hep-th/9910049 6 Oct 1999

S-DUALITY FOR LINEARIZED GRAVITY

J. A. Nieto^∗

Facultad de Ciencias Físico-Matemáticas de la Universidad Autónoma de Sinaloa, 80010 Culiacán Sinaloa, México

Abstract

We develope the analogue of S-duality for linearized gravity in (3+1)-dimensions. Our basic idea is to consider the self-dual (anti-self-dual) curvature tensor for linearized gravity in the context of the Macdowell-Mansouri formalism. We find that the strong-weak coupling duality for linearized gravity is an exact symmetry and implies small-large duality for the cosmological constant.

Pacs numbers: 04.60.-m, 04.65.+e, 11.15.-q, 11.30.Ly August, 1999

∗nieto@uas.uasnet.mx

1.- INTRODUCTION

It is well known that linearized Einstein gravitational theory in four dimensions is similar to the source free Maxwell theory. Since S-duality has been successfully applied to Abelian gauge theories and non-Abelian gauge theories [1-10] as well as gravity [11-15], it seems natural to ask whether similar methods may be applied to linearized gravity. However, while in the Abelian case there is an exact strong-weak duality, Yang-Mills and gravity do not possess such a symmetry.

In this work, we show that in spite of gravity, in general, does not possess an exact strong-weak symmetry linearized gravity does. In fact, we derive a S-dual action for linearized gravity which is connected to the original linearized gravitational action by strongweak duality transformation. Our strategy essentially consists in two steps; first in writing linearized gravity as Abelian gauge theory and second taking recourse of the Macdowell- Mansouri formalism.

Just as U(1) duality has been very important to explore S-duality in larger theories such as N = 2 super Yang-Mills theory with gauge group SU(2) [16-17], one should expect that linearized gravitational duality may also be an important tool for investigating S-duality analogue of other theories such as N = 1 supergravity in four dimensions.

The plan of this work is as follows: In section II, we show that it is possible to see linearized gravity as an Abelian gauge theory. In section III, we briefly review the Macdowell- Mansouri theory and propose an action for linearized gravity in the context of such a theory. In section IV, we generalize our proposed action to include self-dual and anti-self-dual linearized gravity and we compute the partition function of such a generalized action. Finally, in section V, we make some final comments.

2.- LINEARIZED GRAVITY AS A GAUGE THEORY

The starting point in linearized gravity is to write the metric of the space-time g_{μν} = g_{μν} (x^α) as

g_{μν} = η_{μν} + h_{μν} , (1)

where h_{μν} is a small deviation of the metric g_{μν} from the Minkowski metric (η_{μν} ) = diag(−1, 1, 1, 1). The first-order curvature tensor is F_{μναβ} = 1 2 (∂_μ∂_αh_{νβ} − ∂_μ∂_βh_{να} − ∂_ν ∂_αh_{μβ} + ∂_ν ∂_βh_{μα}), (2)

which is invariant under the gauge transformation

δh_{μν} = ∂_μξ_ν + ∂_ν ξ_μ, (3)

Here, ξ_μ is an arbitrary vector field and ∂_μ ≡^∂_{∂x}¯ .

It is not difficult to see that F_{μναβ} satisfies the following relations: F_{μναβ} = −F_{μνβα} = −F_{νμαβ} = F_{αβμν},

F_{μναβ} + F_{μβνα} + F_{μαβν} = 0,

∂_λF_{μναβ} + ∂_μF_{νλαβ} + ∂_νF_{λμαβ} = 0.

(4)

It is interesting to note that the dual^∗F_{μναβ} ≡^1_2 ϵ_{μντσ}F^{τσ}_{αβ} , where ϵ_{μναβ} is a completely antisymmetric Levi-Civita tensor with ϵ_{0123} = −1 and the indices are raised and lowered by means of η^{αβ} and η_{αβ}, does not satisfy the relations (4) unless the vacuum Einstein equations F_{μν} = F^α_{μαν} = 0 are satisfied [18].

Let us introduce the ‘gauge’ field

A_{μαβ} = 1 2 (∂_αh_{μβ} − ∂_βh_{μα}). (5) Note that A_{μαβ} = −A_{μβα}. Using (3), we find that A_{μαβ} transforms as δA_{μαβ} = ∂_μλ_{αβ}, (6) where λ_{αβ} = ∂_αξ_β − ∂_βξ_α.

The expression (5) allows to write the curvature tensor F^{αβ}_{μν} as F^{αβ}_{μν} = ∂_μA^{αβ}_ν − ∂_νA^{αβ}_μ . (7) Thus, we have shown that the tensor F^{αβ}_{μν} may be written in the typical form of an abelian Maxwell field strength F^a_{μν} = ∂_μA^a_ν − ∂_νA^a_μ, where the index a runs over some abelian group such as U(1) × U(1) × ... × U(1). Note that F^{αβ}_{μν} is invariant under the transformation δA^{αβ}_μ = ∂_μλ^{αβ} which has exactly the same form as the transformation of Abelian gauge fields δA^a_μ = ∂_μλ^a, where λ^a is an arbitrary function of the coordinates x^μ.

3.- LINEARIZED GRAVITY a lá MACDOWELL-MANSOURI

The central idea in the Macdowell-Mansouri theory [19-20] (see also Refs. [21-31]) is to represent the gravitational field as a connection one-form associated to some group that contains the Lorentz group as a subgroup. The typical example is provided by the SO(3,2) anti-de Sitter gauge theory of gravity. In this case the SO(3,2) gravitational gauge field ω^{AB}_μ = − ω^{BA}_μ is broken into the SO(3,1) connection ω^{ab}_μ and the ω^{4a}_μ = e^a_μ vierbein field. Thus, the anti-de Sitter curvature R^{AB}_{μν} = ∂_μω^{AB}_ν − ∂_νω^{AB}_μ + ω^{AC}_μ ω^B_{νC} − ω^{AC}_ν ω^B_{μC} (8) leads to

R^{ab}_{μν} = R^{ab}_{μν} + Σ^{ab}_{μν} (9) and R^{4a}_{μν} = ∂_μe^a_ν − ∂_νe^a_μ + ω^{ac}_μ e_{νc} − ω^{ac}_ν e_{μc}, (10)

where R^{ab}_{μν} = ∂_μω^{ab}_ν − ∂_ν ω^{ab}_μ + ω^{ac}_μ ω^b_{νc} − ω^{ac}_ν ω^b_{μc} (11) is the SO(3,1) curvature and

Σ^{ab}_{μν} = e^a_μe^b_ν − e^a_ν e^b_μ. (12)

It turns out that T^a_{μν} ≡ R^{4a}_{μν} can be identified with the torsion.

The Macdowell-Mansouri’s action is S = 1 4 Z d^4xε^{μναβ}R^{ab}_{μν} R^{cd}_{αβ}ϵ_{abcd}, (13) where ε^{μναβ} is the completely antisymmetric tensor associated to the space-time, with ε^{0123} = 1 and ε_{0123} = 1, while ϵ_{abcd} is also the completely antisymmetric tensor but now associated to the internal group S(3,1), with ϵ_{0123} = −1. We assume that the internal metric is given by (η_{ab}) = (−1, 1, 1, 1). Therefore, we have ϵ^{0123} = 1. It is well known that, using (9), (11) and (12), the action (13) leads to three terms; the Hilbert Einstein action, the cosmological constant term and the Euler topological invariant (or Gauss-Bonnet term). It is worth mentioning that the action (13) may also be obtained using Lovelock theory (see [32] and references there in).

Let us now apply the Macdowell-Mansouri formalism to linearized gravity as developed in section 2.

First, consider the extended curvature

F^{αβ}_{μν} = F^{αβ}_{μν} + Ω^{αβ}_{μν} , (14)

where

Ω^{αβ}_{μν} = δ^α_μ h^β_ν − δ^β_μh^α_ν − δ^α_ν h^β_μ + δ^β_ν h^α_μ. (15)

The central idea is to consider the extended curvature (14) as the analogue of the curvature (9) of the Macdowell-Mansouri formalism. Thus, we may identify F^{αβ}_{μν} and Ω^{αβ}_{μν} with the linearized versions of R^{ab}_{μν} and Σ^{ab}_{μν} , respectively. In fact, if we write e^a_μ = b^a_μ + l^a_μ, where b^a_μ corresponds to the flat metric η_{μν} and l^a_μ is a small deviation of e^a_μ , we find h_{μν} = b^a_μl^b_νη_{ab} + b^a_νl^b_μη_{ab} and therefore using (5) we get A_{μαβ} = ω_{μαβ}(l^a_λ)+∂_μf_{αβ}. Here, ω_{μαβ}(l^a_λ) = b_{aα}b_{bβ}ω^{ab}_μ (l^a_λ) and f_{αβ} = b_{aα}l^a_β − b_{aβ}l^a_α. (It is important to note that ω^{ab}_μ (l^a_λ) can be obtained by setting the torsion (10), for weak gravity, equal to zero.) Thus, up to a gauge transformation A_{μαβ} is equal to the linearized connection ω^{ab}_μ (l^a_λ). The essential difference between ω^{ab}_μ (l^a_λ) and the full connection ω^{ab}_μ is that the latter is associated to the Lorentz group while the former to an abelian group. This can easily be seen from the transformation δA^{αβ}_μ = ∂_μλ^{αβ} of the gauge field A^{αβ}_μ , since in general a gauge field A transforms as δA = ∂λ + [A, λ].

Let us now propose the action S = 1 4 Z d^4xϵ^{μναβ}F^{τλ}_{μν} F^{σρ}_{αβ}ϵ_{τλσρ}. (16) We shall show that this action is reduced to Einstein linearized gravitational action (Fierz- Pauli action ) with cosmological constant and a total derivative (‘topological’ term). Substituting (14) into (16) yields

S =^1_4 R d^4xϵ^{μναβ}F^{τλ}_{μν} F^{σρ}_{αβ} ϵ_{τλσρ} +^1_2 R d^4xϵ^{μναβ}Ω^{τλ}_{μν} F^{σρ}_{αβ} ϵ_{τλσρ}

+^1_4 R d^4xϵ^{μναβ}Ω^{τλ}_{μν} Ω^{σρ}_{αβ}ϵ_{τλσρ}. (17)

Using (15) we find that (17) is reduced to

S =^1_4 R d^4xϵ^{μναβ}F^{τλ}_{μν} F^{σρ}_{αβ} ϵ_{τλσρ} + 2 R d^4xϵ^{μναβ}δ^τ_μh^λ_ν F^{σρ}_{αβ} ϵ_{τλσρ}

+4 R d^4xϵ^{μναβ}δ^τ_μh^λ_ν δ^σ_αh^ρ_βϵ_{τλσρ}. (18)

Since ϵ^{μναβ}δ^τ_μϵ_{τλσρ} = −δ^{ναβ}_{λσρ} and ϵ^{μναβ}δ^τ_μδ^σ_αϵ_{τλσρ} = −2δ^{νβ}_{λρ} , where in general δ^{μναβ}_{τλσρ} is a gener- alized delta, we discover that (18) can be written as

S =^1_4 R d^4xϵ^{μναβ}F^{τλ}_{μν} F^{σρ}_{αβ} ϵ_{τλσρ} + 8 R d^4xh^{μν} (F_{μν} −^1_2 η_{μν} F )

−8 R d^4x(h^2 − h^{μν} h_{μν} ).

(19)

Here, we used the following definitions: F_{μν} ≡ η^{αβ}F_{μανβ}, F ≡ η^{μν}η^{αβ}F_{μανβ} and h = η^{μν}h_{μν} . We recognize the second term and the third term in (19) as the Einstein action for linearized gravity with cosmological constant, while the first term is a total derivative (an Euler topological invariant or Gauss-Bonnet term). Note that the usual cosmological factor Λ in the third term can be derived simply by changing Ω → a^2Ω, where a is a constant, and rescaling the total action S →^1_4 Λ^{−1}S, with Λ = a^2.

4.- S-DUALITY FOR LINEARIZED GRAVITY

In order to develope a S-dual linearized gravitational action we generalize the action (16) as follows; S = 1 4 (τ^+) Z d^4xϵ^{μναβ+}F^{τλ}_{μν}^+F^{σρ}_{αβ}ϵ_{τλσρ} − 1 4 (τ^−) Z d^4xϵ^{μναβ−}F^{τλ}_{μν}^−F^{σρ}_{αβ}ϵ_{τλσρ}, (20) where τ^+ and τ^− are two different constant parameters and^±F^{αβ}_{μν} is given by ±F^{αβ}_{μν} = ( 1 2 )^±M^{αβ}_{τλ} F^{τλ}_{μν} , (21)

where ±M^{αβ}_{τλ} = 1 2 (δ^{αβ}_{τλ} ∓ iϵ^{αβ}_{τλ}). (22) It turns out that^+F^{αβ}_{μν} is self-dual, while^−F^{αβ}_{μν} is anti self-dual curvature. Therefore, the action (20) describes self-dual and anti-self-dual linearized gravity.

We may now follow a similar procedure as in the references [5-8] for Abelian Yang-Mills and [11, 14, 15] for gravity. Here, however, in order to show the exactness of S-duality symmetry in linearized gravity, it turns out to be more convenient to follow the procedure of reference [1] due to Witten. For this purpose let us first introduce a two form G and let us set H^{αβ}_{μν} ≡ F^{αβ}_{μν} − G^{αβ}_{μν} . (23) We assume that G^{αβ}_{μν} satisfies the same symmetric properties as F^{αβ}_{μν} , given in (4), namely G_{μναβ} = −G_{μνβα} = −G_{νμαβ} = G_{αβμν},

G_{μναβ} + G_{μβνα} + G_{μαβν} = 0. (24)

Now, consider the extended action

S_E =^1_4 (τ^+) R dx^4ε^{μναβ +}H^{τλ}_{μν}^+H^{σρ}_{αβ}ϵ_{τλσρ} −^1_4 (τ^−) R dx^4ε^{μναβ −}H ′^{τλ}_{μν}^−H^{σρ}_{αβ}ϵ_{τλσρ}

+^1_2 R d^4xε^{μντλ+}W^{αβ}_{μν}^+G^{σρ}_{τλ}ϵ_{αβσρ} −^1_2 R d^4xε^{μντλ−}W^{αβ}_{μν}^−G^{σρ}_{τλ}ϵ_{αβσρ}, (25)

where W_{μναβ} = ∂_μV_{ναβ} − ∂_νV_{μαβ} is the dual field strength satisfying the Dirac quatization law Z W ∈ 2πZ. (26)

It is not difficult to see that, beyond the gauge invariance A → A−dλ, G → G, the partition function Z = Z d^+Gd^−GdAdhdV e^{−S}E (27) is invariant under A → A + B and G → G + dB, (28) where B^{αβ}_μ is an arbitrary one form.

Starting from (25) one can proceed in two different ways. For the first possibility, we note that the path integral that involves V is Z DV exp( 1 2 Z d^4xε^{μντλ+}W^{αβ}_{μν}^+G^{σρ}_{τλ}ϵ_{αβσρ} − 1 2 Z d^4xε^{μντλ−}W^{αβ}_{μν}^−G^{σρ}_{τλ}ϵ_{αβσρ}). (29)

Integrating over the dual connection V , we get a delta function setting dG = 0. Thus, using

the gauge invariance (28), we may gauge G to zero, reducing (25) to the original action (20).

Therefore, the actions (25) and (20) are, in fact, classically equivalents.

For the second possibility, we note that the gauge invariance (28) enables one to fix a

gauge with A = 0. (It is important to note that, at this stage, we are considering A_{μαβ} and

h_{μν} as independent fields in the sense of Palatini.) The action (25) is then reduced to

S_E =^1_4 (τ^+) R dx^4ε^{μναβ +}G^{τλ}_{μν}^+G^{σρ}_{αβ}ϵ_{τλσρ} −^1_4 (τ^−) R dx^4ε^{μναβ −}G^{τλ}_{μν}^−G^{σρ}_{αβ}ϵ_{τλσρ}

+^1_2 R d^4xε^{μντλ+}W^{αβ}_{μν}^+G^{σρ}_{τλ}ϵ_{αβσρ} −^1_2 R d^4xε^{μντλ−}W^{αβ}_{μν}^−G^{σρ}_{τλ}ϵ_{αβσρ}, (30)

where G^{τλ}_{μν} ≡ Ω^{τλ}_{μν} − G^{τλ}_{μν} . (31) In virtue of (31) the extended action (30) becomes

S_E =^1_4 (τ^+) R dx^4ε^{μναβ +}G^{τλ}_{μν}^+G^{σρ}_{αβ}ϵ_{τλσρ} −^1_4 (τ^−) R dx^4ε^{μναβ −}G^{τλ}_{μν}^−G^{σρ}_{αβ}ϵ_{τλσρ}

−^1_2 (τ^+) R dx^4ε^{μναβ +}Ω^{τλ}_{μν}^+G^{σρ}_{αβ}ϵ_{τλσρ} +^1_2 (τ^−) R dx^4ε^{μναβ −}Ω^{τλ}_{μν}^−G^{σρ}_{αβ}ϵ_{τλσρ}

+^1_4 (τ^+) R dx^4ε^{μναβ +}Ω^{τλ}_{μν}^+Ω^{σρ}_{αβ}ϵ_{τλσρ} −^1_4 (τ^−) R dx^4ε^{μναβ −}Ω^{τλ}_{μν}^−Ω^{σρ}_{αβ}ϵ_{τλσρ}

+^1_2 R d^4xε^{μντλ+}W^{αβ}_{μν}^+G^{σρ}_{τλ}ϵ_{αβσρ} −^1_2 R d^4xε^{μντλ−}W^{αβ}_{μν}^−G^{σρ}_{τλ}ϵ_{αβσρ}.

(32)

Before integrating h_{μν} , let us consider the identity ±M^{τλ}_{μν}^±M^{σρ}_{αβ}ϵ_{τλσρ} = ±4i^±M_{μναβ} (33) which can be obtained from the definition (22). Here,^±M_{μναβ} =^± M^{τλ}_{μν} η_{ατ} η_{βλ}. Using this

identity and the definition (15) for Ω^{τλ}_{μν} we obtain

−^1_2 (τ^+) R d^4xϵ^{μναβ+}Ω^{τλ}_{μν}^+G^{σρ}_{αβ}ϵ_{τλσρ} +^1_2 (τ^−) R d^4xϵ^{μναβ−}Ω^{τλ}_{μν}^−G^{σρ}_{αβ}ϵ_{τλσρ}

=^1_2 R d^4xϵ^{μναβ}Ω^{τλ}_{μν} B^{σρ}_{αβ}ϵ_{τλσρ} (34) and 1 4 (τ^+) R d^4xϵ^{μναβ +}Ω^{τλ}_{μν}^+Ω^{σρ}_{αβ}ϵ_{τλσρ} −^1_4 (τ^−) R d^4xϵ^{μναβ−}Ω^{τλ}_{μν}^−Ω^{σρ}_{αβ}ϵ_{τλσρ}

=^b_4 R d^4xϵ^{μναβ}Ω^{τλ}_{μν} Ω^{σρ}_{αβ}ϵ_{τλσρ}, (35)

where

B^{σρ}_{αβ} = −{(τ^+)^+G^{σρ}_{αβ} − (τ^−)^−G^{σρ}_{αβ}} (36) and b = 1 2 (τ^+ − τ^−). (37)

Using (34)-(37) we learn that the action (32) can be written as

S_E =^1_4 (τ^+) R dx^4ε^{μναβ +}G^{τλ}_{μν}^+G^{σρ}_{αβ}ϵ_{τλσρ} −^1_4 (τ^−) R dx^4ε^{μναβ−}G^{τλ}_{μν}^−G^{σρ}_{αβ}ϵ_{τλσρ}

+^1_2 R d^4xϵ^{μναβ}Ω^{τλ}_{μν} B^{σρ}_{αβ}ϵ_{τλσρ} +^b_4 R d^4xϵ^{μναβ}Ω^{τλ}_{μν} Ω^{σρ}_{αβ}ϵ_{τλσρ}

+^1_2 R d^4xε^{μντλ+}W^{αβ}_{μν}^+G^{σρ}_{τλ}ϵ_{αβσρ} −^1_2 R d^4xε^{μντλ−}W^{αβ}_{μν}^−G^{σρ}_{τλ}ϵ_{αβσρ}.

(38)

We note that the third and fourth term in (38) have exactly the same form as the second

and third term of (17). Therefore, using the definition (15) for Ω^{τλ}_{μν} and making similar

calculations for obtaining (19) we get

S_E =^1_4 (τ^+) R dx^4ε^{μναβ +}G^{τλ}_{μν}^+G^{σρ}_{αβ}ϵ_{τλσρ} −^1_4 (τ^−) R dx^4ε^{μναβ−}G^{τλ}_{μν}^−G^{σρ}_{αβ}ϵ_{τλσρ}

+8 R d^4xh^{μν}(B_{μν} −^1_2 η_{μν} B) − 8b R d^4x(h^2 − h^{μν} h_{μν} )

+^1_2 R d^4xε^{μντλ+}W^{αβ}_{μν}^+G^{σρ}_{τλ}ϵ_{αβσρ} −^1_2 R d^4xε^{μντλ−}W^{αβ}_{μν}^−G^{σρ}_{τλ}ϵ_{αβσρ},

(39)

where B_{μν} ≡ η^{αβ}B_{μανβ}, and B ≡ η^{μν}B_{μν} . Note that b plays the role of a cosmological

constant.

We can now integrate out h_{μλ} in the reduced partition function

Z = Z d^+Gd^−GdhdV e^{−S}E , (40) with S_E given by (39). We first get the relation B_{μν} − 1 2 η_{μν} B = 2b(η_{μν} h − h_{μν} ). (41) Using this expression the action S_E given in (39) becomes

S_E =^1_4 (τ^+) R d^4xϵ^{μναβ +}G^{τλ}_{μν}^+G^{σρ}_{αβ}ϵ_{τλσρ} −^1_4 (τ^−) R d^4xϵ^{μναβ−}G^{τλ}_{μν}^−G^{σρ}_{αβ}ϵ_{τλσρ}

+^2_b R d^4x(^1_3 B^2 − B^{μν} B_{μν} )

+^1_2 R d^4xε^{μντλ+}W^{αβ}_{μν}^+G^{σρ}_{τλ}ϵ_{αβσρ} −^1_2 R d^4xε^{μντλ−}W^{αβ}_{μν}^−G^{σρ}_{τλ}ϵ_{αβσρ}.

(42)

Before we perform the integrals over^+G^{τλ}_{μν} and^−G^{τλ}_{μν} we still need to rearrange the third

integral of (42). For this purpose let us introduce the definition B_{μν} = C_{μν} − η_{μν} C. (43) Note first that B = −3C. Therefore, we find^1_3 B^2 − B^{μν} B_{μν} = C^2 − C^{μν}C_{μν} . We now use

the identity − 1 32 ϵ^{μναβ}S^{τλ}_{μν} S^{σρ}_{αβ}ϵ_{τλσρ} = (C^2 − C^{μν} C_{μν}), (44) where

S^{αβ}_{μν} = δ^α_μ C^β_ν − δ^β_μC^α_ν − δ^α_ν C^β_μ + δ^β_ν C^α_μ (45)

and we observe that according to (36) we can write S^{αβ}_{μν} = −(τ^+)_+S^{αβ}_{μν} + (τ^−)_−S^{αβ}_{μν} , where

+S^{αβ}_{μν} = δ^{α+}_μ χ^β_ν − δ^{β+}_μ χ^α_ν − δ^{α+}_ν χ^β_μ + δ^{β+}_ν χ^α_μ (46) and −S^{αβ}_{μν} = δ^{α−}_μ χ^β_ν − δ^{β−}_μ χ^α_ν − δ^{α−}_ν χ^β_μ + δ^{β−}_ν χ^α_μ. (47)

Here,^±χ^β_ν = G^{±βα}_{να} −^1_3 δ^{β±}_ν G^{λα}_{λα} and C_{μν} = −(τ^+)^+χ_{μν} + (τ^−)^−χ_{μν}. But, due to the symmetry properties of G^{αβ}_{μν} given in (24) we discover that χ_{μν} =^+ χ_{μν} =^− χ_{μν}. So, C_{μν} = −(τ^+ − τ^−)χ_{μν} . Thus, we find that (42) can be written as

S_E =^1_4 (τ^+) R d^4xϵ^{μναβ +}G^{τλ}_{μν}^+G^{σρ}_{αβ}ϵ_{τλσρ} −^1_4 (τ^−) R d^4xϵ^{μναβ−}G^{τλ}_{μν}^−G^{σρ}_{αβ}ϵ_{τλσρ}

−^1_4 (τ^+) R d^4xϵ^{μναβ+}S^{τλ}_{μν}^+S^{σρ}_{αβ}ϵ_{τλσρ} +^1_4 (τ^−) R d^4xϵ^{μναβ−}S^{τλ}_{μν}^−S^{σρ}_{αβ}ϵ_{τλσρ}

+^1_2 R d^4xε^{μναβ+}W^{τλ}_{μν}^+G^{σρ}_{αβ}ϵ_{τλσρ} −^1_2 R d^4xε^{μναβ−}W^{τλ}_{μν}^−G^{σρ}_{αβ}ϵ_{τλσρ}.

(48)

Here, S^{αβ}_{μν} is defined as

S^{αβ}_{μν} = δ^α_μ χ^β_ν − δ^β_μχ^α_ν − δ^α_ν χ^β_μ + δ^β_ν χ^α_μ. (49)

We are ready to perform the path integral of (48) with respect to^+G^{τλ}_{μν} (similarly for −G^{σρ}_{αβ}). We get the constraint

(τ^+)^+G^{τλ}_{μν} +^+ W^{τλ}_{μν} + 1 4 (τ^+)ϵ^{τλσρ}S^{αβ}_{σρ} ϵ_{αβμν} = 0. (50)

It is not difficult to see that (τ^+)^+G^{τλ}_{τν} +^+ W^{τλ}_{τν} = 0 and (τ^+)^+G^{τλ}_{τλ} +^+ W^{τλ}_{τλ} = 0. Using these two expressions we find

(τ^+)^+G^{τλ}_{μν} +^+ W^{τλ}_{μν} − 1 4 ϵ^{τλσρ}L^{αβ}_{σρ} ϵ_{αβμν} = 0, (51) where

L^{αβ}_{μν} = δ^α_μ ζ^β_ν − δ^β_μζ^α_ν − δ^α_ν ζ^β_μ + δ^β_ν ζ^α_μ , (52)

with^±ζ^β_ν = W^{±βα}_{να} −^1_3 δ^{β±}_ν W^{λα}_{λα} . Now, solving (51) for^+G^{τλ}_{μν} and substituting the result into (48) yields

S_E =^1_4 (−^1_τ+ ) R d^4xϵ^{μναβ +}W^{τλ}_{μν}^+W^{σρ}_{αβ} ϵ_{τλσρ} −^1_4 (−^1_τ� ) R d^4xϵ^{μναβ −}W^{τλ}_{μν}^−W^{σρ}_{αβ} ϵ_{τλσρ}

−^1_4 (−^1_τ+ ) R d^4xϵ^{μναβ+}L^{τλ}_{μν}^+L^{σρ}_{αβ}ϵ_{τλσρ} +^1_4 (−^1_τ� ) R d^4xϵ^{μναβ−}L^{τλ}_{μν}^−L^{σρ}_{αβ}ϵ_{τλσρ}, (53) where we apply similar procedure for^−G^{σρ}_{αβ} . But, this action can be obtained from the following action:

S_D =^1_4 (−^1_τ+ ) R d^4xϵ^{μναβ+}Q^{τλ}_{μν}^+Q^{σρ}_{αβ}ϵ_{τλσρ} −^1_4 (−^1_τ� ) R d^4xϵ^{μναβ−}Q^{τλ}_{μν}^−Q^{σρ}_{αβ}ϵ_{τλσρ}, (54) where

±Q^{τλ}_{μν} =^± W^{τλ}_{μν} +^± K^{τλ}_{μν} , (55)

with

K^{αβ}_{μν} = δ^α_μ γ^β_ν − δ^β_μγ^α_ν − δ^α_ν γ^β_μ + δ^β_ν γ^α_μ . (56)

Here, γ_{μν} is an auxiliary field. In fact, by integrating out (54) with respect to γ_{μν} we get (53). The action (54) is, of course, the dual action. Note that the action (54) has the dual gauge invariance V → V − dα and is of the general type (20) but with τ → −^1_τ , where τ can be either τ^+ or τ^−. Therefore, we have shown that the coupling transforms as τ → −^1_τ when one changes from the action (20) to the action (54). It is interesting to note that γ_{μν} plays the role of dual perturbation metric.

5.-FINAL COMMENTS

In this article, we have shown that it is possible to construct a S-dual action for linearized gravity. Our two main ideas were to rewrite linearized gravity as an Abelian gauge theory and to take recourse of Macdowell-Mansouri formalism. The analysis of S-duality for a linearized gravity then follows as in the case of Abelian gauge theories. An important step was the realization that the transformation (28) provides with enough symmetry to set A = 0. After some long computations we finally prove that the partition function for linearized gravity has the S-dual symmetry Z_{A,h}(τ ) = Z_{V,γ}(− 1 τ ), (57) where Z_{A,h}(τ ) is the partition function associated to the action (20), while Z_{V,γ}(−^1_τ ) is the partition function associated to the action (54).

It seems that the present work can be extended without essential complications to the case of linearized supergravity. As it is known, the weak field limit of supergravity in four dimensions reduces to the sum of the Fierz-Pauli and Rarita-Schwinger actions, which are the unique actions for spin 2 and 3/2 without ghost (see [31] and references there in). This means that we can write the partition function for linearized supergravity as a product of two partition functions: one corresponding to linearized gravity and the other corresponding to Rarita-Schwinger field. Taking recourse of self-dual and antiself-dual supergravity and considering separately self-dual-antiself-dual linearized gravity and self-dual-antiself-dual Rarita-Shwinger, one can find the linearized supergravity-S-dual symmetry . For linearized gravity one may proceed as in previous sections, while for Rarita-Schwinger field one may use the method developed in reference [11]. In this way, one should expect to get the S-dual linearized supergravity symmetry Z_{A,h,ψ}(τ ) = Z_{V,γ,φ}(−^1_τ ), where ψ is the Rarita- Shwinger field and φ its dual. At present, we are investigating in detail this possibility and we expect to report our results in the near future.

It is known that the S-duality gauge invariance is a matter of great interest in connection with M-theory [33-39] and supersymmetry [1,16,17] it may be interesting to see whether the present work can be useful in those directions.

Finally, it is worth mentioning the physical meaning, as well as the possible relevance, of the strong coupling limit of linearized gravity. For this purpose, we first need to clarify the physical meaning of the coupling constants τ^+ and τ^−. Write the action (16) as S = 1 16Λ Z d^4xϵ^{μναβ}F^{τλ}_{μν} F^{σρ}_{αβ}ϵ_{τλσρ}. (58) As was mentioned at the end of the section 3, Λ can be identified with the cosmological constant. Now, using (22) it is not difficult to see that the action (20) can be reduced to S = 1 8 (τ^+ − τ^−) Z d^4xϵ^{μναβ}F^{τλ}_{μν} F^{σρ}_{αβ}ϵ_{τλσρ} + i 8 (τ^+ + τ^−) Z d^4xϵ^{μναβ}F^{τλ}_{μν} F^{σρ}_{αβ}δ_{τλσρ}. (59)

Thus, if we consider the expressions

τ^+ = Θ 2π + 1 4Λ , (60) τ^− = Θ 2π − 1 4Λ we find that the action (59) can be written as S = 1 16Λ Z d^4xϵ^{μναβ}F^{τλ}_{μν} F^{σρ}_{αβ}ϵ_{τλσρ} + iΘ 8π Z d^4xϵ^{μναβ}F^{τλ}_{μν} F^{σρ}_{αβ}δ_{τλσρ}. (61) If we now recall the case of gauge theory where τ^+ and τ^− are defined as

τ^+ = θ 2π + 4π g^2

, (62) τ^− = θ 2π − 4π g^2 , we see that the cosmological constant Λ is playing the role the gauge coupling constant g^2 and that Θ is playing the role of a θ constant. Just as in gauge theory the duality transformation τ → −^1_τ , where τ can be either τ^+ or τ^−, can be considered, in its simple form, as a duality of the gauge coupling constant g^2 →^1_g2 , in the case of linearized gravity (according to (60)) the duality τ → −^1_τ can be considered as a duality of the cosmological constant Λ →^1_Λ . This result seems to suggest a new mechanism to make small the cosmological constant, at least in linearized gravity (although similar conclusions must be possible in more general cases as in references [11]-[15]). In particular, the mechanism discussed in this work may be of physical interest in Kaluza-Klein theories where in the process called spontaneous compactifiction, normally, results a very large cosmological constant.

Acknowledgments This work was supported in part by CONACyT Grant 3898P-E9608.

REFERENCES [1] E. Witten, Selecta Matematica 1, (1995) 383; hep-th/9505186. [2] E. Verlinde, Nucl. Phys. B 55, (1995) 211; hep-th/9506011. [3] J.L.P. Barbon, Nucl. Phys. B 452, (1995) 313;hep-th/9506137.

[4] Y. Lozano, Phys. Lett. B 364, (1995) 19; hep-th/9508021; A.A. Kehagias, “A Canonical Approach to S-Duality in Abelian Gauge Theory”; hep-th/9508159.

[5] O. Ganor and J. Sonnesnschein, Int. J. Mod. Phys. A 11, (1996) 5701; hep-th/9507036. [6] N. Mohammedi, “Classical Duality in Gauge Theries”, hep-th/9507040. [7] M.B. Halpern, Phys. Rev. D 16, (1977) 179; Phys. Rev. D 19, (1979) 517. [8] E.S. Fradkin and A.S. Tseytlin, Ann. Phys. 162, (1985) 21. [9] M. Rocek and E. Verlinde, Nucl. Phys. B 373, (1992) 630; hep-th/9110053. [10] F. Quevedo, Nucl. Phys. Proc. Suppl. 61A, (1998) 23; hep-th/9706210 [11] H. Garcia-Compean, “Dual Description of Supergravity MacDowell-Mansouri Theory”, to appear in Phys. Rev. D, hep-th/9812175.

[12] J. A. Nieto, O. Obregon and J. Socorro, Phys. Rev. D50, (1994) R3583. [13] J. A. Nieto, J. Socorro and O. Obregon, Phys. Rev. Lett. 76, (1996) 182. [14] H. Garcia-Compean, O. Obregon, J. F. Plebanski and C. Ramirez; Phys. Rev. D57 (1998) 7501; hep-th/9711115.

[15] H. Garcia-Compean, O. Obregon and C. Ramirez, Phys. Rev. D58 (1998) 104012; hepth/9802063.

[16] N. Seiberg and E. Witten, Nucl. Phys. B426 (1994) 19. [17] N. Seiberg and E. Witten, Nucl. Phys. B431 (1994) 484.

[18] G. F. Torres del Castillo, “Self-duality and Gravitational Perturbations”, in progress. [19] S. W. Macdowell and Mansouri, Phys. Rev. Lett. 38, (1977) 739. [20] F. Mansouri, Phys. Rev. D16, (1977) 2456. [21] P. K. Townsend, Phys. Rev. D15, (1977) 2795. [22] P. C. West, Phys. Lett. 76B, (1978) 569.

[23] A. H. Chamseddine, Ann. Phys. (N.Y.) 113, (1978) 212. [24] R. Pagels, Phys. Rev. D29, (1984) 1690.

[25] T. W. B. Kibble and Stelle, “Gauge theories of gravity and supergravity”, in: Progress in Quantum Field theory, Festshrift for H. Umezawa, H. Ezawa and S. Kamefuchi, eds. (Elsevier Science Publ: Amsterdam, 1986) pp. 57-81.

[26] P. G. Freund, “Introduction to Supersymmetry” (Cambrige University Press, Cambrige (1986)).

[27] S. Gotzes and A. C. Hirshfeld, Ann. Phys. (N. Y.) 203, (1990) 410. [28] Y. K. Ha, Gen. Rel. Grav. 27, (1995) 713.

[29] Y. N. Obukhov and F. Hehl, Act. Phys. Polon. B27, (1996) 2685. [30] C. Soo, Phys. Rev. D 52, (1995) 3484. [31] P. van Nieuwenhuizen, Phys. Rep. 68, (1981) 189.

[32] see C. Teitelboim and J. Zanelli, Class. Quantum Grav. 4, (1987) L125 and references there in.

[33] P. K. Townsend, “Four Lectures on M Theory”, Procs of ICTP on the summer school on High Energy Physics and Cosmology, June 1996; hep-th/9612121.

[34] M. J. Duff, Int. J. Mod. Phys. A11 (1996) 5623; hep-th/9608117.

[35] P. Horava and E. Witten, Nucl. Phys. B460 (1996) 506. [36] M. J. Duff, R. R. Khuri and J. X. Lu, Phys. Rep. 259 (1995) 213. [37] E. Witten, Nucl. Phys. B463 (1996) 383. [38] J. H. Schwarz, Phys. Lett. B360 (1995) 13.

[39] J. H. Schwarz, Nucl. Phys. Proc. Suppl. B55 (1997) 1; hep-th/9607201.