe is collapsing with ã → 0, and the comoving Hubble length |d(ln ã)/dη|^{−1} = 2|η| decreases with time. Thus, in both frames there is inflation taking place [156] in the sense that a given comoving scale, which starts arbitrarily far within the Hubble radius in either conformal frame as η → −∞, inevitably becomes larger than the Hubble radius in that frame as η → 0. The significance of this is that it means that perturbations can be produced in the dilaton, graviton and other matter fields on scales much larger than the present Hubble radius from quantum fluctuations in flat spacetime at earlier times – this is a vital property of any inflationary scenario.

For completeness, it is worth reminding the reader that these solutions can be extended to include a time-dependent axion field, σ(t), by exploiting the SL(2, R) S-duality invariance of the four–dimensional, NS-NS action [94]. This was discussed in Section 7.1.

9.2 Initial Conditions

An intriguing (and to some disturbing) consequence emerges from the above discussion. Since both Ḣ and φ̇ are positive in the pre–big bang phase, the initial values for these parameters must be very small. This raises a number of important issues concerning fine– tuning in the pre–big bang scenario [389, 87, 216, 285, 65, 394, 67]. There needs to be enough inflation in a homogeneous patch in order to solve the horizon and flatness problems which means that the dilaton driven inflation must survive for a sufficiently long period of time. This is not as trivial as it may appear, however, since the period of inflation is limited by a number of factors. In this subsection, we review the criticisms that have been levelled at the initial conditions of the pre–big bang cosmology. We assume for simplicity that the moduli fields are trivial.

The fundamental postulate of the scenario is that the initial data for inflation lies well within the perturbative regime of string theory, where the curvature and coupling are very small [155]. Inflation then proceeds for sufficiently homogeneous initial conditions [394, 65], where time derivatives are dominant with respect to spatial gradients, and the universe evolves into a high curvature and strongly–coupled regime. Thus, the pre–big bang initial state should correspond to a cold, empty and flat vacuum state. The initial universe would have been huge relative to the quantum scale and hence should have been well described by classical solutions to the string effective action. This should be compared to the initial state which describes the standard hot big bang, namely a dense, hot, and highly curved region of spacetime. This is quite a contrast and a primary goal of pre–big bang cosmology must be to develop a mechanism for smoothly connecting these two regions, since we believe that the standard big bang model provides a very good representation of the current evolution of the universe.

At the present epoch, our observable universe appears very nearly homogeneous on sufficiently large scales. In the standard, hot big bang model, it corresponded to a region at the Planck time that was 10^{30} times larger than the horizon size, l_{Pl}. This may be viewed as an initial condition in the big bang model or as a final condition for inflation. It implies that the comoving Hubble radius, 1/(aH), must decrease during inflation by a factor of at least 10^{30} if the horizon problem is to be solved. For a power law expansion, this implies that | | | | η_f η_i | | | | ≤ 10^{−30} (9.10)

where subscripts i and f denote values at the onset and end of inflation, respectively.

In the pre–big bang scenario, Eq. (7.14) implies that the dilaton grows as e^φ ∝ |η|^{−√3}. At the start of the post–big bang epoch, the string coupling, g_s = e^{φ/2}, should be of order unity. Thus, the bound (9.10) implies that the initial value of the string coupling is strongly constrained, g_{s,i} ≤ 10^{−26}. Turner and Weinberg interpret this constraint as a severe fine– tuning problem in the scenario, because inflation in the string frame can be delayed by the effects of spatial curvature [389]. It was shown by Clancy, Lidsey and Tavakol that the bounds are further tightened when spatial anisotropy is introduced [87]. Indeed, the combined effects of anisotropy and spatial curvature can prevent pre–big bang inflation from occurring, in contrast to the negatively curved FRW model, where the late–time attractor corresponds to a dilaton–dominated expansion [87].

Moreover, the dynamics of the NS–NS axion field also places a lower bound on the allowed range of values that the string coupling may take, as we saw in Section 7.1 [94, 95]. A similar effect due to RR axion fields was discussed in Ref. [136]. It should be noted, however, that this restriction may be relaxed if inflation also proceeds during the ‘string’ phase that follows directly from the dilaton–driven era once higher–order and loop corrections have become important. This possibility was discussed by Maggiore and Sturani [281].

In the standard inflationary scenario, where the expansion is quasi–exponential, the Hubble radius is approximately constant and a ∝ (−η)^{−1}. Thus, the homogeneous region grows by a factor of |η_i/η_f | as inflation proceeds. During a pre–big bang epoch, however, a ∝ (−η)^{−1/1+√3} and the increase in the size of a homogeneous region is reduced by a factor of at least 10^{30√3/(1+√3)} ≈ 10^{19} relative to that of the standard inflation scenario. This implies that the initial size of the homogeneous region should exceed 10^{19} in string units if pre–big bang inflation is to be successful in solving the problems of the big bang model [393, 154, 216]. The occurrence of such a large number was cited by Kaloper, Linde and Bousso as a serious problem of the pre–big bang scenario, because it implies that the universe must already have been large and smooth by the time inflation began [216].

On the other hand, Gasperini has recently emphasized that the initial homogeneous region of the pre–big bang universe is not larger than the horizon even though it is large relative to the string/Planck scale [148]. Indeed, during pre–big bang inflation, the Hubble radius decreases linearly with respect to cosmic time and it follows that H^{−1}_i /H^{−1}_f = |η_i/η_f |^{√3/(1+√3)}. Consequently, when Eq. (9.10) is saturated one may verify that successful inflation is possible if the size of the homogeneous region at the onset of inflation is given by the horizon size at that time. The question that then arises when discussing the naturalness, or otherwise, of the above initial conditions is what is the basic unit of length that should be employed [148]. At present, this question has not been addressed in detail.

One way of studying the question of naturalness is to ask whether there exists an “attractor” whose basin of attraction (i.e. the set of initial conditions which evolve to this state) has a large or full measure in the space of all possible initial data. In its fullness, this is an impossible question to address because we still lack a definitive non–perturbative formulation of string theory. Furthermore, the nature of the generic attractor is not known even at the reduced level of the effective actions because the resulting field equations are non–linear partial differential equations. The crucial point here is to establish those attractors that have the largest basins and are therefore the most ‘natural’ when further restrictions are imposed.

The qualitative behaviour of pre–big bang cosmology in the asymptotic past before the onset of inflation has been addressed in a series of papers [394, 65, 87, 285, 88]. Veneziano and collaborators conjectured that pre–big bang inflation generically evolves out of an initial state that approaches the Milne universe in the semi–infinite past, t → −∞ [394, 65]. The Milne universe may be mapped onto the future (or past) light cone of the origin of Minkowski spacetime and therefore corresponds to a non–standard representation of the string perturbative vacuum. It is flat spacetime expressed in an expanding frame:

ds^2 = −dt^2 + t^2 ( dx^2 + e^{−2x}(dy^2 + dz^2) ) . (9.11)

The proposal was that the Milne background represents an early time attractor, with a large measure in the space of initial data. If so, this would provide strong justification for the postulate that inflation begins in the weak coupling and curvature regimes and would render the pre-big bang assumptions regarding the initial states as ‘natural’.

Clancy et al. took a critical look at this conjecture and argued that the Milne universe is an unlikely past attractor for the pre–big bang scenario [88]. They suggested that plane wave backgrounds represent a more generic initial state for the universe [87]. In particular, they considered the class of orthogonal Bianchi B models. This has a non–zero measure in the space of homogeneous initial data (see Appendix C). The asymptotic states of the Bianchi type III and V universes are isomorphic to the Milne universe. However, these models represent a set of measure zero and a homogeneous plane wave background is the attractor for this class of models with a full measure of initial states [198]. Indeed, we discussed one such plane wave in Section 7.4 within the context of a tilted Bianchi type V cosmology [89]. Recently, Kunze has applied previous asymptotic analyses [79, 80] to investigate initial conditions of inhomogeneous G_2 cosmologies [243].

Buonanno, Damour and Veneziano have subsequently proposed that the initial state of the pre–big bang universe should correspond to an ensemble of gravitational and dilatonic waves [67]. They refer to this as the state of ‘asymptotic past triviality’. When viewed in the Einstein frame these waves undergo collapse when certain conditions are satisfied. In the string frame, these gravitationally unstable areas expand into homogeneous regions on large scales.

To conclude this Section, it is clear that the question of initial conditions in the pre– big bang scenario is currently unresolved. Nevertheless, in our view, it is premature to rule out the scenario purely on the subjective grounds of naturalness. Indeed, one of the important features of the scenario is that the pre-big bang era may have left behind unique observational signatures that could be detectable today on large scales. As is the case for any cosmological model, it must be the observations that decide whether it provides a viable description for the evolution of the early universe. We defer a detailed discussion of the observational consequences of the pre–big bang model until the next Section and proceed by first addressing a further unresolved problem for the scenario.

9.3 Graceful Exit in string cosmology

Throughout this article we have attempted to explain how duality symmetries of string theory can lead to a new class of cosmological scenarios. The pre-big bang solutions of Eqs. (9.5–9.7) provide a particularly interesting case [393, 155], where the universe starts very near the cold, empty and flat perturbative vacuum. However, we also know that standard cosmology assumes that the early universe was in a hot, dense, and highly curved state. Thus, if we want to make phenomenological sense of the initial conditions associated with the pre–big bang, we have to explain how they would evolve naturally into those of the standard scenario at some later time, smoothing out the big bang singularity. It is to this key question that we now turn our attention. A number of authors have addressed the thorny issue of the graceful exit transition from the dilaton-driven kinetic inflation phase to the subsequent standard radiation dominated evolution [61, 62, 153, 268, 334, 158, 110, 284, 68, 244, 255, 152].

In [64] it was argued, that such a transition cannot occur while the curvature was below the string scale and the string coupling was still weak, leading to the conclusion that an intermediate “string phase” of high curvature or strong coupling is required [57]. This nogo result was later extended to a wide range of low energy actions [219, 127, 220]. The situation is not promising when we first look at the tree level equations of motion. The very low curvature and coupling that describes the early evolution, means that the low-energy, tree-level string effective action provides a good start for our understanding of the dynamics. The field equations indicate that the string perturbative vacuum, with vanishing coupling constant g_s = e^{φ/2} = 0, is unstable to small perturbations in the metric and dilaton. These perturbations lead to an accelerated growth in the curvature and coupling [393, 155], which are unbounded, leading to a singularity in the curvature and/or the coupling being reached in a finite amount of cosmic time, for any realistic choice of the (local) dilaton potential. To avoid such a singularity, we must turn our attention to the impact that higher-order corrections can have on the effective action [64, 219, 220, 127].

In string theory, such corrections come in two flavours, being controlled by two independent expansion parameters. One is the field-dependent (and thus in principle space-time-dependent) coupling g_s, which controls the importance of string-loop corrections. They represent the quantum corrections associated with the classical string action. The other parameter, α^′, controls the importance of finite-string-size corrections, which are small if fields vary little over a string-length distance g_s = √ α^′. When this second expansion parameter is small, then the higher-derivative corrections to the action can be neglected and string theory can be described as an effective quantum field theory.

We generally expect that both string loop corrections and α^′ corrections will be important as we approach the high curvature regime. This has been investigated by a number of authors [11, 335, 235, 334, 158, 160], and arises because the inclusion of loops is accompanied by the appearance of higher-derivative terms in the effective action, which in turn requires the simultaneous inclusion of higher orders in α^′ for consistency [11].

One possible exception arises if the initial value of the string coupling is sufficiently small. It is then quite possible that the universe reaches the high-curvature regime while the coupling is still weak. In this case, higher-derivative (α^′) corrections become important, but the loop corrections remain negligible. We will see, however, that in general the string corrections are a vital component of any realistic attempt to modify the high curvature singularity.

In this Section we will review a number of attempts to obtain a graceful exit in the context of string cosmology. One of the most significant advances was made in [152], where the authors considered the modification of the curvature singularity due simply to “stringy” α^′ corrections, but at lowest order in g_s. They showed that there existed fixed point solutions to the equations of motion, where a cosmological background evolving from the perturbative vacuum could be attracted into a state of constant curvature and linearly evolving dilaton, i.e., of constant H and φ̇ (in the string frame). In particular, they considered a very special class of Bianchi type I metrics given by

ds^2 = −dt^2 + n∑ i=1 e^{2Hit}dx^idx^i, φ(t) = ct + φ_0 (9.12)

and parameterized by the (n + 1) constants c and H_i.

In this scenario, the shifted dilaton ϕ̄ satisfies ˙ϕ̄ ≡ φ̇ − nH < 0 in n isotropic spatial dimensions. This is a necessary condition for the starting point of a standard cosmology, where the background can be subsequently attracted by an appropriate potential to a state with expanding metric (H > 0) and frozen dilaton (φ̇ = 0). Of course, since the dilaton keeps growing after the transition to the string phase, the effects of loops, of a non-perturbative dilaton potential, and of the back-reaction from particle production, must eventually become important, and as we shall see, they will play an essential role in the second transition from the string phase to the usual hot big bang scenario.

Nevertheless, in [152], the authors showed that the case of constant curvature and linear dilaton led to a system of (n + 1) algebraic equations in (n + 1) unknowns (n Hubble constants and φ̇). Providing an example to first order in α^′ (i.e. four derivatives), they determined the fixed points, and showed, by numerical integration, that any isotropic prebig bang background necessarily evolves smoothly towards the regular fixed points, thus avoiding the singularity. Out of these solutions, one in particular is of interest, namely the case where ˙ϕ̄ ≠ 0. String-phase solutions with ˙ϕ̄ < 0 then play the role of late-time attractors for solutions coming from pre-big bang initial conditions. An example of this behaviour was provided by Gasperini et al. [152]. To first–order in α^′, the simplest effective action in the string frame that reproduces the massless bosonic sector of the tree-level string S-matrix can be written in the form [296]: S = 1 16πα^{′(n−1)/2} ∫ d^{n+1}x √ |g|e^{−φ} [ R + (∇φ)^2 + kα^′ 4 R^2_{μναβ} ] , (9.13)

where k = 1, 1/2 for the bosonic and heterotic string, respectively. (We have assumed the torsion background is trivial). A convenient field redefinition that eliminates terms with higher than second derivatives from the effective equations is achieved by replacing the square of the Riemann tensor with the Gauss–Bonnet invariant R^2_{GB} ≡ R^2_{μναβ} − 4R^2_{μν} + R^2 [410], at the price of introducing dilaton-dependent α^′ corrections. The field redefinition g̃_{μν} = g_{μν} + 4kα^′ [ R_{μν} − ∂_μφ∂_νφ + g_{μν} (∇φ)^2 ] φ̃ = φ − kα^′ [ R + (2n − 3)(∇φ)^2 ] , (9.14)

truncated to first order in α^′, produces (dropping the tilde over the redefined fields): S = 1 16πα^{′(n−1)/2} ∫ d^{n+1}x √ |g|e^{−φ} [ R + (∇φ)^2 + kα^′ 4 ( R^2_{GB} − (∇φ)^4 )] . (9.15)

Specializing to the Bianchi type I background, and to the case in which the spatial sections are the product of two isotropic, Ricci–flat manifolds, restricts the analysis to a metric of the form g_{00} = −1, g_{ij} = δ_{ij}e^{β(t)}, g_{ab} = δ_{ab}e^{γ(t)} (9.16)

where (i, j) = (1, . . ., n) and (a, b) = (n + 1, . . ., n + N). The cosmological field equations then yield constant curvature solutions in the isotropic case N = 0 [152]. By specifying φ̇ = x = const and β̇ = y = const Gasperini et al. found real solutions for all 1 ≤ n ≤ 9. In particular, for n = 3, 6, 9, the coordinates of the fixed points in the plane (φ̇, β̇) are given by n = 3 x = ±1.40..., y = ±0.616..., n = 6 x = ±1.37..., y = ±0.253..., n = 9 x = ±1.38..., y = ±0.163..., . (9.17) respectively, in units where kα^′ = 1.

Significantly, they showed by integrating numerically the field equations for β and φ, and imposing the constraint on the initial data, that for any given initial condition corresponding to a state of pre-big bang evolution from the vacuum (i.e. 0 < β̇ < x, ˙ϕ̄ = φ̇−nβ̇ > 0), then the solution is necessarily attracted to the expanding fixed points (9.17). For the string effective action (9.15), the fixed points are continuously joined to the perturbative vacuum (β̇ = 0 = φ̇) by the smooth flow of the background in cosmic time, so the action (9.15) exhibits a smooth transition from the dilaton phase to the string phase of the pre-big bang scenario, at least to first order in α^′, a result in agreement with previous assumptions [57]^4.

Unfortunately, in this model the dual of the expanding pre-big bang branch is not regularized, which means that there is no smooth monotonic evolution from growing to decreasing curvature. However, the expanding fixed point determined by the α^′ corrections does correspond to a final configuration of the post-big bang type, with ˙ϕ̄ < 0, β̇ > 0, which offers the possibility for the background to be attracted by an appropriate potential in the expanding, frozen-dilaton state of the standard scenario. We now go on to see how this was first achieved in the context of adding loop corrections to the classical α^′ correction (9.15).

The first successful model of graceful exit transition from a dilaton-driven inflationary phase to a decelerated FRW era was proposed by Brustein and Madden [61, 62]. It made use of the result just derived that classical corrections can stabilize a high curvature string phase while the evolution is still in the weakly coupled regime. The crucial new ingredient that they added was to show that if additional terms of the type that may result from quantum corrections to the string effective action are present and also induce violation of the null energy condition (NEC)^5, then evolution towards a decelerated FRW phase is possible. Of course this violation of the null energy condition can not continue indefinitely, and eventually it needs to be turned off in order to stabilise the dilaton at a fixed value, perhaps by capture in a potential minimum or by radiation production.

The analysis of [61] resulted in a set of necessary conditions on the evolution in terms of the Hubble parameters H_S in the string frame and H_E in the Einstein frame and the dilaton φ (see Eq. (9.21)). They were

• Initial conditions of a (+) branch and H_S , φ̇ > 0 require H_E < 0.

• A branch change from (+) to (−) has to occur while H_E < 0.

4An intriguing physical motivation for such a solution, namely asymptotic De Sitter phase with linear dilaton, has been proposed in [138], where they point out that such a behaviour is driven in string theory by the formation of a gravitino-dilatino condensate.

5The Null Energy Condition is satisfied if ρ + p ≥ 0, where ρ and p represent the effective energy density and pressure of the additional sources.

• A successful escape and exit completion requires NEC violation accompanied by a bounce in the Einstein frame after the branch change has occurred, ending up with H_E > 0.

• Further evolution is required to bring about a radiation dominated era in which the dilaton effectively decouples from the “matter” sources.

In the work of [62], the authors employed both types of string inspired corrections. The α^′ corrections [152] created an attractive fixed point for a wide range of initial conditions which stabilized the evolution in a high curvature regime with linearly growing dilaton. This then caused the evolution to undergo a branch change, all of this occurring for small values of the dilaton (weak coupling), so the quantum corrections could be ignored. However, the linearly growing dilaton means that the quantum corrections eventually become important. Brustein and Madden employed these to induce NEC violation and allow the universe to escape the fixed point and complete the transition to a decelerated FRW evolution.

For completeness, we introduce the notation adopted in [62]. The four–dimensional effective action in the string frame can be written as S_{eff} = 1 16πα^′ ∫ d^4x √ |g|e^{−φ} [ R + (∇φ)^2 + 1 2 L_c ] , (9.18)

with the Lagrangian L_c containing corrections to the lowest order four–dimensional action as specified below.

Writing the metric as ds^2 = −dt^2 + a^2(t)dx_idx^i and φ = φ(t), we look for solutions to the equations of motion. It proves useful to split L_c up into components:

L_c = L_α′ + L_q + L_m (9.19)

The Lagrangian L_α′ is taken to be of the specific form of the α^′ classical corrections proposed in Eq. (9.15) by [152], 1 2 L_α′ = kα^′ [ R^2_{GB} 4 − (∇φ)^4 4 ] . (9.20)

The Lagrangian L_q represents quantum loop corrections parameterized by powers of e^φ, and L_m represents radiation or a dilaton potential, important for the final transition to radiation domination and a fixed dilaton.

Two useful quantities are the Hubble parameter in the Einstein frame and its time derivative:

H_E = e^{φ/2}(H_S − 1 2 φ̇) (9.21)

Ḣ_E = e^{φ/2}(Ḣ_S − 1 2 φ̈ + 1 2 φ̇H_S − φ̇^2 4 ) (9.22)

If we initially set L_q = L_m = 0, we recover the fixed point solutions, Eq. (9.17). However, as we have already noted, these do not lead to a branch change and instead, the solution represents a singular collapse in the Einstein frame. This follows because the dilaton is increasing linearly and there is insufficient NEC violation. Moreover, the addition of conventional sources to L_m, such as radiation, does not violate NEC. Consequently, these effects cannot help with the completion of the exit transition. and this suggests that sources for L_q are required.

Unfortunately, the precise forms of the quantum loop corrections have not been calculated, but it is anticipated that they should be parameterized by powers of e^φ. In [62], the authors introduced a series of trial terms which could eventually emerge as the actual quantum corrections. One of these was, 1 2 L^φ_q = −e^φ(∇φ)^4. (9.23)

At the one loop level, the overall coefficient of the corrections can be absorbed by a shift of φ, and it therefore determines the value of φ at which the quantum corrections begin to be important, but does not lead to qualitatively different behaviour.

The relative factor of e^φ in L^φ_q compared to Eq. (9.20) leads to important consequences, in particular L^φ_q can lead to increasingly strong NEC violation as the dilaton increases. This produces the required bounce in the Einstein frame. Unfortunately, the late time solutions

H_S = 2t 3 (9.24)

φ = log ( t^6 39366 ) (9.25)

indicate unbounded growth in the curvature and dilaton [62]. The price that has been paid for obtaining a bounce in the Einstein frame is to introduce a new graceful exit problem. In general, it appears that generic forms of quantum corrections can complete the exit from the fixed point of [152] to the bounce region in the Einstein frame, showing that NEC violation is not only necessary, but is in some sense sufficient. However, they are accompanied with unbounded growth of the dilaton at late times, continue to be dominated by corrections and continue to violate NEC, leading to unstable (−) branch solutions. To overcome this problem we need to turn off the NEC violating corrections and to stop the dilaton from growing indefinitely.

A direct approach to completing the exit transition is to assume that there exists some mechanism that shuts off the correction terms, and hence, NEC violation. Brustein and Madden proposed an explicit example to do this [62], by replacing the quantum correction in the action with a non-perturbative function f(φ)L^φ_q , where f(φ) is a positive constant for φ < φ_0 for some constant φ_0 and then smoothly goes to zero. Thus, f(φ) has the form of a smoothed step function. This successfully eliminates the loop corrections at late times so the dilaton may be easily captured by a potential or slowed by radiation.

An alternative method of suppressing the NEC violation is to add higher–order loop corrections of the correct sign to counter the leading order corrections. For example, a two loop contribution of the form 1 2 L^{2φ}_q = e^{2φ}(∇φ)^4 (9.26)

can overwhelm the one loop NEC violation when the dilaton becomes sufficiently large [62]. With this form of correction the behaviour is mild enough for the dilaton to be easily captured in a potential minimum. This can be accompanied with the onset of a decelerating phase of expansion. Similarly, these solutions are stable enough that the growing dilaton can be halted by introducing radiation. They can then pass into a radiation dominated phase and be smoothly joined to standard cosmologies.

Although Brustein and Madden [62] provided the first example of a completed graceful exit based on classical evolution from an effective action, the models were not derived from any particular particle physics inspired examples and a number of unresolved questions remain. In particular, do specific string models produce coefficients of the appropriate sign and magnitude? Do the actual one-loop terms that are generated violate NEC? And finally, what is the physical mechanism that shuts off these effects at the correct epoch?

We now turn our attention to attempts that have been made in answering these interesting questions. One of the most promising directions has been proposed in [138]. In this paper, the authors studied loop corrections derived from the heterotic string theory compactified on a Z_N orbifold. They included the effects of all-order loop corrections to the Kähler potential together with corrections to the gravitational couplings, including both threshold corrections and corrections due to the mixed Kähler-gravitational anomaly. They demonstrated that in this particular model, string loops lead to solutions that, in the string frame, smoothly connect the pre-big bang evolution to a phase where the curvature and the derivative of the dilaton are decreasing. In other words they achieve a successful graceful exit.

The choice of the order α^′ classical correction was the same as that proposed in Eq. (9.15) [152], but string loop corrections emerged out of the details of the compactification on the Z_3 orbifold. The encouraging result is that the corrections include a term which has some of the desired properties of the function f(φ) described above, including the correct sign. In fact, the loop corrections due to the Kähler potential produce a bounce in H_E, moving the solution into the required region H_E > 0. Unfortunately, the new scaling solution still leads to fixed points φ̇ and H constant, as opposed to the required H, φ̇ decreasing with time.

On the other hand, there is a remarkable turnaround of fortunes when moduli-dependent threshold corrections are included in the action. These turn the De Sitter phase with linearly growing dilaton into a phase with H, φ̇ decreasing as the solution approaches the (-) branch. This is precisely the behaviour that we require. However, without the Kähler potential corrections, there would not have been a bounce in H_E. This emphasizes the importance of the corrections to the overall success of the model. One worrying aspect also emerges, namely that the string coupling g^2_S = e^φ is of order one in these regions, i.e. we are beginning to enter the strong coupling regime. This indicates the need to consider genuine non-perturbative features as opposed to the perturbative corrections that have so far been incorporated. Although this is beyond the scope of this review, it should be noted that in [138], the authors began to address this issue. In particular, they pointed out that at a critical coupling, the loop corrections to the Kähler potential induce a ghost-like instability, i.e., the kinetic term of the dilaton vanishes. This is similar to what happens in the Seiberg–Witten theory and signals the transition to a new regime, where the light modes in the effective action are different and are related to the original ones by S-duality [359, 360]. In a string context, this means that a D-brane dominated phase is entered, and these should be taken into account [280].

We should ask why Eq. (9.15) is the correct form of order α^′ classical corrections? Indeed, it was proposed in [152] because of its invariance under field redefinitions and, as such, is a sensible first correction term. However, there exist other terms which could be added at the same order and which maintain invariance under field redefinition. These are given in [277] and [292, 221] and lead to a generalization of Eqs. (9.15) and (9.20), 1 2 L_α′ = kα^′ [ 1 4 R^2_{GB} + A 2 (∇φ)^4 + D 2 2φ(∂φ)^2 +^C_2^(R^{μν} −^1_2g^{μν}R^) ∂μφ∂νφ^] (9.27)

where terms up to fourth order in the derivatives are kept. Recently, Brustein and Madden have analysed this classical action in some depth [63]. Requiring that the whole Lagrangian arises from a field redefinition of the low-energy effective action then implies that the three remaining coefficients satisfy [55],

C = −(2A + 2D + 1) (9.28)

We can recover the original classical correction of Eq. (9.15) by setting C = D = 0. However, it is clear that this corresponds to a particular choice of parameters and there exist more general combinations satisfying Eq. (9.28). Indeed, a combination has been proposed with the interesting property that the correction to the low energy action also possesses scale factor duality [292, 221] . This can be achieved by setting C = −2, D+1, A = −^1_2 . In some respects this form of the correction is better motivated than the truncated combination of Eq. (9.15), as it has introduced the string symmetry of scale factor duality. As we have mentioned earlier, the precise forms of the quantum corrections have not been calculated, but choosing particular forms that are related to the classical corrections enables the new solutions to violate the null energy condition. This is a necessary condition for there to be a branch change [61, 62]. We believe that the string coupling, g^2_s = e^φ, controls the importance of the string loop corrections and therefore a reasonable first guess seems to be that we can model the quantum corrections by multiplying each term of the classical correction by a suitable power of the string coupling [61, 62].

Thus, we can write down an expression for the modified Lagrangian including classical and quantum corrections as

L = L^{(0)} + L_α′ + pe^φL_α′ + qe^{2φ}L_α′ + ... (9.29)

where L^{(0)} is the tree-level Lagrangian and L_α′ is the classical correction of Eq. (9.27), with p and q representing arbitrary coefficients that multiply the quantum corrections. A detailed analysis of the solutions to Eq. (9.29) has been performed in [78]. The general feature that emerges is that it is possible to obtain a successful graceful exit when the quantum corrections are included, but not if it is only the classical corrections of Eq. (9.27) that are present. (This result was first pointed out in [63]). Of particular interest are the solutions which correspond to the classical action preserving scale factor duality. However, although the solutions are non-singular, the problem of stabilising the dilaton field still remains since these models have no method of providing the required potential for the field.

Mukhanov and Brandenberger have proposed an alternative approach that could also lead to non-singular dilaton cosmologies [305]. In the limited curvature hypothesis, one explicitly constructs a model with curvature terms that remain non-singular for all time.

Recently, Brandenberger and Easson [125] have extended earlier work [51] and applied this idea directly to the pre–big bang scenario. By introducing specific higher derivative terms to the usual string frame dilaton–graviton action, they have obtained non–singular spatially homogeneous solutions where all the curvature invariants are bounded [125]. In particular, they obtain solutions to the graceful exit problem which at late time consist of an expanding FRW universe with Ḣ < 0. However, as in all other scenarios, a stabilizing potential for the dilaton has to be introduced by hand.

Easther and Maeda [126] have also proposed an interesting mechanism for regulating the singularities present in the tree level string effective action. By employing one-loop effects, they were able to numerically demonstrate the existence of non-singular solutions which smoothly connect a contracting phase to an expanding phase when spatial curvature is present in the model.

In conclusion, the question of how the universe exits from the pre–big bang phase to the decelerating FRW phase has been a major problem for the pre–big bang scenario, and it still awaits a fully satisfactory explanation. However, a great deal of progress has been made in recent years. At the perturbative level, it has become clear that both classical α^′ as well as quantum loop corrections are required if a successful resolution to the problem is to be found. In particular, quantum corrections are necessary for achieving a bounce in the Einstein curvature, H_E. Unfortunately, the form of these corrections is not yet fully understood, although specific models that appear to work do now exist. The major issue of stabilizing the dilaton is still a thorny one. Most scenarios lead to fixed point solutions where the dilaton grows linearly with time and rapidly enters the strong coupling regime. This implies that non-perturbative features, such as those arising from a D-brane dominated phase, might have to be considered [280].

10 Primordial Perturbations from a Pre–Big Bang Era

In the previous Section, we considered only homogeneous classical solutions to the lowest– order string equations of motion. We will now consider inhomogeneous perturbations that may be generated due to vacuum fluctuations. The formalism required to describe vacuum fluctuations about a homogeneous background including first-order metric fluctuations was pioneered by Mukhanov and collaborators [304, 306]. While the solutions for the homogeneous dilaton, axion and scale factor in the different frames may lead to interesting behaviour in the early universe, the success of the standard big bang model suggests that the evolution should closely approach the conventional general relativistic evolution at least by the time of nucleosynthesis. If we are to see any trace of the earlier evolution it will be in the primordial spectrum of inhomogeneities present on large-scales that we observe today. Such large-scale structure can only be generated by some unconventional physics, such as inflation [253], topological defects[397] or a pre-big bang epoch.

The production of scalar and tensor metric perturbations in the pre-big bang scenario has been studied by various authors (see for example [56, 57, 58, 145, 278, 147, 93, 98, 209, 210, 211]). During a period of accelerated expansion the comoving Hubble length, |d(ln a)/dη|^{−1}, decreases and vacuum fluctuations which are assumed to start in the flat-spacetime vacuum state may be stretched up to exponentially large scales. The precise form of the spectrum depends on the expansion of the homogeneous background and the couplings between the fields. The comoving Hubble length, |d(ln ã)/dη|^{−1} = 2|η|, does indeed decrease in the Einstein frame during the contracting phase when η < 0. Because the dilaton, moduli fields and graviton are minimally coupled to this metric, this ensures that small-scale vacuum fluctuations will eventually be stretched beyond the comoving Hubble scale during this epoch.

As we remarked earlier, the axion field is taken to be a constant in the classical pre-big bang solutions. However, even when the background axion field is set to a constant, there will inevitably be quantum fluctuations in this field. We will show that these fluctuations can not be neglected and, moreover, that they are vital if the pre-big bang scenario is to have any chance of generating the observed density perturbations.

In this Section we will calculate the spectrum of semi-classical axion perturbations as well as dilaton and moduli perturbation spectra produced in the pre-big bang scenario. Then we will extend this calculation to the more general dilaton–moduli–axion cosmologies discussed in Section 7.1, by constructing S-duality invariant combinations of the field perturbations. This enables us to derive S-duality invariant solutions. It will turn out that the late-time dilaton and axion spectra are independent of the preceding evolution along different but S-duality related classical solutions. Significantly, the tilt of the axion spectrum can be appreciably different from the steep “blue” spectra of dilatons and gravitons predicted by the pre-big bang scenario. This implies that the pre–big bang scenario can indeed predict spectra consistent with the observed scale-invariant form.

10.1 Metric perturbations

In this subsection we set out our formalism for describing inhomogeneous linear perturbations about the spatially homogeneous and isotropic background solutions. One can readily extend the four-dimensional formalism of gauge-invariant metric perturbations [21, 306] to higher-dimensional cosmologies [237, 149]. Arbitrary linear perturbations about a Ddimensional cosmological model, where the spatial hypersurfaces are maximally symmetric, can be described by the perturbed line element

ds^2 = a^2(η) { −(1 + 2A)dη^2 + 2(B_{|i} − S_i)dηdx^i + [ (1 − 2ψ)γ_{ij} + 2E_{|ij} + 2F_{i|j} + h_{ij} ] dx^idx^j } , (10.1)

where γ_{ij} is the metric on the spatial hypersurfaces, and the subscript | denotes covariant derivatives on these hypersurfaces. In general we have four scalar perturbations (A, B, ψ, and E), two vectors (S_i and F_i) and one tensor perturbation (h_{ij}), defined in terms of their transformation properties on the (D − 1)-dimensional spatial hypersurfaces [21, 378]. The advantage of splitting the metric perturbations into scalar and tensor parts is that the scalar and tensor modes evolve independently to first order with only the scalar perturbations being coupled to scalar field fluctuations [21]. In addition, linear perturbations about the homogeneous background fields can be decomposed as a sum of Fourier modes with comoving wavenumber k which evolve independently of other wavenumbers.

Two of the scalar functions and one vector function can be eliminated by an appropriate gauge transformation [21]. We will find it convenient to work in terms of the gauge-invariant scalar quantities [237] ~A ≡ A + ψ + ( ψ h )_′ , (10.2) ~B ≡ B − E^′ − ψ h . (10.3)

where a prime denotes derivatives with respect to conformal time, η. These coincide with the scalar metric perturbations in the uniform curvature gauge [209, 211, 289]^6 where the metric perturbations on the constant-η hypersurfaces ( ~ψ and ~E) have been eliminated by a gauge transformation.

For completeness we also give the gauge-invariant vector perturbation ~Si ≡ Si + F^′i . (10.4) The perturbed Einstein equations constrain the gauge-invariant vector perturbation to be proportional to the vorticity of the velocity field [237]. This necessarily vanishes (to firstorder) in a scalar field dominated universe and the vector metric perturbations are therefore zero in a pre–big bang era.

In the Einstein frame, the first-order perturbed line element can then be written as

d~s^2 = ~a^2(η) { −(1 + 2 ~A)dη^2 + 2 ~B_{,i}dηdx^i + [δ_{ij} + h_{ij}] dx^idx^j } . (10.5)

Note that the scalar metric perturbations are not invariant under a conformal transformation. Even the spatially flat nature of the line element in Eq. (10.5) is not preserved under a conformal transformation back to the string frame due to the first-order perturbation in the conformal factor e^φ = e^{φ0} (1 + δφ). However vector and tensor perturbations do remain invariant under both conformal transformations and time-coordinate transformations η → η + δη. We can relate the scalar metric perturbations ~A and ~B to the more familiar ones introduced by Bardeen[21] in terms of the gauge-invariant metric potentials [306], ~A ≡ ~Φ + ~Ψ + ( ~Ψ ~h )_′ , (10.6) ~B ≡ − ~Ψ ~h . (10.7)

The gauge transformation η → η − ~Ψ ~h , (10.8) brings the metric of Eq. (10.5) into the more commonly used longitudinal gauge [306], where d~s^2 → ~a^2(η) { −(1 + 2 ~Φ)dη^2 + [ (1 − 2 ~Ψ)δ_{ij} + h_{ij} ] dx^idx^j } . (10.9)

We will now consider the evolution of linear metric perturbations about the fourdimensional dilaton-moduli-vacuum solutions given in Eqs. (9.5–9.7). Considering a single

6Called the “off-diagonal gauge” in Ref. [56].

Fourier mode, with comoving wavenumber k, the perturbed Einstein equations yield the evolution equation ~A^{′′} + 2~h ~A^′ + k^2 ~A = 0 , (10.10)

plus the constraint ~A = −( ~B^′ + 2~h ~B) . (10.11)

In the spatially flat gauge we have the simplification that the evolution equation for the scalar metric perturbation, Eq. (10.10), is independent of the evolution of the different massless scalar fields (dilaton, axion and moduli), although they will still be related by the constraint Eq. (10.29). The metric perturbation’s evolution is dependent only up on the Einstein frame scale factor, ~a(η), given by Eq. (9.9), which in turn is determined solely by the stiff fluid equation of state for the homogeneous fields in the Einstein frame. It is independent of the time dependence of the individual scalar fields.

Eq. (10.10), using the background solution (9.9), can be integrated to give the general solution ~A = [ A_+H^{(1)}_0 (−kη) + A_−H^{(2)}_0 (−kη) ] , (10.12)

where H^{(1)}ν (z) ≡ J_ν (z) + iY_ν (z) and H^{(2)}ν ≡ J_ν (z) − iY_ν(z) are Hankel functions of the first and second kind. Using the recurrence relation between Bessel functions, we obtain from Eqs. (10.11) and (10.12), ~B = 1 k [ A_+H^{(1)}_1 (−kη) + A_−H^{(2)}_1 (−kη) ] . (10.13)

One of the most useful quantities we can calculate is the curvature perturbation on uniform energy density hypersurfaces (as kη → 0). It is commonly denoted by ζ [22] and is given in terms of the gauge-invariant potential Φ by [306] ζ ≡ ~Φ − ~h2 ~h′ − ~h2 ( ~Φ + ~h^{−1} ~Φ^′ ) . (10.14)

Hence, with ~h given by Eq. (9.9) for the scale factor in the Einstein frame, we obtain ζ = ~A 3 , (10.15)

in any dilaton–moduli–vacuum or dilaton–moduli–axion cosmology.

The significance of ζ is that in an expanding universe it becomes constant on scales much larger than the Hubble scale (|kη| ≪ 1) for purely adiabatic perturbations, even through changes in the equation of state. In single-field inflation models this allows one to compute the density perturbation at late times, during the matter or radiation dominated eras, by equating ζ at “re-entry” (k = ~a ~H) with that at horizon crossing during inflation. A number of authors have calculated the spectrum of ~A, and hence ζ, in order to predict the density perturbations induced in the pre-big bang scenario [56, 209, 211]. One can either use the vacuum fluctuations for the canonically normalised field at early times/small scales (as kη → −∞) or use the amplitude of the scalar field perturbation spectra (discussed in the next subsection) to normalise the solution for ~A given in Eq. (10.12). This yields the curvature perturbation spectrum on large scales/late times (as kη → 0):

P_ζ = 8 π^2 l^2_{Pl} ~H^2(−kη)^3[ln(−kη)]^2 , (10.16)

where l_{Pl} is the Planck length in the Einstein frame and remains fixed throughout. The scalar metric perturbations become large on superhorizon scales (|kη| < 1) only near the Planck era, ~H^2 ∼ l^{−2}_{Pl} . Even though Bardeen’s gauge invariant perturbations ~Φ and ~Ψ, defined in Eqs. (10.6) and (10.7), actually become large much earlier [56], the fact that the perturbations remain small in our choice of gauge implies that our linear calculation is in fact valid up until the Planck epoch [56].

The spectral index of the curvature perturbation spectrum is conventionally given as [253]

n ≡ 1 + d ln P_ζ d ln k (10.17)

where n = 1 corresponds to the classic Harrison-Zel’dovich spectrum for adiabatic density perturbations favoured by most models of structure formation in our universe. By contrast the pre–big bang era leads to a spectrum of curvature perturbations with n = 4. Such a steeply tilted spectrum of metric perturbations implies that there would be effectively no primordial metric perturbations on large (super-galactic) scales in our present universe if the post-Big bang era began close to the Planck scale. The metric fluctuations are of order unity on the Planck scale (10^{−33}cm) when T ∼ 10^{32}K in the standard post-big bang model. This corresponds to a comoving scale of about 0.1cm today (when T = 2.7K), about 10^{−29} times the scale of perturbations observed on the microwave background sky. Thus the microwave background temperature anisotropies should be of order 10^{−87} rather than the observed 10^{−5}.

Fortunately, as we shall see later, the presence of the axion field could provide an alternative spectrum of perturbations more suitable as a source of large-scale structure. The pre-big bang scenario is not so straightforward as in the single field inflation case, because the full low-energy string effective action possesses many fields which can lead to non-adiabatic perturbations. This implies that density perturbations at late times may not be simply related to ζ alone, but may also be dependent upon fluctuations in other fields. As we shall see, one of these fields, the axion field, can lead to a markedly different spectrum.

The gravitational wave perturbations, h_{ij} , are both gauge and conformally invariant. They decouple from the scalar perturbations in the Einstein frame to give a simple evolution equation for each Fourier mode

h^{′′}_k + 2~h h^′_k + k^2h_k = 0 . (10.18)

This is exactly the same as the equation of motion for the scalar perturbation given in Eq. (10.10) and has the same growing mode in the long wavelength (|kη| → 0) limit given by Eq. (10.16). We will not consider here gravitational waves propagating in the n internal dimensions [149, 170]. The spectrum depends solely on the dynamics of the scale factor in the Einstein frame given in Eq. (9.9), which remains the same regardless of the timedependence of the different dilaton, moduli or axion fields. It leads to a spectrum of primordial gravitational waves steeply growing on short scales, with a spectral index^7 n_T = 3 [155, 157, 56, 57, 145], in contrast to conventional inflation models which require n_T < 0 [253]. The graviton spectrum appears to be a robust and distinctive prediction of any pre-big bang type evolution based on the low-energy string effective action.

Such a spectrum could be observed by the next generation of gravitational wave detectors such as the Laser Interferometric Gravitational Wave Observatory (LIGO) if they are on the right scale [4, 279]. The current frequency of these waves depends on the cosmological model, and in general we would require either an intermediate epoch of stringy inflation [62], or a low re-heating temperature at the start of the post-big bang era [96] to place the peak of the gravitational wave spectrum at the right scale. Nonetheless, the possible production of high amplitude gravitational waves on detector scales in the pre–big bang scenario is in marked contrast to conventional inflation models in which the Hubble parameter decreases during inflation. This produces a negative spectral tilt n_T < 0 and the isotropy of the cosmic microwave background on large scales then leads to an upper limit on the amplitude of perturbations that is many orders of magnitude below the LIGO sensitivity [252].

Because the scalar and tensor metric perturbations obey the same evolution equation, their amplitude is directly related. The amplitude of gravitational waves with a given wavelength is commonly described in terms of their energy density at the present epoch. For the simplest pre–big bang models this is given in terms of the amplitude of the scalar perturbations as Ω_{gw} = 2 z_{eq}

P_ζ (10.19)

where z_{eq} = 24000Ω_oh^2 is the red-shift of matter-radiation equality. The advanced LIGO configuration will be sensitive to Ω_{gw} ≈ 10^{−9} over a range of scales around 100Hz. However, the maximum amplitude of gravitational waves on these scales is constrained by limits on the amplitude of primordial scalar metric perturbations on the same scale [96]. In particular, if the fractional over-density when a scalar mode re-enters the horizon during the radiation dominated era is greater than about 1/3, then that horizon volume is liable to collapse to form a black hole.

This is important, because a scale with comoving frequency f_∗ ∼ 100Hz re-enters the Hubble radius during the radiation era when the temperature is T_∗ 10^9 GeV ≈ f_∗ 100 Hz

, (10.20)

The mass contained within the horizon at that time is

M_∗ ≈ 10^{14} ( 100 Hz f_∗ )_2 g . (10.21)

Thus, gravitational radiation at LIGO-observable frequencies could be associated with primordial black holes with masses of order 10^{14}g. Such black holes have a lifetime of the order the Hubble time and would be evaporating today!

There are strong observational limits on the mass-fraction of primordial black holes with masses greater than about 1g [77, 180]. Only a tiny fraction of the universe is allowed

7Conventionally a scale-invariant spectrum is denoted by nT = 0 for tensor perturbations, in contrast to the choice n = 1 for scalar perturbations [254].

to form black holes, and this in turn yields an upper limit on the allowed amplitude of gravitational waves [96]:

Ω_{gw} =

5 × 10^{−6}

Ω_0h^2

. (10.22)

This is slightly below the upper limit on the total density in gravitational waves coming from models of primordial nucleosynthesis, Ω_{gw} < 5 × 10^{−5}, but is well within the advanced LIGO sensitivity. If we find PBH’s and gravitational waves together then this would indeed be an exciting result for string cosmology!

10.2 Dilaton–Moduli Perturbation Spectra

We will now consider inhomogeneous linear perturbations in the fields about a homogeneous background given by φ = φ(η) + δφ(x, η), σ = σ(η) + δσ(x, η), β = β(η) + δβ(x, η) . (10.23) The perturbations can be re-expressed as a Fourier series in terms of Fourier modes with comoving wavenumber k. We will work in terms of the scalar field perturbations in the spatially flat gauge. These can be defined in a gauge-invariant manner as ~δx = δx − x^′ ψ ~h . (10.24)

In particular, we note that the scalar field perturbations in the longitudinal (δx_l) and spatially flat (~δx) gauges are related by δx_l = ~δx + x^′ ~Ψ ~h . (10.25)

In what follows we will always work with field perturbations defined in the spatially flat gauge and drop the tildes.

We will first consider the production of dilaton, moduli and axion perturbations during a pre-big bang evolution where the background axion field is constant, σ^′ = 0, and the evolution of the homogeneous background fields is given in Eqs. (9.5–9.7). The dilaton and moduli fields both evolve as minimally coupled massless fields in the Einstein frame. In particular, the dilaton perturbations are decoupled from the axion perturbations and the equations of motion in the spatially flat gauge become

δφ^{′′} + 2~hδφ^′ + k^2δφ = 0 , (10.26) δβ^{′′} + 2~hδβ^′ + k^2δβ = 0 , (10.27) δσ^{′′} + 2~hδσ^′ + k^2δσ = −2φ^′δσ^′ , (10.28)

Note that these evolution equations for the scalar field perturbations defined in the spatially flat gauge are automatically decoupled from the metric perturbations, although they are still related to the scalar metric perturbation, ~A, by the constraint ~A = φ^′ 4~h δφ + β^′ 4~h δβ . (10.29)

We see that, to first-order, the metric perturbation, ~A, is determined solely by the dilaton and moduli field perturbations.

The canonically normalised dilaton and moduli field perturbations are [304, 56, 149, 170] u ≡ 1 √ 16πl_{Pl} ~aδφ , (10.30) w ≡ 1 √ 16πl_{Pl} ~aδβ , (10.31) which, from Eqs. (10.26) and (10.27), obey the same wave equation u^{′′} + ( k^2 − ~a^{′′} ~a ) u = 0 . (10.32)

After inserting the simple solution for the Einstein frame scale factor given in Eqs. (9.9) we find that this equation gives the general solution u = |kη|^{1/2} [ u_+H^{(1)}_0 (|kη|) + u_−H^{(2)}_0 (|kη|) ] . (10.33)

On the (+) branch, i.e., when η < 0, we can normalise modes at early times, η → −∞, where all the modes are far inside the Hubble scale, k ≫ |η|^{−1}, and can be assumed to be in the flat-spacetime vacuum. The reader may note that in conventional inflation we have to assume that this result for a quantum field in a classical background holds at the Planck scale. Here, however, the normalisation is done in the zero-curvature limit in the infinite past. Just as in conventional inflation, this produces perturbations on scales far outside the horizon, k ≪ |η|^{−1}, at late times, η → 0^−.

Conversely, the solution for the (−) branch with η > 0 is dependent upon the initial state of modes far outside the horizon, k ≪ |η|^{−1}, at early times where η → 0. The role of a period of inflation, or of the pre-big bang (+) branch, is precisely to set up this initial state which otherwise appears as a mysterious initial condition in the conventional (non-inflationary) big bang model.

Allowing only positive frequency modes in the flat-spacetime vacuum state at early times for the pre-big bang (+) branch requires [49] that, as kη → −∞, u → e^{−ikη} √ 2k , (10.34)

and similarly for w, giving

u_+ = w_+ = e^{iπ/4} √ π 2 √ k , u_− = w_− = 0 . (10.35)

The power spectrum for perturbations is commonly denoted by P_{δx} ≡ k^3 2π^2

|δx|^2 , (10.36)

and thus for modes far outside the horizon (kη → 0) we have P_{δφ} = 32 π^2 l^2_{Pl} ~H^2(−kη)^3[ln(−kη)]^2 , (10.37) P_{δβ} = 32 π^2 l^2_{Pl} ~H^2(−kη)^3[ln(−kη)]^2 , (10.38) where ~H ≡ ~a^′/~a^2 = 1/(2~aη) is the Hubble rate in the Einstein frame. The amplitude of the perturbations grows towards small scales, but only becomes large for modes outside the horizon (|kη| < 1) when ~H^2 ∼ l^{−2}_{Pl} , i.e., the Planck scale in the Einstein frame. The spectral tilt of the perturbation spectra is given by

n − 1 ≡ Δn_x = d ln P_{δx} d ln k (10.39)

which from Eqs. (10.37) and (10.38) gives Δn_φ = Δn_β = 3 (where we neglect the logarithmic dependence). This of course is the same steep blue spectra we obtained earlier for the metric perturbations.

The constraint Eq. (10.29), allows us to normalise the amplitude of the metric perturbations ~A using Eqs. (9.6–9.7) for the background fields, and Eqs. (10.37) and (10.38) for the scalar-field perturbations. Together with setting ζ = ~A/3 this yields the scalar curvature power spectrum given in Eq. (10.16) [remembering that in Eq. (10.29) we are adding independent random variables]. This spectrum of scalar metric perturbations is entirely independent of the integration constants that parameterise the dilaton-moduli-vacuum solutions given in Eqs. (9.6–9.7). As in the case of the spectrum of tensor perturbations, this makes it a robust prediction of any pre-big bang scenario where the universe collapses in the Einstein frame, and becomes dominated by homogeneous scalar fields.

10.3 Magnetic field perturbations in the Pre–Big Bang scenario

One of the outstanding problems in modern cosmology is the origin of the galactic and extra-galactic magnetic fields [242]. Conventional inflation models where the photon field is minimally coupled to the scalar field driving inflation cannot leave a magnetic field on large scales [390, 330, 331]. However in string theory the dilaton is automatically coupled to the electromagnetic field strength. In the heterotic string effective action the photon field Lagrangian is of the form (see Eq. (2.12))

L = e^{−φ}F_{μν} F^{μν} , (10.40)

where the field strength is derived from the vector potential, F_{μν} = ∇_{[μ}A_{ν]}. Note that in an isotropic FRW cosmology the magnetic field must vanish to zeroth-order, and thus the vector field perturbations are gauge-invariant and we can neglect the metric back-reaction to first-order. If we work in the radiation gauge (A^0 = 0, A^i_{|i} = 0) then the field perturbations can be treated as vector perturbations on the spatial hypersurfaces. The field perturbation can then be written as [246] A_i = e^{φ/2}χ_k(η)Q_i(x) (10.41)

where δ^{mn}∂_m∂_nQ_i = −k^2Q_i. The canonically normalised field, χ_k, satisfies the waveequation [246, 150, 151] χ^{′′}_k + ( k^2 − (e^{−φ/2})^{′′} e^{−φ/2} ) χ_k = 0 . (10.42)

Note that unlike scalar field perturbations these perturbations are coupled only to the gauge coupling strength e^φ and not to the scale factor. The time dependence of the dilaton (rather than the scale factor) leads to particle production during the pre–big bang from an initial vacuum state [246, 150, 151].

For the dilaton-moduli–vacuum pre–big bang solutions in Eqs. (9.5)–(9.7) the general solution can be given in terms of Hankel Functions χ_k = |kη|^{1/2} [ χ_+H^{(1)}_μ (|kη|) + χ_−H^{(2)}_μ (|kη|) ] , (10.43)

where μ = |1 + √ 3 cos ξ_∗|/2. Taking the flat spacetime vacuum state at early times (kη → −∞) on the (+) branch, we obtain the power spectrum at late times/on large scales (|kη| ≪ 1) P_χ = ( C(μ) 2π )_2

k^2(−kη)^{1−2μ} . (10.44)

where the numerical coefficient, C(μ), is given by Eq. (10.52). This leads to an energy density in electromagnetic perturbations, ρ_{em} ∝ P_χ, when these modes re-enter the horizon (k = aH) during a subsequent (post-big bang) radiation dominated era, where the dilaton is fixed (ϕ^′ = 0). This yields the dimensionless density relative to the critical density [246]

Ω_{em} ≡

8πl^2_{Pl}ρ_{em}

3 ~H^2 ∼ ( k k_s )_{4−|1−2}μ_| , (10.45)

where we have neglected terms of order unity which can be calculated by a careful matching of Bogoliubov coefficients between solutions in succeeding cosmological epochs [246, 150, 151].

The minimum tilt possible for the pre–big bang solutions given in Eqs. (9.5)–(9.7) is obtained for ξ_∗ = 0 when μ = (1 + √ 3)/2 and the spectral tilt Δn_{em} = 4 − √ 3 ≈ 2.3, which is still strongly tilted towards smaller scales. It is impossible to obtain a less strongly tilted spectrum for heterotic photons as that would require an even more rapid evolution of the dilaton. However, ξ_∗ = 0 already corresponds to the case where the evolution of all the moduli fields is frozen and this maximizes the rate of change of the dilaton. Instead, one would have to consider a more strongly coupled field than the one appearing in the Lagrangian Eq. (10.40).

10.4 Axion perturbations in the Pre–Big Bang scenario

While the dilaton and moduli fields evolve as massless minimally coupled scalar fields in the Einstein frame, the axion field’s kinetic term still has a non-minimal coupling to the dilaton field. This is evident in the equation of motion, Eq. (10.28), for the axion field perturbations δσ. The canonically normalised field perturbation is v ≡ 1 √ 16πl_{Pl} e^φ~aδσ , (10.46) and since the background axion field is constant, the resulting density perturbations are only second-order in the axion perturbation. This allows us to neglect the back-reaction from the metric to linear order. The field perturbation δσ is gauge invariant when σ^′ = 0 [see

Eq. (10.25)] and in any gauge, the axion perturbation obeys the decoupled wave equation given in Eq. (10.28). This can be re-written in terms of v as v^{′′} + ( k^2 − (e^φã)^{′′} e^φã ) v = 0 . (10.47)

The non-minimal coupling of the axion to the dilaton leads to a significantly different evolution to that of the dilaton and moduli perturbations. Substituting in the background power-law solutions from Eqs. (9.5–9.7), we have v = |kη|^{1/2} [ v_+H^{(1)}_μ (|kη|) + v_−H^{(2)}_μ (|kη|) ] , (10.48)

where we have used μ ≡ | √ 3 cos ξ_∗|. Once again, we can normalise this by employing the flat spacetime vacuum state at early times as −kη → ∞ on the (+) branch, as in Eq. (10.34). We obtain v_+ = e^{i(2μ+1)π/4} √ π 2 √ k , v_− = 0 (10.49)

and hence we have δσ = 2πl_{Pl} √ k e^{i(2μ+1)π/4} √ −kη e^φã H^{(1)}_μ (−kη) . (10.50)

At late times, as −kη → 0, we find^8 (for μ ≠ 0)

P_{δσ} = 64πl^2_{Pl}C^2(μ) ( e^{−φ} ~H 2π )_2 (−kη)^{3−2μ} , (10.51)

where the numerical coefficient C(μ) ≡ 2^μΓ(μ) 2^{3/2}Γ(3/2)

, (10.52)

approaches unity for μ → 3/2.

The key result is that the spectral index can differ significantly from the steep blue spectra obtained for the dilaton and moduli fields that are minimally coupled in the Einstein frame. The spectral index for the axion perturbations is given by

Δn_σ = 3 − 2 √ 3| cos ξ_∗| (10.53)

and depends crucially upon the evolution of the dilaton, parameterised by the value of the integration constant ξ_∗. The spectrum becomes scale-invariant as √ 3| cos ξ_∗| → 3/2, which if we return to the higher-dimensional underlying theory corresponds either to a fixed dilaton field in ten-dimensions [ϕ ∝ φ + √ 3β from Eq. (3.44)] or its T-dual solution with isotropic expansion, discussed in Section 6.4. The lowest possible value of the spectral tilt Δn_σ is 3 − 2 √ 3 ≃ −0.46 which is obtained when stable compactification has occurred and the moduli field β is fixed. The more rapidly the internal dimensions evolve, the steeper

8When μ = 0 the dilaton remains constant and the axion perturbations evolve like those for the dilaton and moduli fields. The late time evolution in this case is logarithmic with respect to −kη, as given in Eqs. (10.37) and (10.38).

the resulting axion spectrum until for cos ξ_∗ = 0 we have Δn_σ = 3 just like the dilaton and moduli spectra.

When the background axion field is constant these perturbations, unlike the dilaton or moduli perturbations, do not affect the scalar metric perturbations. Axion fluctuations correspond to isocurvature perturbations to first-order). However, if the axion field does affect the energy density of the universe at later times (for instance, by acquiring a mass) then the spectrum of density perturbations need not have a steeply tilted blue spectrum such as that exhibited by the dilaton or moduli perturbations. Rather, it could have a nearly scale-invariant spectrum as required for large-scale structure formation. Two possible scenarios are presented in section 10.7.

10.5 SL(2,R) invariant perturbation spectra in dilaton–moduli–axion cosmologies

The general four–dimensional dilaton–moduli–axion solutions for the NS-NS sector of the string effective action were presented in Eqs. (7.19)–(7.22). They are related to the dilaton– moduli–vacuum solutions presented in Eqs. (7.13)–(7.15) by an SL(2, R) transformation of the form given in Eqs. (7.16) and (7.17).

When we allow the background homogeneous axion fields to become time-dependent, we must allow for the interaction between the dilaton, moduli and axion fields and the metric to first-order. But we have seen that in the spatially flat gauge the evolution equations for both the scalar and tensor metric perturbations [Eqs. (10.10) and (10.18)] are independent of the evolution of the different scalar fields and are determined solely by the evolution of the Einstein frame scale factor given in Eq. (9.9) which remains invariant under the SL(2, R) transformation. The moduli field perturbations also remain decoupled from both the axion and dilaton, and their evolution equation, Eq. (10.27), is unaltered by the SL(2, R) transformation. Thus, the spectral tilts of the scalar and tensor metric perturbations and the moduli spectrum, Eq. (10.38), remain the same as in the pre-big bang scenario.

However, the dilaton and axion fields as well as their perturbations will in general be affected by the S-duality transformations.

The dilaton and axion perturbation field equations become coupled to first order when σ^′ ≠ 0, and we have

δφ^{′′} + 2~hδφ^′ + k^2δφ = 2e^{2φ}σ^{′2}δφ + 2e^{2φ}σ^′δσ^′ (10.54) δσ^{′′} + 2~hδσ^′ + k^2δσ = −2(σ^′δφ^′ + φ^′δσ^′) , (10.55)

plus the constraint ~A = φ^′ 4~h δφ + e^{2φ}σ^′ 4~h δσ + β^′ 4~h δβ . (10.56)

The chances of obtaining analytic solutions to Eqs. (10.54)–(10.56) might appear remote. However, the presence of the SL(2, R) invariance in the underlying action allows us to find linear combinations of the axion and dilaton perturbations which remain straightforward to integrate even in the more general case.

Remarkably, we can construct new variables x ≡ e^φ ( φ^′ ~h δσ − σ^′ ~h δφ ) , (10.57) y ≡ φ^′ ~h δφ + e^{2φ}σ^′ ~h δσ , (10.58) such that the perturbation equations decouple and the field equations (10.54) and (10.55) become x^{′′} + 2~hx^′ + [ k^2 − (φ^{′2} + e^{2φ}σ^{′2}) ] x = 0 (10.59)

y^{′′} + 2~hy^′ + k^2y = 0 . (10.60)

These equations decouple, even in a general dilaton-axion background, because these variables are invariant under an SL(2, R) transformation given in Eqs. (4.18) and (4.19). This follows from writing them in terms of the symmetric SL(2, R) matrix M defined in Eq. (4.15). We have 2~hx = tr(JMJM^′JδM) , (10.61) 2~hy = tr(JM^′JδM) , (10.62)

These are the time-components of the SL(2, R) invariant four-vectors defined in Eqs. (4.46) and (4.47) in Section 4.4 and are the unique S-duality invariant linear combinations of the axion and dilaton perturbations. They reduce to the (decoupled) axion and dilaton perturbations in the pure dilaton-moduli-vacuum background, as σ^′ → 0, where we have x → φ^′ ~h e φδσ = 2 √ 3 cos ξ_∗e^φδσ , (10.63) y → φ^′ ~h δφ = 2 √ 3 cos ξ_∗δφ (10.64)

and ξ_∗ is the integration constant in Eqs. (7.19)–(7.22).

Having found S-duality invariant variables, one can verify that the evolution equations for these variables, Eqs. (10.59) and (10.60), are themselves invariant under S-duality. Remembering that the general dilaton-moduli-axion cosmological solutions can always be related to the dilaton-moduli-vacuum solutions by an SL(2, R) transformation, we see that the evolution equations for x and y in an arbitrary dilaton-moduli-axion cosmology are exactly the same as those for the axion and dilaton perturbations in the dilaton-moduli-vacuum case. Just as in the constant axion case, we can define canonically normalised variables u ≡ 1 2μ √ 16πl_{Pl}

~ay , (10.65) v ≡ 1 2μ √ 16πl_{Pl}

~ax , (10.66)

where μ = √ 3 cos ξ_∗, which reduce to the definitions given in Eqs. (10.30) and (10.46) in the dilaton-moduli-vacuum case. In general, u obeys the S-duality invariant equation of motion given in Eq. (10.32) and whose general solution is given by Eq. (10.33). The equation of motion for v given in Eq. (10.47), however, is not invariant under an S-duality transformation. Instead the S-duality invariant version of the equation of motion becomes v^{′′} + ( k^2 − μ^2 − 1/4

η^2 ) v = 0 . (10.67) which reduces to Eq. (10.47) when σ^′ = 0. The general solution for v is therefore still given by Eq. (10.48).

We can still normalise cosmological vacuum perturbations at early times on the (+) branch as η → −∞ because we have seen that in this limit the general dilaton-moduli-axion solution given in Eqs. (7.19–7.22) approaches the constant axion solutions with √ 3 cos ξ_∗ = +μ ≥ 0. This in turn implies that the constants u_± and v_± are given by Eqs. (10.35) and (10.49). By picking S-duality invariant field perturbations we have been able to calculate the general dilaton-moduli-axion cosmological perturbation spectra using the pure dilatonmoduli-vacuum cosmological vacuum states. We can then write

P_y =

128μ^2

π^2 l^2_{Pl} ~H^2(−kη)^3[ln(−kη)]^2 . (10.68)

and the generalised axion perturbation spectrum is given by

P_x =

16μ^2C^2(μ) π l^2_{Pl} ~H^2(−kη)^{3−2μ} . (10.69)

We have already seen that at late times on the (+) branch, as η → 0, the general dilatonmoduli-axion solutions approach dilaton-moduli-vacuum solutions with √ 3 cos ξ_∗ = −μ ≤ 0.

It follows from Eqs. (10.63) and (10.64) that as η → 0_− the final power spectrum for vacuum fluctuations in the general dilaton-moduli-axion cosmologies given by Eqs. (10.68) and (10.69) reduce to those given for the dilaton and axion fluctuations in Eqs. (10.37) and (10.51) for the SL(2, R)-duality related dilaton-moduli-vacuum case. The tilt and amplitude of the spectra are determined solely by the parameter μ = | √ 3 cos ξ_∗| and are insensitive to the specific time dependence of the axion field in different, but S-duality related, solutions [93]. This invariance of the perturbation spectra produced along different duality related solutions extends to perturbation spectra in arbitrary cosmological solutions related by an SL(2, R) transformation, not just those derived from string theory [402].

The constraint equation for the metric perturbations ~A, Eq. (10.56), is only dependent on the SL(2, R)-invariant perturbation y [defined in Eq. (10.60)] and the moduli perturbations δβ: ~A = 1 4 y + β^′ 4~h δβ . (10.70)

Thus, the scalar metric perturbations are invariant under SL(2, R) transformations that leave the Einstein frame metric unchanged. The metric is unaffected by the specific time– dependence of the axion field and the perturbation spectrum is the same as that obtained in the constant axion case, given in Eq. (10.16).

10.6 Perturbation spectra with more degrees of freedom

Thus far we have only considered a single axion field in addition to the dilaton and moduli fields. However there are many massless degrees of freedom in the low energy string action which will all be excited during a pre–big bang era. In this context we will refer to all additional fields which have canonical kinetic terms in the Einstein frame as moduli fields whereas axion fields, σ_i, retain a non-minimal coupling to the dilaton or moduli fields in the Einstein frame. The Lagrange density for the axion field has the form ~Lσ_i = −1 2 e^{2ωi} ( ~∇σ_i)^2 , (10.71)

where ω_i is a linear function of the dilaton and moduli fields. For the specific example of the NS-NS axion discussed earlier we have e^{ωi} = e^φ (see Eq. (3.46)).

All dilaton and moduli perturbations, minimally coupled in the Einstein frame, will yield steep blue spectra, as given in Eqs. (10.37) and (10.38), in a pre–big bang scenario. As a consequence the spectrum of scalar metric perturbations given in Eq. (10.16) is independent of the number of additional fields. However the various (pseudo–) scalar axion fields present in low energy effective actions can have different perturbation spectra due to their different couplings to the dilaton and moduli fields. In general, however, these numerous fields are coupled to the same dilaton and moduli which will lead to distinctive relations between the corresponding perturbation spectra. This non-minimal coupling for each field can be eliminated by a conformal transformation to a specific conformally related metric, which we will refer to as the corresponding axion frame. In order to understand the perturbation spectra produced in different fields it is revealing to look at the evolution of the conformally related metrics, g_{μν} → e^{2ωi} g_{μν} . Quite generally we can define the rescaled scale factor in the axion frame [94, 93, 101] ā_i = e^{ωi} ~a . (10.72)

The time-dependence of these axionic scale factors follows from the dilaton-moduli-vacuum solutions given by Eqs. (7.13) and (7.14) and can be written in terms of conformal time as

ā_i = ā_{∗i}|η|^{ri+(1/2)} . (10.73)

In terms of the proper time in the axion frame we have ā_i = ā_{∗i} (¯ t_i t̄_{∗i} )_{(1+2}r_{i)}/_{(3+2}r_{i)} (10.74)

For r_i < −3/2 we have conventional power-law inflation (not pole-inflation) during the prebig bang era (η < 0) with ā_i ∼ t̄^{p̄i}_i , where p̄_i = 1 + [2/(−2r_i − 3)] > 1. This has important consequences for the tilt of the power spectrum of semi-classical perturbations in the axion field produced on large scales.

The canonically normalised axion field perturbations are given by [304, 93, 101] v_i ≡ 1 √ 16πl_{Pl} ā_iδσ_i (10.75)

and the equation of motion can be written in terms of v_i as v^{′′}_i + ( k^2 − ā^{′′}_i ā_i ) v_i = 0 . (10.76)

In the terminology of Ref. [59], the pump field S for the perturbations in each axion field is given by the square of the scale factor in the corresponding conformal frame, S_i = ā^2_i . For pre–big bang solutions, i.e., η < 0, we can normalise modes on small scales at early times by requiring that v_i → e^{−ikη}/ √ 2k as kη → −∞ [49], and this gives δσ_i = 2πl_{Pl} √ k e^{i(2μi+1)π/4} √ −kη ā H^{(1)}_{μi} (−kη) . (10.77)

where μ_i = |r_i|. Thus for modes far outside the horizon (−kη → 0) we have

P_{δσi} = 16πl^2_{Pl} ( C(μ_i) 2π )_2

k^2 ā^2

(−kη)^{1−2μi} , (10.78)

where the numerical coefficient C(μ_i) is defined in Eq. (10.52).

The expression for the axion power spectrum can be written in terms of the field perturbation when each mode crosses outside the horizon

P_{δσc} = 16πl^2_{Pl} [ C(μ_i) r_i + (1/2)

]_2 (¯ H_{ic} 2π )_2 , (10.79)

where H̄_{ic} is the Hubble rate in the axion frame when |kη| = 1. This is the power spectrum for a massless scalar field during power-law inflation which approaches the famous result P_{δσ}/16πl^2_{Pl} = (H̄_{ic}/2π)^2 as r_i → −3/2, and the expansion in the axion frame becomes exponential^9.

The amplitude of the power spectra at the end of the pre–big bang phase can be written as (see Eq. (10.51))

P_{δσi} |_s = 64πl^2_{Pl}C^2(μ_i)e^{−2ωi} ( ~H 2π )_2 s ( k k_s )_{3−2}μ_i , (10.80)

where k_s is the comoving wavenumber of the scale just leaving the Hubble radius at the end of the pre–big bang phase, k_sη_s = −1. The spectral tilts for the axion perturbation spectra are thus given by Δn_i = 3 − 2μ_i , (10.81)

which generalises the result given for the single NS-NS axion in Eq. (10.53). The tilts depend crucially upon the value of μ_i. The spectrum becomes scale-invariant in the limit μ_i → 3/2. The lowest possible value of the spectral index for any of the axion fields is 3 − 2 √ 3 ≃ −0.46. Requiring conventional power-law inflation, rather than pole inflation, in the axion frame, guarantees a negatively tilted spectrum (Δn_i < 0)^{10}.

The axion perturbation spectra can have different spectral indices, but in a given string model there is a specific relationship between them. This follows as a direct consequence of the symmetries of the effective action. These symmetries relate the coupling parameters between the various fields and are manifested in the spectra. Such perturbation spectra could provide distinctive signatures of the early evolution of our universe. The analysis presented above is applicable to a wide class of non-linear sigma models coupled to gravity. In such

9The factor 16πl^2_{Pl} arises due to our dimensionless definition of σ.

10Note that although the power spectrum for axion perturbations diverges on large scales for Δni < 0, the energy density is proportional to k^2Pδσ_i and this remains finite.

models, the couplings between the massless scalar fields are specified by the functional form of the target space metric. These couplings determine the appropriate conformal factors analogous to those in Eq. (10.82) that leave the fields minimally coupled and it is the evolution of these couplings that directly determines the scale dependence of the perturbation spectra.

As an example, we consider the perturbation spectra produced within the context of a triple axion system derived from the type IIB superstring reduced to four-dimensions [101]. The dual effective action for the type IIB superstring in four dimensions was presented in Eq. (3.71). In four dimensions the three-form field strengths from the NS-NS and RR sectors are dual to the gradients of two pseudo-scalar axion fields, σ_1 and σ_2. The third axion field, σ_3 ≡ χ, is the RR axion already present in the ten–dimensional theory. The scalar fields parametrise an SL(3, R)/SO(3) coset of a non-linear sigma model in Einstein gravity [100], where the conformal factors appearing in Eq. (10.71) are given by

e^{2ωi} = e^{2φ} for σ_1 e^{φ−√3β} for σ_2 e^{φ+√3β} for σ_3

, (10.82)

These factors reflect the different couplings that each of the axion fields has to the dilaton and moduli fields in the effective action. The exponents in the power-law solutions, Eq. (10.73), for the axion scale factors are then given by

r_i = √ 3 cos ξ for σ_1 √ 3 cos(ξ + π/3) for σ_2 √ 3 cos(ξ − π/3) for σ_3

. (10.83)

All three spectral indices for the axion fields in the truncated type IIB model where the fields parameterise an SL(3, R)/SO(3) coset are determined by the single integration constant ξ. The spectral tilts are shown in Figure 14. They take the values

Δn_i = 3 − 2 √ 3| cos(ξ − ξ_i)| (10.84)

where

ξ_i =

0 for σ_1 −π/3 for σ_2 π/3 for σ_3

. (10.85)

One of the axion fields always has a red spectrum (Δn_i < 0) while the other two spectra are blue (Δn_i > 0), except in the critical case | cos ξ| = √ 3/2, where two of the spectra are scaleinvariant and only one is blue. This provides an example of the important phenomenological role that the RR sector of string theory can play in cosmological scenarios [266, 267, 215, 261, 327].

The requirement that at least one axion field has a red or scale-invariant perturbation spectra in the SL(3, R) model could have damaging observational consequences, as we will discuss shortly. This raises the possibility that realistic models with additional degrees of freedom might also inevitably produce red perturbation spectra. This would then put in doubt the ability of the pre–big bang scenario to produce a sufficiently homogeneous

Figure 14: Spectral tilts Δn_i for three axion fields’ perturbation spectra in the truncated type IIB action as a function of integration constant ξ in the pre–big bang solutions. The solid line corresponds to Δn_1, the dotted line to Δn_2 and the dashed line to Δn_3.

universe on large scales [101]. However, such a conclusion depends on whether the effect of introducing more moduli fields is more or less significant than the introduction of further axion fields.

For example, we can extend the analysis to the SL(4, R) non-linear sigma model. This introduces a further modulus field and three more axion fields. A study of the perturbation spectra produced during a pre–big bang era in such a model has shown [53] that in fact the constraint on the upper bound of the minimal spectral tilt is relaxed by increasing the size of the group. In such an SL(4, R) model we require only that n_i ≤ 3 − √ 6 ≃ 0.55 for at least one axion field [53]. As any SL(n, R) group with n > 4 includes SL(4, R) sub-groups, this demonstrates that increasing the group size in this way evades the requirement of a red spectrum threatened in Ref. [101].

Alternatively one can simply increase the number of effective moduli fields by dropping the requirement of isotropy in the three–dimensional external space [171]. This is reasonable in the pre-big bang era as isotropy is only required by observations in the post-big bang phase. In the simplest case of the Bianchi I cosmology discussed in Section 7.2, the shear evolves like an additional massless field and introduces a new free parameter in the cosmological solution. The anisotropy complicates the perturbation analysis (here based on a maximally symmetric external space) and is beyond the scope of the present review, but it is possible to show [149, 170] that introducing shear allows all the other dilaton and moduli background fields to remain constant in the pre–big bang era. This results in a maximally steep blue spectrum for all the axion fields.

10.7 Large-scale structure from a Pre-Big Bang era

We have seen how vacuum fluctuations in massless fields present in the string effective action predict different spectra of inhomogeneities on super-horizon scales at the end of a pre-big bang era, but we have not yet discussed how these perturbations evolve through to the present post-big bang era. Indeed, in the absence of a definite model for the graceful exit from one phase to the other, it is impossible to make definite predictions. The minimal assumption usually made is that large-scale perturbations should be “frozen-in”, at least during a sufficiently rapid transition. This is indeed the standard assumption made in most models of conventional inflation, where the detailed dynamics of reheating at the end of the inflationary era is usually neglected [254]. This constancy of both the scalar curvature perturbation, ζ, and the tensor perturbations, h_{ij} , on super-horizon scales was implicit in our earlier discussion of both gravitational waves and primordial black holes.

Isocurvature axion perturbations. In simple toy models of the transition from preto post-big bang phases, where the fields remain effectively massless, the large-scale perturbation spectra do indeed seem to be frozen-in [66]. The curvature perturbations, and all the dilaton-moduli fields which contribute to the energy density at first order, have steep blue spectra which are completely inconsistent with the observed large-scale structure in our universe. In this case the axion field perturbations, δσ_i, only contribute to the energy density at second-order, but as the first-order perturbations are so small, these second-order effects could dominate on large scales. We can estimate the energy density associated with the massless axion field in the Einstein frame using Eq. (10.80) to give [66, 123, 124] ~ρi ∼ k^2 ~a^2 e^{2ωi} P_{δσi} |_s 16πl^2_{Pl}

= C^2(μ_i) k^2 ~a^2 ( ~H 2π )_2 s ( k k_s )_{3−2}μ_i , (10.86)

where the subscript s denotes quantities to be evaluated at the end of the dilaton-moduli-driven pre-big bang phase. Note that although the amplitude of the field perturbations depends upon the conformal factor e^{2ωi} , the effective energy density of perturbations with k ∼ k_s is the same for all the fields calculated in the Einstein frame, and depends only up on the Hubble rate ~H_s which is naively expected to be given by

l^2_{Pl} ~H^2_s ∼ e^{φs} ∼ 10^{−2} . (10.87)

The different conformal factors affect only the tilt of the spectrum and for μ_i = 3/2 we have a scale-invariant spectrum of density perturbations.

Temperature anisotropies on the cosmic microwave background sky due to these secondorder density perturbations have been estimated to be [123, 124] ΔT T ∼ ~ρi ρ_{crit} | | | | k=~a ~H ∼ l^2_{Pl} ~H^2_s ( k k_s )_{3−2}μ_i . (10.88)

To be compatible with the observed level of anisotropies this requires either a lower than expected normalization compared with that given in Eq. (10.87), or a slightly blue-tilted spectrum, Δn_i = 3 − 2μ_i ∼ +0.1.

Recently, Melchiorri et al. [295] have determined the perturbation spectra for the massless axionic seeds and extended the analysis into the acoustic-peak region by employing a full Boltzmann code. They obtain encouraging results. The evolution of the internal dimensions (see Eq. (9.7)) during the pre-big bang phase is vital in determining the overall normalisation of the peaks as well as the value of the spectral tilt, Δn_i, given in Eq. (10.53). We do not summarize the details of their calculation here, but for completeness we include some of their key results. Figure 15 shows the angular power spectra for five different

Figure 15: Cosmic microwave background angular power spectra induced by axionic seeds for five different spectral tilts in a universe with critical matter density. The spectral tilts, increasing from bottom to top, are Δn_i = 0.1, 0.2, 0.3, 0.4 and 0.5. (Figure kindly supplied by Filippo Vernizzi based on results presented in Ref. [295].)

tilts in the range 0.1 ≤ Δn_i ≤ 0.5. The generic features exhibited by these power spectra are the significant acoustic peaks in the multipole range 250 < l < 300, with a corresponding blue power spectrum for the scalar component of the perturbations. Ref. [295] compares predictions with the published microwave background data and shows that those with 0.3 ≤ Δn_i ≤ 0.5. appear to be consistent with the present data. Of most significance is the fact that the isocurvature nature of the perturbations results in a ‘hump’ in the spectrum at l < 100. This differs from the spectra that arise from adiabatic perturbations in standard, potential–driven inflationary models. The location of the first acoustic peak in these isocurvature spectra is also different to the standard scenario. Thus, these models are predictive and can in principle be distinguished from the more conventional inflationary scenarios.

It is quite clear that this type of approach should prove to be a strong test for the models. Indeed, it may be that the simplest models are already ruled out. Of course, these models have yet to fully incorporate the behaviour of the perturbations through the graceful exit phase, and it is important to understand the impact that this epoch may have on the perturbed fields. A first attempt to understand this process suggests that the impact is potentially significant [225, 226].

Primordial curvature perturbations. The result that the curvature perturbation on uniform density hypersurfaces, ζ, remains fixed on super-horizon scales is strictly true only for adiabatic perturbations [22, 403]. The large number of fields present in the low energy action can support entropic as well as adiabatic perturbations. We define adiabatic perturbations as those perturbations for which δσ_i σ^′_i = δσ_j σ^′_j ∀ i, j . (10.89)

By contrast, for entropy perturbations we have Γ_{ij} ≡ δσ_i σ^′_i − δσ_j σ^′_j ≠ 0 . (10.90)

These entropy perturbations can alter the value of the curvature perturbation, ζ, even on super-horizon scales if they give rise to a significant non-adiabatic pressure perturbation [403], δp_{nad} = δp − c^2_sδρ where c^2_s ≡ ṗ/ρ̇ is the adiabatic sound speed.

Massless axion fields only contribute to the pressure or energy density at second order and therefore cannot lead to a first-order change in the curvature perturbation. However if they interact with other fields and/or acquire a mass [60] they can lead to a first-order effect. Consider a simple toy model with a second-order phase-transition, where the density is continuous but there is an abrupt change in the pressure on a hypersurface, Σ, triggered by the axion field reaching a critical value σ_c. The curvature perturbation, ψ, on the hypersurface Σ can be given in terms of the field fluctuations on spatially flat (ψ = 0) hypersurfaces as ψ_Σ = ~a^′ ~a δσ_i σ^′_i . (10.91)

At the same time the initial curvature perturbation on uniform density hypersurfaces, ζ_1, can be written as ζ_1 = ψ_Σ + ~a^′ ~a δρ_Σ ρ^′ = ψ_Σ − 1 3γ_1 δρ_Σ ρ . (10.92)

where the pressure p_1 = (γ_1 − 1)ρ and δρ_Σ is the density perturbation on Σ. An analogous expression can be written for the subsequent curvature perturbation, ζ_2, when the pressure p_2 = (γ_2 − 1)ρ. Eliminating δρ_Σ then yields

ζ_2 = γ_1 γ_2 ζ_1 + ( 1 − γ_1 γ_2 ) ψ_Σ , (10.93)

where ψ_Σ is given by Eq. (10.91). Thus the final value of ζ depends not only up on the initial value, but also up on the fractional change in the equation of state, γ_1/γ_2, and the curvature of Σ given by ψ_Σ. The curvature perturbation remains unaltered (ζ_2 = ζ_1) only for γ_1 = γ_2, or adiabatic perturbations where the uniform density and uniform field hypersurfaces necessarily coincide (i.e., ψ_Σ = ζ_1). If the initial curvature perturbation, ζ_1, is negligible on large scales, as seems likely in the pre-big bang scenario, then the amplitude of the final perturbation ζ_2 depends up on the equation of state and the time-evolution of the background field σ^′_i, both of which are unspecified here. But because ζ is linearly dependent on δσ_i, the spectral index of the curvature perturbation, Eq. (10.17), is simply given by n = 1 + Δn_i = 4 − 3μ_i . (10.94) and we can recover a Harrison-Zel’dovich spectrum of curvature perturbations on superhorizon scales for μ_i = 3/2.

11 Outlook: Hořava–Witten Cosmology

In recent years two of the most important ideas to have been developed in particle physics and cosmology are those of superstring theory and cosmological inflation. Significant advances have been made in both fields. From an astrophysical point of view, models of inflation can now be strongly constrained by a host of cosmological observations, most notably those arising from microwave background anisotropies and high redshift surveys of galaxy clusters and superclusters [253, 254, 222, 274]. In the near future, a flood of forthcoming data will only serve to improve the current situation. In particular, gravity wave interferometers such as LIGO will constrain any primordial gravitational wave background that may have been generated during an inflationary epoch [4].

On the theoretical side, a major change of emphasis has occurred with the appearance of eleven–dimensional M–theory as the (proposed) fundamental quantum theory of gravity [406]. The moduli space of M-theory encompasses all five, anomaly free, ten–dimensional superstring theories. In this sense, no particular string theory is necessarily more fundamental than any of the others. Rather, they are all related by the S–, T– and U–duality symmetries. Moreover, another region of the M–theory moduli space corresponds to eleven–dimensional supergravity [406, 386], implying that M–theory is more than a theory of superstrings. This re–establishes the importance of eleven–dimensional supergravity in the study of particle physics and cosmology. In view of the excitement that has been generated by this discovery, there is a pressing need to study the cosmology associated with M-theory and superstring theory, especially within the context of the duality symmetries of the theories. Such a programme is still in the early stages of its development, but already progress has been made in understanding the nature of cosmologies that may arise.

A key question to be addressed is whether a definitive inflationary model can be developed from string/M–theory and ultimately constrained by astrophysical observation. The pre–big bang scenario represents the first step towards such a goal [393, 155]. Whilst there are certainly a number of unresolved problems with this scenario, the duality symmetries that arise within string theories can have important cosmological consequences, both at the theoretical and observational levels. It is quite possible, therefore, that some manifestation of string duality could be detectable within the foreseeable future.

The precise region of the M–theory moduli space that describes our present–day universe is uncertain, but from a particle physicists’ point of view, the most favoured location is that of E_8 × E_8 heterotic string theory . Hořava and Witten have shown that the strongly– coupled limit of this theory is M–theory on an eleven–dimensional orbifold R^{10} × S^1/Z_2 [200, 201]. The weakly–coupled heterotic string theory is then recovered in the limit where the radius of S^1 tends to zero. The orbifold S^1/Z_2 may be viewed as a segment of the real line that is bounded by two fixed points on the circle. The effect of the Z_2 transformation is to reverse the orientation of the circle, y → −y, where y is the coordinate of the eleventh dimension, and to change the sign of the three–form potential. This latter change of sign is necessary for the eleven–dimensional supergravity theory to remain invariant. The two sets of E_8 gauge supermultiplets are located on each of the ten-dimensional orbifold fixed planes [200, 201]. In other words, they propagate only at the Z_2 fixed points and restricting the fields in this way cancels the gravitational anomalies.

In view of these developments, we conclude the review with a brief discussion on the cosmological solutions admitted by the Hořava–Witten theory. Despite its potential importance, relatively little work has been done thus far in deriving and analysing tine–dependent solutions in this theory. An early study was made by Benakli, who found a class of cosmological solutions from certain p–brane configurations [37, 38]. Our aim is to present a flavour of the type of solutions that can be found and we will therefore be brief on the technical subtleties. An excellent review of the detailed solutions can be found in [272].

Witten subsequently considered a further compactification to four dimensions on a deformed Calabi-Yau manifold and showed that the resulting theory has N = 1 supersymmetry [407]. From this a remarkable conclusion is deduced; comparison of the gravitational and GUT couplings implies that the orbifold must be larger than the radius of the Calabi–Yau space [407, 19]. Indeed, the relative sizes may differ by more than an order of magnitude. This immediately implies that the early universe may have undergone a phase where it was five–dimensional.

Motivated by these considerations, Lukas et al. derived an effective five–dimensional theory by a direct compactification of the Hořava–Witten theory on a Calabi–Yau space [269, 270]. The form of the eleven–dimensional metric they assumed is given by

ds^2_{11} = V^{−2/3}g_{μν} dx^μdx^ν + V^{1/3}Ω_{mn}dy^mdy^n, (11.1)

where x^μ (0 ≤ μ, ν ≤ 4) and y^m (5 ≤ m, n ≤ 10) are the coordinates on the five–dimensional spacetime and Calabi–Yau space, respectively, and the metrics are denoted by g_{μν}(x) and Ω_{mn}(y). The deformation of the Calabi–Yau manifold is parametrized by the scalar degree of freedom V (x). The five–dimensional metric is comprised of the four–dimensional spacetime and the orbifold dimension.

As emphasized by Lukas et al. [269, 270], a necessary condition that must be satisfied for a consistent compactification of Hořava–Witten theory to five dimensions is that a non– zero mode of the four-form field strength on the Calabi–Yau three–fold has to be included. For this reason, such a compactification differs from that of the standard Kaluza–Klein reduction of eleven–dimensional supergravity.

In what follows we adopt the normalization of Reall [332]. A consistent truncation of the effective, five–dimensional theory is given by [269, 270, 332] S = ∫ M5 d^5x √ −g ( 1 2 R_5 − 1 2 (∇ϕ)^2 − e^− √ 2ϕ∇ξ · ∇ξ̄ − 1 6 α^2e^{−2} √ 2ϕ )

+ √ 2 ∫ M (1)4

d^4x √ −g̃αe^− √ 2ϕ − √ 2 ∫ M (2)4

d^4x √ −g̃αe^− √ 2ϕ, (11.2)

where α is a constant, the orbifold fixed planes and five–dimensional spacetime are denoted by M^{(1,2)}_4 and M_5, respectively, and the pull–back of the five–dimensional metric onto M^{(1,2)}_4 is denoted by g̃_{ij} (0 ≤ i, j ≤ 3). The complex scalar mode, ξ, determines the non–trivial components of the three–form potential on the Calabi–Yau manifold such that A_{mnp} = ξω_{mnp}/6, where ω_{mnp} is the harmonic (3, 0) form. However, the consistent truncation of the five-dimensional action that we are considering here is only possible if the imaginary component of ξ is constant. The scalar field ϕ is related to the deformation parameter by ϕ ≡ (ln V )/ √ 2.

The equations of motion derived from the action (11.2) are given by [332] R_{μν} − 1 2 Rg_{μν} = ∇_μϕ∇_νϕ + 2e^{2ρ−} √ 2ϕ∇_μρ∇_νρ −g_{μν} ( 1 2 (∇ϕ)^2 + e^{2ρ−} √ 2ϕ(∇ρ)^2 + 1 6 α^2e^{−2} √ 2ϕ )

+ √ 2α √ g̃ g g̃^{ij}g_{iμ}g_{jν} e^− √ 2ϕ(δ(y) − δ(y − πλ)), (11.3) 2ϕ = −^√2e^{2ρ−√2ϕ}(∇ρ)^2 −^{√2}_3 α^2e^{−2√2ϕ} +2α √ g̃ g e^− √ 2ϕ(δ(y) − δ(y − πλ)) (11.4) ∂_μ( √ −ge^{ρ−} √ 2ϕ∂^μρ) = 0, (11.5)

where ξ ≡ e^{ρ+iθ} (θ = constant) and y ∈ [−πλ, πλ] denotes the the coordinate along the orbifold. The Z_2 fixed points are located at y = 0 and y = πλ.

The constant α in Eq. (11.2) arises due to the non–zero mode of the four–form field strength on the Calabi–Yau space. It results in a self–interaction potential for the scalar field, ϕ, that does not exhibit a global minimum. This is highly significant, because it implies that flat space is not a solution to this theory. However, there does exist a static solution to the field equations that may be interpreted as a pair of parallel three-branes [269, 270]. The existence of a three–brane solution is suggested by the potential term in the five–dimensional effective action. This may be interpreted as a 0–form field strength and, in general, a solitonic p–brane is supported by the magnetic charge of a (D − p − 2)–form field strength in D spacetime dimensions [122].

When ρ is constant, the analytical form of this three–brane solution is given by [269, 332]

ds^2_5 = −e^{2U2} dη^2 + e^{2A2} dΩ^2_{3,κ} + e^{2B2} dy^2, (11.6)

where

e^{U2(y)} = e^{A2(y)} = a_0H^{1/2} e^{B2(y)} = b_0H^2 V (y) = b_0H^3 H(y) = √ 2 3 α|y| + c_0, (11.7)

the three–metric, dΩ^2_{3,κ}, is the line element on the three–dimensional hypersurfaces defined in Eq. (7.10) with positive (κ > 0), negative (κ < 0) and zero (κ = 0) spatial curvature, respectively, and {a_0, b_0, c_0} are constants. The solution (11.6) preserves half of the D = 5 supersymmetries. After a further reduction to four dimensions, the four–dimensional spacetime may be interpreted as the world–volume of the three–brane [269, 270]. This solution also applies when ξ has the non–trivial form [269, 271, 332]

ξ = e^{iθ}(d_0H^4 + ξ_0), (11.8) where {θ, d_0, ξ_0} are real constants.

The solution (11.6) has been generalized to allow for a cosmological time–dependence [271, 332]. Thus far, all solutions of this type have been found by employing the technique of separation of variables. They have the generic form

ds^2_5 = −e^{2U (η,y)}dη^2 + e^{2A(η,y)}dΩ^2_{3,κ} + e^{2B(η,y)}dy^2 ϕ = ϕ(η, y), ρ = ρ(η, y), (11.9) where U(η, y) = U_1(η) + U_2(y), etc. This separable ansatz makes it possible to search independently for y– and η–dependent solutions. The spatially flat models (κ = 0) were considered in [271], and generalized to the open and closed models (κ ≠ 0) [332]. In particular, the y–dependence of the solutions found by Reall [332] when ξ is trivial is given by Eq. (11.7) and the time–dependence is

e^{A1} = e^{U1} = τ^{(1−δ)/2} √ 1 + κτ^2 e^{B1} = τ^δ e^{ϕ1} ∝ τ^{ϵδ}, (11.10)

where δ = ± √ 3/2, ϵ = 1/ √ 2 and the new time variable, τ, is defined in Eq. (7.12) to be

τ ≡ κ^{−1/2}| tan(κ^{1/2}η)| for κ > 0 |η| for κ = 0 |κ|^{−1/2}| tanh(|κ|^{1/2}η)| for κ < 0 . (11.11)

These solutions incorporate the κ = 0 cosmological solutions first derived in [271]. All models evolve out of a five–dimensional curvature singularity and the spatially closed models also develop into a singularity after a finite time. On the other hand, the negatively–curved model has interesting asymptotic behaviour in the late–time limit. The metric for the κ = −1 solution has components of the form

e^{2A} = e^{2U} = a^2_0| sinh η|^{1∓} √ 3 2 (cosh η)^{1±} √ 3 2 H(y) e^{2B} = b^2_0| tanh η|^± √ 3H^4(y) (11.12)

and the scalar field is given by e √ 2ϕ = b_0| tanh η|^± √ 3/2H^3(y). (11.13)

It follows that at late times, e^{A1} ∝ e^η and B_1 asymptotically becomes constant. This corresponds to the static domain wall solution (11.6) and implies that this solution evolves from an initial curvature singularity towards the supersymmetric vacuum solution of the theory.

The time-dependence of the solutions (11.9) reduces to a particular case of the dilaton– moduli–vacuum solutions (7.13)–(7.15) derived in Section 7 [297, 94]. The reason for this similarity is due to the fact that in both cases, the time–dependence of the solutions originates from the dynamics of massless fields. This follows because the potential energy terms in the Hořava–Witten equations of motion arise only in the separated equations containing spatial (y) derivatives. In effect, any dynamical effect that these terms may have is eliminated by the static, domain wall sector of the separable solution. Recently it has been shown [257] that any anisotropic and inhomogeneous cosmological solution to the lowestorder dilaton-graviton string equations of motion (including anisotropic and inhomogeneous solutions discussed in section 7) may be employed as a seed to derive a curved, three-brane cosmological solution to five-dimensional heterotic M-theory compactified on a Calabi-Yau three-fold.

In the Hořava-Witten context, the size of the orbifold, i.e., the physical separation of the two domain walls is parametrized by B_1 and this plays the role of the dilaton field in four–dimensions. Thus, the solution (11.10) has the same analytical form as the dilaton– moduli–vacuum solution (7.13)–(7.15), where cos ξ_∗ = ±1/2. These specific values on the exponents of the solution arise because the δ–function terms in the Hořava-Witten equations of motion must be time–independent if separable solutions are to be found. This condition implies that the orbifold dimension and Calabi–Yau space must expand in a well–defined way (B_1 = √ 2ϕ_1) and this leads to the restriction on the allowed values of ξ_∗. For these values, the string–frame scale factor for the spatially flat model is given [see Eq. (9.6)] by a ∝ t^{(9±4√3)/33} and this solution does not represent an inflationary cosmology. It is not presently clear whether there exist other cosmological solutions that lead to realistic inflationary behaviour within the context of the Hořava-Witten theory. The open question that remains, therefore, is whether this theory is compatible with the inflationary scenario. Perhaps this question can be addressed by searching for non–separable solutions to the field equations [82, 229] or by including further non–trivial form–fields in the effective action.

Acknowledgements

We thank J. Barrow, A. Billyard, H. Bridgman, R. Brustein, C. Cartier, D. Clancy, A. Coley, R. Durrer, R. Easther, A. Feinstein, M. Gasperini, D. Holden, N. Kaloper, I. Kogan, K. Kunze, A. Lahiri, A. Liddle, R. Madden, K. Maeda, J. Maharana, H. Reall, K. Stelle, R. Tavakol, M. Vázquez-Mozo, G. Veneziano and F. Vernizzi for many helpful discussions and communications. JEL and DW are supported by the Royal Society. EJC is supported by the Particle Physics and Astronomy Research Council, PPARC (UK).

References

[1] D. J. Adams, R. W. Hellings, R. L. Zimmerman, H. Farhoosh, D. I. Levine, and Z.

Zeldich, Astrophys. J. 253, 1 (1982).

[2] D. J. Adams, R. W. Hellings, and R. L. Zimmerman, Astrophys. J. 288, 14 (1985). [3] O. Aharony, Nucl. Phys. B476, 470 (1996), hep-th/9604103. [4] B. Allen and R. Brustein, Phys. Rev. D55, 3260 (1997), hep-th/9609013. [5] E. Alvarez and M. A. R. Osorio, Phys. Rev. D40, 1150 (1989). [6] E. Alvarez, L. Alvarez–Gaumé, and Y. Lozano, Nucl. Phys. Proc. Suppl. 41, 1 (1995), hep-th/9410237.

[7] E. Alvarez and P. Meessen, J. High Energy Phys. 02, 015 (1999), hep-th/9810240. [8] A. Andrianopoli, R. D’Auria, S. Ferrara, P. Fre, R. Minasian, and M. Trigiante, Nucl.

Phys. B493, 249 (1997), hep-th/9612202.

[9] A. Andrianopoli, R. D’Auria, S. Ferrara, P. Fre, and M. Trigiante, Nucl. Phys. B496, 617 (1997), hep-th/9611014.

[10] A. Andrianopoli, R. D’Auria, S. Ferrara, P. Fre, and M. Trigiante, Nucl. Phys. B509, 463 (1998), hep-th/9707087.

[11] I. Antoniadis, J. Rizos, and K. Tamvakis, Nucl. Phys. B415, 497 (1994), hepth/9305025.

[12] T. Appelquist, A. Chodos, and P. G. O. Freund, Modern Kaluza–Klein Theories (Addison–Wesley, Menlo Park, 1987).

[13] R. Argurio, hep-th/9807171.

[14] P. S. Aspinwall, Nucl. Phys. Proc. Suppl. 46, 30 (1996), hep-th/08154. [15] P. S. Aspinwall, hep-th/9611137.

[16] D. Bailin and A. Love, Rep. Prog. Phys. 50, 1087 (1987).

[17] D. Bailin, A. Love, W. A. Sabra, and S. Thomas, Phys. Lett. B320, 21 (1994), hepth/9309133.

[18] I. Bakas, Nucl. Phys. B428, 374 (1994), hep-th/9402016. [19] T. Banks and M. Dine, Nucl. Phys. B479, 173 (1996), hep-th/9605136. [20] T. Banks, W. Fischler and L. Motl, J. High Energy Phys. 01, 019 (1999), hepth/9811194.

[21] J. M. Bardeen, Phys. Rev. D22, 1882 (1980).

[22] J. M. Bardeen, P. J. Steinhardt, and M. S. Turner, Phys. Rev. D28, 679 (1983). [23] J. D. Barrow, Nat. 272, 211 (1978).

[24] J. D. Barrow and M. P. Dabrowski, Phys. Rev. D55, 630 (1997), hep-th/9608136. [25] J. D. Barrow and K. Kunze, Phys. Rev. D55, 623 (1997), hep-th/9608045. [26] J. D. Barrow and K. Kunze, Phys. Rev. D56, 741 (1997), hep-th/9701085. [27] N. A. Batakis, Phys. Lett. B353, 39 (1995), hep-th/9504057. [28] N. A. Batakis, Phys. Lett. B353, 450 (1995), hep-th/9503142. [29] N. A. Batakis and A. A. Kehagias, Nucl. Phys. B449, 248 (1995), hep-th/9502007. [30] N. A. Batakis and A. A. Kehagias, Phys. Lett. B356, 223 (1995). [31] K. Behrndt and S. Förste, Nucl. Phys. B430, 441 (1994), hep-th/9403179. [32] K. Behrndt and S. Förste, Phys. Lett. B320, 253 (1994), hep-th/9308131. [33] V. A. Belinskii and I. M. Khalatnikov, Sov. Phys. JETP 29, 911 (1969). [34] V. A. Belinskii and I. M. Khalatnikov, Sov. Phys. JETP 30, 1174 (1970). [35] V. A. Belinskii and I. M. Khalatnikov, Sov. Phys. JETP 32, 169 (1971). [36] V. A. Belinskii, E. M. Lifshitz, and I. M. Khalatnikov, Adv. Phys. 31, 639 (1982). [37] K. Benakli, Int. J. Mod. Phys. D8, 153 (1999), hep-th/9804096. [38] K. Benakli, Phys. Lett. B447, 51 (1999), hep-th/9805181.

[39] E. Bergshoeff, M. de Roo, B. de Wit, and P. van Niewenhuizen, Nucl. Phys. B195, 97 (1982).

[40] E. Bergshoeff, M. de Roo, and B. de Wit, Nucl. Phys. B217, 143 (1983). [41] E. Bergshoeff, I. G. Koh, and E. Sezgin, Phys. Lett. B155, 71 (1985). [42] E. Bergshoeff, C. Hull, and T. Ortín, Nucl. Phys. B451, 547 (1995), hep-th/9504081. [43] E. Bergshoeff, H. J. Boonstra, and T. Ortín, Phys. Rev. D53, 7206 (1996), hepth/9508091.

[44] L. Bianchi, Mem. Soc. It. 11, 267 (1898); reprinted in Opere IX, ed. A. Maxia (Editzioni Crenonese, Rome, 1952).

[45] J. Bicak and J. B. Griffiths, Phys. Rev. D49, 900 (1994). [46] J. Bicak and J. B. Griffiths, Ann. Phys. 252, 180 (1996), gr-qc/9610041.

[47] A. P. Billyard, A. A. Coley and J. E. Lidsey, Phys. Rev. D59, 123505 (1999), grqc/9903095.

[48] A. P. Billyard, A. A. Coley, and J. E. Lidsey, gr-qc/9907043.

[49] N. D. Birrel and P. C. W. Davies, Quantum Fields in Curved Space (Cambridge University Press, Cambridge, 1982).

[50] C. Brans and R. H. Dicke, Phys. Rev. 124, 925 (1961).

[51] R. H. Brandenberger, R. Easther, and J. Maia, J. High Energy Phys. 007, 08 (1998), hep-th/9806111.

[52] P. Breitenlohner, D. Maison, and G. W. Gibbons, Commum. Math. Phys. 120, 253 (1988).

[53] H. A. Bridgman and D. Wands, in preparation.

[54] K. A. Bronnikov, M. A. Grebeniuk, V. D. Ivashchuk, and V. N. Melnikov, Grav. and Cosmol. 3, 105 (1997), gr-qc/9709006.

[55] R. Brustein, S. Foffa and R. Sturani, hep-th/9907032.

[56] R. Brustein, M. Gasperini, M. Giovannini, V. F. Mukhanov, and G. Veneziano, Phys.

Rev. D 51, 6744 (1995), hep-th/9501066.

[57] R. Brustein, M. Gasperini, M. Giovannini, and G. Veneziano, Phys. Lett. B361, 45 (1995), hep-th/9507017.

[58] R. Brustein, M. Gasperini, and G. Veneziano, Phys. Rev. D55, 3882 (1997), hepth/9604084.

[59] R. Brustein, M. Gasperini, and G. Veneziano, Phys. Lett. B431, 277 (1998), hepth/9803018.

[60] R. Brustein and M. Hadad, Phys. Lett. B442, 74 (1998), hep-ph/9806202. [61] R. Brustein and R. Madden, Phys. Lett. B410, 110 (1997), hep-th/9702043. [62] R. Brustein and R. Madden, Phys. Rev. D57, 712 (1998), hep-th/9708046. [63] R. Brustein and R. Madden, J. High Energy Phys. 07, 006 (1999), hep-th/9901044. [64] R. Brustein and G. Veneziano, Phys. Lett. B329, 429 (1994), hep-th/9403060. [65] A. Buonanno, K. A. Meissner, C. Ungarelli, and G. Veneziano, Phys. Rev. D57, 2543 (1998), hep-th/9706221.

[66] A. Buonanno, K. A. Meissner, C. Ungarelli, and G. Veneziano, J. High Energy Phys.

01, 004 (1998), hep-th/9710188.

[67] A. Buonanno, T. Damour, and G. Veneziano, Nucl. Phys. B543, 275 (1999), hepth/9806230.

[68] A. Buonanno, M. Gasperini, M. Maggiore, and C. Ungarelli, Class. Quant. Grav. 14, L97 (1997), hep-th/9701146.

[69] A. B. Burd and J. D. Barrow, Nucl. Phys. B308, 929 (1988). [70] T. H. Buscher, Phys. Lett. B194, 59 (1987). [71] T. H. Buscher, Phys. Lett. B201, 466 (1988).

[72] C. Callan, S. Coleman, J. Wess, and B. Zumino, Phys. Rev. 117, 2247 (1969). [73] C. G. Callan, D. Friedan, E. J. Martinec, and M. J. Perry, Nucl. Phys. B262, 593 (1985).

[74] I. C. Campbell and P. C. West, Nucl. Phys. B243, 112 (1984). [75] M. Carmeli, Ch. Charach, and S. Malin, Phys. Rep. 76, 79 (1981). [76] M. Carmeli, Ch. Charach, and A. Feinstein, Ann. Phys. 150, 392 (1983). [77] B. J. Carr, J. H. Gilbert, and J. E. Lidsey, Phys. Rev. D50, 4853 (1994), astroph/9405027.

[78] C. Cartier, E. J. Copeland and R. Madden, hep-th/9910169. [79] M. Carmeli and A. Feinstein, Phys. Lett. A103, 318 (1984). [80] , M. Carmeli and A. Feinstein, Int. J. Mod. Phys. 24, 1009 (1985). [81] L. Castellani, P. Fré, F. Giani, K. Pilch, and P. van Nieuwenhuizen, Ann. Phys. 146, 35 (1983).

[82] H. A. Chamblin and H. S. Reall, hep-th/9903225. [83] A. Chamseddine, Phys. Rev. D24, 3065 (1981). [84] A. Chamseddine, Nucl. Phys. B185, 403 (1981). [85] G. Chapline and N. Manton, Phys. Lett. B120, 105 (1983). [86] Ch. Charach and S. Malin, Phys. Rev. D19, 1058 (1979).

[87] D. Clancy, J. E. Lidsey, and R. Tavakol, Phys. Rev. D58, 044017 (1998), grqc/9802052.

[88] D. Clancy, J. E. Lidsey, and R. Tavakol, Phys. Rev. D59, 063511 (1999), grqc/9806065.

[89] D. Clancy, A. Feinstein, J. E. Lidsey, and R. Tavakol, Phys. Lett. B451, 303 (1999);

gr-qc/9903022.

[90] D. Clancy, A. Feinstein, J. E. Lidsey, and R. Tavakol, Phys. Rev. D60, 043503 (1999), gr-qc/9901062.

[91] C. B. Collins and G. F. R. Ellis, Phys. Rep. 56, 65 (1979).

[92] P. D. B. Collins, A. D. Martin, and E. J. Squires, Particle Physics and Cosmology (Wiley, New York, 1989).

[93] E. J. Copeland, R. Easther, and D. Wands, Phys. Rev. D56, 874 (1997), hepth/9701082.

[94] E. J. Copeland, A. Lahiri, and D. Wands, Phys. Rev. D50, 4868 (1994), hepth/9406216.

[95] E. J. Copeland, A. Lahiri, and D. Wands, Phys. Rev. D51, 1569 (1995), hepth/9410136.

[96] E. J. Copeland, A. R. Liddle, J. E. Lidsey, and D. Wands, Phys. Rev. D58, 063508 (1998), gr-qc/9803070.

[97] E. J. Copeland, A. R. Liddle, and D. Wands, Phys. Rev. D57, 4686 (1998), grqc/9711068.

[98] E. J. Copeland, J. E. Lidsey, and D. Wands, Nucl. Phys. B506, 407 (1997), hepth/9705050.

[99] E. J. Copeland, J. E. Lidsey, and D. Wands, Phys. Rev. D57, 625 (1998), hepth/9708154.

[100] E. J. Copeland, J. E. Lidsey, and D. Wands, Phys. Rev. D58, 043503 (1998), hepth/9708153.

[101] E. J. Copeland, J. E. Lidsey, and D. Wands, Phys. Lett. B443, 97 (1998), hepth/9809105.

[102] E. Cremmer, in Superspace and Supergravity, eds. S. W. Hawking and M. Rocek (Cambridge University Press, Cambridge, 1981).

[103] E. Cremmer, in Supergravity ‘81, eds. S. Ferrara and J. G. Taylor (Cambridge University Press, Cambridge, 1981).

[104] E. Cremmer and B. Julia, Phys. Lett. B80, 48 (1978). [105] E. Cremmer, J. Scherk, and S. Ferrara, Phys. Lett. B74, 61 (1978). [106] E. Cremmer and J. Scherk, Phys. Lett. B74, 341 (1978). [107] E. Cremmer, B. Julia, and J. Scherk, Phys. Lett. B76, 409 (1978). [108] E. Cremmer and B. Julia, Nucl. Phys. B156, 141 (1979).

[109] E. Cremmer, B. Julia, H. Lü, and C. N. Pope, Nucl. Phys. B523, 73 (1998), hepth/9710119.

[110] M. P. Dabrowski and C. Kiefer, Phys. Lett. B397, 185 (1997), hep-th/9701035.

[111] J. Dai, R. G. Leigh, and J. Polchinski, Mod. Phys. Lett. A4, 2073 (1989). [112] R. Dijkgraaf, E. Verlinde, and H. Verlinde, in Perspectives in String Theories, eds. P.

Di Vecchia and J. L. Petersen (World Scientific, Singapore, 1988). [113] M. Dine, P. Huet, and N. Seiberg, Nucl. Phys. B322, 301 (1989). [114] M. J. Duff, Int. J. Mod. Phys. A11, 5623 (1996), hep-th/9608117. [115] M. J. Duff, hep-th/9805177.

[116] M. J. Duff, B. E. W. Nilsson, and C. N. Pope, Phys. Lett. B129, 39 (1983). [117] M. J. Duff, B. E. W. Nilsson, and C. N. Pope, Phys. Rep. 130, 1 (1986). [118] M. J. Duff and R. R. Khuri, Nucl. Phys. B411, 473 (1994), hep-th/9305142. [119] M. J. Duff and J. X. Lü, Nucl. Phys. B357, 534 (1991). [120] M. J. Duff and J. X. Lü, Nucl. Phys. B416, 301 (1994), hep-th/9306052. [121] M. J. Duff and R. Minasian, Nucl. Phys. B436, 507 (1995), hep-th/9406198. [122] M. J. Duff, R. R. Khuri, and J. X. Lü, Phys. Rep. 259, 213 (1995), hep-th/9412184. [123] R. Durrer, M. Gasperini, M. Sakellariadou, and G. Veneziano, Phys. Lett. B436, 66 (1998), astro-ph/9806015.

[124] R. Durrer, M. Gasperini, M. Sakellariadou, and G. Veneziano, Phys. Rev. D59, 043511 (1999), gr-qc/9804076.

[125] D. A. Easson and R. H. Brandenberger, hep-th/9905175. [126] R. Easther and K. Maeda, Phys. Rev. D54, 7572 (1996), hep-th/9605173. [127] R. Easther, K. Maeda, and D. Wands, Phys. Rev. D53, 4247 (1996), hep-th/9509074. [128] J. Ehlers, PhD Dissertation (Hamburg, 1957). [129] A. Einstein and N. Rosen, J. Franklin Inst. 223, 43 (1937).

[130] V. Eke, S. Cole and C. Frenk, Mon. Not. R. Astron. Soc. 282, 263 (1996), astroph/9601088.

[131] G. F. R. Ellis, J. Math. Phys. 8, 1171 (1967).

[132] G. F. R. Ellis and M. A. H. MacCallum, Commun. Math. Phys. 12, 108 (1969). [133] A. Feinstein and J. Ibanez, Phys. Rev. D39, 470 (1989). [134] A. Feinstein and J. B. Griffiths, Class. Quantum Grav. 11, L109 (1994). [135] A. Feinstein, R. Lazkoz, and M. A. Vazquez–Mozo, Phys. Rev. D56, 5166 (1997), hep-th/9704173.

[136] A. Feinstein and M. A. Vazquez–Mozo, Phys. Lett. B441, 40 (1998), hep-th/9806167. [137] A. Feinstein and M. A. Vazquez–Mozo, hep-th/9906006.

[138] S. Foffa, M. Maggiore, and R. Sturani, Nucl. Phys. B552, 395 (1999), hep-th/9903008. [139] A. Font, L. Ibanez, D. Lust, and F. D. Quevedo, Phys. Lett. B249, 35 (1990). [140] S. Förste, Phys. Lett. B428, 44 (1998), hep-th/9802197. [141] E. S. Fradkin and A. A. Tseytlin, Phys. Lett. B158, 316 (1985). [142] E. S. Fradkin and A. A. Tseytlin, Nucl. Phys. 261, 1 (1985). [143] P. G. O. Freund, Nucl. Phys. B209, 146 (1982).

[144] P. G. O. Freund, Introduction to Supersymmetry (Cambridge University Press, Cambridge, 1986).

[145] M. Galluccio, M. Litterio, and F. Occhionero, Phys. Rev. Lett. 79, 970 (1997), grqc/9608007.

[146] D. V. Gal’tsov, A. A. Garcia, O. V. Kechkin, Class. Quantum Grav. 12, 2887 (1995), hep-th/9504155.

[147] M. Gasperini, Phys. Rev. D56, 4815 (1997), gr-qc/9704045. [148] M. Gasperini, gr-qc/9902060.

[149] M. Gasperini and M. Giovannini, Class. Quantum Grav. 14, 739 (1997), grqc/9604002.

[150] M. Gasperini, M. Giovannini, and G. Veneziano, Phys. Rev. Lett. 75, 3796 (1995), hep-th/9504083.

[151] M. Gasperini, M. Giovannini, and G. Veneziano, Phys. Rev. D52, 6651 (1995), astroph/9505041.

[152] M. Gasperini, M. Maggiore, and G. Veneziano, Nucl. Phys. B494, 315 (1997), hepth/9611039.

[153] M. Gasperini, J. Maharana, and G. Veneziano, Nucl. Phys. B472, 349 (1996), hepth/9602087.

[154] M. Gasperini, N. Sanchez, and G. Veneziano, Nucl. Phys. B364, 365 (1991). [155] M. Gasperini and G. Veneziano. Astropart. Phys. 1, 317 (1993), hep-th/9211021. [156] M. Gasperini and G. Veneziano, Mod. Phys. Lett. A8, 3701 (1993), hep-th/9309023. [157] M. Gasperini and G. Veneziano, Phys. Rev. D50, 2519 (1994), gr-qc/9403031. [158] M. Gasperini and G. Veneziano, Phys. Lett. B387, 715 (1996), hep-th/9607126.

[159] R. Geroch, J. Math. Phys. 13, 394 (1972).

[160] A. Ghosh, R. Madden, and G. Veneziano, hep-th/9908024. [161] F. Giani and M. Pernici, Phys. Rev. D30, 325 (1984). [162] G. W. Gibbons, gr-qc/9803065.

[163] G. W. Gibbons and S. W. Hawking, Phys. Rev. D 15, 2752 (1977). [164] G. W. Gibbons and P. K. Townsend, Nucl. Phys. B282, 610 (1987). [165] G. W. Gibbons, G. T. Horowitz, and P. K. Townsend, Class. Quantum Grav. 12, 297 (1995), hep-th/9410073.

[166] G. W. Gibbons and K. Maeda, Nucl. Phys. B289, 741 (1988). [167] G. W. Gibbons and C. N. Pope, Commun. Math. Phys. 66, 267 (1979). [168] P. Ginsparg, Phys. Rev. D35, 648 (1987). [169] P. Ginsparg and C. Vafa, Nucl. Phys. B289, 414 (1989). [170] M. Giovannini, Phys. Rev. D55, 595 (1997), hep-th/9610179. [171] M. Giovannini, Phys. Rev. D59, 063503 (1999), hep-th/9809185. [172] A. Giveon, N. Malkin, and E. Rabinovici, Phys. Lett. B220, 551 (1989). [173] A. Giveon, E. Rabinovici, and G. Veneziano, Nucl. Phys. B322, 167 (1989). [174] A. Giveon, N. Malkin, and E. Rabinovici, Phys. Lett. B238, 57 (1990). [175] A. Giveon, M. Porrati, and E. Rabinovici, Phys. Rep. 244, 77 (1994), hep-th/9401139. [176] D. S. Goldwirth and M. J. Perry, Phys. Rev. D49, 5019 (1994), hep-th/9308023. [177] R. Gowdy, Phys. Rev. Lett. 27, 827 (1971). [178] R. Gowdy, Ann. Phys. 83, 203 (1974).

[179] M. A. Grebeniuk, V. D. Ivashchuk, and V. N. Melnikov, Grav. Cosmol. 4, 145 (1998), gr-qc/9804042.

[180] A. M. Green and A. R. Liddle, Phys. Rev. D56, 6166 (1997), astro-ph/9704251. [181] M. B. Green and J. H. Schwarz, Phys. Lett. B109, 444 (1982). [182] M. B. Green and J. H. Schwarz, Phys. Lett. B122, 143 (1983). [183] M. B. Green and J. H. Schwarz, Phys. Lett. B149, 117 (1984). [184] M. B. Green and J. H. Schwarz, Phys. Lett. B151, 21 (1985).

[185] M. B. Green and J. H. Schwarz, Phys. Lett. B155, 93 (1985). [186] M. B. Green, J. H. Schwarz, and E. Witten, Superstring Theory, in 2 vols., (Cambridge University Press, Cambridge, 1987).

[187] J. B. Griffiths, Colliding Plane Waves in General Relativity (Clarendon, Oxford, 1991).

[188] D. J. Gross, J. A. Harvey, E. Martinec, and R. Rohm, Phys. Rev. Lett. 54, 502 (1985). [189] D. J. Gross, J. A. Harvey, E. Martinec, and R. Rohm, Nucl. Phys. B256, 253 (1985). [190] D. J. Gross, J. A. Harvey, E. Martinec, and R. Rohm, Nucl. Phys. B267, 75 (1986). [191] A. H. Guth, Phys. Rev. D23, 347 (1981). [192] M. Haack, B. Körs, and D. Lüst, hep-th/9904033. [193] J. J. Halliwell, Phys. Lett. B185, 341 (1987).

[194] J. Harvey and A. Strominger, Nucl. Phys. B449, 535 (1995), hep-th/9504047: Erratum: ibid. B458, 456 (1996).

[195] S. Hassan and A. Sen, Nucl. Phys. B375, 103 (1992), hep-th/9109038. [196] Z. Hassan, A. Feinstein, and V. Manko, Class. Quantum Grav. 7, L109 (1990). [197] S. W. Hawking and C. N. Pope, Nucl. Phys. B146, 381 (1978). [198] C. G. Hewitt and J. Wainwright, Class. Quantum Grav. 10, 99 (1993). [199] C. Hoenselaers, W. Kinnersley, and B. Xanthopoulos, J. Math. Phys. 20, 2530 (1979). [200] P. Hořava and E. Witten, Nucl. Phys. B460, 506 (1996), hep-th/9510209. [201] P. Hořava and E. Witten, Nucl. Phys. B475, 94 (1996), hep-th/9603142. [202] G. T. Horowitz and A. R. Steif, Phys. Rev. Lett. 64, 260 (1990). [203] G. T. Horowitz and A. Strominger, Nucl. Phys. B360, 197 (1991). [204] P. Howe and P. C. West, Nucl. Phys. B238, 181 (1984). [205] L. P. Hughston and K. C. Jacobs, Astrophys. J. 160, 147 (1969). [206] C. Hull, Phys. Lett. B357, 545 (1995), hep-th/9506194.

[207] C. M. Hull and P. K. Townsend, Nucl. Phys. B438, 109 (1995), hep-th/9410167. [208] M. Huq and M. A. Namazie, Class. Quantum Grav. 2, 293 (1985); Erratum: ibid. 2, 597 (1985).

[209] J. Hwang, Astropart. Phys. 8, 201 (1998), hep-th/9608041.

[210] J. Hwang, Class. Quantum Grav. 15, 1401 (1998), gr-qc/9710061. [211] J. Hwang and H. Noh, Class. Quantum Grav. 15, 1387 (1998), gr-qc/9612065. [212] V. D. Ivashchuk and V. N. Melnikov, J. Math. Phys. 39, 2866 (1998), hep-th/9708157. [213] V. Joseph, Proc. Cam. Phil. Soc. 62, 87 (1966).

[214] B. Julia, in Superspace and Supergravity, eds. S. W. Hawking and M. Rocek (Cambridge University Press, Cambridge, 1981).

[215] N. Kaloper, Phys. Rev. D55, 3394 (1997), hep-th/9609087.

[216] N. Kaloper, A. D. Linde, and R. Bousso, Phys. Rev. D59, 043508 (1999), hepth/9801073.

[217] N. Kaloper, I. I. Kogan and K. A. Olive, Phys. Rev. D57, 7340 (1998), hepth/9711027; erratum ibid 60, 049901 (1999).

[218] N. Kaloper and K. A. Olive, Phys. Rev. D57, 811 (1998), hep-th/9708008. [219] N. Kaloper, R. Madden, and K. A. Olive, Nucl. Phys. B452, 677 (1995), hepth/9506027.

[220] N. Kaloper, R. Madden, and K. A. Olive, Phys. Lett. B371, 34 (1996), hepth/9510117.

[221] N. Kaloper and K. A. Meissner, Phys. Rev. D56, 7940 (1997), hep-th/9705193. [222] M. Kamionkowski and A. Kosowsky, astro-ph/9904108. [223] R. Kantowski and R. K. Sachs, J. Math. Phys. 7, 443 (1966). [224] E. Kasner, Trans. Am. Math. Soc. 27, 155 (1925). [225] S. Kawai and J. Soda, Phys. Lett. B460, 41 (1999), gr-qc/9903017. [226] S. Kawai and J. Soda, gr-qc/9906046.

[227] A. A. Kehagias, Phys. Lett. B360, 19 (1995), hep-th/9506205. [228] K. Kikkawa and M. Yamasaki, Phys. Lett. B149, 357 (1984). [229] H. B. Kim and H. D. Kim, hep-th/9909053.

[230] A. R. King and G. F. R. Ellis, Commun. Math. Phys. 31, 209 (1973). [231] W. Kinnersley, J. Math. Phys. 18, 1529 (1977). [232] W. Kinnersley and D. Chitre, J. Math. Phys. 18, 1538 (1977). [233] W. Kinnersley and D. Chitre, J. Math. Phys. 19, 1926 (1978). [234] E. Kiritsis, hep-th/9709062.

[235] E. Kiritsis and C. Kounnas, Nucl. Phys. Proc. Suppl. 41, 311 (1995). [236] D. W. Kitchingham, Class. Quantum Grav. 1, 677 (1984). [237] H. Kodama and M. Sasaki, Prog. Theor. Phys. Suppl. 78, 1 (1984). [238] A. S. Kompanyeets and A. S. Chernov, Sov. Phys. JETP 20, 1303 (1964). [239] B. Kostant, Adv. Math. 34, 195 (1979).

[240] A. Krasinski, Inhomogeneous Cosmological Models (Cambridge University Press, Cambridge, 1997).

[241] D. Kramer, H. Stephani, E. Herlt, and M. A. H. MacCallum, Exact Solutions of Einstein’s Field Equations (Cambridge University Press, Cambridge, 1980).

[242] P. P. Kronberg, Rep. Prog. Phys. 57, 325 (1994). [243] K. E. Kunze, gr–qc/9906073.

[244] Z. Lalak and R. Poppe, Nucl. Phys. 507, 419 (1997), gr-qc/9704083. [245] F. Larsen and F. Wilczek, Phys. Rev. D55, 4591 (1997), hep-th/9610252. [246] D. Lemoine and M. Lemoine, Phys. Rev. D52, 1955 (1995). [247] J. J. Levin, Phys. Rev. D51, 462 (1995), gr-qc/9405061. [248] J. J. Levin, Phys. Rev. D51, 1536 (1995), hep-th/9407101. [249] J. J. Levin, Phys. Lett. B343, 69 (1995), gr-qc/9411041. [250] J. J. Levin and K. Freese, Phys. Rev. D47, 4282 (1993), astro-ph/9211011. [251] M. Li, hep-th/9811019.

[252] A. R. Liddle, Phys. Rev. D49, 3805 (1994), gr-qc/9307036; Erratum: ibid. D51, 4603 (1995).

[253] A. R. Liddle and D. H. Lyth, Phys. Rep. 231, 1 (1993), astro-ph/9303019. [254] J. E. Lidsey, A. R. Liddle, E. W. Kolb, E. J. Copeland, T. Barreiro, and M. Abney, Rev. Mod. Phys. 69, 373 (1997), astro-ph/9508078.

[255] J. E. Lidsey, Phys. Rev. D55, 3303 (1997), gr-qc/9605017. [256] J. E. Lidsey, Class. Quantum Grav. 15, L77 (1998), gr-qc/9905035. [257] J. E. Lidsey, Class. Quantum Grav. 17, L39 (2000), gr-qc/9911066. [258] C. Lovelace, Nucl. Phys. B273, 416 (1986).

[259] H. Lü, J. Maharana, S. Mukherji, and C. N. Pope, Phys. Rev. D57, 2219 (1998), hep-th/9707182.

[260] H. Lü, S. Mukherji, and C. N. Pope, hep-th/9612224.

[261] H. Lü, S. Mukherji, C. N. Pope, and K.-W. Xu, Phys. Rev. D55, 7926 (1996), hepth/9610107.

[262] H. Lü, S. Mukherji, and C. N. Pope, Phys. Rev. D55, 7926 (1997), hep-th/9610107. [263] H. Lü and C. N. Pope, Nucl. Phys. B465, 127 (1996), hep-th/9512012. [264] H. Lü, C. N. Pope, and K. S. Stelle, Nucl. Phys. B548, 87 (1999), hep-th/9810159. [265] F. Lucchin and S. Matarrese, Phys. Rev. D32, 1316 (1985).

[266] A. Lukas, B. A. Ovrut, and D. Waldram, Phys. Lett. B393, 65 (1997), hepth/9608195.

[267] A. Lukas, B. A. Ovrut, and D. Waldram, Nucl. Phys. B495, 365 (1997), hepth/9610238.

[268] A. Lukas and R. Poppe, Mod. Phys. Lett. A12, 597 (1997), gr-qc/9603047. [269] A. Lukas, B. A. Ovrut, K.S. Stelle, and D. Waldram, Phys.Rev. D59, 086001 (1999), hep-th/9803235.

[270] A. Lukas, B. A. Ovrut, K.S. Stelle, and D. Waldram, Nucl. Phys. B552, 246 (1999), hep-th/9806051.

[271] A. Lukas, B. A. Ovrut, and D. Waldram, hep-th/9806022. [272] A. Lukas, B. A. Ovrut, and D. Waldram, hep-th/9812052. [273] D. Lust and S. Theisen, Lectures on String Theory (Springer, 1989). [274] D. H. Lyth and A. Riotto, Phys. Rep. 314, 1 (1999), hep-ph/9807278. [275] R. Maartens and S. D. Nel, B. Sc. thesis (University of Cape Town, 1976). [276] M. A. H. MacCallum, in General Relativity; an Einstein Centenary Survey eds. S. W.

Hawking and W. Israel (Cambridge University Press, Cambridge, 1979). [277] M. Maggiore, Nucl. Phys. B525, 413 (1997), gr-qc/9709004. [278] M. Maggiore, Phys. Rev. D56, 1320 (1997), gr-qc/9701030. [279] M. Maggiore, gr-qc/9909001 [280] M. Maggiore and A. Riotto, Nucl. Phys. B548, 427 (1999), hep-th/9811089. [281] M. Maggiore and R. Sturani, Phys. Lett. B415, 335 (1997), gr-qc/9706053. [282] J. Maharana, Phys. Rev. Lett. 75, 205 (1995), hep-th/9502002. [283] J. Maharana, Phys. Lett. B402, 64 (1997), hep-th/9703009.

[284] J. Maharana, S. Mukherji, and S. Panda, Mod. Phys. Lett. A12, 447 (1997), hepth/9701115.

[285] J. Maharana, E. Onofri, and G. Veneziano, J. High Energy Phys. 01, 004 (1998), gr-qc/9802001.

[286] J. Maharana and J. H. Schwarz, Nucl. Phys. B390, 3 (1993), hep-th/9207016. [287] J. Maharana and H. Singh, Phys. Lett. B408, 164 (1997), hep-th/9705058. [288] D. Maison, Gen. Rel. Grav. 10, 717 (1979). [289] K. Malik and D. Wands, gr-qc/9804046 (1998). [290] N. Marcus and J. H. Schwarz, Phys. Lett. B115, 111 (1982). [291] N. Marcus and J. H. Schwarz, Nucl. Phys. B228, 145 (1983). [292] K. A. Meissner, Phys. Lett. B392, 298 (1997), hep-th/9610131. [293] K. A. Meissner and G. Veneziano, Mod. Phys. Lett. A6, 3397 (1991), hep-th/9110004. [294] K. A. Meissner and G. Veneziano, Phys. Lett. B267, 33 (1991). [295] A. Melchiorri, F. Vernizzi, R. Durrer and G. Veneziano, astro-ph/9905327. [296] R. R. Metsaev and A. A. Tseytlin, Nucl. Phys. B293, 385 (1987). [297] J. P. Mimoso and D. Wands, Phys. Rev. D51, 477 (1995), gr-qc/9405025. [298] J. P. Mimoso and D. Wands, Phys. Rev. D52, 5612 (1995), gr-qc/9501039. [299] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation (Freeman, San Francisco, 1973).

[300] S. Mizoguchi, Nucl. Phys. B528, 238 (1998), hep-th/9703160. [301] D. Morrison and C. Vafa, Nucl. Phys. B473, 74 (1996), hep-th/9602114. [302] D. Morrison and C. Vafa, Nucl. Phys. B476, 437 (1996), hep-th/9603161. [303] M. Mueller, Nucl. Phys. B337, 37 (1990). [304] V. F. Mukhanov, Sov. Phys. JETP 68, 1297 (1988).

[305] V. F. Mukhanov and R. H. Brandenberger, Phys. Rev. Lett. 68, 1969 (1992). [306] V. F. Mukhanov, H. A. Feldman, and R. H. Brandenberger, Phys. Rep. 215, 203 (1992).

[307] W. Nahm, Nucl. Phys. B135, 149 (1978). [308] K. S. Narain, Phys. Lett. B169, 41 (1986).

[309] K. S. Narain, M. H. Samadi, and E. Witten, Nucl. Phys. B279, 369 (1987). [310] R. Nepomechie, Phys. Rev. D31, 1921 (1984). [311] A. Neveu and J. Schwarz, Nucl. Phys. B31, 86 (1971). [312] A. Neveu and J. Schwarz, Phys. Rev. D4, 1109 (1971).

[313] L. O’Raifeartaigh, Group Structure of Gauge Theories (Cambridge University Press, Cambridge, 1986).

[314] N. A. Obers and B. Pioline, hep-th/9809039. [315] H. Ooguri and Z. Yin, hep-th/9612254.

[316] J. R. Oppenheimer and H. Synder, Phys. Rev. 55, 374 (1939). [317] J. M. Overduin and P. S. Wesson, Phys. Rep. 283, 303 (1997), gr-qc/9805018. [318] D. N. Page, Phys. Lett. B80, 55 (1978).

[319] J. Peacock and S. Dodds, Mon. Not. R. Astron. Soc. 267,1020 (1994), astroph/9311057.

[320] J. Polchinski, hep-th/9411028. [321] J. Polchinski, hep-th/9611050.

[322] J. Polchinski, String Theory in 2 vols., (Cambridge University Press, Cambridge, 1998).

[323] J. Polchinski and E. Witten, Nucl. Phys. B460, 525 (1996), hep-th/9510169. [324] M. D. Pollock, Nucl. Phys. B315, 528 (1989). [325] M. D. Pollock, Int. J. Mod. Phys. A7 1833 (1992). [326] M. D. Pollock and D. Sahdev, Phys. Lett. B222, 12 (1989). [327] R. Poppe and S. Schwager, Phys. Lett. B393, 51 (1997), hep-th/9610166. [328] I. Quiros, gr-qc/9905071.

[329] P. Ramond, Phys. Rev. D3, 2415 (1971). [330] B. Ratra, Astrophys. J. Lett. 391, L1 (1992). [331] B. Ratra, Phys. Rev. D45, 1913 (1992).

[332] H. S. Reall, Phys. Rev. D59, 103506 (1999), hep-th/9809195. [333] S. J. Rey, Phys. Rev. D43, 526 (1991).

[334] S. J. Rey, Phys. Rev. Lett. 77, 1929 (1996), hep-th/9605167.

[335] J. Rizos and K. Tamvakis, Phys. Lett. B326, 57 (1994), gr-qc/9401023. [336] M. Rocek and E. Verlinde, Nucl. Phys. B373, 630 (1992), hep-th/9110053. [337] M. de Roo, Phys. Lett. B156, 331 (1985). [338] M. de Roo, Phys. Lett. B169, 41 (1986).

[339] M. de Roo and F. Wagemans, Nucl. Phys. B262, 644 (1985). [340] S. Roy, Int. J. Mod. Phys. A13, 4445 (1998), hep-th/9705016. [341] M. P. Ryan and L. C. Shepley, Homogeneous Relativistic Cosmologies (Princeton University Press, Princeton, 1975).

[342] N. Sakai and I. Senda, Prog. Theor. Phys. 75, 692 (1986).

[343] A. Salam and E. Sezgin, Supergravity in Diverse Dimensions, in 2 vols., (World Scientific, Singapore, 1989).

[344] J. Scherk and J. H. Schwarz, Nucl. Phys. B81, 118 (1974). [345] J. Scherk and J. H. Schwarz, Phys. Lett. B52, 347 (1974). [346] J. Scherk and J. H. Schwarz, Nucl. Phys. B153, 61 (1981). [347] J. H. Schwarz, Nucl. Phys. B226, 269 (1983). [348] J. H. Schwarz, Nucl. Phys. B226, 269 (1984). [349] J. H. Schwarz, hep-th/9209125.

[350] J. H. Schwarz, Phys. Lett. B360, 13 (1995); Erratum: ibid. B364, 252 (1995). [351] J. H. Schwarz, Nucl. Phys. Proc. Suppl. B55, 1 (1997), hep-th/9607201. [352] J. H. Schwarz, Phys. Rep. 315, 107 (1999), hep-th/9807135. [353] J. H. Schwarz, hep-th/9812037.

[354] J. H. Schwarz and A. Sen, Phys. Lett. B312, 105 (1993), hep-th/9305185. [355] J. H. Schwarz and A. Sen, Nucl. Phys. B411, 35 (1994), hep-th/9304154. [356] J. H. Schwarz and P. West, Phys. Lett. B126, 301 (1983). [357] N. Seiberg, Nucl. Phys. B303, 286 (1988). [358] N. Seiberg and E. Witten, Nucl. Phys. B276, 272 (1986). [359] N. Seiberg and E. Witten, Nucl. Phys. B426, 19 (1994), hep-th/9407087. [360] N. Seiberg and E. Witten, Nucl. Phys. B431, 484 (1994), hep-th/9408099.

[361] A. Sen, Phys. Rev. Lett. 55, 1846 (1985). [362] A. Sen, Phys. Lett. B271, 295 (1991).

[363] A. Sen, Phys. Lett. B274, 34 (1992), hep-th/9108011. [364] A. Sen, Mod. Phys. Lett. A8, 2023 (1993), hep-th/9303057. [365] A. Sen, Nucl. Phys. B404, 109 (1993), hep-th/9207053. [366] A. Sen, Phys. Lett. B303, 22 (1993), hep-th/9209016. [367] A. Sen, Int. J. Mod. Phys. A8, 5079 (1993), hep-th/9302038. [368] A. Sen, Int. J. Mod. Phys. A9, 3707 (1994), hep-th/9402002. [369] A. Sen, Nucl. Phys. B450, 103 (1995), hep-th/9504027. [370] A. Sen, Nucl. Phys. B475, 562 (1996), hep-th/9605150. [371] A. Sen, hep-th/9802051. [372] E. Sezgin, hep-th/9809204.

[373] A. Shapere and F. Wilczek, Nucl. Phys. B320, 669 (1989). [374] A. Shapere, S. Trivedi, and F. Wilczek, Mod. Phys. Lett. A6, 2677 (1991). [375] S. T. C. Siklos, in Relativistic Astrophysics and Cosmology, eds. X. Fustero and E.

Verdaguer (World Scientific, Singapore, 1984).

[376] E. Smith and J. Polchinski, Phys. Lett. B263, 59 (1991). [377] G. E. Sneddon, J. Phys. A9, 229 (1975). [378] J. Stewart, Class. Quantum Grav. 7, 1169 (1990). [379] J. Strathdee, Int. J. Mod. Phys. A2, 273 (1987). [380] P. Szekeres, J. Math. Phys. 13, 286 (1971). [381] Y. Tanii, hep-th/9802138.

[382] A. H. Taub, Ann. Math. 53, 472 (1951).

[383] A. H. Taub and R. Tabensky, Commun. Math. Phys. 29, 61 (1973). [384] C. Teitelboim, Phys. Lett. B167, 69 (1986). [385] K. Tomita, Prog. Theor. Phys. 59, 1150 (1978). [386] P. Townsend, Phys. Lett. B350, 184 (1995), hep-th/9501068. [387] A. A. Tseytlin, Mod. Phys. Lett. A6, 1721 (1991).

[388] A. A. Tseytlin, Int. J. Mod. Phys. D1, 223 (1992), hep-th/9203033. [389] M. S. Turner and E. J. Weinberg, Phys. Rev. D56, 4604 (1997), hep-th/9705035. [390] M. S. Turner and L. M. Widrow, Phys. Rev. D37, 2743 (1988). [391] C. Vafa, Nucl. Phys. B469, 403 (1996), hep-th/9602022. [392] C. Vafa, hep-th/9702201.

[393] G. Veneziano, Phys. Lett. B265, 287 (1991).

[394] G. Veneziano, Phys. Lett. B406, 297 (1997), hep-th/9703150. [395] G. Veneziano, hep-th/9802057. [396] E. Verdaguer, Phys. Rep. 229, 1 (1993).

[397] A. Vilenkin and E. P. S. Shellard, Cosmic Strings and other Topological Defects (Cambridge University Press, Cambridge, 1994).

[398] J. Wainwright, W. C. W. Ince, and B. J. Marshman, Gen. Rel. Grav. 10, 259 (1979). [399] R. M. Wald, Phys. Rev. D28, 2118 (1983).

[400] R. M. Wald, General Relativity, (Chicago University Press, Chicago, 1984). [401] D. Wands, Class. Quantum Grav. 11, 269 (1994), gr-qc/9307034. [402] D. Wands, Phys. Rev. D60, 023507 (1999), gr-qc/9809062. [403] D. Wands, K. A. Malik, D. H. Lyth and A. R. Liddle, in preparation. [404] P. C. West, hep-th/9811101.

[405] C. Wetterich, Nucl. Phys. B302, 668 (1988). [406] E. Witten, Nucl. Phys. B443, 85 (1995), hep-th/9503124. [407] E. Witten, Nucl. Phys. B471, 135 (1996), hep-th/9602070. [408] S. T. Yau, Commun. Pure Appl. Math. 31, 339 (1978). [409] J. W. York, Phys. Rev. Lett. 28, 1082 (1972). [410] B. Zwiebach, Phys. Lett. B156, 315 (1985). [411] M. Gasperini’s web page, http://www.to.infn.it∼gasperin/

A Conformal transformations

In this Appendix we will show how various geometric and physical quantities transform under a conformal rescaling of the metric in D spacetime dimensions. Quantities in the conformal metric will be denoted by a tilde.

We shall denote the conformal factor by Ω^2 which must be positive (to leave the signature of the metric unaltered) and is some function of the spacetime coordinates, x^μ. The conformally transformed metric is then

g̃_{μν} = Ω^2g_{μν} (A.1)

and the infinitesimal line element is scaled:

ds̃^2 = Ω^2ds^2. (A.2)

Notice that the space-/time-like or null properties of vectors remain unaltered. The determinant of the metric scales as √ −g̃ = Ω^D √ −g (A.3)

A.1 Intrinsic curvature Geometric quantities can then be defined relative to the conformally rescaled metric (A.1). The Christoffel connection for instance is

Γ̃^λ_{μν} = 1 2 g̃^{λκ} (g̃_{μκ,ν} + g̃_{νκ,μ} − g̃_{μν,κ}) (A.4) = Γ^λ_{μν} + 1 Ω ( g^λ_μΩ_{,ν} + g^λ_ν Ω_{,μ} − g_{μν} g^{λκ}Ω_{,κ} ) (A.5)

The Riemann and Ricci tensors can similarly be defined, yielding a Ricci scalar which can be given terms of the old metric as

R̃ = Ω^{−2} ( R − 2(D − 1)2 ln Ω − (D − 2)(D − 1)g^{μν} Ω_{,μ}Ω_{,ν} Ω^2 ) (A.6)

The d’Alembertian operator itself transforms as

∼2 σ = Ω^{−2 (}2σ + (D − 2)g^{μν Ω,μ}_Ω σ,ν^) (A.7)

and we can write the original Ricci scalar in terms of the conformally transformed metric:

R = Ω^2 ( R̃ + 2(D − 1)^∼2 (ln Ω) − (D − 2)(D − 1)g̃^{μν} Ω^{,μ}Ω^{,ν} Ω^2 ) (A.8)

A.2 Extrinsic curvature The extrinsic curvature tensor on a hypersurface orthogonal to a unit vector field, n^A, is given by K_{AB} = h^C_Ah^D_B ∇_Cn_D , (A.9) where the induced metric orthogonal to n^A is

h_{AB} = g_{AB} ± n_An_B (A.10)

and upper or lower signs correspond to time-like or space-like vector fields respectively. The extrinsic curvature tensor can be decomposed into three parts: K_{AB} = K 3 h_{AB} + σ_{AB} + ω_{AB} (A.11)

The expansion is given by K = h^{AB}K_{AB}, (A.12)

the shear σ_{AB} is the symmetric traceless part and the vorticity ω_{AB} is the anti-symmetric part, which is necessarily zero for a hypersurface-orthogonal vector field.

Under the conformal transformation (A.1), the unit vector field must be rescaled to give

ñ^A = Ω^{−1}n^A . (A.13)

This leads to the new extrinsic curvature tensor in the conformally rescaled metric

K̃_{AB} = ΩK_{AB} + h_{AB}t^C Ω_{,C} . (A.14)

The shear and vorticity are simply rescaled with σ̃_{AB} = Ωσ_{AB} and ω̃_{AB} = Ωω_{AB}, but the expansion becomes K̃ = Ω^{−1}K + (D − 1)Ω^{−1}t̃^AΩ_{,A} . (A.15)

A.3 Dilaton–gravity action

We now consider the dilaton-gravity action in D dimensions: S = ∫ M d^Dx √ |g|e^{−ϕ} [ R − ω(∇ϕ)^2 ] + 2 ∫ ∂M d^{D−1}x √ |h|e^{−ϕ}K (A.16) where R is the intrinsic curvature of the metric g_{AB} on the manifold M and K is the extrinsic curvature of the boundary hypersurface ∂M orthogonal to the vector field n^A, with the induced metric h_{AB}. [See Eq.(A.10)]^{11}

Under the conformal transformation (A.1) the action becomes S = ∫ M d^DxΩ^{−D} √ |g̃|e^{−ϕ} [ Ω^2R̃ + 2(D − 1)Ω^{2 ∼}2 (ln Ω)

−(D − 2)(D − 1)( ~∇Ω)^2 − ωΩ^2( ~∇ϕ)^2 ]

+2 ∫ ∂M d^{D−1}xΩ^{1−D} √ |h|e^{−ϕ} [ ΩK − (D − 1)( ~∇Ω)_Añ^A ] , (A.17)

11The boundary term is necessary if the field equations are to be derived from requiring that the action is extremised with respect to any field variations that vanish on the boundary. Otherwise one requires in addition that the first derivatives of the variations also vanish on the boundary [409, 163, 401].

where the Ricci scalar is given by (A.8) and the extrinsic curvature by (A.15). This reduces to S = ∫ M d^Dx √ |g̃|e^{−ϕ}Ω^{2−D} [ R̃ − ω( ~∇ϕ)^2 + (D − 2)(D − 1)Ω^{−2}( ~∇Ω)^2

+2(D − 1)Ω^{−1}( ~∇Ω)( ~∇ϕ) ] + 2 ∫ ∂M d^{D−1}x √ |h|e^{−ϕ}Ω^{2−D}K̃ . (A.18) There are two important cases:

1. Ω = e^{f (ϕ)}, where f(ϕ) ≠ ϕ/(2 − D) In this case the form of the action given in Eq. (A.16) remains conformally invariant if we define ϕ̃ = ϕ + (D − 2)f(ϕ) (A.19) and ω̃ = ω − (D − 1)f^′(ϕ) [2 + (D − 2)f^′(ϕ)] [1 + (D − 2)f^′(ϕ)]^2

. (A.20)

In the particular case f(ϕ) = −2ϕ/(D − 2), the dimensionless Brans-Dicke parameter ω remains invariant, but we have ϕ̃ = −ϕ. This invariance of the gravitational Lagrangian plays a key role in string-string duality discussed in Section 5.

2. Ω^{2−D} = e^ϕ

In this case we have S = ∫ M d^Dx √ |g̃| [ R̃ − ( ω + D − 1 D − 2 ) ( ~∇ϕ)^2 ] + 2 ∫ ∂M d^{D−1}x √ |h|K̃ . (A.21) This is usually referred to as the Einstein frame, as the gravitational action has the standard Einstein-Hilbert form, and the dilaton is minimally coupled to the metric in this frame.

A.4 Energy–momentum tensor We now consider the part of the action contributed by the integral of the matter Lagrangian:

S_{matter} = ∫ M √ −gd^DxL_{matter} (A.22)

The energy-momentum tensor is defined as

T^{μν} = 2 √ −g ∂ ∂g_{μν} (√ −gL_{matter} ) (A.23)

so that a first-order variation of the matter action with respect to the metric is given by

δS_{matter} δg_{μν} = 1 16π ∫ M √ −gd^Dx [8πT^{μν}] (A.24)

In terms of the conformally transformed metric

S_{matter} = ∫ M √ −g̃d^DxΩ^{−D}L_{matter} (A.25) so the corresponding energy-momentum tensor must be

T̃^{μν} = 2√ −g̃ ∂ ∂g̃_{μν} (√ −g̃Ω^{−D}L_{matter} ) (A.26)

= Ω^{−D} 2 √ −g ∂g_{λκ} ∂g̃_{μν} ∂ ∂g_{λκ} (√ −gL_{matter} ) = Ω^{−D−2}T^{μν} Therefore one can, mathematically speaking, describe the energy-momentum tensor T^{μν} as conformally invariant with weight −(D+2). (Its trace T has weight −D.) However the common statement that only traceless (T = 0) matter (i.e. radiation) is “conformally invariant” follows from the further, physical, requirement that if the original energy-momentum tensor is conserved (∇^μT_{μν} = 0) then the conformally transformed energy-momentum tensor is also conserved. In general we find ~∇^μT̃_{μν} = −Ω^{,ν} Ω T̃ . (A.27)

If the matter in the original metric evolves as a perfect fluid its energy-momentum tensor can be given in terms of its density ρ, pressure p and (time-like) velocity field u^μ, normalised such that u_μu^μ = −1:

T^{μν} = (ρ + p)u^μu^ν + pg^{μν} (A.28)

Under a conformal transform the unit time-like velocity field transforms as ũ^μ = Ω^{−1}u^μ and the energy-momentum tensor can be rewritten as

T̃^{μν} = (ρ̃ + p̃)ũ^μũ^ν + p̃g̃^{μν} (A.29)

where

ρ̃ = Ω^{−D}ρ (A.30) p̃ = Ω^{−D}p (A.31)

Notice that a barotropic fluid, p = (γ − 1)ρ, retains the same barotropic index under the conformal transformation. However it will not remain a perfect fluid conserving energy and momentum unless T = {(D − 1)γ − D}ρ = 0.

A.5 Form Fields

A specific type of massless field that arises many times in this review is the antisymmetric (n − 1)–form potential. This has a field strength defined by H_{A1A2...} ≡ n∂_{[A1} B_{A2...]}. Since this definition is independent of the metric, it is conformally invariant. However, the scalar quantity H^2 ≡ g^{A1B1} g^{A2B2} . . .H_{A1A2...}H_{B1B2...} (A.32) transforms as H̃^2 = Ω^{−2n}H^2 . (A.33)

B Modular Group of the Torus

In this appendix, we discuss the relationship between a 2–torus and the group SL(2, Z) [7, 186, 172, 373, 358, 273]. Let the coordinates spanning the 2–plane ℜ^2 be represented by σ_1 and σ_2. A two–dimensional torus T^2 can then be constructed by imposing a suitable equivalence relation in the 2–plane [186]:

(σ_1, σ_2) ≈ (σ_1 + p, σ_2 + q) (B.1)

where p and q are arbitrary integers. Hence, a 2–torus may be viewed as ℜ^2/Λ, where Λ is a two–dimensional lattice.

There exists a group of transformations where points that are equivalent under the identification (B.1) are mapped onto equivalent points. These transformations correspond to the diffeomorphisms (σ_1, σ_2) → (dσ_1 + cσ_2, bσ_1 + aσ_2) (B.2)

where {a, b, c, d} are integers. Eq. (B.2) represents an invertible and one–to–one map of the 2–torus onto itself if these constants also satisfy the additional constraint ad − bc = 1. Eq. (B.2) gives the action of the matrices U = ( d c b a ) , ad − bc = 1, {a, b, c, d, } ∈ Z (B.3) by fractional linear transformations. These matrices form a group SL(2, Z) corresponding to a subgroup of SL(2, R). As we discussed in Section 4.2, the action of SL(2, Z) on the complex plane is determined by τ → (aτ + b)/(cτ + d) and the group is generated by the transformations τ → −1/τ (B.4) Re τ → Re τ + 1 (B.5)

If we consider transformations away from the imaginary axis, Re τ ≠ 0, Eq. (B.4) interchanges the interior region of the unit circle with the exterior region [373] and is equivalent to the simultaneous interchange σ_1 → σ_2 and σ_2 → −σ_1 [186]. The transformation (B.5) leaves σ_1 invariant and induces the shift σ_2 → σ_2 + σ_1.

A 2-torus has complex dimension of one and may also be parametrized in terms of a complex variable z defined by [186]

z ≡ σ_1 + σ_2τ (B.6)

where τ is an arbitrary complex number with positive definite imaginary part. Then, from Eq. (B.1), a 2–torus may be described (up to a conformal equivalence) in terms of the complex plane, where the identifications z ≈ z + 1 and z ≈ z + τ are made [352, 358]. In other words, a 2–torus is constructed by identifying the opposite ends of the parallelogram, where one length of the parallelogram is identified with the point 1 and the other with the complex parameter τ [392]. It then follows that τ and τ^′ = (aτ + b)/(cτ + d) describe equivalent tori.

To summarize, the group SL(2, Z) may be realised as the group of reparametrizations of the 2–torus, corresponding to a change in basis vectors of the lattice in ℜ^2. For these reasons it is referred to as the modular group of the torus and the parameter τ then represents the modular parameter. This provides a geometrical interpretation of the S–duality of the type IIB superstring discussed in Section 5.3.

We also remark that the appearance of the SL(d, R)/SO(d) non–linear sigma–model is a generic feature of (super)–gravity theories compactified on T^d. The group SL(d, R) is the remnant of the higher–dimensional diffeomorphism (Lorentz) invariance that is unbroken by the toroidal compactification For example, the toroidal compactification of Einstein gravity leads to the action (3.10). Since f_{ab} is an arbitrary, symmetric, d × d matrix with unit determinant, the moduli fields arising from the higher–dimensional metric parametrize the SL(d, R)/SO(d) coset. With this connection in mind, the S–duality of the ten–dimensional type IIB superstring has been cited as evidence for the existence of a twelve–dimensional theory that is referred to as F–theory [391].

C Bianchi Classification of Homogeneous Spacetimes

The Bianchi models are four–dimensional spacetimes that admit three–dimensional, spacelike hypersurfaces, Σ_t, on which a three–parameter group of isometries acts simply transitively [341, 400, 276]. The group of isometries is a Lie group, G_3. By simply transitive, we mean that for all points p and q on Σ_t there exists a unique element of the Lie group that maps p onto q. This implies there is a one–to–one correspondence between the points on Σ_t and the elements of G_3 and the structure of the spacetime is therefore M_4 = R × G_3. Coordinates can then be chosen such that the four–dimensional line element is given by

ds^2 = −dt^2 + h_{ab}(t)ω^aω^b, a, b = 1, 2, 3 (C.1)

The surfaces of homogeneity, Σ_t, then represent surfaces of constant proper time, t. The one–forms ω^a determine the isometry of the three–surfaces and satisfy the Maurer–Cartan equation dω^a = 1 2 C^a_{bc}ω^b ∧ ω^c (C.2)

where C^a_{bc} are the structure constants of the Lie algebra of G_3. These are antisymmetric,

C^a_{(bc)} = 0 (C.3)

and satisfy the Jacobi identity C^e_{d[a}C^d_{bc]} = 0 (C.4)

Bianchi was the first to determine and classify all three–dimensional Lie algebras into nine types, I, II, . . ., IX [44]. Here we consider the classification due to Ellis and MacCallum [132]. The antisymmetric condition (C.3) implies that C^a_{bc} has at most nine independent components. These can be separated into the six components of a symmetric 3 × 3 matrix M^{ab} and the three components of a 3 × 1 vector A_b. Defining the latter as the trace:

A_b ≡ C^a_{ab} (C.5)

Class Type m_1 m_2 m_3 A I 0 0 0 II 1 0 0 VI_0 0 1 -1 VII_0 0 1 1 VIII 1 1 -1 IX 1 1 1 B V 0 0 0 IV 0 0 1 III (VI_{−1}) 0 1 -1 VI_h(h < 0) 0 1 -1 VII_h(h > 0) 0 1 1

Table 4: The Bianchi types and eigenvalues of M_{ab}. See the text for details.

implies that the former may be defined by

C^c_{ab} ≡ M^{cd}ϵ_{dab} + δ^c_{[a}A_{b]} (C.6)

where ϵ^{abc} is the totally antisymmetric tensor and ϵ^{123} = 1. Substitution of Eq. (C.6) into Eq. (C.4) implies that A_b is transverse to M^{ab} [132]:

M^{ab}A_b = 0 (C.7)

Thus, only six components of C^a_{bc} can be independent. If A_b is non–trivial, it may be viewed as an eigenvector of M^{ab} with a zero eigenvalue. Without loss of generality, M^{ab} may be diagonalized, M^{ab} = diag[m_1, m_2, m_3], and A_b may be written as A_b = (A, 0, 0). By a suitable rescaling, the eigenvalues of m^{ab} can then be made equal to 0, ±1 and this implies that Eq. (C.7) simplifies to m_1A = 0 (C.8)

Models where A = 0 are referred to as the Bianchi class A [132]. Models where A ≠ 0 (m_1 = 0) belong to the Bianchi class B. In the former case, the Lie algebras are classified by the rank (the number of non–zero elements) of M^{ab} and the modulus of its signature. Thus, there are six types in this class. The different Bianchi types are labelled in Table 4 [276, 375].

In the class B there are four possibilities for the rank of M^{ab} and the modulus of its signature, since m_1 = 0. When rank[M^{ab}] = 2, one may define a scalar, h: h ≡ A^2 m_2m_3

(C.9)

Thus, there are two one–parameter families of Lie algebras in the class B. These are labelled by the parameter h and h < 0 for the type VI_h and h > 0 for the type VII_h. We remark that the Bianchi type III is the same as the type VI_{−1}.

Type ω^a I dx, dy, dz II dx − zdy, dy, dz IV dx, e^xdy, e^x(xdy + dz) V dx, e^xdy, e^xdz VI(III) dx, e^{Ax}(cosh xdy − sinh xdz), e^{Ax}(− sinh xdy + cosh xdz) VII dx, e^{Ax}(cos xdy − sin xdz), e^{Ax}(sin xdy + cos xdz) VIII cosh y cos zdx − sin zdy, cosh y sin zdx + cos zdy, sinh ydx + dz IX cos y cos zdx − sin zdx, cos y sin zdx + cos zdy, − sin ydx + dz

Table 5: The standard form of the one–forms ω^a for the Bianchi types that arise in the spacetime metric (C.1).

In some cases the G_3 group of isometries may only represent a subgroup of the full symmetry. There may also exist a group of transformations such that all points p on Σ_t are mapped onto themselves. This group of transformations is called the isometry group. Spacetimes admitting an isometry group are called locally rotationally symmetric (LRS) spacetimes [131]. LRS spacetimes arise for Bianchi types I, II, VII_0, VIII, IX, III and VII_h [132]. The FRW metrics admit a three–dimensional isotropy group. They are the isotropic limits of the type IX (k = 1), types I and VII_0 (k = 0), and types V and VII_h (k = −1).

The one–forms that arise in the spacetime metric (C.1) are tabulated in Table 5 for all Bianchi types. (For further details see, e.g., Ref. [276]). The three–metric may be parametrized by h_{ab}(t) = e^{2α(t)} ( e^{2β(t)} ) ab (C.10)

where β_{ab} ≡ diag [ β_+ + √ 3β_−, β_+ − √ 3β_−, −2β_+ ] (C.11)

is a traceless matrix. Thus, [deth_{ab}]^{1/2} ≡ h^{1/2} = e^{3α} and the volume parameter and shear are entirely determined by α and β, respectively.

The scalar curvature,^{(3)}R, of the homogeneous hypersurfaces, Σ_t, is uniquely determined by the structure constants C^a_{bc} of the corresponding Lie algebra for each Bianchi type [399, 400]. It is given by

(3)R = − 3 2 A_bA^b − h^{−1} ( M_{ab}M^{ab} − 1 2 M^a_aM^b_b ) (C.12)

where indices are raised and lowered with h^{ab} and h_{ab}, respectively. Thus, the Bianchi type I is spatially flat. In this sense, it represents the simplest anisotropic cosmology and the G_3 is the abelian translation group T^3. For closed spatial sections, Σ_t has the topology of a 3–torus, T^3 = S^1 × S^1 × S^1. It follows from Table 4 that all Bianchi models, except type IX, have non–positive spatial curvature,^{(3)}R ≤ 0 [399]. For type IX, G_3 = SO(3) and the topology of Σ_t is S^3.

In the class B models (A ≠ 0), a divergence term may arise when integrating over the spatial variables in the effective action due to the term proportional to A_bA^b in Eq.

(C.12). This renders the Lagrangian and Hamiltonian formulations of the field equations ambiguous for these models [377]. For the class A, on the other hand, the reduced action for the four–dimensional dilaton–graviton sector of the string effective action (3.18) is derived by substituting in the ansatz (C.1) and integrating over the spatial variables. This leads to S = ∫ dte^{3α−φ} [ 6α̇φ̇ − 6α̇^2 + 6β̇^2_+ + 6β̇^2_− − φ̇^2 +^{(3)}R ] (C.13)

Finally, we note that when the dilaton field is constant on the surfaces of homogeneity, φ = φ(t), the Einstein and string frame metrics correspond to the same Bianchi metric. In other words, the conformal transformation (A.21) relating the two metrics does not alter the one–forms ω^a. Indeed, when the three–metric is given by (C.10), the conformal transformation is formally equivalent to a rescaling of the time parameter and volume of the spatial sections.