hep-th/9911049 6 Nov 1999

QNGT Sixteen Dimensional GL(4,R)-like Superalgebra^�

N. Mebarki^y,A. Maireche^zand M. Houchine^x

Département de Physique Théorique . Constantine University,Constantine,Algeria. and Lyman Laboratory of physics, Harvard University,Cambridge,Massachusett 02138,USA.

November 6, 1999

Abstract

A quantum Nonsymmetric gravitation theory (QNGT) superalgebra is constructed in the formalism of the superspace and the corresponding Noether supercurrent is obtained.

∗This work was supported by the Algerian Ministry of education and research under contrat N0:D25001/05/97.

†Permanent adress: Département de Physique Théorique Constantine University , Constantine, Algeria.

‡On leave from Centre Universitaire M. Boudiaf, M’sila Algeria.

§ Permanent adress: Département de Physique Théorique Constantine University , Constantine, Algeria.

1 Introduction:

During the past few years many attempts to quantize general relativity were unsuccessful and the divergence problem remain unsolvable. To cure this disappointing problems,same temprogram solutions were proposed like supergravity etc... . However,it turns that despite the introduction of supersymmetry,the latter was not enough to absorb the unwanted divergences appearing in the perturbative series expansion and solve the anomaly problem.

Recently,a new theory based on the generalization of the space-time metric was proposed and babtized Nonsymmetric gravitation theory NGT [[1]-[8]]. It is worth to mention that like general relativity all the classical predictions of NGT were compatible with nowadays experimental data [[1]-[4]]. However,this is enough to claim that one has at hands a consistent gravitation theory because NGT is a classical theory. Therefore,the construction of a quantum version of this theory was necessary in order to study the renormalizability and anomaly problems and test the compatibility of the theory. In fact,and recently,,the quantization of NGT via the canonical operator formalism was considered and the related theory was constructed [[9]-[12]]. It turns out that Andes shown in ref. [10],that the quantum NGT (QNGT) contain a large symmetry which can be considered as a first indication to a probable renormalizable theory.

It is the purpose of this paper to study this large symmetry (called choral symmetry) in a more general context of the super space and superalgebra.

In section 2.,we derive the GL(4,R) like superalgebra,in section 3.we derive the Noether supercurrent and in section 4 we discuss the spontaneous breakdown of these symmetries. Finally in section 5,we draw our conclusions.

2 GL(4,R) like superalgebra:

As it is shown in our ref.[10] that all of x^μ, B_ρ, ( Ω^σ + ~Ω^σ ) and ( Ω_τ + ~Ω_τ ) satisfy the same Dalembert equation. It is therefore,convenient to deal with them in a unified way. we set: X = ( x^λ, B_ρ, Λ^σ, Λ_τ ) (2.1)

where

Λ^σ = Ω^σ + ~Ω^σ Λ_τ = Ω_τ + ~Ω_τ

(2.2)

(B_ρ, Ω^σ , Ω^σ are the auxiliary B-field,ghost and antighost respectively and the symbol ”~” means hyperbolic complex conjugate) and call X the sixteen-dimensional supercoordinate because,as seen later,it naturally behaves like a sixteen-dimensions extension of x^λ,including Grassmann-like transitional. Where we need more then one supercoordinates we use also the letters Y, Z, U, etc...

Now, the equation [[9],[10]]: ∂_μ ( ^g^{μν} ∂_ν x^λ ) = 0 ∂_μ (^g^{μν} ∂_ν B_ρ) = 0 ∂_μ ( ^g^{μν} ∂_ν Λ^λ ) = 0 ∂_μ ( ^g^{μν} ∂_ν Λ^λ ) = 0 (2.3)

(where ^g^{μν} ≡ √ −gg^{μν} ) are unified into:

∂_μ (^g^{μν} ∂_ν X) = 0 (2.4) Evidently eq. (2.4) is a conservation law for

ξ^μ (X) ≡ ^g^{μν} ∂_ν X (2.5) Now, generalizing the structure of the M^{μλ}_ρ,we find the existence of a conserved supercurrent: M^μ (X, Y ) ≡ √ ϵ (X, Y )^g^{μν} (X∂_ν Y − ∂_ν X.Y ) (2.6) where a coefficient √ ϵ (X, Y ), defined below,is inserted for making M^μ (X, Y ) Hermitian.

In order to deal with both bosonic and fermionic quantities in a unified way,it is convenient to introduce the following notation:

Let: ϵ (A, B) = { −1 if both A and B are fermionic +1 otherwise

(2.7)

hence,for instance,we can write [A, B]_± = AB − ϵ (A, B) BA. We set ϵ (A) ≡ ϵ (A, A), that is, ϵ (A) = 1 for A bosonic and ϵ (A) = −1 for A fermionic, then we have a relation:

ϵ (A, B) =^1_2 [1 + ϵ (A) + ϵ (B) − ϵ (A) ϵ (B)] (2.8) The following properties are evident: ϵ (A, B) = ϵ (B, A) ϵ (AC, B) = ϵ (A) ϵ (C, B) (2.9)

Thus, the ϵ for a pair of products reduce to a product of the ϵ^′s for a pair of single fields.

It is convenient to introduce a square root of the ϵ by the artificial convention √ +1 = +1 and √ −1 = +i. There are various identities between products of square roots of the ϵ^′s eq. ϵ (B) √ −ϵ (AB, B) = i √ ϵ (A, B) (2.10) In order to make the sixteen-dimensional structure of the theory transparent, we introduce the sixteen-dimensional supermetric η (X, Y ) by

η (x^μ, B_ν ) = η (B_ν , x^μ) = η ( Λ^μ, Λ_ν ) = −η ( Λ_ν , Λ^μ ) = δ^μ_ν η (X, Y ) = 0 otherwise

(2.11)

Here X and Y in η (X, Y ) are regarded as mere indices,just like μ and ν in η_{μν} . The 16×16 matrix formed by η (X, Y ) is non-diagonal,but it’s determinant its equal to +1. Hence we construct its matrix invasion,that is,we define ~η (X, Y ) by ∑ Z η (X, Z) ~η (Z, Y ) = δ (X, Y ) (2.12) where δ (X, Y ) denotes the sixteen dimensional Kronecker delta function. Explicitly,we have:

~η (x^μ, B_ν ) = ~η (B_ν , x^μ) = −~η ( Λ^μ, Λ_ν ) = ~η ( Λ_ν , Λ^μ ) = δ^μ_ν ~η (X, Y ) = 0 otherwise

(2.13)

Now,from eq. (2.4) we have the following symmetry generators: P (X) ≡ ∫ d−→x ξ^0 (X) M (X, Y ) ≡ ∫ d−→x M^0 (X, Y ) (2.14)

Here,X and Y in P (X) and M (X, Y ) are regarded as mere indices,just as in η (X, Z). From the definition,it is evident that: M (Y, X) = −ϵ (X, Y ) M (X, Y ) (2.15) otherwise its components are independent. Hence,M (X, Y ) represents 128 symmetry generators. Since P (X) represents 16,we have 144 symmetry generators in total.

The symmetry generators represented in ref. [10] can be expressed as:

P_ν = P (B_ν ) M^μ_ν = M (x^μ, B_ν ) − M ( Λ^μ, Λ_ν ) Q_B = M (B_ρ, Λ^ρ)

(2.16)

The Fadeev Popov (F.P). ghost number operator is given by:

Q_Λ ≡ M ( Λ_ρ, Λ^ρ ) (2.17)

Now,if Φ is any primary field other than B_ρ, Λ^σ and Λ_τ ,then one can show that:

[iP (X) , Φ] = η (X, x^ν ) ∂_ν Φ [iP (X) , Z]_∓ = i √ −ϵ (X)η (X, Z) + η (X, x^ν ) ∂_ν Z [iM (X, Y ) , Φ] = η (Y, x^ν ) [X∂_ν Φ − ∂_μX [Φ]^μ_ν − (X ↔ Y )] [iM (X, Y ) , Z]_∓ = { i √ −ϵ (XY, Z)η (Y, Z) + η (Y, x^ν ) X∂_ν Z − ϵ (X, Y ) (x ↔ Y ) } (2.18) Where [Φ]^μ_ν is defined as: [ Φ^{α1···αr} β1···βs ]_μ ν = r∑ P =1 δ^{αP}_μ Φ^{α1···αP} �^{1μαP +1···αr} β1···βs + s∑ q=1 δ^ν_{βq} Φ^{α1······αr} β1···νβq+1···βs Note that eqs. (2.18) vanish for Z = x^λ,as it should be. The 144 symmetry generators,P (X) and M (X, Y ),form the following superalgebra:

[P (X) , P (Y )]_± = 0 [iM (X, Y ) , P (Z)]_∓ = √ −ϵ (XY, Z) {η (Y, Z) P (X) − ϵ (X, Y ) (X ↔ Y )} [M (X, Y ) , M (U, V )]_∓ = √ −ϵ (XY, UV ) {[η (Y, U) M (X, V ) − ϵ (U, V ) (U ↔ V )]} − −ϵ (X, Y ) (X ↔ Y ) (2.19) Since the above (anti) commutation relations are quite similar to those of GL (4, R) algebra,we call it the sixteen-dimensional GL (4, R) like superalgebra.

3 Noether supercurrent for choral symmetry:

Usually,given a symmetry first,one then constructs a Lagrangian density which has that symmetry. But we are now proceeding in the reversed way. Given a -Lagrangian density first, we find its symmetry.

The (anti) commutation relation (2.8) imply the following symmetry transformations:

δ_X� (Φ) = δ_X (Φ) − δ_X (x^ν ) ∂_ν Φ δ_{XY}� (ϕ) = δ_{XY} (ϕ) − δ_{XY} (x^ν ) ∂_ν ϕ

(3.1)

with:

δ_X (φ) = 0 δ_X (Z) = i √ −ϵ (X)η (X, Z) δ_{XY} (φ) = − {η (Y, x^ν ) ∂_μX − η (X, x^ν ) ∂_μY } [φ]^μ_ν δ_{XY} (Z) = i √ −ϵ (XY, Z) {η (Y, Z) X − ϵ (X, Y ) η (X, Z) Y } (3.2)

We see that δ_X (Z) ≠ 0 for Z = x^ν if and only if X = B_ρ,that is δ_{Bρ} is a space-time symmetry (translation) and δ_X for X ≠ B_ρ is an internal symmetry. Likewise,δ_{XY} is an internal symmetry if neither X or Y is B_ρ, and it is a space time symmetry otherwise. We call the totality of δ_X and δ_{XY} Choral symmetry. Thus choral symmetry contains both space time and internal symmetries in complete harmony.

We can directly chick the invariance of the action under choral-symmetry transformations. We first note (3.2) and E_{μν} = ∑ X,Y √ ϵ (X) .~η (X, Y ) .∂_μX.∂_ν Y (3.3) Then, we can see that (−g)^{− 12} $_g , (−g)^{− 12} ($_{GF} + $_{FP} ) , and (−g)^{− 12} $_M are respectively invariant under δ_X and δ_{XY} . ($_g, $_{GF} and $_{F P} are the pure QNGT the gauge fixing and Faddeev-Popov Lagrangian density respectively) The existence of choral symmetry uniquely characterizes our expression for $_{GF} + $_{FP} .

Since we have found the symmetry transformations,it is now possible to construct the Noether supercurrents for choral symmetry . As it noted before,it is sufficient to consider δ_{XY} only. The Noether supercurrent corresponding to δ_{XY} is given by:

^M^μ (X, Y ) ≡ δ_{XY}� (φ_A) [ ∂ ∂ (∂_μφ_A)

~$ + δXY (x^μ)^~$ + δXY_� (V^μ − ^g^{μν} Bν )^] (3.4)

Where ~$ stands for the total Lagrangian o and

V^μ = ( ^g^{μλ}g^{στ} − ^g^{μσ} g^{λτ} ) ∂_λg_{στ} First,we calculate the contribution from the clerical part,for which φ_A ≠ B_ρ,Λ^σ,Λ_τ . Substituting

δ_{XY} (φ) = ∂_μδ_{XY} ( x^λ ) [φ]^μ_λ δ_{XY}� (V^μ) = −δ_{XY} ( x^λ ) ∂_λV^μ − ∂_σδ_{XY} ( x^λ ) . (δ^σ_λV^μ − δ^μ_λV^σ) + +^1_2 ∂_σ∂_τ δ_{XY} ( x^λ ) . (δ^μ_λ ^g^{στ} − δ^σ_λ ^g^{μτ} ) (3.5)

We obtain:

δ_{XY}� (φ_A) ∂ ~$_{∂ (∂μφA) + δXY (xμ)}^(_~$_{g +} $_M^)_{+ δXY� (V μ) = −∂ν}^[_{δXY}^(_{xλ}^)_{(K νμλ + K μν λ)}^]_+ +^1_2 ∂_ν ( ^g^{νλ}∂_λδ_{XY} (^x^μ) − ^g^{μλ}∂_λδ_{XY} (x^ν )] − δ_{XY} ( x^λ ) √ −g ( E^μ_λ −^1_2 δ^μ_ν E )) (3.6)

($M is the matter density Lagrangian) . Next,we calculate the contribution

from the gauge fixing and F. P. ghost part,for which φ_A runs over g_{μν} , B_ρ, Λ^σ, Λ_τ only. It is straightforward to have [ δ_{XY}� (φ_A) ∂ ∂ (∂_μφ_A)

+ δ_{XY} (x^μ) ] ($GF + $FP ) − δXY_� (^g^{μν} Bν ) = −^g^{μν} δXY_� (Bν ) + +i^g^{μν} [ δ_{XY}� (Λ^ρ) ∂_ν Λ_ρ − δ_{XY}� ( Λ_ρ ) ∂_ν Λ^ρ ] −^1_2 δ_{XY} (x^μ) √ −gE (3.7) Finally,we combine eqs. (3.5) and (3.6) by using eqs. (3.1),(3.2) and (2.10)−(2.12) in this order,we obtain

^M^μ (X, Y ) = M^μ (X, Y ) + ∂_ν I^{νμ} (X, Y ) (3.8) where M^μ (X, Y ) is given by eq. (2.6) and

I^{νμ} (X, Y ) ≡ δ_{XY} ( x^λ ) (K^{νμ}_λ + K^{μν}_λ) +^1_2 [ ∂_ν ^g^{νλ}∂_λδ_{XY} (x^μ) − ^g^{μλ}∂_λδ_{XY} (x^ν ) ] = −I^{μν} (X, Y ) (3.9)

4 Spontaneous breakdown of symmetries:

We now postulate the existence of a unique vacuum state | 0⟩,which has a positive norm

⟨0 | 0⟩ = 1 (4.1) Then,from eqs. (2.18),we find

⟨0 | [iP (x^μ) , B_ρ] | 0⟩ = −δ^μ_ρ ⟨0 | { iP (Λ^μ) , Λ_ρ } | 0⟩ = iδ^μ_ρ ⟨0 | { iP ( Λ_μ ) , Λ^ρ } | 0⟩ = −iδ^μ_ρ ⟨0 | { iM (x^μ, x^ν ) ,^1_2 (∂_λB_ρ − ∂_ρB_λ) } | 0⟩ = − (δ^μ_λδ^ν_ρ − δ^ν_λδ^μ_ρ) ⟨0 | { iM (x^μ, Λ^ν ) , ∂_λΛ_ρ } | 0⟩ = iδ^μ_λδ^ν_ρ ⟨0 | { iM ( x^μ, Λ_ν ) , ∂_λΛ^ρ } | 0⟩ = −iδ^μ_λδ^ρ_ν

(4.2)

(the symbol”{} ” means anti-commutator) Thus the symmetries generated by P (x^μ) , P (Λ^μ) , P ( Λ_μ ) , M (x^μ, x^ν ) , M (x^μ, Λ^ν ) and M ( x^μ, Λ_ν ) are necessarily spontaneously broken,and B_ρ, Λ^σ, Λ_τ must contain massless spectrum owing to the Goldstone theorem.

We postulate that the vacuum is invariant under translation

P_μ | 0⟩ = 0 (4.3) That is,translational invariance is not spontaneously broken. Then we should have ⟨0 | g_{μν} | 0⟩ = η_{μν} In ref.[10],we show that no generality is lost by setting [ i ^M^μ_ν , g_{στ} ] = x^μ∂_μφ_A − [φ_A]^μ_ν (4.4)

for φ_A = g_{στ} , then eq. (4.4) becomes [ i ^M^μ_ν , g_{στ} ] = x^μ∂_ν g_{στ} + δ^μ_σg_{ντ} + δ^μ_τ g_{σν} (4.5) Hence eq.(4.5) implies that: ⟨0 | [ i ^M^μ_ν , g_{στ} ] | 0⟩ = δ^μ_σ g_{ντ} + δ^μ_τ g_{σν} (4.6)

From eq. (4.6) we see that the symmetric part η_{μλ} ^M^λ_ν + η_{νλ} ^M^λ_μ is spontaneously broken,and the corresponding Nambre-Goldstone NG mode is nothing but g_{στ} . That is,gravitons and skewons must be exactly massless. On the other hand,the antisymmetric part

^M^μ_ν = η_{μλ} ^M^λ_ν − η_{νλ} ^M^λ_μ (4.7) has the vanishing Goldstone commutator. We thus see that the GL (4, R) invariance is spontaneously broken.

The remaining generators M (B_μ,B_ν ) , M (B_μ,Λ^ν ) , M ( B_μ,Λ_ν ) , M ( Λ^ν , Λ_ν ) , M (Λ^μ, Λ^ν ) and M ( Λ_μ, Λ_ν ) have no reason for the spontaneous breakdown. Hence it is natural to suppose that they are unbroken. One can indeed confirm that the Ward-Takahashi-type identities

⟨0 | [M (X, Y ) , Ø] | 0⟩ = o (4.8) hold,where Ø denotes a T-product of field operators,for the above generators at the tree and one -loop levels in perturbation theory.

For spontaneously broken generators, the Ward-Takahasli-type identities must be modified by the contribution from the NG mode. By analyzing those modified Ward -Takahshi type identities,one obtains various consistency conditions [13].

5 Conclusions:

We conclude that through the constructed Noether supercurrent and the related superalgebra which reflects the choral symmetry that QNGT can be a good candidate of a consistent quantum theory of gravitation(More details are under investigation)[13].

Acknowledgment:

We are very grateful to Prof. A. Vilenkin for fruitful private communications.

References

[1] J. W. Moffat,phys Rev. D19,3554 (1979) . [2] J. W. Moffat,J.Math.phys.21,1798 (1980) . [3] J. W. Moffat,phys Rev.D35,3733 (1987) . [4] J. W. Moffat,J.Math.phys.29,1685 (1988) . [5] R. B. Mann,J.Math.phys.A14,2367 (1981) .

[6] G. Kunstatter,J. W. Moffat,J. Malzan,J.Math.phys.24,886 (1983) . [7] K. Ait Moussa,N.Mebarki,Acta phys.pol.B23,1195 (1992) . [8] N. Mebarki,K. Ait Moussa,Acta phys.Pol.B23,1223 (1992). [9] N. Mebarki,A. Benslama,A. Boudine and A. Maireche. physica scripta 55,12 (1997) .

[10] N. Mebarki,A. Maireche in ”Symmetries of Quantum Nonsymmetric gravity” Constantine University preprint UC PUB40August 1997.(send for publication in acta Phys. Pol B) [11] N. Mebarki,A. Maireche in ”Possibility of resolving the divergence problem in Quantum Nonsymmetric Gravity” Constantine University preprint UC PUB 41,August 1997.

[12] N. Mebarki, A. Maireche in ”Geometric commutation relations in Quantum Nonsymmetric Gravity”Constantine University preprint UC PUB 42,August 1997.

[13] N. Mebarki, A. Maireche ”in preparation”