arXiv:hep-th/9910030 v5 6 Dec 2000

October 1999 KUL-TF-99/37 hep-th/9910030

Tools for supersymmetry^1

Antoine Van Proeyen^2

Instituut voor theoretische fysica Universiteit Leuven, B-3001 Leuven, Belgium

ABSTRACT

This is an elementary introduction to basic tools of supersymmetry: the spacetime symmetries, gauge theory and its application in gravity, spinors and superalgebras. Special attention is devoted to conformal and anti-de Sitter algebras.

1 Lectures in the spring school Q.F.T., Supersymmetry and Superstrings, in Cǎlimǎneşti, Romania, April 1998. 2 Onderzoeksdirecteur FWO, Belgium; E-mail: Antoine.VanProeyen@fys.kuleuven.ac.be

Contents

1 Introduction 2

2 Bosonic spacetime symmetries 2 2.1 Coleman–Mandula result . . . . . . . . . . . . . . . . . . . . . 2 2.2 Anti-de Sitter algebra and spacetime . . . . . . . . . . . . . . 3 2.3 Rigid conformal symmetry . . . . . . . . . . . . . . . . . . . . 5 2.4 Gauge theory and gravity . . . . . . . . . . . . . . . . . . . . 9 2.5 Local conformal transformations . . . . . . . . . . . . . . . . . 14

3 Spinors in arbitrary dimensions 16 3.1 Gamma matrices and their symmetry . . . . . . . . . . . . . . 16 3.2 Irreducible spinors . . . . . . . . . . . . . . . . . . . . . . . . 19 3.3 4 dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 3.4 Technical tips . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 3.4.1 Complex conjugation . . . . . . . . . . . . . . . . . . . 23 3.4.2 Gamma matrix manipulations . . . . . . . . . . . . . . 25 3.4.3 Spinor indices . . . . . . . . . . . . . . . . . . . . . . . 26

4 Supersymmetry algebras 27 4.1 Haag–Łopuszańsky–Sohnius result as introduction . . . . . . . 27 4.2 Basic properties of Poincaré supersymmetry . . . . . . . . . . 28 4.3 Super-Poincaré algebras . . . . . . . . . . . . . . . . . . . . . 29 4.4 Poincaré algebras with central charges . . . . . . . . . . . . . 34 4.5 Super-anti-de Sitter algebras . . . . . . . . . . . . . . . . . . . 36 4.6 Superalgebras . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 4.7 Superconformal algebras . . . . . . . . . . . . . . . . . . . . . 41

A Conventions 44

1 Introduction

In this review you will not find many general ideas. It is rather meant as a technical introduction to some basic tools for working with supersymmetric field theories. It are ingredients which I could use for various applications in the last 20 years.

In section 2, I will consider only bosonic theories. It contains an introduction to the spacetime symmetries. Also gauging of symmetries is treated, and special attention is devoted to a very useful theorem for calculating the transformation of the covariant derivative of fields.

Section 3 reviews the properties of Clifford algebras and spinors in a spacetime with arbitrary dimensions and signature. It gives an overview of Majorana, Weyl, Majorana–Weyl and symplectic Majorana–Weyl spinors. At the end several tips are given to perform complex conjugation in practice, and to manipulate gamma matrices.

Supersymmetry is introduced in section 4. I introduce especially the algebraic approach. Also the elementary facts on superalgebras are treated, including the real forms of these algebras. The aim is to come to supersymmetry algebras, as well super-Poincaré, as super-adS and superconformal algebras.

2 Bosonic spacetime symmetries

Supersymmetry is related to the structure of spacetime. Before tackling supersymmetry algebras, I will first review the bosonic spacetime symmetries and their gauging.

2.1 Coleman–Mandula result

To investigate possible spacetime symmetries, Coleman and Mandula [1] investigated how large the spacetime symmetry group can be in order that scattering amplitudes do not become trivial. They thus deal with ‘visible symmetries’, i.e. those which act on S-matrix elements. They restrict themselves also to 4 dimensions, and assume a finite number of different particles in a multiplet. Their research was before the advent of supersymmetry, so they were looking only at bosonic symmetries. Still the result is very significant. There are two cases to be distinguished.

1. There are massive particles. Then the symmetry algebra has at most translations P_μ, Lorentz rotations M_{μν} and an algebra G of scalar (i.e. commuting with P and M) symmetries.

2. There are only massless particles. Then there is the extra possibility of having conformal symmetry (and a commuting group G).

The second possibility will be discussed in section 2.3. The first one contains a direct sum of G with the Poincaré algebra, i.e.

[M_{μν}, M^{ρσ}] = −2δ^{[ρ}_{[μ}M_{ν]}^{σ]} , [P_μ, M_{νρ} ] = η_{μ[ν} P_{ρ]} , [P_μ, P_ν ] = 0 . (2.1)

For conventions, see appendix A. In supersymmetry the last commutator is often modified, giving rise to the (anti) de Sitter algebra.

2.2 Anti-de Sitter algebra and spacetime

The Poincaré algebra is an ‘Inönü–Wigner’ contraction of the ‘(anti) de Sitter algebra’: [M_{μν} , M_{ρσ}] = η_{μ[ρ}M_{σ]ν} − η_{ν[ρ}M_{σ]μ} [P_μ, M_{νρ}] = η_{μ[ν} P_{ρ]}

[P_μ, P_ν ] = 1 2R^2

M_{μν} . (2.2)

With the opposite sign for the last commutator we would have the ‘de Sitter algebra’. As written it is the ‘anti-de Sitter (adS) algebra’. And for R → ∞, we recover the Poincaré algebra. Defining M_{dμ} = −M_{μd} = R P_μ we have generators M_{μ̂ν̂} = −M_{ν̂μ̂} with μ̂ = 0, . . . , d, and defining the metric to be η_{μ̂ν̂} = diag(− + . . . + −) the algebra can be concisely written as

[M_{μ̂ν̂} , M_{ρ̂σ̂}] = η_{μ̂[ρ̂}M_{σ̂]ν̂} − η_{ν̂[ρ̂}M_{σ̂]μ̂} , (2.3)

i.e. it is the algebra SO(d − 1, 2). Note that every point is invariant under the rotations around this point, while not invariant under the translations. In this sense we can write adS_d = SO(d − 1, 2) SO(d − 1, 1) . (2.4)

The ‘Inönü—Wigner’ contraction is the statement that the SO(d − 1, 2) algebra reduces to the Poincaré algebra when taking the limit R → ∞ keeping P_μ constant in the relation M_{dμ} = −M_{μd} = R P_μ.

To obtain a space with adS metric, we start from defining it as a submanifold of a (d + 1)-dimensional space with a flat metric of (d − 1, 2) signature (for convenience we taken here μ = 0, . . . , d − 2) ds^2 = dX^μη_{μν} dX^ν − dX^+ dX^− (d − 2, 1) + (1, 1) ⇒ (d − 1, 2) (2.5)

The adS space is the submanifold determined by the SO(d − 1, 2)-invariant equation X^μη_{μν} X^ν − X^+X^− + R^2 = 0 . (2.6) On the hypersurface one can take several sets of coordinates. E.g. the horospherical coordinates {x^μ, z} are defined by

X^− = z^{−1} X^μ = z^{−1}x^μ X^+ = x^2_μ + R^2z^2 z . (2.7)

The latter being the solution of (2.6) given the first two. The induced metric on the hypersurface is

ds^2 = 1 z^2 ( dx^2_μ + R^2dz^2 ) . (2.8)

The SO(d − 1, 2) is linearly realized in the embedding (d + 1)-dimensional space, and these transformations, (μ̂ = μ, +, − and Λ^{μ̂ν̂} = −Λ^{ν̂μ̂})

δX^{μ̂} = Λ^{ν̂ρ̂}M_{ν̂ρ̂}X^{μ̂} = −Λ^{μ̂}_{ν̂}X^{ν̂} . (2.9)

are on the adS space distorted to^1

δ_{adS}x^μ = −Λ^μ_− − Λ^{μν} x_ν − Λ^+_+x^μ −(x^2 + R^2z^2)Λ^μ_+ + 2x^μx_ν Λ^ν_+ δ_{adS}z = −z ( Λ^+_+ − 2x_μΛ^μ_+ ) . (2.10)

1Note that to raise or lower indices one has to use the metric in (2.5), i.e. η_+� = −^1_2 , and thus η^+� = −2.

Suppose I just gave you the metric (2.8). Then to determine the symmetries, one should solve the ‘Killing’ equation (with X^M = {x^μ, ϕ})

(∂_P g_{MN} )δX^P + 2g_{P (M} ∂_{N )}δX^P = 0 , (2.11)

which is the requirement that the Lie derivative of the metric vanishes. As an exercise, one may prove that the transformations (2.10) are the only solutions.

2.3 Rigid conformal symmetry

Conformal symmetry is defined as the symmetry which preserves angles. Therefore it should contain the transformations which change the metric up to a factor. That implies that the symmetries are determined by the solutions to the ‘conformal Killing equation’

∂_{(μ}ξ_{ν)} −^1_d η_{μν} ∂_ρξ^ρ = 0 . (2.12)

In d = 2 with as non-zero metric elements η_{zz̄} = 1, the Killing equations are reduced to ∂_zξ_z = ∂_{z̄}ξ_{z̄} = 0 and this leads to an infinite dimensional conformal algebra (all holomorphic vectors ξ_{z̄}(z) and anti-holomorphic vectors ξ_z(z̄)). In dimensions d > 2 the conformal algebra is finite-dimensional. Indeed, the solutions are

ξ^μ(x) = a^μ + λ^{μν}_M x_ν + λ_Dx^μ + (x^2Λ^μ_K − 2x^μx · Λ_K) . (2.13)

Corresponding to the parameters a^μ are the translations P_μ, to λ^{μν}_M correspond the Lorentz rotations M_{μν} , to λ_D are associated dilatations D, and Λ^μ_K are parameters of ‘special conformal transformations’ K_μ. This is expressed as follows for the full set of conformal transformations δ_C :

δ_C = a^μP_μ + λ^{μν}_M M_{μν} + λ_DD + Λ^μ_KK_μ . (2.14)

With these transformations, one can obtain the algebra with as non-zero commutators

[M_{μν} , M^{ρσ}] = −2δ^{[ρ}_{[μ}M_{ν]}^{σ]} , [P_μ, M_{νρ} ] = η_{μ[ν}P_{ρ]} , [K_μ, M_{νρ} ] = η_{μ[ν} K_{ρ]} , [P_μ, K_ν ] = 2(η_{μν} D + 2M_{μν} ) , [D, P_μ ] = P_μ , [D, K_μ ] = −K_μ . (2.15)

This is the SO(d, 2) algebra^2. Indeed one can define

M^{μ̂ν̂} =

M^{μν 1}_4 (P^μ − K^μ)^1_4 (P^μ + K^μ) −^1_4 (P^ν − K^ν ) 0 −^1_2 D −^1_4 (P^ν + K^ν )^1_2 D 0

, (2.16)

where indices are raised w.r.t. the rotation matrices M^μ_ν with the metric η = diag (−1, 1, ..., 1, −1). Note that this is the same as the anti-de Sitter algebra in d + 1 dimensions

Conf_d = adS_{d+1} , (2.17)

(obviously this concerns the algebras, not the spaces) which is an essential ingredient in the adS/CFT correspondence which got recently so much attention. Note in this respect the similarity between (2.10) and (2.13).

In general, fields ϕ^i(x) in d dimensions have the following transformations under the conformal group:

δ_Cϕ^i(x) = ξ^μ(x)∂_μϕ^i(x) + Λ^{μν}_M (x) m_{μν}^i_j ϕ^j(x) +w_i Λ_D(x) ϕ^i(x) + Λ^μ_K (k_μϕ)^i (x) , (2.18)

where the x-dependent rotation Λ_{M μν} (x) and x-dependent dilatation Λ_D(x) are given by

Λ_{M μν}(x) = ∂_{[ν}ξ_{μ]} = λ_{M μν} − 4x_{[μ}Λ_{K ν]} , Λ_D(x) =^1_d ∂_ρξ^ρ = λ_D − 2x · Λ_K . (2.19)

To specify for each field ϕ^i its transformations under conformal group one has to specify:

i) transformations under the Lorentz group, encoded into the matrix (m_{μν})^i_j . The Lorentz transformation matrix m_{μν} should satisfy m_{μν}^i_km_{ρσ}^k_j − m_{ρσ}^i_km_{μν}^k_j = −η_{μ[ρ}m_{σ]ν}^i_j + η_{ν[ρ}m_{σ]μ}^i_j . (2.20) The explicit form for Lorentz transformation matrices is for vectors (the indices i and j are of the same kind as μ and ν)

m_{μν}^ρ_σ = −δ^ρ_{[μ}η_{ν]σ} , (2.21)

2In the 2-dimensional case SO(2, 2) = SU (1, 1) × SU (1, 1) is realised by the finite subgroup of the infinite dimensional conformal group, and is well known in terms of L�_1 = 1 2 (P_0 − P_1), L_0 =^1_2 D + M_{10}, L_1 =^1_2 (K_0 + K_1), L̄�_1 =^1_2 (P_0 + P_1), L̄_0 =^1_2 D − M_{10}, L̄_1 =^1_2 (K_0 − K_1). Higher order L_n, |n| ≥ 2 have no analogs in d > 2.

while for spinors, (where i and j are (unwritten) spinor indices)

m_{μν} = −^1_4 γ_{μν} . (2.22)

ii) The Weyl weights w_i.

iii) Possible extra parts of the special conformal transformations, apart from those connected to translations, rotations and dilatations as in (2.13) and (2.19), (k_μϕ)^i. The Weyl weight of (k_μϕ^i) should be w − 1, and k_μ are mutually commuting operators.

In this way, the algebra (2.15) is realised on the fields as

[δ_C (ξ_1), δ_C(ξ_2)] = δ_C (ξ^μ = ξ^ν_2 ∂_νξ^μ_1 − ξ^ν_1 ∂_νξ^μ_2 ) . (2.23)

Note the sign difference between the commutator of matrices (2.20) and the commutator of the generators in (2.15), which is due to the difference between ‘active and passive’ transformations. To understand fully the meaning of the order of the transformations, consider in detail the calculation of the commutator of transformations of fields. See e.g. for a field of zero Weyl weight, and notice how the transformations act only on fields, not on explicit spacetime points x^μ:

λ_Da^μ[D, P_μ]ϕ(x) = (δ_D(λ_D)δ_P (a^μ) − δ_P (a^μ)δ_D(λ_D)) ϕ(x) = δ_D(λ_D)a^μ∂_μϕ(x) − δ_P (a^μ)λ_Dx^μ∂_μϕ(x) = a^μ∂_μ (λ_Dx^ν) ∂_νϕ(x) = a^μλ_D∂_μϕ(x) = λ_Da^μP_μϕ(x) . (2.24)

It is important to notice that the derivative of a field of Weyl weight w has weight w + 1. E.g. for a scalar of weight w (and without extra special conformal transformations) we obtain

δ_C∂_μϕ(x) = ξ^ν (x)∂_ν∂_μϕ(x) + w Λ_D(x) ∂_μϕ(x) −Λ_{Mμ}^ν (x)∂_νϕ(x) + Λ_D(x)∂_μϕ(x) − 2w Λ_{Kμ}ϕ(x) . (2.25)

With these rules the conformal algebra is satisfied. The question remains when an action is conformal invariant. We consider local actions which can be written as S = ∫ d^dx L(ϕ^i(x), ∂_μϕ^i(x)), i.e. with at most first order derivatives on all the fields. For P_μ and M_{μν} there are the usual requirements of a covariant action. For the local dilatations we have the requirement that the weights of all fields in each term should add up to d, where ∂_μ counts also for 1, as can be seen from (2.25). Indeed, the explicit Λ_D transformations finally have to cancel with

ξ^μ(x)∂_μL ≈ −(∂_μξ^μ(x))L = −dΛ_D(x)L . (2.26)

For special conformal transformations one remains with

δ_KS = 2Λ^μ_K ∫ d^dx L^←∂ ∂(∂_νϕ^i) ( −η_{μν} w_iϕ^i + 2m_{μν}^i_jϕ^j ) + Λ^μ_K S^←δ δϕ^i(x) (k_μϕ)^i(x) .

(2.27) where^←∂ indicates a right derivative. The first terms originate from the K-transformations contained in (2.13) and (2.19). In most cases these are sufficient to find the invariance and no (k_μϕ) are necessary. In fact, the latter are often excluded because of the requirement that they should have Weyl weight w_i − 1, and in many cases there are no such fields available.

Although we will show that this condition is satisfied for many dilatational invariant theories, it is non-trivial. As a counterexample we give the action of the scalars ϕ^1 and ϕ^2 (with Weyl weights (^d_2 − 1)) L = ( 1 + ϕ^1 ϕ^2 ) (∂_μϕ^1)(∂^μϕ^2) . (2.28)

Exercise.

There are typical cases in which (2.27) does not receive any contributions. Check the following ones

1. scalars with Weyl weight 0.

2. spinors appearing as ̸∂λ if their Weyl weight is (d − 1)/2. This is also the appropriate weight for actions as λ̄ ̸∂λ.

3. Vectors or antisymmetric tensors whose derivatives appear only as field strengths ∂_{[μ1} B_{μ2...μp]} if their Weyl weight is p−1. This value of the Weyl weight is what we need also in order that their gauge invariances and their zero modes commute with the dilatations. Then scale invariance of the usual square of the field strenghts will fix p =^d_2 .

4. Scalars X^i with Weyl weight^d_2 − 1 and L = (∂_μX^i)A_{ij}(∂^μX^j ) , (2.29) where A_{ij} are constants.

2.4 Gauge theory and gravity

From the theory of general relativity we know how to construct actions invariant under the local Poincaré group. However, I will now consider the constructions from an algebraic viewpoint, i.e. as a gauge theory of the Poincaré group. First, recall the general equations for gauge theories with infinitesimal transformations δ = ϵ^AT_A , (2.30) where A thus labels all the symmetries, and ϵ^A are all the parameters. For every symmetry one introduces a gauge field h^A_μ , and if the algebra is [δ_A(ϵ^A_1 ), δ_B(ϵ^B_2 )] = δ_C ( ϵ^B_2 ϵ^A_1 f_{AB}^C ) , (2.31) then these transform as δ(ϵ)h^A_μ = ∂_μϵ^A + ϵ^Ch^B_μ f_{BC}^A . (2.32) Covariant derivatives are defined as ∇_μ = ∂_μ − δ_A(h^A_μ ) , (2.33) and their commutators are new transformations with as parameters the curvatures:

[∇_μ, ∇_ν] = −δ_A(R^A_{μν} ) R^A_{μν} = 2∂_{[μ}h^A_{ν]} + h^C_ν h^B_μ f_{BC}^A , (2.34) which transform ‘covariantly’ as δR^A_{μν} = ϵ^CR^B_{μν} f_{BC}^A . (2.35) I now apply this to the Poincaré group with gauge fields h^A_μ T_A = e^a_μP_a + ω_μ^{ab}M_{ab} . (2.36)

The indices μ, ν, . . . of the algebra of the previous sections should now be replaced by flat indices a, b, . . .. The curvatures are then (for later convenience I put an indication P for the Poincaré curvatures)

R^P_{μν} (P^a) = 2∂_{[μ}e^a_{ν]} + 2ω_{[μ}^{ab}e_{ν]b}

R^P_{μν} (M^{ab}) = 2∂_{[μ}ω_{ν]}^{ab} + 2ω^{c[a}_μ ω_ν^{b]}_c . (2.37)

Usually the spin connection is not considered as an independent field. One can obtain the relation between the spin connection and the vierbeins by imposing a constraint R^P_{μν} (P^a) = 0 . (2.38)

As the ‘vielbein’ e^a_μ is assumed to be invertible, this can be solved for the ‘spin connection’

ω_μ^{ab} = 2e^{ν[a}∂_{[μ}e_{ν]}^{b]} − e^{aρ}e^{bσ}e_{μc}∂_{[ρ}e^c_{σ]} . (2.39)

Such a constraint, which can be solved for a field, is called a conventional constraint. Similar constraints are often used in the superspace approach.

The constraint is not invariant under all the symmetries. Therefore the theory with the constraint, and thus a dependent spin connection has an algebra that is different from (2.1). Essentially the translations P_a are replaced by ‘covariant general coordinate transformations’

δ_{cgct}(ξ) = δ_{gct}(ξ) − δ_I(ξ^μh^I_μ) , (2.40)

where I stands for all transformations except the translations. In fact, one can check that the translations P_a on the vierbein take the form of general coordinate transformations, due to the constraint (2.38).

From now on we replace translations by these covariant general coordinate transformations. On non-gauge fields we have (and we write these equations again more general than for the pure Poincaré algebra, as we want to use it later for larger algebras containing translations)

∇_μϕ = ∂_μϕ − e^a_μP_aϕ − δ_I (h^I_μ)ϕ = 0 , (2.41)

which, solved for P_a, gives what is now called the covariant derivative P_aϕ = D_aϕ ≡ e^μ_a ( ∂_μϕ − δ_I(h^I_μ)ϕ ) . (2.42)

While in the original algebra translations did commute, (covariant) general coordinate transformations do not commute, i.e. f^A_{ab} ≠ 0. If one takes this into account in (2.34), thus adding a new term with f^A_{ab}e^a_μe^b_ν, then the full curvature vanishes, consistent with (2.41). Then one can solve this again for f^A_{ab}, and one obtains f^A_{ab} = −e^μ_ae^ν_b R^A_{μν} ≡ −R^A_{ab} , (2.43)

such that still [D_a, D_b] = −δ_I(R^I_{ab}) . (2.44)

In the curvature formula (2.34) one thus takes f^I_{ab} = 0, as in the original algebra, but the other sums over symmetries include also the translations.

The Ricci tensor is a contraction of the M-curvature

R_{μν} = R^P_{μρ}(M^{ba})e_b^ρe_{νa} , R = R_{μν} g^{μν} , (2.45)

and the field equation of the usual pure Poincaré action is δ δg^{μν} ∫ d^4x √ −g R = √ −g ( R_{μν} −^1_2 g_{μν} R ) . (2.46)

In the rigid theory, a scalar does transform under Lorentz rotations. Indeed, see (2.18) where ξ(x) contains a Lorentz rotation according to (2.13). This is not the case in the local theory. Here, ξ(x) is the local parameter for general coordinate transformations. The former rotation is thus part of the general coordinate transformation. In the local theory, scalars are invariant under Lorentz rotations. For other fields, the rotations exclusively come from the part in m_{ab} (and in a conformal theory, the full Λ_M (x) is the local parameter, and the special conformal transformations are not part of it, but are exclusively contained in (k_μϕ)). E.g. for a spinor, ψ, the covariant derivative is (if they do not transform under any other symmetry) D_aψ = e^μ_a ( ∂_μ +^1_4 ω_μ^{bc}γ_{bc} ) ψ . (2.47)

Further it is important to realize that the rotations M^{ab} act on vectors V_a, but a local spacetime vector V_μ is invariant. On the other hand, the general coordinate transformation on V_μ has not just the ξ^ν ∂_νV_μ term, but also the term V_ν ∂_μξ^ν .

The following theorem is extremely useful when calculating transformations [2, 3].

Theorem on covariant derivatives. We define a covariant quantity as one whose transformation has no derivative on a parameter. In particular, it has to be a world scalar such that general coordinate transformations on the field do not contain a derivative on ξ^μ. If a covariant quantity transforms only into covariant quantities, then a covariant derivative (2.42) on such a covariant quantity is a new covariant quantity.

This implies that transformations of a covariant quantity contain only derivatives as covariant derivatives D_a on other covariant quantities, or in the form of curvatures with Lorentz indices R_{ab}.

Proof. In this proof we will allow the algebra to be ‘open’, see below. First, we give the conditions again in formulas, which may clarify some of the sentences in the statement of the proof. Recall that the full set of generators (which correspond to indices A, B, . . .), contain translations (indices a, . . .) and the remaining transformations are indicated by indices I. Gauge fields of these other symmetries may have transformation laws with other terms than in (2.32), in particular with matter fields. Their transformations under the (non-translation) symmetries are

δh^I_μ = ∂_μϵ^I + ϵ^J h^A_μ f_{AJ}^I + δ_mh^I_μ . (2.48)

The last term can contain ‘covariant’ matter fields, but not explicit gauge field (apart from e^a_μ). Consider a matter field ϕ that transforms as

δϕ = ϵ^I(T_I ϕ) , (2.49)

which has thus no derivative on ϵ^I. The requirement that a covariant quantity transforms in a covariant quantity is the statement that

δ(T_Iϕ) = ϵ^J (T_J T_Iϕ) . (2.50)

First, consider the transformation of the covariant derivative

D_μϕ = ∂_μϕ − h^I_μT_I ϕ . (2.51)

The algebra is

[δ(ϵ_1), δ(ϵ_2)] ϕ = ϵ^J_2 ϵ^I_1 [T_I , T_J } ϕ = ϵ^J_2 ϵ^I_1 ( f_{IJ}^KT_Kϕ + f_{IJ}^aD_aϕ + η_{IJ} ) . (2.52) Remark that all formulas have been written in a way that they are also applicable to fermionic transformations (thus the order in which fields and parameters are written, is carefully chosen). The symbol [., .} will be introduced later in (4.3) The commutator can include general coordinate transformations, which act on the ϕ as D_aϕ = e^μ_aD_μϕ. Furthermore, η is a possible non-closure term. The previous formulas imply

δD_μϕ = ϵ^I ∂_μT_Iϕ − ϵ^J h^A_μ f_{AJ}^I T_Iϕ − (δ_mh^I_μ)T_I ϕ − h^I_μϵ^J (T_J T_I ϕ) = ϵ^I ( ∂_μ − h^J_μT_J ) T_Iϕ − ϵ^J e^a_μf_{aJ}^I T_I ϕ −h^I_μϵ^J f_{JI}^aD_aϕ − h^I_μϵ^J η_{JI} − (δ_mh^I_μ)T_Iϕ . (2.53)

Consider now the transformation of (2.42), using

δe^μ_a = −e^μ_b e^ν_aδe^b_ν = −ϵ^Ih^A_a f_{AI}^be^μ_b . (2.54)

Then the first term on the last line of (2.53) is cancelled and we obtain

δD_aϕ = ϵ^I D_aT_I ϕ − ϵ^If_{aI}^AT_Aϕ + ϵ^Ih^J_a η_{JI} − (δ_mh^I_a)T_Iϕ . (2.55)

Consider the final result. In the second term the index A is used, which may take the value a, with T_a = D_a. Otherwise, this term appears whenever a gauge field h^I_μ has in its transformation law a term which is proportional to the vielbein e^a_μ. As in our terminology on covariant quantities we did not consider the vierbein as a gauge field, this term can be included in δ_mh^I_μ. Thus for closed algebras (η_{JI} = 0) the result is as follows: in the transformation of the covariant derivative, the derivative should not work on the parameter, and further terms appear only from the transformation of gauge fields that are not proportional to gauge fields. Thus gauge fields never appear ‘naked’ in such transformations. One only has to be careful here that the vielbein is not considered as a gauge field itself.

E.g. consider the calculation of the transformation of (2.47). First of all, remark that this would not work for D_μψ, which is not a covariant quantity. Then, the transformations of the spin connection ω^{bc}_μ can be neglected as this field transforms only in the derivative of a parameter or in an explicit gauge field, and the latter do not appear in the final result due to the theorem. We do have to take into account that the vielbein transforms as

δe^a_μ = ξ^ν ∂_ν e^a_μ − λ^{ab}_M e_{μb} + . . . , (2.56)

where the . . . stand for e.g. a term e^a_ν∂_μξ^ν , which can be neglected because it contains a derivative on the parameter. The final result is thus δD_aψ = (ξ^ν ∂_νe^μ_a − λ_{M ab}e^μ_b ) ∂_μψ + e^μ_α∂_μ ( ξ^ν ∂_ν −^1_4 λ^{bc}_M γ_{bc} ) ψ + . . . = ξ^bD_bD_aψ − λ^{ab}_M D_bψ −^1_4 λ^{bc}_M γ_{bc}D_aψ . (2.57)

This shows the usefulness of the theorem: although in intermediate steps we omitted some terms, at the end we obtain the full result.

2.5 Local conformal transformations

We now consider the gauging of the conformal algebra, and show how Poincaré gravity is recovered in a gauge for dilatations and special conformal transformations. The gauge fields are introduced as h^A_μ T_A = e^a_μP_a + ω_μ^{ab}M_{ab} + b_μD + f^a_μ K_a . (2.58) The curvatures are R_{μν} (P^a) = R^P_{μν} (P^a) + 2b_{[μ}e^a_{ν]} R_{μν} (M^{ab}) = R^P_{μν} (M^{ab}) + 8f^{[a}_{[μ} e^{b]}_{ν]}

R_{μν}(D) = 2∂_{[μ}b_{ν]} − 4f^a_{[μ}e_{ν]a} R_{μν} (K^a) = 2∂_{[μ}f^a_{ν]} + 2ω_{[μ}^{ab}f_{ν]b} − 2b_{[μ}f^a_{ν]} . (2.59) The conventional constraint (2.38) could be imposed because the gauge field ω^{ab}_μ appears in the curvature multiplied by the invertible vielbein. Considering the curvatures, one can see that also the gauge field f^a_μ appears in such a way in the curvatures of D and M. It can be solved if we impose as second conventional constraint: R_{μν} (P^a) = 0 R_{μν} (M^{ab})e^ν_b = 0 . (2.60) Therefore as well ω^{ab}_μ as f^a_μ are dependent fields. In the first one there is a modification to (2.39) due to the term proportional to b_μ. The solution for the K gauge field is (with the definitions as in (2.45))

f^a_μ = 1 2(d − 2) R_μ^a − 1 4(d − 1)(d − 2)

Re^a_μ . (2.61)

Because of the theorem on covariant derivatives it is useful to give the part of the transformations of gauge fields proportional to vielbeins. These are (with the dots representing the transformations in other explicit gauge fields) δe^a_μ = −Λ_De^a_μ − Λ^{ab}_M e_{μb} + . . . δb_μ = 2Λ^a_Ke_{μa} + . . .

δω^{ab}_μ = −4Λ^{[a}_Ke^{b]}_μ + . . . . (2.62)

Exercise

It is interesting to compare transformations of derivatives of fields in the rigid theory with those of covariant derivatives in conformal gravity. In (2.25) the second line came from the derivatives of ξ (first two terms) and the derivative of Λ_D. In the gauge theory, the full x-dependent ξ_μ(x) is the parameter of general coordinate transformations. Show, with the help of the theorem on covariant derivatives, how one re-obtains (2.25) with all derivatives replaced by covariant ones (and changing to a-indices).

Show that also in the local theory, (2.27) is the rule to determine whether the action with ordinary derivatives replaced by covariant derivatives, is an invariant.

The transformation law of a covariant derivative determines the covariant box 2^Cϕ ≡ η^{ab}DbDaϕ = e^{aμ (}∂μDaϕ − (w + 1)bμDaϕ + ωμ abD^bϕ + 2wfμaϕ^) = e^{−1} (∂_μ − (w + 2 − d)b_μ) eg^{μν} (∂_ν − wb_ν ) ϕ + w 2(d − 1)

R ϕ . (2.63)

The latter is the well-known R/6 term in d = 4. In fact, choosing w =^d_2 − 1, one has a conformal invariant scalar action I = ∫ d^dx eϕ2^Cϕ . (2.64)

Exercise: show that ∫ d^dx eD_aϕD^aϕ is not invariant. How does the difference between this statement and the one in (2.29) occur?

Consider now that we want a Poincaré invariant action. Then we have to break dilatations and special conformal transformations, as these are not part of the Poincaré algebra. Considering (2.62) it is clear that the latter can be broken by a gauge choice

K − gauge : b_μ = 0 . (2.65)

Therefore, of the ‘Weyl multiplet’ (the multiplet of fields with the gauge fields of the conformal algebra), only the vielbein remains. One could take as gauge choice for dilatations a fixed value of a scalar ϕ. And one easily checks that then the action (2.64) reduces to the Poincaré gravity action.

3 Spinors in arbitrary dimensions

I now present information about the Clifford algebra and spinors in arbitrary dimensions. I will discuss arbitrary signatures of spacetime. Different from many other treatments, I will not consider arguments of field theory. E.g. in many other papers one uses that spinors are solutions of the Dirac equation. That is also the case in [4], which is however the first reference for the facts that I will recall.

3.1 Gamma matrices and their symmetry

I consider arbitrary spacetime dimensions d = t+s, with t timelike directions and s spacelike directions, and consider the general facts of Clifford algebras and spinors, as has been done first in [5].

The Clifford algebra is

Γ_aΓ_b + Γ_bΓ_a = 2η_{ab} , (3.1)

where η = diag(− . . .−+ . . . +), writing first the timelike directions and then the spacelike ones.

I first give a representation of the Clifford algebra for signature (0, d) (only spacelike) in terms of σ matrices

σ_1 = ( 0 1 1 0 ) σ_2 = ( 0 −i i 0 ) σ_3 = ( 1 0 0 −1 ) . (3.2)

The only relevant properties are σ_1σ_2 = iσ_3 and cyclic, and that they square to_2 and are hermitian.

Γ_1 = σ_1 ⊗ ⊗ ⊗ . . . Γ_2 = σ_2 ⊗ ⊗ ⊗ . . . Γ_3 = σ_3 ⊗ σ_1 ⊗ ⊗ . . . Γ_4 = σ_3 ⊗ σ_2 ⊗ ⊗ . . . Γ_5 = σ_3 ⊗ σ_3 ⊗ σ_1 ⊗ . . . . . . = . . . . (3.3) This is for even dimensions a representation of dimension 2^{d/2}. For odd dimensions, e.g. d = 5, one does not need the last σ_1 factor in Γ_5, and the dimension is still 2^{(d−1)/2}. These matrices are all hermitian. If there are t timelike directions, we just have to multiply the first t matrices in the representation above by i. E.g. for the Minkowski case Γ_1 = iσ_1 ⊗ ⊗ . . .. Thus we get as hermiticity property for timelike and spacelike directions

Γ^†_t = −Γ_t , Γ^†_s = Γ_s , (3.4)

or in general Γ^†_a = (−)^tAΓ_aA^{−1} , A = Γ_1 . . . Γ_t . (3.5)

Of course the realization given above is not unique. One preserves (3.1) with

Γ^′ = U^{−1}ΓU . (3.6)

To respect also (3.4), U has to be unitary. A further remark on the uniqueness will follow in footnote 5.

Another important fact is that in even dimensions a complete set of 2^{d/2} × 2^{d/2} matrices is provided by {Γ^{(n)}} with n = 0, 1, . . . d, and

Γ^{(n)} = Γ_{a1 ...an} ≡ Γ_{[a1} Γ_{a2} . . . Γ_{an]} . (3.7)

The last matrix Γ^{(d)}, we write as^3

Γ_∗ = (−i)^{d/2+t}Γ_1 . . . Γ_d , Γ_∗Γ_∗ = 1 , (3.8)

where the normalization is chosen such that the last equation holds in any case. Γ_∗ is independent on the signature of spacetime, in the sense that when I introduced first the Γ matrices in Euclidean signature, and then went to an arbitrary signature, I multiplied the first t gamma matrices by i. This drops out again by the multiplication by (−i)^t in (3.8). In the representation (3.3), Γ_∗ is Γ_∗ = σ_3 ⊗ σ_3 ⊗ σ_3 ⊗ . . . . (3.9)

For even dimensions we have (the Levi–Civita tensor ε is defined in appendix A) Γ_{a1 ...an} = 1 (d − n)! ε_{a1...ad} i^{d/2+t}Γ_∗Γ^{ad...an+1} . (3.10) 3If 0 is used as label of the time direction in Minkowski space, then we have Γ� = (−i)^{d/2+1}Γ_0Γ_1 . . . Γ_d�_1.

Note that Γ_∗ anticommutes with Γ_a and can thus be used as Γ_{d+1} in the next, odd dimension. In odd dimensions the product of all Γ matrices gives ±1 or ±i, and a basis is formed by Γ^{(n)} with n = 0, 1, . . . , (d − 1)/2.

There is always a ‘charge conjugation matrix’ C, such that

C^T = −εC , Γ^T_a = −ηCΓ_aC^{−1} , (3.11)

for ε = ±1 and η = ±1. A formal proof can be found in [4, 5], but I prove it here by giving two possibilities in the representation (3.3) for even dimensions

C_+ = σ_2 ⊗ σ_1 ⊗ σ_2 ⊗ σ_1 ⊗ . . . η = +1 C_− = σ_1 ⊗ σ_2 ⊗ σ_1 ⊗ σ_2 ⊗ . . . ∝ C_+Γ_∗ η = −1 . (3.12)

Note that they satisfy C = C^† = C^{−1}. For odd dimensions, only one of the two can be used, see table 1 below. If one changes the representation as in (3.6), then, to preserve (3.11), the charge conjugation matrix should transforms as

C^′ = U^T CU . (3.13)

Therefore you see that the unitarity, C^† = C^{−1}, is true in any representation, but the charge conjugation not necessarily squares to .

We will now deduce which signs of the two variables ϵ and η are allowed for each value of s and t. First remark that ( CΓ^{(n)} )T = −ϵ(−)^{n(n−1)/2}(−η)^nCΓ^{(n)} . (3.14)

This has a periodicity of n → n+4. This periodicity implies that the number of symmetric matrices should be the sum of lines of the following formulae ( d 0 ) + ( d 4 ) + . . . = 2^{d−2} + 2^{d/2−1} cos dπ 4 ( d 1 ) + ( d 5 ) + . . . = 2^{d−2} + 2^{d/2−1} sin dπ 4 ( d 2 ) + ( d 6 ) + . . . = 2^{d−2} − 2^{d/2−1} cos dπ 4 ( d 3 ) + ( d 7 ) + . . . = 2^{d−2} − 2^{d/2−1} sin dπ 4 . (3.15)

On the other hand we can count that there should be

2[^{Int d2} ]^{−1} ( 2[^{Int d2} ] + 1 ) symmetric matrices

2[^{Int d2} ]^{−1} ( 2[^{Int d2} ] − 1 ) antisymmetric matrices. (3.16)

For odd dimensions, there is a unique solution. For even dimensions, two of the lines in (3.15) are equal, and there are thus two possibilities for which matrices are symmetric. This corresponds to the two possibilities for the charge conjugation matrix in that case. The result is given in table 1.

d (mod 8) S A ϵ η 0 0,3 2,1 −1 +1 0,1 2,3 −1 −1 1 0,1 2,3 −1 −1 2 1,0 3,2 −1 −1 1,2 3,0 +1 +1 3 1,2 0,3 +1 +1 4 2,1 0,3 +1 +1 2,3 0,1 +1 −1 5 2,3 0,1 +1 −1 6 3,2 1,0 +1 −1 3,0 1,2 −1 +1 7 0,3 1,2 −1 +1

Table 1: For all dimensions (modulo 8) one finds which CΓ^{(n)} should be symmetric (S) and antisymmetric (A). These values of n are modulo 4). This determines signs of ϵ and η.

Exercise

Check with the explicit representation the signs of η and ϵ for the two possible charge conjugation matrices in 4 dimensions. Then consider the fifth gamma matrix, and see that the (3.11) only holds for one choice of C.

3.2 Irreducible spinors

We still do not know whether the spinor is irreducible. There are two types of projections that one can envisage. The first is only for even dimensions, where we have Γ_∗ available as in (3.8). We can thus define left and right spinors. For definiteness we take λ_L =^1_2 (1 + Γ_∗) λ , λ_R =^1_2 (1 − Γ_∗) λ . (3.17) E.g. in four dimensional Minkowski space (s = 3, t = 1) we define^4 γ_5 = Γ_∗ = iγ_0γ_1γ_2γ_3 , λ_L =^1_2 (1 + γ_5)λ , λ_R =^1_2 (1 − γ_5)λ . (3.18) The second possible projection is a reality condition. Consider first the reality properties of the Γ matrices. Combining (3.5) and (3.11), we have^5 Γ^∗_a = −η(−)^tBΓ_aB^{−1} , B^T = CA^{−1} . (3.19) As A and C are unitary, we find that also B is unitary. One obtains B^∗B = −ϵη^t(−)^{t(t+1)/2} . (3.20) To prove this equation, see first that internal consistency of (3.5) implies that A^T = η^tCA^{−1}C^{−1} = (−)^{t(t+1)/2}η^tCAC^{−1} . (3.21) Let us now try to put a reality condition on spinors λ^∗ = B̃λ , (3.22) for some matrix B̃. First of all we want consistency with Lorentz transformations, i.e. taking the Lorentz transformation of both sides ( −^1_4 Γ_{ab}λ )_∗ = −^1_4B̃Γ_{ab}λ ⇒ BΓ_{ab}B^{−1}B̃ = B̃Γ_{ab} , (3.23) and therefore we take B̃ = αB . (3.24)

4For 4 dimensional Minkowski space we write γ_0,. . . , γ_3 in stead of Γ_1,. . . ,Γ_4. 5Here we can give some remark on the uniqueness of the Clifford algebra representation.

It is clear that ±Γ� can also be used as representations of the Clifford algebra. The equation (3.19), which for even dimensions holds for two possibilities of η, implies that in even dimensions these representations are unitary equivalent with the original one. The fact that for odd dimensions only one sign of η can be used implies that in odd dimensions there are two unitary inequivalent representations.

For consistency, λ^{∗∗} = λ, (3.22) implies that B̃^∗B̃ = 1. Combining this with (3.20) gives |α| = 1 and the right hand side of (3.20) should be 1. It turns out that this condition is satisfied for

s − t = 0, 1, 7 mod 8 s − t = 2 mod 8 with η = +1 s − t = 6 mod 8 with η = −1 . (3.25)

Exercise: check that this can be summarized as: the charge conjugation is symmetric in an Euclidean space with s − t spacelike dimensions. In these cases, we can thus define a reality condition as in (3.22), and such spinors will be denoted as ‘Majorana spinors’. Another way of expressing the Majorana condition is that the ‘Majorana conjugate’ equals the ‘Dirac conjugate’. They are respectively

λ̄ ≡ λ^T C , λ̄^C ≡ λ^†Aα^{−1} . (3.26)

Majorana spinors can thus be thought as spinors λ_1 + iλ_2, where λ_1 and λ_2 have real components, but these are related by the above condition. The exact value α, if it is of modulus 1, is irrelevant for our purpose here. However, it determines whether e.g. ψ̄ψ or ∫ d^dxψ̄ ∂̸ψ is hermitian. We will come back to this issue in section 3.4.

Consider now that the right had side of (3.20) is not 1, thus −1. Then there is still another possibility if we have extended supersymmetry. Indeed, then one can define a ‘symplectic Majorana condition’ λ^∗_i ≡ ( λ^i )_∗ = BΩ_{ij}λ^j , (3.27)

where Ω is some antisymmetric matrix, with ΩΩ^∗ = −1. This is e.g. the way to have real spinors in d = 6 Minkowski space.

Having two projections, to chiral spinors and to Majorana spinors, one may ask whether they can be combined, i.e. can we define a reality condition respecting the chiral projection. As (Γ_∗)^∗ = (−)^{d/2+t}BΓ_∗B^{−1} the condition is that d/2 + t = 0 mod 2, i.e.

MW spinor : s − t = 0 mod 4 . (3.28)

Table 2 gives the resulting possibilities, and its caption gives a summary.

d \ t 0 1 2 3 1 M 1 M 1 2 M^− 2 MW 1 M^+ 2 3 4 M 2 M 2 4 4 SMW 4 M^+ 4 MW 2 M^− 4 5 8 8 M 4 M 4 6 M^+ 8 SMW 8 M^− 8 MW 4 7 M 8 16 16 M 8 8 MW 8 M^− 16 SMW 16 M^+ 16 9 M 16 M 16 32 32 10 M^− 32 MW 16 M^+ 32 SMW 32 11 64 M 32 M 32 64 12 SMW 64 M^+ 64 MW 32 M^− 64

Table 2: Possible spinors in various dimensions, and for various number of time directions (modulo 4). M stands for Majorana spinors. For even dimensions, M^± indicates which sign of η should be used. MW indicates the possibility of Majorana–Weyl spinors. For even dimensions one can always have Weyl spinors. Symplectic Majorana spinors are always possible when the Majorana condition is not possible. SMW indicates the possibility of symplectic Majorana–Weyl spinors. The number indicates the real dimension of the minimal spinor.

3.3 4 dimensions

As an example take the Minkowski space in 4 dimensions. In order to have Majorana spinors we choose η = 1, and hence ϵ = 1. There exists a Majorana representation where the matrices γ_μ are real:

γ_0 = ( 0 σ_3 −σ_3 0 ) , γ_1 = ( 0 −_2 −_2 0 ) , γ_2 = ( 0 −iσ_2 iσ_2 0 ) , γ_3 =

(_2 0 0 −_2 ) , γ_5 = ( 0 −iσ_1 iσ_1 0 ) . (3.29)

The charge conjugation matrix is proportional to γ_0, say C = zγ_0, with |z| = 1. As A = γ_0, the Majorana condition is λ^∗ = zαλ. Thus with an appropriate choice of signs, zα = 1, Majorana spinors are just pure real spinors in this basis.

In another representation that I present now, γ_5 is diagonal. That basis is useful to have manifestly chiral spinors. These are then just spinors that have only two upper components λ^A, while antichiral have two lower components, denoted as λ˙_A, (where A and Ȧ can be 1 or 2). The explicit realization is

γ_0 = ( 0 i_2 i_2 0 ) , γ_i = ( 0 −iσ_i iσ_i 0 ) , γ_5 =

(_2 0 0 −_2 ) , (3.30)

and with this choice C = ( ε 0 0 −ε ) , with ε = ( 0 1 −1 0 ) . (3.31)

This basis makes the connection to the ‘2-component formalism’ easy. In that formulation, indices are raised or lowered with ε in a NW–SE convention

χ^A = ε^{AB}χ_B , χ_A = χ^Bε_{BA} , (3.32)

which implies ε^{AB}ε_{BC} = −δ^A_C, and the Majorana condition for a spinor (ζ^A, ζ˙_A) is then ζ_A = (ζ˙_A)^∗ . (3.33)

I do not use this convention, but use chiral spinors, avoiding the indices.

A third representation that is often used, has diagonal γ_0.

γ_0 = ( i_2 0 0 −i_2 ) , γ_i = ( 0 −iσ_i iσ_i 0 ) , γ_5 = ( 0 −_2 −_2 0 ) . (3.34) The charge conjugation is C = γ_0γ_2 and the Majorana condition amounts to

λ^∗ = ( 0 −σ_2 σ_2 0 ) λ . (3.35)

3.4 Technical tips

3.4.1 Complex conjugation

To consider complex conjugation in practice, it is useful to consider the operation C, defined by λ^C ≡ α^{−1}B^{−1}λ^∗ . (3.36)

This is thus chosen such that the Majorana spinors are those for which λ^C = λ. Note that the bar operation, defined by the first equation of (3.26), on λ^C gives λ̄^C as defined in the second equation of (3.26). The square of this operation gives the identity (λ^C )^C = λ if the right hand side of (3.20) is 1. In case that this is −1, we should modify the definition of the C operation similar to (3.27). One can check, using (3.21), that

λ̄^∗ = αη^tλ̄^C B^{−1} . (3.37)

We are now equipped to discuss complex conjugation of bi-spinors. First of all, we still have to determine whether complex conjugation changes the order of fermions or not. In fact, both types of complex conjugation are possible. I introduce a new sign factor to reflect this choice, say β. Thus for two fermionic quantities,

(λχ)^∗ = βλ^∗χ^∗ = −βχ^∗λ^∗ , β = ±1 . (3.38)

Consider now the complex conjugation of χ̄Mλ, where M is some matrix in spinor space. With the previous equations one easily finds

(χ̄Mλ)^∗ = βα^2η^tχ̄^CB^{−1}M^∗Bλ^C . (3.39)

We can thus choose in any case α appropriate in order that e.g. χ̄λ is real. Then we define M^C ≡ B^{−1}M^∗B, thus e.g.

Γ^C_a = −η(−)^tΓ_a Γ^C_∗ = (−)^{d/2+t}Γ_∗ , (3.40)

the latter for even dimensions.

Rule: to perform complex conjugation of a bispinor, first add a factor βα^2η^t and then replace fields and matrices by their C-conjugates, for which (3.40) gives the important relations.

As an example consider Minkowski spaces where η = ϵ = 1, thus in dimensions d = 2, 3, 4 mod 8, containing 4, 10 and 11 dimensions. We choose α according to the convention on complex conjugation of bi-spinors as βα^2 = 1. Then (3.39) implies that we can perform complex conjugation by using the C operation. Majorana spinors are thus considered as just real, and the same applies for the ordinary gamma matrices. However γ_5, the Γ_∗ in 4 dimensions, behaves as a pure imaginary matrix. In 10 dimensions this matrix can also be considered as real, which reflects the possibility of Majorana–Weyl spinors in that dimension. Exercise:

See how this should be set up in the case of symplectic Majorana spinors.

In extended supergravity in 4 dimensions, the chirality is indicated by the position of the i, j index (index running over 1, . . . N for N-extended supergravity). See e.g. (4.6). The choice of chirality for the spinor with an upper (lower) index can change for each spinor. It is chosen conveniently on the first occurrence of the spinor. With the rules of the C operation, we see that h.c. effectively interchanges upper and lower indices. The chiral spinor Q^i is not a Majorana spinor. Check that (Q^i)^C = Q_i.

3.4.2 Gamma matrix manipulations

I still give some useful identities for calculations in arbitrary dimensions [6]. For a product of two antisymmetrized gamma matrices, one can use Γ_{a1...ai} Γ^{b1 ...bj} = i+j∑ k=|i−j| i!j! s!t!u! δ^{[b1}_{[ai} · · · δ^{bs}_{at+1} Γ_{a1...at]}^{bs+1...bj]} (3.41) s =^1_2 (i + j − k) , t =^1_2 (i − j + k) , u =^1_2 (−i + j + k) .

In [6] a few extra rules are given and a diagrammatic technique is explained that is based on the work of Kennedy [7].

For contractions of repeated gamma matrices, one has the formula Γ_{b1...bk} Γ_{a1 ...aℓ} Γ^{b1 ...bk} = c_{k,ℓ}Γ_{a1 ...aℓ} c_{k,ℓ} = (−)^{k(k−1)/2}k!(−)^{kℓ} min(k,ℓ) ∑ i ( ℓ i )( D − ℓ k − i ) (−)^i , (3.42)

for which tables were given in [6] in dimensions 4, 10, 11 and 12, and which can be easily obtained from a computer programme.

Further, there is the Fierz relation. We know that the gamma matrices are matrices in dimension Δ = 2^{Int d/2}, and that a basis of Δ × Δ matrices is given by the set { , Γ_a, Γ_{a1a2} , . . . , Γ^{a1...a[D]} } where { [D] = D for even D [D] = (D − 1)/2 for odd D , (3.43) of which only the first has nonzero trace. This is the basis of the general Fierz formula for an arbitrary matrix M in spinor space:

M_α^βΔ = [D]∑ k=0 (−)^{k(k−1)/2 1}_{k!} (Γ_{a1...ak} )_α^β Tr (Γ^{a1 ...ak} M) . (3.44)

More useful Fierz identities can be found in [7].

3.4.3 Spinor indices

In these notes, I mostly omit spinor indices. However, in some applications, this is difficult to accomplish or one prefers spinor indices. I will give here a way to include spinor indices in a practical way, independent of the dimension of spacetime. First of all, spinors get a lower spinor index. So for a spinor λ, I write λ_α. Gamma matrices act on these spinors, and therefore the expression Γ_aλ becomes (Γ_a)_α^βλ_β. Note the position of the spinor indices on a usual Gamma matrix. This is then the same for products of Gamma matrices.

Then I want to be able to raise and lower indices. Indeed, e.g. to discuss symmetries of Gamma matrices, the (Γ_a)_α^β can not be used, as we can not interchange upper and lower indices. To that purpose, I introduce matrices C^{αβ} and C_{αβ}, which will be related to the charge conjugation matrix below. The convention that I adopt, is that I raise and lower indices always in the NorthWest–SouthEast (NW-SE) convention. That means that the contraction indices should appear in that relative position, i.e.

λ^α = C^{αβ}λ_β , λ_α = λ^βC_{βα} . (3.45)

In order for these two equations to be consistent, we should have

C^{αβ}C_{γβ} = δ^α_γ , C_{βα}C^{βγ} = δ^γ_α . (3.46)

I choose the identifications such that the Majorana conjugate λ̄ is written as λ^α. Comparing (3.45) and (3.26), we conclude that C^{αβ} is C^T , and C_{αβ} is then C^{−1}. One may check that the symmetries of CΓ^{(n)} or Γ^{(n)}C^{−1}, which were discussed before, is now the symmetry of (Γ_a)^{αβ} or (Γ_a)_{αβ}. Exercise : Check that χ̄λ = χ^αλ_α = ±χ_αλ^α where the sign is −ϵ, i.e. +(−) if the charge conjugation matrix is (anti)symmetric. The same is true for spinor indices at any place: (Γ_a)_α^βλ_β = ±(Γ_a)_{αβ}λ^β.

4 Supersymmetry algebras

4.1 Haag–Łopuszańsky–Sohnius result as introduction

After the introduction with bosonic symmetries, and the recapitulation of spinor properties, I can finally consider fermionic symmetries. This means that the parameters of some transformations can be anticommuting numbers. For the generators we then have anticommutators rather than commutators. Indeed, consider δ(ϵ) = ϵ^AQ_A , (4.1)

for anticommuting parameters ϵ^A and hence operators Q_A, which I will denote further as ‘odd’, distinguishing them from the bosonic ‘even’ operators. We have then

[δ(ϵ_1), δ(ϵ_2)] = ϵ^B_2 ϵ^A_1 (Q_AQ_B + Q_BQ_A) ≡ ϵ^B_2 ϵ^A_1 {Q_A, Q_B} . (4.2)

Here, I introduced a notation for the anticommutator, and I also introduce a general notation

[T_A, T_B} = T_AT_B − (−)^{AB}T_BT_A . (4.3)

The notation [, } is a commutator except when both operators are odd, when it is an anticommutator. In the notation (−)^A one should thus understand A as an even number, e.g. 0, if T_A is even, and A as an odd number, e.g. 1, if T_A is odd.

These algebras should also satisfy a Jacobi identity. Keeping the parameters in place, such a Jacobi identity takes the same form as the pure bosonic one: [ ϵ^A_1 T_A, [ ϵ^B_2 T_B, ϵ^C_3 T_C ]] + cyclic in 1, 2, 3 = 0 . (4.4)

Removing the parameters, signs appear, but an easy form to remember is [[T_A, T_B} , T_C} = [T_A, [T_B, T_C}} − (−)^{AB} [T_B, [T_A, T_C}} . (4.5) The last sign factor just reflects the symmetry of the commutator in the left-hand side.

These definitions lead to a lot of extensions of algebras. We will come back to the mathematical part in section 4.6. First we consider the physical input. As a generalisation of the result of [1], reviewed in section 2.1, Haag, Łopuszańsky and Sohnius [8] considered the same question allowing for fermionic symmetries. As for [1], their result contained two parts: one general possibility (which we will label as the super-Poincaré algebra), and one for massless fields only, the superconformal algebras. An important part of their result is that super-Poincaré algebras may contain ‘central charges’, which we will discuss in section 4.4. They did suppose a flat space, but we are also interested in the possibility of a curved space, i.e. the super-(anti) de Sitter algebras.

First I will give some qualitative remarks on supersymmetry in general. Then I will consider the super-Poincaréalgebras, first without central charges in section 4.3, then with central charges in section 4.4. I will turn to superanti-de Sitter algebras in section 4.5, but will have to interrupt that analysis to give an overview of simple superalgebras in general (section 4.6). Finally I will turn to the superconformal algebras in section 4.7.

4.2 Basic properties of Poincaré supersymmetry

In general the algebra contains respectively the Poincaré, conformal or (anti) de Sitter algebra, and a number of (Lorentz) scalar generators on the even side, and spin-1/2 odd generators. For the Poincaré case these are generators Q^i_α, where α is a spinor index, and i is a representation index for some part of the bosonic scalar generators outside of the Poincaré algebra. Remember that the whole discussion here is in 4 dimensions, where the spinors can be split in a left and a right chirality, which we indicate by the position of the i index:

Q^i_α =^1_2 (1 − γ_5)_α^βQ^i_β , Q_{iα} =^1_2 (1 + γ_5)_α^βQ_{iβ} . (4.6)

Their anticommutator takes the form {Q^i_α, Q_{βj}} = ( γ^μC^{−1} ) αβ P_μδ^i_j , (4.7)

and I will return to the meaning of the charge conjugation matrix, C, in section 3. This is the defining relation of supersymmetries: they square to the translations. One of the consequences is that it has a dimension 1/2, where the dimension of translations is conventionally taken to be 1, i.e. as a mass dimension. So e.g. if a scalar ϕ of dimension 1 transforms in a fermion^6

δ_Qϕ = ϵ̄λ , (4.8)

6Spinor indices are deleted, and details of the notation will follow later.

then, as ϵ has dimension −1/2, the dimension of λ is 1/2 higher than that of ϕ, and its supersymmetry transformation contains ϕ always with a derivative or a mass. Of course, in minimal actions of scalars and spinors, the former have dimension 1, and the latter 3/2, so we are not unhappy with this conclusion. Theorem: There are an equal number of bosonic and fermionic degrees of freedom in any realization of the supersymmetry algebra when translations are an invertible operation.

Consider the commutator (4.7) on the space of all bosons. The first Q transforms the space to a space of fermions, while the second one brings us back to bosons, translated by P_μ.

bosons^Q−→ fermions^Q−→ bosons translated by P_μ

The latter is an invertible operator, which proves that the last space is as large as the first one, and thus also the middle one, the space of the fermions has the same dimension. This proves the well-known fact that there are an equal number of bosonic and of fermionic states. It should hold when the algebra (4.7) holds. So this equality of bosonic and fermionic states should hold e.g. for on-shell states, but also for off-shell states if the algebra is also realized off-shell. On the other hand, it is not a general fact of a superalgebra. One needs the invertibility of the square of fermionic generators. This does not hold for massless states in an Euclidean spacetime, or in 1 dimension. In these cases the P^2 = 0 condition for a massless state implies P = 0, and there is thus no invertibility.

4.3 Super-Poincaré algebras

Now we can study the superalgebras which are important in supersymmetry. I start with the result of [8] in 4 dimensions. Apart from the bosonic Poincaré algebra (2.1), and the defining relation of supersymmetry (4.7), there is of course the statement that the supersymmetries are spinors under the Lorentz group^7:

[M_{μν} , Q^i_α ] = −^1_4 (γ_{μν} )_α^βQ^i_β . (4.9)

The supersymmetries may also rotate under an automorphism group T_A:

[T_A, Q^i_α ] = (U_A)^i_jQ^j_α , [T_A, Q_{αi} ] = (U_A)_i^j Q_{αj} . (4.10)

7 As the reader probably already noticed, we denote Γ matrices in 4 dimensions as γ_μ

The latter equation is obtained from the former by complex conjugation, thus the complex conjugate of (U_A)^i_j is denoted as (U_A)_i^j, consistent with the rule mentioned at the end of section 3.4.1. The Jacobi identity [T T Q] implies that these matrices form a representation of the algebra of the T_A. And as T_A has to commute with P_μ, as follows already from the Coleman– Mandula result, it is easy to check that the [T Q_iQ^j] Jacobi identity implies that (U_A)_i^j = −(U_A)^j_i ≡ − ( (U_A)_j^i )_∗ . (4.11)

Thus these are unitary matrices and the automorphism group is U(N), for i = 1, . . . , N. We can make a general statement about the isometry groups in view of table 2. The 4-dimensional t = 1 example is general for even dimensions where no Majorana–Weyl spinor is possible, thus indicated by M in the table. Then the automorphism group is U(N). In fact, in this formulation we have not used the Majorana property, but rather the Weyl-spinor formulation. In all even dimensions we can use Weyl spinors, and this leads to spinors of the same dimension as the Majorana ones (they are the same in another notation). If we would have the possibility of Majorana–Weyl, then there is an extra reality condition, and we have two factors as automorphism groups of the left and right spinors, i.e. we obtain SO(N_L) × SO(N_R). For odd dimensions, we can not use the chiral formulation, and if there are Majorana spinors, the result is SO(N). If there are symplectic Majorana conditions, then the same argument of the Jacobi identity [T QQ] leads to the preservation of the symplectic metric, and the automorphism algebra is thus reduced to USp(N) (even N)^8. If there is a SMW spinor, then there are two such factors. In summary, the automorphism groups are obtained from the entries of table 2:

M and d odd : SO(N) M and d even : U(N) MW : SO(N_L) × SO(N_R) S (empty in table) : USp(N) SMW : USp(N_L) × USp(N_R) . (4.12) We can now write a list of supersymmetry theories in Minkowski spaces of

8There is often confusion about the notation of Sp groups. We use notation such that Sp(2) is the smallest symplectic group, see section 4.6.

various dimensions and with various extensions. Table 3, which I essentially

d \ Q 32 16 8 4 11 X

10^{IIB}(2, 0)^{IIA}(1, 1)^I(1, 0)

9 X X

8 X X

7 X X

6 (2, 2) (2, 0) (1, 1) (1, 0)

5 X X X

4 N = 8 N = 4 N = 2 N = 1

Table 3: Pure supergravity theories in dimensions 4 ≤ d ≤ 11 with the number of independent supercharges equal to Q = 32, 16, 8 and 4. In 3 spacetime dimensions, pure supergravity does not describe propagating degrees of freedom and is a topological theory.

copied from [9], gives an overview of possible supersymmetry models^9. This follows mainly from table 2. The limit of 32 supercharges comes from the requirement that one can not construct field theories with helicities larger than 2. I have not explained representations of the algebras, and therefore can not really prove this. However, one can understand that in 4 dimensions any supersymmetry raises or lowers the helicity by 1/2. Therefore with N = 8 we already fill the whole range from 2 to −2. Similarly rigid supersymmetry models are only possible for N ≤ 4, i.e. Q ≤ 16. We still remark that other values of Q, i.e. Q = 12, 20, 24, are also possible in d = 4, but are rarely used.

Let me summarize the result for the super Poincaré algebras in 4 dimensions, omitting the automorphisms (as can consistently be done for the super-Poincaré case):

[M_{μν} , M^{ρσ}] = −2δ^{[ρ}_{[μ}M_{ν]}^{σ]} , [P_μ, M_{νρ} ] = η_{μ[ν} P_{ρ]} ,

9Note that the theories are not always unique. Certainly if one allows arbitrary signs in kinetic terms for some fields.

[P_μ, P_ν ] = 0 {Q^i_α, Q_{βj}} = ( γ^μC^{−1} ) αβ P_μδ^i_j [M_{μν}, Q^i_α ] = − 1 4 (γ_{μν} Q)^i_α [P_μ, Q^i_α ] = 0 . (4.13)

Remark that we may also consistently remove the Lorentz algebra generators M. Thus the algebra is a semi direct sum of the part with P and Q only, with the Lorentz algebra and with the automorphism algebra.

Let us check the reality property of the anticommutator of 2 supersymmetries, and generalize to other dimensions and signatures. Complex conjugation gives βα^2B { (Q^i)^C , (Q_j)^C } B^T = −η(−)^tBΓ_μC^{−1}B^T η^tP^μ , (4.14)

where spinor indices are implicit. The factor β results from the fact that complex conjugation may changes the order of fermions if β = −1. Note that it does not change the order in which the generators act. Thus there is only that factor, but the operators keep their order. The β spinor index, which was explicit in (4.7), is at the right side of the equation, and that is the reason of B^T at the end of the left hand side, as Q^∗_β = αQ^C_γ (B^T )^γ_β. For the right hand side of (4.14), I used

C^{−1,∗} = C^T = η^tBC^{−1}B^T , (4.15)

and the bosonic operators are real. Remark that if we move the η^t to the left hand side, we find here again the factors of (3.39) and (3.40). Such commutators in general behave as bi-spinors, as one can imagine multiplying them with spinor parameters at the left and right. Thus they follow the rule mentioned at page 24.

The symmetry of the commutator (and of Γ_μC^{−1}) implies that in the right hand side in 4 dimensions we can use { (Q^i)^C , (Q_j)^C } = { Q_i, Q^j } = { Q^j, Q_i } . (4.16)

Then the reality consistency is proven if we take (for Minkowski spaces with η = 1) conventions with βα^2 = 1 . (4.17)

With these methods it is easy to check how this can be generalised to other dimensions, with other types of spinors. E.g. in d = 11 (Minkowski, t = 1) there are no chiral spinors, and we just have {Q_α, Q_β} = ( γ^μC^{−1} ) αβ P_μ . (4.18)

The reality goes as above, one can just neglect the i indices.

In d = 10 one can have Majorana–Weyl spinors. For having a similar {Q, Q} = P anticommutator, the Γ_μP^μ should thus appear in the anticommutator between two supersymmetries of the same chirality. One can ask in general the question whether one can have the translations P_μ in the right hand side of the anticommutator between two chiral supersymmetries {Q_L, Q_L}. If that is the case, then

{Q_L, Q_L} =^1_2 (1 + Γ_∗) γ^μC^{−1}P_μ^1_2 (1 + Γ_∗)^T

=^1_4 (1 + Γ_∗) ( 1 − (−)^{d/2}Γ_∗ ) γ^μP_μC^{−1} =^1_4 ( 1 − (−)^{d/2} ) (1 + Γ_∗) γ^μC^{−1}P_μ ,

where I used that

Γ^T_∗ = (−i)^{d/2+t}Γ^T_d . . . Γ^T_1 = (−i)^{d/2+t}CΓ_d . . . Γ_1C^{−1} = (−)^{d/2}CΓ_∗C^{−1} . (4.19)

Thus d/2 should be odd, as it is the case in 10 dimensions. If there is one such chiral supersymmetry, we denote this as (1, 0) supersymmetry. If there are two, then this is (2, 0) (which is usually called IIB). There can be two supersymmetries of opposite chirality which is denoted as (1, 1), or IIA supersymmetry. Remark that the result (4.19) also checks that in 4 dimensions the P_μ does not appear in the anticommutator of 2 generators of the same chirality, but, as immediately shown in (4.7), in the anticommutator of a chiral and an antichiral supersymmetry.

Exercise. Check that for d/2 even, consistency is obtained if P_μ appears in the anticommutator of a chiral with an antichiral supersymmetry. Further check that for d/2 odd, the anticommutator of two supersymmetries of the same chirality can only have Γ^{(n)}C^{−1} for n odd, while for opposite chirality n should be even. This is reversed for d/2 even.

An important consequence of supersymmetry, which we did not mention yet, is contained in the positivity statements of the energy. To consider these, we want the anticommutator between a supersymmetry and its complex conjugate: {Q_i, (Q_j)^∗} = α { Q_i, (Q_j)^C } B^T = αδ^j_i Γ_μA^{−1}P^μ , (4.20)

where the i, j indices are put as for d = 4, but one can forget them for e.g. d = 11. The left hand side is real and positive definite if we do not interchange spinors in complex conjugation (β = 1). Then we can choose α = 1, consistent with (4.17). For β = −1 the left hand side is imaginary, but α is then an imaginary unit. We can therefore conclude that we can choose α, consistent with (4.17), such that

α^{−1} {Q_i, (Q_j)^∗} ≥ 0 . (4.21)

As A = Γ_0 in Minkowski spaces, this exhibits the positive energy statements in supersymmetry. For a state at rest, i.e. P^μ = δ^μ_0 M, this implies M ≥ 0.

4.4 Poincaré algebras with central charges

Finally we come to an extra possibility, which are the central charges. They have been found in the classification of Haag–Łopuszańsky–Sohnius [8], and were realized in the massive (and short) hypermultiplets in [10]. This was in 4-dimensional Minkowski space, to which we will restrict first, before discussing the generalization to higher dimensions.

I did not yet give the commutator of two supersymmetries of equal chirality. As I do not want new symmetries with Lorentz indices, the general possibility is {Q_{αi}, Q_{βj}} = C^{−1}_{αβ} ω^M_{ij} Z_M , (4.22) where M labels different central charges Z^M , characterized by independent antisymmetric matrices ω^M_{ij} . Indeed, the properties of spinors imply that ω^M_{ij} should be antisymmetric. Now one has to check all Jacobi identities, and at the end one obtains that these Z^M should commute with all other generators including the supersymmetries. Therefore, these are called ‘central charges’. Considering finally [T QQ], we find a restriction on the automorphism group. Indeed, one obtains U_i^kω_{kj} − ω_{ik}U_j^k = 0 . (4.23) Let us consider as an example N = 2. Then for ω_{ij} , there is only ε_{ij}, as this is the only antisymmetric tensor. We thus have 1 (complex) central charge: {Q_{αi}, Q_{βj}} = C^{−1}_{αβ} ε_{ij}Z . (4.24)

If there is such a central charge, then the automorphism group is not U(2), but rather the U(1) × U(1) which commutes with ε_{ij}.

Central charges are essential in various application due to the modified positivity statements. Indeed, the modified algebra allows us to obtain another positivity condition.

I will show the argument for N = 2, but it can easily be generalized. The complex conjugate of (4.24) is^{10} β { Q^{∗αi}, Q^{∗βj} } = −ε^{ij}C^{αβ}Z^∗ . (4.25)

To diagonalize the set of anticommutators for the supersymmetries, I define

A_{αi} ≡ Q_{αi} + α^{−1}e^{iθ}ε_{ij}C^{−1}_{αβ} Q^{∗βj} , (4.26)

where e^{iθ} is an arbitrary phase factor. The complex conjugate is A^{∗αi} ≡ (A_{αi})^∗ = Q^{∗αi} + αe^{−iθ}ε^{ij}Q_{jβ}C^{βα} = αe^{−iθ}ε^{ij}A_{jβ}C^{βα} . (4.27) Consider now their anticommutators on a state for which P^μ = δ^μ_0 M: α^{−1} { A_{αi}, A^{∗βj} } = δ^j_i δ^β_α(2M + Ze^{−iθ} + Z^∗e^{iθ}) . (4.28)

As the left hand side is a positive definite operator, the right hand side should be positive for all θ, which shows that M ≥ |Z| . (4.29) This is an important result, giving a lower limit to the mass, dependent on the central charge. This is called the BPS bound. One can now also see that if the equality is satisfied for a state (a ‘BPS state’), then that state is invariant under part of the supersymmetry generators. That state preserves thus part of the supersymmetry. Another role of the central charges, is that one can have supersymmetry multiplets with central charges such that the bound is saturated. Such multiplets have less components than others, and are therefore called short multiplets. These are the characteristics of algebras with central charges.

Knowing of this possibility of central charges in 4 dimensions, one may try to generalize it to higher dimensions. One looks again for generators

10I use here Q�^{αi} ≡ (Q_{iα})�. The tensor ε^{ij} is the same as ε_{ij} , namely ε^{12} = ε_{12} = 1, but I write one or the other according to the index structure of the equation.

in the {Q, Q} anticommutator. This was first considered in the rheonomic approach to d = 11 supergravity [11], for solving d = 10 super-Yang–Mills superspace constraints [12], and while looking for superconformal algebras in higher dimensions [6]. The presence of these operators will lead to positivity bounds, similar to the one that we found in N = 2, d = 4.

Consider as an example d = 11, with one supersymmetry. In the {Q, Q} anticommutator one can think of all sorts of objects {Q_α, Q_β} = ∑ n ( Γ^{(n)}C^{−1} ) αβ Z_{(n)} . (4.30)

But of course, the right hand side should also be symmetric. Considering table 1, we see that this restricts us already to n = 1, 2 mod 4, and for an odd dimension, the independent ones are those up to n = (d − 1)/2. This implies that we have at most {Q_α, Q_β} = ( Γ^μC^{−1} ) αβ P_μ + ( Γ^{μν} C^{−1} ) αβ Z^2_{μν} + ( Γ^{μνρστ} C^{−1} ) αβ Z^5_{μνρστ} . (4.31) The Z^2 and Z^5 are thus new generators in this anticommutator. In fact, they are not ‘central’ in the algebra, i.e. they do not commute with all the other generators. As they have spacetime indices, they do not commute with the Lorentz rotations. The terminology which is in use, refers to the fact that these generators have the same physical consequences as the real central charges in 4 dimensions, i.e. they lead to BPS bounds similar to (4.29), with the limit obtained by states which preserve part of the supersymmetry.

In 4 dimensions the scalar central charges are gauged by a vector, and the charges are produced by a particle. In 11 dimensions various solutions produce such charges, e.g. M2 or M5 branes, as has be reviewed by J. Gomis in this school, and I refer the reader to [13, 14].

4.5 Super-anti-de Sitter algebras

Remember that in the bosonic case, the Poincaré algebra is not a simple algebra, but a contraction R → ∞ of the simple (anti) de Sitter algebra (2.2). The same will apply for the corresponding superalgebras. But in this section we will first go step by step to construct a super anti-de Sitter algebra.

Due to the last commutator of (2.2), we find that we need a modification with respect to the super-Poincaré algebra to satisfy the Jacobi identity [P, P, Q], see (4.5). Indeed, it can not be satisfied anymore with [P, Q] = 0.

For covariance (or consistency with Lorentz transformations, i.e. [M, P, Q] Jacobi), we should have (at least for N = 1)

[P_μ, Q] = xΓ_μQ , (4.32)

where x is an arbitrary number. But taking the complex conjugate and using (3.22) and (3.19) we obtain

x = −η(−)^tx^∗ . (4.33)

Continuing with the [P, P, Q] Jacobi identity, we get (using (2.2))

x^2 = 1 16 R^2

. (4.34)

Specifying to t = 1, we thus find that for η = 1, which is e.g. the case in d = 11 and d = 4 if there are Majorana spinors, x should be real. Thus R^2 is positive, and this implies, see the discussion following (2.2), that we can only have the anti-de Sitter algebra, rather than de Sitter. Indeed, the de Sitter algebra would require R^2 < 0, which is not consistent with (4.34) and real x. For N = 1 in d = 4 or d = 11 this thus proves that one should consider antide Sitter, rather than de Sitter algebras. For extended supersymmetry, one could have introduced an antisymmetric matrix in the ij indices in (4.32), and my arguments for anti-de Sitter are thus not complete. For d = 10 with N = 1 chiral supersymmetry one can not have either de Sitter nor anti-de Sitter, as (4.32) is not consistent with the chirality projection.

Continuing in this way with Jacobi identities [6], we obtain the following result for d = 4, N = 1: {Q_{Lα}, Q_{Rβ}} = ( Γ^μC^{−1} ) αβ P_μ + 2x ( Γ^{μν} C^{−1} ) αβ M_{μν} [P_μ, Q] = xΓ_μQ [M_{μν} , Q] = −^1_4 Γ_{μν} Q [M_{μν} , M_{ρσ}] = η_{μ[ρ}M_{σ]ν} − η_{ν[ρ}M_{σ]μ} [P_μ, M_{νρ}] = η_{μ[ν}P_{ρ]} [P_μ, P_ν ] = 8 x^2 M_{μν} , (4.35)

while in d = 11 we obtain {Q_α, Q_β} = ( Γ^μC^{−1} ) αβ P_μ + 2x ( Γ^{μν} C^{−1} ) αβ M_{μν}

+ 1 5! ( Γ^{μνρστ} C^{−1} ) αβ Z^5_{μνρστ} [ Z^5_{μνρστ} , Q ] = x 2 Γ_{μνρστ} Q [ Z^5_{μ1 ...μ5} , M^{νρ} ] = 5δ^{[ν}_{[μ1} Z^{5 ρ]}_{μ2...μ5]} , (4.36)

with the other rules of (4.35) unchanged. Remark that we need now also the 5-index ‘central charge’ generator in order to be able to close the algebra. However, it is even less ‘central’ than before, because this generator now also has a non-zero commutator with Q. The Z^2 of (4.31) has been identified here with the Lorentz transformations.

In fact, the d = 11 super adS algebra is not of the ‘HLS’ form. Its bosonic algebra is not adS × G. Here it is Sp(32). Indeed the generators of P_μ, M_{μν} and Z^5 constitute ( 11 1 ) + ( 11 2 ) + ( 11 5 ) = 11 + 55 + 462 = 528 =

32.33 2 (4.37)

generators. We can combine them in the 32 × 32 matrix form M = 1 x Γ^μP_μ + Γ^{μν} M_{μν} + 1 x Γ^{μνρστ} Z^5_{μνρστ} (4.38) to see this algebra explicitly. The full superalgebra is OSp(1|32), but for that we should first give an introduction to superalgebras. Then we will be able to classify also the super adS algebras in other dimensions.

4.6 Superalgebras

Lie superalgebras have been classified in [15]. I do not have the time to go through the full classification mechanism of course, but will consider the most important superalgebras, the ‘simple Lie superalgebras’, which have no nontrivial invariant subalgebra. However, one should know that in superalgebras there are more subtle issues, as e.g. not any semi-simple superalgebra is the direct sum of simple superalgebras. A good review is [16]. The fermionic generators of such superalgebras are in representations of the bosonic part. If that ‘defining representation’ of the bosonic algebra in the fermionic generators is completely reducible, the algebra is said to be ‘of classical type’. The others are ‘Cartan type superalgebras’ W (n), S(n), S̃(n) and H(n), which we will further neglect. For further reference, I give the list of the real forms of superalgebras ‘of classical type’. But, for fixing my notations on algebras, it might be useful first to recapitulate a similar list for the bosonic algebras. That is done in table 4. The conventions which I use for groups is that

Table 4: Real forms of simple bosonic Lie algebras. For the exceptional algebras, I do not repeat the obvious line that the compact form itself is one of the real forms. The second number in the notation for these real forms is the number of non-compact − number of compact generators.

Compact Real Form Maximal compact subalg. SU(n) SU(p, n − p) SU(p) × SU(n − p) × U(1) SU(n) Sℓ(n) SO(n) SU(2n) SU^∗(2n) USp(2n) SO(n) SO(p, n − p) SO(p) × SO(q) SO(2n) SO^∗(2n) U(n) USp(2n) Sp(2n) U(n) USp(2n) USp(2p, 2n − 2p) USp(2p) × USp(2n − 2p) G_{2,−14} G_{2,2} SU(2) × SU(2) F_{4,−52} F_{4,−20} SO(9) F_{4,−52} F_{4,4} USp(6) × SU(2) E_{6,−78} E_{6,−26} F_{4,−52} E_{6,−78} E_{6,−14} SO(10) × SO(2) E_{6,−78} E_{6,2} SU(6) × SU(2) E_{6,−78} E_{6,6} USp(8) E_{7,−133} E_{7,−25} E_{6,−78} × SO(2) E_{7,−133} E_{7,−5} SO(12) × SU(2) E_{7,−133} E_{7,7} SU(8) E_{8,−248} E_{8,−24} E_{7,−133} × SU(2) E_{8,−248} E_{8,8} SO(16)

Sp(2n) = Sp(2n, IR) (always even entry), and USp(2m, 2n) = U(m, n, IH). Sℓ(n) is Sℓ(n, IR). Further, SU^∗(2n) = Sℓ(n, IH) and SO^∗(2n) = O(n, IH). Note that in these bosonic algebras there are the following isomorphisms, some of which will be important later^{11}

SO(3) = SU(2) = SU^∗(2) , SO(2, 1) = Sℓ(2) = SU(1, 1) = Sp(2) , SO(4) = SU(2) × SU(2) , SO(2, 2) = Sℓ(2) × Sℓ(2) , SO(3, 1) = Sp(2, C) , SO^∗(4) = SU(1, 1) × SU(2) , SO(5) = USp(4) , SO(4, 1) = USp(2, 2) , SO(3, 2) = Sp(4) , SO(6) = SU(4) , SO(5, 1) = SU^∗(4) , SO(4, 2) = SU(2, 2) , SO(3, 3) = Sℓ(4) , SO^∗(6) = SU(3, 1) , SO^∗(8) = SO(6, 2) . (4.39)

The similar table for Lie superalgebras ‘of classical type’, and their real forms [17] is given in table 5. In this table^{12}, ‘defining representation’ gives the fermionic generators as a representation of the bosonic subalgebra. The ‘number of generators’ gives the numbers of (bosonic,fermionic) generators in the superalgebra. I mention first the algebra as an algebra over C, and then give different real forms of these algebras. With this information, you can reconstruct all properties of these algebras, up to a few exceptions. The names which I use for the real forms is for some algebras different from those in the mathematical literature [17], and chosen such that it is most suggestive of its bosonic content. There are isomorphisms as SU(2|1) = OSp(2^∗|2, 0), and SU(1, 1|1) = Sℓ(2|1) = OSp(2|2). In the algebra D(2, 1, α) the three Sℓ(2) factors of the bosonic group in the anticommutator of the fermionic generators appear with relative weights 1, α and −1 − α. The real forms contain respectively SO(4) = SU(2) × SU(2), SO(3, 1) = Sℓ(2, C) and SO(2, 2) = Sℓ(2) × Sℓ(2). In the first and last case α should be real, while α = 1 + ia with real a for p = 1. In the limit α = 1 one has the isomorphisms D^p(2, 1, 1) = OSp(4 − p, p|2).

11Note that the equality sign is not correct for the groups. For the algebras there are these isomorphism, but it are rather the covering groups of the orthogonal groups which are mentioned at the right hand sides.

12The table has been changed after the first version of this paper, correcting also the table in [16]. These corrections have been found in discussions with S. Ferrara.

4.7 Superconformal algebras

In this section I review the classification of superconformal algebras of a standard type, to be explained soon. At the same time, however, also the adS superalgebras of the similar type will be classified, due to the isomorphism (2.17).

In supersymmetric theories, the conformal symmetry implies the presence of a second supersymmetry S, usually denoted as ‘special supersymmetry’. Indeed, the commutator of the special conformal transformations, and the ordinary supersymmetry Q implies this S due to [K_μ, Q] = Γ_μS.

The anticommutator {Q, S} generates also an extra bosonic algebra (sometimes called R symmetry). The whole superalgebra can be represented in a supermatrix, as e.g. (symbolically) ( SO(d, 2) Q + S Q − S R ) . (4.40)

We can consider such superalgebras in general. That is what Nahm [18] did in his classification. The requirements for a superconformal algebra in d or a super-adS algebra in d + 1 are:

1. SO(d, 2) should appear as a factored subgroup of the bosonic part of the superalgebra. For Nahm, this requirement was motivated by the Coleman–Mandula theorem, but one can demand it also in order that the bosonic algebra is the isometry algebra of a space which has the adS space as a factor.

2. fermionic generators should sit in a spinorial representation of that group.

To find the list of superconformal algebras, one has to consider the isomorphisms of groups SO(d, 2) which are in (4.39). Then the analysis is straightforward, and the result are algebras with maximal d = 6^{13}. The result^{14} is given in Table 6, except for d = 2. For d = 2 the finite bosonic

13Note the particular case of d = 6, where we use the notation OSp(8�|N ) for the superconformal algebra. Often, including previous articles of ourselves, it was written as OSp(6, 2|4), not paying attention to the existing real forms. In fact, in the series OSp(m − p, p|2n) the algebra Sp(2n) is non-compact. Thus, a compact R-symmetry group, U Sp(2n), is not possible in that series. The possibility of a compact R-symmetry exists due to the isomorphism SO�(8) = SO(6, 2), such that one can use the next line of table 5. This thus works only for the signature (6,2).

14We mention the superalgebra with compact R-symmetry group.

adS or conformal algebra is SO(2, 2) ≈ SO(2, 1) ⊕ SO(2, 1), i.e. the sum of two d = 1 algebras. The super-adS or superconformal algebra is then the sum of two d = 1 algebras of Table 6. Notice that these are the finite part of infinite dimensional superconformal algebras in 2 dimensions. For a classification of the infinite superconformal algebras, see [19]. One may also relax the condition that the bosonic algebra contains the algebra SO(d, 2) as a factored subgroup of the whole bosonic algebra, and suffice with having it as some subgroup. Then the other bosonic symmetries are not necessarily scalars and the Coleman–Mandula theorem is violated. However, this may still be relevant where branes are present and has been used e.g. in [6] to propose the OSp(1|32) as super adS_{11} or conf_{10}. In that case one has (4.31) This algebra is now known as the M-theory algebra [14].

To recognize it as OSp(1|32), one can write it as {Q_α, Q_β} = M_{αβ} , [M_{αβ}, Q_γ] = Q_{(α}C_{β)γ} [M_{αβ}, M_{γδ}] = C_{α(γ}M_{δ)β} + C_{β(γ}M_{δ)α} . (4.41)

Exercise: Obtain the commutators in (4.36) and the Lorentz algebra from this general rule, defining first M_{αβ} as the right hand side of the anticommutator of the supersymmetries.

In this way it is clear how all the bosonic generators form Sp(32) where the antisymmetric metric in that algebra is C_{αβ}.

These superconformal algebras are used in adS/CFT correspondence, or other applications in M-theory. I have been first interested in them for the construction of general matter couplings in super-Poincaré theories. This goes along the lines explained at the end of section 2.5. For reviews on this method in 4 dimensions, see [20, 2]. For 6 dimensions it has be applied for (1,0) supersymmetry in [21, 3] and for (2,0) supersymmetry in [22].

Acknowledgments.

I am grateful to the organizers of the school in Cǎlimǎneşti, especially to Radu Constantinescu, for this very nice experience. The lectures already circulated for some time in preliminary form, and have been improved thanks to useful remarks of Pieter-Jan De Smet, Joeri Kenes, and Mauricio Werneck de Oliveira. Furthermore, I thank Eric Bergshoeff, Piet Claus, Sergio

Ferrara, Joaquim Gomis, Renata Kallosh and Walter Troost for useful discussions. This work was supported in part by the European Commission TMR programme ERBFMRX-CT96-0045.

A Conventions

I use the metric signature (− + . . . +). If you prefer the opposite, insert a minus sign for every upper index which you see, or for an explicit metric η_{ab} or g_{μν} . The Gamma matrices Γ_a should then be multiplied by an i to have this change of signature.

The curved indices are denoted by μ, ν, . . . = 0, . . . , d − 1 and the flat ones by a, b, .... (Anti)symmetrization is done with weight one: A_{[ab]} = 1 2 (A_{ab} − A_{ba}) and A_{(ab)} =^1_2 (A_{ab} + A_{ba}).

The anticommuting Levi–Civita tensor is taken to be

ε_{12...d} = 1 , ε^{12...d} = (−)^t , (A.1)

where t is the number of timelike directions. If we use the index value 0 for Minkowski space, then ε_{01...(d−1)} = 1. The contraction identity for these tensors is (p + n = d) ε_{a1...anb1...bp} ε^{a1...anc1...cp} = (−)^t p! n! δ^{[c1}_{[b1} . . . δ^{cp]}_{bp]} . (A.2) For the local case, we can still define constant tensors ε_{μ1 ...μd} = e^{−1}e^{a1}_{μ1} . . . e^{ad}_{μd} ε_{a1...ad} , ε^{μ1...μd} = ee^{μ1}_{a1} . . . e^{μd}_{ad} ε^{a1...ad} . (A.3) They are thus not obtained from each other by raising or lowering indices with the metric. Exercises.

1. Show that the tensors in (A.3) are indeed constants, i.e. that arbitrary variations of the vierbein cancel in the full expression. You will have to use the so-called ‘Schouten identities’, which means that antisymmetrizing in more indices than the range of the indices, gives zero.

2. If one defines in even dimensions d = 2n the dual of an n-tensor as F̃_{a1...an} = (i)^{d/2+t} 1 n! ε_{a1...ad} F^{ad...an+1} , (A.4) check that ~F̃_{a1...an} = F_{a1...an} , Γ_{a1...an} = Γ_∗Γ̃_{a1 ...an} . (A.5)

References

[1] S. Coleman and J. Mandula, All possible symmetries of the S matrix, Phys. Rev. 159 (1967) 1251.

[2] A. Van Proeyen, Superconformal tensor calculus in N = 1 and N = 2 supergravity, in ‘Supersymmetry and Supergravity 1983’, ed. B. Milewski, (World Scientific Publ. Co., 1983), p. 93.

[3] E. Bergshoeff, E. Sezgin and A. Van Proeyen, Superconformal Tensor Calculus and Matter Couplings in Six Dimensions, Nucl. Phys. B264 (1986) 653.

[4] J. Scherk, Extended supersymmetry and extended supergravity theories, in Recent developments in gravitation, ed. M. Lévy and S. Deser (Plenum Press, N.Y., 1979), p.479.

[5] T. Kugo and P. Townsend, Supersymmetry And The Division Algebras, Nucl. Phys. B221 (1983) 357.

[6] J.W. van Holten and A. Van Proeyen, N = 1 supersymmetry algebras in d = 2, 3, 4, mod 8, J. Phys. A15 (1982) 3763.

[7] A.D. Kennedy, Clifford Algebras In Two Omega Dimensions, J. Math.

Phys. 22 (1981) 1330.

[8] R. Haag, J.T. Łopuszańsky and M. Sohnius, All possible generators of supersymmetries of the S-matrix, Nucl. Phys. B88 (1975) 257.

[9] B. de Wit and J. Louis, Supersymmetry and dualities in various dimensions, in Strings, Branes and Dualities, proceedings Cargèse 1997, ed. L. Baulieu et al, NATO ASI Series, Kluwer, 1999, p. 33, hep-th/9801132.

[10] P. Fayet, Fermi-Bose Hypersymmetry, Nucl. Phys. B113 (1976) 135 ;

S. Ferrara, J. Scherk and B. Zumino, Algebraic Properties Of Extended Supergravity Theories, Nucl. Phys. B121 (1977) 393.

[11] R. D’Auria and P. Frè, Geometric supergravity in d = 11 and its hidden supergroup, Nucl. Phys. B201 (1982) 101.

[12] H. Nicolai and A. Van Proeyen, Off–shell representations with central charges for 10–dimensional super Yang–Mills theory, Nucl. Phys. B203 (1982) 510.

[13] E. Bergshoeff, J. Gomis and P.K. Townsend, M-brane intersections from worldvolume superalgebras, Phys. Lett. B421 (1998) 109, hepth/9711043.

[14] P.K. Townsend, M-theory from its superalgebra, in Strings, branes and dualities, NATO ASI series (Kluwer Academic Publishers, 1999), eds. L. Baulieu et al., p.141, hep-th/9712004.

[15] V.G. Kac, A Sketch Of Lie Superalgebra Theory, Commun. Math. Phys.

53 (1977) 31;

W. Nahm, V. Rittenberg and M. Scheunert, Classification of all simple graded Lie algebras whose Lie algebra is reductive, J. Math. Phys. 17 (1976) 1626, 1640;

V.G. Kac, A sketch of Lie superalgebra theory, Commun. Math. Phys. 53 (1977) 31.

[16] L. Frappat, P. Sorba and A. Sciarrino, Dictionary on Lie superalgebras, hep-th/9607161.

[17] V.G. Kac, Lie superalgebras, Adv. Math. 26 (1977) 8;

M. Parker, Classification of real simple Lie superalgebras of classical type, J. Math. Phys. 21 (1980) 689.

[18] W. Nahm, Supersymmetries and their representations, Nucl. Phys.

B135 (1978) 149.

[19] P. Ramond and J.H. Schwarz, Classification Of Dual Model Gauge Algebras, Phys. Lett. 64B (1976) 75;

A. Sevrin, W. Troost and A. Van Proeyen, Superconformal Algebras in Two Dimensions with N=4 Phys. Lett. B208, 447 (1988)

[20] B. de Wit, Conformal invariance in extended supergravity, in Supergravity ’81, eds. S. Ferrara and J.G. Taylor (Cambridge Univ. Press, 1982), p.267.

[21] A. Van Proeyen, N = 2 matter couplings in d = 4 and 6 from superconformal tensor calculus, in ’Superunification and Extra Dimensions’, eds.

R. D’Auria and P. Fré, (World Scientific Publ. Co.), (1986) p.97 E. Bergshoeff, Superconformal invariance and the tensor multiplet in six dimensions, idem p. 126.

[22] E. Bergshoeff, E. Sezgin and A. Van Proeyen, (2,0) Tensor Multiplets and Conformal Supergravity in D=6, Class. Quantum Grav. 16 (1999) 3193, hep-th/9904085.

Table 5: Lie superalgebras of classical type. For the real forms of SU(m|m), the one-dimensional subalgebra of the bosonic algebra is not part of the irreducible algebra. Furthermore, in that case there are subalgebras obtained from projection of those mentioned here with only one factor SU(n), Sℓ(n), SU^∗(n) or SU(n − p, p) as bosonic algebra.

Name Range Bosonic algebra Defining Number of repres. generators SU(m|n) m ≥ 2 SU(m) ⊕ SU(n) (m, n̄)⊕ m^2 + n^2 − 1, m ≠ n ⊕U(1) (m̄, n) 2mn m = n no U(1) 2(m^2 − 1), 2m^2 Sℓ(m|n) SU(m − p, p|n − q, q) SU^∗(2m|2n) Sℓ^′(n|n)

Sℓ(m) ⊕ Sℓ(n) SU(m − p, p) ⊕ SU(n − q, q) SU^∗(2m) ⊕ SU^∗(2n) ⊕SO(1, 1) ⊕U(1) ⊕SO(1, 1) if m ≠ n Sℓ(n, C) OSp(m|n) m ≥ 1 SO(m) ⊕ Sp(n) (m, n)^1_2 (m^2 − m+ n = 2, 4, .. n^2 + n), mn OSp(m − p, p|n) OSp(m^∗|n − q, q) SO(m − p, p) ⊕ Sp(n) SO^∗(m) ⊕ USp(n − q, q) n even m, n, q even D(2, 1, α) 0 < α ≤ 1 SO(4) ⊕ Sℓ(2) (2, 2, 2) 9, 8 D^p(2, 1, α) SO(4 − p, p) ⊕ Sℓ(2) p = 0, 1, 2 F (4) SO(7) ⊕ Sℓ(2) (8, 2) 21, 16 F^p(4) F^p(4) SO(7 − p, p) ⊕ Sℓ(2) SO(7 − p, p) ⊕ SU(2) p = 0, 3 p = 1, 2 G(3) G_2 ⊕ Sℓ(2) (7, 2) 14, 14 G_p(3) G_{2,p} ⊕ Sℓ(2) p = −14, 2 P (m − 1) m ≥ 3 Sℓ(m) (m ⊗ m) m^2 − 1, m^2 Q(m − 1) m ≥ 3 SU(m) Adjoint m^2 − 1, m^2 − 1 Q(m − 1) Q((m − 1)^∗) UQ(p, m − 1 − p) Sℓ(m) SU^∗(m) SU(p, m − p)

Table 6: Super adS_{d+1} or conf_d algebras.

d superalgebra R number of fermionic 1 OSp(N|2) O(N) 2N SU(N|1, 1) SU(N) × U(1) for N ≠ 2 4N SU(2|1, 1) SU(2) 8 OSp(4^∗ |2N) SU(2) × USp(2N) 8N G(3) G_2 14 F^0(4) SO(7) 16 D^0(2, 1, α) SU(2) × SU(2) 8 3 OSp(N|4) SO(N) 4N 4 SU(2, 2|N) SU(N) × U(1) for N ≠ 4 8N SU(2, 2|4) SU(4) 32 5 F^2(4) SU(2) 16 6 OSp(8^∗ |N) USp(N) (N even) 8N