hep-th/9911047 6 Nov 1999

Gauged BRST Transformations of Quantum Nonsymmetric Gravity^�.

N.Mebarki^yand A.Maireche^z Département de physique théorique Constantine University.Constantine,Algeria. and Lyman laboratory of physics Harvard University,Cambridge,Massachusett 02138,USA.

November 6, 1999

Abstract

A local BRST Noether current operator is constructed in quantum Nonsymmetric gravity and the corresponding invariant action is derived.

∗This work was supported by the Algerian Ministry of education and research under contat N^0 :D2501/01/05/97 †Permanent adress : Département de physique théorique Constantine University. Constantine Algeria.

‡On leave from Département de physique. Centre Universitaire M. Boudiaf M’sila.Algeria.

1 Introduction:

Gravity is the most time honored force. It is an extremely beautiful and successful theory. Unfotunatly any try to quantize the gravitation theory of Einstein were unsuccessful. The reason is that the divergences encountered are out of control in perturbation theory and non removable. Conceptually,the appearance of such gravitational anomalies is quite drastic because it signals the incompatibility of general relativity with the quantization procedure.

Based on Einstein’s idea,Moffat built a new theory of gravity but with the antisymmetric part of the metric taken as a part of the gravitation itself.This theory was called Nonsymmetric gravitation theory (NGT) [1]-[8]. Although the NGT classical tests are successful,one needs to quantize the theory in order to have a consistent physical interpretation at the Plank scale and the unification program with the other fundamental interactions will be successfully described. In fact,the quantum version (QNGT)[9] of NGT was purposed in the framework of the canonical operator formalism. It turn out that the theory contains a larger symmetry [10]-[14] which let us hope to the possibility solving the outstanding problem of the renormalizability of quantum gravity.

On the other hand,the BRST symmetry of Yang Mills has been gauged [16] ,[17] via the introdctions of an external field and a scalar ghost field invariant under the resulting local symmetry is associated with the gauge parameter.

The isomorphism between the local and global algebras has been shown and has permitted the anomaly [5],[17].

The purpose of this paper is to study the gauged QNGT BRST symmetry. In section 2,we construct the QNGT local BRST operator and the corresponding invariant action. Finally in section 3,we draw our conclusions.

2 Gauged QNGT BRST symmetry:

The starting point of the construction of a local BRST operator Q_{loc} corresponding to GL (4, R) ⊗diffeomorphism symmetry is the dilatation of ghosts by a scale factor Λ (x) which depends upon the diffeomorphism and plays the role of a scalar ghost associated with the gauge parameter of the resulting local symmetry . Redefinitions of fields in such a way as to render their transformations under Q_{loc} linear in Λ (x) play a crucial role . In order to perform this construction let ω^{ab} = ω^{ab}_μ dx^μ and e^a = e^a_μdx^μ be the spin connection and Vierbein respectively. We reminid the reader that the NGT spinc onnection ω^{ab} satisfies the relation [7]-[9]

~ω^{ab} = −ω^{ba} (2.1)

where the notion ”~” means hyperbolic complex conjugate

The corresponding field strengths

R^{ab} = dω^{ab} + ω^{ac}ω^{cb} (2.2) and T^a = de^a + ω^{ab}e^b (2.3)

satisfy the Bianchi identities:

DR = 0 (2.4) and DT = [R, e] (2.5)

respectively where D = d · + [ω, ·]is the covariant derivative and d = dx^μ∂_μ. The BRST operator of GL (4, R) ⊗diffeomorphism symmetry can be geometrically constructed. Following refs.[9] and [12] one finds that:

Q~e^a = L_Ω ~e^a − θ^a_b~e^b Qω^{ab} = L_Ωω^{ab} − dθ^{ab} − ω^{ac}θ^{cb} − θ^{ac}ω_c^b QΩ^μ = Ω^ν∂_ν Ω^μ Qθ^{ab} − θ^a_cθ^{cb} QS^{ab} = 0 QB^μ = 0 QΩ^μ = 0 Qθ^{ab} = S^{ab}

(2.6)

Where L_Ω = [ı_Ω, d]is the Lie derivative along the generalized Faddeev-Popov (FP) ghost Ω^μ corresponding to the diffeomorphism symmetry such that

Ω^μ = ω^μ + ~ω^μ (2.7)

with ω^μ the ghost field and ~ω^μ its hyperbolic complex conjugate [9],ı_Ω is the subtraction of forms by Ω^μand θ^{ab} is the 0-form ghost field corresponding to the GL (4, R)symmetry verifying the property:

θ^{ab} = ~θ^{ba} (2.8)

Al these ghosts have the same ghost number +1.It is important to mention that the property Q^2 = 0 guarantees the closure of the algebra. Here Ω^μ (resp.θ^{ab}) and B^μ (resp.S^{ab}) denotes the anti-ghost and auxiliary field related to the general (resp.local) coordinates transformations.

The BRST operator Q can be reviewed first as defining a global symmetry.

δ_ϵΦ = ϵQΦ (2.9)

Where Φ stands for e^aor ω^{ab}and ϵ is any anticommuting space-time independent parameter. Because of the nilpotency of the Q operator, δ_ϵ satisfies:

[δ_{ϵ1} , δ_{ϵ2} ] = 0 (2.10)

The transformation (2.9)can be made local by assuming that ϵ is a function of the coordinates x. Then,the local transformation will take the form:

δ^{loc}_{ϵ(x)}Φ = ϵ (x) QΦ + △Φ (2.11)

Where the local term △Φ must be determined in such a way that the local transformations (2.11) closure. To obtain the closure property,one turns eq.(2.5) into a differential algebra δ^{loc}_{ϵ(x)} −→ Q_{loc} ϵ (x) −→ Λ (x) (2.12)

where Λ (x) is a 0-form commuting scalar ghost associated with ϵ (x),and has a ghost number 0. To construct the local BRST operator Q_{loc},one dilates the Faddeev-Popov ghosts Ω^μ −→ ΛΩ^μ and θ^{ab} −→ Λθ^{ab} such that: Q_{loc} (ΛΩ^μ) = ΛΩ^ν∂_ν (ΛΩ^μ) Q_{loc} ( Λθ^{ab} ) = L_{ΛΩ} ( Λθ^{ab} ) − Λ^2θ^a_cθ^{cb} (2.13) and then introduces an external gauge field α = α_μdx^μ with a ghost number -1. Its corresponding field strength Γ = dα satisfies the identity:

dΓ = 0 (2.14) one may set:

~Γ = ~d ~α (2.15) where

~α = α + Λ + ı_{ΛΩ}α (2.16) and ~d = d + Q_{loc} (2.17) Using the method of ref.[17],the horizontality condition can be written as: ~Γ = exp (ı_{ΛΩ}) Γ (2.18) Identification of the left-hand side (LHS)and right hand side (RHS)with respect to the ghost number and the degree of forms leads to:

Q_{loc}α = −dΛ + L_{ΛΩ}α (2.19) and

Q_{loc}Λ = L_{ΛΩ}Λ (2.20) Then by using (2.6),one finds:

Q_{loc}Ω^μ = ΛΩ^ν ∂_νΩ^μ Q_{loc}θ^{ab} = ΛΩ^ν∂_ν θ^{ab} − Λθ^a_cθ^{cb} Q_{loc}S^{ab} = 0 Q_{loc}B^μ = 0 Q_{loc}Ω^μ = B^μ Q_{loc}θ^{ab} = S^{ab} Q_{loc}Λ = ΛΩ^ν ∂_νΛ Q_{loc}α_μ = −∂_μΛ + ΛΩ^ν∂_ν α_μ + ∂_μ (ΛΩ^ν ) α_ν

(2.21)

and:

Q_{loc} ^e^a_μ = ΛΩ^ν ∂_ν ^e^a_μ + ∂_μ (ΛΩ^ν ) ^e^a_ν − Λθ^a_b ^e^b_μ Q_{loc}^~e^a_μ = ΛΩ^ν ∂_ν^~e^a_μ + ∂_μ (ΛΩ^ν ) ^~e^a_ν − Λθ^a_b^~e^b_μ Q_{loc} ^ω^{ab}_μ = ΛΩ^ν ∂_ν ^ω^{ab}_μ + ∂_μ (ΛΩ^ν ) ^ω^{ab}_ν + ∂_μ ( Λθ^{ab} ) + +Λ^ω^{ab}_μθ^{cb} − Λθ^{ac} ^ω^{cb}_μ (2.22)

Where the new fields ^e^aand ^ω^{ab}correspond to the local algebra. Now,the crucial step of this construction is the redefinition of fields in such a way as to make their transformations under Q_{loc} linear in Λ. The convenient redefinitions are:

e^a_μ = ^e^a_μ + α_μ [ 1 + Ω^να_ν + (Ω^ν α_ν )^2 + (Ω^ν α_ν )^3 ] (Ω^σ ^e^a_σ) ω^{ab}_μ = ^ω^{ab}_μ + α_μ [ 1 + Ω^ν α_ν + (Ω^ν α_ν )^2 + (Ω^να_ν )^3 ] ( θ^{ab} + Ω^σ ^ω^{ab}_σ ) (2.23)

Then,from the algebra (2.21) we obtain :

Q_{loc}e^a_μ = Λ{Ω^ν ∂_νe^a_μ + ∂_μΛΩ^ν e^a_ν − Λθ^{ab}e^b_μ+ +α_μ [ 1 + Ω^ν α_ν + (Ω^ν α_ν )^2 + (Ω^ν α_ν )^3 ] Ω^σ∂_σΩ^ρe^a_ρ} Q_{loc}~e^a_μ = Λ{Ω^ν ∂_ν ~e^a_μ + ∂_μΛΩ^ν ~e^a_ν − Λθ^{ab}~e^b_μ+ +α_μ [ 1 + Ω^ν α_ν + (Ω^ν α_ν )^2 + (Ω^ν α_ν )^3 ] Ω^σ∂_σΩ^ρ ~e^a_ρ} (2.24) and

Q_{loc}ω^{ab}_μ = Λ{Ω^ν∂_ν ω^{ab}_μ + ∂_μΩ^ν ω^{ab}_ν + ω^{ab}_μθ^{cb} − θ^{ac}ω^{cb}_μ + ∂_μθ^{ab}+ +α_μ [ 1 + Ω^ν α_ν + (Ω^ν α_ν )^2 + (Ω^ν α_ν )^3 ] [ Ω^ρ∂_ρΩ^ν ω^{ab}_ν + Ω^ρ∂_ρθ^{ab} − θ^{ac}θ^{cb} ] (2.25) Where the set of equations:

^e^a_μ = e^a_μ − α_μ (Ω^σe^a_σ) ^~e^a_μ = ~e^a_μ − α_μ (Ω^σ ~e^a_σ)

(2.26) and

^ω^{ab}_μ = ω^{ab}_μ − α_μ ( θ^{ab} + Ωω^{ab} ) ^e^{aμ} = e^{aμ} + α_ρΩ^μ [ 1 + Ω^ν α_ν + (Ω^να_ν )^2 + (Ω^ν α_ν)^3 ] e^{aρ} ^~e^{aμ} = ~e^{aμ} + α_ρΩ^μ [ 1 + Ω^ν α_ν + (Ω^να_ν )^2 + (Ω^ν α_ν)^3 ] ~e^{aρ} √ −^g = [ 1 + Ω^να_ν + (Ω^ν α_ν)^2 + (Ω^ν α_ν )^3 + (Ω^ν α_ν )^4 ] √ −g (2.27)

obtained from eqs.(2.22)have been used. The two sets of eqs.(2.21)and (2.25)constitute the local BRST algebra. Notice that,by construction,this algebra is isomorphic with that of the global algebra,thus the nilpotency is automatically guaranteed:

Q^2_{loc} = 0 (2.28) Moreover ,if one sets α = 0 and Λ = 1,Q_{loc} reduces to Q. The usefulness of this construction consists of the derivation of the local action and current. In fact,as it is shown in ref [9],the QNGT action S_{QNGT} =S_{QNGT} (e^a_μ, ~e^a μ, (ω_μ)^a_b , Ω^μ, Ω^μ, B^μ, θ^a_b , θ^a_b , S^a_b ) is invariant under the BRST transformations related to the GL(4,R)⊗ diffeomorphism symmetry and is given by: S_{QNGT} = ∫ d^4x $_{QNGT} (2.29) with

£_{QNGT} = £_{cl} + £_{GF} + £_{FP} + £_{LGF} + £_{LFP} (2.30) where

£_{cl} = (e~e)^{12} {e^{μ a}

~e^{νc} [R_{μν} (ω)]^a_c − 2~Λ −^1_8 μ^2e^μ_a~e^{νa}[~e^b_μe_{νb} − e^b_μ ~e_{νb}]+ +^1_4 σ[e^μ_a~e^{νa} + ~e^μ_ae^{νa}]W_μW_ν} £_{FP} = (e~e)^{12} [(e^μ_a ~e^{νρ}∂_νΩ^μ + e^μ_a ~e^{νρ}∂_μΩ^ν ) ( ∂_μΩ_ν + ∂_ν Ω_μ ) +^1_2 (e^μ_a ~e^{νa} + e^ν_a ~e^{μa} ).

.(∂_μΩ^α∂_αΩ_ν + ∂_νΩ^α∂_αΩ_μ)] £_{GF} = (e~e)^{12} e^μ_a ~e^{νa} (∂_μB_ν + ∂_νB_μ) £_{LGF} = − (e~e)^{12} e^μ_a ~e^{νa} [ (ω_μ)^a_b∂_ν S^b_a − (ω_μ)_a^b ∂_νS^b_a ] £_{LFP} = − (e~e)^{12} { [ ∂_μθ^{ab} + (ω_μ)^a_cθ^{cb} − (ω_μ)^b_d θ^{ab} ] ∂_νθ_{ab} + [∂_μθ^{ab} − (ω_μ)_c^a θ^{cb} + + (ω_μ)_d^bθ^{ba}]∂_νθ_{ab}} (2.31) e and ~e means det(e^μ_a) and det(~e^μ_a) respectively. (√ −g = √ e~e ) Now,the term [R_{μν} (ω)]^a_c has as expression:

[R_{μν} (ω)]^a_c = (∂_ν ω_μ)^a_c − (∂_μω_ν )^a_c + [ω_μ, ω_ν ]^a_c (2.32) It is worth to mention that the NGT affine connection W^ρ_{μν} satisfy to the following compatibility condition [8]:

e^a_μ,_σ + (ω_σ)^a_ce^c_μ − W_{μσ}^ρe_ρ^a = 0 (2.33) we remaind also the reader that:

W_μ = W^α_{[να]} =^1_2 (W^α_{να} − W^α_{αν}) (2.34)

and ~Λ,μ^2 and σ are real constants. Now,the Noether current J^ρ_{QNGT} related to the BRST transformations (2.6) can be easily constructed. Straightforward calculations lead to:

J^ρ_{QNGT} =^4 ∑ i=1 I^σ_i (2.35)

where

I^σ_1 = ( ∑ 1)^b_β √ e~e^1_8 σ(e^μ_a ~e^{νa} + ~e^μ_ae^{νa})[e^α_dδ^d_b (δ^σ_αδ^β_ν − δ^σ_ν δ^β_α)W_μ+ +e^α_dδ^d_b (δ^σ_a δ^β_μ − δ^σ_μδ^β_α)W_ν] I^σ_2 = ( ∑ 2)^b_{γd} √ e~ee^μ_a~e^{νc}δ^a_b δ^d_c [δ^σ_μδ^γ_ν − δ^σ_ν δ^γ_μ] I^σ_3 = ( ∑ 3)^β √ e~e[δ^σ_ρ ( ∂_μΩ_ν + ∂_νΩ_μ ) ( g^{νρ}δ^γ_ν + g^{μρ}δ^ν_β ) + +^1_2 (e^μ_a~e^{νa} + e^ν_a ~e^{μa})δ^α_β (∂_αΩ_νδ^σ_μ + ∂_αΩ_μδ^σ_ν )] I^σ_4 = ( ∑ 4)^{ab} √ e~ee^μ_c ~e^{νc}δ^ρ_μ∂_ν ( θ_{ab} + ~θ_{ab} ) (2.36)

with

( ∑ 1)^b_β = Ω^ν∂_ν e^b_β + (∂_βΩ^ν) e^b_ν − θ^a_be^b_β ( ∑ 2)^b_{γd} = Ω^ν∂_ν (ω_γ )^b_d + (∂_γΩ^ν ) (ω_ν )^b_d + ∂_γθ^b_d + (ω_γ)^b_c θ^c_d − θ^b_c (ω_γ )^c_d ( ∑ 3)^β = Ω^ν ∂_νΩ^β (2.37) and ( ∑ 4)^{ab} = Ω^ν ∂_νθ^{ab} − θ^a_cθ^{cb} (2.38)

Now,from the algebra (2.21) and (2.22) ,the gauged QNGT action S_{QNGT} can be written as:

S_{GQNGT} = S_{GQNGT} ( ^e^a_μ, ^~e^a_μ, (^ω_μ)^a_b , Ω^μ, Ω^μ, B^μ, θ^a_b , θ^a_b , S^a_b ) (2.39)

Direct calculations show that the corresponding Noether current J^σ_{GQNGT} is given by:

J^σ_{GQNGT} =^{δSQNGT}_{δαρ} |_{α=0}= J^σ_{QNGT} + ∂_μ [ (e^ρ_a ~e^{bμ} + e^μ_a~e^{bσ}) (θ^a_b + Ω^ν (ω_ν )^a_b ) ] (2.40) Notice that,being a total derivative,the last term has no effect on the computation of the local (gauged) Noether current . It comes from the α derivative term in S_{GQNGT} and it is conserved independently of the other terms of J^σ_{QNGT} .

3 Conclusions:

Throughout this work,we have constructed a gauged BRST current operator and the corresponding invariant action. We have shown that this construction permits the computation of the Noether current by a simple calculation of a derivative and that the local and global algebras are isomorphic. Thus,every thing is shown as anomalies can be used modulo the redefinitions of the fields.

Acknowledgment:

We are very grateful to Prof. A. Vilenkin for fruitful private communications.

References

[1] J. W. Moffat,phys Rev.D19,3554 (1979) . [2] J. W. Moffat,J.Math.phys.21,1798 (1980) . [3] J. W. Moffat,phys Rev.D35,3733 (1987) . [4] J. W. Moffat,J.Math.phys.29,1685 (1988) . [5] R. B. Mann,J.Math.phys.A14,2367 (1981) .

[6] G. Kunstatter,J. W. Moffat,J. Malzan,J.Math.phys.24,886 (1983) . [7] K. Ait Moussa,N.Mebarki,Acta phys.pol.B23,1195 (1992) . [8] N.Mebarki,K. Ait Moussa,Acta phys.Pol.B23,1223 (1992). [9] N.Mebarki,A. Benslama,A. Boudine and A. Maireche. physica scripta 55,12 (1997) .

[10] N.Mebarki,A. Maireche in ”Quantum Nonsymmetric Gravity and the Superfiber Bundle Formalism” Constantine University preprint UC PUB38August 1997.

[11] N.Mebarki,A. Maireche in ”Sixteen Dimensional GL (4, R) Like Superalgebra” Constantine University preprint UC PUB39,August 1997.

[12] N.Mebarki,A. Maireche in ”Symmetries of Quantum Nonsymmetric gravity” Constantine University preprint UC PUB40August 1997.(send for publication in acta Phys. Pol B) [13] N.Mebarki,A. Maireche in ”Possibility of resolving the divergence problem in Quantum Nonsymmetric gravity” Constantine University preprint UC PUB 41,August 1997.

[14] N.Mebarki and A. Maireche in ”Geometric commutation relations in Quantum Nonsymmetric gravity”Constantine University preprint UC PUB 42,August 1997.

[15] L. Baulieu,B. Grossman,R. Stora,Phys. Lett. B192,103 (1987). [16] J. P. Ader,J.C. Wallet,phys. Lett. B92,103(1987). [17] L. Baulieu,A. Bellon,Nuch. Phys.B266,75 (1986).