hep-th/9910069 v2 8 Oct 1999

Linking observables in perturbed topological field theories

V. E. R. Lemes, S. P. Sorella, A. Tanzini, O. S. Ventura, L.C.Q.Vilar, UERJ, Universidade do Estado do Rio de Janeiro Departamento de Física Teórica

Instituto de Física Rua São Francisco Xavier, 524 20550-013, Maracanã, Rio de Janeiro, Brazil

UERJ-DFT/09/99 PACS: 11.10.Gh

October 8, 1999

Abstract

The topological antisymmetric tensor field theory in n-dimensions is perturbed by the introduction of local metric dependent interaction terms in the curvatures. The correlator describing the linking number between two surfaces in n-dimensions is shown to be not affected by the quantum corrections.

1 Introduction

Since their introduction [1, 2], topological field theories have been object of continuous and renewed investigations and have led to many interesting applications [3]. Their original motivation was to provide a natural framework for a field theory characterization and computation of several topological invariants. For instance, the Chern-Simons and the BF theories in three dimensions play a relevant role in knots theory, their correlation functions being respectively related to the Jones [2] and the Alexander-Conway [5] polynomials. In particular, a generalization of this framework to higher dimensions allows to describe the linking number of surfaces in terms of antisymmetric tensor fields, whose action reads [6, 7] S_{top} = ∫ M BdC , (1.1) where B and C are forms of degree p and n − p − 1 respectively. Indeed, it is possible to show [6, 7] that the correlation function ⟨∫ Σp B ∫ Σ0_n�_p�_1 C ⟩ Stop = Link(Σ, Σ^′) (1.2)

gives the linking number between two smooth, closed nonintersecting surfaces Σ_p and Σ0_{n−p−1}. It is worth underlining also that, more recently, much attention has been given to the fact that topological terms of the kind of (1.1) appear frequently as parts of more general effective actions describing the low-energy dynamics of several field theory models. For instance, the effective action corresponding to the bosonization [8] of relativistic threedimensional massive fermionic systems at T = 0 can be written as the sum of a Chern-Simons term ∫ BdB and of an infinite series of higher order terms in the curvature dB and its derivatives. The same procedure can be applied when fermions are coupled to a dynamical vector field C. In this case the resulting bosonized action contains a mixed term of the type of (1.1). These effective actions are well suited to describe several three-dimensional phenomena such as the Fermi-Bose transmutation [9], the quantum Hall effect [8], the incompressible chiral liquids [10, 11].

Further interesting examples are provided by the low energy effective supergravities studied in the context of the AdS/CF T correspondence [12]. Indeed, as discussed by [13], the dual supergravity action which describes the N = 4 SYM theory with electric and magnetic fluxes is S_{sugra} = ∫ X B^{RR}dB^{NS} + S(dB) , (1.3) where B^{RR}, B^{NS} are the Ramond-Ramond and Neveu-Schwarz–Neveu- Schwarz two forms, transforming as a doublet under the SL(2, Z) S-duality symmetry, X is a negatively curved five-dimensional Einstein manifold, and S(dB) collects all the higher order terms in the curvatures dB^{RR}, dB^{NS}. In all these models, the topological terms appear together with higher derivatives terms in the generalized curvatures, which depend on the metric. Therefore we are naturally led to analyse the possible contributions coming from these terms, as recently done for the three-dimensional abelian Chern-Simons theory [14]. In this case it has been possible to prove that the correlator ⟨∫ γ_1 A ∫ γ_2 A ⟩ = Link(γ_1, γ_2) , (1.4)

describing the linking number between two smooth closed nonintersecting curves γ_1, γ_2, is not affected by the presence of higher derivative interaction terms of the type ∫ F^n.

The aim of the present work is that of generalizing this result to higher dimensions. In particular we shall see that, in analogy with the three-dimensional Chern-Simons, the correlator ⟨∫ Σp B ∫ Σ0_n�_p�_1 C ⟩ (Stop+Sint) = Link(Σ, Σ^′) , (1.5)

is not affected by the introduction of local perturbation terms in the curvatures of the type S_{int} = ∫ (dB)^k(dC)^q , (1.6)

and gives as final result the linking number of the two surfaces Σ, Σ^′. This result means that the correlator (1.5) is stable against the introduction of perturbing local terms in the curvatures, regardless of their power-counting nonrenormalizability.

It is worth underlining that we will limit here ourselves only to effective actions which are abelian, and we shall consider only terms dependent on the curvatures H_B = dB, H_C = dC which can be treated as true perturbations. Namely, we shall avoid in the effective action (S_{top} + S_{int}) the inclusion of a term of the Maxwell type S_{Max} = 1 m_B ∫ M H_B ∗ H_B + 1 m_C ∫ M H_C ∗ H_C , (1.7)

where m_B, m_C are mass parameters. The presence of this term would completely modify the original properties of the model. In fact, being expression (1.7) quadratic in the gauge fields, it cannot be considered as a true perturbation term, as it will be responsible for the presence of massive excitations in the spectrum of the theory. Rather, the presence of the Maxwell term in the effective action (S_{top} + S_{int}) will give rise to the existence of two distinct regimes corresponding to the long and short distance behaviors, respectively. For distances larger than the inverse of the mass parameters m_B, m_C (i.e., the low energy regime ), the topological term will prevail, while the Maxwell term will become the relevant one at short distances (i.e., the high-energy regime). In general, the computation of the correlator (1.2) for arbitrary surfaces in the presence of the Maxwell term is a very difficult task, mainly due to the metric dependence of the propagator. Indeed, in the abelian three-dimensional Maxwell-Chern-Simons case no closed analytic expression for the correlator (1.4) has been found so far, even in the simpler case in which the curves γ_1, γ_2 are two circles. The inclusion of the Maxwell term is beyond the aim of the present paper, being presently under investigation. We would like to remark that, in the low energy regime, a useful local gauge invariant field redefinition has been recently applied [15] for the Maxwell- Chern-Simons theory to compute the corrections to the correlator (1.4) for two coinciding curves γ_1 ≡ γ_2 as power series in the inverse of the mass. This field redefinition can be also generalized to the present case and is expected to be suitable for the characterization of the Maxwell contributions in the low energy regime [16].

2 Perturbative expansion and Feynman diagrams

In order to analyse the aforementioned nonrenormalization properties of the linking number, let us proceed by computing the correlator ⟨∫ Σp B ∫ Σ0_n�_p�_1 C ⟩ Seff , (2.8)

in the case in which the total action S is chosen to be S_{eff} = S_{top} + S_{int} , S_{int} = τ ∫ M : (H_B ∗ H_B) ∗ (H_C ∗ H_C ) : (2.9)

where τ is an arbitrary parameter with negative mass dimension, and H_B = dB, H_C = dC are respectively the curvatures of the gauge fields B and C. Notice that the normal ordering prescription has been adopted for the quartic interaction, allowing us to rule out tadpoles diagrams^1. The action S is invariant under the gauge transformations δB = dω_{p−1 ,} δC = dη_{n−p−2} . (2.10) Remark that the transformations (2.10) are reducible and therefore the quantization procedure will require the introduction of ghosts for ghosts. In order to gauge fix the action (2.9) we choose the linear Landau tansverse condition

d ∗ B = d ∗ C = 0 , (2.11)

which implies that the whole set of ghosts for ghosts completely decouples, due to the abelian character of the theory. Thus, for the propagator we get ⟨ B_{μ1...μp}(x)C_{μp+1...μn}�_1 (y) ⟩ BC = ε_{μ1......μn}�_{1μn} ∂^{μn}_x G(x − y) , (2.12) 1We remind the reader that, in the present abelian case, the normal-ordering prescription is compatible with the requirement of gauge invariance. This follows from the observation that the positive and negative-frequency parts of the field-strengths related to the gauge fields C and B are each gauge invariant.

where G(x − y) is the Green function of the laplacian ∗d ∗ dG(x − y) = δ(x − y) . Since the two surfaces Σ, Σ^′ must be homologically trivial [6] Σ_p = ∂β_{p+1}, Σ^′_{n−p−1} = ∂β_{n−p} , we can suppose that they are contained in a region of M diffeomorphic to the flat euclidean space^2 R^n. In this case, the Green function is given by G(x − y) = Γ (n/2) [(2n − 4) π^{n/2}p! (n − p − 1)!] 1 |x − y|^{n−2} , where |x − y| denotes the euclidean distance between x and y. Let us now give the elementary Wick contractions which shall be needed for the evaluation of the Feynman diagrams. From (2.12) we obtain ⟨ B_{μ1...μp} (x) ~H^{ν1...νp}_C (y) ⟩ = (−1)^{n+p} (p + 1) ( δ^{ν1...νp} [μ1...μp]δ(x − y)+ + δ^{ν1,..,νi}�^{1,νi+1,..,νp} [μ1,..,μi�1,μi+1,..,μp∂ x μ_i]∂ ν_i y G(x − y) ) , (2.13) ⟨ C_{μ1...μn}�_p�_1 (x) ~H^{ν1...νn}�^p�^1 B (y) ⟩ = p! (n − p − 1)! p ( δ^{ν1...νn}�^p�^1 [μ1...μn�p�1]δ(x − y)+ + δ^{ν1,..,νi}�^{1,νi+1,..,νn}�^p�^1 [μ1,..,μi�1,μi+1,..,μn�p�1 ∂ x μ_i]∂ ν_i y G(x − y) ) , (2.14)

where the index i runs from one to p, and ⟨ ~H_{Bμ1...μn}�_p�_1 (x) ~H_{Cν1...νp} (y) ⟩ = (−1)^{p(n−p)+n−1}p(n − p)^2 (p − 1)! × × ( ε_{μ1...μn}�_p�_{1ν1...νpνp+1} ∂^{νp+1}_y δ (x − y) ) . (2.15)

2Actually, there are some counterexamples of surfaces which are homologically trivial but cannot be contained in a region diffeomorphic to Rn [6], but we do not consider these particular cases here.

Notice that the propagator ⟨ C ~H_B ⟩ has the same structure of ⟨ B ~H_C ⟩ in (2.13). In the above equations ~H_C = ∗H_C and ~H_B = ∗H_B are respectively the Hodge duals of the curvatures H_C and H_B, and the symbol [μ_1, ..., μ_p] means complete antisymmetrization in the indices.

Concerning now the perturbative expansion, it is easy to see that the first Feynman diagram which contributes to the correlation function (2.8) is of two-loop order. For the three-dimensional case, in which Σ, Σ^′ are two smooth oriented nonintersecting curves, this diagram can be drawn as follows

Figure 1: 2-loop contribution

In the above figure, the dashed, the wavy and the double lines refer respectively to the Wick contractions ⟨ B ~H_C ⟩ , ⟨ C ~H_B ⟩ and ⟨ ~H_B ~H_C ⟩ .

Apart from an irrelevant global symmetry coefficient, the Feynman integral corresponding to the diagram of F ig.1 is given by

I^{(2)} = ∫ Σ dσ (x)^{μ1....μp} ∫ Σ0 dτ (y)^{ν1....νn}�^p�^1 ∫ d^nz_1 ∫ d^nz_2 ⟨ B_{μ1....μp} (x) ~H_{Cβ1....βp} (z_1) ⟩ ⟨ C_{ν1....νn}�_p�_1 (y) ~H_{Bγ1....γn}�_p�_1 (z_2) ⟩ ⟨ ~H^{β1....βp} C (z_1) ~H^{γ1....γn}�^p�^1 B (z_2) ⟩ ⟨ ~H^{λ1....λn}�^p�^1 B (z_1) ~H^{α1....αp}_C (z_2) ⟩ ⟨ ~H_{Bλ1....λn}�_p�_1 (z_1) ~H_{Cα1....αp} (z_2) ⟩ . (2.16)

In the analysis of the above expression it is worth to observe that the two fields B(x) and C(y), lying on the hypersurfaces Σ and Σ^′, are respectively Wick-contracted with ~H_C and ~H_B. From the explicit form of the propagator ⟨ B ~H_C ⟩ , we see that the term in the second line of (2.13) yields a total derivative on the closed hypersurface Σ; implying that this term gives a vanishing contribution. The same result also holds for the contribution coming from the propagator ⟨ C ~H_B ⟩ of (2.14). It is worth remarking that this argument relies only on the fact that the two surfaces Σ and Σ^′ are closed. Therefore, it applies to the higher-order contributions as well. As a consequence, all the Wick contractions entering the Feynman diagrams will lead to a product of delta functions. In particular, for the 2-loop diagram of F ig.1, the integral (2.16) reduces to

I^{(2)} = ∫ dσ(x)^{μ1....μp} ∫ dτ (y)^{ν1....νn}�^p�^1 ∫ d^nz_1 ∫ d^nz_2 δ^{γ1....γn}�^p�^1 [ν1....νn�p�1]δ (y − z2) δ σ_1....σp [μ1....μp]δ (x − z1) ε^{σ1....σp+1γ1....γn}�^p�^1 ∂_{σp+1} δ (z_1 − z_2) ε^{α1....αp+1λ1....λn}�^p�^1 ∂_{αp+1} δ (z_1 − z_2) ε_{α1....αp}b_{αp+1λ1....λn}�_p�_1∂ b^{αp+1} δ (z_1 − z_2) . (2.17)

In spite of the presence of products of delta functions with the same argument, the above expression is easily seen to vanish. We observe first of all that it is always possible to take an order of integration over the delta functions such that we end up with products of δ^n(x−y) and not of δ^n (0). In the present case, this would amount to integrate out first the two delta functions with arguments x − z_1 and y − z_2, leading to

I^{(2)} = ∫ dσ(x)^{μ1....μp} ∫ dτ (y)^{ν1....νn}�^p�^1 δ^{γ1....γn}�^p�^1 [ν1....νn�p�1]δ σ_1....σp [μ1....μp] ε^{σ1....σp+1γ1....γn}�^p�^1 ε^{α1....αp+1λ1....λ}ε_{α1....αp} b_{αp+1λ1....λn}�_p�_1 ∂_{σp+1} δ (x − y) ∂_{αp+1} δ (x − y) ∂ b^{αp+1} δ (x − y) , (2.18)

which is zero owing to the fact that the two surfaces Σ and Σ^′ never intersect, so that x − y never vanishes. Moreover, as done in [14], we can adopt a more rigorous treatment by regularizing the n-dimensional delta functions with coinciding arguments through the point splitting procedure already used by Polyakov [9]

δ_ϵ(z_1 − z_2) = 1 (2πϵ)^{n/2} e^{−|z1−z2|2/2ϵ} lim_{ϵ→0} δ_ϵ(z_1 − z_2) = δ(z_1 − z_2) (2.19)

More precisely, whenever a product of m delta functions with coinciding arguments occurs, it will be understood as

[δ (z_1 − z_2)]^m = [δ_ϵ (z_1 − z_2)]^{m−1} δ (z_1 − z_2) ,

where the limit ϵ → 0 is meant to be taken at the end of all calculations. In this regularization scheme we then have

I^{(2)} = lim_{ϵ→0} ∫ dσ(x)^{μ1....μp} ∫ dτ (y)^{ν1....νn}�^p�^1 ∫ d^nz_1 ∫ d^nz_2 δ^{γ1....γn}�^p�^1 [ν1....νn�p�1]δ(y − z2)δ σ_1....σp [μ1....μp]δ (x − z1) ε^{σ1....σp+1γ1....γn}�^p�^1 ∂_{σp+1} δ_ϵ (z_1 − z_2) ε^{α1....αp+1λ1....λn}�^p�^1 ∂_{αp+1} δ_ϵ (z_1 − z_2) ε_{α1....αp} b_{αp+1λ1....λn}�_p�_1 ∂ b^{αp+1}δ (z_1 − z_2) , (2.20)

which is vanishing no matter the order of integration we take. Indeed, before taking the limit ϵ → 0, we always obtain an expression containing δ (x − y), with x − y ≠ 0. We can thus conclude that the two-loop diagram in F ig.1 does not contribute to the correlator (2.8).

Similar arguments can be used to show that also the higher-order contributions vanish. Let us consider, for instance, the topologically distinct diagrams contributing to the 3 and 4-loop order, shown respectively in F ig.2 and F igs.3, 4.

Figure 2: 3-loop contribution

Concerning the 3-loop contribution of F ig.2, a typical contraction is

I^{(3)} = ∫ dσ (x)^{μ1....μp} ∫ dτ (y)^{ν1....νn}�^p�^1 ∫ d^nz_1 ∫ d^nz_2 ∫ d^nz_3 δ^{φ1....φn}�^p�^1 [ν1....νn�p�1]δ(y − z2)δ β_1....βp [μ1....μp]δ (x − z1) ερ1...ρp+1α1...αn�p�1 ∂ ρ_{p+1} δ (z

1 − z_3) ε_{σ1...σp+1α1...αn}�_p�_1 ∂^{σp+1} δ (z_1 − z_2) ε_{β1....βp+1θ1...θn}�_p�_1 ∂^{βp+1} δ (z_1 − z_3) ε^{σ1...σp}b^{σp+1θ1...θn}�^p�^1 ∂b_{σp+1} δ (z_3 − z_2) ε^{ρ1...ρp} b^{ρp+1}_{φ1....φn}�_p�_1 ∂b_{σp+1} δ (z_2 − z_3) . (2.21)

Figure 3: 4-loop contributions

Analogously, a typical term of the four-loop contribution of F ig.3, turns out to be

I^{(4)} = ∫ dσ (x)^{μ1....μp} ∫ dτ (y)^{ν1....νn}�^p�^1 ∫ d^nz_1 ∫ d^nz_2 ∫ d^nz_3 ∫ d^nz_4 σ_1....σp [μ1....μp]δ (x − z1) δ β_1....β_n�_p�_1 [ν1....νn�p�1]δ(y − z2)ε θ_1...θ_{p+1}α_1...α_n�_p�_1 ∂ θ_{p+1} δ (z1 − z2)

ε_{θ1...θp} b_{θp+1α1...αn}�_p�_1 ∂ b^{θp+1} δ (z_1 − z_2) ε_{σ1...σp+1φ1...φn}�_p�_1∂^{σp+1} δ (z_1 − z_3)

ε_{ξ1...ξp+1β1...βn}�_p�_1∂^{ξp+1} δ (z_2 − z_4) ε_{ξ1...ξp} b_{ξp+1φ1...φn}�_p�_1 ∂ b^{ξp+1}δ (z_3 − z_4)

ε^{η1...ηp+1γ1...γn}�^p�^1 ∂_{ηp+1} δ (z_3 − z_4) ε_{η1...ηp}b_{ηp+1γ1...γn}�_p�_1 ∂b^{ηp+1} δ (z_3 − z_4) . (2.22)

Integrating over z_1 and z_2, and after regularizing the product of delta functions with coinciding arguments, we obtain

I^{(3)} = ∫ dσ (x)^{μ1....μp} ∫ dτ (y)^{ν1....νn}�^p�^1 ∫ d^nz_3 δ^{φ1....φn}�^p�^1 [ν1....νn�p�1]δ β_1....βp [μ1....μp]ερ1...ρp+1α1...αn�p�1 ∂ ρ_{p+1} δ (x − z 3) ε_{σ1...σp+1α1...αn}�_p�_1 ∂^{σp+1} δ (x − y) ε_{β1....βp+1θ1...θn}�_p�_1 ∂^{βp+1} δ (x − z_3) ε^{σ1...σp}b^{σp+1θ1...θn}�^p�^1 ∂b_{σp+1} δ (z_3 − y) ε^{ρ1...ρp} b^{ρp+1}_{φ1....φn}�_p�_1 ∂b_{σp+1} δ_ϵ (y − z_3) , (2.23) and I^{(4)} = ∫ dσ (x)^{μ1....μp} ∫ dτ (y)^{ν1....νn}�^p�^1 ∫ d^nz_3 ∫ d^nz_4 σ_1....σp [μ1....μp]δ β_1....β_n�_p�_1 [ν1....νn�p�1]ε θ_1...θ_{p+1}α_1...α_n�_p�_1 ∂ θ_{p+1} δ (x − y) ε_{θ1...θp} b_{θp+1α1...αn}�_p�_1 ∂ b^{θp+1} δ (x − y) ε_{σ1...σp+1φ1...φn}�_p�_1 ∂^{σp+1} δ (x − z_3) ε_{ξ1...ξp+1β1...βn}�_p�_1∂^{ξp+1} δ (y − z_4) ε_{ξ1...ξp} b_{ξp+1φ1...φn}�_p�_1 ∂ b^{ξp+1}δ (z_3 − z_4) ε^{η1...ηp+1γ1...γn}�^p�^1 ∂_{ηp+1} δ_ϵ (z_3 − z_4) ε_{η1...ηp}b_{ηp+1γ1...γn}�_p�_1 ∂b^{ηp+1}δ_ϵ (z_3 − z_4) . (2.24)

All terms in all possible diagrams may then be seen to be proportional to the n-dimensional delta function δ (x − y) or its derivatives. One may easily convince oneself that this mechanism also applies to any order in perturbation theory. Since we always have x ≠ y, these diagrams all amount to a null correction to the basic diagram, so that the correlation function (2.8) gives the generalized linking number of Σ and Σ^′ ⟨∫ Σp B ∫ Σ0_n�_p�_1 C ⟩ S_{eff} = Link (Σ, Σ^′) . (2.25)

3 Conclusion

We have been able to prove that the correlator (2.8) is unaffected by radiative corrections to all orders, provided that Σ and Σ^′ are two smooth closed nonintersecting surfaces. Although we have carried out explicit computations for the interaction term ∫ H^2_BH^2_C , the same result may be achieved straightforwardly for any local interaction containing arbitrary powers of the curvatures ∫ H^p_BH^q_C . This result, which generalizes to arbitrary dimensions that obtained in the case of two nonintersecting curves [14], may be interpreted as a kind of nonrenormalization property of the linking number in higher dimensions.

Acknowledgements

We are indebted to the Departamento de Campos e Partículas (DCP) of the Centro Brasileiro de Pesquisas Físicas (CBPF) for kind hospitality. The Conselho Nacional de Pesquisa e Desenvolvimento (CNPq/Brazil), the Fundação de Amparo à Pesquisa do Estado do Rio de Janeiro (Faperj) and the SR2-UERJ are gratefully acknowledged for financial support.

References

[1] A.S. Schwartz, Lett. Math. Phys. 2 (1978) 247;

[2] E. Witten, Comm. Math. Phys. 117 (1988) 353; Comm. Math. Phys.

118 (1988) 411; Comm. Math. Phys. 121 (1988) 351.

[3] D. Birmingham, M. Blau, M. Rakowski and G. Thompson, Phys. Rep.

209 (1991);

[4] E. Guadagnini, The Link Invariants of the Chern-Simons Field Theory, Walter de Gruyter, Berlin, 1993;

[5] A.S. Cattaneo, P. Cotta-Ramusino and M. Martellini, Nucl. Phys.

B436 (1995) 355;

[6] G.T. Horowitz and M. Srednicki, Commun. Math. Phys. 130 (1990) 83; [7] M. Blau and G. Thompson. Ann. Phys. 205 (1991) 130;

[8] E. Fradkin, Field Theories of Condensed Matter Systens, Frontiers in Physics Series, Addson-Wesley, 1991;

[9] A.M.Polyakov, Mod. Phys. Letters A3 (1998) 325; [10] M.C. Diamantini, P. Sodano and C.A. Trugenberger, Nucl. Phys.

B448 [FS] (1995) 505;

[11] J. Frolich and A. Zee, Nucl. Phys. B364 (1991) 517;

for a review, see A. Zee, Prog. Theor. Phys. Suppl. 107 (1992) 77; [12] J. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231; [13] E. Witten, JHEP 9812 (1998) 012;

[14] V.E.R. Lemes, C.A. Linhares, S.P.Sorella, L.C.Q. Vilar and D.G.G.

Sasaki, Phys. Rev. D60 (1999) 065008;

[15] V.E.R. Lemes, C.A. Linhares, S.P. Sorella and L.C.Q. Vilar, J. Phys.

A: Math. Gen. 32 (1999) 2469; [16] Work in progress.